(2

symmetry

Article
Modeling the Performance Indicators of Financial

Assets with Neutrosophic Fuzzy Numbers

Marcel-Ioan Bolos 1, Ioana-Alexandra Bradea 2 and Camelia Delcea 2*

1 Department of Finance and Banks, University of Oradea, 410087 Oradea, Romania

2 Department of Informatics and Cybernetics, Bucharest University of Economic Studies,
010552 Bucharest, Romania

* Correspondence: camelia.delcea@softscape.ro; Tel.: +40-769-652-813

Received: 18 July 2019; Accepted: 5 August 2019; Published: 7 August 2019

Abstract: This research sets the basis for modeling the performance indicators of financial assets
using triangular neutrosophic fuzzy numbers. This type of number allows for the modeling of
financial assets performance indicators by taking into consideration all the possible scenarios of
their achievement. The key performance indicators (KPIs) modeled with the help of triangular fuzzy
neutrosophic numbers are the return on financial assets, the financial assets risk, and the covariance
between financial assets. Thus far, the return on financial assets has been studied using statistical
indicators, like the arithmetic and geometric mean, or using the financial risk indicators with the
help of the squared deviations from the mean and covariance. These indicators are well known as
the basis of portfolio theory. This paper opens the perspective of modeling these three mentioned
statistical indicators using triangular neutrosophic fuzzy numbers due to the major advantages they
have. The first advantage of the neutrosophic approach is that it includes three possible symmetric
scenarios of the KPIs achievement, namely the scenario of certainty, the scenario of non-realization,
and the scenario of indecision, in which it cannot be appreciated whether the performance indicators
are or are not achieved. The second big advantage is its data series clustering, representing the
financial performance indicators by which these scenarios can be delimitated by means of
neutrosophic fuzzy numbers in very good, good or weak performance indicators. This clustering is
realized by means of the linguistic criteria and measuring the belonging degree to a class of
indicators using fuzzy membership functions. The third major advantage is the selection of risk
mitigation analysis scenarios and the formation of financial assets’ optimal portfolios.

Keywords: fuzzy numbers; neutrosophic numbers; neutrosophic symmetric scenarios; performance
indicators; financial assets

1. Introduction

Financial markets specialists have shown a particular interest for financial assets lately, both due
to returns they generate for investors and also because they can predict the future evolution of
financial performance [1]. Researchers in financial markets, starting with Markowittz [2], developed
the modern theory of financial asset portfolios, focusing on the financial assets return (R,) and on the
financial assets risk (62). An extremely important issue in the modern theory of financial assets
portfolios is the risk diversification; in the famous words of Markowitz: “Don’t put all your eggs in
one basket.” These studies, regarding the risk of diversification, have led to the foundation of
Markowitz’s efficient frontier, demonstrating that the financial assets portfolio risk is much lower
than the individual risk of each financial assets’ category [2].
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In order to evaluate financial asset returns, the literature has enabled two categories of models.
The first model is known as market return model, and it is based on the financial asset market price
at two moments of time (t,) and (t,). The market-based return calculation is as follows:

P, — Py + D,

R, =
a PO

where P, represents the market price at time (¢;), P, represents the market price at time (t;), and
D, represents the dividend at time (t;).

The second model for evaluating returns on financial assets is based on the market portfolio (M),
as well as on the return on the risk-free financial asset (Rf) as a result of applying the Capital Assets
Price Model (CAPM). The financial assets return is, in this case:

Ry, =Rs + B(Ry — Ry),

where R, is the portfolio return, and f is the volatility coefficient of the financial asset, which is
determined by a relation of the form:

B = a.aM/O.I\Z/II

where o,y is the covariance between the asset and the portfolio and g represents the portfolio
risk. If the financial asset return is considered to be fairly measured using the CAPM model, then two
situations are encountered in regard to the investors’ decision to trade the financial asset on the
capital market. In the first situation, if R, < R,(CAPM), then R, has to decrease by increasing P,—
as such, investors will buy financial assets. In the second situation, if R, < R,(CAPM), then R,
should increase by subtracting P,—as such, the investors will sell the financial assets.

In order to assess financial asset risk, the following statistical indicators are used: The squared
deviations from the mean, given by the formula:

N
1 _
O'g = N — 1Z(Rai - R)?
i=

and the variance:

N
1 _
O = mZ(Rai - R)?
i=

to express the deviation of the financial asset over a period of time from the average return value.
The higher the value of the deviation is, the higher the risk assumed by the investors will be.
Otherwise, the lower the deviation value is, the lower the risk.

Regardless of the model used to evaluate financial asset return, there is a certain degree of
probability that characterizes the achievement of financial asset return. Similarly, also the risk
assumed by investors can be manifested with different intensities (this risk may take maximum or
minimum values, and there is also an area where the risk intensity is uncertain). This degree of
uncertainty for the obtaining of the financial asset return, noted as (D, (R,)), can be grouped into
three main categories:

o The first category: A high degree of obtaining financial asset returns, denoted by u(D,(ca, Ra)),
which is the value of the financial asset return that can be achieved with a high probability,
approximated by a professional judgment of around 50%. For each financial asset, this degree
has specific values.

e The second category: A low degree of obtaining financial asset returns, denoted by
19(Du (oa, Ra)). Here, there is no prospect of achieving the financial asset return. The causes that
lead to these situations are various: The risk assumed by investors is appropriate to the value of
the realizable asset’s return, the expected return should record high values above the market
level, or the dynamics of the exchange rate market is not known. The degree of probability for
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this situation approximated by professional judgement is 30%, and it is specific to each financial
asset.

. The third category: The degree for obtaining the financial asset return is uncertain, denoted by
A(Du (oa, Ra)), corresponding to the situation in which the realization or non-realization of the
return is uncertain or not appreciated. This area of uncertainty is approximated at 20%, and it is
also specific to each category of financial assets.

The introduction of these criteria for assessing financial asset return allows for the analysis of
these performance indicators in line with the real needs of investors. They can thus select portfolios
of financial assets for which the likelihood of achieving profitability is known. Additionally, by
introducing these specific notions, the basis for the use of neutrosophic fuzzy numbers is created in
the field of modeling financial decision-making to form financial assets portfolios.

The aim of this paper is to properly model the indicators from portfolio theory using triangular
neutrosophic fuzzy numbers (considering the major advantages they provide) while solving the
problems that arise in the classical approach— these being several limitations which might appear in
the case of the financial assets’ performance indicators use.

2. State of the Art

Neutrosophic fuzzy numbers represent a quite new research area that has captured the attention
of researchers worldwide since 2013. Querying the WoS (Web of Science) database for the keywords
“neutrosophic fuzzy numbers,” the search results indicated 184 ISI Web of Science articles. Analyzing
by publication year, it can be observed that, since the appearance of this research topic, interest has
increased exponentially each and every year, starting from two ISI articles published in 2013 to seven
ISI articles in both 2014 and 2015, 18 in 2016, 41 in 2017, and 77 in 2018. Researchers from all over the
world have started to use this niche of fuzzy intelligence, but the majority of these studies have come
from China, India, USA, Turkey and Pakistan.

Most of these articles are included in the following categories: Computer science and artificial
intelligence (47%), multidisciplinary sciences (20%), information systems (10%), automation control
systems (7%), management (2%), economics (1%), and business (0.5%). The first articles published in
2013 targeted color image segmentation with applicability in image processing, pattern recognition
and computer vision [3] and the topic of neutrosophic fuzzy classifications [4]. The advantage of
using the neutrosophic set was shown by Ali and Smarandache [5] in their paper, where they studied
the complexity of this topic and revealed that neutrosophic fuzzy numbers can handle imprecise,
indeterminate, inconsistent, and incomplete information.

The most cited articles that have used neutrosophic fuzzy numbers as a research methodology
to target the decision-making problem. Pramanik et al. [6] used an extension of the interval
neutrosophic set, namely the interval bipolar neutrosophic set, in order to develop a multi-attribute
decision-making strategy. Ye [7] introduced the concept of simplified neutrosophic sets in order to
solve a multicriteria decision-making problem. Zhang et al. [8] also proposed an interval
neutrosophic set to address a multicriteria decision-making problem. The paper published by Liu
and Teng [9] presented a new method based on a single-valued neutrosophic normalized weighted
Bonferroni mean that demonstrated its effectiveness for solving decision-making problems. Peng et
al. [10] developed a new outranking approach for multi-criteria decision-making problems. This
method was developed in a simplified neutrosophic environment where the truth-membership
degree, indeterminacy-membership degree, and falsity-membership degree were subsets in [0,1].
None of the studies indexed in WoS have targeted portfolio theory or the finance domain. Even if there have

been a lot of studies that have focused on solving multi-criteria decision-making problems, none of them
have addressed this portfolio theory or the finance domain. There are only five articles that have
approached the economic area of research. The first of them is the study proposed by Bausys et al. [11], in
which the complex proportional assessment method (COPRAS) was used in the context of single value

neutrosophic sets in order to select the location of a liquefied natural gas terminal. In the same year, Bausys
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and Zavadskas [12] published another article in which was created an extension of the Vise Kriterijumska
Optimizacija Kompromisno Resenje (VIKOR) method for the solution of multicriteria decision-making
problems. The applicability and efficiency of neutrosophic fuzzy numbers were studied by Nabadan et al.
[13]. The authors compared neutrosophic fuzzy numbers to other fuzzy methods used in the decision-
making field, and their results showed higher values of efficiency for this new approach. The fourth article in
economic domain targeted the tourism area [14] by creating a decision support model for satisfactory
restaurants using social information. The model used neutrosophic fuzzy numbers to sign online ratings, and
it used the Bonferroni mean to consider interdependence among criteria. Tian et al. [15] used a life cycle
assessment technique to develop an innovative multi-criteria group decision-making approach that
incorporates aggregation operators and the Technique for Order of Preference by Similarity to Ideal Solution
(TOPSIS)-based QUALIFLEX method. This study managed to offer a solution for green product design
selection problems using neutrosophic linguistic information. As for the performance indicators used in
financial analysis, a series of recent papers have addressed optimal portfolio selection, corporate

entrepreneurship, indicators selection or portfolio optimization [16-22].

Thus, our study has an innovative approach, as it introduces in the literature the modeling of
the financial performance indicators with the help of neutrosophic fuzzy numbers with the portfolio
theory. The financial performance indicators modeled using neutrosophic fuzzy numbers refer to:
The financial return of assets (neutrosophic return), financial risk (neutrosophic risk), and financial
covariance (neutrosophic covariance).

This research paper solves the identified problem that consist of the limitations of the classical
approach for the financial assets’” performance indicators. Performance indicators of financial assets
are modeled using classical statistical indicators, namely arithmetic mean, geometric mean, squared
deviation from the mean, and variance. These indicators show a series of limitations, including the
following:

e Not taking into account possible scenarios for achieving performance indicators of financial
assets; as such, investor cannot assess the chance of achieving them.

e Not allowing data series stratification to delimit the values of the financial performance
indicators—the very good, good and low values—so that the investor can select the scenarios
best suited to his/her investment profile.

¢  Not allowing the selection of performance indicators scenarios that characterize financial assets
for analyzing financial risk mitigation or building optimal portfolios of financial assets.

These limitations in financial assets” performance indicators make them subject to some degree
of rigidity in substantiating decisions and also affect their capacity to respond properly to information
needed by capital market investors.

In order to solve these shortcomings, the proposed solution introduces the modeling of financial
assets performance indicators using triangular neutrosophic fuzzy numbers due to the numerous
advantages they present, namely:

e Allow for the consideration of all possible achievement scenarios for the financial assets’
performance indicators like the scenario of certainty, the scenario of non-realization, and the
scenario of indecision—these scenarios derive from the neutrosophic components such as truth,
indeterminacy and falsehood, which are symmetric in form, as the truth is opposite to false, with
respect to the indeterminacy [23].

e Allow for financial performance indicators’ data series stratification or clustering. The
delimitation of these data series was done using linguistic criteria with assigned values such as:
very good, good and weak.
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e Allow for the selection of analysis scenarios to mitigate financial risk or to form optimal
portfolios of financial assets, both of which could lead to a better substantiation of financial asset
decisions.

The methodology used in this paper is aimed at combining portfolio theory with the fuzzy
intelligence and neutrosophic numbers in order to enable the decision-making process for investors.
The proposed model allows for the modeling of financial assets performance indicators by taking
into consideration all possible scenarios of their achievement. Additionally, the model clusters the
data series, representing the financial performance indicators, by delimitating these scenarios by
means of neutrosophic fuzzy numbers in very good, good or weak performance indicators. This
clustering is realized with the help of the linguistic criteria which belong to degrees of a class of
indicators using fuzzy membership functions. This methodology offers the possibility to form
financial assets” optimal portfolios that are characterized by low risk and high return.

The effective neutrosophic fuzzy modeling is presented in the following paragraphs of the

paper.
3. Establishment of Neutrosophic Numbers for the Financial Assets Risk and Return

Financial asset return and risk are manifested by varying intensities, depending on the
particularities of the assets that form a portfolio. These intensities may take high, low, or even
uncertain values. Neutrosophic fuzzy numbers are formed and defined separately for each of the two
indicators mentioned above [24,25].

Definition 1. Let the financial asset return on the financial market be (R,), and let F [0,1] be the rules set
for all fuzzy triangular numbers. The fuzzy number (Ra) is considered the triangular neutrosophic fuzzy
number of the financial assets return:

Ra = {7y, hra Orar Ara)/Ta € Ra,

where pgg: Ry = [0,1]; 9ga: Ry = [0,1] and Agz:R, — [0,1], for which the membership functions are
defined according to the relations depicted in Figure 1.

URa A
9Ra
WR‘& 1 I
| | | ARG
| | |
Uga L |
I | |
| | |
| |
Ve | ' |
Ra 7 [ |
|
. | | |
HURa | | |
| | |
| |
| | | .
— — | \ | —
Rag, Ra, Ray, Ra Ra,, Ra

x

Figure 1. The neutrosophic fuzzy triangular number of financial assets return.

The truth membership, which is the membership function for the financial assets return with the
highest degree of realization (uRay)), is the following:
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Wgg for ﬁ&x = R’Ebl
wﬁ(Racl — Rax)
| Raw —Ran

Lo for others values out of range [Ra.,; Ra, |

)

for Ra,, < Ra, < Ra,,

The indeterminacy membership, which is the membership function for the financial assets
return with the medium degree of realization (9Ray), is the following:

(uﬁ(ﬁax - Eaal) + Rlel - Ea—x
R-abl - Eaal
Upq fOr Ra, = Ray,

- 2)
uggz(Ra,1 — Ra, ) + Ra, — Ra — — —
Ra( cl x) CJ 0 for Ray; < Ra, < Ra,

for Rayy < Ra, < Ray,

9Ray) =

ﬁacl - ﬁabl
0 for others values out of range |Ra.,; Rag |

The falsity membership, which is the membership function for the financial assets return with

low degree of realization (Aﬁa(x)), is the following:
YR‘a(ﬁax - Raal) + Ra,, — Ra,

ﬁabl - Eaal

A, for Ra, = Ray,
y}?ﬁ(mcl - RTIX) + Ea—x - Ea-bl

Ra., — Ray,

for Ra,, < Ra, < Ray,

AR = )

for Ray; < Ra, < Ragy

0 for others values out of range [}ﬁcl; R?lal]

Definition 2. Let the financial asset risk on the financial market be (0,), and let F [0,1] be the rules set for
all triangular fuzzy numbers. The fuzzy number (6,) is considered the triangular neutrosophic fuzzy number
of the financial assets risk:

a:(; = {(az; H&Tll 196711 Ao’z)/a—; € GA}!

where Ug:04 = [0,1]; 95 :04 = [0,1] and Az : 5, — [0,1], for which the membership functions are defined
according to the relations depicted in Figure 2.

A
uoa |
voa
Wea | Aga
) | |
| | |
Uga | |
|
N/
| l |
| |
Yea - | :
|
_ | | !
uoa | |
| | |
| |
l | | .
\ | I I
Gtg, oa, Gy, oa, g oa
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Figure 2. The neutrosophic fuzzy triangular number of financial assets risk.

The truth membership, which is the membership function for the financial assets risk with the
highest degree of realization (ua ), is the following:

ws (Ga, — Gagq)
o X O for Gdg, < G0, < Gl
O'ab]_ - O'Cla1

wg for oa, = oa

Uy = T or o= T )

W&;(Uaa —oa,) — —_ —

| 62 —22. for cgay, < oa, < dag

O'acl - Uam

0 for others values out of range [6Q.,; G044 ]

The indeterminacy membership, which is the membership function for the financial assets risk
with the medium degree of realization (95dy), is the following:

Eabl - OF:dal
Ugy fOr 6Ty = 5y, 5
u&‘a(a:acl - C?ax) + ﬁx - ﬁbl
67151 - Eabl
0 for others values out of range [Gl,,; GGg4 ]

(uga(a’zx — 00gq) + 00y, — G0,

196:6(,‘) =
for Gay, < 6d, < da.,

The falsity membership, which is the membership function for the financial assets risk with low
degree of realization A5d,,, is the following:

V5, (00y — 00q1) + 00p1 — G0y _ o
for ga,, < oa, < oay,

ﬁbl - Eaal
Ag; for 6a, = Gay, 6)

Vou (Fler = F) + 5 — Gl B

/1671@) =
for &ay, < 68, < 60,

67%1 - 6711;1
0 fOT' [6:601; C?aal]

The two neutrosophic numbers that characterize the return and the risk of a financial asset are

as follows:

mli = ((I’Q‘Elai,l’?‘abi, R‘aci);wml, uﬁzl,yl?a), for i = 1,n (7)

Ga; = ((Gag;, 6ay;, 04,;); Woa, uca, yoa), for i =1,n (8)

Definition 3. Two specific neutrosophic numbers are considered for the two financial assets that define the
financial asset return:

@1 = ((ﬁaap ﬁabu ﬁa)iWRFEpumll:y%ﬂ

for the first financial asset (A;);

Ra, = ((%ap Ray,, @02); wRa,, uRa,, yRa,)

for the second financial asset (A,) and the parameter y # 0, y € R.

The following arithmetical operations are valid:

1. Addition:

Ra, + Ra, = ((Ragy + Rag,, Ray, + Ray,, Rac, )
+ Ra.,)WRa,n wRa,, uRa,vuRa,, yRa,vyRa,)

2. Subtraction:
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EEH - Eaz = ((Eam - Eaaz'ﬁam - mbz'ﬁam

— Ratey) R, n wRaty, uRa,v uRay, yRa,v yRay) 10
3. Multiplication:
e for Ra, >0 and Ra,, > 0;
Ra, x Ra,
= ((Rtg X Ritgy, Rityy X Ry, Rty X Rty )R, 1 wRay, uRayv uRay, yRayy yRay) D
e for Ra,, <0 and Ra,, > 0;
Ra, x Ra,
= ((RaqyX Rty Rapy X Rityy, Rites XRatgy); wR; n wRay, uRyv uRay, yRayy yRay) (12
e for Ra,, <0 and Ra,, <0;
Ra; x Ra, = ((ﬁﬁcl’i( RECZJ@IH Xfiabz:@m . (13)
X Rag,); wRa; An wRa,, uRa,vuRa,, yRa,vyRa,)
4. Division:
e for Ra,, >0 and Ra., >0;
%1/1’?‘62 = ((R‘aal’/j?‘acb i\;af,l/ﬁalfimci _ _ . (14)
/Ray,); wRa, A wRa,, uRa,vuRa,, yRa,vyRa,)
e for Ra, <0 and Ra., > 0;
%1/1’?‘62 = ((R\am’/fﬁacz' %E/%biﬁa}v . . . (15)
/Ray,); wRa A wRa,, uRa,vuRa,,yRa,vyRa,)
e for Ra,; <0 and Ra,, <0;
ﬁ&dﬁ&z = ((ﬁm/@az'ﬁam/ﬁabzﬁam (16)
/Ra.,); wRa; A wRa,, uRa;vuRa,, yRa,vyRa,)
5. Scalar multiplication:
o for y>0;
Yy X Ra; = ((V X Rag1,y X Ray,y % ﬁam)i wRa,, uRa,, yRa,) 7
e for y<O;
¥ X Ra; = ((y X Ra,1,y X Rayy, ¥ X Ra,,); wRa,, uRay, yRa,) (18)
6. The inverse of a neutrosophic number:
iﬁh_1 = ((1/}?&01' 1/Ray,, 1/1?;1111); wRa,, uRa,, yRa,) (19)

It is important to notice that the arithmetic operations with the neutrosophic numbers defined
for the financial asset return Ra; = ((f??lai,f?ﬁbi,ﬁ&d); wRa,uRa, yRa) are the same as the specific
arithmetic operations for the financial asset risk: 6a; = ((64y;, 5ay;, 50); WGQ, udd, yga) forany i =
1,n.

Definition 4. Let the neutrosophic number defined for the financial asset return be of the following form:

RTIi = ((1?71(11-, ﬁbi, ﬁci); WRTI, uIF?Tl, yﬁ&)

forany i = 1,n. To assure the comparability of the neutrosophic fuzzy numbers, a score function is introduced
[4,51:
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1, - — — — — —
Sa1 = 3 [Ras; + Ray, + Rag,| + (2 + wRa, — uRa, — yRa,) (20)

This is an accuracy function of the form:

1, - — — — — —
A = 3 [Ras; + Ray, + Ra,| — (2 + wRa, — uRa, — yRa,) (21)

Definition 5. There are two neutrosophic numbers that define the financial asset return:
RTM = ((Eaap ﬁabp Eam)i WR’El' uﬁap yﬁzﬁ)

for the first asset (A;y) and
Ra, = ((%amﬁabz'%cz) wRa,, uRay, yRa,)

for the second asset (A,). As such:

o If 5(1'2711) < 5(1'5712), then Ray is smaller than Ra,, and it is noted that Ra, < Ra,;
o If S(Ray) > S(Ray,), then Ray is higher than Ra,, and it is noted that Ra, > Ra,;
o IfS (ﬁ&l) =S (REZ) are distinguished two cases:

o If A(Ra,) < A(Ra,), then Ra, is smaller than Ra,, and it is noted that Ra; < Ray;
o If A(ﬁll) = A(R’Ez), then the neutrosophic numbers are equal, and it is noted that Ra, = Ray;

4. Modeling the Financial Assets Return Using the Neutrosophic Fuzzy Numbers

The financial assets return, as mentioned above, is the most relevant performance indicator,
because it provides information on the earnings that investors can obtain over a limited period of
time as a result of asset ownership. In literature, the model for determining the financial assets return
is based on: The capital gain Plp;op‘) , formed by the stock price differences at time (t;) and (t,), as well

as on the return on invested capital, represented by the ratio between the dividend at time (¢,) and

the price at time (¢g). %, illustrates a remuneration form for the invested capital. The market model
()

Py —Py+Dq

that evaluates the financial asset return thus becomes Ra = , where the gains are the

0
exchange rate differences and the dividend. For each financial asset (4;), there are different return

values over a time horizon [0, t] at different time moments of the form:

to tl tz t3 e tk—l tk . tn ) £ = 1 ” (22)

Ra:(Rao Ra; Ra, Raz; .. Ray_y Ray .. Ra,

The formed data series is modeled using neutrosophic fuzzy numbers due to the many
advantages they have: The possibility of stratification for the financial asset; clustering the return
values according to linguistic criteria such as high, medium or small financial asset return; the
possibility of selection the return category desired by the investor in order to maximize his profit; or
analyzing the financial asset return by means of probability grades. The neutrosophic fuzzy numbers
built for the financial asset return, on the above data series, are presented in Figure 3.
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4 (Ra)
9 (Ra)
A(Ra) Ra -SMALL Ra - MEDIUM Ra -HIGH
9Ra, 9Ra, 9Ra,
wga |
I Aﬂzl l ARa | —
uga J 2 ARas
| | |
| | |
| | |
VRa 1
B | . | |
 Ra, ; HRa, : Ras ;
[ T [ I

Y

Figure 3. Modeling financial assets return with neutrosophic numbers.

The financial assets return is thus characterized by three neutrosophic numbers:
Ra, = ((Rayy, Rayy, Ra.,); wRa, uRa, yRa) for Ra € [Rayy, Ra.|
Ra, = ((ﬁaz,ﬁbz,ﬁcz);wﬁ, uRa,yRa) for Ra € [Iﬁaz,lﬁcz] (23)

Egl3 = ((ﬁgla3, ﬁglb3, mc3); Wﬁa, uﬁa, y}?a) fOI‘ RYI € [Egla3, Eglcg]

Definition 6. The following conditions lead to a function called a weighting function f: [0,1] - R:

(a) It is monotone increasing Vx, y € R and x <y results that f(x) < fly).
(b)  Checks the normality condition: fol f(a)da = 1.

The weighting function is used in the calculation of the neutrosophic fuzzy numbers main
indicators —the arithmetic mean and the squared deviation from the mean and the covariance. The
most frequently used weighting function is f(a) = 2a, which meets the conditions imposed above,
namely:

(a) It is monotone increasing V a;,a, € R with a; < a, results that f(a;) < f(a,). From this
condition, it follows that 2a; < 2a,, and, as such, the a; < a, is a condition fulfilled.

. 1 1 a?
(b) Checks the normality fo fla)da = fo 2ada =2 |é =1.

The required conditions are fulfilled, and, thus, the function f(ct) = 2a is a weighting function for
calculating the specific indicators of the triangular neutrosophic fuzzy numbers. The weighting
function f(a) = 2at is part of a weighting class of the form: f(a) = (n + 1)a™ with n € N. This class
of functions is used to determine the main statistical indicators of fuzzy numbers.

Definition 7. This is considered the triangular neutrosophic fuzzy number that defines the financial asset
return of the form:
Ra; = ((Ray;, Ray;, Ra,;); wRa, uRa, yRa), for every i = 1,n.

It is considered that the set [R;]a = [Rzl (a); Ra, (a)] for every a € R is the level set of the triangular
neutrosophic fuzzy numbers, where:

Ra,(«) = ((Ray; — Rag,)a + Rayy; wRa, uRa, yRa)

and Ray(a) = (Ra,, — (Ra,, — Ray,)a; wRa, uRa, yRa). See Figure 4.
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a e ———

|
|
|
uRa |
|
|
[

I
I
T

T >

Raga; Ray(a) Ray, Ra,(a) Ra., Ra

Figure 4. Levels sets for the triangular neutrosophic fuzzy number —financial asset return.

Definition 8. The medium wvalue of a  neutrosophic  fuzzy  number,  Ra; =
((ﬁai,ﬁbi,ﬁci)i wRa, uRa, yRa), is given by:

(Fa) = 5 (@) + @) wha ule, o) f(@)da @

When the weighting functionis f(a) = 2a, the medium value of the neutrosophic fuzzy number will be:
E/(Ra;) = fol ((R’El (a) + Ra, (a)) ;wRa,uRa, yRa) ada.

Proposition 1. The medium value of a triangular neutrosophic fuzzy number of the form, Ra; =
((ﬁ&ai, Ray,;, Raci); wRa,uRa, yRa), is given by the relationship:

By (Ray) = {(g (Rt + Raer) + 5 Rt ) wha, uRa, yRa) (25)
Demonstration 1. According to Definition 8, the medium value of the neutrosophic fuzzy number is calculated
with the relation:
Eq(Ra,) = % fo ' ((m{1 (@) + Ra, (a)) :wRa,uRa, yRa) f (a)da
Which is computed as:
((Ra, (@) + Ray()); wRa, uRa, yRa)

= ((ﬁbl - %al)a + R?lal + mcl - (EEI'C]. - I?abl)a; W}?a, ui{a, yl?a)

= ((ﬁ&bla — Rag,a + Ray, + Ray — Rag,a + Ray,a); wRa, uRa, yRa)

((R”dl(a) + R?iz(a)) :wRa, uRa, yRa)

= ((RT;M (1-a) + 2Ray,a + Ra,(1 — a)) ; wRa, uRa, yRa)
The formula above can be rewritten as follows:
((Ra, (@) + Ray(a));wRa, uRa, yRa) = (1 — @) (Rag, + Ra.) + 2Ray; ) ; wRa, uRa, yRa)

The medium value of a triangular neutrosophic fuzzy number becomes:
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Es(Ra;) = % fo ' ((Ray (@) + Ra,(@)); wRa, uRa, yRa) f (a)da

1t — — — —_ - -
= E.L [(((1 - oz)(Raa1 + Racl) + 2Rab1a) ;WRa, uRa, yRa)] 2ada
. _ . !
E¢(Ra;) = ((Rag, + Ra.,); wRa, uRa, yRa)f (a — a?)da
0
~ _ _ ~ 1
+ 2(Ray,,; WwRa, uRa, yRa)f a?da
0

= (Rt + Rate,); wRG, uRa, yRaY % |5 — (Raqy + R, ); wRa, uRa, yRa) % | 3 +

—_— —_— —_— —_— 3
Z(Rabl;wRa,uRa,yRa)% &

E/(Ra;) = %((ﬁ&al + Ra.,); wRa, uRa, yRa) + g(l?abl; wRa,uRa, yRa);_
— 1, _ — 2 __ -
Ef(Ral-) = <<E (Ra,,t1 + Racl) + §Rab1) ;wRa,uRa, yRa)

Example 1. There are three financial assets (A1, Az, A3), towhich three specific triangular neutrosophic fuzzy
numbers are attached for the financial assets return:

Ra; = ((0.20.30.5);0.5,0.2,0.3) for Ra € [0,2;0,5];
Ra, = ((0.10.2 0.3);0.6,0.3,0.2) for Ra € [0,1;0,3];

Ra, ={(0.30.4 0.6); 0.4,0.3,0.3) for Ra € [0,3;0,6];

In order to determine the average return on financial assets resulting from the model using the
neutrosophic fuzzy numbers, was applied the result obtained from Proposition 1, which stipulates
that:

— 1, 2 __ —
Ef(Ral-) = <(E (Ra,,t1 + Racl) + gRam) ;wRa,uRa, yRa)
Thus, it is obtained:
— 1 2
E¢(Ra,) = ((g (0.2+0.5) + 3% 0.3) ;0.5,0.2,0.3)
_ 1 2
Ef(Ra,) = ((30.7 + §0.3) ;0.5,0.2,0.3)
E¢(Ra,) = (0.316;0.5,0.2,0.3);
_ 1 2
Ef(Ra,) = (<E 0.1+ 0.3) + 3% o.z) ;0.6,0.3,0.2)
_ 1 2
Ef(Ra,) = <(g 0.4+ 50.2) ;0.6,0.3,0.2)
Ef(Ra,) = (0.199;0.5,0.2,0.3);

_ 1 2
Ef(Ras) = <<g (0.3 +0.6) + 3% 0.4) :0.4,0.3,0.3)
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_ 1 2
Ef(Ras) = <(g 0.9 +3 0.4) ;0.4,0.3,0.3)

Ef(Ras;) = (0.416;0.4,0.3,0.3);

In conclusion, it can be argued that the financial assets return modeled by neutrosophic fuzzy
numbers ensures the determination of the average value of the asset’s return at the same time as
establishing the degrees of truth, falsity, and indeterminacy in the process of obtaining the
profitability expected by the investors.

5. Modelling the Financial Assets Risk Using the Neutrosophic Fuzzy Numbers

As mentioned above, the risk of financial assets is represented by the squared deviation from
the mean (¢2) which means the return on financial assets deviation from the average recorded value.
Thus, the financial risk will be higher when the deviation of the financial return from the average is
higher. Contrary to this, the risk exposure will be low.

Definition 9. The financial asset risk modeled by the neutrosophic fuzzy number &a; =
((Gay;, 6ay;, 0a,); woa, uga, yoa) is given by the neutrosophic fuzzy number variance, determined by the
formula:

1 (', — — 0\
6@, = Ef [((R31 () — Ef(Rai)) ; WwRa, uRa, yRa)
0 (26)
— — N\~ =
+ ((Raz(a) — Ef(Rai)) ; WRa, uRa, yRa)] f(a)da
If the weighting function is f(a) = 2a, then the neutrosophic fuzzy number variance is of the form:

1 2
7= | [(F @ - () s wh o) -
+ ((I’iﬁz () — Ef(ﬁéi)) ; WRa, uRa, yﬁé)] ada

Proposition 2. The financial asset variance modeled by the neutrosophic fuzzy number can be determined by
the formula:

1 — —_ = -
6/, = Ef ((Ra% (o) + Ra%(a));wRa, uRa, yRa) f(a)da
0 1 . o (28)
_E(E?(Rai);wRa, uRa, yRa)f f(a)dat
0

Demonstration 2. It is known that:
1 (Y1 — N2 —
ora, = Ef [((Ral(a) - Ef(Rai)) ; WRa, uRa, yRa)
° | — \\2 - -
+ E((Raz () — Ef(Rai)) ; WRa, uRa, yRa)] f(a)da
From the relation illustrated above is obtained that:
1Y% — — — —_ — -

ora, = Ef [((Raf (@) — 2Ra,()Ef(Ra;) + E} (Rai)) ;wRa,uRa,yRa)

0

+((Ra3(a) - 2Ra,(@)E;(Ra;) + E(Ra;)); wRa, uRa, yRD)| f (@) dat
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o7, =3 || (Ra3 @)+ Ra3(@)) e, R, yRG) f (@)

~ 25 (Ra) [ <<w>  wRG, uRa, yRa) f (@) da
+ 22 (57 (Ra, ) wRa, uRa,yRa) | f@da
:%fo ((ﬁ&f(a) + Ra? (a)) ;wRa, uRa, yRa) f (a)da
— 2((E,(Ra,)E;(Ray) ) s wRa, uRa, yRa) f f(@) da
0
+ 2%((5}(%)) ;wRa, uRa, yﬁfl)fo fla)da
dra, = %fol ((f??lf (a) + f??l%(a)) ;wRa,uRa, yRa) f (a)da —

2 ((E,?(f?‘&i)) ;wRa,uRa, yRa) folf(a) da + ((E}? (ff&i)) ;wRa, uRa, yRa) folf(a)da;

o7, = | (Ra3 @) + Ra3a)) s whte, R, yR) f (@)

1 ~ ~ ~ ~ 1
_ E((Ef2 (Rai)) ;wRa,uRa, yRa) f f(a)da
0
Proposition 3. The  neutrosophic  fuzzy  number  variance of the form  Ga; =
((Gag;, Gay;, Gac); WwGQ, uGa, yoa) is given by:
~ 1y, — — |2 — — 2 —_ - —
ora, = <Z [(Rab1 - Raal) + (Rac1 - Rabl) ];wRa, uRa, yRa)
20— — — — — =
+ <§ [Ra,l1 (Ray; — Ragy) — Ra(Rag, — Rabl)]; wRa,uRa, yRa) (29)
1, _ — —_ = 1 — _ =
+ (5 (Ra2, + Ra%); wRa,uRa, yRa) — <§ E?(Ra;);wRa,uRa,yRa)
Demonstration 3. From Proposition Number 2, it is known the computing relationship for the neutrosophic

fuzzy number variance leads to:

1
675, = % jo (Ra2(@) + Ra3(@)) ; wRa, uRa, yRa) f (@) da
1 2(p~ ). DA DA DA ! d
_E(Ef (Ra;); wRa, uRa, yRa)J; fla)da

From Definition 7, it is also known the fact that the triangular fuzzy number level sets are of the
form:

Ra,(a) = ((Rap, — Rag,)a + Ragy; wRa, uRa, yRa)
Ra,(a) = (Ra,, — (ﬁ{lcl - f??lbl)a; wRa, uRa, yRa)
After computing, the following expression is obtained:
{(Ra (@) + Ra(«)) ; wRa, uRa, yRa)

= [(Rap; — Ra,, )a + Ra,,; wRa, uRa, yRa|”
+ [Rac, — (Rae; — Rap, )o; wRa, uRa, yRa|”
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((Ra?(a) + Ra3(a) ) ; wRa, uRa, yRa) =

= ((Rap; — Rag, ) o? + Ra?, + 2Ra,, (Rap; — Ran, )o; wRa, uRa, yRa)
+((Rae, — Ray, ) a? + Ra?, — 2Ra,, (Ra, — Ray, )o; wRa, uRa, yRa)

((Rat (@) + Ra3(e)) ; wRa, uRa, yRa) =

= (a® [(ﬁébl - l:Figlal)z + (ﬁacl - R‘ébl)z]

+ a[2Ra,; (Ray; — Ra,;) — 2Raq(Ra, — Rap, )] + Ra,
+ RaZ;; wRa, uRa, yRa)
The above expression can be written as:
((Ra3(a) + Ra3(@)) ;wRa, uRa, yRa)
= (a? [(ﬁam - Eam)z + (Rac, — ﬁabl)z]
+ Za[ﬁam(ﬁam - Eam) - Eam(mm - Eam)] + RaZ,
+ Ra?,;wRa,uRa, yRa)

By replacing the values for the level set in the variance expression, we get:

1 (', _ — —_ - -
oa, = Ef ((Ra%(af) + Ra? (a)) ;WRa, uRa, yRa) f(a)da
0
1 ~ ~ ~ ~ 1
-5 (Ef (Ra;); wRa, uRa, yRa) f fla)da
0
= Ef (a? [(Rab1 —Ray,)" + (Rag, — Rayy) ];WRa, uRa, yRa) 2ada
0
1t — - — — - — —_ - -
+ Ef (Zoz[Ram(Rab1 - Raal) - Racl(RaC1 - Rabl)]; wRa,uRa,yRa)2ada
0
1 (' _ — — -
+5f (Ra%, + Ra?;;wRa,uRa,yRa) 2ada
0
1 ~ _ _ ~ 1
_E(E]Z(Rai);wRa,uRa,yRa)f 2ada
0

4
67, = ((Rays — Rag)’ + (Ra, - Ray,)'s wRa, uka, yRa) - |}
L — P ~ _ - —a
+ 2([Raa1(Rab1 - Raal) — Racl(Rac1 - Rabl)]; wRa,uRa, yRa)? | 3

2 2
+ ((Raz, + Rat,); wRa, uRa,yRa) - |3 - (B3 (Ray); wRa, uRa, yRa) = |}

After making the calculations, we get:
~ 1y, — — 32 — — 12 —_ -
6fa, = <Z [(Rab1 —Ra,;)” + (Ra, — Ray,) ] ; wRa, uRa, yRa)
2 — — —_ — —_ = =
+ (§ [Raal(Rabl - Raal) —Rag (Racl - Rabl)]; wRa, uRa, yRa)
1,y o — 1
+ (E (RaZ; + RaZ,); wRa, uRa,yRa) — (E E?(Ra;); wRa, uRa, yRa)
Example 2. There are three financial assets (Ay, A,, A3) to which are attached three triangular neutrosophic

fuzzy numbers for the financial assets return:

Ra, = ((0.20.30.5);0.5,0.2,0.3) for Ra € [0.2;0.5]
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Ra, = ((0.10.2 0.3); 0.6,0.3,0.2) for Ra € [0.1;0.3]

Ra, = ((0.30.40.6); 0.4,0.3,0.3) for Ra € [0.3;0.6]

These triangular neutrosophic fuzzy numbers are known as the neutrosophic numbers. Using
the form computed in the previous example, we get:

Ef(Ra,) = (0.316;0.5,0.2,0.3)
Ef(Ra,) = (0.199;0.5,0.2,0.3)

Ef(Ras;) = (0.416;0.4,0.3,0.3)

In order to determine the financial assets variance modeled by neutrosophic numbers, the
following relation is used, according to Proposition 3:

1r,— — — — — -
6/, = <Z [(Rab1 - Raal)2 + (Rag — Rabl)z] ; wRa, uRa, yRa)
2 — —_ — —_ -
+ (§ [Raal(Rab1 - Raal) —Rag, (RaC1 - Rabl)]; wRa, uRa, yRa)
T,y oy 1
+ (E (RaZ; + Ra?,); wRa, uRa, yRa) — <§ E?(Ra;); wRa, uRa, yRa)
By replacing the data in the above expression, this is obtained:
1
6y = (71003 - 0.2)2 + (0.5~ 0.3)7];0.5,02,03)

2
+(3(0:2(03 -02) - 05005 - 0.2)); 05,0.2,03)

1 1
+(5 (0.2 405%);0.5,0.2,03) — ( (0.316)%0.5,0.2,0.3)
Ga, = (§(0.01 +0.04);0.5,0.2,0.3) + (§ (0.02 — 0.15); 0.5,0.2,0.3) +
(%0.29; 0.5,0.2,0.3) — (% 0,099; 0.5,0.2,0.3) ;

6ra; = ((0.0125 — 0.086 + 0,145 — 0.049; 0.5, 0.2,0.3));

6ra, = (0.0225;0.5,0.2,0.3)
~ 1 2 2
6ra, = (7[(02 = 0.1)* + (0.3 - 0.2)?];06,0.3,0.2)
2
+G (0.1(0.2 - 0.1) — 0.3(0.3 — 0.1)); 0.6,0.3,0.2)
1 1
+(5(0.12 + 0.3%);06,03,02) — (- (0,199)% 0.6,03,0.2)
Gra, = (i (0.01 + 0.01); 0.6,0.3,0.2) + (§ (0.01 — 0.03); 0.6,0.3,0.2) + (% 0.10;0.6,0.3,0.2) —

(% 0,039; 0.6,0.3,0.2) ;

6ra, = {(0.005 - 0.013 + 0,05 — 0.0195; 0.6, 0.3,0.2));

&ra; = (0.0180;0.6,0.3,0.2)
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Gras = ([(0.4—03)% + (0.6 — 0.4)2];04,0.3,0.3) + (< (0.3(0.4 — 0.3) — 0.6(0.6 —

0.4));0.4,0.3,0.3) + <§ (0.3 + 0.62);0.4,0.3,0.3) — (% (0,416)2;0.4,0.3,0.3);
Sraz = (;(0.01 +0.04);0.4,0.3,0.3) + (§(o.o3 —0,12);0.4,0.3,0.3) +

(%0.45; 0.4,0.3,0.3) — (%0.173; 0.4,0.3,0.3);

Graz = ((0.0125 — 0.059 + 0,225 — 0.086; 0.4, 0.3, 0.3))

8raz = (0.0925;0.4,0.3,0.3)

17 of 25

In conclusion we can state that the triangular neutrosophic fuzzy number variance depends on

the values of Ra,q; Ra,q; Ra.,, all of which are part of its level sets and are also on the average value

of the return of the financial asset Ef (R?li).

6. Determination of Covariance Using the Triangular Neutrosophic Fuzzy Numbers

The covariance between two triangular neutrosophic fuzzy numbers that model the return of
two financial assets defines the intensity of the links between two fuzzy numbers and the way they

mutually influence their profitability. There may be three possible situations:

e If the return of two financial assets increases, Ra; > 0 and Ra, > 0, both financial assets show

a positive growth trend. As such, we can say that the return on financial assets is positively

correlated.

e If the return of two financial assets registers different growth trends, Ra; >0 and Ra, < 0, or

Ra; <0 and Ra, > 0, we can say that the return on financial assets isn’t correlated.

e If the return of two financial assets shows negative growth trends, Ra; < 0 and Ra, < 0, both

returns on financial assets decrease. As such, we can say they are negatively correlated.

Definition 10. There are two triangular neutrosophic fuzzy numbers that define the return of two financial

assets:
RTH = ((Eaap Eam:ﬁam)iwmh:uﬁpyﬁzh):
and

ﬁaz = ((Ezlaz’ﬁzleImcz)iWﬁapumpyﬁzh)-

In addition, their level sets, of the form:
[Ra]” = [Ray (@); Ray ()]
for every a € [0,1] where:
e  For the neutrosophic level set, [I?;l]a will have:
Raj; () = ((Eabn - Eaan)“ + Ragy1;wRay, uRay, yRa, )
Rajy(a) = (ﬁacn - (ﬁacn - ﬁ{lbn)ai Wﬁapuﬁap)’mh)
e  For the neutrosophic level set, [I-?Zz]a will have:

Ray,(a) = ((ﬁabm - ﬁaam)a + ﬁazﬁ Wﬁz,uﬁz,yﬁ&z)

Ray,(a) = (mcu - (ﬁacu - mbu)a; Wﬁaz’uﬁap}’mz)

(30)

©GD

(32)

(33)
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The covariance between two triangular neutrosophic fuzzy numbers Ra; and Ra, canbe given
by the following relationship:

cov(Ras, Ra) = fo (R @ - B (Ray)) (Ram @
— Ey(Ray)); wRayn wRa,, uRa, vuRa,, yRa, vyRay) (34)
+((Raz(@) - E;(Ray) ) (Raz(@)
— Ey(Ray)) ; wRayn wRay, uRay vuRa,, yRa, vyRa,)| f (@) da

If the weighting function is f(a) = 2a, then the covariance between the two neutrosophic fuzzy
numbers will be written as follows:

cov(Ray, Ra,) = fl [((Rra;(a) - Ef(l'?al)) (RE;((X)
—OEf (Ra,)); wRay n wRa,, uRa, vuRa,, yRa, vyRa,)
+((Raz(@) - Ey(Ray) ) (Raz (@)
— E;(Ray)); wRayn wRa,, uRa, vuRa,, yRa, vyRa,)| a da

(35)

Proposition 4. The covariance between two triangular neutrosophic fuzzy numbers can be determined by the
following relationship:

cov(Ra,, Ray)

! f (Ram @R @)

— — — — — — — — 3
+ Ralz(a)Razz(a)) ;WRa;A wRa,, uRa,;vuRa,, yRa,vyRa,) f(a)da (36)

1
+ f ((Ey (Ray)Ey (Raz) ) G, n wRay, uRa, vuRay, yRa, vyRay; ) f(@)da
0

Demonstration 4.

cov(Ray, Ra,) = % f R (RE (@) - (Raz: (@) + Ragy(@)) Ep(Ra,) - (Raz
0

+ Razz(a)) Ef(Ra,) + Ray,(a)Ray, ()
+ 2Ef(1ﬁ1)Ef(R712); wRa; A wRa,, uRa,vuRa,, yRa,vyRa, f (a)da
((Rall(a) + Ralz(a)) Ef(iiaz); Wl?al, uml, y}?al) = ((}?&bll - I"?‘aall)a +

Ragy;;wRa,, uRay, yRa,) +

+(Ragy, — (R?lc11 - ﬁabn)ai wRay, uRa,, yRa,)

= (((1 - Ul)ﬁ{lan +(1- 0()1‘?71511) ; Wﬁapu}%b)’ﬁaﬂ

((Ra21 + Razz(“)) Ef(ﬁzh); Wﬁaz'uﬁaz'ymz) = ((ﬁabm - Eaam)“ +
ﬁaazﬁ Wﬁz’u%m)’ﬁz)F

+(§El021 - (ﬁacn - ﬁb21)“i sz’ul?azﬂﬁaz):(((l - a)ﬁ&an +(1 -

a)ﬁc21) ;wRa,, uRa,, yRa,)
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((Raz1(@) + Raz(@) ) Ey(Ra,); wRay, uRay, yRa
- (ﬁa; + ﬁaziz(a)) Ef(m1)i wRay, uRay, yRa,)
= [((1 — @)Ragy,
+ (1 - @)Racy, ) ; wRay n wRay uRa, vuRa,, yRa, vyRa, | By (Ra,)
- [((1 - Of)ﬁaau

+(1- a)IF?ECm) ;WRay A Wﬁz,uﬁlvuﬁz,yﬁlvyﬁz] Ef(}ﬁl)
= (0; wRa, »n wRa,, uRa,vuRa,, yRa;vyRa,)

The expression for covariance between two triangular neutrosophic fuzzy numbers can be

written under these conditions as:
— 1,
COV(RaLRaz) = Ef ((Rau(a)Ra21(a)
0

+ Ralz(a)Razz(a)) ;WRa, A wRa,, uRa; vuRa,, yRa,vyRa,) f(a)da

1
+ f ((Ey(Ray)Ey(Raz) ) k@, n wRay, uRa, vuRa,, yRa, vyRay; ) f(@)da
0

Proposition 5. The covariance between two triangular neutrosophic fuzzy numbers can be determined as:

— 1., - — — —
COU(RapRaz) = ((Z [(Rabll - Raa11)(Rab21 - Raa21)

+ (ﬁc11 - ﬁbll)(%621 - ﬁabu)]
1 — — — — —
+ g{[Raau(Rabn - Raa11) + Raall(Rab21 - Raa21)]
- [ﬁcn(ﬁcu - ﬁabZI) + ﬁacu(ﬁacn - mlbn)]}
1, _ — —_ -
+ E (RaallRaa21 + RacllRacn)

1 — — — — - — - —
+ > Ef (Ral)Ef (Ra2)> ;WRa; A wRa,, uRa,vuRa,, yRa,vyRa,)

Demonstration 5. It is known from Proposition. 4 that the covariance can be determined using the

relationship:
1

— - 1 o
cov(Ray, Ra,) = Ef ((Ran(a)Ra21(a)
0
+ Ralz(a)Razz(a)) ;wRa, A wRa,, uRa; vuRa,, yRa,vyRa,) f (a)da
1 —_— —_— —_—~ —_— —_— —_— —_— —_—
+ f ((Ef(Ral)Ef(Raz)) wWRa,; A WRa,, uRa,vuRa,, yRa,vyRa,; ) f(a)da
0

At the same time, we know the expressions for the level sets as follows:
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e For the neutrosophic number’s level set, [1?:1]6’ will have:

Ray; (@) = ((Rabn - E?lan)“ + Ragy1;wRay, uRay, yRa,)

Ray,(a) = (ﬁacn - (ﬁacn - ﬁabn)a’i Wﬁapuﬁal'ymh)
e For the neutrosophic number’s level set, [ﬁ;z]a will have:

Ra,q(a) = ((ﬁabu - ﬁ&am)a + ﬁazﬁ Wﬁaz:uﬁaz'ymlz)
Ray,(a) = (ﬁcn - (ﬁacn - Eabu)ai Wﬁaz:uﬁaz:yﬁaz)

From Proposition 1, we know that the average values of the neutrosophic triangular fuzzy
numbers by which the financial assets return is modeled:

— 1, _ — 2 _ — =
Ef(Ra]_) = ((g (Raall + Racll) + §Rab11) H WRal, uRal, yRa]_)

— 1, — 2 — =
Ef(Raz) = ((E (Raa21 + Racm) + §Rab21) ;wRa,,uRa,, yRa,)
By replacing in the covariance expression, we obtain:

— 1,
cov(Ray, Ra,) = Ef ((Rall(a)Ra21(a)
0
+ Ralz(a)Razz(a)) ;wWRa, A wRa,, uRa; vuRa,, yRa,vyRa,) f (a)da

1
+ f ((Ef(ﬁl)Ef(}ﬁz)) wRa; A WwRa,, uRa, vuRa,, yRa,vyRa,; ) f(a)da
0

— 1t — — — —
Cov(Ral, Raz) = Ef ((Rab11 - Raall)a + Ragyq; wRal,uRal,yRal)((Rab21 - Raa21)a
0

+ Ragz1; wRay, uRa,, yRay)
+ (Racy, — (Ragy; — Rayy,)a; wRay, uRay, yRay) (Racy,

- (ﬁc21 - ﬁbu)a; wRa,, uRay, yRa,)f (a)da

1
+ f ((Ef(ﬁal)Ef(l?az)) wRa, A wRa,, uRa,vuRa,, yRa,vyRa,; ) f (@)da
0
— 10— — — — — — —
COU(Ra]_, Raz) = Ef <((Rab11 - Raall)(Rab21 - Raa21)a2 + Raa21(Rab11 - Raall)a
0

+ RTlall(i\;ab21 - Eaau)a + Ezla111$aa21)

+ (Eacnﬁacn - ﬁacn (ﬁacu - Eabu)a
+ (ﬁacu - R?lb11)(mc21 - ﬁabu)a’z
— Ragy1(Racy; — Rayyq)a); wRay A wRa,, uRa;vuRa,, yRa;vyRa,) f () da

1
+ f ((Ef(l?al)Ef(l?az)) wRa, A wRa,, uRa,vuRa,, yRa,vyRa,; ) f (@)da
0
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— 10t — — —
Cov(Ral,Raz) = EJ- (((Rab11 - Raan)(Rabm - Raa21)a2
0

+ [%a21(mb11 - ﬁaau) + %a11(ﬁb21 - Eaau)]a + manﬁaam)

+a? (ﬁacn - Eabn)(ﬁacu - 1:271,,21)
— a[Racy1(Racy, — Rayyy) + Racyi (Ragy, — Rayyy))

+ Ra.q,Ra.,1; wRa, A wRa,, uRa, vuRa,, yRa,vyRa,) f(a)da

1
+f ((Ef(l?al)Ef(ﬁaz)) ;WRa, A wRa,, uRa,vuRa,, yRa,vyRa,; ) f(a)da
0
—_ — — — — at
COV(Raln Raz) = <(Rab11 - Raan)(Rabn - Raa21)T | %
+ [%a21(%b11 - ﬁa11)

— _ . o3 B
+ +Raq11 (Rapzr — Ragzy)] 3 | 0+tRaz11Raq2; > 0
— _ ~ _ a4_
+ (RaC11 - Rabn)(RaCzl — RabZl)T | (1)

— . — ~ __ ad
- [Racu(Racu - Rab21) + Rach(Racll - Rabll)]? | 0

3
— o« _ =
+ Ragq1Ragy, - | 3; wRa, » wRa,, uRa,vuRa,, yRa, vyRa,)

3
— — — — - =
+ +Ef(Ra1)Ef(Ra2) > | S;wRa; A wRa,, uRa,vuRa,, yRa,vyRa,
The above equation can be written as:

—_ 1., — — — — — — —
COU(RapRaz) = (<Z [(Rabn - Raan)(Rabm - Raa21) + (Racn - Rabn)(Racu - Rab21)]
1, — — — — — —
+ §{[Raa21(Rab11 — Ragy1) + Ragyq(Rayyy — Raa21)]
- [ﬁacn(ﬁcn — Rayy1) + Ragy (Ragy; — ﬁabll)]}
1, — -
+ E (RaallRaa21 + Rac11Rac21)

1, — — — - = =
+ > Ef(Ral)Ef(Ra2)> ;WRay A wRa,, uRavuRa,, yRa,vyRa,)

In conclusion, for the triangular neutrosophic fuzzy numbers, the expressions for the following
statistical indicators were obtained:

(a) The financial asset return:
— 1, — 2 _ — = -
Ef(RaL-) = ((E (Raa1 + Racl) + §Rab1) ;wRa,uRa, yRa)

(b) The variance, or the financial asset’s risk:
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~ 1y, — — |2 — — N2
ora, = (<Z [(Rab1 —Ray,)” + (Rae, — Ray,y) ]
2 DA DA DA DA DA D 1 D2 D2
+ 3 [Raal(Rabl - Raal) - Racl(RaC1 - Rabl)] + E(Ra‘“ + Racl)
1 = —_ - -
-5 Ef (Ra;) |; wRa, uRa, yRa)

(¢) The covariance between two financial assets modeled with triangular neutrosophic fuzzy
numbers:

cov(Ray, Faz) = <<§ [(Ratyss — Ritgrs) (Ranas — Ragan)
+ (Racy; — Rayy1)(Ragy; — Rayyy)]
+ %{[ﬁaazl(ﬁabn — Ragy1) + Ragy; (Rayz; — Ragy:)]
— [Rac11(Racz: — Rayyy) + Racyi (Ragy, — Rayeq)|}

1, - — =
+ 5 (Ragi1Rag,; + RagyqRagy)

1 — — — — — - —
+ EEf (Ral)Ef(Raz) ;WRa, A wRa,, uRa;vuRa,, yRa;vyRa,)

Example 3. There are two financial assets, (A1, A,), to which two triangular neutrosophic fuzzy numbers are
attached:

Ra, =((0.20.30.5);0.5,0.2,0.3) for Ra € [0,2;0,5]

Ra, = ((0.10.20.3); 0.6,0.3,0.2) for Ra € [0,1;0,3]

In order to determine the covariance between two financial assets to determine the
Cov(l?al, 1'?712) and the variance-covariance matrix, the following formula can be used:

— 1., — — — — — — —
cov(Ral,Raz) = ((Z [(Rabll - Raall)(Rab21 - Raa21) + (Racn - Rabll)(Rac21 - Rab21)]

1, — — — — — —
+ §{[Raa21(Rab11 - Raan) + Raall(Rab21 - Raa21)]
- [ﬁacn(ﬁcu - ﬁabm) + ﬁacn(ﬁacn - Rabn)]}

1. o
+ 2 (Rag11Ragz1 + RagiiRacy,)

1. — _ =
+ EEf(Ral)Ef(Ra2)> ;WRa, A wRa,, uRa,vuRa,, yRa,;vyRa,)
By replacing in the formula, we can obtain:

cov(Ray, Ra,) = (% [(0.3-10.2)(0.2 —0.1) + (0.5 — 0.3)(0.3 — 0.2)]

+-[0.1(0.3 - 0.2) + 0.2(0.2 — 0.1)] — [0.5(0.3 — 0.2) + 0.3(0.5 — 0.3)]

Wl

1 1
+ 3 (0.2%0.14+05%0.3) + > 0,316 * 0,199; 0.5A0.6,0.2v0.3,0.3v0.2)
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— 1 1
cov(Ray, Ray) = (=[0.01 + 0.02] + 3 [0.01 + 0.02] — [0.05 + 0.06] + > (0.02 + 0.15)

D=

1
+ > 0.062;0.6,0.2,0.2)

cov(Ray, Ra,) = (0.0075 — 0.053 + 0.085 + 0.031;0.6,0.2,0.2)

cov(Ray, Ra,) = (0.0705; 0.6,0.2, 0.2)

The variance—covariance matrix is then:

O- ((0.0225; 0.5,0.2,0.3) (0.0705;0.6, 0.2,0.2))
{0.0705; 0.6,0.2,0.2) (0.0180;0.6,0.3,0.2)

Modeling the performance indicators leads to the following results:

. The financial asset return:
— 1, — 2 — -
Ef(Rai) = ((E (Raa1 + Racl) + §Rab1) ;wRa,uRa, yRa)
e  The variance of the financial asset risk:

1p,— — — —
ora, = ((Z [(Rabl - Raal)2 + (Ra,, — Rabl)z]
21 DA DA o)y DA DA 1 D2 D2
+ 3 [Ram(Rab1 - Raal) - Racl(RaC1 - Rabl)] + 2 (Ra,,t1 + Racl)

_% }(ﬁi)>;w§21, uRa, yRa)

¢ The covariance between two financial assets modelled with the triangular neutrosophic fuzzy
numbers:

cov(Ray, Ray) = (G [(Ray1; — Ragy1)(Rayz: — Rags:)
+ (Racis — Rapi1)(Racar — Rapy )]
+ %{[ﬁan(m‘bn — Rag11) + Rags; (Rayz, — Rag,,)|
— [Rac11(Raczy — Rays:) + Racay (Racy; — Rapyy)]}

1, - — =
+ 5 (Ragi1Rag,; + RagyqRagy)

1 — — — — — - —
+ EEf (Ral)Ef(Raz) ;WRa, A WRa,, uRa;vuRa,, yRa;vyRa,)

Conclusion: The covariance of two financial assets determined according to the above formula
shows that there is a weak link between the two financial assets modeled by triangular neutrosophic
fuzzy numbers cov(ﬁal, ﬁflz) =(0.0705; 0.6,0.2,0.2). The covariance is positive, resulting in the
fact that the financial returns of the two assets increase and register a favorable trend.

7. Conclusions

The performance indicators of the financial assets are represented by the return on financial
assets, the financial assets risk, and the covariance between them, the latter of which, as mentioned
above, indicates the intensity of the links between the return on financial assets. Modeling these three
performance indicators of the financial assets has been achieved with the help of triangular
neutrosophic fuzzy numbers, which presents a number of advantages:
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e  The neutrosophic approach of these three financial assets performance indicators must take all
the possible scenarios for their achievement into account—these are the scenario of certainty, the
scenario of non-realization, and the scenario of indecision (in which it cannot be appreciated
whether the performance indicators are or are not achieved). All three scenarios have attached
performance, non-execution, or uncertainty ratios according to the investor’s professional
judgment.

e The possibility of stratification or the clustering of the financial asset return values according to
linguistic criteria such as very good, good or weak performance indicators. This method of
stratification can be also applied in the calculation/determination of financial risk.
Stratification/clustering takes place with the help of triangular neutrosophic fuzzy numbers.

e The possibility of selecting the desired return/risk group in order to maximize the investor
earnings, analyzing the profitability of the financial asset by means of probability grades or other
purposes desired by investors, etc.

The results obtained by modeling with triangular neutrosophic fuzzy numbers: The financial
assets return, the financial risk, and the covariance between two financial assets were tested on three
practical examples in order to confirm their applicability. For future research, two aspects for
modelling with the help of neutrosophic fuzzy intelligence are being considered: The mitigation of
portfolio risk and optimal portfolios.
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