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Abstract: Complex fuzzy set (CFS) is a recent development in the field of fuzzy set (FS) theory.
The significance of CFS lies in the fact that CFS assigned membership grades from a unit circle in
the complex plane, i.e., in the form of a complex number whose amplitude term belongs to a [0, 1] interval.
The interval-valued complex fuzzy set (IVCFS) is one of the extensions of the CFS in which the amplitude
term is extended from the real numbers to the interval-valued numbers. The novelty of IVCFS lies in
its larger range comparative to CFS. We often use fuzzy distance measures to solve some problems in
our daily life. Hence, this paper develops some series of distance measures between IVCFSs by using
Hamming and Euclidean metrics. The boundaries of these distance measures for IVCFSs are obtained.
Finally, we study two geometric properties include rotational invariance and reflectional invariance of
these distance measures.

Keywords: Interval-valued complex fuzzy sets; distance measures; rotational invariance;
reflectional invariance

1. Introduction

Complex fuzzy set [1] and some extensions of complex fuzzy set such as complex intuitionistic fuzzy
sets [2], complex neutrosophic set [3], interval complex neutrosophic set [4], complex multi-fuzzy soft set
[5], complex interval-valued intuitionistic fuzzy sets [6], complex vague soft sets [7] and interval-valued
complex fuzzy sets [8,9] have been introduced and used in a variety of fields such as signal processing
[10-12], decision-making [6,13-16], time series prediction [17-20] and image restoration [21].

The concept of distance measure can be defined as a numerical description of the difference between
two objects. There are many distance measures introduced by numerous scholars to solve some problems in
many fields to solve some problems and discover several applications. Among these distances, Euclidean
distance and Hamming distance are widely used in several fields. It is well known that distance measure is
also an important issue on fuzzy set and its extensions [22-29]. As defined in [1], each complex membership
grade includes an amplitude term and a phase term. Hence, many researchers defined distances of CFSs
by combining the difference between the phase terms and the difference between the amplitude terms.
In this way, Zhang et al. [11] defined a distance measure of CFSs. Hu et al. [30] and Alkouri et al. [31] also
introduced some distances for CFSs. These distance measures in [30,31] are defined by using Hamming
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and Euclidean metrics. Recently, several concepts including the parallelity [32,33] and entropy measures
[34] of complex fuzzy sets and distances of complex intuitionistic fuzzy sets [35], complex vague soft sets
[7,36,37] and complex multi-fuzzy soft set [5] have been developed. Since Greenfield et al. [8,9] introduced
the concept of an interval-valued complex fuzzy sets (IVCFSs), which is a generalization of the complex
fuzzy set introduced by Ramot et al. [1], some progress has been made in various subjects related to
the IVCFS. How to measure the difference between IVCFSs is an interesting subject that may be used as a
useful tool for decision-making, predictions and pattern recognition in the form of IVCFSs. This paper
considers the distance measures between interval-valued complex fuzzy sets.

In [38], Dick proposed the concept of rotational invariance for complex fuzzy operations, which is an
intuitive and desirable feature. Then, this feature is examined for interval-valued complex fuzzy operations
in [9], complex fuzzy aggregation operators in [15] and entropy measures of CFSs in [34]. Moreover, Bi et
al. [15] proposed a novel feature called reflectional invariance for complex fuzzy aggregation operators.
These two feature criteria serve as two criteria for choices of complex fuzzy operations and complex
fuzzy aggregation operators in some real applications. After giving the distance measures for IVCFSs, we
then examine the rotational invariance and reflectional invariance for distance measures of IVCESs. In
addition, the results proposed in this paper might serve as criteria for choices of distance measures of CFSs
and IVCFSs.

The rest of the chapter is organized in the following way: In Section 2, we review the basic concepts
relates to interval-valued complex fuzzy sets. In Section 3, we develop some distance measures of
interval-valued complex fuzzy sets based on the Hamming distance and Euclidean distance. In Section 4,
we study rotational invariance and reflectional invariance of these distance measures. In Section 5, we
apply these distance measures to solve a decision-making problem with interval-valued complex fuzzy
information. Conclusions are given in Section 6.

2. Preliminaries

Firstly, let us review the basic concepts relates to interval-valued complex fuzzy sets [8,9].

Let D be the set of values on complex unit disk, i.e., D = {a € C | |a| < 1}. Suppose U =
{x1,x2,...,xn} is a fixed universe. A mapping A : U — D is called a complex fuzzy set on U.

Let [0 be the set of all closed subintervals of [0,1] and D be the boundary setof D ie., D = {a €
C|la| = 1}. Suppose X, Y are two classical sets, and their dot product set X - Y is denoted as:

X-Y={a-BlacXABeY} (1)

A mapping A : U — 101 . D is called an interval-valued complex fuzzy set [8,9] on U. For any
x € U, the membership function A(x) is

Ha(x) = [ra(x) ra(x)] - 4@, @

where j = /-1, {rA(x),rA(x)} € 1001 is the interval-valued amplitude part and v4(x) € [0,271) is the
phase part. We use the notation IVCF(U) to denote the set of all IVCFSs of U.
3. Distance Measures between IVCFSs

In this section, we introduce several distances in interval-valued complex fuzzy sets case. First, we
give the definition of distance between interval-valued complex fuzzy sets as follows:
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Definition 1. A distance of interval-valued complex fuzzy sets is a function d : (IVCF(U) x IVCF(U)) —
R U {0}, which satisfies the following conditions: for any A,B,C € IVCF(U):

(i) d(A,B) > 0and d(A,B) =0ifand only if A = B,

(ii) d(A,B)=d(B,A),
(iii) d(A,B)+d(A,C) > d(B,C).

Now, we define the Hamming, Euclidean, Normalized Hamming, and Normalized Euclidean
distances in interval-valued complex fuzzy sets case as follows: for any A, B € IVCF(U),

e The Hamming distance:

d(a,8) = 3 1 (3rate) = o)l + 5 rale) ~ s+ golva(s) = ol ) @

e The Euclidean distance:

4£(A,B) = ¢ 23 (lrae) — r(e) P+ 2 7aCe) — 7(EI R+ peglvae) ~vs(x)2); @)

i=1

o The normalized Hamming distance:

duii(A, B) = 212( ra(x) = rp(x)| + 5 IrA(xf)—WH%WA(xi)_VB("Z')‘); ©)

e The normalized Euclidean distance:

dnE<A,B>=\/;li(§rA<x>—rB< %) + S lraCe) ~ (@ + g lva(e) —vs(x) ). (6)

i=1
Clearly, it is easy to notice that the above Equations (3)—(6) have the following results:

OSdH(A/B>§n/ OSdVLH(A/B)Sll
0 <dg(A,B)<+vn, 0<due(AB)<1

Theorem 1. All functions defined in Equations (3)—(6) are distance measures of [VCFSs.
Proof. It is easy to see that all the distance Equations (3)-(6) satisfy conditions (i) and (ii).

Thus, we just go to prove the condition number (iii), ie., the triangular inequality for
dy(A,B),de(A,B),dyy(A,B),dye(A, B).
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Let A, B,C € IVCF(U); for the Hamming distance, we have

du(A,C)+du(C, B)

_ ;zl (31ral) — re)| + 3 17aG) — reGE)| + 5= lva(x) — ve())

3 1 (3lrete) —ratel + 517ele) ~ ol + g o) — va(x)])
L5 (Rral) e+ () ~ ra))

i=1

"‘%(VA(xi) —re(x;)| + |re(x;) — r(x)])

(1w (x) —ve ()| + luc(x) — v )
> ;; 2 (Ira) — rs()]) + 5 (74 () — (@) + 5 (valx) — vs(x))
— dy(A,B)

ﬁhm(xi) - VC(xi)|2)

,C) +
15 /1 2 1 —
= \/2;(2|7A(xi)—fc(xi)| +5lralx) —re(x)? +

+\/ 23 (Grem) — ra(o) + 2 rce) — oGP + gglvea) — vs(x)?)

(31rax) = re) + re() - ri(a) P + 5 [7aC8) — 7e(a) +7c(a) — a0l

v
RS
N —
1=

2
+ 41? [va(xi) —ve(xi) +ve(x;) — vp(x;) |2)> (Using Minkowski inequality)

- \/Qf(§|m<xi>—r3<xi>|2+§|m<x,»>—rsm|2+jﬂ|vA<x,~>—vB<xi>|2)
i=1

= dp(AB),

analogously, for the proof of the normalized Hamming d,;(A, B) and the normalized Euclidean
dye(A, B) distances. O

Example 1. Let A and B be two IVCFSs on X = {x1, X2, X3, X4, X5 }, which are given as follows:

[0.4,0.5]/037 N [0.6,0.9]¢/0°7 N [0.6,0.9]e/017 N [0.7,0.9]e/027 N [0.4,0.7]e/057
X1 X2 X3 X4 X5
[0.3,0.4]e/137  [0.2,0.4]e/%47  [0.5,0.8]e/%5™  [0.4,0.6]e/%1™  [0.8,0.9]e/07

+ + + - .
X1 X2 X3 X4 X5

A

7

B
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Using Equations (3)—(6), we have the following results:
1,1 1 1
du(A,B) = (§|o.4 03]+ 5|05 04| + 5 [0.37 1.3n|)
1 1 1
= (§|0.6 = 02[+ 5[09 — 0.4] + (057 — 04|
1,1 1 1
+5 (§|O.6 — 05|+ 5109 - 08| + 5|01 — 0.57

1 1 1
=(=]0.7—-04| 4+ =]09 - 0. —10.2r - 0.1
2|O 0 \+2|O9 06|+2n|0 m—0.17|

N—— N N N

1/1 1 1
+§(§|0.4—O.8\+§|O.7—0.9|+E|O.57T—0.77r\

= 0.3+0.25+0.15+0.175+ 0.2

— 1075,

1 1 1
dg(A,B) = ( E|o.4f0.3|2+§|0.5f0.4:|2+R|o.3nf1.3n|2

1 1
0.6 —0.2% + f|0.9 —04)* + —|0.57 — 0.47|
4m?

1
17 04+ Y0906+ L 012
L0704 +2|0.9 06 + (027~ 0.17]

)
)
5106 - 05 + |0.9 — 08>+ 41?|0.1n - 0.57r|2)
)
1/2
)

1 2 1 2 1 2
(2|0.4 0.8 + 5107 = 09 + 057 — 07| )

(0.13 + 0.10375 + 0.025 + 0.0925 + 0.055)/2
~ 0.6374,

and
dyy(A,B) =0215, d,z(A,B) =~ 0.285.

However, in practice, the different sets may have taken different weightsi.e, w; > 0,i =1,2,...,n,

n
and ) w; = 1, for each element x; € U. Thus, we introduce the normalized weighted Hamming and
i=1
Euclidean distance measures for IVCFSs.

e The normalized weighted Hamming distance:

drern(A,8) = 3 Y (3lraCe) = ros| + 3 7aT8) ~ o8] + g val) — wxl); - )

e The normalized weighted Euclidean distance:

dpwi (A, B) \/ Zwl( ra(xi) —rp(xi) >+ |rA(xi)_T’B(xi)|2+41?|VA(xi)_VB(xi)|2)- 8)

Theorem 2. All functions defined in Equations (7) and (8) are distance measures of IVCFSs.
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Proof. The proof is similar to that of Theorem 1. [

Obviously, when w; = 1/nforalli=1,2,..,

60f 12

(6), respectively. In addition, the above distance Equations (7) and (8) have the following results:

Example 2. Let A and B be two IVCESs defined in Example 1 and the weight of xq,x2, ...,
(0.1,0.1,0.2,0.2,0.4).

0 S dan(A/ B) S 1/
0< dnwE(ArB) <1

Using Equations (7) and (8), we have the following results:

dan (A/ B)

dnwE (A/ B)

By the relations among IVCES, CFS, interval-valued fuzzy sets (IVFS) and FS, we established the
comparison of the proposed distance measures of IVCFSs with CFS, IVFS and FS. It is proposed that these
distance measures reduce the environments of CFS, IVFS and FS. The comparison is demonstrated in

Remarks 1-3.

Remark 1. The distance measures proposed in Equations (3)—(6) for IVCESs reduce to the environment of CFSs as

defined in [31].

0.4
+7

T T O ST

Q

1 1
+0—( 06— 02|+ = \0.9—0.4|+—|0.5n—0.4n|
27
2 1
+0—( 0.6 — 0.5+ ~ \0.9—0.8|+—|0.1n—0.5n|
27
0.2
+7(

1
0.7 —0.4] + = \0.9—0.6|+E|0.27r—0.17r|

1
(|o4 0.8+ = \0.7—0.9|+E|0.57c—0.77‘f|
005 +0.025 4 0.03 + 0.035 + 0.08

0.1 1
( 04— 03]+ = |0.5—O.4\+E|0.37t—1.37r|)

e’ N N

1
0.4 —0.3]% + |0.5 — 042+ 5.2/037 - 1372

0.6 — 0.2)% + \0.9 — 042+

1
521057 - 0.47

1
0.7 — 0.4 + \O.9—O.6|Z+H|O.2n—0.1n|2

1
\04 0.8/ + 0.7—0.9|2+47T2|0.5n—0.7n|2>

(0.013 + 0.010375 + 0.005 + 0.0185 + 0.022)'/2

)
)
0.6 — 05 + \0-9—0.8|2+41?|0.1n—o.5n|2)
)
)

X5 IS W

n, then Equations (7) and (8) reduce to Equations (5) and
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Remark 2. The distance measures proposed in Equations (3)—(6) for IVCFESs reduce to the environment of IVFSs if
we considered the phase term as zero as defined in [24].

Remark 3. The distance measures proposed in Equations (7) and (8) for IVCESs reduce to the environment of CFSs
as defined in Equations (9) and (10):

Duera(A,B) = 5 Yn(Irax) — o) + g lva(x) = o). ©)
Dywe(A,B) = \/; iwi (|?A(xi) —rp(x;)|* + ﬁh/A(xi) - VB(xi)|2)- (10)

Here, we demonstrate the advantages of the proposed distance measures of IVCFSs. Firstly, the
distance measures of CFSs, IVFSs, and FS could not handle the information provided in the form of IVCFSs.
On the other hand, from Remarks 1 and 2, the proposed distance measures in Equations (3)-(6) can solve
some problem that lies in the region of CFSs, IVFSs, and FS. Moreover, the distance measures proposed in
Remark 3 for CFSs are two new distance Equations for CFSs.

4. Rotational Invariance and Reflectional Invariance

Let A be a IVCFES on U with membership function {r a(x),r A(x)} -e/VA(*)  and then we define the

following two set operations for IVCFSs:
The rotation of an IVCFS A by 6 radians, denoted Roty(A) is defined as

Roty (A (x)) = [ra(x), o)) -l (4040), an

The reflection of an IVCFS A , denoted Ref(A) is defined as

Ref (a(x)) = [rax),ra(x)] - ef@mealo), (12)
Moreover, we define the following:
Definition 2. A distance d on IVCFS is rotationally invariant if
d(Rotg(A), Roty(B)) = d(A, B) (13)
forany 6 and A,B € IVCF(U).
Definition 3. A distance d on IVCFS is reflectionally invariant if
d(Ref(A), Ref(B)) = d(A,B) (14)

forany A,B € IVCF(U).

Definitions 2 and 3 give two intuitive properties of distance measures of IVCFSs, named rotational
invariance and reflectional invariance, respectively. They mean that the distance measure is invariant
under a rotation or a reflection. More specifically, if two IVCFSs are rotated by a fixed value, rotational
invariance states that the distance between two new IVCFSs will not change. If two IVCFESs are reflected,
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reflectional invariance states that the distance between two new IVCFSs will not change as well, which are
respectively shown in Figure 1, d(A’, B) is equal to d(A, B) after reflecting or rotating.

Rotate 0 radians

d4’, B

Bl

(a) (b)

Figure 1. (a) reflectional invariance and (b) rotational invariance.

Theorem 3. All functions defined in Equations (3)—(8) are reflectionally invariant.
Proof. Itis easy from that |(2mr — v (x;)) — (2t — vg(x;))| = |va(x;) — vp(x;)| forany x; € U. O
Theorem 4. All functions defined in Equations (3)—(8) are not rotationally invariant.

Proof. Since the domain of the phase termis v4(x) € [0,277), so the above rotation operation is addition
modulo 27r. Consider two IVCFSs on the set U = {x1,x,}; let ys(x) =1-¢/% and pp(x) =1- el F for any
x € U. Then, Rotx (A) =1- /% and Rotz(B)=1- el1. By using Equations (3)~(8), we have

dn(A,B) = 2, dp(Rotz (A),Rotz (B)) = i,
de(A,B) = 2, dpi(Rotz (A), Rotz (B)) = %,
dur(A,B) = %, duri(Rotz (A), Rotz (B)) = %,
due(A,B) = %, dp(Rotx (A), Rotx(B)) = g,
dnwn (A, B) = g, dywr(Rotz (A), Rotz (B)) = %,
b B) = 222, d(Rotg (A), Rot (B) = 2.

Thus, the distance functions defined in Equations (3)—(8) are not rotationally invariant. [J
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Obviously, the concepts of rotational invariance and reflectional invariance can be examined for
distance measures of CFSs when IVCESs are reduced to CFSs. Then, we can study the rotational invariance
and reflectional invariance of distance measures of CFSs.

Remark 4. The concepts of rotational invariance and reflectional invariance proposed respectively in Definitions 2
and 3 for distance measures of IVCFSs reduce to the environment of CFSs.

With the combination of Remark 1, we have the following results for the distance measures of CFSs.
Corollary 1. Distance measures of CFSs defined in [31] are reflectionally invariant.
Corollary 2. Distance measures of CFSs defined in [31] are not rotationally invariant.

With the combination of Remark 3, we have the following results for the distance measures of CFSs.
Corollary 3. Distance functions of CFSs defined in Equations (9) and (10) are reflectionally invariant.

Corollary 4. Distance functions of CFSs defined in Equations (9) and (10) are not rotationally invariant.

5. Numerical Example for Decision-Making

In this section, we consider a decision-making problem under an interval-valued complex
fuzzy environment.

Assume that a customer decides to purchase a new computer for his own private use. There are
four alternatives (A1, A, A3, A4) with different production dates. The customer considers five attributes,
namely C;: Performance, Cy: Appearance, C3: Service, C4: Experience and Cs: Price with the weight
vectors w = (0.2,0.2,0.1,0.1,0.4) for selecting computer. The corresponding rating values of attributes of
alternatives are interval-valued complex fuzzy values as shown in Table 1. For instance, the rating value of
the alternative A; under Cy attribute is the interval-valued complex fuzzy value [0.8,0.9] - ¢/27(08) which
means that the performance of the computer A; at C; is marked by an interval value [0.8,0.9], and the
customer satisfied 80% with the suitability of production date of the computer A; at Cy; this explanation
of the phase part is referred to Garg et al.’s works on complex intuitionistic fuzzy aggregation operators
[13,14]. The customer wants to select a computer among the four alternatives above. Here, we use the
principle of minimum degree of difference between IVCFSs to solve the given problem.

Table 1. Feature values of the facial expressions.

C1 Cz C3 C4 CS
Ay [0.8,09]-¢2708)  [0.7,0.8] - 2708 [0.8,0.9] - ¢27(09)  [0.7,0.9] - £27(09)  [0.8,0.9] - e27(06)
Ay [0.8,09]-¢2707)  [0.7,0.8] - 2709 [0.7,0.8] - 27(07)  [0.7,0.8] - 27(07)  [0.6,0.7] - e27(08)
Az [0.6,0.7]-&2707)  [0.8,09] - 2707 [0.7,0.8] - 27(07)  [0.6,0.7] - 27(08)  [0.7,0.8] - e27(08)
Ay [0.8,09]-e27(08) [0.7,0.8] - 2709 [0.6,0.7] - 2709 [0.8,0.9] - £/27(08)  [0.8,0.9] - /277(09)

Now, we calculate the distance between the ideal choice (each rating value is 1 - e27(1)) and A;
(i = 1,2,3,4) with the weighting vector w. We consider the distances as defined in Equations (3)-(8) and
obtain the results as shown in Table 2.
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Table 2. Distance results.

dy dg duu duE dpwH  dnwE

A 095 04743 019 0.2121 02175 0.2424
Ay 1225 05766 0245 02579 0245 0.2598
Az 1325 0.6144 0265 0.2748 0.255 0.2646
As 0875 0433 0175 0.1937 0.16 0.1761

From Table 2, we get an ordering of the choices for each case as shown in Table 3. Clearly, the best
alternative is A4, which is the one with the lowest distance to the ideal choice.

Table 3. Ordering of the alternatives.

Ordering

dH Ay = A1 > Ay = Az
dE A4>A1>A2>—A3
dnH A4>—A1>—A2>—A3
dnE Ay = A1 > Ay = Az
dan A4 - Al - Az - A3
dnwE A4 - A1 - A2 - A3

6. Conclusions

In this paper, we have presented several distance measures in the case of the interval-valued complex
fuzzy sets, which are very useful to deal with the decision information represented in interval-valued
complex fuzzy values under uncertain situations. These distance measures include a family of Hamming
and Euclidean distances such as the Hamming distance, the normalized Hamming distance, the normalized
weighted Hamming distance, the Euclidean distance, the normalized Euclidean distance and the
normalized weighted Euclidean distance. Furthermore, these distance measures are reflectionally invariant
but not rotationally invariant. Finally, based on these measures, we presented an illustrative example for
decision-making under interval-valued complex fuzzy information.

As future work, we can consider distance measures for interval-valued complex fuzzy sets that are
both reflectionally invariant and rotationally invariant.
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