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ABSTRACT

The focus of this paper is to present the concept of fuzzy neutrosophic relations. Further we
study the composition of fuzzy neutrosophic relations with the choice of t-norms and t-
conorms and characterize their properties.
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1. INTRODUCTION

A relation is a mathematical description of a situation where certain elements of sets are related
to one another in some way. It is a tool for describing correspondences between objects. The use
of fuzzy relations originated from the observation that real life objects can be related to each
other to certain degree. Fuzzy relations are able to model vagueness, but they cannot model
uncertainty .Intuitionistic fuzzy sets, as defined by Atanassov [4], give us a way to incorporate
uncertainty in an additional degree. In 1995, F.Smarandache [13, 14] combined the non-standard
analysis with a tri component logic/set, probability theory and with philosophy and proposed the
term neutrosophic which means knowledge of neutral thoughts. This neutral represents the main
distinction between fuzzy and intuitionistic fuzzy logic set. Motivated by the concept which
deals with non-standard analysis I.Arockiarani et al. [1, 2] defined the fuzzy neutrosophic set
involving the concept of standard analysis. In this paper we study the properties of fuzzy
neutrosophic relations in a set and the properties of the composition with different t-norms and t-
conorms.

2. PRELIMINARIES

In order to define the fuzzy neutrosophic relations, we will use the well —known triangular norms
and conorms in [0, 1], taking into account that as non-classical connectives. They do not satisfy
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the boolean standard identities. We will call t-norm in [0, 1] to every mapping T:
[0,1] x [0, 1] — [0, 1] satisfying the following properties

Boundary conditions, T(x, 1) =x and T(x, 0) =0, for all x € [0, 1]
Monotony, T(X,y) <T (z,t) ifx<zandy <t

Commutative, T(x,y) = T(y, x), forall x, y € [0, 1]

Associative, T(T(x,Y), z) = T(x, T(y, z)), forall x,y, z € [0, 1]

Mo nNE

Given a t-norm T, we can consider the mapping S: [0,1] x [0, 1] — [0, 1] S(X, y) =1-T(1-x, 1-y).
This mapping S, will be called dual t-conorm of T. The most important properties of t-norms and
t-conorms can be found in [9,11].Here we present the following theorem with regard to the
distributive property of t-norms and t-conorms. In this paper unless it is said in the opposite way,
we will designate the t-norms and t-conorms with the greek letters a, 8, 4, p. Let | be a finite
family of indices and {a;};c;, {bi}ie;be Nnumber collection of [0, 1].For every a t-norm or t-
conorm and for every A t-norm or t-conorm

1. ‘f(al- \ bl) > Og(ai)v Oi(bl)
2. %a; A b)) < Aa) A Aby) are verified.

With the result given by L.W.Fung and S.K.Ku [10] relative to the fact that « is an idempotent t-
conorm (idempotent t-norm) if and only if @ =V (@ =A), we get the following theorem:

Theorem 2.0:

Let {a;}ic;, {bi}ic; be two finite number families of [0,1] and a, A t-norms or t-conorms not null.
Then

“a; v b)) = %ay))V %b;) ifandonlyif a=v

Ala; A b)) = Ha) A (b)) ifandonlyif 2 =A.

Definition 2.1: [2]
A Fuzzy neutrosophic set A on the universe of discourse X is defined as
A= (x,T4(x),I4(x),Fy(x)),x € X whereT,I,F:X —[0, 1]and 0<T,(x) + 1 ,(x) + F,(X)<3
3. FUZZY NEUTROSOPHIC RELATIONS
Definition 3.1:
A fuzzy neutrosophic set relation is defined as a fuzzy neutrosophic subset of X x Y having the
form R = {((x,y), Tr(x,¥), I (x,y), Fr(x,¥)):x € X,y € Y } where Tg, Iz, Fg: X XY —[0,1]

Satisfy the condition 0 < Tr(x,y) + Iz (x,y) + Fr(x,y) <3 V(x,y) EX XY.
We will denote with FNR(X X Y) the set of all fuzzy neutrosophic subsets in X x Y.
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Definition 3.2:

Given a binary fuzzy neutrosophic relation between X and Y, we can define R~ between Y and

X by means of TR_l(y)x) = TR(xiy))IR_l(y)x) = IR(x'y)'FR_l(y'x) = FR(x'y) V(X,y) €
X X Y to which we call inverse relation of R.

Definition 3.3:

Let R and P be two fuzzy neutrosophic relations between X and Y, for every (x,y) € X XY
We can define,

1)R <P & TR(ny) =< Tp(x,y),IR(x,y) < IP(xiy)rFR(x'y) = FP(xly)

Z)R SPe TR(ny) =< TP(xiy);IR(xiy) < IP(x)y);FR(xly) =< FP(xly)
3)RVP = {((x;J’):TR(x,}’)VTP(x,J’):IR(x,)’)V IP(x'Y),FR(x,)’)/\ FP(xly)>
4)RAP = {((x,y),TR(x,y)/\Tp(x,y),IR(x,y)/\ IP(x'y)rFR(xry)V Fp(X,_')’))
S)RC = {((x'y)'FR(ny)il - IR(x,y),TR(x,y)):x € Xry S Y}

Theorem 3.4:
Let R, P, Q be three elements of fuzzy neutrosophic relations (X X Y)

(DR<P =R <P (i) (RVP) =R 1vP1(iii)(RAP)*=R AP
((v)(RHT=R WRAPVQ)=RAP)V(RAQ),RV(PAQ)=(RVP)A(RVQ)
(vi)RVP >R, RVP>P,RAP<RRAP<P

(wii)IfR=Pand R>=Q,thenR = PVQ

(witi)IfR<Pand R<Q,thenR< PV{Q

Proof:

(@D IfR<Pthen Tr-1(y,x) =Tr(x,y) < Tp(x,y) = Tp-1(y,x) for every(x,y) EX XY
Ip-1(y,x) = Ix(x,y) < Ip(x,y) = Ip-1(y,x) V(x,y) € X XY and

Frp-1(y,x) = Fr(x,y) = Fp(x,y) = Fp-1(y,x) V(x,y) € X XY .Hence Rl<p?
(li) T(RVP)_l(yf X) = TRVP(x; J’) = TR(X, J’) v TP(xi }’) = TR_1 (yr X) v TP_1 (yr X)
= Tg-1yp-1(y,x).The proofs for [ g py-1(y,x) = Ig-1p-1(y,x) &
Frypy-1(y,X) = Fg-1,p-1(y, x) are done in a similar way.Hence (Rv P)™* = R~'v P~
(iii) Proof is similar to (ii) (iv) proof follows from the definition.
(v) We will use the fact that the operators Vv and A satisfy the distributive property when they are
applied to elements of [0, 1].Tgapvg)(x,¥) = Tr(x,¥) A {Tp(x,y) V To(x,¥)}
={Tp(,y) A Tp(, ¥}V {(Tr(x,¥) A To(x,¥)} = Trap (X, ¥) A Trag(x,y)
= T(R/\P)V(R/\Q)(xJ y) . Similarly IracPvo) (x,y) = Igap) V(RAQ)(x' y) and FR/\(PVQ)(xr y) =
Frapyv (rag) (X, ¥). Hence RA(PV Q) = (RAP) V (RAQ).
The proof is analogous to the previous one, inthe case of RV (PAQ) = (RVP)A(RV Q).
(vi)Proof is obvious.
Wi)IfR=Pand R=Q,Tr=TpandTg 2Ty Ig = Ip and Iz = Iy Fr < Fp and Fr < Fy
STr=TpVTy Ig=1p Vi Fr < Fp AFy = Tg = Tpyg,Ig = Ipyg, Fr < Fpyg ® R = PV Q

Http://www.granthaalayah.com ©Ilnternational Journal of Research - GRANTHAALAYAH [17-30]


http://www.granthaalayah.com/

[Arockiarani et. al., Vol.4 (Iss.2): February, 2016] ISSN- 2350-0530(0) ISSN- 2394-3629(P)
Impact Factor: 2.035 (I120R)

Similarly we can prove (wiii) .We can generalize the operations between binary fuzzy
neutrosophic relations R,Q € FNR (X X Y). Using the well known triangular t-norms and t-
conorms in [0, 1]. For a triangular t — norms T and its dual t — conforms S, we get

T(R! Q) = {((X;Y)»T(TR(X»}’),TQ(%}’),T(IR(x,Y)»IQ(x:Y)):S(FR(XIY),FQ(X,)’)))}
S(Rr Q) = {((x,y),S(TR(x,y),TQ(x,y),S(IR(x,y),IQ(x,y)),T(FR(x,y),FQ(x,y)))}

COMPOSITION OF FUZZY NEUTROSOPHIC RELATIONS

Basing ourselves on the composition of binary IF relations in [0, 1] we can give the following
definitions.

Definition 3.5:

Let a,(,4,p be t-norms or t-conorms not necessarily dual two — two, R € FNR(X XY)
ap
and P € FNR(Y x Z). We will call composed relation p = R e FNR(X X Z) to the one defined

Ap
by
a,p
P ° R=3((x2),T ap (x,2),] ap (x,2),F op (x,2))/x €EX,zEZ
/’1’ p P):pR P}:pR P}:pR

Where,TPa;ﬁR(X, Z) = g{ﬁ[TR(x,}’):TP(yi Z)]}, Ip“;ﬁR(x: Z) = g{ﬁ[IR(xl Y),IP(Y' Z)]} )

F o (02) = $olFaCo ), o, 2}

Ap
Whenever 0 < T op (x,2) + 1 op (x,2) + F ap (x,2) <3V(x,2) EXXZ.
P °R P °R P °R
Ap Ap Ap
The choice of the t-norms and t-conorms a,f, A4, p in the previous definition, is evidently
conditioned by the fulfilment of
0<Tuap (x,2)+1ap (x,2) +F op (x,2z) <3V(x,2) EXXZ
P °R P°R P °R

Ap Ap Ap

Theorem 3.6:

For each, € FNR(X xY),P € FNR(Y x Z) and «a, 8, A, p any t-norms or t-conorms

a,f -1 a,f
(P o R> = R~ o p~1isfulfilled.
Ap Ap

Proof:

T\ @) = T (62) = SBT3 D] = 817w (02, T o (29D}

Ap
= ${B[Tp-1(2,¥), T g1 (¥, )]} = TR_1 wp P—1(Z’ x). Similarly I< o >—1(z, xX) = IR_1 af P—1(Z' x),
P°R

Ap Ap

Ap
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P°R
Ap

F( af >_1(Z' .X') = FPD("’BR(x’Z) = ;{P[FR(x;Y),FP(%Z)]} = ﬁ{P[FR‘l(y, X'),FP—l(Z,)/)]}

= MplFp-1(2,y),F g-1(y,0)]} = FR_1 «f P—1(Z’ x)V(z,x) € Z x X.

Ap
a, -1 a,
Hence<P ° R) =Rl o p1
Ap Ap
Theorem 3.7:
In the conditions of definition 3.5
a,p a,p
IfP, < P, ,thenP; o R < P, o R,foreveryR e FNR
Ap Ap
a,p a,p
IfR; < R, ,thenP o R, < P o R,, foreveryP € FNR
Ap Ap
a,p a,p
IfP, <P,,thenP; o R <P, o R, foreveryReFNR
Ap Ap
a,p a,p
IfR;, <R, ,thenP o R, <P o R,,foreveryP € FNR
Ap Ap
a,f a,f
LetR,Pbein FNR (X x X),if P < R,thenP ° P < R ° R are verified.
Ap Ap

Proof:

Py < P, thenTp (v,2) <Tp, (v,2),1Ip, (v,2) < Ip, (y,2) and Fp, (y,2) = Fp, (y,2)
T as (o2) = {B[Te(x ). Tp, 0 D]} < HBTa). Tr, 0,2} = T a (x,2).

Ap Ap
Similarly I «p (x,2) < I op (x,2)
Py °R P, °R
Ap 1 Ap 1
FP Of;BR(er) = y{p[FR(x'y)tFPl (y,Z)]} = y{p[FR(X,y),sz (y,z)]} = FP a;ﬁR(xﬂZ)
1/1’p Zl,p
a, B a,p
Therefore P, o R< P, oR
Ap Ap

(i), (i), (iv),(v) can be proved in a similar way.
Theorem 3.8:

For any a, 8,1 and p t-norms or t-conorms, R,P € FNR(Y X Z)and Q € FNR(X X Y)

a,f a, B a,pB
(RVP) o Q=R o QV P o Q holds
Ap Ap Ap
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Proof:

Starting from the points (vi), (vii), (viii) of the theorem 3.4, we get

a,f a,
(RVP) Q=R ° Q
Fvrzts oo he L aun o ko p o
ryr=r “p i Ap Ap Ap
(RVP) e Q=P o Q ) ) ,
Ap Ap

The above theorem determines the sign of the inequality for the distributive property of the
composition respecting the union. Next theorem will give us a necessary and sufficient condition
for the fulfilment of the equality.

Theorem 3.9:

Let R, P be the two elements of FNR (Y X Z), Q € FNR(X X Y) , a and A not null t-norms or

a,f a,f a,f
t-conorms. Then (RVP) o Q=R o QV P o Qifandonlyif a =vand 1 =A.
Ap ALp Ap

a,p a,f a, B o

Let(RVP) e Q=R ° QVP ° QT w (xx)= {B[Toy)Tr(2) VT 2]}
Ap Ap ALp BP0

= z{ﬁ[TQ (x, %), Te(y,2)] V B|To(x,¥), Tr(y,2)]}.Because of the hypothesis of the theorem the

resultis = {B[To(x, ), Tr, D}V {B[To (e 1), T (7, 2]}
Let {ay}er be any two finite family of numbers belonging to the interval [0, 1]

Proof:

If S is t-norm, we define (for x, z fixed and for every y).
To(x,y) = 1,Tr(y,2z) = ay,Tp(y,2z) = b, .Then it is known that ﬁ[TQ (x,y), Tr(y, z)] = a,

a,p a,p a,p
BlTo(x,¥),To(v,2)] = b, Besides as (RVP) o Q = (R o Q) Vv (P o Q) it is verified
Ap Ap Ap
for every R, P and Q by means of hypothesis we have %(a; V b;) = 9G(a;) v %(b;) and this
condition verified for every {ay}er' {by}yey.We have proved in the theorem 2.0, that is

equivalenttoa = Vv

(it) If B is t-conorm, we define the degree of truthfulness of R, P and Q as follows:

To(x,y) = 0,Tr(y,z) = a,,Tp(y,2z) = b, and with the same proceeding we conclude that
verifying %(a; vV b)) = %(a;) v S(b;) as we have seen in the theorem 2.0, if and only if
a=\V.

In the same way we can prove the result for indeterminacy and by following the same proceeding
for the falseness we can conclude that = A . Conversely,Let « =V and A = A, 8 and p be any t-

norms and t-conorms T( o (x,2) = \y/{ﬁ[TQ (x,¥), Tr(»,2) V Tp(y,2)]}
RVP) ° Q
Ap

= {BlTeCo ). Te®, )] v B[To(x, ), Tr (3, 2]}
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Using the associative property of the t-conorms, we have
\% \
= y{ﬁ[TQ(ny)lTR(yiz)]} \% y{B[TQ(x;:V);TP(J’; Z)]} = TRa‘;ﬂQ (x' Z) \% Tpa;ﬂQ (x' Z)
Ap Ap
V(x,z) EXXZ Similarly I ap (x,2)=1Tas (x,2) V I (x,2)and
(RVP);pQ Re @ .

F o (,2)=Fap (x,2) N Fap (x,2)
(rvP) ° @ R°Q PeQ
Ap Ap Ap

Theorem 3.10:

For every a, 8, A, p any t-norms or t-conorms and R,P € FNR(Y X Z) ,Q € FNR(X xY), it is

B ap ap
verifiedthat (RAP) o Q < (R ° Q) A (p o Q)
Ap Ap Ap

Proof:
Analogous to the one made in the theorem 3.7.
Theorem 3.11:

Let R, P be the two elements of FNR (Y X Z), Q € FNR(X X Y)
a different from the null t-norm and A different from the null t-conorm. Then

a,f a,f a,f
(RAP) o Q=<R ° Q)/\(P ° Q)ifandonlyifaz/\and/lzv.
Ap Ap Ap

Proof:
The proof follows by theorem 3.9.
From the analysis of the previous theorem it is deduced that the choice of a, 8,1 and p t-norms

or t-conorms will depend on the problem traced on each case. However the distributive equalities
will demand the choice of vV and A for a and A or A and « respectively.

Theorem 3.12:

LetQ € FNR(X xY),P € FNR(Y X Z),R € FNR(Z X Z) B and p any t-norms or t-conorms.

V,B \V,B V,B/ V,B
If @« =V and A = A then <R0P> o Q=R o <P°Q>
Np TSNP Ap\ Ap

Proof:
Let B be associative Y Ya;; = Y'Ya;;, B(a, b;) = \i(,B(a, b)).B( Ya;, b) = Vi(ﬁ(al-,b))

}
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= {8 [ToGen), BT 3,0, (Te(e.2) )} |} = 5 (¥ (BTe ey, B(To (3,6, Ta(t,2) [}}
3 (B [BlTe G, To 0 0, a6 D] |} = Y{BLY B [ToG ), T (0100, Ta(t,2) ]}

= Y4B TPV;/?Q (x,t), Tr(t, Z)]} = TRvéﬁ(pva) (x,z2)V(x,z) € XXZ

L Ap AP\ Ap
The equality I, vs\vs (x,2) = I vp, vs\ (x,2) for every (x,z) € X X Z and
(Rop)og Ro(poo)
Ap S Ap AP\ Ap

F( V.8 )V,ﬁ (x,z)=F V,ﬁ( V.8 ) (x,z) V (x,z) € X x Z corresponding to the indeterminacy and
R o PJ o Ro|PoQ

Ap /Ap AP\ Ap

falsity are proved in a similar way.

Note:

. . . . .. af

It is convenient to state that in the notation used for composition p < r , the symbols a and S
Ap

placed up are applied to the truth value and indeterministic value and the symbols A and p placed

down are applied to the false value .Therefore the order of placement is very important.

4. RELATIONS ON FUZZY NEUTROSOPHIC SETS

Definition 4.1:
The relation A € FNR(X x X) is called the relation of identity if Vx,y) EXxX
(1 ifx=y (1 ifx=y _{O if x=y
TA(x’y)_{O if xiy’IA(x’y)_{O if xiy’FA(x‘y)_ 1 if x#y
The complementary relation A=V is defined by
(0 ifx=y (0 ifx=y _{1 if x=y
TV(x’y)_{l if x#y' IV(x’y)_{l if x#+vy' FoCxy) = 0 if x#y
It is evidentthat A= A~land V= V!
Theorem 4.2:
Let a, 8, A, p be t-norms and t-conorms and R € FNR(X X X)
a,p a,pB
R o A=A o R=R ifand onlyif a ist-conorm, g ist-norm, A is t-norm and p is t-
Ap Ap
conorm.
Ap Ap
R o V=V o R=R ifand onlyif « ist-conorm, g is t-norm, A is t-norm and p is t-
a,f a,f
conorm.
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Proof:

TR a;BA (X, Z) = g{ﬁ [TA(x) J’)» TR (% Z)]} = y;tg{ﬁ [TA(-X' X), TR (x' Z)]' ﬁ[TA(x' Y): TR (y' Z)] }
Ap

= y#‘-‘%{ﬁ[ll TR(x! Z)],ﬁ[o, TR(y, Z)] } = y:t?:c{[TR(x’ Z)l 0] } = TR(xF Z) ] (x! Z) € X X X
Similarly, I qp (x,z) = Iz(x,z) ,(x,z) EX XX
R ° A
Ap
FR a;BA (x, Z) = ﬁ{P[FA(x; 3’); FR (3’; Z)]} = y;t%{p[FA(x’ X), FR (x' Z)]'p[FA(x' }’),FR (yr Z)] }

Ap
= y::a/}{P[O»FR(x»Z)]»P[lrFR(y,Z)] } = yiJ/} [FR(X,Z), 1] } = FR(X',Z),(X',Z) € X XX

af ap
Conversely, Supposethat R © A= A o R =R itisfulfilled foreachR € FNR(X X X)
Ap Ap
Case (i):
ap
Let a be t-norm and f be t-conorm .TakingR =A,weget A o A= A thenT 45 (x,2) =
Ap A /LPA
Tpa(x,z) ,V(x,z) € X X X.If X =2z then

TA aéﬁA (x' X) = g{ﬁ [TA(X, 3’); TA(J’; X)]} = y;tg{ﬁ [TA(XI X), TA(x' X)], ﬁ[TA(X, y)' TA(Y: X)] }

Ap
= y=2B[1,1], B[0,0] } = ,.5{[1,0] } =0 # Ta(x,x) =1 Vx € X Which is a contradiction.

Case (ii):
Let a be t-conorm and g be t-conorm .Taking R = A and x # z we have

T oap (x,2) = S{BITa(x, ¥), Ta(y, D1} = y=5ABITa(x, %), Ta(x, 2)1, BTa(x, ¥), Ta(y, 2)] }

Ap
= yi‘azc{ﬁ[lt TA(.X', Z)]' B[O, TA(y; Z)] } = ying{ﬁ[lﬂo]t ﬁ[O, TA(Z' Z)]' B[O' TA(% Z)] }
V#Z
= J-4BI1,0], B[0,1], BI0,0]} = y=2{1,1,0} = 1 # Ty(x,2) = 0 V (x,2) € X X X
y#z y+z

Forevery (x,z) EX X X, T ap (x,2) # Ta(x,2) ifx # z
A o A

Ap
Case (iii):
Let a be t-norm and S be t-conorm. Taking R in the following way T (x,y) = {1 ifx=y
' RWGY 1 if x#y
By means of hypothesis T ¢p (x,x) = Tr(x,x) =1 V x € X have to be fulfilled.
R °o A

Ap
TR ap (x, x) = S{BITaCx, ), Tr (v, )1} = y25{BITa(x, x), T (x, )], BITa(x, ¥), Tr (v, x)] }
Ap

= y2tBI11], BIO, Tr(y, 2)] } = 51, Tr(y, x) } = Tr(y, x) # 1 = Tr(x, x) which is not true.
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Case (iv):
1 if x=y
1 if x#y
by means of hypothesis T 45 (x,x) = Tr(x,x) =1 V x € X have to be fulfilled.

R °o A

Let a be t-conorm and B be t-norm .Taking R in the following way Tk (x,y) = {

Ap
T afB (xr X) = g{ﬁ[TA(x’y))TR(y’ X)]} = yi%{B[TA(xl X), TR(X', X')],B[TA(X', }’):TR()” x)] }

R ° A
Ap

= yig{ﬁ[lrl]iﬁ[or TR(yr X)] } = y:;t(ch{l;O} =1= TR(x' X)

Hence it is proved that a is t-conorm and g is t-norm. Proof for indeterministic functions is
similar to the above.

Making a development, which is analogous to the previous one, for the falsity functions ,we
deduce that A is t-norm and p is t-conorm.

The proof of (ii) is similar to the one made in (i) using V.
Definition 4.3:

The relation R € FNR(X X Y) s called

Reflexive if forevery x € X ,Tr(x,x) =1,Ix(x,x) = 1,Fz(x,x) =0
Anti- reflexive if forevery x € X ,Tr(x,x) = 0,Iz(x,x) = 0,Fg(x,x) =1
(i.e,) The relation R is called anti-reflexive if its complement R€ is reflexive.

Theorem 4.4:

Forevery R € FNR(X x Y), it is verified that
If R isreflexivethenA< R (ii) If R isanti-reflexive then A > R

Proof:
It is the consequence of the definition 4.1 and 4.3.
Theorem 4.5:

For a t-conorm, S t-norm, A t-normand p t-conorm it is verified that
a,f
If R € FNR(X xY) isreflexive,thenR < R o R
Ap
Ap
If R € FNR(X xY) isanti-reflexive,thenR > R o R

a B
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Proof:

TR a;ﬁR (X, Z) = g{ﬁ [TR (X, J’); TR (J’» Z)]} = y:tgxc{ﬁ [TR (x, X), TR (X, Z)], ﬁ[TR (x' J’); TR (y' Z)] }
Ap

:y:r.-glc{,B[]-; TR(x! Z)]!,B[TR (x’ y))TR (y’ Z)] } = yi%{TR(xl Z)uB[TR (x, Y),TR(YI Z)] } = TR(.X', Z)
because «a ist-conorm .Similarly I 4p (x,z) = Iz(x,2z)
° R

R
Ap

FR (X;,BR (X,Z) = Jl}{p[FR(ny)iFR(yJZ)]} = y;t%{p[FR(x' X),FR(X, Z)],P[FR(xIY);FR(y' Z)] }
Ap

:yia/}{p[oi FR(x: Z)], p[FR(x’y)’FR(y’Z)] } = yii{FR(x,Z),P[FR(x’Y):FR(Y: Z)] } = FR(X, Z)
since 4 is t-norm.

The proof of (ii) is analogous to the proof of (i) .

Example 4.6:
This example states the existence of fuzzy neutrosophic relations which satisfy the property
a,f
R < R o R andthey are not reflexive.Let X be the following set X = {x,y, z} and
A,
P Xy z Xy z
. x 04 08 04 x 03 0.7 0.2
RE€FNRX xY)givenbyTe =\, o7 09 06 "=|y 05 08 05/
z 03 05 0.2 z 01 04 0.1
X y z
x 05 03 09
Fp = y 04 0 05 .For a =v,B =A, 1 =Aand p =V, we have
z 08 04 0.6
X y z X y z
. _[* 07 08 06} _[x 05 07 05
R Ny 07 09 06 " \y 05 08 05/
Y z 05 05 0.5 Yy z 04 04 04
X Yy z
X 04 03 05 VA
F va = ) i ) Resultingthat R < R ° R not being R reflexive.
R o R y 04 0 05 AV
W z 04 04 05 ’
Theorem 4.7:
If R € FNR(X x X) is reflexive, a , B are t-conorms and A, p are t-norms ,then
a,f
R<R ° R.
Ap
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Proof:
T afB (xr Z) = g{ﬁ[TR(xi }’),TR(Y» Z)]} = yig{ﬂ[TR(xﬂ X'),TR(X', Z)],,B[TR(X, }’)’TR(}’: Z)] }

R ° R
Ap

= yig{ﬁ[lr TR(X' Z)],ﬁ[TR(x, Y)»TR (% Z)] } = yi%{liﬁ[TR (x, y)' TR()’, Z)] } =1 = TR (xr Z)

Similarly we can prove I ¢p (x,z) = Iz(x, 2).
R ° R

A,

FR ap (x,2) = J{p[Fr (xf)y),FR 0, DI} = 24P Fr(x, ), Fr(x, 2)], p[Fr (x,¥), Fr (v, 2)1 }
:y;&{ﬁo, Fr(x, )], plFr(x,¥), Fr (v, 2)1} = y22{0, p[Fr (x, ), Fr (v, 2)] } = 0 < Fr(x, 2)
Therefore R < R a;ﬁR.

Ap
Theorem 4.8:
Given R € FNR(X xY) for a t-conormand A t-norm, it is verified that (i) If R is reflexive
then R j;ﬁR is reflexive (ii) If R is anti-reflexive then R j;ﬁR is anti reflexive
P P

Proof:

TR Ul;,BR (xr X) = g{B[TR (x' Y),TR(Y» X')]} = y:t%{ﬁ[TR (x' X'),TR(X', x)],ﬁ[TR(x, }’)’TR(}" X')] }
Ap
= yi%{ﬁ[lJl]',B[TR(xJ y); TR(y; X)] } = yig{llﬁ[TR (X, y)rTR(y' Z)] } =1
Similarly we can prove I 45 (x,z) =1

o

Ap
F a,f (x, .X') = J)F{P[FR(x,)’)» FR(y' X)]} = yi%{p[FR(xl .'X'), FR(x' X)], P[FR(x, :V)l FR()” X)] }
R ° R
Ap

=y=2(p[0,0], p[Fr(x, ), Fr (v, 2)] } = 230, p[Fr (x,¥), Fr(y,x)] } = 0.Therefore

a,f

R o R s reflexive.

Ap
Proof of (ii) is similar to the one made for the reflexivity.
Corollary 4.9:
If R € FNR(XxX) is reflexive a is tnorm and A is t-conorm ,then

n times

af af a,f
R™M =R o R o R..... o R withn=1,2,3,...... it is reflexive.

ALp Ap Ap
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Theorem 4.10:

Let R, be reflexive fuzzy neutrosophic relation in X x X .Then (i) (R,)™! is reflexive. (i)
R, V R, is reflexive for every R, € FNR(X x X) (iii) Ry A R, is reflexive &

R, € FNR(X X X) is reflexive.

Proof:

Proof follows from the definitions.

Definition 4.11:

A reflexive closure of a relation is reflexive for every R € FNR(X x X) isdefinedas R vV A
Definition 4.12:

A relation R € FNR(X X X) is called symmetric if R = R~! that is, if for every (x,y) of

X X X! TR(ny) = TR(yrx)’IR(xﬂy) = IR(y,x),FR(x'Y) = FR()’,X)-
In a contrary manner we will say that it is asymmetric.

Definition 4.13:

Let R be an element of FNR(X x X).We will say that it is antisymmetrical fuzzy neutrosophic
relation if for every (x,y) of X X X,

x F y = TR(ny) * TR(J’;X):IR(XJ’) * IR(Y;X):FR(XJ’) * FR(ylx)
Theorem 4.14:

If a,B,A,p areeither t-norms or t-conorms and R, P € FNR(X X X) are symmetrical then

a, a, -1
R o P=<P o R)
Ap Ap

Proof:

a, B a, B @B\
R and P are symmetrical > R=R™ L, P =P 'thenR o P=R™! o p1= (P ° R) .

Ap Ap Ap
Definition 4.15:

Let us take a t-conorm, S t-norm, A t-norm and p t-conorm, we will say that

a,f Ap
R € FNR(X x X) is (i) transitive if R > R o R (ii) c-transitiveif R < R o R.

l,p C(,,B
Result 4.16:

For a t-conorm, 8 t-norm, A t-norm and p t-conorm, it is verified that
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a B

(i) If R e FNR(X x X) is reflexive and transitive,thenR =R o R

Ap
Ap

(i) If R € FNR(X x X) is anti-reflexive and c- transitive, thenR =R ©° R
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