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1. Introduction

Relations are a suitable tool for describing correspondences between objects. Crisp relations like €, S, =,...... have served well in
developing mathematical theories. The use of fuzzy relations originated from the observation that real life objects can be related to
each other to certain degree. Fuzzy relations are able to model vagueness, but they cannot model uncertainty. Intuitionistic fuzzy sets,
as defined by Atanassov [4,5], give us a way to incorporate uncertainty in an additional degree.In1995, Florentine Smarandache [
13]extended the concept of intuitionistic fuzzy sets to a tri component logic set withnon-standard interval namely Neutrosophic set.
Motivated by this concept 1. Arockiaraniet al., [2] defined the fuzzy neutrosophic set in which the non-standard interval is taken as
standard interval.

In 1996, Bustince and Burillo [7] introduced the concept of intuitionistic fuzzy relations and studied some of its properties. In 2003,
Deschrijver and Kerre [9] investigated some properties of the composition of intuitionistic fuzzy relations.

In this paper, we introduce and study some properties of fuzzy neutrosophic equivalence relations and fuzzy neutrosophic transitive
closures.

2.Preliminaries

e Definition 2.1: [2]
A Fuzzy neutrosophic set A on the universe of discourse X is defined as
A= (x, Ty(x), 4 (x), F4(x)), x € Xwhere T, I, F: X -»[0,11and O<T,(x) +1,(x)+ F,(x)<3

e  Definition 2.2:[2]
A Fuzzy neutrosophic set A is a subset of a Fuzzy neutrosophic set B (i.e.,) A cB for all x if

T,(x)<Ty(x),1,(x)<I,(x),F,(x)2Fy(x)
e  Definition 2.3: [2]
Let X be a non-empty set, and A = <x, T,(x),1,(x),F, (x)>, B =<x, T,(x),1,(x),Fy (x)> be two Fuzzy neutrosophic sets.
Then AU B =<x, max (T, (x),T,(x)), max({, (x),1,(x)), min(F, (x), F, (x))>
AN B=(x,min(T, (x),T;(x)),min(l , (x),1 ; (x)), max(F, (x), F; (x)))

e  Definition 2.4: [2]
The difference between two Fuzzy neutrosophic sets A and B is defined as A\B (x)=

(x,min (T, (x), F; (x)),min(/ , (x),1 = 1, (x)), max(F, (x), T, (x)))
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e Definition 2.5: [2]
A Fuzzy neutrosophic set A over the universe X is said to be null or empty Fuzzy neutrosophic set if Ta(x) = 0 ,Is(x) =0, Fa(x) = 1

for allx € X. It is denoted by 0 N

e  Definition 2.6: [2]
A Fuzzy neutrosophic set A over the universe X is said to be absolute (universe) Fuzzy neutrosophic set if To(x) = 1 I5(x) = 1, Fa(x) =

Ofor allx € X. It is denoted by 1 N

®  Definition 2.7: [2]
The complement of a Fuzzy neutrosophic set A is denoted by A and is defined as

A= <x, T.(x),1,.(x),F,. (x)> where TAL, (xX)=F,(x) , IAL, (x)=1-1,(x), FAL, (x)=T,(x)

The complement of a Fuzzy neutrosophic set A can also be defined as A° = 1 N A.

e  Definition 2.8: [3]
A fuzzy neutrosophic set relation is defined as a fuzzy neutrosophic subset ofX X Y having the form
R = {{(x,y), Te(x,¥), Ig(x,y), Fr(x,y)): x € X,y €Y } where Tg, I, Fg: X X Y - [0,1]
Satisfy the condition 0 < Tg(x,y) + Ig(x,y) + Fr(x,y) <3V (x,y) EX X Y.
We will denote withFNR (X X Y) the set of all fuzzy neutrosophic subsets in X X Y.

e Definition 2.9: [3]
Given a binary fuzzy neutrosophic relation between Xand Y ,we can define R~ between Y and X by means ofTz-1(y, x) =
Tr(x,y), Ig-1(y,x) = Ig(x,y), Fr-1(y, x) = Fr(x,y)V(x,y) € X X Yto which we call inverse relation ofR.

e Definition 2.10: [3]
Let R and P be two fuzzy neutrosophic relations between X and Y, for every (x,y) E X XY

We can define,
DR<P e Tr(x,y) < Tp(x,y), Ir(x,¥) < Ip(x,¥), Fr(x,y) = Fp(x,¥)
Z)R SPe TR(x,}’) =< Tp(x:LV),IR(x:LV) =< IP(X,Y),FR(X:LV) = FP(x!y)
3)R VP = {((x,y),TR(x,y) VTP(x!y)! IR(X,J’) \4 IP(x:y):FR(x:y) A FP(x:y))
4)R AP = {((x,y),TR(x,y) /\TP(x!y)! IR(X,J’) A IP(x:y):FR(x:y) \4 FP(x:y))
S)RC = {((x,y),FR(x,y),l - IR(x:y):TR(x:y)):x € X!y € Y}

e Definition 2.11: [3]
Let a, 8, A, p be t-norms or t-conorms not necessarily dual two — two,R € FNR(X X Y) andP € FNR(Y X Z). We will call composed

a,f
relation P °© R € FNR(X X Z) to the one defined by
Ap
a,f
P ° R=<(x2),T ap (x,2),] ap (x,2),F op (x,2))/x€EX,z€EZ
Ap P °R P °R P °R
Ap Ap Ap
Where,
T a,B (le) = ;Zz{ﬁ[TR(x:Y)' TP(Y:Z)]};
P°R
Ap
I ap (x,2) = S{BlR(x,¥), Ip(y, 2)1},
P°R
Ap

F ap (x,2) = {p[Fr(x,¥), Fo(y,2)]}
P°R

Ap
Whenever 0 < T 4p (x,2) +1 qp (x,2)+F op (x,2) <3V(x,2) EXXZ
P °R P °R P °R

Ap Ap Ap
The choice of the t-norms and t-conorms &, 8, 4, pin the previous definition, is evidently conditioned by the fulfilment of
0<T ap (x,2)+1 ap (x,2) +F op (x,2) <3V(x,z) EXXZ.
P°R P°R P°R
Ap Ap Ap
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®  Definition2.12: [3]
lifx =
1) The relation A € FNR(X X X) is called the relation of identity ifV (x,y) € X X XTy(x,y) = { ifx=y L a(x,y) =

Oifx #y
{1ifx =y Oifx=y

Oifx =y’ Fale,y) = {1ifx +y

2) The complementary relationA°= Vis defined by

_ (Oifx=1y _(Oifx=1y _(lfx=y
Tv(x,y) - {]lfx *y ,Iv(x,y) - {]fo * y’ Fv(X,y) - {Olfx * y

3.Fuzzy neutrosophic equivalence relations

®  Definition 3.1:
Let X be asetand let P,Q € FNR(X). Then the composition Q o P of P and Q can also bedefined as follows : for any
x,yeX

Tyr (5,3)= VT, (L DATG (2] L p (5, 3) = V(DAL (23] and By p(5,3) = AFp(5,2)V Fy(2,9)]

®  Definition 3.2:
Let X beasetandlet R,R,,R;,0,,0,€ FNR(X) .Then (1) (R, °R,)oR, =R, o(R,°R,)
(2) fR,c R, and Q, € Q, .then R, cQ, CR, o Q, .Inparticular, if O, € Q, then R, ocQ, CR, 2Q,.
BR o (R, UR)=(R, °R))U(R, °R;) (4R, o(R,NR,)=(R,°R,)N(R, o R;)
(5)If R, C R, then R' C R;' (6)(R_1 )_1 =R and (R1 °R, ) = R} oR
(DR, UR,) " =R UR,' 8)(R,"R,)" =R NR;’

®  Proposition 3.1:
Let P and Q be any fuzzy neutrosophic relations ona set X IfQoP=PoQ then (Qo P)o(QoP)=(QQ)o(PoP)

*  Proof:
Proof follows from definition 3.2(1)

®  Definition 3.3:
A fuzzy neutrosophic relation R on a set X is called a fuzzy neutrosophic equivalence relation (in short FNER) on X if it satisfies
the following conditions:

(1) It is fuzzy neutrosophic reflexive, (i.e.,) R (x, x) = (1,1,0) foreach xe X
(ii) It is fuzzy neutrosophic symmetric (i.e.,) R =R
(iii) It is fuzzy neutrosophic transitive (i.e.,) Ro R C R

We will denote the set of all FNERs on X as FNE(X).

The following proposition is the immediate result of definition 3.1.

®  Proposition 3.2:
Let X beasetandlet R,Qe FNR(X)

(6))] If R is fuzzy neutrosophic reflexive (respectively symmetric, transitive) then R s fuzzy neutrosophic reflexive
(respectively symmetric, transitive)
(ii) If R is fuzzy neutrosophic reflexive (respectively symmetric, transitive), then R o R is fuzzy neutrosophic reflexive

(respectively symmetric, transitive)

(iii) If R is fuzzy neutrosophic reflexive, then R C Ro R

(iv) If R is fuzzy neutrosophic symmetric then R U R "and R N R ™' are symmetricand RoR™' =R oR

v) If Rand Q are fuzzy neutrosophic reflexive (respectively symmetric, transitive). Then R M Q is fuzzy neutrosophic
reflexive (respectively symmetric, transitive)
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(vi) If Rand Q are fuzzy neutrosophicsymmetric, then R U Q is fuzzy neutrosophic symmetric.

*  Proof:
It is the immediate result of definition 3.3.
The following two results are easily seen.

®  Proposition 3.4:
Let X beaset. f Re FNE(X)then Ro-R=R.

®  Proposition 3.5:
Let {Ra } o be anon-empty family of FNERs onaset X .Then (] R,€ FNE(X ) However, in general, U R, need

aell ael

notbe a FNERon X .

» Example 3.1:
Let X ={a,b,c}.Let Pand Q be the FNRs on X represented by matrices are given below
P a b c
a (1,1,0) (0.7,04,0.2) (0.6,0.3,0.1)
b (0.7,04,0.2) (1,1,0) (0.6,0.3,0.1)
¢ (0.6,0.3,0.1) (0.6,0.3,0.1) (1,1,0)
0 a b c
a (1,1,0) (0.7,04,02)  (1,L,0)
b (0.7,04,0.2) (1,1,0) (0.6,0.3,0.1)
c (1,1,0) (0.6,0.3,0.1) (1,1,0)
Then clearly P,Q€ FNE(X) and P\UQ is the fuzzy neutrosophic relation on X represented by the following matrix

PUQO a b c
a (1,1,0) (0.7,04,02)  (1,L,0)
b (0.7,04,0.2) (1,1,0) (0.6,0.3,0.1)
c (1,1,0) (0.6,0.3,0.1) (1,1,0)

On the other hand, T(p,y).(p_g)(D>¢) =0.7>0.6 =T}, (b,c)
Lipoop(pog)(Ds0)=0.4>0.3=1, ,(b,c) and Fp o) (pu0)(b:¢) =0<0.1=F, ,(b,c)
Thus (PUQ)e(PUQ)z P UQ .So PUQ is not fuzzy neutrosophic transitive. Hence P\UQ & FNE(X).

®  Proposition 3.6:
Let P and Q be fuzzy neutrosophic reflexive relations on a set X .Then Qo P is also a fuzzy neutrosophic reflexive relation on X

*  Proof:
Let x€ X .Then
Toop (6,) = VT, (1,0 AT, (1,2)]

2T, (x,x) AT, (x,x) (Since P and Q are fuzzy neutrosophic reflexive)

=1
Similarly, /., (x,x) =1

Fy.p(x,x)= ,/}[FP (x,0) v F,(t,x)]
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SF,(x,x)Vv Fy(x,x)=0
Thus Qo P(x,x)=(1,1,0) for each x€ X .Hence Qo P is a fuzzy neutrosophic relation on X .

®  Proposition 3.7:
Let X beasetandlet P,Qe€ FNE(X).IfQoP=Po(Q then PoQe FNE(X).

*  Proof:
Letx€ X .Since P and Q are fuzzy neutrosophic reflexive.

Tpp(x,x)= yX[TQ (X VAT (9,012 T, (x, ) AT, (x,x) =1

Similarly, 1 »,, (x, x) =1 and
Fpo(x,x) = \'QX[FQ (Y AF (9, )] Fy(x,x) v Fp(x,x)=0

Thus PoQ(x,x) =(1,1,0) .So PoQ is fuzzy neutrosophic reflexive. Let X, y€ X .Then
Trp(x.2)= v [T (6. ) AT, (v, 9)]= v [T, (2,9) AT, (v, 1)]

(Since P and Q are fuzzy neutrosophic symmetric)

=Ty.p(2,X)=Tp5(2,x) [ " PoQ=Q0P]

Similarly

IpoQ (x,2)= IpoQ (z,x)

Fro(.2)= ALF () V Fp (3, 01= ALFp(2,9)V Fy (3, 01= Fy.p(2,%) = Fpp(2,%)

So PoQ is fuzzyneutrosophic symmetric
On the other hand

(PeQ)o(PeQ)=(PoP)o(Q°0Q)
(By proposition3.1)
cPoQ
(Since P and Q are fuzzy neutrosophic transitive)
PoQe FNE(X)

Hence
e  Definition 3.4:
Let R be a fuzzy neutrosophic equivalence relation on a set X and let a€ X .We define a complex mapping
Ra: X — I'XI asfollows : for each x€ X , Ra(x)= R(a,x) .Then clearly Ra€ FNS(X ) .The fuzzy neutrosophic set Ra in

X is called a fuzzy neutrosophic equivalence class of R containing a € X .The set {Ra rae X }is called the fuzzy neutrosophic
quotient set of X by R and denoted by X /R .

® Theorem 3.1:
Let X be asetandlet R€ FNE(X) .Then the following hold:
@) Ra = Rb if and only if R(a,b) = (1,1,0) for any a,be X
(i) R(a,b)=(0,0,1) if and only if RaN Rb =0, forany a,be X
(i) U Ra=1,

ac X

(iv) There exists a surjection p: X — X /R (called the natural mapping) defined by p(x) = Rx foreach x€ X .

*  Proof:
@) = Suppose Ra = Rb Since R is a fuzzy neutrosophic equivalence relation,

R(a,b) = Ra(b) = R(b,b) =(1,1,0) Hence R(a,b)=(1,1,0).
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Conversely, suppose R(a,b) =(1,1,0) .Then T, (a,b) =1,1,(a,b) =1,F,(a,b) =0 .Let x€ X .Then

T, (x)=Tg(a,x)= Z;/X[TR (a,z) AT, (z,x)] (Since R is fuzzy neutrosophic transitive)

2T, (a,b) AT (b,x) =1 AT (b,x) =T, (b,x) =T, (x)

Similarly 1, (x) 21, (x)

Fp (x)=Fy(a,x)< zé\x[FR(a’Z) V Fo(z,x)]S Fp(a,b)Vv Fy(b,x) =0V Fp(b,x) = Fp (b, x) = Fp, (x) Thus

Ra D Rb By the similar arguments, we have Ra C Rb.Hence Ra = Rb.
The proofs of (ii), (iii) and (iv) are easy.
This completes the proof.

e Definition 3.5:
Let X beaset, let Re FNR(X)and let {R, }aeF be the family of all the FNERs on X containing R .Then [\ R, is

ael’

called the FNER generated by R and denoted by R .

It is easily seen that R is the smallest fuzzy neutrosophic equivalence relation containing R .
®  Definition 3.6:
Let X be asetandlet R€ FNR(X) .Then the fuzzy neutrosophic transitive closure of R ,denoted by R™ ,is defined as

follows: R” = U R" ,where R" = Ro RoR....o Rin which R occurs n times.
neN

®  Proposition 3.7:
Let X beasetandlet Re FNR(X) .Then (i) R is the smallest fuzzy neutrosophic transitive relation on X containing

R.
(ii)If there exists 7€ N such that R™ = R" , then R =RUR* U.....UR".

e FExample 3.2:
Let X ={a,b,c}andlet R= <TR g, FR> be the FNR on X defined as follows:

R a b c

a (0804,0.1) (1,00  (0.1,0.2,0.9)

b (0,01) 03,0306  (0,01)

¢ (02,0308 (001 (0.3,020.7)

R? a b c R’ a b c

a (0.804,0.1) (0.804,0.1) (0.,0209)|| « (0.804,0.1) (0.80.4,0.1) (0.1,0.2,0.9)
b (0,01)  (0.3,03,06)  (00,) b (0,01)  (0.3,03,06)  (0,0,)
¢ (0203,0.8) (0.203,0.8) (0.3,020.7)/\ ¢ (0.2,0.308) (0.2,0.30.8) (0.3,0.2,0.7)
R*=R’So R"=RUR’

Then Thus

R” a b c

. . | a (0804,0.1) (0.804,0.1) (0.1,0.2,0.9)
Moreover R oR” C R”.

b (0,01)  (0.3,03,06)  (0,0,)
C

(0.2,0.3,0.8) (0.2,0.3,0.8) (0.3,0.2,0.7)

INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH & DEVELOPMENT Page 224



www.ijird.com January, 2016 Vol 5 Issue 1

R” oR” a b c
a (0.8,0.4,0.1) (0.8,0.4,0.1) (0.1,0.2,0.9) . ) , N
Hence R”™ = R\ R~ is fuzzy neutrosophic transitive.
b (0,01)  (0.3,03,06)  (0,0,)

c (0.2,0.3,0.8) (0.2,0.3,0.8) (0.3,0.2,0.7)

e  Proposition 3.9:

If R is fuzzy neutrosophic symmetric,then so is R” .

*  Proof:
For n>1 and x,ye X

T,(x,y)= Vv [[(x,2)AT(2,2,) A /\TR(zH,y)]=Z\/Z[TR(y,zH)/\ ..... AT (2, 0)]=T,, (y,%)

20,22 30Ty

Similarly, 1, (x,y) =1, (y,%).
Fo@y)= A [Fuz)V F. )V ey FGoaonl= A [F(3.2, )V v Fe(z,0]= Fy (3,2) - Ths

20120 0er

Sn—=l1s+%1

R" is fuzzy neutrosophic symmetric for any 7 >1.Hence R is fuzzy neutrosophic symmetric.

®  Another proof:
Itis clear that R' = Ris fuzzy neutrosophic symmetric. Suppose RFis fuzzy neutrosophic symmetric for kK >1.We show that R o

is fuzzy neutrosophic symmetric.Let X, Y€ X .Then
T (53 =T, (5 3) = V[T (5 D AT (2 9)|= v [T, (20 AT (3,2)]
= VT (n D) AT (20| =T (7. 0) =T (323)
Similarly. 7., (%, ) = L (o) and Feo, (8,) = Fy o (1.3) = A |F (x,2)v Fe(zp)]= A |F (20 v Fe(3,2)]
= AlFu DV Fo@n]= F (30 = F (0,0)
So R" is fuzzy neutrosophic symmetric for any 7 2>1.Hence R” is fuzzy neutrosophic symmetric.
®  Proposition 3.10:
Let X beasetandlet P,Q€ FNR(X) .Then (1)If PC Q then P* Cc Q7
@If PoQ=QoP and P,Q€ FNE(X) then (PoQ)" =PoQ
*  Proof:
(1) Ttis clear that P> < Q7 by definition 3.2(2). Suppose P* < Q* for any k > 2.Then by definition 3.2(2) P**' < Q*"'
Hence P c O~
(2) Suppose PoQ =QoP and P,Q€ FNE(X) .Thenitis clear that (P ° Q)l =PoQ
Suppose (P o Q)k = PoQforany k=2 Then
(PoQ)" =(PoQ) o(PoQ)=(PoQ)e(PoQ)=(PoP)o(QoQ)=PoQ S0 (PoQ) = PoQforany n21 Hence
(PoQ)" =P-Q.

e  Theorem 3.2:
If R is a fuzzy neutrosophic relation on a set X,then R¢ = [R URU A]w .
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*  Proof:
Let Q= [R UR™U A]Q° .Then clearly R C Q .By proposition 3.8(1) (is fuzzy neutrosophic transitive.Let x€ X .Since
AcQ1=T,(x,x)<T,(x,x),1=1,(x,x)<1,(x,x) and 0=F,(x,x) 2 F,(x,x).
Thus T, (x,x) =1,1 ,(x,x) =1,F,(x,x) =0.So Qis fuzzy neutrosophic reflexive. It is clear that [R URU A] is fuzzy
neutrosophic symmetric. By proposition 3.8 Q is fuzzy neutrosophic symmetric. Hence Q € FNE(X ) Now K € FNE(X ) such
that RC K .Then Ac K and R™' € K™' =K .Thus RUR ™ UA c K By definition3.4(2), [R UR™ uA]" c K" =K for

any n2>1.So Q C K Hence R° =Q = [R UR™ UAF .This completes the proof.

®  Proposition 3.11:
Let X beasetandlet P,Q€ FNE(X) .We define PV Q as follows: Pv Q =(PUQ)" Ge.) PV Q= L{V(PU Q)

Then Pv Qe FNE(X).

e Proof:
By proposition 3.8, PV Q is fuzzy neutrosophic transitive. Let x€ X .Since P and () are fuzzy neutrosophic reflexive.

(PvO)x,x)= k;/N[TP (x,x)vT,(x, x)]n ,n;/N[Ip (x,x)v 1, (x, x)]n 9né\N[FP (x,x) A Fy (x, x)]n )
= k;/N(l vI)', v (1v1)', A (0A0) =(1,10) )

cN
Thus PV Q is fuzzy neutrosophic reflexive. Now let X, y€ X.Since P and Q are fuzzy neutrosophic symmetric,

(Pv)oe =V [ v T, v [, v 1, ), A F o0 A Fy o n] )
=(v [ ooyl v LGy 1,6.0F, AlF (A Fy (0] )= (Pv @)y

Thus PV Q is fuzzy neutrosophic symmetric. Hence Pv Q€ FNE(X).
The following result gives another description for PV Q of two FNERs P and Q.

e  Theorem 3.3:
Let X beasetandlet P,Qe€ FNE(X).If PoQe FNE(X) . then PoQ =P v Q ,where PV Q denotes the least

upper bound for {P , Q}With respect to the inclusion.

e Proof:
Let X,y€ X .Then X, y€ X .Then T}, (%, y) = \/X[TQ (5,2 AT (2 )2 T, (6, Y) AT, (3, ¥) =T, (x,y) Al

(Since R is fuzzy neutrosophic reflexive)
=Ty (x,y)
Similarly, 1 »,, (X, y) =1, (x,y)
Fro(63)= AlFp (v Fo(20)|S Fy(x0) v F(3,)= Fy (6, ) v 0= Fy(x.)
Thus PoQ D Q0.
Similarly, we have PoQ D R .So PoQ is an upper bound for {P,Q}with respect to “c .
Now let R be any fuzzy neutrosophic equivalence relation on X suchthat R D P and R D Q Let x,y€ X .Then

Tr.o3) = Y T, ) AT (2 0|S v L0 2) ATy |2 Ten (2 0) S T ()

(since R is fuzzy neutrosophic transitive)
Similarly, 5., (x, y) < I, (x, y) and

Froxy)= AlFy(e )V F, a2 AlF(x2)v Fo(z )= Frp(0) 2 Fe(x,y)
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Thus PoQ C R.So PoQ) is the least upper bound for {P, Q}With respect to “C”. Hence PoQ=Pv Q.

®  Proposition 3.11:
Let X be aset. If P,Q € FNE(X) then PvQ=(P-Q)".

o Proof

Suppose P,Q€ FNE(X) .Then by theorem3.2, Pv Q = (P U Q)e = [(P U Q)U (P U Q)_1 U Ar .Since
P,Qe FNE(X),(PUQ)u(PUQ) UA=PUQ Since P PUQ and Q < PUQ by definition 3.2(2) and (1),
PoQc (P U Q)O (P U Q) = P U Q .Thus by proposition 3.9(1) (P o Q)oo c (P ) Q)oo .On the other hand ,since
P,Qe FNE(X),Pc PoQ and Q C PoQ .Thus PUQ C PoQ By proposition 3.9(1), (P U Q)w c (Po Q)w .So

(PoQ)” =(PUQ)” Hence PvQO=(PUQ)*=(P-Q)> .

The following is the immediate result of Proposition 3.11 and Proposition 3.10.

e Corollary 3.1:
Let X beaset. f P,Q€ FNE(X) suchthat PcQ=QoP then PvQ=PoQ.
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