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NEUTROSOPHIC BIMINIMAL o-OPEN SETS

Selvaraj Ganesan and Florentin Smarandache

ABSTRACT. In this article, we have introduced the notions of anx—a—open
sets, a-interior and a-closure operators in neutrosophic biminimal structures.
We investigate some basic properties and theorems of such notions. Also we
have introduced the notion of an x-a-continuous maps and study charac-

terizations of anx-a-continuous maps by using the a-interior and a-closure
operators in neutrosophic biminimal structures.

1. Introduction

Zadehs [14] Fuzzy set laid the foundation of many theories such as intuition-
istic fuzzy set and neutrosophic set, rough sets etc. Later, researchers developed
K. T. Atanassovs [1] intuitionistic fuzzy set theory in many fields such as differ-
ential equations, topology, computer science and so on. F. Smarandache [12, 13]
found that some objects have indeterminacy or neutral other than membership and
non-membership. So he coined the notion of neutrosophy. Q. H. Imran et al [6]
introduced and studied neutrosophic semi-a-open sets. R. Dhavaseelan et al [2]
introduced and studied neutrosophic a™-continuity. C. Maheswari and S. Chan-
drasekar [8] introduced and studied neutrosophic gb-closed sets and neutrosophic
gb-continuity. Q. H. Imran et al [7] introduced and studied neutrosophic general-
ized alpha generalized continuity. M. H. Page and Q. H. Imran [9] introduced and
studied neutrosophic generalized homeomorphism. The concept of minimal struc-
ture (in short, m-structure) was introduced by V. Popa and T. Noiri [10] in 2000.
Also they introduced the notion of m,-open set and m,-closed set and characterize
those sets using mg-closure and m,-interior operators respectively. Further they
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introduced M-continuous functions and studied some of it is basic properties. S.
Ganesan et al [4] introduced and studied the notion of neutrosophic biminimal
structure spaces and also applications of neutrosophic biminimal structure spaces.
S. Ganesan and F. Smarandache [5] introduced and studied neutrosophic bimini-
mal semi-open sets. The main objective of this study is to introduce a new hybrid
intelligent structure called neutrosophic biminimal a-open set. The significance of
introducing hybrid structures is that the computational techniques, based on any
one of these structures alone, will not always yield the best results but a fusion
of two or more of them can often give better results. The rest of this article is
organized as follows. Some preliminary concepts required in our work are briefly
recalled in section 2. In section 3, the concept of N -a-open set is investigated
some properties with suitable example.

2. Preliminaries

DEFINITION 2.1. [10] A subfamily m, of the power set p(X) of a nonempty
set X is called a minimal structure (in short, m-structure) on X if § € m, and X €
m,. By (X, m;), we denote a nonempty set X with a minimal structure m, on X
and call it an m-space.

Each member of m,, is said to be m -open (or in short, m-open) and the complement
of an m,-open set is said to be m,-closed (or in short, m-closed).

DEFINITION 2.2. ([12, 13]) A neutrosophic set (in short ns) K on a set X #
() is defined by K = {< a, Px(a), Qx(a), Rx(a) = : a € X} where Pg : X —
[0,1], Qg : X — [0,1] and Rk : X — [0,1] denotes the membership of an object,
indeterminacy and non-membership of an object, for each a € X to K, respectively
and 0 < Px(a) + Qx(a) + Ri(a) < 3 for each a € X.

DEFINITION 2.3. ([11]) Let K = {< a, Px(a), Qk(a), Rx(a) = : a € X} be a
ns.

(1) A ns K is an empty set i.e., K = 0 if 0 is membership of an object and
0 is an indeterminacy and 1 is an non-membership of an object respectively. i.e.,
0~ ={2,(0,0,1): z € X};

(2) A ns K is a universal set i.e., K = 1. if 1 is membership of an object
and 1 is an indeterminacy and 0 is an non-membership of an object respectively.
1o ={,(1,1,0): x € X};

(3) K1UK, =
{avmax{PKl (a)7PK2 (a)}vmax{QKl (a), QKz (a’)}7m7;n{RK1 (a)7RK2 (a)} tac X}7

(4) K1N Ky =
{a’min{PKl (a)7 P, (CL)}, min{Qfﬁ (CL), @k, (a)}7ma‘r{RK1 (a)7 R, (a)} tac X};

(5) KY = {< a, Rg(a), 1 — Qg(a), Px(a) = :a € X}.

DEFINITION 2.4. ([11]) A neutrosophic topology (nt) in Salamas sense on a
nonempty set X is a family 7 of ns in X satisfying three axioms:

(1) Empty set (0.) and universal set (1.) are members of 7;

(2) K1 N Ky € 7 where Ky, Ky € 7;



NEUTROSOPHIC BIMINIMAL o-OPEN SETS 547

(3) UKs € 7 for every {Ks: 6 € A} < 7.

Each ns in nt are called neutrosophic open sets. Its complements are called neu-
trosophic closed sets.

DEFINITION 2.5. ([4]) Let X be a nonempty set and N} , N2y be nms on
X. A triple (X, N} v, N2 ) is called a neutrosophic biminimal structure space (in

m
short, nbims)

DEFINITION 2.6. [4] Let (X, N} , N2 ) be a nbims and S be any neutrosophic
set. Then

(1) Every S € NZTX is open and its complement is closed,
respectively, for j = 1, 2. 4

(2) Nypelj(S) = min {L : L is N} y-closed set and L > S},
respectively, for j = 1, 2. 4

(3) Npint;(S) = max {T : T is N/ y-open set and T < S},
respectively, for j = 1, 2.

PROPOSITION 2.1 ([4]). Let (X, N}, N2 ) be a nbims and A < X. Then

(1) lent] (ON) = ON

(2) Npintj(1.) = 1.

(3) Npint;(A) < A

(4) [fA < B, then Nmintj (A) < Nmintj (B)

(5) A is N7 «-open if and only if Nyyint;(A) = A.
(6) Npintj( Nyintj(A)) = Nyint;(A).

(7) Npclj(X — A) = X— Npint;(A) and Npintj(X— A) = X — Nyl (A).
(8) Nyncl; (0-) = 0o

(9) Npclj(1.) = 1o

(10) A < chlj(A).

(11) If A < B, then Nyclj(A) < Nipcl;(B).

(12) Fis N y-closed if and only if Nycl;(F) = F.
(

13) chlj (chlj (A)) = chlj (A)

DEFINITION 2.7. ([4]) Let (X, N}, N2 ) be a nbims and A be a subset of
X. Then A is N} N2 \~closed if and only if N,,,cl;(A) = A and N,,cl2(A) = A.

PROPOSITION 2.2 ([4]). Let N}y and N2y be nms on X satisfying (Union
Property). Then A is a N} N2 -closed subset of a nbims (X, N}, N2 ) if
and only if A is both N} \-closed and N2 y -closed.

PROPOSITION 2.3 ([4]). Let (X, N}y, N2 ) be a nbims. If A and B are
N} N2\ -closed subsets of (X, N}, N2 ), then A A Bis N} N2 y-closed.

PROPOSITION 2.4 ([4]). Let (X, Nl y, N2 ) be a nbims. If A and B are
N} N2 «-open subsets of (X, N.y, N2 ), then AV Bis N} N2 -open.
DEFINITION 2.8. ([5]) A map f: (X, N}y, N2 y) = (Y, Npy, Ny ) is called

Nf;lx-continuous map if and only if f~'(V) € N? \-open whenever V € N/ ...
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THEOREM 2.1 ([5]). Let f: X — Y be a map on two nbims (X, N}, N2 )
and (Y, NL, N2, ). Then the following statements are equivalent:
(1) Identity map from (X, N}, N2 ) to (Y, N}y, N2 ) is a nbims map.
(2) Any constant map which map from (X, N}, N2 ) to (Y, NLy, N2y )
is a nbims map.

DEFINITION 2.9. ([5]) Let (X, Ny, N2 ) be a nbims and A < X. A subset
A of X is called an N N2 -semi-open (in short, N7 \-semi-open) set if A <
Npncl;(Npint;(A)), respectively, for j = 1, 2.
The complement of an Nzn y-semi-open set is called an Ng@ y-semi-closed set.

DEFINITION 2.10. ([5]) Amap f: (X,N} N2 ) = (Y,N}y, N2 ) is called
ijn -semi-continuous map if and only if f~(V) € N7 ,-semi-open whenever V €
NY .

3. N! (N2 -a-open sets

DEFINITION 3.1. Let (X, N}y, N2 y) be a nbims and A < X. A subset A of

X is called an N} N2 y-a-open (in short, N? \-a-open) set if
A < Ny, int;(Npcl;(Nppint;(A))), respectively, for j = 1, 2.
The complement of an Nf;l y-o-open set is called an ijﬁ x-o-closed set.

REMARK 3.1. Let (X, N,,x) be a nms and A < X. A is called an N,,,-a-open
set [3] if A < Nypint (N, cl(Ny,int(A))). If the nms Ny, x is a topology, clearly an
N/ -a-open set is N,,-a-open.

From Definition of 3.1, obviously the following statement are obtained.

LEMMA 3.1. Let (X, N! y, N2 ) be a nbims. Then
(1) Every N;X—open set is NLX—Q—open.
(2) Ais an N, y-a-open set if and only if A < Nyint;j(Npmclj(Nmint;(A))).
(3) Every N7 y -closed set is N7\ -a-closed.
(4) Ais an N} -a-closed set if and only if Ny,clj (Nyint; (Nycl;(4))) < A.

THEOREM 3.1. Let (X, N}, N2y ) be a nbims. Any union of N#X-a-open
sets is N y-a-open.

PrOOF. Let As be an N#X—a—open set for § € A. From Definition 3.1 and
Proposition 2.1(4), it follows

A§ S Nmint]‘(chlj(NmZ'ntj(Ag))) < Nmintj(chlj(Nmint]’(UAg))).
This implies
UA5 < Nmintj(chlj(Nmintj(UA5))).

Hence | JAs is an N; x-c-open set. t
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REMARK 3.2. Let (X, N,lnx, N2 ) be a nbims. The intersection of any two

Nm -a-open sets may not be N7 -a-open set as shown in the next example.

ExXAMPLE 3.1. Let X = {a,b, ¢} with
Npx ={0~,U, 1o}, (N )¢ = {1+, V. 0.} and
N2X _{0~7O 1. } (NT2)’LX) :{1~7P70~}

where
U =< (0.7, 04, 0.9), (0, 0.8, 0.2), (0.4, 0.6, 0.7)~
0 = < (0.5, 0.6, 0.8), (0.2, 0.4, 0.6), (0.7, 0.5, 0)>
V =<(0.9,0.6,0.7), (0.2, 0.2, 0), (0.7, 0.4, 0.4)>
P =<(0.8,04, 0.5), (0.6, 0.2, 0.2), (0, 0.5, 0.3)>

We know that
~=9{<%x0,0,1>:xeX},1.={<x1,1,0>:xeX}
and
0 ={<x,1,1,0=:xeX},1¢ ={<x,0,0,1>:x¢e X}
Now we define the two Nf;l x-o-open sets as follows:
R; =< (0.7, 0.5, 0.6), (0.4, 0.8, 0.2), (0.8, 0.7, 0.5)>
Ry = < (0.6, 0.3, 0.4), (0, 0.2, 0.1), (0.6, 0.6, 0.4)>
Here Ny int;(Nyclj(Nmint;j(R1))) = 0~ and Npint;(Npclj(Nmint;(R2))) = O~.
But Ry A Ry = < (0.6, 0.3, 0.6), (0, 0.2, 0.2), (0.6, 0.6, 0.5)> is not a N; -a-open
set in X. 0

PROPOSITION 3.1. Let (X, N}y, N2 ) be a nbims. If A is a N7 -a-open
set then it is a N -semi-open set.

PROOF. The proof is straightforward from the definitions. O

DEFINITION 3.2. Let (X, N! v, N2 ) be a nbims and S be any neutrosophic
set. Then

(1) Every S € Nf;b y is a-open and its complement is a-closed, respectively,

for j =1,2.

(2) Npmacl;(S) = min{L : LisN? \-a-closed set and L > S}, respectively,
for j =1,2.

(3) Npaint;(S) = maz{T : TisN] y-a-open set and T < S}, respectively,
for j =1,2.

THEOREM 3.2. Let (X, N} «, N2 ) be a nbims and A < X. Then:
1) Npaint;j(0.) = 0.;

2) Npaint;(1.) = 1;

3) Npaint;(A) < A;

4) If A< B, then Npaintj(A) < Nyaint;(B);

5) A s NiLX — a-open if and only if Npoint;(A) = A;
6) Npaint;(Nyaint;(A)) = Nyaint;(A);

7) Npacl;(X — A) = X — Nyaint;(A).

AN NN N S S



550 S. GANESAN AND F. SMARANDACHE

PrOOF. (1), (2), (3), (4) Obvious.
(5) Tt follows from Theorem 3.1.
(6) It follows from (5).
(7) For A < X, we have
X — Npaintj(A) = X —maz{U : U < A,U is N/, — a — open}
=min{X —U:U < A UisN? . —a — open}
=min{XU:X - A< X -U,UisN/,y —a—open} = N,acl;(X — A). 0

THEOREM 3.3. Let (X, N}y, N2 ) be a nbims and A < X. Then:
(1) Npyaclj(0.) =0~;
(2) Npoaclj(1a) =1.;
(3) A< Npacl;(A);
(4) If A< B, then Nyaclj(A) < Npacl;(B);
(5) F is N7 y-a-closed if and only if Nyacl;(F) = F;
(6) Nmoaclj(Npmacl;(A)) = Nyacl;j(A);
(7) Npoint;(X — A) = X — Npaclj(A).

PrROOF. It is similar to the proof of Theorem 3.2. (]

THEOREM 3.4. Let (X, N}, N2 ) be a nbims and A < X. Then:
(1) 2 € Npaclj(A) if and only if ANV # 0 for every NZlX — «-open set 'V
containing x. 4
(2) = € Nyaint;(A) if and only if there exists an N, — a-open set U such
that U < A.

PROOF. (1) Suppose there is an an y — a-open set V' containing x such that
ANV =0. Then X —V is an N y —a-closed set such that A < X -V, 2z ¢ X V.

This implies ¢ Np,aclj(A). The reverse relation is obvious.
(2) Obvious. O

LEMMA 3.2. Let (X, N}, N2 ) be a nbims and A < X. Then
(1) Npclj(Npintj(Nmclj(A))) < Npclj(Nyintj(Npclj(Npacl;(A))) <
Npacl;(A).
(2) Npaint;(A) < Npintj(Npclj(Npyint;(Npaint;(A)))) <
ProoF. (1) For A < X, by Theorem 3.3, N,acl;j(A) is an NZTX — a-closed
set. Hence from Lemma 3.1, we have

Nyclj(Npintj (Nl (A))) < Nyelj(Npint; (Npclj (Nmacl;(A)))) < Npyacl;(A).
(2) Tt is similar to the proof of (1). O

DEFINITION 3.3. A map f : (X,N}y, N2y) = (Y,N}, N2,) is called
N?  — a-continuous map if and only if f~1(V) € N’ . — a-open whenever V €
N7 .
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THEOREM 3.5. (1) Every Nglx-continuous 18 N#X-a-continuous but the con-
versely.
(2) Every N/ o x ~Q-continuous s Nj x -semi-continuous but not conversely.

PROOF. (1) The proof follows from Lemma 3.1 (1).
(2) The proof follows from Proposition 3.1. O

THEOREM 3.6. Let f: X — Y be a map on two nbims (X, N}, N2 ) and
(Y, N}y, N2 ). Then the following statements are equivalent:
) fis N7 -a-continuous.
2) [~ (V) is an anX—oz open set for each NmX—open set Vin Y.
) f7Y(B) is an N7, -a-closed set for each N7,y -closed set B in Y.
) f(Npacl;j(A4)) < mcl (f(A)) for A< X.
)
) f

macl (f7YB)) < [~ (Npclj(B)) for BLY.

(1
(
(
§
( Y(Npmint;(B)) < Nmozszj(ffl(B)) for BLY.

3
4
)
6

PrOOF. (1) = (2) Let V be an Nf;LX—open set in Y and x € f~}(V). By hy-
pothesis, there exists an N%X—oz—open set U, containing x such that f(U) < V.
This implies x € U, < f~1(V) for all x € f~1(V). Hence by Theorem 3.1, f~1(V) is
N;X—a—open.

(2) = (3) Obvious.

(3) = (4) For 4 < X, {7 (Npely (f(A)) = f~\(min{F < Y : f(4) < F
and F is N;X—closed}) = min{fY(F) < X : A< f"Y(F) and F is N? , — a-
closed} > min{K < X : A< K and K is N7 , — a-closed} = N,,acl;(A). Hence
F(Nmacli(A)) < Nucls(£(A)).

(4) = (5) For A < X, from (4), it follows

f(Nmacli(f71(A))) < Nincl; (f(£71(A))) < Nincl; (A).
Hence, we get (5).

(6) = (6) For B < Y, from Nyint;(B) = Y — Nyl (Y B) and (5), it
follows f~1(N, mmt (B))=f"Y(Y = Npcl;(Y —B)) = X — f YNpclj(Y — B)) <
X — Nyacl;(f~ (Y B)) = Ny,aint;(f~*(B)). Hence (6) is obtained.

(6) = (1) Let x € X and V an N;X—open set containing f(z). Then from (6)
and Proposition 2.1, it follows

z € f7UV) = fTH(Npmint;(V)) < Npaint;(f~1(V)).

So from Theorem 3.4, we can say that there exists an V. J - x —a-open set U containing
z such that z € U < f~1(V). Hence, f is N7 , — a-continuous. O

THEOREM 3.7. Let f: X — Y be a map on two nbims (X, N}, N2 ) and
(Y, N}y, N2 ). Then the following statements are equivalent:
(1) fzs N7 -a-continuous.
(2) fH(V) < Npclj(Nyint;(f1(V))) for each N y-open set Vin Y.
(3) Npclj (Npintj (Npcli (f1(F)))) < f71(F) for each N/ 0 -closed set F in
Y.
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(4) f(Nmclj(Nyintj(Npcl;j(A))) < Npclj(f(A)) for A < X
(5) Nnclj (Nyint; (Npcl; (F1(B)))) < 1 (Ncl; (B)) for B < Y.
(6) f Y (Npint;(B)) < Nyintj(Npclj (Npint;(f~*(B)))) for B < Y.

PROOF. (1) & (2) Tt follows from Theorem 3.6 and Definition of N7, ,-a-open
sets.

(1) & (3) It follows from Theorem 3.6 and Lemma 3.1.

(3) = (4) Let A < X. Then from Theorem 3.6(4) and Lemma 3.2, it follows
Nyl (Npintj (Nl (A))) < Nyacl;(A)) < f7HNmel;(f(A))). Hence

S (Nl (Npint;(Nmclj(A)))) < Nl (f(A)).

(4) = (5) Obvious.
(5) = (6) From (5) and Proposition 2.1, it follows: f~*(N,,int;(B)) = f~1(Y
— Nppel;(Y = B)) = X =71 (N,,,clj(Y — B)) < X — Nyypelj(Nypintj (N el (£7H(Y
— B)))) = Npint; (Nl (Npint; (f=1(B)))). Hence, (6) is obtained.

(6) = (1) Let V be an NmX—open set in Y. Then by (6) and Proposition
2.1, we have f71(V) = {7 1(N,,int;(V)) < Ny int;(Ny,clj(Nyint;(£71(V)))). This
implies f~1(V) is an N7 ,-a-open set. Hence by (2), fis N/ ;-a-continuous. O

4. Conclusion

Neutrosophic set is a general formal framework, which generalizes the con-
cept of classic set, fuzzy set, interval valued fuzzy set, intuitionistic fuzzy set, and
interval intuitionistic fuzzy set. Since the world is full of indeterminacy, the neu-
trosophic biminimal structures found its place into contemporary research world.
This article can be further developed into several possible such as Geographical
Information Systems (GIS) field including remote sensing, object reconstruction
from airborne laser scanner, real time tracking, routing applications and modeling
cognitive agents. In GIS there is a need to model spatial regions with indetermi-
nate boundary and under indeterminacy. Hence this N; y-a-open set can also be
extended to a neutrosophic spatial region.
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