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Abstract: Data envelopment analysis (DEA) is one of the best mathematical techniques to compute the overall
performance of units with some inputs and outputs. The original DEA methods are developed to tackle the information
based on the crisp number but no ability to handle the indeterminacy, impreciseness, vagueness, inconsistent, and
incompleteness information such as triangular neutrosophic numbers (TNNs). This study attempts to establish a new
model of DEA, where the information on decision-making units is TNNs. Initially, the concept and features of a
conventional DEA model and the comparative TNNs are discussed. Besides, some new ranking functions of TNNs are
presented. Furthermore, based on the mentioned ranking functions, an algorithm for solving the new model has been
established. A comparison of the new model with an existing method and other kinds of uncertainty tools has been
provided. In comparison with the existing methods, the significant characteristic of the new model is that it can handle
the triangular neutrosophic information simply and effectively. Finally, the implementation of this strategy for an

example has been applied for various models of DEA.

1 Introduction

As a robust analytical tool for the benchmarking and efficiency
evaluation, data envelopment analysis (DEA) is a technique for
evaluating the relation efficiency of decision-making units (DMUs),
developed initially by Charens ef al. [1] within a printed-paper
named CCR. They extended the non-parametric method introduced
by Farrell [2] to gauge DMUs with multiple inputs and outputs. The
Banker-Charnes-Cooper model (BCC) model is an extension of the
previous model under the assumption of variable returns to scale
[3]. In addition to CCR and BCC, several models discuss DEA
from several perspectives: range adjusted measure (RAM) by
Cooper et al. [4], slack-adjusted DEA by Sueyoshi [5], additive
model by Seiford and Thrall [6], slacks based measure (SBM)
model by Tone [7], and free disposal hull (FDH) model by Deprins
et al. [8], all of which are DEA basic models.

At present, the DEA technique is developing rapidly, and it is used
for the assessment of various industries and organisations [9-19].
In classical DEA models, DMUs are evaluated by considering
input and output values to measure rational efficiency as compared
to different DMUs; eventually, the measure to which rational
efficiency belongs is obtained (0, 1). The first DEA models need
precise and crisp data. However, in numerous cases such as when
producing a system or in the preparation process, the banking
system, insurance industry, and financial service system, data are
unstable, uncertain, and complicated; therefore, cannot be accurately
measured. Consequently, many analysts attempted to model DEA
with completely different questioning hypotheses.

Fuzzy set (FS) is one of the essential tools to deal with the
uncertainty phenomena [20-23]. The first attempt at using FSs in
DEA can be found in the work of Sengupta [24]. Generally, using
the fuzzy theory in DEA models can be classified as shown in
Fig. 1 [25]. Several works investigated on fuzzy DEA models;
some study information may be found in [26-40]. However, FSs
can consider only the membership function and cannot deal with
other parameters of vagueness.

For this reason, Atanassov [41] established the intuitionistic FS
(IFS), which can define the membership and non-membership
functions. There are also various research studies addressing the
use of IFSs in DEA; see [42-45].
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Although the theory of IFSs can handle incomplete information in
various real-world issues, it cannot address all types of uncertainty,
such as indeterminate information. Therefore, Smarandache [46—47]
presented the neutrosophic set (NS) as a robust tool that generalises
the classical and all kinds of FSs (FSs and IFSs). NSs can accommo-
date ambiguous, indeterminate, and conflicting information where the
indeterminacy is clearly quantified and define three kinds of member-
ship functions independently. In the past few years, the field of NS,
logic, measure, probability, and statistics, pre-calculus, and calculus,
and their applications in multiple areas have been extended and
applied in various fields. For more information, see [48-59].

While NS theory has been widely used in various problems, there
are not many studies that have implemented NS to tackle ambiguity
or indeterminacy in DEA.

The utilisation of neutrosophic logic in DEA can be traced to
Edalatpanah [60]. Kahraman et al. [61] presented a hybrid
algorithm based on neutrosophic AHP and DEA for bringing a
solution to the efficiency of private universities. Edalatpanah and
Smarandache [62], based on some operators and natural logarithm,
proposed an input-oriented DEA model with simplified
neutrosophic numbers.

Recently, Abdelfattah [63] by converting a DEA with NS data into
an interval DEA developed a new DEA model under triangular neu-
trosophic numbers (TNNs). He solved this model based on
the approach of Despotis and Smirlis [64]. Although this approach
is interesting, however, there are some limitations. One of them is
that this method has high running times, mainly when we have
many inputs and outputs. Furthermore, as stated in [65], the main
flaw of [64] is the existence of several production frontiers in the
steps of efficiency measure, and this leads to the lack of comparability
between efficiencies. So, in this study, we design a new model of DEA
with TNNs and establish a simple approach to solve it.

This paper is organised as follows: some basic knowledge,
concepts, and arithmetic operations on TNNs are introduced in
Section 2. In Section 3, we review a basic DEA model and
propose some ranking functions. Section 4 introduces a new DEA
model with TNNs data and proposed a new strategy to solve it. In
Sections 5 and 6, numerical tests are presented to show the
reliability and efficiency of the method. Finally, some conclusions
are stated in Section 7.
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Fig. 1 Classification of fuzzy DEA methods

2 Prerequisite

Here, we addressed some basic definitions regarding NSs and the
related concepts.

Definition 1: Neutrosophic set [46, 47]. A NS in universal X is
defined by three membership functions for the truth, indeterminacy,
and falsity of x in the real non-standard ]70, 1°[, where their
summation belong to [0, 3].

Definition 2: Single-valued Neutrosophic set [51]. If the three

membership functions of NS are singleton in the real standard
[0, 1], then, a single-valued NS ¢ is denoted by

lrll = {(x= Tu(x)s Ll[/(x)a v[/f(x))lx € X}
which satisfies the following condition:
0 < 7y(0) + ¢(x) + v,lx) <3. (1)
Definition 3: TNN [51]. A triangular neutrosophic number (TNN)
is denoted by 4> =((d,d",d"), (i, w)), where the three

membership functions for the truth, indeterminacy, and falsity of x
can be defined as follows:

!
(x—d)
a <x<a",
(am _ al) H —
x=a"
7, ()= ’E , T @
a' —x
a" <x<d",
(al( _— am)
0 otherwise.
m
a" —x
( ) i, d<x<d",
(@ =)
. m
i x=a",
L (x) = (v — o) (3)
L, ad" <x<d",
(@ —a")
1, otherwise.
m
a’ —x
( ) o, d<x<a,
am — al)
j— w’ x = am’ 4
VAN (x) - (x au) ( )
, a” <x<d",
(au — am)
1, otherwise.

where 0 < T (x) + tn(x) F v (x) < 3,x € 4™

Definition 4:  Arithmetic opgrations [51].  Suppose A’f =
<(“1> by, Cl), (Mla Vi “’1)) and 4) = ((az, by, Cz)a (:Uvz, V2, w2)> be

two TNNs. Then the arithmetic relations are defined as

(i) AY ® A5 = ((a) + ay, by + by, ¢ +¢3), (1) A g, 1 V vy, @) V @)
RN
(i) A} — A3 ={(a) —cp, by — by, ¢ — @), (g A pa, V) V 1y, 0] V @)

(iii) A7 ® A5 = ((@1ay, biby, ¢13), (g A iz, V1 V vy, @1 V @),
ifa; > 0,5, >0,

{(Aay, Aby, Aey), (py, vy, @), if A >0

(iv) MY = .
{(Aey, Aby, Aay), (uy, vy, @), if A <0

Definition 5: Ranking function [22]. Suppose A" and B" be two
TNNs, then:

(i) 4" < B" if and only if R(4) < R(B"),
(ii) 4™ < B if and only if R(4) < R(B"),

where R(.) is a ranking function.
Now, we present a new ranking function

Definition 6: One can compare any two TNNs based on the ranking
functions. Let A ={((a, b, c), (1, v, w)) be a TNN; then

R(4Y) :%b“(wr(l —v)+ (1 - ).

Example 1: Let A = ((4, 8, 10); 0.5, 0.3, 0.6) then R(4") = 3.91.
Also, for 1N = (1,1, ; 1,0,0), o = ((0,0,0); 1,1, 1) we have
R(T) =1 and R(0) = 0. N

Also, since R(a+ b) # R(@) + R(b), we define an aggregation
ranking function as follows:

Definition 7: Let 4} = ((a;, b;, ¢;); s, v;» @;) be n TNNs. Then the

i Vi v

aggregation ranking function is as follows:

— [ (2 + min g; — max v; — max ;) <
R(;A?) = 5 Z:' (a,+ b, +¢c)).

)

Example 2: Let A =((4,38,10);0.5,03,0.6) and B"=
((3,7,11); 0.4, 0.5, 0.6) then based on Definition 5:

R(4Y) = 3.91,
R(BY) = 3.03.
However, by Definition 3

AN + BY = ((7, 15, 21); 0.4, 0.5, 0.6),
RA® + BY) = 6.21 # R(A™) + RB™) = 6.94.

However

_(2404-05-0.6)
- 9
=R(4" + BY).

R(A™ + BY) x (22+21)=6.94

3 Dual CCR model

Suppose that we have n DMUs (DMU;:j = 1,2, ..., n), with m
inputs x; (i =1,2, ..., m) and s outputs y,,(r = 1,2, ..., ).
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If DMUj is under consideration, then the dual CCR model is
defined as [1]

0: — max Zi;l Vro
Zi:l ViXio
S.t.
2o Yy ©

where u, and v; are the related weights.
The above non-linear programming may be converted as follows
to simplify the computation:

S

Pk __

00 = max E UYro
r=1

s.t.
m
Zvixio =1 7
=1
5
r=1 i=

u,,v; >0 Vr i

The DMU, is efficient if 6 = 1, otherwise, it is inefficient.

4 Neutrosophic DEA based on TNNs

Consider the input and output for the jth DMU as the following
TNNs:

N ([
Xy = ((xl,,xl,,x ) Hyys Vs wxi].),
N ! m _u\.
Yo = ((yrf’yrf’y':f>’ Mo Vy, o wyr)'

Then the triangular neutrosophic CCR model called TNN-CCR is
defined as follows:

s

_ R

=max ) um
r=1

s.t.
m
R R
E vixio = 1 ()
i=1
s m
u.ym — V]-Xi/' < 0 N
r=1 i=1

u,,v; >0 Vr,i.

Here, to solve model (8), we propose the following algorithm
(Fig. 2):

Theorem 1: Models (7) and (8) are equivalent.
Proof: By considering the aggregation ranking function and
Algorithm 1, it is easy to see that each optimal feasible solution of

model (8) is an optimal feasible solution of model (7) and vice
versa. O

CAAI Trans. Intell. Technol., pp. 1-5

Step 1. Construct the problem as the Model (8).

Step 2. By Definition 3, concert the Model (8) into Model
©):

N =maxiu,((ym:yy'::ym) ﬂymrvy,,,’wym) ®
=1

st.

m
Zv,((x!,,,x:::,
s

Zu ((yrlf’y;l’y;’) JJ’ y g ) )<ZV ((x'/’xlj ’x ).'u-‘,,’v-‘u’wxu )’

u,v;, 20 Vr,i.

Step 3. Using the aggregation rankmg tunction, convert
Model (9) into Model (10):

RO)=max R(Yu, ((voy i ity v, o, ) (0)
P}

L)t V@, ) =1

Ry, ((xhoxmxt)sma v @, =R

i=1
R, ((vgoy s oy oty v, 0, ) <

r=1
RO, ((xfx g )i, vy, ),

i=1
u,,v;, 20 Vr,i.
Step 4. Using Definition 6, convert the Model (10) into the
next crisp model:

(2+min x, —maxy, —maxa

]?(Q)‘):max isrss© Ve 79<: Ve igr<s ’"’ Zu (ylv+y:+y:;)

st

(2+min 4, —maxv, —maxa, )i ,
1<i<m Tio 1<i<m Yo 1<i<m m u
v,(x,+x) +xn)=1,

9
(2+m1n,u —maxv, —maxao, )
e Zu Gy +y)+y)<

(2+min g, —maxv, —max o, i
1<i<m ¥ 1<i<m ¥ 1<i<m Xy
v, (x +x "+ xl ),
9
v. >0 Vr,i.

rovi

u
Step S. Run the crisp model of Step 4 and get the optimal
efficiency of each DMUs.

Fig. 2 Algorithm

Table 1 Inputs and outputs of five DMUs

DMU DMU 1 DMU 2 DMU 2 DMU 4 DMU 5
input 1 ((35,4,  ((2.9,2.9, ((4.4,49, ((3.4,41, (59,65,
45);07, 29);06,  54);06,  48);04,  7.1);07,
0.4,03)  0.5,0.2) 0.4,0.1) 0.3,0.2) 0.4,0.3)
input2  ((1.9,2.1,  ((1.4,15, ((22,2.6, ((2.2,23, (36, 4.1,
2.3);04, 16);08 30507,  24);10,  46);09,
0.3,05)  0.2,0.1) 0.4,0.2) 0.0, 0.0) 0.1,0.1)
output  ((2.4,2.6, ((2.2,22, (27,32, ((25,29, ({4451,
1 2.8);09, 22;09, 3707,  33);07, 58);08,
0.2,0.1)  0.3,0.0) 0.5, 0.2) 0.5, 0.1) 0.4,0.2)
output (38,41, ((3.3,35, (43,51, ((55,57, (65 7.4,
2 4.4);08, 3710, 59507, 59);04,  83);05
0.5,0.1) 0.0, 0.0) 0.5, 0.1) 0.2,0.1) 0.0, 0.2)

5 Numerical test

Here, we select an example of [63] to illustrate the results obtained in
previous sections.

Consider five DMUs as Table 1 that consume two inputs to
produce two outputs.
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Next, we apply Algorithm 1 for the mentioned problem. For
example, Algorithm 1 for DMU, can be applied as follows:
First, By Table 1, we have the following TNN-DEA model:
0 =max(<2.4,2.6,2.8;0.9,0.2,0.1 >y,
+ <3.8,4.1,4.4;0.8,0.5,0.1 > u,)
S.t.
<3.5,4.0,4.5,0.7,0.4,03 > v,

+<1.9,2.1,2.3;0.4,03,0.5 > v, = 1V,
<2.4,2.6,28;0.9,0.2,0.1 > u,
+<3.8,4.1,4.4;0.8,0.5,0.1 > u,
<3.5,4.0,4.5,0.7,0.4,03 > v,
+<1.9,2.1,2.3;0.4,0.3,0.5 > v,,
<22,2.2,22;0.9,0.3,0.0 > u,
+<3.3,3.5,3.7; 1.0,0.0,0.0 > u, <
<2.9,2.9,2.9;0.6,0.5,0.2 > v,
+<14,1.5,1.6;0.8,0.2,0.1 > v,,
<2.7,3.2,3.7;0.7,0.5,0.2 > u,
+<4.3,5.1,5.9;0.7,0.5,0.1 > u, <
< 4.4,4.9,5.4;0.6,0.4,0.1 > v,
+<22,2.6,3.0;0.7,0.4,0.2 > v,,
<2.5,2.9,3.3;0.7,0.5,0.1 > u,
+<55,57,59;04,02,0.1 >u, <
<3.4,4.1,4.8;0.4,03,0.2 > v,
+<22,2.3,2.4;1.0,0.0,0.0 > v,,
<4.4,5.1,58;0.8,04,02 > u,
+<6.5,74,83;0.5,0.0,02 > u, <
<5.9,6.5,7.1;0.7,0.4,03 > v,
+<3.6,4.1,4.6;0.9,0.1,0.1 > v,,

u,,v;>0 r,i=1,2.

IA

Finally based on Step 4 of Algorithm 1, we convert the above model
to the following model:
67 = max 1.9063u, + 3.0061u,
s.t.
2.0004v, + 1.0502v, =1,
(1.9063u; 4 3.0061u,) — (2.0004v, + 1.0502v,) < 0,
(1.9067u; 4 3.0334u,) — (1.8366v, + 0.95v,) < 0,
(2.1331u; 4+ 3.3997u,) — (3.2663v, + 1.7332v,) < 0,
(1.74u; + 3.42u,) — (2.5965v, + 1.4566v,) < 0,
(3.2298u, + 4.6864u,) — (4.3329v, +2.7331v,) < 0,

u,,v,; >0 r,i=1,2.

After computations with Matlab, we obtain 6 = 0.9183 for DMU;.

6 Results analysis

Here, we illustrate the results. If we solve the mentioned example for
all DMUs, we obtain the results of Table 2.
So, by our model, we have

DMU, > DMU, > DMU, > DMU; > DMU;,
However, by the existing model of [63] we have
DMU, > DMU, > DMU; > DMU, > DMU; .

Owing to the existence of several production frontiers that adopted in
the process of efficiency measure of model [63], the mentioned

Table 2 Efficiencies of the DMUs based on TNN-DEA

DMUs 1 2 3 4 5
efficiency 0.9183 1.0000 0.6302 0.7975 0.7180
ranking 2 1 5 3 4

1 2 3 4 5

Fig. 3 Comparison of various models of DEA under neutrosophic
environment

Table 3 Results of the DMUs based on intuitionistic fuzzy data

DMUs 1 2 3 4 5
efficiency 1.0000 0.8587 0.5760 0.7779 0.5934
ranking 1 2 5 3 4

results are incompatible with our results. Moreover, both results
show that DMUj is the worst DMU.

Next, we test input-oriented BCC [3], output-oriented BCC [3],
and SBM [7] models of DEA by our algorithm. Fig. 3 shows these
results.

From Fig. 3, we can see that DMU, is the best.

Next, we investigate the impact of the neutrosophic parameter in
the ranking of DMUs. To this end, we obtain the result based on
the triangular intuitionistic fuzzy information. Table 3 shows the
efficiencies of DMUs according to the triangular intuitionistic
fuzzy information.

It is interesting to see that without considering the indeterminacy
information DMU, < DMU,. So, it can conclude that with
neutrosophic information, we can obtain realistic results.

7 Conclusion

In this study, we introduce the neutrosophic DEA and propose a novel
model to solve it. Since the existing arithmetic operations of TNNs are
complicated and could not consider the relationship between three
membership functions for the truth, indeterminacy, and falsity of dif-
ferent TNNSs easily, a new ranking function is introduced to overcome
the existing problem. Besides, an aggregation ranking function is pre-
sented to obtain the summation of TNNs reliably. A new algorithm
using these ranking functions is also presented to obtain the efficiency
of each DMU without any unreasonable evaluation values. Finally, we
use an example to illustrate the practicality and validity of the pro-
posed method. We also implement some other models of DEA such
as input-oriented BCC, output-oriented BCC, and SBM models by
our algorithm, and obtain promising results. Furthermore, we investi-
gate the impact of the indeterminacy parameter in the ranking of
DMUs. Finally, from the obtained results, it can be concluded that
the model is efficient and convenient.
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