New Trends in Neutrosophic Theory and Applications. Volume II

Generalized Single Valued Triangular Neutrosophic

Numbers and Aggregation Operators for Application to
Multi-attribute Group Decision Making

Mehmet Sahin'", Abdullah Kargm? , Florentin Smarandache®

!Department of Mathematics, Gaziantep University, Gaziantep 27310, Turkey, mesahin@gantep.edu.tr
2Department of Mathematics, Gaziantep University, Gaziantep 27310, Turkey, abdullahkargin27@gmail.com,

3Department of Mathematics, University of Mexico,705 Gurley Ave., Gallup, NM 87301, USA,
smarand@unm.edu

Corresponding author’s email*": mesahin@gantep.edu.tr

ABSTRACT

In this study we define the generalizing single valued triangular neutrosophic number. In addition, single valued
neutrosophic numbers are transformed into single valued triangular neutrosophic numbers according to the
values of truth, indeterminacy and falsity. Furthermore, we extended the Hamming distance given for triangular
intuitionistic fuzzy numbers to single valued triangular neutrosophic numbers. We have defined new score
functions based on the Hamming distance. We then extended some operators given for intuitionistic fuzzy
numbers to single valued triangular neutrosophic numbers. Finally, we developed a new solution to multi-
attribute group decision making problems for single valued neutrosophic numbers with operators and scoring
functions and we checked the suitability of our new method by comparing the results we obtained with previously
obtained results. We have also mentioned for the first time that there is a solution for multi-attribute group
decision making problems for single valued triangular neutrosophic numbers.

Keywords: Hamming distance, single valued neutrosophic number, generalized single valued neutrosophic number, multi-
attribute group decision making

1. INTRODUCTION

There are many uncertainties in daily life. However, classical mathematical logic is insufficient to account for
these uncertainties. In order to explain these uncertainties mathematically and to use them in practice, Zadeh
(1965) first proposed a fuzzy logic theory. Although fuzzy logic is used in many field applications, the lack of
membership is not explained because it is only a membership function. Then Atanassov (1986) introduced the
theory of intuitionistic fuzzy logic. In this theory, he states membership, non-membership and indeterminacy,
and has been used in many fields and applications. Later, Li (2010) defined triangular intuitionistic fuzzy
numbers. However, in the intuitionistic fuzzy logic, membership, non-membership, and indeterminacy are all
completely dependent in each other. Finally, Smarandache (1998 and 2016) proposed the neutrosophic set
theory, which is the more general form of intuitionistic fuzzy logic. Many studies have been done on this theory
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and have been used in many field applications. In this theory, the values of truth, indeterminacy and falsity of a
situation are considered and these three values are defined completely independently of each other Smarandache,
Wang, Zhang, and Sunderraman (2010) defined single valued neutrosophic sets. Subas (2015) defined single
valued triangular neutrosophic numbers is a special form of single valued neutrosophic numbers. Many
uncertainties and complex situations arise in decision-making applications. It is impossible to come up with
these uncertainties and complexities, especially with known numbers. For example, in multi-attribute decision
making (MADM), multiple objects are evaluated according to more than one property and there is a choice of
the most suitable one. Particularly in multi-attribute group decision making (MAGDM), the most appropriate
object selection is made according to the data received from more than one decision maker. Multi - attribute
decision making group and multi-attribute decision making problems have been found by many researchers
using various methods using intuitionistic fuzzy numbers. For example; Wan and Dong (2015) studied
trapezoidal intuitionistic fuzzy numbers and application to multi attribute group decision making. Wan, Wang, Li
and Dong (2016) studied triangular intuitionistic fuzzy numbers and application to multi attribute group decision
making. Biswas, Pramanik, and Giri (2016) have studied trapezoidal fuzzy neutrosophic numbers and its
application to multi-attribute decision making (MADM) and triangular fuzzy neutrosophic set and its application
to multi-attribute decision making (MADM).

However, these methods and solutions are not suitable for neutrosophic sets and neutrosophic numbers.
Therefore, many researchers have tried to find solutions to multi-attribute group decision making and multi-
attribute decision making problems using neutrosophic sets and neutrosophic numbers. Recently, Liu and Luo
(2017) have proposed multi-attribute group decision making problems using "power aggregation operators of
simplifield neutrosophic sets”; Sahin, Ulucay, Kargin and Ecemis (2017) studied centroid single valued
triangular neutrosophic numbers and their applications in multi-attribute decision making; Sahin and Liu (2017)
used multi-criteria decision making problems using exponential operations of simplest neutrosophic numbers;
Liu and Li have produced solutions to multi-criteria decision making problems with "some normal neutrosophic
Bonferroni mean operators” (2017). Smarandache (2016) have produced neutrosophic overset, neutrosophic
underset, and neutrosophic offset. Biswas, Pramanik, and Giri (2016) have studied single-valued trapezoidal
neutrosophic numbers and its application to multi-attribute decision making (MADM). Ye (2015) have studied
multi-attribute decision making (MADM).

Subas (2015) defined & = {{:alj by, r:l}; Wz, Uz Va) as a positive single valued triangular neutrosophic
number for a1, by, ¢ € E* ora negative single valued triangular neutrosophic number for @4, by,60€ B™ |
However, the condition @1, 8,¢,€ R -{0} has not been defined. This narrows the applications of single valued

triangular neutrosophic numbers. In this study we first define the condition of @4, by,c1€ R for single valued
triangular neutrosophic numbers and gave basic operations on these conditions. These basic operations we have
given also include operations where @y, by, c0€ R™ and aq, by, cleR+. Thus, by generalizing single valued
triangular neutrosophic numbers, we made it more useful. Then, single valued neutrosophic numbers were
converted to single valued triangular neutrosophic numbers. Thus, we made single valued neutrosophic numbers
more useful by carrying single valued triangular neutrosophic numbers, which have rich application fields. We
then extended the Hamming distance for triangular intuitionistic fuzzy numbers to single valued triangular
neutrosophic numbers and showed some properties. Besides, we defined the scoring and certainty functions for
the single-valued neutrosophic numbers and for the single valued triangular neutrosophic numbers based on the
Hamming distance according to the truth, indeterminacy and falsity values. We compared the results of the score
and certainty functions we obtained with the score and certainty functions. We also made some operators for
triangular intuitionistic fuzzy numbers available for single valued triangular neutrosophic numbers and showed
some properties of these operators. We mentioned similarities and differences with the operators. Finally, we
have found a new solution to the multi-attribute group decision making problems by using the transformation of
single valued neutrosophic numbers, new scoring functions and using the operators we have obtained. Since the
transformations and the scoring functions are separate according to the values of truth, indeterminacy and falsity,
we obtained results separately for each of the three values for multi-attribute group decision making problems.
We compared our result with the result of a multi-attribute group decision making problem for single valued
neutrosophic numbers. We have checked the applicability of the method we have achieved.
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In this study, we gave some definitions of triangular intuitional fuzzy numbers and related definitions about
neutrosophic sets, single valued neutrosophic sets and numbers, single valued triangular neutrosophic numbers,
and some related definitions in section 2. In Section 3, we generalized the single valued triangular neutrosophic
numbers to make them more usable and described the basic operations. In Section 3, we gave transformations for
single valued neutrosophic numbers based on their truth, indeterminacy and falsity values. In section 4, we
made the Hamming distance for triangular intuitionistic fuzzy numbers available for single valued triangular
neutrosophic numbers and showed some properties.

In addition, we have separately defined the score and certainty functions according to the values of truth,
indeterminacy and falsity depending on the generalized Hamming distance and compared with the score and
certainty functions given before. In Section 5, we made some operators for triangular intuitionistic fuzzy
numbers available with single valued triangular neutrosophic numbers, and we showed some properties of these
operators and discussed the similarities and differences with the previously given operators . In Section 6, we
gave a new method for solving multi-attribute group decision making problems for single valued neutrosophic
numbers using the transform functions and operators that we have achieved in this work. In Section 7, we looked
at the applicability of our method by comparing the result of a previous multi-attribute group decision making
problem with the result of our method. Finally, in Section 8 we briefly discussed the results of our work.

2. PRELIMINARIES

Definition 2.1: A triangular intuitionistic fuzzy number & = {{g, 1, E}; Wz, Uz, ) is a special intuitionistic fuzzy
set on the real number set R, whose truth-membership and falsity-membership functions are defined as follows:

(x-a)wa/(a—@)  (asw<a)
wi (x=a)
=(X) = — — . —
Ha(x) (a—xhwgy/(a—a) (a<x=a)
o otherwise
I:n—x+ua'l:x—5:l}.-"(n—5} (a=x<a)
ug (x=a)
Pz(X) = . e — . —
a(x) (x—a+uzla—x/@—a) (a<x=a)
1 otherwise

respectively. (Li, 2010)

Definition 2.2: Let &; = { ﬂg,ﬂi,ﬂ_g); Wﬁl-;uﬁl-;} (i=1,2) be two triangular intuitionistic fuzzy numbers. The

Hamming distance between &4 and &3 is

dn(ﬁinﬁﬂ):id{:l + wﬁ'_ - uﬁ;:}ﬂ_ (l + wﬁ! - uﬁﬂ}ﬂ|+

[(1+ws, —ug, Ja; — (1 +wg, —ug, Jas|+|(1+ws, —ug, Jag— (1 + ws, —ug,)a;

]

(Wan, Wang, Li and Dang, 2016)
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Definition 2.3: Let d; = { Qi ﬂi;ﬂ_i); wﬁ“’uﬁ[,} (i=1,2,3,...,n) be a collection of triangular intuitionistic

fuzzy numbers. Then triangular intuitionistic fuzzy generalized ordered weighted averaging operator is defined
as;

TIFGOWA : U" — &, TIFGOWA (81,82, +., 8y ) =g~ H( iz, wigl(@g) )
Where g is a continuous strictly monotone increasing function, w = (wy, W, ..., w, JT is a weight vector

associated with the TIFGOWA operator, with W;>0, j = 1,2,3,...,n and E]j,-‘:lwi =1and ((1),2), ..., (n))is a

permutation of (1,2, ...,n) such that @;>@:+1) for all i. (Wan, Wang, Li and Dang, 2016)

Definition 2.4: Let d; = { Qi ﬂi;ﬂ_i); wﬁ“’uﬁ[,} (i=1,2,3,...,n) be a collection of triangular intuitionistic

fuzzy numbers. Then triangular intuitionistic fuzzy generalized hybrid weighted averaging operator is defined as;
TIFGHWA : U” — &5, TIFGHWA (31,32, ., 3y ) =g 74 7=y wig(b)) )

Where g is a continuous strictly monotone increasing function, w = {wy, w5, ..., w, JT is a weight vector
associated with the TIFGHWA operator, with W;>0, i = 1,2,3,....n Bl w;=1, 0 = (wy,wq,..,w, )Tisa

weight vector of ¢; and E.:E-;, = oy, d;. (Wan, Wang, Li and Dang, 2016)

Definition 2.5: Let U be an universe of discourse then the neutrosophic set A is on object having the farm A={
(X:Taix), Lage)Face™ . XEU} where the functions T,1,F:U —}]'0,l+[ respectively the degree of membership,

the degree of indeterminacy and degree of non-membership of the element x=U to the set A with the condition.

07 = Taray+lage+Face) = 37, (Smarandache, 2016)

Definition2.6: Let U be an universe of discourse then the single valued neutrosophic set A is on object having
the form A={ (x:Tax), lacx),Facxy> , XEU} where the functions T,I,F:U —[0,1]respectively the degree of

membership, the degree of indeterminacy and degree of non-membership of the element x=U to the set A with
the condition.

0= TAI:I:I+IAI:I:I+FAI:I:I =3
For convenience, we can simply use x = (T, I, F) to represent an element x in single valued neutrosophic

numbers and the element x can be called a single valued neutrosophic  number.
(Wang, Smarandache, Zhang, Sunderraman, 2010)

Definition 2.7: Let x = (T, I, F) be a single valued triangular neutrosophic number and then

1) sc(X)=T+1-1+1-F;

2) ac(x)=T-F;
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Where sc(x) represents the score function of the single valued neutrosophic number and ac(x) represent certainty
function of the single valued neutrosophic number. (Liu, Chu, Li and Chen, 2014)

Definition 2.8: Let x = (Ty, I3, Fy ) and y = (T3, I5,F2 ) be two single valued neutrosophic numbers, the
comparison approach can be defined as follows.

1) If sc(x)>sc(y), then x is greater than y and denoted x >y.
2) If sc(x)=sc(y) and ac(x)>ac(y), then x is greater than y and denoted x >y.
3) If sc(x)=sc(y) and ac(x)=ac(y), then x is equal to y and denoted by x~y.

(Liu, Chu, Li and Chen, 2014)

Definition2.9: Let wg,uz Vs € [0, 1]. A single valued triangular neutrosophic number & =
((ay, by, 1); wa,uz vs) is a special neutrosophic set on the real number set R, whose truth-membership,
indeterminacy-membership and falsity-membership functions are defined as follows:

[ lx—awg/ib—ay) (@ 2esh,)
- Wi (x=by)
5(X) = - . .
Hak) Cey—achwg/{ea—by) (by<xsey)
LI | otherwise
(b —xtugle—a,))/(b—ay) (@ysa<hy)
_ ug (x=by)
Pz(X) = . . . »
a() (x—byt ugles—x)) fler—b4) (by=xzcy)
1 ctherwise
(by—xygla—a))/(b—as) (@gsx<hby)
As(x)=4 i ) (x=by)
&) (w—byt yales—=))/ (er—by) (By=xzcy)
1 ctherwise

respectively.

1 “ Vg g

Wy

L E-J I S ‘, .H.ﬁ

¥a

0 Ha >
Eil by €

Fig. 1. (5 = {{,ﬂlJ 51, Clj'; Wz, Uz, }-‘ﬁ} single valued triangular neutrosophic number)
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If 3,>0 and at least €1>0, then & = {(ay, by, c1); waz, uzvs) is called a positive triangular
neutrosophic number, denoted by @>0. Likewise, If ©3<0 and at least a;<0, then & =
((ay, by, c); wa, ug va) is called a negative triangular neutrosophic number, denoted by € <0.

A triangular neutrosophic number & = ({ay, by, €1); Wz, 1z V) may express an ill-known quantity

aboutet, which is approximately equal to . (Subas, 2017)

Definition 2.10: Let & = ((ay, by, ¢1); Wz, ug vs) and b =((as, ba,co); Wi, uz, Vi), be two single valued
triangular neutrosophic numbers and v # 0 be any real number. Then,

1 d@+b={{a, + as, by + by, ¢, + c2); walwz,uzVug, vz Vys)
2.4-b=((a; — c2,by — by, € — a2); Walws,ugVuz, vsVys)
((aya2, by by, ey 620 waAwg, ugzVug, vz Vys) {c; > 0,c, = 0)
3. d@b=9 ((ayca, by ba,cyaz); wahws,uzVug, vaVys) (c, < 0,62 > 0)
{(c1c2,bybo,ayan); wahws, ugVug, v Vys) (e, <0,c0,<0)
({ayfca,by/ba,c1faq); waws, ugVug, vz Vve) (cp =0,c2=0)
4. @ b=y ey fea,by /by, ay faz); waAws, ugVug, yaVys) (ey <0,e,>0)
{({c1/az, by fba,ay fea); walwg, uzVug, vaVys) (c; <0,c,<0)

5 v = {{{V a,,¥ by, Y ¢y ); waug,va) (v=0)
' - {{T Cl.l""‘ bl.l"'r al); M’ﬁ,uﬁ_.}’ﬁ} {T{ ﬂ::l
6.8 1= {{l.'lch_J ]-.'lrle l.l"rﬂlj; ""’rﬁJuﬁJ}"ﬁ} {ﬁ F ﬂ} (Subas, 2017)

Definition 2.11: We defined a method to compare any two single valued triangular neutrosophic numbers which
is based on the score function and the certainty function. Let &; = ({ay, by, c1); W, ,uz,,Va,) be any single

valued triangular neutrosophic number, then
1
S@E, )= E[al + by + o Ix(2+ wy, —uz, — va)
and

" 1
AR )= E[al +b +ex(2+ wg, — Uz, + ¥a,)

is called the score and certainty degrees of &; , respectively. (Subas, 2017)

Definition2.12: Let &; and &z be two single valued triangular neutrosophic numbers,

1. If S(31 )< S(&2 ), then & is smaller then &z, denoted by & < &s.
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2.1fS(31 )=S(@2 );
(@) If A3 )< A(3z), then &, is smaller then Az, denoted by & < &;.
(o) If A(Ay )= A(82 ), then E1and &E-are the same, denoted by &; = &a.
(Subas, 2017)

Definition2.13: Let ﬁ:,: {{ﬂ}ub}u C}'}F l"l"rﬁi.luﬁi.l}?ﬁi} G = 1,2,3,...,n) be a collection of single valued
triangular neutrosophic numbers. Then single valued triangular neutrosophic weight averaging operator
(SVTNWADO) is defined as;

SVTNWAO: Ng — Ng, SVTNWAO(, 32, - 85 ) = By wy

where w = (wy, Wy, ..., wy )T is a weight vector associated with the SVTNWAO operator, with w;>0, j =

1,2,3,...,n and Ej,-z:lwi =1. (Subas, 2017)

Definition2.14: Let ﬁ}: {{ﬂ}ub}u C}'}F l"l"rﬁi.luﬁi.l}?ﬁi} G = 1,2,3,...,n) be a collection of single valued
triangular neutrosophic numbers and w = {wy, W2, ..., W }T is a weight vector associated with W;>0, and

E];-‘:lwi = 1.Then single valued triangular neutrosophic ordered averaging operator (SVTNWAO) is defined as;
SVTNOAO: Ni” - Ng, SVTNOAO(y, 32, s 8y ) = D=y w;b,

where @3 = ((ay, by, cp); Wy Ug }’ﬁk} , ke{1,2,3, ...,n} is the single valued triangular neutrosophic number
obtained by using the score and certainty function and For 5:1; a, = {'[ﬂj, b;, C_;'J'F Wai,uai,}-‘ai} is the maximum

value of K . (Subas, 2017)

3. GENERALIZED SINGLE VALUED TRIANGULAR NEUTROSOPHIC NUMBERS

In this section we will generalize single valued triangular neutrosophic numbers to make them more usable.
Because definition 2.9 for a single valued triangular neutrosophic number @= {{ay, by, €1 ); wa, 1z V) The
values ¢y, by, £y must either be negative real numbers or positive real numbers. However, some of these values
are not defined as negative real numbers of some of them are positive real numbers. This situation narrows the

field of use of single valued triangular neutrosophic numbers. We will abolish this limited situation with
definitions given in this section.

Definition 3.1: Let w1z, Vs € [0, 1] and @y,b4,6; € R-{0}. A generalized single valued triangular
neutrosophic number & = {{:ab by, cl}; Wz, Uz Va) is a special neutrosophic set on the real number set R,
whose truth-membership, indeterminacy-membership and falsity-membership functions are defined as follows:
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[ (x—ayJwg/ib—ay) (@ 2esh,)
_ wg (x=b,)
3(X) = . . .
Ha(x) Cey—achwg/{ea—by) (by<xscy)
L 1 otherwisa
((by—xtugle—a))/(bi—ay) (myzeshy)
- ug (x=Bb1}
a(X) =14 . . . N -
a®) (a—by+ ugle,—x) ) /(ey—by) (b y<x=cy)
v 1 otherwise
(by—x+ygla—a ) (by—a) (myzashy)
Ax(x) = ¥i ) (x=hy)
a(x) (a—by+ yiles—a) ) fley—by) (by<x=ey)
1 otherwise

respectively.

The most important and only difference of this definition from definition 2.9 is that a,,b,,c, € R-{0}. For
example{({—2, —1,3); wz,uzvs), ((—2,1,3); wz,uz,v5) cannot be single valued triangular neutrosophic
numbers according to the previous definition, it is a generalized single valued triangular neutrosophic number
according to this new definition. In addition, negative single valued triangular neutrosophic numbers and

positive single valued triangular neutrosophic numbers are covered by single valued triangular neutrosophic
numbers according to this definition.

A
L=\ Vo
Wy N\
LEF-S— | S Az
¥a .
0 I d = ((ay. by.cy)s wa.ug.yg) ; fora<0
a by Cy

Fig. 2: (d ={{a,. byo ) Wy iz, vg) sfor a,<0, generalized single valued triangular neutrosophic number)

v

= by Cy

Fig. 3: ( d={{a@y bypo s wytiz vz} 5 ap by <0 generalized single valued triangular neutrosophic number)
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Now let's define the basic operations for generalized single valued triangular neutrosophic numbers.

Degrees of membership / indeterminacy / nonmembership > 1 or < 0 have been proposed by Smarandache since
2007.

Definition 3.2: Let & = ((ay, by, €1); waz, uz va) and b =({as, ba,co); wi, uz vi), be two generalized

single valued triangular neutrosophic numbers and v # 0 be any real number. Then,

1 &+b={{a, + as, by + ba,cy + €2); waAwi,uzVug,vsVvs)

2.d-b={(a, — c2,by — by, €y — az); wihwg,uzVug, vzVys)

3. For the set £ = {ay@;,¢1¢5,a,65,61a5};
Jq : is the minimum value of £
Az: be the largest element of £ ;

ab=((3y, bybs, 32); waws,uzVuz,vsVys) .
4. Fortheset £ = {ﬂ1fﬂm €y fea,a [, Cj_.fﬂ:} ;

44 1 is the minimum value of L,

A2 be the largest element of .L ;

d/b=((3y, by /b3, 3a); wahws,uzVuz, vaVys)
5. Fortheset £L={Yay Yeci};

24 1 is the minimum value of £,
A2 be the largest element of .L;

va=((3,,Y by, A2); wawg,uzVug, vaVys)
6. For the set £L = {1/ay, 1/c1};
34+ is the minimum value of L,
A2 be the largest element of £;

a~1=((3, 1/by, 3o); walws,uzVus, ysVys)

These operations also give the same results as the operations in definition 2.10.
Namely, these operations are a generalized description of the operations in Definition 2.10.
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4. TRANSFORMED SINGLE VALUED TRIANGULAR NEUTROSOPHIC
NUMBERS, HAMMING DISTANCE AND A NEW SCORE FUNCTION BASED ON
HAMMING DISTANCE FOR GENERALIZED SINGLE VALUED TRIANGULAR
NEUTROSOPHIC NUMBER

In this section, we define single valued triangular neutrosophic numbers by transforming single valued
neutrosophic numbers in the definition 2.6. However, since single valued neutrosophic numbers consist of
independent truth, falsity, and indeterminacy states, we have defined a separate transformation for each case.
However, we have generalized the Hamming distance to single valued triangular neutrosophic numbers in the
definition 2.2 for the triangular intuitionistic fuzzy numbers and gave some properties. We then defined new
score functions based on the Hamming distance measure. We compared the results obtained with these scoring
functions to the results of the scoring functions in definition 2.7 and definition 2.11.

Definition4.1 @=( Tg,15,Fz) conversion to a generalized single valued triangular neutrosophic number
according to the truth value for a single valued neutrosophic humber;

d) = Tﬁ - Iﬁ - Fﬁ
by=a;+(1+Tz — F3)=1+2 Tz — 13 — 2F;
C1=by+(1+Tg — I5) =2+3Tz — 213 — 2F;  and

Tz = ws, Iz =ua Fa=vz ;

Transformed
d =(Tz.15,Fa) = dr={(ay, by, €1); wa, uz vz). Namely
dr=((Ts— 13— F3,1+2Tz — 13— 2F5,2 +3T; — 2I; — 2F;); Ta 15, F2)).

Thus we obtained the number of @7 generalized single valued triangular neutrosophic number from & single
valued neutrosophic number. Hence, 1+Tz — Fz >0 and 14Tz — Iz >0 for a;<by = ¢, . Because of this each

i number obtained from the definition of single valued neutrosophic number is a generalized single valued
triangular neutrosophic number.

1 Vs
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»
»

(To—1li— F) (14 2T —1;— 2F;) (2+3Ty— 21, — 2F,)

Fig. 4: (fi]' = {{ﬂ]_- IJJ_- '5'1.]: Wa.llg, Va } generalized single valued triangular neutrosophic number)

Definition4.2 & =( Tz15,Fz) conversion to a generalized single valued triangular neutrosophic number
according to the indeterminacy value for the single valued neutrosophic number;

a =Tz— Iz — Fa

by=a +(1+13 — F3) =1+ T3 — 2F;
cy=by+ (1+1z — Tz) =2+1; — 2F; and
Ta= wa la =ug Fa=vs ;

transformed

d =(Tzl5,F;5) =—77-— d;={(ay, by, c); wz,uz vs). Namely
dy=((Tz— 13— Fs 1+ Tz— 2Fz2+15 — 2F3); T515,Fa)).

Thus we obtained the number of &} generalized single valued triangular neutrosophic number from & single
valued neutrosophic number. Hence 1+l — Fz >0 and 1+Iz — Tz >0; a;<by = c;. Because of this each ¢;

number obtained from the definition of single valued neutrosophic number is a generalized single valued
triangular neutrosophic number.

(T:-1:—Fs) (1+ T:—2F) (2+1,—2F)

Fig. 5: (6 = ':':ﬂl- by, -S‘J_]: Wa g, ¥Va ) generalized single valued triangular neutrosophic number)
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Definition4.3 @=( Tz,15,Fz) conversion to a generalized single valued triangular neutrosophic number
according to the falsity value for the single valued neutrosophic number;

d) = Tﬁ - Iﬁ - Fﬁ
by=a +(1+Fz — 1) =1+ Tz — 213

€= by+ (14F5 — Tz) =2+Fz — 21  and

Transformed
@ =(Tz.15,Fa) — dr=((ay, by, c1); wz,uz vz). Namely
dp=((Ts — 13— Fsz,1+ Tz — 2152 +F; — 213); Tz 15, F5))

Thus we obtained the number of &z generalized single valued triangular neutrosophic number from & single
valued neutrosophic number. Hence, 1+Fz — Iz >0 and 1+F5 — Tz >0 for a;<by = ¢, . Because of this each

i number obtained from the definition of single valued neutrosophic number is a generalized single valued
triangular neutrosophic number.

Uy Az

¥a

0 i
(T:-1:— Fs) (1+ T:— 210 (2+F.— 21,)

Fig. 6 ( ip= {':ﬂ]_- by, '5'1.]? We. g Vg } generalized single valued triangular neutrosophic number)

Definition 4.4:

a) d=(TaI15,Fz) ideal generalized single valued triangular neutrosophic number according to the truth value
for single valued neutrosophic numbers;

Ta=1,13=0and Fz = 0; a5 =
((Tg— 13— F3,14+2T; — 13— 2F;2 4+ 3T; — 21; — 2F;); Ta,15,F5)) = ((1,3,5); 1,0,0).

b)y d=( Tzl1zF3) ideal generalized single valued triangular neutrosophic number according to the
indeterminacy value for single valued neutrosophic numbers;
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Tz=1,I3=0andFz = 0;d;=
((Ts —1z— Fs,1+ Tz — 2F;,2+1; — 2Fz); Ta 15, Fz)) = ((1,2,3); 1,0,0),

c) & =(Tsl5Fz) ideal generalized single valued triangular neutrosophic number according to the falsity
value for single valued neutrosophic numbers;

Tz=1,Iz=0and Fz = ﬂ;ﬁ;:
{(Tz— 15— Fs,1+ Tz— 2152+ F; — 213); Tala Fa)) = ((1,2,3); 1,0,0).

It can be seen from b) and c), &} = dp.

Definition 4.5: Let @y = {(ay, by, c1); wa, uz,,Vs,) and d2 = ((@a,baca); wa, us,,va,) be two

generalized single valued triangular neutrosophic numbers. The Hamming distance between & and é- is

dn(51,§:)=i[|{2 +ws, —ug, — Vs, )ar— (2 +wa, —uz, —va,)aal+

|{2 + Wz, — Uz — }’ﬁ._J'bj_ - {2 + Wg, —Ug, — }?ﬁg}bf +

(2 +wa, — ua, —va,)er — (2+wa, —ua, — va,)ea|]

This definition is the expansion of the Hamming distance given to the triangular intuitionistic fuzzy
numbers given in the definition to generalized single valued triangular neutrosophic numbers.

Proposition 4.6: The Hamming distance dy (&1, ;) satisfies the following properties.
1) dy(€4,d2)>0

2) dyn(dy, d2) =0, if dy=dy, forall dy, 2 € Ny

3) dn(dy, d2) = dn(dz, d1)

4) Let @ =((a;b;,6:): wapuapva), by = (&5, f.9,); W, U, VE;) and € = (R lymy); weyuz;ve)
be three single valued triangular neutrosophic numbers.

If aj<e;j<h; bi<fi<l;, €<g<my; Wa< Whpswg, UzS UR<Ug;, Va>Vh>Ve; then;

dn(d

i €2 dy, (a;, E}) and dn(ﬁjn 5= dn(E}'n )

Proof: The proof of 1), 2), 3) can easily be done by the definition 4.5. Now let's prove 4).

Let's show that dy, (i}, €;) > dy (6, E}-) i

dy (5, &)=
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:] -—(2+w=.—u5

Ya ¥
|(2+H-’ﬁj_uﬁj :]b —(2+w=.—u5 — Ve ) |
¥ ;‘) i ( )

|(2 +Wa; —Ug; -

2+ we —uUg — Ve
And ag<e;<h;, bi<fi<l;, c<g<my, Wa< Wiswe, U< Up<Ugy, Va>Vh>Vg  hence;
2+ Wg;— Ug; — Va; < 2+ We; — Ug; — Ve, and a@;<e;<h;. Hence;

(2 twg—ug— }’&J-) a; = (2 T W —Ug — }"g_l.-) h; . Similarly;

(2 + Wa; — Ug; — }-'ﬁj.) b; = (2 + We; — Ug; — }"c‘;) L

(2 twg U — }’ﬁ;) ;= (2 +we —ug — }-‘gj-)ﬂl}- . From here;
da(d;, €)=
102 +wey— g =y ) by (2 + wa; = ug;=ya; ) a) +

1:(2 + WEJ-' - uE_,—' - -(2 + wﬁ_f - uﬁ_,—' - }-‘ﬁ_l_-) b}-}+

ve;)
(242, 5, — 2, ) (2 + 308, ;= Y6, )

dn (ﬁ_;,-, E}'):

1
| (2 + "‘"ﬁ; — uﬁj. —

|(2 +Wa; gy _}’ﬁ;)b; - (2 +wj; —ub‘j—}fsj))}|+
) ) )

|(2 + Wa; = Ug; = Va; ) € — (2 + W, — Uj, —

et
oy

and a;<e;<h;, bi<fi<l;, c<gim;, wg < wbj<ufj,, U< Up< Ug;, }aj>}h12}cj hence;

24w —Us — Vs <2+ Wg —Ug— Vg, and ag<e;<h; hence;

(2 W — Us— }’ﬁ;) a; = (2 + Wi — U — }-‘1;;:] &;.

(2 + Wg;— Ug; — yﬁj) b; = (2 + Wg ;= Uj;— }-‘5_.)
(2 tws U~ }-'ﬁj.) c; = (2 twg U — }’EJ)Q‘ From here;
dn(d;, b)=

l_l: [{(2 + wﬁ_,—' _uﬁj_ }rﬁj:]e}' '(2 + wﬁ_,—'_ uﬁj_}"ﬁj)ﬂj}_i'
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{(2 + wﬁj _uﬁj_}rﬁj)f:’ '(2 + wﬁ_l-'_ uﬁj_}"ﬁj‘)b}'}"'

{:(2 +wg, —up; — }’5;) g}--(E +wa; — Uz — }’ﬁ_l.-:] Cill )

From (1) and (2) da(d;, €;)- da (d;, E}-):

%[(2 T we—Ug; — }".:‘J_-) h; -(2 +Wa; — Ua; — }’ﬁ;) a;)— (2 + W, — 5, — }’5;) e, s

(2 +wa;— ua;~va; ) aj

ez l(2 +way— g =y, ) b= (24 we —ug—vg)y - (2+ws—us—v5))f *

(2 +wa; = ua;~ s ) by

+ l—lﬂ [(2 T we —Ug; — }-‘EJ_-)‘J‘J‘I_J- -(2 +wa; — Ug; — }-'ﬁj.:] ;) (2 T Wi — U — }fz;j)g}- +

(2 +wa;— uz;—va; ) 5]

= 2(2 +we;—ug — v ) hy- (2 +ws; —ug,~ v ) €]

e [(2 +wa;— ug;— va, ) b-(2 + ws, —uz,—vg,) f]
#21(2 Hwg—ug —ve ) my- (2 4 ws, —us; ~ ;) 9. Here

a;<ej<h; bi<fi<ly, ¢; <gj<m;, wg <Wg, <wg,, Uz <Up; <Ug;, ¥5 2Vh; >V . Hence,

J__J-:[(2 + ""’rc‘_l-' - uc‘_l-' - }?E_I-') 'F."'_;l"(2 + '.-Vb"_l_. - uﬁj - }EJ) E}']EO .................................................... (3)
% [(2 + wﬁ_l-' - uﬁ_l-' - }’ﬁ_l-') b}"(z + wﬁ_l-' - uﬁj - }"5_]:)}3‘]20 ................................................... “4)
%[(2 + We — Ug; — }-‘EJ_.:]TJ'I_;,--(E + Wi — Ug; — }-‘5;)3}-] =0 5)

From (3), (4) and (5) da(dy, &)- da (&, Bj) = 0. Namely; da(dy, &) > da(d5, by).

dn (d;, €)= dn(E_;l', €;) can be showed a similar way to the proof of dy (&}, €;)> da(d;, E}-),

e

Definition  4.7: d@ = TgzlzFz  single  valued  neutrosophic  number, dr =
{{Tﬁ - Iﬁ — Pﬁj 142 Tﬁ - Iﬁ - EPEJ 2+ 3Tﬁ - 21& - Epﬁ}, Tﬁjlﬁj Pﬁ}} generalized single valued
triangular neutrosophic number transformed according to the truth value of €, ﬁ—'} = ((1,3,5); 1,0,0), ideal

generalized single valued triangular neutrosophic number transformed according to the truth value of &, and let
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dy,, be the Hamming distance for generalized single valued triangular neutrosophic number. According to the

truth value of single valued neutrosophic numbers certainty and score functions are
St(@)=dn(dr, 1)

Ar(d@) =min{|Tz — Iz, Tz — Fzl} respectively. Here;

S1(d) =

2112+ Ta— 13— Fa)(Ta =1z — Fa) = (2 +1-0-0). 1]+
(2+Ts;—Is—Fs)(2Ts— 13— 2F;)—(2+1—0—0).3]+
(2+T;—13—F3)(2+3T;—2I3— 2F;) —(2+1—-0-0).5]]

= 2012+ Ta— 1z~ Fa)(Ta—1a — Fa) = 31+/(2 + Ta— la — Fa)(2 Ta — Iz — 2F3) — 9l+

(24 T;— 15— Fz)(2+ 3T; — 2I; — 2F;) — 15]].

i

Definition 4.8: Let @ =( TzlIzFz) be single wvalued neutrosophic number,

Iﬂﬂ':f =

((Ty— 13— Fs,1+ Ts— 2F;,2+ 15— 2F3); Ts15,F5)); be generalized single valued triangular

neutrosophic number transformed according to the indeterminacy value of @, @} ={((1,2,2); 1,0,0), be ideal

generalized single valued triangular neutrosophic number transformed according to the indeterminacy value of
¢, and d,, be hamming distance for generalized single valued triangular neutrosophic number. According to the

indeterminacy value of single valued neutrosophic numbers certainty and score functions are;
S1(d)= dn(dy, d))

Ap=min{|Iz — Tzl, [Iz — Fzl, } respectively. Here;

51(d) =

%[I{:2+T,;— Is—F:)(Tzs—I;— Fz)—(2+1—-0-0).1]+
[(24+Tz—1;—Fz)(1+ Tz— 2F;)—(2+1-0-0).2]+
[(2+T;—1;—F;)(2+1;— 2F;)— (2+1—-0-0).2[]

= 212+ Ta~ 1 —Fa)(Ta—la — Fa) =212 + Ta— L~ Fa)(1 + Ta— 2Fs) —6l+

Definition 4.9: Let & =( Tgslas,Fz) be single valued neutrosophic number,

ﬁF =

((Tz — 13— Fs,1+ Tz— 2152+ F; — 213); Ts15,F5)); be generalized single valued triangular

neutrosophic number transformed according to the falsity value of &, &L = ((1,2,2); 1,0,0),be ideal

generalized single valued triangular neutrosophic number transformed according to the falsity value of ¢, and

d,, be Hamming distance for generalized single valued triangular neutrosophic number. According to the falsity

value of single valued neutrosophic numbers certainty and score functions are;
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Sp(d)= dn(dr, d)

Ap=min{|Fz — Ial, |Fz — 1l } respectively. Here;

Se(d) =

2+ Ta— 1 —Fa)(Ts— 15— Fa) — (2 +1-0-0). 1]+

[(24+T;—1;—Fz)(1+ Tz— 2I;)—(2+1—-0—-0).2|+
(2+Tz—13—F;)(2+F;— 2I5)—(24+1—-0-10).2]

- iﬂ[|{j2+Tﬁ— I;—Fs(Ts—153— Fz)—2|+[(2+ T3 —1;—Fz)(1+ Tz— 2I3) — 6|+

{2+ Tz — 13— Fz)(2+ Fz— 2I3) — 6]]

Definition 4.10: Let @=( Tz,15,Fs) and b =( Tz,1z,Fz) be two single valued neutrosophic numbers and St

A~ be score and certainty functions according to truth value.
i) If S7(&) > St(b), then & is greater than b and denoted by & >B.
ii) If St (@) = St(b) and Aq(&)> Ar(b), then d is greater than b and denoted by & >b.

iii) If St (&) = Sp(b) and Ap(d)= Ap(D), then & is equal to & and denoted by & = b.

This definition can also be done for 5;, &; score and certainty functions in case of indeterminacy and for Sg, Ag
score and certainty functions in case of falsity.

Definition 4.11: Let @, = {'[ﬂ_,-, b;, C_;.-}: Wai,uai,}-‘ai} and d,, be Hamming distance for the generalized single

valued triangular neutrosophic numbers.

i) @t = ((1,3,5); 1,0,0),be ideal generalized single valued triangular neutrosophic number according to the
truth value of &; depending on the Hamming distance :i; generalized single valued triangular neutrosophic

numbers according to the truth value score and certainty functions are;
Str(@)= da(d;, dy)
Arr(@)=min{|Tz — 13|, Tz — Fal} respectively.

i) {i]l = {(1,2,2); 1,0,0), be ideal generalized single valued triangular neutrosophic number according to the
indeterminacy value of é@; depending on the hamming distance Li} generalized single valued triangular

neutrosophic numbers according to the indeterminacy value score and certainty functions are;

So(@)= dn(d;, &)
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A(@)=min{llz — Tsl, [Tz — F5l} respectively.

iii) i) @5 = {(1,2,2); 1,0,0), be ideal generalized single valued triangular neutrosophic number according to the
falsity value of &; depending on the Hamming distance ti} generalized single valued triangular neutrosophic

numbers according to the falsity value score and certainty functions are;

Ste(@)=da(d;, dp)
Arp(d)=min{|Fz — Tal, [Fz — 15[} respectively.

Thus, for generalized single valued triangular neutrosophic numbers we have also defined a new scoring
function based on the Hamming distance.

Definition 4.12: Let &, = {{ﬂ}ub}u C}-}: WaiJHaiJ}-‘ai} and b, = {{d}-Je}-J)j-}; wgi,ugi,}-'gi}be two generalized

single valued triangular neutrosophic numbers and3t, Att be score and certainty functions according to truth
value.

i) If Srr(d)> Str(b), then 4 is greater than b and denoted by & >5.
ii) If St()= Str (D) and Arr(d)> Arr(b), then & is greater than b and denoted by & >b.

iii) if Str(8)= Str(b) and Arr(d)= Arr(b), then @ is equal to B and denoted by & = b.

Example 4.13: Now let’s compare the score and certainty function in definition 4.7 with the Str, AT Score
and certainty function according to the truth value, 5;, A5 score and certainty function in definition 4.8 according
to the indeterminacy value and 5g, Ag score and certainty function in definition 4.9 according to the falsity
value.

Let 3; =(0.9,04,0.3), 3; =(0.8040.2)and #z =(0.7,0.4,0.1 ) be three single valued neutrosophic
number.

i) For score and certainty functions in Definition 2.7;

ac(dy)= 2.2 sc(@1)=0,6
ac(az)= 2.2 sc(42)=0,6
ac(az)= 2.2 sc(22)=0,6 hence; & = A;=3s.

ii) For the score function according to the truth value in Definition 4.7;
Sr(a) =142 St(az)=1.44 ST(83)=1.46 hence @ >ad;> iz

iii) For the score function according to the indeterminacy value in Definition 4.8;
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51(3;)=0.51 Sp(a2) = 0.49 51(3z) =0.47 hence Az >d;>&.
iv)For the score function according to the falsity value in Definition 4.9;

Se(3;) =051 Sp(32)=049  Sp(33)=047 hence 33> H>F;.

Table 1: (Results of scoring functions for single valued triangular neutrosophic numbers)

The result of the score and certainty function in Definition 2.7 A =d,=3,
The result of the score function according to the truth value in definition 4.7 &) > A>3y
The result of the score function according to the indeterminacy value in definition 4.8 Ay >d.> 3
The result of the score function according to the falsity value in Definition 4.9 3 >A;> dy

Example 4.14: Now let’s compare the score and certainty function in definition 4.3 with theStr, score and
certainty function in definition 2.1 according to the truth value, Sy, & score and certainty function according
to the indeterminacy value and Stg, Atg score and certainty function according to the falsity value.

Let 3 =((2,5,6); 0.9,0.6,0 ), &, ((3,4,6); 0.8,0.5,0) and &3 =((1,5,7); 0.7,0.4,0) be three single valued
triangular neutrosophic numbers.

i) For the score and certainty functions in Definition 2.11;

S(3;)= 3.73 A(31)=3.73
S(3;)= 3.73 A(8:2)=3.73
S(dz)= 3.73 A(33)=3.73 hence & = d;=3s.

ii) For the score function according to the truth value in Definition 4.11;

Str(f1)=0458  Str(32)=0450 Str(d3)=0,358 hence dz > dz >d.

iii) For the score function according to the indeterminacy value in Definition 4.8;

St1(R1)=1458  St1(82)=1350 Sq1(d3)=1,358 hence 3z > 33> 4.

iv) For the score function according to the falsity value in Definition 4.9;

STr(R1) = 1458 Stp(A2) = 1,350 Stp(A3)=1,358 hence dz > Az >&;.
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Table 2: (Results of scoring functions for single valued triangular neutrosophic numbers)

The result of the score and certainty function in Definition 2.11 3y =d,=3,
The result of score function according to the truth value in Definition 4.11 A3 >8>
The result of score function according to the indeterminacy value in Definition 4.11 A; >85> 3
The result of score function according to the falsity value in Definition 4.11 Ay >8> 8

5. SOME NEW GENERALIZED AGGREGATION OPERATORS BASED ON
GENERALIZED SINGLE VALUED TRIANGULAR NEUTROSOPHIC NUMBERS
FOR APPLICATION TO MULTI-ATTRIBUTE GROUP DECISION MAKING

In this section we have generalized some operators given for triangular intuitionistic fuzzy numbers in Definition
2.3 and Definition 2.4 for generalized single valued triangular neutrosophic numbers and showed some
properties. We have shown that the new operators we have acquired include operators in definitions 2.13 and
2.14. Additionally, we showed the generalized single valued triangular neutrosophic numbers in this section.

Definition 5.1: Let ii} = {'[ﬂj, b_;'; C_;'J'F Wai,uai,}-‘ai} (1 =1, 2, 3,..., n) be a collection of generalized single

valued triangular neutrosophic numbers. Then generalized single valued triangular neutrosophic generalized
weight averaging operator (SVTNGWAO) is defined as;

GSVTNGWAO: Ng” -Ng,  GSVTNGWAO(E, 3z, ) 8 ) = g~ H( Ty wyg(d(y) )

where g is a continuous strictly monotone increasing function, w = (W, W, ..., w, JT is a weight vector
associated with the GSVTNGWAO operator, with w;>0, j = 1,2,3,...,n and E]j,-‘zlwi =1(G=1.23,....n).

Theorem 5.2: Let @, = {{ﬂ}ub}u C}-}: W Ug Va) (=1, 2,3, ..., n) be a collection of generalized single
valued triangular neutrosophic numbers and w = (W, W, ..., Wy }T is a weight vector associated with W;>0,
and Z;-‘:lwi = 1. Then their aggregated value by using SVTNGWAO operator is also a neutrosophic number

and

GSVTNGWAO (1,32, ., 3p)

{[E_l{ E;'z:j_ """r_;lg{ﬂf_;}} }.l g_l{ E;E:J_""’r_;lg{bljjl} }.l g_l{ E;‘z:j_ ur_Jg{CU}} }]; J'ﬂ'l_?zj_ l""’rﬁ._l-' U;'zzluﬁ_l-' U;?Zl}?ﬁj}

Where, g is a continuous strictly monotone increasing function.
Proof: We proof this by using the method of mathematical induction. For this;
i)Forn=2

dy= ((ay, by, c1); wa,ua,,va,) and @2 = ({az, ba,ca); wa,ua,va,) be two single valued triangular

neutrosophic numbers by definition;

g Hwg(d)r g Hwag(ds)) =
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g~ wig( ((ay, by, €1); ws, us, va, ) )+ g (wag(((az,bar2); W, ug,, vs,))
=g~ ({(wyg(ay),wig(by),wiglc))); wa,, uz,, s, ) )+
Q‘_if {(W:Q“:G:LW:S@:}: W:Q“:C:}}; Wa,, Ug,, }’ﬁz}

= g~ ({(wiglay), wig(by), wyg(cy)); Wa, Uz, }-‘ﬁ__}+{'|:w:g{ag w2 g(bs),wag(c2)); Wa,, Us,, Vi, )

{[g_li Eg:lu}g{auj) ]J g_l{ E;:Lu}g{bl}}} ]J g_l‘: Ef:l“‘r_;lg(':u}] }]r J"ﬁ'ljz 1"-"r_;| L UE; 1"-"r_;| J_}a}

it’s true.
Let it be true for n = k that is we assumed
g wyg(d@)r g~ Hwag(@2)) + ...+ g~ Hwreg(d))

{[g_l{ E_J;zj_""’r_;l'g{ﬂf_;f}} }Jg_l( E_J;:leg(b,:}-}] ]_. g_l(z =1 }E(CU}} }] Uk 1 Ug; 1"-"r_;| J_}a}
equation is true and let show that it is also true for n+1 .then

g wig( @)y g~ Hwag( @) + ...+ g7 (Wies19( dres1))

{[g_l{ E_J;:j_'""r_;l'g{ﬂf_;'}} }Jg_l( E_J;:leg(b,:}-}] ]_. g_l(z =1 _Jg(CIJ:I} }] Uk 1 Mg U_:l J.}a}
+g7 ({((Wps10(a1s1)Wa g (Bres1)wWag(crs1)); Wa oW, }’ﬁk+._}

[ _lizk-l-l g{ﬂ,}}} } g lizk-l-l g{b.}}} } g l(Zk-H- r_Jg(CIJ}} }] J_l""r .ll"'lrk Uz Uk J.J'El )
Hence the expression is true for n =k+1 as required.

As a result, the proof of the theorem is completed.

Lemma 5.3: Let &;= ((ajbjc; )i W3, Ua, Va;) and by = {'[ e}-Jf,-}; ngjugjj}-'};j} (G=1,2,3,...,n)bea

collection of generalized single valued triangular neutrosophic numbers and & = {(a,b,c); Wy, Uz, Vsl be a
generalized single valued triangular neutrosophic number. w = {w, w5, ..., w,, JT be a weight vector associated

with w;>0, and Ej,-’zle =1.
1)If d;=3 (j=1,2,3,...,n), then GSVTNGWAO (3,33, ..., 3, ) = &
2)If d; = {{min{a}-}, min{b;}, min{c_,-}}; lnill{'.-l«'aj 1, ma_x{u;,j 1 1nax{}-‘§j}}

G

; o {{m ax{a;}, max{b; },max{c; }}; max{ W Lm in{uﬁj 1, min{ Vi b

Then,

@; <GSVINGWAO (&1,832, ..., 8y ) < d;

3) If ay=d;, by<e;, c<f;, wa< Wi, Ua> Ug,;, V>V, for all j then,
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GSVTNGWAO (31,32, ..., 3, ) < GSVINGWAO (by, b, ..., by )
Proof:

1) From theorem 5.2 GSVTNGWAO (21,33, vux, d)

(g7 (Zi=awislag)) ) g (Eimawia(by) ).g™H(Ximawisle)) I Ajywa; Vimjug, Vieyvs)
= (g7 (X wiela) ),g (B w;g(b) ), g M Bloywyg(b) I Afoywa Viogws Vi wy)
E;-‘:lwi =1. Hence;

GSVTNGWAO (31,32, ..., 3n)=((g " (gla) ), g~ () ).g~((c) )iws,uz, va)= ((a, b,c); wy,ug vs)

The proof of 2) and 3) can easily be done from the proposition 4.6 given for the scoring function according to the
center of the Hamming distance in the definition 5.1 and section 4.

Definition 5.4: Let a = {'[ﬂ -’J Cj } Wi HEIJ}EI} (=1, 2,3, ..., n) be a collection of generalized single

valued triangular neutrosophic numbers. Then generalized single valued triangular neutrosophic generalized
ordered averaging operator (GSVTNGOAO) is defined as;

GSVTNGOAO: Ng~ — Ng,  GSVTNGOAO (31,32, .., 3, ) =g~} Ej,-‘:lw}-g{jE.;,-;.} )

where g is a continuous strictly monotone increasing function, w = (W, W, ..., w, JT is a weight vector
associated with the GSVTNGOAO operator, with w;>0, j = 1,2,3,...,n and E}‘zlwi =1(G=1,23,...,n)and k is

the largest generalized single valued triangular neutrosophic number obtained by using the new score function of
b'.i':" ﬂ-}—{{ﬂ. b C,} l"I"El| ualj}al} for ke{1,2,3, ...,n}.

Theorem5.5 Let 55} = {{ﬂjjby Ci } Wi ualJ}al} (G = 1,2,3,...,n) be a collection of single valued triangular

neutrosophic numbers and w = {Wwy, W, ..., W,, J1 is a weight vector associated with W;>0, and &7, w: = 1.
V] 2 n ] J=1""

Then their aggregated value by using GSVTNGOAO operator is also a neutrosophic number and

GSVTNGOAO (3;,3z, ..., dy)

=g Y B, welb) )=

n n n n
n n
27D wiglac) .87 Y wigi) D) wigleo) O \ws, \/ _usr \/ _ 33
- - - . = 1=
=1 =1 =1 =1

where g is a continuous strictly monotone increasing function and k is the largest generalized single valued
triangular neutrosophic number obtained by using the new score function of b.:}-;.; ﬁ’} =

((a;,bj,65) wg s, va;) for ke{1,2,3, ....n}.

Proof: Proof is made similar to Theorem 5.2 using Definition 5.4.
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Lemma 5.6 Let Ei}-: {{ﬂ_;ub_;n C_,-}: Waijuai,}-‘ai} and E: = {{d}-J e}-,}j}; wgi,ugi,}-‘gi} G = 123,...,n) be

collections of generalized single valued triangular neutrosophic numbers and & = {(a, b,c); wg,uz,vsz) be a
generalized single valued triangular neutrosophic number. w = (wy, wa, ..., w,, JT be a weight vector associated

with w;>0, and Ej,-‘zlwi =1.
1)1f @=2(j=1,2,3,....n), then GSVINGOAO (3,33, ..., 3, ) = 3
2)If d; = {{min{a}-}, min{b;}, 1n111{cj-}}; 11*1111{w§i}, max{ua‘.}, lﬂfﬂi{}’ai}}
{i}-+ = {{max{a}-}J max{b;}, max{r:}-}}; max{wﬁi b 111111{u§i}, 111111{}-‘51.}}
Then,
@;~ < GSVINGOAO (&1,8z, ..., &5 )< d;"
3) If aj<d;, bj<e;, ci<fj, wa;< Wi, ug >Ug,;, ¥ =Vg;forall j then,
GSVTNGOAO (3;, 32, ..., 3 ) < GSVTNGOAO (by, bz, ..., by)

Proof:
The prof of 1) can be done similar to the proof of the theorem 5.3.

The proof of 2) and 3) can easily be done from proposition 4.6 given for the Hamming distance depending on
the scoring function in the definition 5.4 and in the section 6.

Corollary 5.7: If g (x) = x (r = 1) is taken in Definition 5.1, the operator in Definition 2.13 is obtained.
Similarly, if g (x) = x (r = 1) is taken in 5.2, the operator in Definition 2.14 is obtained.

Note 5.8: If g(x)=x" is taken in the operators in Definition 5.1 and Definition 5.2; r value should not be taken as
an odd number. Indeterminacy emerges when any of the values a; b;,¢; of a generalized single valued

triangular neutrosophic number & ;= {{ﬂ_;n b;, Cj}: Wi, Ug;) }’ai} takes a negative real number value.

6. MULTI - ATTRIBUTE GROUP DECISION MAKING METHOD BASED ON THE
SVTNGWAO OPERATOR

For a multi-attribute group decision making problem, let E = {&, &2, ..., &84 } be a set of experts (or DMs), A =

{A1, Az, ., A} be set of alternatives, X = {3;,Xa, ..., X} be set of attributes. Assume that the rating of
alternative A; on attribute X; given by expert €y is represented by single valued neutrosophic number ﬁku =

{aklijhkiijckii] i=12,.. mj=12,...p;k=12,...,n). Additionally, let g be a continuous strictly monotone
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increasing function. Now let's take the steps we will follow to solve the multi-attribute group decision making
problem.

i) The decision matrices obtained by the decision makers are found as D¥ - {:ﬁku}m\cp i=12,..m;j=

1,2,....p; k=12,....n).

i) D* decision matrices; for ﬁkq single valued neutrosophic numbers, ﬁL‘T matrices are formed that consist of

~k . . .
ar converted single valued triangular neutrosophic numbers.

iii) Let © = (wy,wa,...,w, )T f; be the weight vector of decision makers with @3>0, and j=iwy = 1

Accordingly, the weighted decision matrix is ﬁkw = {:mkﬁ“{ikii}mp i=12,...mj=12,...,p;k=1.2,..n).
iv) GSVTNGWADO is the operator in the definition 5.1; the unified decision matrix ﬁu:( a:u}mw obtained
from the weighted decision matrices. Here;

—_— ~l — —k

du;y = GSVINGWAO(@iET 1, @137 jp1... QLAT 1)

—

—~l i —~—k
du[j GSVTNGWAO(CPRE.T i1 PLAT ..., PraT -l:),

=%
]

P e K .
uip GSVTNGWAO(ypat ip PRAT . PRAT .Lp). Where; (i=1,2,3,...,m).

Also here, the weight vector to be used for the GSVTNGWAO operator is ¢ = (@4, @2, ...,y )T with P;=>0,

and Ej,-‘zlcpi =1.
V) Dy =( du;;)mup be the unified decision matrix; let w = (wy, W, ..., Wy, )T weight vector of {
¥y, Xz, e Xp} With Wi>0, and X7-,w; = 1. single valued triangular neutrosophic numbers for the

{A A, ..., A Y alternatives s ;

A; = GSVTNGWAO(dy,y, dupp..... Q) (t=1,2....,m).

vi) Single valued triangular neutrosophic numbers E(t =1,2,...,mfor the {Ay,Az, ..., Ay} alternatives are

compared with one of the new score functions in definition 4.7, definition 4.8 or definition 4.9, and the best
alternative is found. Here; there is a score function according to the truth value in definition 4.7, according to the
indeterminacy value in definition 4.8 and according to the falsity value in definition 4.9.

Corollary 6.1: In this method for single valued neutrosophic numbers, starting directly from the second step,
single valued triangular neutrosophic numbers can be taken and processed. Thus the method we have obtained
can be used for single valued triangular neutrosophic numbers or generalized single valued triangular
neutrosophic numbers.
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Example 6.2: A pharmaceutical company wants to choose the most appropriate diabetes drug from four
alternatives {A, A5, A3, As}. For this, a decision committee of three pharmacological specialists {e;, e,, es}

was established. This decision commission will review alternative medicines in three qualities. These qualities
are; the dose rate of the drug isx,, suitable for all ages x, and its cost is x5. For the decision committee {
e, e, e3} weight vector o =(0.4,0.3,0.3) T, (¥, %z, X3). Weight vector for qualities are w = {0.4,0.3,0.3)T

and ¢ = (g, gg) Additionally, let g (x) = x™ is a continuous strictly monotone increasing function. Now let g (x)

= x for r = 1 and then perform the steps in section 5.1 according to the truth value of the transformations and
scoring function.

i) The table showing single valued neutrosophic numbers for the alternatives evaluated by the decision makers is
as follows.

Table 3: (Decision matrix created by e; decision maker)

uy Uy g
x, (08,0503 (0.3,0.8,0.6) (0.8,0.1,0.3)
x, (0.3,04,0.5) (0.8,0.2,0.3) (0.6,0.2,0.3)
x3  (0.7,02,03) (0.6,0.1,0.3) (0.4,02,0.6)
xs (0.4,05,03) (0.9,0.1,0.1) (0.8,0.4,0.1)
x5 (0.4,03,02) (0.7,0.1,0.3) (0.9,0.1,0.0)
Table 4: (decision matrix created by e, decision maker)

uy Uy g
x, (0.603,03) (0.503,0.3) (0.7,02,0.3)
x, (0.602,03) (0.6,0.3,0.2) (0.4,0.3,0.4)
x; (0.8,02,0.1) (0.6,0.2,0.2) (0.5,0.3,0.3)
xs (0.6,02,0.2) (0.7,0.3,0.1) (0.8,02,0.2)
x5 (0.7,02,02) (0.8,0.1,0.2) (0.7,03,0.1)
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Table 5: (decision matrix created by e; decision maker)

uy Uy g
x, (0.7,02,02) (0.7,02,02) (0.9,0.1,0.1)
x, (0.7,02,03) (0.7,0.1,0.2) (0.5,0.3,0.2)
x; (0.7,01,03) (0.5,0.3,0.3) (0.6,02,0.3)
xs (0.50.1,0.3) (0.8,0.1,0.2) (0.9,0.1,0.2)
x5 (0.8,0.1,0.1) (0.6,0.3,0.2) (0.8,0.2,0.1)

ii) Transformed decision-making matrices created by decision makers;

Table 6: (transformed decision matrix created by e, decision maker)

uy

Uz

Uz

Xy

Az

X3

Xy

X5

((0.0,1.5,2.8); 0.8,0.5,0.3)

((—0.6,0.2,1.1); 0.3,0.4,0.5)

{(0.2,1.6,3.1): 0.7,0.2,0.3)

((—0.4,0.7,1.6): 0.4,0.5,0.3)

((—0.1,1.1,2.2); 0.4,0.3,0.2)

((-1.1,—0.4,0.1);0.3,0.8,0.6)

{((0.3,1.8,3.4); 0.8,0.2,0.3)
{(0.2,1.5,3.0); 0.6,0.1,0.3)
{(0.7,2.5,4.3): 0.9,0.1,0.1}

((0.3,1.7,3.3); 0.7,0.1,0.3)

Table 7: (transformed decision matrix created by e, decision maker)

((0.4,1.9,3.6); 0.8,0.1,0.3)
((0.1,1.4,2.8); 0.6,0.2,0.3)
((—0.4,0.4,1.6); 0.4,0.2,0.6)
((0.3,2.0,3.4); 0.8,0.4,0.1)

((0.8,2.7,4.5); 0.9,0.1,0.0)

uy

Uz

Uz

Aq

Az

X3

Xg

X5

((0.0,1.3,2.6); 0.6,0.3,0.3)
((0.1,1.4,2.8); 0.6,0.2,0.3)
((0.5,2.2,3.8); 0.8,0.2,0.1)
((0.2,1.6,3.0); 0.6,0.2,0.2)

((0.3,1.8,3.3); 0.7,0.2,0.2)

((—-0.1,1.1,2.3); 0.5,0.3,0.3)

{((0.1,1.5,2.8); 0.6,0.3,0.2)
{(0.2,1.6,3.0); 0.6,0.2,0.2)
{((0.3,1.9,3.3); 0.7,0.3,0.1)

{(0.5,2.1,3.8); 0.8,0.1,0.2)

76

{(0.2,1.6,3.1); 0.7,0.2,0.3)
((—0.3,0.7,1.8); 0.4,0.3,0.4)
((—0.1,1.1,2.3); 0.5,0.3,0.3)
{(0.4,2.0,3.6); 0.8,0.2,0.2)

((0.3,1.9,3.3); 0.7,0.3,0.1)



New Trends in Neutrosophic Theory and Applications. Volume II

Table 8: (transformed decision matrix created by e; decision maker)

uy Uy Uz

xy ((0.3,1.83.3);0.7,0.2,0.2) ((0.3,1.8,3.3); 0.7,0.2,0.2) ((0.7,2.5,4.3); 0.9,0.1,0.1)

x; ((0.2,1.6,3.1); 0.7,0.2,0.3) ((0.4,1.9,3.5); 0.7,0.1,0.2) ((0.0,1.3,2.5); 0.5,0.3,0.2)

x3 ((0.3,1.7,3.3); 0.7,0.1,.0.3) {((—0.1,1.1,2.3);0.5,,0.3,0.3) ((0.1,1.4,2.8); 0.6,0.2,0.3)

xg ((0.1,1.3,2.7); 0.5,0.1,0.3) {(0.5,2.1,3.8); 0.8,0.1,0.2} {((0.6,2.3,4.1); 0.9,0.1,0.2}

xs ((0.6,2.3,4.0); 0.8,0.1,0.1) {(0.1,1.5,2.8); 0.6,0.3,0.2) {(0.5,2.2,3.8); 0.8,0.2,0.1}

iii) Transformed weighted decision matrices generated by decision makers;

Table 9: (transformed weighted decision matrix created by e, decision maker)

uy Uz Uz

xy ((0.00,060,1.12);0.8,05,0.3) ((—0.44,—0.16,0.04);0.3,0.8,0.6) ((0.16,0.76,1.44);0.8,0.1,0.3)

xy {(—0.24,0.08,0.44);0.3,0.4,0.5) ((0.12,0.72,1.36);0.8,0.2,0.3) ((0.04,0.56,1.12);0.6,0.2,0.3)

x3; ((0.08,0.64,1.24);0.7,0.2,0.3)  ((0.08,0.60,1.20); 0.6,0.1,0.3) ((—0.16,0.16,0.64); 0.4,0.2,0.6)

xy ((—0.16,0.28,0.64);0.4,05,0.3) ((0.28,1.00,1.72);0.9,0.1,0.1) ((0.12,0.80,1.36);0.8,0.4,0.1)

xs ((—0.04,044,0.88);04,0.3,0.2) ((0.12,0.68,1.32);0.7,0.1,0.3)

((0.32,1.08,1.80); 0.9,0.1,0.0)

Table 10: (transformed weighted decision matrix created by e, decision maker)

iy Uz Uy
xy ((0.00,0.39,0.78);0.6,0.3,0.3) ((—0.03,0.33,0.69); 0.5,0.3,0.3) ((0.06,0.48,0.93);0.7,0.2,0.3)
x; ((0.03,042,0.84);0.6,0.2,0.3) ((0.03,045,0.84);0.6,0.3,0.2) ((—0.09,0.21,0.54);0.4,0.3,0.4)
x3; ((0.15,0.66,1.14);0.8,0.2,0.1) ((0.06,0.48,0.90); 0.6,0.2,0.2) ((—0.03,0.33,0.69);0.5,0.3,0.3)
x4 ((0.06,0.48,0.90);0.6,02,0.2) ((0.09,0.57,0.99);0.7,0.3,0.1) ((0.12,0.60,1.08);0.8,0.2,0.2)
x5 ((0.09,0.54,0.99);0.7,0.2,0.2) ((0.15,0.63,1.14); 0.8,0.1,0.2) ((0.09,0.57,0.99);0.7,0.3,0.1)

77



Florentin Smarandache, Surapati Pramanik (Editors)

Table 11: (transformed weighted decision matrix created by e; decision maker)

uy Uz

Uz

x; ((0.09,054,0.99);0.7,0.2,0.2) ((0.09,0.54,0.99);0.7,0.2,0.2)

x, ((0.06,0.48,0.93);0.7,0.2,0.3) ((0.12,0.57,1.05);0.7,0.1,0.2)
x3 ((0.09,051,0.99);0.7,0.1,.0.3) ((—0.03,0.33,0.69);0.5,,0.3,0.3)
x4 ((0.03,0.39,0.81);05,0.1,0.3) ((0.15,0.63,1.14);0.8,0.1,0.2)

xs ((0.18,0.69,1.20);0.8,0.1,0.1) {(0.03,0.45,0.84);0.56,0.3,0.2)

iv)The resulting unified decision matrix;

Table 12: (unified decision matrix)

((0.21,0.75,1.29);0.9,0.1,0.1)
((0.00,0.39,0.75); 0.5,0.3,0.2)
((0.03,0.42,0.84);0.6,0.2,0.3)
((0.18,0.69,1.23);0.9,0.1,0.2)

((0.15,0.66,1.14);0.8,0.2,0.1)

uy Uz

Uz

xy ((0.027.0.4590.867):0.6,0.503]  ((—0.1440.213,0516):0.3,0.8,0.6)

x; ((—0.0450.2940663):0.3,0405) {(0.081,0.522,0.975):0.6,0.3.0.3)
x3 ((0.096,0.543,1.011);0.7.0.2.0.3) ((0.033,0.423,0,837);0.5,0.3.0.3)
xy ((—0.02L0.3450.705);0.4,0.50.3) {(0.156,0.660,1.155);0.7,0.3,0.2)

Xg {(0.065,0.501,0.921);0.4,0.3.0.2) {(0.005,0.528,0.990):0.6,0.3.0.3)

{(0.129,0.597,1.98);0.7.0.2,0.3)
((—0.015,0.348,0.723);0.4,0.3,0.4)
((—0.048,0.273,0.651);0.4,0.3,0.6)
{(0.126,0.627,1.101);0.8,0.4,0.2}

{(0.168,0.693,1.179):0.7.0.3.0.1)

V) Generalized single valued triangular neutrosophic numbers obtained from the unified decision matrix for the

alternatives;

A = GSVTNGWAO, (u;,u,,uz) = ((0.015,0.426,0.831);0.3,0.8,0.6)
A, = GSVTNGWAO,_(u;,u;,u3) = ((0.001,0.378,,0.774); 0.3,0.4,0.5)
A; = GSVTNGWAO,(u;,u,,u3) = ((0.033,0.426,0.850); 0.4,0.3,0.6)
A, = GSVTNGWAO, (u;,u,,u3) = ((0.076,0.524,0.958); 0.4,0.5,0.3)

A; = GSVTNGWAO,_(u;,u5,u3) = {(0.105,0.566,1.019); 0.4,0.3,0.3)
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vi) According to the values in v);

Sr(A)=215
Sr(A2) =211
St(As) =2,08
St(As) =2,04
St(As)=1,99

Hence X <X Xz << X3 < X4 < Xgz. So the best alternative drug is Xs.

If g(x) = %7 is taken in example 6.2 for r = 2;

Sr(Ay)=212

Sr(A;) =208

St(A3) = 2,06

St(84) = 2,01

St(&s) = 1,97

Hence, ¥ < Xz <. X3 < X4 << X5, So the best alternative drug isxs.
If g(x)= %7 is taken in example 6.2 for r =5;

St(A1)=214

St(82)=2,09

St(A3)=2,04

St(As) =197

Sr(As) =192

Hence, = = Xy =l X3 = X4 < Xg. So the best alternative drug isxs.

If g(x)= x%0%

is taken in example 6.2 forr =0.04 ;
Sr(A1)=2,246

St(Az) = 2,240
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St(83)=2.237
St(As) =2234
St(A:;)=2,231
Hence, ®; < X, < ¥ < X4 < Xg. So the best alternative drug is xs.

Example 6.3: If the same assumption in Example 6.2 applies to decision making based on indeterminacy;
i) If g(x)= x is taken for r=1;

Si(A1)=1,185

S;(A37) = 1,160

Si(A3) =1,148

Si(A3)=1,113

S1(Az) = 1,087

Hence, 3 << X, << X3 < X4 < Xg. So the best alternative drug is Xs.
i) If g(x) = %2 is taken for r = 2;

Si(A1) =1,169

Si(Az) = 1,140

Si(A3)=1,133

Sp(As) = 1,094

S1(Az)= 1,071

Hence, 2y < X << X3 = x4 < Xg. So the best alternative drug is xs.
iii ) If g(x)= x% is taken for r=5;

Si(A1)=1,195

Si(A;) =1,163

Si(A3) =1,127

Si(As) =1,072

S1(Az) = 1,045
Hence, %; < = << X5 < x4 < Xg. So the best alternative drug is 5.
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iv) If g(x)= % *®*is taken for r=10.04 ;
S1(A1) =1,245
S1(Az) =1,243
S1(Az) = 1,242
S1(As) =1,241

S1(Az) = 1,238
Hence, 3y < X < X3 < x4 < Xg. SO the best alternative drug is Xs.

Example 6.4: If the same assumption in Example 6.2 applies to decision making based on falsity;
i) If g(x) = x is taken for r = 1;

Se(Ay) =1,173

Se(A7) = 1,127

Sr(A3) = 1,104

Sr(As) = 1,094

Sg(AZ) = 1,063
Hence, 3; << X, < X3 < x4 < Xg. So the best alternative drug is Xz.

ii) If g(x)= %~ is taken for r = 2;
Sr(Ay) = 1,154
Se(A7) = 1,106
Sp(Az) = 1,087
Sr(As) = 1,073

Sp(AZ) = 1,046
Hence, = < X, < X3 < x4 < Xg. SO the best alternative drug is Xs.

iii) If g(x)=x"istaken forr=5 ;
Sr(Ay) = 1,179
Sr(A7) = 1,129
Se(A3) = 1,076

Sp(As) = 1,085
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Sg(Az) = 1,027
Hence, x; < %, <0 X3 <0 x4 << Xg. So the best alternative drug is 5.

iv) If g(x) = x%®%is taken for r = 0.04;

Se(Ap) = 1,246

Se(A7) = 1,240

Sp(Az) =1,238

Sp(As) = 1,239

SF(EE) =1,236 hence ¥ = ¥, <C Xy < X3 << Xz. So the best alternative drug is Xs.

Table 13: (Results obtained according to r in Example 6.2, example6.3 and example 6.4)

Value of R | The result according to the | The result according to the | The result according to the value
value of truth value of indeterminacy of falsity

r=1 My o Ma o Ey Xy g Hy o Ka o Mg o<l oXy U Xg My o<l Mo <D Mg o<l My < Ng

r=2 X € XXy <X TXg Xy € M Hgp X, g Hy S Hp My o X

r=5 My D Ho D Np DXy <Xg Hy o Ka o Mg o<l oXy U Xg My o Ma o Ey Xy g

r=0.04 Eyp D Oy My Xy g Hy o Ky Mg Xy g Hy K DXy W X g

7. COMPARISON ANALYSIS AND DISCUSSION

Table 14: (Results obtained from methods)

r=1 r=2 r=5
Method 1 Wy L My UMz X, M LW UMy X, " M UMy X,
Method 2 e A M 4 oH L CA, Xy 4N DXy LA,
Method 3 T LMy LEp LA, LA T A L M LR LA,
Method 4 L T T o LM ANy CA, Ty N M Ty CA,

To be able to see the effect of the method given in section 6; we compared the results of the method with
those of the method in Section 6. For the same "r" values were comparable a method obtained according to the
truth value, indeterminacy value and falsity value in section 6. According to Table 14; the best alternative to the
results from all methods is the same and it is x,. Besides; Hamacher aggregation operators are used for single
valued neutrosophic numbers. In the chapter 5, we used generalized single valued triangular neutrosophic
numbers obtained by transformed single valued neutrosophic numbers.
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operators we have generalized to the operators given for intuitionistic fuzzy numbers. These operators include
previously given operators for single valued triangular neutrosophic numbers. Thus, in section 6 we used single
valued triangular neutrosophic numbers and more general operators used in many decision making methods. We
also compared the score and certainty functions used in Table 1 and used in Section 6. In this comparison, the
values are not equal according to the scoring functions in Section 6 and therefore we have achieved different
results. In addition, we have the possibility to obtain separate results according to the value of truth, falsity and
indeterminacy in order to decide on the method in section 6. Thus, we have obtained a more comprehensive
result. For this reason, the method in section 6 is effective and applicable.

8. CONCLUSION

In this study, we generalized single valued triangular neutrosophic numbers. Thus, we have defined a new
set of numbers that can be more useful and can be very applicable. We have also obtained generalized single
valued triangular neutrosophic numbers by converting single valued neutrosophic numbers according to their
truth, indeterminacy and falsity values separately. Thus, single valued neutrosophic numbers are transformed
into generalized single valued triangular neutrosophic numbers, which are a special case and have a lot of
application field. We then defined the Hamming distance for single valued triangular neutrosophic numbers and
gave some properties. We have defined the scoring and certainty functions based on this defined distance. We
also extended operators for intuitionistic fuzzy numbers to single valued triangular neutrosophic numbers.
Finally, we compared multi-attribute group decision making with generalized operators and new score functions,
and compared the results with a previous multi-attribute group decision making application. In addition to this,
the applied multi-attribute group decision making method can be used in many different scientific researches.
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