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1. Introduction 

Relations are a suitable tool for describing correspondences between 

developing mathematical theories. The use of fuzzy relations originated from the observation that real life objects can be related to 

each other to certain degree. Fuzzy relations are able to model 

as defined by Atanassov [4,5], give us a way to incorporate uncertainty in an additional degree.In

13]extended the concept of intuitionistic fuzzy sets to a tri component logic 

Motivated by this concept I. Arockiaraniet al., [

standard interval. 

In 1996, Bustince and Burillo [7] introduced the concept of intuitionistic fuzzy relations and studied some of 

Deschrijver and Kerre [9] investigated some properties of the composition of intuitionistic fuzzy relations.

In this paper, we introduce and study some properties of fuzzy neutrosophic equivalence relations and fuzzy neutrosophic transit

closures. 

 

2.Preliminaries 

 

• Definition 2.1: [2] 

A Fuzzy neutrosophic set A on the universe of discourse X is defined as 

A= 〈�, �����, �����, 	����〉, � ∈ �where �, �, 	: �

 

• Definition 2.2:[2] 

 A Fuzzy neutrosophic set A is a subset of a Fuzzy neutrosophic set B (i.e.,) A 

)(,)()(,)()( FxFxIxIxTxT ABABA ≥≤≤

 

• Definition 2.3: [2]  

Let X be a non-empty set, and ),(, IxTxA A=

Then max(,))(),((max, xTxTxBA BA=∪

(min(,))(),((min, xIxTxTxBA ABA=∩

 

• Definition 2.4: [2] 

The difference between two Fuzzy neutrosophic sets A and B is defined 

(1),(min(,))(),((min, IxIxFxTx BABA −
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relations are able to model vagueness, but they cannot model uncertainty. Intuitionistic

us a way to incorporate uncertainty in an additional degree.In1995, Florentine

extended the concept of intuitionistic fuzzy sets to a tri component logic set withnon-standard interval namely Neutrosophic 

I. Arockiaraniet al., [2] defined the fuzzy neutrosophic set in which the non
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] investigated some properties of the composition of intuitionistic fuzzy relations.

introduce and study some properties of fuzzy neutrosophic equivalence relations and fuzzy neutrosophic transit

A Fuzzy neutrosophic set A on the universe of discourse X is defined as  

� →[0,1] and 3)()()(0 ≤++≤ xFxIxT AAA
 

A Fuzzy neutrosophic set A is a subset of a Fuzzy neutrosophic set B (i.e.,) A ⊆B for all x if 

)(xFB  

)(),(),(,,)(),( xFxIxTxBxFxI BBBAA =  be two Fuzzy neutrosophic sets. 

))(),(min(,))(),(max( xFxFxIxI BABA  

))(),(max(,))(), xFxFxIx BAB  

c sets A and B is defined as A\B (x)= 

))(),(max(,))( xTxFx BA  
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• Definition 2.5: [2] 

A Fuzzy neutrosophic set A over the universe X is said to be null or empty Fuzzy neutrosophic set if TA(x) = 0 ,IA(x) = 0 , FA(x) = 1 

for allx ∈X. It is denoted by N0  

 

• Definition 2.6: [2] 

A Fuzzy neutrosophic set A over the universe X is said to be absolute (universe) Fuzzy neutrosophic set if TA(x) = 1 IA(x) = 1, FA(x) = 

0for allx ∈X. It is denoted by N1  

 

• Definition 2.7: [2] 

The complement of a Fuzzy neutrosophic set A is denoted by A
c
 and is defined as  

A
c
 = )(,)(,)(, xFxIxTx ccc

AAA
where )()(,)(1)(,)()( xTxFxIxIxFxT AAAAAA

ccc =−==  

The complement of a Fuzzy neutrosophic set A can also be defined as A
c
 = AN −1 . 

 

• Definition 2.8: [3] 

A fuzzy neutrosophic set relation is defined as a fuzzy neutrosophic subset of� × � having the form 

� � {	〈��, ��, ����, ��, ����, ��, 	���, ��〉: � ∈ �, � ∈ �	} where �� , �� , 	�: � × � → �0,1� 
Satisfy the condition 0 ≤ ����, �� + ����, �� + 	���, �� ≤ 3∀	��, �� ∈ � × �. 

We will denote with	!��� × �) the set of all fuzzy neutrosophic subsets in � × �. 

 

• Definition 2.9: [3] 

Given a binary fuzzy neutrosophic relation between �and � ,we can define �"# between � and � by means of��$%��, �� =����, ��, ��$%��, �� = ����, ��, 	�$%��, �� = 	���, ��∀��, �� ∈ � × �to which we call inverse relation ofR. 

 

• Definition 2.10: [3] 

 Let � and & be two fuzzy neutrosophic relations between � and �, for every ��, �� ∈ � × � 

We can define, 1�� ≤ & ⇔ ����, �� ≤ �(��, ��, ����, �� ≤ �(��, ��, 	���, �� ≥ 	(��, �� 2�� ≼ & ⇔ ����, �� ≤ �(��, ��, ����, �� ≤ �(��, ��, 	���, �� ≤ 	(��, �� 3�� ∨ & = {	〈��, ��, ����, �� ∨ �(��, ��, ����, �� ∨ �(��, ��, 	���, �� ∧ 	(��, ��〉 4�� ∧ & = {	〈��, ��, ����, �� ∧ �(��, ��, ����, �� ∧ �(��, ��, 	���, �� ∨ 	(��, ��〉 5��0 = {	〈��, ��, 	���, ��, 1 − ����, ��, ����, ��〉: � ∈ �, � ∈ �} 
 

• Definition 2.11: [3] 

Let 2, 3, 4, 5 be t-norms or t-conorms not necessarily dual two – two,� ∈ 	!��� × �� and& ∈ 	!��� × 6�. We will call composed 

relation 7&2, 3°4, 5�7 ∈ 	!��� × 6	� to the one defined by 

&2, 3°4, 5� = 	8〈��, 9�, �(:,;°<,=���, 9�, �(:,;°<,=���, 9�, 	(:,;°<,=���, 9�〉 /� ∈ �, 9 ∈ 6? 

Where, 

 �(:,;°<,=���, 9� = {3�����, ��, �(��, 9��}@: , 
�(:,;°<,=���, 9� = {3�����, ��, �(��, 9��}@: , 

	(:,;°<,=���, 9� = {5�	���, ��, 	(��, 9��}@<  

Whenever 0 ≤ �(:,;°<,=���, 9� + �(:,;°<,=���, 9� + 	(:,;°<,=���, 9� ≤ 3	∀��, 9� ∈ � × 6 

The choice of the t-norms and t-conorms 2, 3, 4, 5in the previous definition, is evidently conditioned by the fulfilment of  0 ≤ �(:,;°<,=���, 9� + �(:,;°<,=���, 9� + 	(:,;°<,=���, 9� ≤ 3	∀��, 9� ∈ � × 6. 
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• Definition2.12: [3] 

1) The relation ∆ ∈ 	!��� × �� is called the relation of identity if∀	��, �� ∈ � × ��∆��, �� = B1CD� = �0CD� ≠ �7 , �∆��, �� =B1CD� = �0CD� ≠ �7 , 	∆��, �� = B0CD� = �1CD� ≠ �7 
 

2) The complementary relation∆0= ∇is defined by  

 �∇��, �� = B0CD� = �1CD� ≠ �7 ,�∇��, �� = B0CD� = �1CD� ≠ �7, 	∇��, �� = B1CD� = �0CD� ≠ �7. 
 

3.Fuzzy neutrosophic equivalence relations 

 

• Definition 3.1: 

Let X be a set and let ).(, XFNRQP ∈ Then the composition PQ o  of P and Q  can also bedefined as follows : for any 

Xyx ∈,  

)],(),([),( yzTzxTyxT QP
Xz

PQ ∧∨=
∈

o , )],(),([),( yzIzxIyxI QP
Xz

PQ ∧∨=
∈

o  and )],(),([),( yzFzxFyxF QP
Xz

PQ ∨∧=
∈

o  

 

• Definition 3.2: 

Let X be a set and let )(,,,, 21321 XFNRQQRRR ∈ .Then )()()1( 321321 RRRRRR oooo =  

)2( If
21 RR ⊂  and 

21 QQ ⊂ ,then 2211 QRQR oo ⊂ .In particular, if
21 QQ ⊂ ,then 2211 QRQR oo ⊂ . 

)()()()3( 3121321 RRRRRRR ooo ∪=∪ )()()()4( 3121321 RRRRRRR ooo ∩=∩  

)5( If 
21 RR ⊂ ,then 

1

2

1

1

−−
⊂ RR ( ) RR =

−− 11)6(  and ( ) 1

1

1

2

1

21

−−−
= RRRR oo  

( ) 1

2

1

1

1

21)7( −−−
∪=∪ RRRR ( ) 1

2

1

1

1

21)8( −−−
∩=∩ RRRR  

 

• Proposition 3.1: 

Let P and Q  be any fuzzy neutrosophic relations on a set X .If QPPQ oo = ,then ( ) ( ) ( ) ( )PPQQPQPQ oooooo =
 

 

• Proof: 

Proof follows from definition 3.2(1) 

 

• Definition 3.3: 

A fuzzy neutrosophic relation R on a set X is called a fuzzy neutrosophic equivalence relation (in short FNER) on X if it satisfies 

the following conditions: 

(i) It is fuzzy neutrosophic reflexive, (i.e.,) ( ) ( )0,1,1, =xxR  for each Xx ∈  

(ii) It is fuzzy neutrosophic symmetric (i.e.,) RR =
−1

 

(iii) It is fuzzy neutrosophic transitive (i.e.,) RRR ⊂o  

We will denote the set of all FNERs on X as )(XFNE . 

The following proposition is the immediate result of definition 3.1. 

 

• Proposition 3.2: 

Let X be a set and let )(, XFNRQR ∈  

(i) If R is fuzzy neutrosophic reflexive (respectively symmetric, transitive) then 
1−R  is fuzzy neutrosophic reflexive 

(respectively symmetric, transitive) 

(ii) If R is fuzzy neutrosophic reflexive (respectively symmetric, transitive), then RR o is fuzzy neutrosophic reflexive 

(respectively symmetric, transitive) 

(iii) If R is fuzzy neutrosophic reflexive, then RRR o⊂  

(iv) If R is fuzzy neutrosophic symmetric then 
1−

∪ RR and 
1−

∩ RR are symmetric and RRRR oo
11 −−

=  

(v) If R and Q  are fuzzy neutrosophic reflexive (respectively symmetric, transitive). Then QR ∩ is fuzzy neutrosophic 

reflexive (respectively symmetric, transitive) 
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(vi) If R and Q  are fuzzy neutrosophicsymmetric, then QR ∪  is fuzzy neutrosophic symmetric. 

 

• Proof: 

It is the immediate result of definition 3.3. 

The following two results are easily seen. 

 

• Proposition 3.4: 

 Let X  be a set. If )(XFNER∈ then RRR =o . 

 

• Proposition 3.5: 

 Let { }
Γ∈ααR  be a non-empty family of FNERs on a set X .Then )(XFNER ∈

Γ∈
α

α

I .However , in general,
α

α

R
Γ∈

U  need 

not be a FNER on X . 

 

� Example 3.1: 

Let },,{ cbaX = .Let P and Q  be the FNRs on X represented by matrices are given below

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) 



















0,1,11.0,3.0,6.01.0,3.0,6.0

1.0,3.0,6.00,1,12.0,4.0,7.0

1.0,3.0,6.02.0,4.0,7.00,1,1

c

b

a

cbaP

 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) 



















0,1,11.0,3.0,6.00,1,1

1.0,3.0,6.00,1,12.0,4.0,7.0

0,1,12.0,4.0,7.00,1,1

c

b

a

cbaQ

 

Then clearly )(, XFNEQP ∈  and QP ∪  is the fuzzy neutrosophic relation on X represented by the following matrix 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) 

















 ∪

0,1,11.0,3.0,6.00,1,1

1.0,3.0,6.00,1,12.0,4.0,7.0

0,1,12.0,4.0,7.00,1,1

c

b

a

cbaQP

 

On the other hand, ( ) ( ) ),(6.07.0),( cbTcbT QPQPQP ∪∪∪ =>=o
 

( ) ( ) ),(3.04.0),( cbIcbI QPQPQP ∪∪∪ =>=o
 and ( ) ( ) ),(1.00),( cbFcbF QPQPQP ∪∪∪ =<=o

 

Thus ( ) ( ) QPQPQP ∪⊄∪∪ o .So QP ∪  is not fuzzy neutrosophic transitive. Hence )(XFNEQP ∉∪ . 

 

• Proposition 3.6: 

Let P and Q  be fuzzy neutrosophic reflexive relations on a set X .Then PQ o  is also a fuzzy neutrosophic reflexive relation on X

. 

 

• Proof: 

Let Xx ∈ .Then  

)],(),([),( xtTtxTxxT QP
Xt

PQ ∧∨=
∈

o
 

),(),( xxTxxT QP ∧≥ (Since P and Q are fuzzy neutrosophic reflexive) 

 =1 

Similarly, 1),( =xxI PQo
 

)],(),([),( xtFtxFxxF QP
Xt

PQ ∨∧=
∈

o
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0),(),( =∨≤ xxFxxF QP  

Thus )0,1,1(),( =xxPQ o for each Xx ∈ .Hence PQ o  is a fuzzy neutrosophic relation on X . 

 

• Proposition 3.7: 

Let X be a set and let ).(, XFNEQP ∈ If QPPQ oo =  then )(XFNEQP ∈o . 

 

• Proof: 

 Let Xx ∈ .Since P and Q are fuzzy neutrosophic reflexive. 

1),(),()],(),([),( =∧≥∧∨=
∈

xxTxxTxyTyxTxxT PQPQ
Xy

QPo
 

Similarly, 1),( =xxI QPo and  

0),(),()],(),([),( =∨≤∧∧=
∈

xxFxxFxyFyxFxxF PQPQ
Xy

QPo
 

Thus )0,1,1(),( =xxQP o .So QP o  is fuzzy neutrosophic reflexive. Let Xyx ∈, .Then  

)],(),([)],(),([),( xyTyzTzyTyxTzxT QP
Xy

PQ
Xy

QP ∧∨=∧∨=
∈∈

o

 
(Since P and Q are fuzzy neutrosophic symmetric) 

),(),( xzTxzT QPPQ oo == ][ PQQP ooQ =
 

Similarly  

),(),( xzIzxI QPQP oo =
 

),(),()],(),([)],(),([),( xzFxzFxyFyzFzyFyxFzxF QPPQQP
Xy

PQ
Xy

QP ooo ==∨∧=∨∧=
∈∈  

symmetricicneutrosophfuzzyisQPSo o
 

On the other hand 

)()()()( QQPPQPQP oooooo =
(By proposition3.1) 

QP o⊂
(Since P and Q are fuzzy neutrosophic transitive) 

Hence
)(XFNEQP ∈o

 

 

• Definition 3.4: 

 Let R be a fuzzy neutrosophic equivalence relation on a set X  and let Xa∈ .We define a complex mapping 

IIXRa ×→:  as follows : for each Xx ∈ , ),()( xaRxRa = .Then clearly )(XFNSRa∈ .The fuzzy neutrosophic set Ra in 

X is called a fuzzy neutrosophic equivalence class of R containing Xa∈ .The set { }XaRa ∈: is called the fuzzy neutrosophic 

quotient set of X by R and denoted by RX / . 

 

• Theorem 3.1: 

 Let X be a set and let )(XFNER∈ .Then the following hold: 

(i) RbRa =  if and only if )0,1,1(),( =baR for any Xba ∈,  

(ii) )1,0,0(),( =baR  if and only if NRbRa 0=∩ for any Xba ∈,  

(iii) 
N

Xa

Ra 1=
∈

U  

(iv) There exists a surjection RXXp /: →  (called the natural mapping) defined by Rxxp =)(  for each Xx ∈ . 

 

• Proof: 

(i) ⇒  Suppose RbRa = .Since R is a fuzzy neutrosophic equivalence relation,

)0,1,1(),()(),( === bbRbRabaR .Hence )0,1,1(),( =baR . 
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Conversely, suppose )0,1,1(),( =baR .Then 0),(,1),(,1),( === baFbaIbaT RRR
.Let Xx ∈ .Then 

)],(),([),()( xzTzaTxaTxT RR
Xz

RRa ∧∨≥=
∈

(Since R is fuzzy neutrosophic transitive) 

)(),(),(1),(),( xTxbTxbTxbTbaT RbRRRR ==∧=∧≥  

Similarly )()( xIxI RbRa ≥  

)(),(),(0),(),()],(),([),()( xFxbFxbFxbFbaFxzFzaFxaFxF RbRRRRRR
Xz

RRa ==∨=∨≤∨∧≤=
∈

Thus 

RbRa ⊃ .By the similar arguments, we have .RbRa ⊂ Hence .RbRa =  

The proofs of (ii), (iii) and (iv) are easy. 

This completes the proof. 

 

• Definition 3.5: 

 Let X be a set, let )(XFNRR∈ and let { }
Γ∈ααR  be the family of all the FNERs on X containing R .Then 

α
α

R
Γ∈

I is 

called the FNER generated by R and denoted by 
eR . 

 It is easily seen that 
eR is the smallest fuzzy neutrosophic equivalence relation containing R . 

 

• Definition 3.6: 

 Let X be a set and let )(XFNRR∈ .Then the fuzzy neutrosophic transitive closure of R ,denoted by 
∞R ,is defined as 

follows:
n

Nn

RR
∈

∞
= U ,where RRRRR

n
ooo ....= in which R occurs n times. 

 

• Proposition 3.7: 

 Let X be a set and let )(XFNRR∈ .Then (i) 
∞R is the smallest fuzzy neutrosophic transitive relation on X containing 

R . 

(ii)If there exists Nn∈ such that 
nn RR =

+1
, then 

n
RRRR ∪∪∪=

∞ .....2
. 

 

• Example 3.2: 

 Let },,{ cbaX = and let RRR FITR ,,= be the FNR on X defined as follows: 

( ) ( )

( ) ( )

( ) ( ) ( )



















7.0,2.0,3.01,0,08.0,3.0,2.0

1,0,06.0,3.0,3.01,0,0

9.0,2.0,1.0)0,1,1(1.0,4.0,8.0

c

b

a

cbaR

. 

Then 
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )



















7.0,2.0,3.08.0,3.0,2.08.0,3.0,2.0

1,0,06.0,3.0,3.01,0,0

9.0,2.0,1.01.0,4.0,8.01.0,4.0,8.0

2

c

b

a

cbaR

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )



















7.0,2.0,3.08.0,3.0,2.08.0,3.0,2.0

1,0,06.0,3.0,3.01,0,0

9.0,2.0,1.01.0,4.0,8.01.0,4.0,8.0

3

c

b

a

cbaR

.Thus

32 RR = .So 
2RRR ∪=

∞
 

Moreover 
∞∞∞

⊂ RRR o .
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

















 ∞

7.0,2.0,3.08.0,3.0,2.08.0,3.0,2.0

1,0,06.0,3.0,3.01,0,0

9.0,2.0,1.01.0,4.0,8.01.0,4.0,8.0

c

b

a

cbaR

 . 
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( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

















 ∞∞

7.0,2.0,3.08.0,3.0,2.08.0,3.0,2.0

1,0,06.0,3.0,3.01,0,0

9.0,2.0,1.01.0,4.0,8.01.0,4.0,8.0

c

b

a

cbaRR o

.Hence 
2RRR ∪=

∞
is fuzzy neutrosophic transitive. 

 

• Proposition 3.9: 

 If R is fuzzy neutrosophic symmetric,then so is 
∞R . 

 

• Proof: 

 For 1≥n  and Xyx ∈,  

[ ]),(.....),(),(),( 1211
,..., 121

yzTzzTzxTyxT nRRR
zzzR

n

n −∧∧∧∨=
−

[ ] ),(),(.....),( 11
,... 11

xyTxzTzyT n

n
RRnR

zz
=∧∧∨= −

−

 

Similarly, ),(),( xyIyxI nn RR
= . 

[ ]),(.....),(),(),( 1211
,..., 121

yzFzzFzxFyxF nRRR
zzzR

n

n −∨∨∨∧=
−

[ ] ),(),(.....),( 11
,... 11

xyFxzFzyF n

n
RRnR

zz
=∨∨∧= −

−

. Thus

nR is fuzzy neutrosophic symmetric for any 1≥n .Hence 
∞

R is fuzzy neutrosophic symmetric. 

 

• Another proof: 

 It is clear that RR =
1

is fuzzy neutrosophic symmetric. Suppose
kR is fuzzy neutrosophic symmetric for 1>k .We show that 

1+kR  

is fuzzy neutrosophic symmetric.Let Xyx ∈, .Then  

[ ] [ ]),(),(),(),(),(),(1 zyTxzTyzTzxTyxTyxT RRXz
RRXzRRR kkkk ∧∨=∧∨==

∈∈
+

o
 

[ ]).(),( xzTzyT RRXz
k ∧∨=

∈
),(),( 1 xyTxyT kk RRR +==

o
 

Similarly, ),(),( 11 xyIyxI kk RR ++ = and [ ] [ ]),(),(),(),(),(),(1 zyFxzFyzFzxFyxFyxF RRXz
RRXzRRR kkkk ∨∧=∨∧==

∈∈
+

o
 

[ ]),(),( xzFzyF RRXz
k ∨∧=

∈
),(),( 1 xyFxyF kk RRR +==

o
 

So 
nR  is fuzzy neutrosophic symmetric for any 1≥n .Hence

∞R is fuzzy neutrosophic symmetric. 

 

• Proposition 3.10: 

 Let X be a set and let )(, XFNRQP ∈ .Then (1) If QP ⊂  then 
∞∞

⊂ QP  

(2)If PQQP oo =  and )(, XFNEQP ∈ ,then ( ) QPQP oo =
∞

 

 

• Proof: 

(1) It is clear that 
22 QP ⊂ ,by definition 3.2(2). Suppose

kk QP ⊂ for any .2>k Then by definition 3.2(2) 
11 ++

⊂
kk QP

.Hence 
∞∞

⊂ QP  

(2) Suppose PQQP oo =  and )(, XFNEQP ∈ .Then it is clear that ( ) QPQP oo =
1

 

Suppose ( ) QPQP
k

oo = for any 2≥k .Then

( ) ( ) ( ) ( ) ( ) ( ) QPQQPPQPQPQPQPQP
kk

ooooooooooo ====
+

)(
1

.So ( ) QPQP
n

oo = for any 1≥n .Hence

( ) QPQP oo =
∞

. 

 

• Theorem 3.2: 

If R is a fuzzy neutrosophic relation on a set X,then [ ]∞−
∆∪∪=

1RRR e
. 
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• Proof: 

 Let [ ]∞−
∆∪∪=

1RRQ .Then clearly QR ⊂ .By proposition 3.8(1) Q is fuzzy neutrosophic transitive.Let Xx ∈ .Since 

).,(),(0),(),(1),,(),(1, xxFxxFandxxIxxIxxTxxTQ QQQ ≥=≤=≤=⊂∆ ∆∆∆
 

Thus 0),(,1),(,1),( === xxFxxIxxT QQQ .So Q is fuzzy neutrosophic reflexive. It is clear that [ ]∆∪∪
−1RR is fuzzy 

neutrosophic symmetric. By proposition 3.8 Q is fuzzy neutrosophic symmetric. Hence )(XFNEQ∈ .Now )(XFNEK ∈ such 

that KR ⊂ .Then K⊂∆ and KKR =⊂
−− 11

.Thus KRR ⊂∆∪∪
−1

.By definition3.4(2), [ ] KKRR nn
=⊂∆∪∪

−1
for 

any 1≥n .So KQ ⊂ .Hence [ ]∞−
∆∪∪==

1RRQR e
.This completes the proof. 

 

• Proposition 3.11: 

 Let X be a set and let )(, XFNEQP ∈ .We define QP ∨  as follows: ( )∞
∪=∨ QPQP ,(i.e.,) ( )n

Nn
QPQP ∪∪=∨

∈
 

.Then )(XFNEQP ∈∨ . 

 

• Proof: 

By proposition 3.8, QP ∨  is fuzzy neutrosophic transitive. Let Xx ∈ .Since P and Q are fuzzy neutrosophic reflexive.

( ) [ ] [ ] [ ]( )n

QP
Nn

n

QP
Nn

n

QP
Nn

xxFxxFxxIxxIxxTxxTxxQP ),(),(,),(),(,),(),(),( ∧∧∨∨∨∨=∨
∈∈∈

 

( ) ( ) ( )( ))0,1,1(00,11,11 =∧∧∨∨∨∨=
∈∈∈

n

Nn

n

Nn

n

Nn
 

Thus QP ∨  is fuzzy neutrosophic reflexive. Now let ., Xyx ∈ Since P and Q  are fuzzy neutrosophic symmetric, 

( ) [ ] [ ] [ ]( )n

QP
Nn

n

QP
Nn

n

QP
Nn

yxFyxFyxIyxIyxTyxTyxQP ),(),(,),(),(,),(),(),( ∧∧∨∨∨∨=∨
∈∈∈

 

[ ] [ ] [ ]( ) ( ) ),(),(),(,),(),(,),(),( xyQPxyFxyFxyIxyIxyTxyT
n

QP
Nn

n

QP
Nn

n

QP
Nn

∨=∧∧∨∨∨∨=
∈∈∈

 

Thus QP ∨ is fuzzy neutrosophic symmetric. Hence )(XFNEQP ∈∨ . 

The following result gives another description for QP ∨ of two FNERs P and Q . 

 

• Theorem 3.3: 

 Let X be a set and let ).(, XFNEQP ∈ If )(XFNEQP ∈o ,then QPQP ∨=o ,where QP ∨  denotes the least 

upper bound for { }QP, with respect to the inclusion. 

 

• Proof: 

 Let Xyx ∈, .Then Xyx ∈, .Then [ ] ( ) 1),(,),(),(),(),( ∧=∧≥∧∨=
∈

yxTyyTyxTyzTzxTyxT QPQPQ
Xz

QPo

(Since R is fuzzy neutrosophic reflexive) 

),( yxTQ=  

Similarly, ),(),( yxIyxI QQP =o
 

[ ] ( ) ),(0),(,),(),(),(),( yxFyxFyyFyxFyzFzxFyxF QQPQPQ
Xz

QP =∨=∨≤∨∧=
∈

o  

Thus QQP ⊃o . 

Similarly, we have RQP ⊃o .So QP o is an upper bound for { }QP, with respect to “ ⊂ ”. 

Now let R be any fuzzy neutrosophic equivalence relation on X such that PR ⊃  and QR ⊃ .Let Xyx ∈, .Then 

[ ] [ ] ),(),(),(),(),(),( ),( yxTyxTTzxTyzTzxTyxT RRRyzRR
Xz

PQ
Xz

QP ≤=∧∨≤∧∨=
∈∈

oo  

(since R is fuzzy neutrosophic transitive) 

Similarly, ),(),( yxIyxI RQP ≤o
and

[ ] [ ] ),(),(),(),(),(),(),( yxFyxFyzFzxFyzFzxFyxF RRRRR
Xz

PQ
Xz

QP ≥=∨∧≥∨∧=
∈∈

oo  
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Thus RQP ⊂o .So QP o  is the least upper bound for { }QP, with respect to “ ⊂ ”. Hence QPQP ∨=o . 

 

• Proposition 3.11: 

 Let X be a set. If )(, XFNEQP ∈ ,then ( )∞
=∨ QPQP o . 

 

• Proof: 

 Suppose )(, XFNEQP ∈ .Then by theorem 3.2, ( ) ( ) ( )[ ]∞−
∆∪∪∪∪=∪=∨

1
QPQPQPQP

e
.Since 

)(, XFNEQP ∈ , ( ) ( ) QPQPQP ∪=∆∪∪∪∪
−1

.Since QPP ∪⊂  and QPQ ∪⊂ ,by definition 3.2(2) and (1),

( ) ( ) QPQPQPQP ∪=∪∪⊂ oo .Thus by proposition 3.9(1) ( ) ( )∞∞
∪⊂ QPQP o .On the other hand ,since 

QPPXFNEQP o⊂∈ ),(,  and QPQ o⊂ .Thus QPQP o⊂∪ .By proposition 3.9(1), ( ) ( )∞∞
⊂∪ QPQP o .So 

( ) ( )∞∞
∪= QPQP o .Hence ( ) ( )∞=∞∪=∨ QPQPQP o . 

The following is the immediate result of Proposition 3.11 and Proposition 3.10. 

 

• Corollary 3.1: 

 Let X be a set. If )(, XFNEQP ∈  such that PQQP oo = ,then .QPQP o=∨  
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