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Abstract. In this paper, we propose the concept of fuzzy equivalence on
standard neutrosophic sets and rough standard neutrosophic sets. We also pro-
vide some formulas for fuzzy equivalence on standard neutrosophic sets and
rough standard neutrosophic sets. We also apply these formulas for cluster
analysis. Numerical examples are illustrated.
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1 Introduction

In 1998, Smarandache introduced neutrosophic set [1]; NS is the generalization of
fuzzy set [2] and intuitionistic fuzzy set [3]. Over time, the subclass of the neutrosophic
set [4-6] was proposed to capture more advantages in practical applications. In 2014,
Bui Cong Cuong introduced the concept of the picture fuzzy set [7]. After that, Son
gave the applications of the picture fuzzy set in clustering problems in [8—19]. It is to be
noted that the picture fuzzy set was regarded as a standard neutrosophic set.

Rough set theory [20] is a useful mathematical tool for data mining, especially for
redundant and uncertain data [21]. On the first time, rough set is established on
equivalence relation. The set of equivalence classes of the universal set, obtained by an
equivalence relation, is the basis for the construction of upper and lower approximation
of the subset of the universal set. Recently, rough set has been developed into the fuzzy
environment and obtained several interesting results [22, 23].
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It has been realized that the combination of the neutrosophic set and rough set
achieved more uncertainty in the analysis of sophisticated events in real applications
[24-26]. Bui Cong Cuong et al. [27] firstly introduced some results of the standard
neutrosophic soft theory. Later, Nguyen Xuan Thao et al. [28, 29] proposed the rough
picture fuzzy set and the rough standard neutrosophic set which are the results of
approximation of the picture fuzzy set and standard neutrosophic set, respectively, with
respect to a crisp approximation space. However, the fuzzy equivalence, a basic
component in the standard neutrosophic set for the approximation and inference pro-
cesses, has not been defined yet. AQ2

In this paper, we introduce the concept of fuzzy equivalence for the standard
neutrosophic set and the rough standard neutrosophic set. Some examples of the fuzzy
equivalence for those sets and application on clustering analysis are also given. The rest
of the paper is organized as follows: The rough standard neutrosophic set and fuzzy
equivalence are recalled in Sect. 3. Sections 3 and 4 propose the concept of fuzzy
equivalence for two standard neutrosophic sets. In Sect. 5, we give an application of
clustering and Sect. 6 draws the conclusion.

2 Preliminary

Definition 1 [27]. Let U be a universal set. A standard neutrosophic set (SNS) A on
the U is A = {(u, uy(u),n4(u),y4(u))|u € U}, where p,(u) is called the “degree of
positive membership of u in A,” 1, (u) is called the “degree of indeterminate/neutral
membership of u in A,” and vy, (u)y, (u) is called the “degree of negative membership of
uin A,” where p, (), n,(u) v4(u) € [0,1] satisfy the following condition:

0 < pap(u) +nmp(u) +94(u) <1, Vu € U.

The family of all standard neutrosophic sets in U is denoted by SNS(U).

Definition 2  [28, 29]. For a given A€ SNS(U), the mappings
RP,RP : SNS(U) — SNS(U), in which

RP(A)
RP(A) =

{ (1 i) (0) M (1) ) (1)) b € U,
{1, pigp(a) (), Mgpeay (W), Yrp(a) (W) lu € U},

where

Hp(a) (1) = Vvers() Ha (V) Npia) () = Averstu M1a(v),
Vﬁ(A)(u) = /\veRg(u) yA(V)

and
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Hrp(a) (1) = Averg(u) a (1), Nrp(ay (@) = Avers(u) 1a(v),
Tre(4) () = Viers(w) Va (V)

are called to the upper and lower standard neutrosophic approximation operators,
respectively, and the pair RP(A) = (RP(A), RP(A)) is referred as the rough standard
neutrosophic set of A w.r.t the approximation space (U,R), or A is called roughly
defined on the approximation space (U, R). The collection of all rough standard neu-
trosophic sets defined on the approximation space (U, R) is denoted by RSNS(U).

Definition 3 [21] A mapping ¢ : [0, 1]*— [0, 1] is a fuzzy equivalence if it satisfies the
following conditions:

(el) e(a,b) = e(b,a),Ya,b in [0, 1],

(€2) ¢(1,0) = 0,

(€3) e(b,b) = 1,¥b in [0, 1],

(ed) If a<d <b' <b, then e(a,b) <e(d, V).

Note that (e4) satisfies iff e(a,c) <min{e(a,b),e(b,c)}, for all a<b<c and
a,b,c €10,1].

3 Fuzzy Equivalence on Standard Neutrosophic Set

Definition 4 A mapping E : SNS(U) x SNS(U) — [0, 1] is a fuzzy equivalence if it
satisfies the following conditions:

(E1) E(A, B) = E(B, A) for all A,B € SNS(U),

(E2) E(A,B) =0 iff A = 1y and B = Oy,

(E3) E(A,A) = 1,VA € SNS(U),

(E4) E(A,C)<min{E(A,B),E(B,C)} for all VA,B,C € SNS(U) satisfy
ACBCC.

Example 1 Let U = {x,x,,...,X,} be a universal set and A, B € SNS(U). A mapping
E : SNS(U) x SNS(U) — [0, 1], where

1Xn:min{yA(x;),,uB(x,-)}+min{:1A(x;)2,nB(x;)}+(l—maX{yA(x;),yB(x[)}) iff A 7& B

E(A,B) = "

1 iff A=B

is a fuzzy equivalence of A and B.
Indeed, conditions (E1), (E2), (E3), and (E4) are obvious.
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Theorem 1 Let U = {x;,x2,...,x,} be a universal set and A,B € SNS(U). Let a
mapping E : PFS(U) x PFS(U) — [0, 1] is defined by
%;tl(ﬂA(Xi)sHB(-‘Ci))+t2<’lA(xi)-gB(Xi))+(1*S(}'A(Xi)«,‘/B(Xi)>> lﬁcA 7& B

- 1 iff A=B

E(A,B) =

where 11,1, are t-norm on [0, 1] and s is a t-conorm on [0, 1]; then, E(A, B) is a fuzzy
equivalence of A and B.

4 Fuzzy Equivalence on Rough Standard Neutrosophic Set

Here, we propose a fuzzy equivalence of the rough standard neutrosophic sets. Let
U={x1,%,...5}, ABESNS(U), and RP(A)= (RPA,RPA), RP(B)=
(RPB,RPB). For all x; € U, denote

tea(Xi) = |Hgpa (Xi) — Hgpa (Xi)‘;

Nga(Xi) = |Ngpa(Xi) — Ngpa (i)

k)

Vea(Xi) = |Vrpa (%) — YRPA (%)

)

Hgpa(Xi) + tgpa (Xi)
tap(xi) = ) ;

M (5) + e ()|
Nagp(Xi) = ) )

Vrpa (Xi) + Vrpa (%)
Yap(xi) = ) )

+ |bpa (xi) — pgp(xi)|

1 ’“ﬁA(xi) - :uﬁg(xi)! + ‘ﬂ@A(xi) - .UQB(XL‘)
; 4

=l (i) — pge(xi)|
2

1 |1epa () — e ()| + ‘W@A(xi) — Nges ()| +Mpa (xi) — s (x0)]

1) 1=

Ng = ;Z * |
SOl Inap(i) — nge(xi)l

2

Do) — )+ [ (5) — a5
Lo
Ve = ;,Z 4
= _ 74 (xi) — ve(xi)]
2

+[7Ea(xi) = vE5 (x|
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Theorem 2 The mapping E : SNS(U) x SNS(U) — [0, 1] is defined by

E(A,B) = W is a fuzzy equivalence.

Proof We verify the conditions for E(A, B)

(E1) is obvious.
(E2) A = 1y; B = Oy. Then,

tga (i) = 0,14 (x;) = 0,74 (x;) = 0;
tap(xi) = Lingp(xi) = 0,n4p(x;) = 0;
tep(xi) = 0,ngp(xi) = 0,7g5(x;) = 0;
tpe(Xi) = 0, npg(x:) = 0, ngg(x;) = 1

So that yup = ng = 75 =0 and E(A, B) :W:O
(E3) is obvious.
(E4) Note that, if 0<a<b<c<l1, then |a—c|>]a—Db| and

1

>la—c|>]c—=b>0 so that O0<l-—-Ja—c|<l—]a—b|<1l and

0<l—J|a—c|<1—|c—b|<1. Because ACBCC, then RPACRPB, RPAC
RPB, and RPB C RPC, RPB C RPC. Hence, E(A,C) < min{E(A,C),E(B,C)}. O
Now, let U= {x;,x,...,x,}, A,B€SNS(U), and RP(A)= (RPA,RPA),

RP(B) = (RPB,RPB). For all x; € U, denote

E(A,B)(x;) = ’#ﬁA(xi) — Mg (i) + [ngpa (xi) — !nﬁls(xi)’ + [Vrpa (i) — Vpp (i)

E(A,B)(51) = [stgpa () — e (5| + |1gpa () = s (35)| + [ 7ea (%) = 7aa()

Theorem 3 The mapping E : SNS(U) x SNS(U) — [0, 1] is defined by

n 2

i=1

a5y = 131 - BB BB

is a fuzzy equivalence.

Proof Similar to proof of Theorem 2.

S An Application to Clustering Analysis

B

Example 2 Suppose there are three types of products D = {D;, D,Ds} and ten regular
customers U = {uy,uy,...,ujo}. R is an equivalence and U/R = {X| = {u1,u3,u9};
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X2 = {uz, uy, Mlo};X3 = {u4};X4 = {M5, Mg},Xs = {ulo}}. This division can be based
on age or income. We consider that each customer evaluates the product by the linguistic
labels {Good, Not-Rated, Not-Good}. Thus, each customer is a neutrosophic set on the
products set (Table 1). Now, we can look at similar levels of customer groups in order to
strategically sell products. Therefore, one can consider the sets of equivalence classes of
customers for the three product categories above. In Table 2, we obtain a rough neutro-
sophic information system, in which for each X;, the upper line is RPX; and the lower line is
RPX;(i=1,.,5).

Table 1. A neutrosophic information system

U D, D, D;
u 0.2, 0.3, 0.5) (0.15, 0.6, 0.2) (0.4, 0.05, 0.5)
up (0.3, 0.1, 0.5) (0.3, 0.3, 0.3) (0.35, 0.1, 0.4)
us (0.6, 0, 0.4) (0.3, 0.05, 0.6) (0.1, 0.45, 0.4)
Uy (0.15, 0.1, 0.7) (0.1, 0.05, 0.8) 0.2, 04, 0.3)
us (0.05, 0,2, 0.7) (0.2, 0.4, 0.3) (0.05, 0.4, 0.5)
ug (0.1, 0.3, 0.5) (0.2, 0.3, 0.4) 1,0, 0)
uz (0.25, 0.3, 0.4) (1,0, 0) (0.3, 0.3, 04)
ug (0.1, 0.6, 0.2) (0.25, 0.3, 0.4) 0.4, 0, 0.6)
U (0.45, 0,1, 0.45) (0.25, 04, 0.3) 0.2, 0.5, 0.3)
uio (0.05, 0.05, 0.9) 04, 0.2, 0.3) (0.05, 0.7, 0.2)
Table 2. A rough neutrosophic information system
D, D, D;
X (0.6, 0, 0.4) (0.3, 0.05, 0.2) (0.4,0.05,0.3)
(0.2, 0, 0.5) (0.15, 0.05, 0.6) (0.1,0.05,0.5)
X, (0.3, 0.05, 0.4) (1,0, 0) (0.35, 0.1, 0.2)
(0.05, 0.05, 0.9) (0.3, 0.1, 0.3) (0.05, 0.1, 0.4)
X3 (0.15, 0.1, 0.7) (0.1, 0.05, 0.8) (0.2, 04, 0.3)
(0.15, 0.1, 0.7) (0.1, 0.05, 0.8) (0.2, 04, 0.3)
X4 (0.1, 0.2, 0.2) (0.25, 0.3, 0.3) 04, 0, 0.5)
(0.05, 0.2, 0.7) 0.2, 0.3, 0.4) (0.05, 0, 0.6)
Xs (0.1, 0.3, 0.5) (0.2, 0.3, 0.4) (1,0,0)
(0.1, 0.3, 0.5) (0.2, 0.3, 0.4) (1,0, 0)

We calculate the similarity relations on {X;, Xz, X3, X4, X5} (based on Theorem 2) as

follows:
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1.0000
0.8111 1.0000
R, = [0.7708 0.7208 1.0000
0.8278 0.7750 0.7458 1.0000
0.7069 0.6347 0.7000 0.7819 1.0000

Use the maximum tree method for fuzzy clustering analysis. Firstly, the Kruskal
method is used to draw the largest tree:

4 -2 -1 — 5
0.775 0.7819 0.8278

3 —
0.7458

The tree implies that for o € [0, 1], we can classify the U/R = {X;, X2, X3, X4, X5}
by fuzzy equivalence E(X;,X;) > «, where X;,X; € U/R as follows:

+If 0 <2 <0.7458 then it has a cluster {X;, X7, X3, X4, X5 }.

+If 0.7458 <o < 0.775 then we have two clusters{ X3 }, {X1, X2, X4, X5 }.
+1If0.775 <o < 0.7819 then we have three clusters {X3}, {X4 }, {X1, X2, X5}
+1If0.7819 <o < 0.8278 then we have four clusters {X3}, {X4 }, {X2 }, {X1, X5 }.
+1If 0.8278 <o < 1 then we have five clusters {X3 }, {X4 }, {X2 }, {X1 }, {X5}.

Now, we calculate the similarity relations on {X;, Xz, X3, X4, X5} (based on The-
orem 3) as follows:

1.0000
0.8792 1.0000
R, = | 0.8542 0.8167 1.0000
0.8813 0.8563 0.85  1.0000
0.85 0.7667 0.775 0.8521 1.0000

Use the maximum tree method for fuzzy clustering analysis. Firstly, the Kruskal
method is used to draw the largest tree:

—
0.8521

— 5
0.8813

2 — 1
0.8563

3—4
0.85

The tree implies that for o € [0, 1], we can classify the U/R = {X;, X5, X3, X4, X5}
by fuzzy equivalence E(X;, X;) > o,, where X;,X; € U/R as follows:

+If 0 <« <0.85thenithas acluster {X;, X5, X3, X4, X5}

+1f 0.85 <o < 0.8521 then we have two clusters{X3 }, {X;, X2, X4, X5 }.

+1If 0.8521 <& < 0.8563 then we have three clusters {X3 }, { X4 }, {X1, X2, X5}

+1f 0.8563 < o < 0.8813 then we have four clusters {X3 }, { X4}, {X2 }, {X1, X5 }.
+1f0.8813 <o < 1 <a < 1then wehave five clusters {X3 }, {Xa}, {Xo}, {X1 }, {X5}.
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The clustering analysis on the rough standard neutrosophic set is analogously done.
We find that the clustering result by Theorems 2 and 3 is giving the same clustering
results. But theoretically, computation using Theorem 3 is simpler than Theorem 2.

6 Conclusions

We have introduced the preliminary results of the fuzzy equivalences on the standard
neutrosophic set and the rough standard neutrosophic set. Using these definitions, we
can perform clustering analysis on the datasets of neutrosophic sets.

Further studies regarding this research can be expanded of fuzzy equivalence of
topological spaces and metrics. With that, we can also build fuzzy equivalent matrix
models for clustering problems for real applications.
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