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Neutrosophic Linear Space Theory
Rozina Ali
Cairo University, Cairo, Egypt

Abstract: In this Lecture, we give a review about neutrosophic linear spaces and their properties.

Main Concepts
Definition

Let (V, +,.) be a vector space over the field K then ( (1), +,.) is called a weak neutrosophic vector
space over the field K, and it is called a strong neutrosophic vector space if it is a vector space over the
neutrosophic field K(I).

Elements of V(1) have the form x + yI ; x,y € V, i.e V(I) can be written as V(I) =V + VI.
Definition

Let V(I) be a strong neutrosophic vector space over the neutrosophic field K(I) and W(I) be a non
empty set of V(1) then W(I) is called a strong neutrosophic subspace if W(I) is itself a strong
neutrosophic vector space.

Definition

Let U(I) , W(I) be two strong neutrosophic subspaces of V(1) then we say that V(1) is a direct sum of
U(l) and W(I) if and only if for each element x € V(I)) then x can be written uniquely as x =y + z such
yeU(l)andz e W(I)

Definition

Let U(1) , W(I) be two strong neutrosophic subspaces of V(1) and let f: V(1) - W (1), we say that fis a
neutrosophic vector space homomorphism if

(@ f()=1.

(b) f is a vector space homomorphism.

We define the kernel of fby Ker f={xe V(I) ; f(x)=0 }.

Definition

Let v,,v,..v, € V(I)and x € V(I) we say that x is a linear combination of { v;;i = 1.. s} if
X=a,v; + -+ asvg such a; € K(I).

The set { v;;i = 1..s} is called linearly independent if a,v; + - + a;v, = 0 implies a; = 0 for all i.
Theorem

If{v,,..vs }isabasis of V(I) and f: V(I) - W(I) is a neutrosophic vector space homomrphism then
{f(vy),...f(vs)} is a basis of W(I).

Definition



Let V(I) = V+VI be a strong/weak neutrosophic vector space, the set

is called an AH-subspace of S = P + QI = {x + yI; x € P,y € Q}, where P, Q are subspaces of V
V().

If P = Q then Siis called an AHS-subspace of V(I).

Example

We have V = R? is a vector space, P=<(0,1)>, Q=<(1,0)>, are two subspaces of V. The set
S=P+ QI ={0,a)+ (b,0)];a,b € R} is an AH-subspace of \/(I).

Theset L = P+ PI = {(0,a) + (0,b)I}; b € R is an AHS-subspace of V(I).

Theorem

Let V() = V+VI be a neutrosophic weak vector space, and let S = P + QI be an AH-subspace of V/(I),
then S is a subspace by the classical meaning.

Theorem

Let V(1) be a neutrosophic strong vector space over a neutrosophic field K(I), let S=P+PI be an AHS-
subspace. S is a subspace of V(I).

Proof :

Supposethatx =a+bl,y =c+dl € S;a,c,b,c € P, we have

. Let m = x + yI € K(I) be a neutrosophic scalar, we findx + y=(a+c)+ (b +d)[ €S
sincey.a+y.b + x.b € P, thus we get the desired result.m.x = (x.a) + (y.a +y.b + x.b)I €S,
Definition

(a) Let V,W be two vector spaces, L,:V — W be a linear transformation. The AHS-linear
transformation cab be defined as follows:

. Where Ly, is the restriction of L on V.L: V(I) » W(I); L(a + bI) = L,(a) + L, (b)I
(b) IfS = P+ QI isan AH-subspace of V(I), L(S) = L,(P) + L, (Q)I.

(c) If S = P+ QI is an AH-subspace of W(l), L2(S) = L} (P) + L} (Q)1.

(d)AH —Ker L =KerL, + KerL, I ={x+ yl;x,y € KerL,}.

Theorem

Let W(I),V(l) be two neutrosophic strong/weak vector spaces, and L: V(I) - W(I) be an AHS-linear
transformation, we have :

(a) AH — Ker L is an AHS-subspace of V/(I).
(b) If S = P+ QI is an AH-subspace of V(I), L(S) is an AH-subspace of W(I).
(c) If S = P+ QI is an AH-subspace of W(1), L~1(S) is an AH-subspace of V/(l).

Theorem



Let W(I),V(l) be two neutrosophic strong vector spaces over a neutrosophic field K(I), and L:V(I) -
W (I) be an AHS-linear transformation, we have :

Jforall x,y e V(I),m e K(I).L(x +y) = L(x) + L(y),L(m.x) = m.L(x)
Proof :
Suppose x =a + bl,y =c+dl;a,b,c,d €V,and m = s + tl € K(I), we have
Lix+y)=L{a+cl+[b+dlD)=L,(a+c)+L,(b+d) =

[Ly(a) + Ly (D)I] + [Ly (c) + Ly ()] = L(x) + L(y).
mx=(Gs.a)+(.b+t.a+t.b)l,L(mx)=L,(s.a)+L,(s.b+t.a+t.b)]
=s.Ly(a) + [s.Ly(b) + t.Ly(a) + t.L,(b)]I = (s + tI). (Ly(a) + L, (b)) = m.L(x).
Theorem
Let S=P+QI be an AH-subspace of a neutrosophic weak vector space V(I) over a field K, suppose that
isa basis of P, and Y = {y;; 1 < j < m} isabasis of Q then X U Y] is a basis of S.X = {x;;1 < i < n}
Definition
Let V(1) be a neutrosophic strong/weak vector space, S=P+QI be an AH-subspace of V(I), we define
AH-Quotient as :
=(x+P)+ O +QLx,yeVV()/S=V/P+V/QI
Theorem

Let V(1) be a neutrosophic weak vector space over a field K, and S=P+QI be an AH-subspace of V(I).
The AH-Quotient V(I)/S is a vector space with respect to the following operations:

Addition: [x+P)+(y+ QI+ [(a+P)+ b+ QDI =x+a+P)+(y+b+Q);x,y,ab €
V.

Multiplication by a neutrosophic scalar: (m).[(x + P) + (y + Q)I] = (m.x + P) + (m.y + Q)I;
X, yE€EVandmeK

Example

We have V = R? is a vector space over the field R, P=<(0,1)>, Q=<(1,0)>, are two subspaces of V,
S=P+QI={(0,a)+ (b,0)];a,b € R} is an AH-subspace of V(I).

The AH-Quotientis V(I)/S = {[(x,y) + P] + [(a,b) + Q1I;x,vy,a,b € V}.

We clarify operations on V (1)/S as follows:

are two elements inV(I)/S,m =x = [(2,1) + P] + [(1,3) + Q1I,y = [(2,5) + P] + [(1,1) + Q]I
3isascalar in R.

,3.x=[063)+P]1+[(39)+Qll.x+y=[(46)+P]+[(24)+Q]I



Definition

Let (R,+,x) bearingand I; 1 < k < n be n indeterminacies. We define R, ()={a, + a,I + --- +
a,l,; a; € R} to be n-refined neutrosophic ring.

Definition

(a) Let R, (1) be an n-refined neutrosophicringand P =Y P,I; ={ay + a;I + -+ a,I,: a; € P;},
where P; is a subset of R, we define P to be an AH-subring if P; is a subring of R for all i . AHS-
subring is defined by the condition P; = P; for all i , j.

(b) P isan AH-ideal if P; are two sided ideals of R for all i, the AHS-ideal is defined by the condition
P, =P foralli,j.
Definition

Let ( V,+,.) be a vector space over the field K then (V(I),+,.) is called a weak neutrosophic vector space
over the field K, and it is called a strong neutrosophic vector space if it is a vector space over the
neutrosophic field K(I).

Definition

Let V(1) be a strong neutrosophic vector space over the neutrosophic field K(I) and W(I) be a non
empty set of V(I), then W(I) is called a strong neutrosophic subspace if W(l) is itself a strong
neutrosophic vector space.

Definition

Let (K,+,.) be a field, we say that K,,(I) = K + KI, + -+ KI,, = {aq + a;I; + -+ a,[;;a; € K} is
an n-refined neutrosophic field.

It is clear that K, (I) is an n-refined neutrosophic ring but not a field in classical meaning.
Definition

Let (V,+,.) be a vector space over the field K. Then we say that V,(I) =V + VI, + -+ VI, = {x, +
x4y + -+ x,1,; x; € V}is aweak n-refined neutrosophic vector space over the field K. Elements of
V,,(I) are called n-refined neutrosophic vectors, elements of K are called scalars.

If we take scalars from the n-refined neutrosophic field K,, (I), we say that V,(I) is a strong n-refined
neutrosophic vector space over the n-refined neutrosophic field K, (I). Elements of K,, (1) are called n-
refined neutrosophic scalars.

Definition

Let ¥, (I) be a weak n-refined neutrosophic vector space over the field K, a nonempty subset W, (I) is
called a weak n-refined neutrosophic subspace of V,, (I) if W, (I) is a subspace of V, (I) itself.

Definition

Let ¥, (I) be a strong n-refined neutrosophic vector space over the n-refined neutrosophic field K,,(I), a
nonempty subset W, (I) is called a strong n-refined neutrosophic subspace of V, (I) if W, (I) isa
submodule of ¥, (1) itself.

Definition



Let V(1) = V+VI be a strong/weak neutrosophic vector space, the set

is called an AH-subspace of S = P + QI = {x + yI;x € P,y € @}, where P and Q are subspaces of V
V().

If P = Q then Siis called an AHS-subspace of V(I).
Definition

(a) Let V and W be two vector spaces, L,: V — W be a linear transformation. The AHS-linear
transformation can be defined as follows:

L:v(D) > W(I); L(a+ bl) = Ly(a) + L, (b)I
(b) IfS = P+ QI isan AH-subspace of V(I), L(S) = L, (P) + L, (Q)I.
Definition

Let (V,+,.) be a vector space over a field K, ¥, (I) be the corresponding weak n-refined neutrosophic
vector space over K. Consider the set {M;; 0 < i < n}, where M; is a subspace of V. We say:

is a weak n-refined AH-M,,(I) = My + M1, + -+ M, I, = {mg + myI; + -+ m,I,;; m; € M;}
subspace of the weak n-refined vector space V;, (I).

We say that M,, (1) is a weak n-refined AH-subspace if M; = M; for all i,j.
Definition

Let (V,+,.) be a vector space over a field K, ¥, (I) be the corresponding strong n-refined neutrosophic
vector space over the n-refined neutrosophic field K, (I). Consider the set {M;; 0 < i < n}, where M; is
a subspace of V. We say:

is a strong n-refined AH-M, (1) = My + M, [, + -+ M, I, = {my + my; + -+ m, I,; m; € M;}
subspace of the strong n-refined vector space 1, (I).

We say that M,, (1) is a strong n-refined AH-subspace if M; = M; for all i,j.
Theorem

Let (V,+,.) be a vector space over a field K, ¥, (I) be the corresponding weak n-refined neutrosophic
vector space over K, M,,(I) = My + M, I, + ---+ M, I, be a weak n-refined AH-subspace. Then

(@) M,,(I) is a vector subspace of V, ().

(b) If X; is a bases of M;, X = U, X;/; is a bases of M,,(I).
(c) dim(M, (1)) = T, dim(M,).

Theorem

Let V be a vector space with dim(V) = n + 1. Then V is isomorphic to a weak AHS-subspace of the
corresponding weak n-refined neutrosophic vector space.

Proof:



Let M be any one dimensional subspace of V, T = M + MI, + --- + MI, is a weak AHS-subspace of
the weak n-refined neutrosophic vector space V;, (I). As a result of Theorem 3.3, we find dim(T) =
n+ 1 = dim(V), thus V is isomorphicto T.

Example

Let V = R3 be a vector space over the field R, V;(I) = {a + bl; + cl, + dl5;a,b,c,d € V} is the
corresponding weak 3-refined neutrosophic vector space, M =< (1,0,0) > is a subspace of V.

is a weak AHS-subspace of T = M + M1, + MI, = {(a,0,0) + (b, 0,0)I; + (c,0,0)I,;a,b,c € R}
V53 (I) with dim(T) = 3, thisimpliesT = V.

Theorem

Let (V,+,.) be a vector space over a field K, ¥, (I) be the corresponding strong n-refined neutrosophic
vector space over the n-refined neutrosophic field K,, (1), M,(I) = M + MI, + ---+ MI, be a strong n-
refined AHS-subspace. Then:

(@) M,,(I) is a submodule of V, ().

(b) If Y isa bases of M, X = UL, Y[ is a bases of M,,(I).

(©) dim(M,(I)) = ¥, dim(M) = n.dim(M).

Remark

If V,(I) is a strong n-refined neutrosophic vector space over the n-refined neutrosophic field K, (I), and

is a strong n-refined AH-subspace, then it is not supposed to be a M,,(I) = My + M1, + -+ M, I,
submodule.

We clarify it by the following example.
Example

Let V = R? be a vector space over R, V,(I) = R2(I) = {(a,b) + (¢, )], + (e, )I;a,b,c,d,e, f € R}
be the corresponding strong 2-refined neutrosophic vector space over the neutrosophic field R, (I).

are two subspaces of V, T = M + NI, + NI, is a strong AH-subspace of M =< 0,1 >, N =< (1,0) >
V(D).

X = (0,1) + (2,0)11 + (1,0)12 (S T,T = 1 + 1.11 + 1.12 € Rz(I)

+1.(0,D)1, 4+7.x = 1.(0,1) + 1. (0,DI; + 1. (0,DI, + 1. (2,0)I, I, + 1. (2,0)I, + 1. (1,0)], 1,
1.(2,0) 1, + 1.(2,0)I,1, = (0,1) + [(0,1) + (2,0) + (1,0) + (2,0)]1; + [(0,1) + (0,1) + (2,0)]1,=

, 7.x does not belong to T, thus T is not a submodule.(0,1) + (5,1)1; + (2,2)I,

Definition

Let ¥, (I) be a weak/strong n-refined neutrosophic vector space, M,,(I) = My + M I; + -+ M, I,,,
be two weak/strong AH-subspaces of V, (I), we define:W,,(I) = Wy + W, I, + -+ + W, I,

(@ M, (D NW,(I) = (Mg nWy) + (My n WL, + -+ (M, N W)IL,.

(b) Mn(l) + an(l) = (Mo + Wo) + (M1 + W1)11 + -t (Mn + Wn)ln-



Theorem

Let V, (1) be a weak n-refined neutrosophic vector space, M,,(I) = My + M1, + -+ M, I,
be two weak AH-subspaces of V,,(I). Then:W, (I) = Wy + W, I, + - + W, I,

are two weak AH-subspaces of V,(I).M,,(I) n W, (I), M, (I) + W, (I)

Theorem

Let ¥, (I) be a strong n-refined neutrosophic vector space, M,,(I) = My + M, I, + -+ M,,I,,,
be two strong AH-subspaces of V, (). Then:W, (I) = Wy + W, I, + - + W, I,

(@) M,,(I) n W, (I) is a strong AH-subspaces of 1, (I).

(b) M, (I) + W,,(I) is not supposed to be a strong AH-subspace of V, ().

Definition

Let V,W be two vector spaces over the field K, f;:V - W;0<i<n+1ben+1 linear
transformations, V,, (1), W,,(I) be the corresponding weak n-refined neutrosophic vector spaces over the
field K respectively. We say:

@) f: V(D) » W, (D); f Qoo aily) = folag) + fila) ]y + -+ + fu(ap)l, = XL fi(a)]; is a weak AH-
linear transformation.

(b) If f; = f; for all i,j, we call f a weak AHS-linear transformation.
Definition

Let V,W be two vector spaces over the field K, f;:V - W;0<i<n+1ben+1 linear
transformations, V,,(I), W,,(I) be the corresponding strong n-refined neutrosophic vector spaces over
the n-refined neutrosophic field K, (I) respectively. We say:

@) f: V(D) - Wo(D); f BT aily) = fo(ao) + fila)l + -+ fo(a ), = L, fi(@)]; isastrong
AH-linear transformation.

(b) If f; = f; for all i,j, we call f a strong AHS-linear transformation.
Definition
Let ¥, (I), W,,(I) be two weak/strong n-refined neutrosophic vector spaces,

be a weak/strong f:V;,(I) —» W, (D); f Xizo a:ly) = fo(ag) + fila) ]l + -+ fu(a)l, = Xk, fi(a)];
AH-linear transformation. We define:

(@) AH — Ker(f) = Ker(fy) + Ker(f))I, + - + Ker(f,)I,,.
(b) AH — Im(f) = Im(f,) + Im(f)1; + -+ Im(f)I,,.
Theorem

Let V, (I), W,,(I) be two weak n-refined neutrosophic vector spaces,

be a weak AH-f:V,(I) - W, (D); f Xl-o ail) = fo(ao) + fila) ]y + - + fu(a )L, = Lo fi(a)];
linear transformation. Then:



(@) AH — Ker(f) is a weak AH-subspace of 1, (I).
(b) AH — Im(f) is a weak AH-subspace of W, (I).

() ¥ M,(I) = My + MI; + -+ M, I, is a weak AH-subspace of V,(I), f (M, (I)) is a weak AH-
subspace of W, (I).

Theorem

Let V, (1), W,,(I) be two strong n-refined neutrosophic vector spaces over the n-refined neutrosophic
field K,,(I),

be a strong AH-f: 1V, (1) > W, (1); f (XT aily) = folao) + filaDl + -+ fr(a)l, = Lo fi(a)];
linear transformation. Then:

(@) AH — Ker(f) is a strong AH-subspace of 1, (I).
(b) AH — Im(f) is a strong AH-subspace of W, (I).

() fM,(I) = My + ML, + -+ M, 1, is a strong AH-subspace of V,(I), f (M,,(I)) is a strong AH-
subspace of W, (I).

Theorem

Let V, (1), W,,(I) be two weak n-refined neutrosophic vector spaces over the field K,

be a weak AH-f:V,, (I) = W, (D); f &F-o ail) = fo(ap) + filaDl + -+ f (@), = X, fi(a)];
linear transformation. Then:

forallx,y e V(D,r€eK.f(x+y)=f(x) + f), fr.x) =r.f(x)
Theorem

Let ¥, (1), W,,(I) be two strong n-refined neutrosophic vector spaces over the n-refined neutrosophic
field K, (1),

be a strong AH-f: V,(I) =» W, (I); f X0 ail;) = fo(ay) + fila)l + -+ fu(a)l, = X1, fi(a)];
linear transformation. Then:

forallx,y e V,(D,r e K,(D.f(x +y) = f) + f(), f(r.x) =7.f(x)

Theorem

Let v, (1), W,,(I), U,,(I) be three weak n-refined neutrosophic vector spaces over the field K,
S W (D) - Up(D; f B0 aild) = folag) + fila)l + -+ + fu(a)l, = Xk fila)];

G V(D) = W (D); g Bleo aily) = go(ao) + g1 (@)l + -+ + gn(an)l, = Xi, gi(@);

be two weak AH-linear transformations. Then:

@) fog = EiLo(fiogy)

(b) fog is a weak AH-linear transformation between V,, (1), U, (I).

Theorem



Let V, (1), W,,(I), U,,(I) be three strong n-refined neutrosophic vector spaces over the n-refined
neutrosophic field K,

S Wo (D = U (D; f Qo ail) = folag) + fila)h + -+ fula )l = Xis, fi(a)];
G V(D) = W (1); g iz aily) = go(ao) + g1 (@Dl + -+ + gn(an)l, = Xi, gi(@)];
be two strong AH-linear transformations. Then:

@) fog = Xio(fi0g)

(b) fog is a strong AH-linear transformation between V;, (1), U, (I).

Definition

Let (R, +,%x) be aringandl,; 1 < k < n be n indeterminacies. We define R,,(I) = {ay + a1 +
a,l, + -+ a,l,;a; € R} to be n-cyclic refined neutrosophic ring.

Operations on R,,(I) are defined as:

Yioxidi + Xioyili = Xito(xi + ¥y Iy, Xico xily X Lino ¥ili = Y=o (i X ¥ I; = Li—o(x; X
yi)I(i+jmodn)

Where X is the multiplication on the ring R, and xI, = x, for all x € R.

Definition

Let (K,+,%) be a field, we say that K,,(I) = K + KI; + -+ KI, = {ag + a;I; + a,I, + -+
a,l,; a; € K} is an-cyclic refined neutrosophic field.

Definition

Let (V,+,%) be any vector space over a field K. Then we say that V,(I) =V + VI, + -+ VI, =
{xo + 2.1, + -+ + x,I,,; x; € V}is a weak n-cyclic refined neutrosophic vector space over the field
K .Elements of V, (I)are called n-cyclic refined neutrosophic vectors, elements of Kare called scalars.

If we take scalars from the n-cyclic refined neutrosophic field K,, (I), we say that V, (I) is a strong n-
cyclic refined neutrosophic vector space over thea n-cyclic refined neutrosophic field K, (I). Elements
of K,, (I)n-cyclic refined neutrosophic scalars.

Remark.
Multiplication by an n-cyclic refined neutrosophic scalar m = Y-, m;1; € k,, (Dis defined as:

(i mm) X <in0 ai1i> = Zn: (mia,-)l,-lj

i=0 = i,j=0
Where ai € V, mi € K, ILI] = I(l+]modn)
Definition

Let ¥, (I)be a weak n-cyclic refined neutrosophic vector space over the n-cyclic refined neutrosophic
field K; a nonempty W,,(I) is called a weak n-cyclic refined neutrosophic vector subspaceof V, (I)if
W, (I) is a subspace of V, (I) itself.

Definition



Let 1, (I)be a strong n-cyclic refined neutrosophic vector space over then-cyclic refined neutrosophic
field K, (I). A nonempty subset W, (1) is called a strong n-cyclic refined neutrosophic vector
submodule of V(1) if W, (I) is a submodule of V,, (1) itself.

Theorem

Let 7,(I) be a weak n-cyclic refined neutrosophic vector space over the n-cyclic refined neutrosophic
fieldK, W, (I) be a nonempty subset of I/,(I). Then W, (I) is a weak n-cyclic refined neutrosophic
subspace if only if:

forallx,y e W,(I), m€ Kx+y € W,(I),m x x € W,,(I)

proof:

it holds directly from the condition of subspace.

Definition

Let V,,(I) be a weak n-cyclic refined neutrosophic vector space over the field K, x be an arbitrary
element of V,(I), we say that x is a linear combination of {xq,x5,..,x,} SV, () if x=
(a; X x1) + (az X x3) + -+ (@, X x): a; € K(D), x; € V(D).

Definition

Let V,,(I) be a strong n-cyclic refined neutrosophic vector space over the n-cyclic refined neutrosophic
field K,,(I), x be an arbitrary element of V,,(I), we say that x is a linear combination of

{x1, %2, 0, Xy} SV, (Difx = (a; X x1) + (az X x3) + -+ (@, X x,,): @; € K, (D), x; € V,, (D).
Definition

Let X = {x;, x5, ..., X, } be a subset of a weak n-cyclic refined neutrosophic vector space V,,(I) over
the field K, X is a weak linearly independent set if X1 a; X x; = 0 implies a; = 0; a; € K.

Definition

Let X = {x4, x5, ..., X, } be a subset of a strong n-cyclic refined neutrosophic vector space V,,(I) over
the n-cyclic refined neutrosophicfield K,,(I), X is a weak linearly independent set if Yo a; X x; = 0
implies a; = 0; a; € K,,(I).

Definition

Let V,,(I), W,,(I) be two strong n-cyclic refined neutrosophic vector space over the n-cyclic refined
neutrosophic field K,,(I), let f:V,,(I) = U,,(I) be a well defined map. It is called a strong n-cyclic
refined neutrosophic homomorphism if:
f(laxx)+(bxy)=axfx)+bxf(y) forallx,yeV,(I),a bceK,().
A weak n-cyclic refined neutrosophic homomorphism can be defined as the same.

Definition

Let f£:V,,(I) - U, (I) be a weak/strong n-cyclic refined neutrosophic homomorphism, we define:

(@) Ker(f) = {x e V,,(I); f(x) = 0}.



() Im(f) ={yeU,I); IxeV,(Dandy = f(x)}.

Theorem

Let f:V,(I) —» U,(I) be a weak n-cyclic refined neutrosophic homomorphism. Then
(@) Ker(f) is a weak n-cyclic refined neutrosophic subspace of V,,(1).

(b) Im(f) is a weak nn-cyclic refined neutrosophic subspace of U, (I).

Theorem

Let f:V,,(I) = U, (I) be a strong n-cyclic refined neutrosophic homomorphism. Then
(a) Ker(f) is a strong n- cyclic refined neutrosophic subspace of V,,(1).

(b) Im(f) is a strong n- cyclic refined neutrosophic subspace of U,,(I).

References

[1] Smarandache, F., " A Unifying Field in Logics: Neutrosophic Logic, Neutrosophy,
Neutrosophic Set, Neutrosophic Probability”, American Research Press. Rehoboth, 2003.

[2] Abobala, M., "On The Representation Of Winning Strategies Of Finite Games By Groups
and Neutrosophic Groups", hal-archives, 2021.

[3] Sankari, H, and Abobala, M, " A Contribution to m-Power Closed Groups", UMM-Alqura
University Journal for Applied Sciences, KSA, 2020.

[4] Sankari, H., and Abobala, M., "Neutrosophic Linear Diophantine Equations With two
Variables", Neutrosophic Sets and Systems, Vol. 38, pp. 22-30, 2020.

[5] Sankari, H., and Abobala, M." n-Refined Neutrosophic Modules", Neutrosophic Sets and
Systems, Vol. 36, pp. 1-11. 2020.

[6] Alhamido, R., and Abobala, M., "AH-Substructures in Neutrosophic Modules",
International Journal of Neutrosophic Science, Vol. 7, pp. 79-86 . 2020.

[7] Abobala, M., "AH-Subspaces in Neutrosophic Vector Spaces”, International Journal of
Neutrosophic Science, Vol. 6 , pp. 80-86. 2020.

[8] Abobala, M.,. "A Study of AH-Substructures in n-Refined Neutrosophic Vector Spaces"”,
International Journal of Neutrosophic Science", Vol. 9, pp.74-85. 2020.

[9] Hatip, A., Alhamido, R., and Abaobala, M., A Contribution to Neutrosophic Groups",
International Journal of Neutrosophic Science", Vol. 0, pp. 67-76 . 2019.

[10] Abobala, M., " n-Refined Neutrosophic Groups 1", International Journal of Neutrosophic
Science, Vol. 0, pp. 27-34. 2020.

[11] Kandasamy, V.W.B., and Smarandache, F., "Some Neutrosophic Algebraic Structures
and Neutrosophic N-Algebraic Structures”, Hexis, Phonex, Arizona, 2006.



[12] Agboola, A.A.A., Akinola, A.D., and Oyebola, O.Y., " Neutrosophic Rings I" ,
International J.Mathcombin, Vol 4,pp 1-14. 2011

[13] Agboola, A.A.A., "On Refined Neutrosophic Algebraic Structures," Neutrosophic Sets
and Systems,VVol.10, pp. 99-101. 2015.

[14] Abobala, M., "Classical Homomorphisms Between Refined Neutrosophic Rings and
Neutrosophic Rings", International Journal of Neutrosophic Science, Vol. 5, pp. 72-75. 2020.

[15] Smarandache, F., and Abobala, M., n-Refined neutrosophic Rings, International Journal
of Neutrosophic Science, Vol. 5, pp. 83-90, 2020.

[16] Kandasamy, I., Kandasamy, V., and Smarandache, F., "Algebraic structure of
Neutrosophic Duplets in Neutrosophic Rings", Neutrosophic Sets and Systems, Vol. 18, pp.
85-95. 2018.

[17] Yingcang, Ma., Xiaohong Zhang ., Smarandache, F., and Juanjuan, Z., "The Structure of
Idempotents in Neutrosophic Rings and Neutrosophic Quadruple Rings", Symmetry Journal
(MDPI), Vol. 11. 2019.

[18] Ababala, M., " A Review On Recent Developments Of Neutrosophic Matrix Theory and
Open Problems", Hal-archives, 2021.

[19] Abaobala, M., On Some Special Substructures of Neutrosophic Rings and Their
Properties, International Journal of Neutrosophic Science", Vol. 4 , pp. 72-81, 2020.

[20] Smarandache, F., " An Introduction To neutrosophic Genetics", International Journal of
neutrosophic Science, Vol.13, 2021.

[21] Ali, Rozina., " On the Concept of Algebraic Actions In Neutrosophic Groups",
Resaechgate.net, 2021.

[22] Abobala, M., "On Some Special Elements In Neutrosophic Rings and Refined
Neutrosophic Rings", Journal of New Theory, vol. 33, 2020.

[23] Abobala, M., "On Some Special Substructures of Refined Neutrosophic Rings",
International Journal of Neutrosophic Science, Vol. 5, pp. 59-66. 2020.

[24] Smarandache, F., and Ali, M., "Neutrosophic Triplet Group", Neural. Compute. Appl.
2019.

[25] Sankari, H., and Abobala, M.," AH-Homomorphisms In neutrosophic Rings and Refined
Neutrosophic Rings", Neutrosophic Sets and Systems, Vol. 38, pp. 101-112, 2020.

[26] Smarandache, F., and Kandasamy, V.W.B., " Finite Neutrosophic Complex
Numbers",-Source: arXiv. 2011.

[27] Ali, Rozina., " Neutrosophic Matrices and Their Properties"”, researchgat.net, 2021.

[28] Aswad, F, M., " A Study of A Neutrosophic Complex Numbers and Applications”,
Neutrosophic Knowledge, Vol. 1, 2020.



[29] Ibrahim, M.A., Agboola, A.A.A, Badmus, B.S. and Akinleye, S.A., "On refined
Neutrosophic Vector Spaces 1", International Journal of Neutrosophic Science, Vol. 7, pp. 97-
109. 2020.

[30] Ibrahim, M.A., Agboola, A.A.A, Badmus, B.S., and Akinleye, S.A., "On refined
Neutrosophic Vector Spaces I1", International Journal of Neutrosophic Science, Vol. 9, pp.
22-36. 2020.

[31] Abobala, M, "n-Cyclic Refined Neutrosophic Algebraic Systems Of Sub-
Indeterminacies, An Application To Rings and Modules”, International Journal of
Neutrosophic Science, Vol. 12, pp. 81-95 . 2020.

[32] Smarandache, F., "Neutrosophic Set a Generalization of the Intuitionistic Fuzzy Sets",
Inter. J. Pure Appl. Math., pp. 287-297. 2005.

[33] M. Ali, F. Smarandache, M. Shabir and L. Vladareanu., "Generalization of Neutrosophic
Rings and Neutrosophic Fields", Neutrosophic Sets and Systems, vol. 5, pp. 9-14, 2014.

[34] Ali, Rozina., " Recent Advantages In Neutrosophic Module Theory", researchgate.net,
2021.

[35] Olgun, N., and Hatip, A., "The Effect Of The Neutrosophic Logic On The Decision
Making, in Quadruple Neutrosophic Theory And Applications”, Belgium, EU, Pons Editions
Brussels,pp. 238-253. 2020.

[36] Zadeh, L. "Fuzzy Sets", Inform and Control, 8, pp.338-353. 1965.

[37] Turksen, 1., "Interval valued fuzzy sets based on normal forms", Fuzzy Sets and
Systems, 20, pp.191-210, 1986. 1986.

[38] Chalapathi, T., and Madhavi, L., "Neutrosophic Boolean Rings", Neutrosophic Sets and
Systems, Vol. 33, pp. 57-66. 2020.

[39] Abobala, M., "Classical Homomorphisms Between n-refined Neutrosophic Rings",
International Journal of Neutrosophic Science”, Vol. 7, pp. 74-78. 2020.

[40] Agboola, A.A.A,. Akwu, A.D,. and Oyebo, Y.T., " Neutrosophic Groups and
Subgroups”, International .J .Math. Combin, Vol. 3, pp. 1-9. 2012.

[41] Smarandache, F., " n-Valued Refined Neutrosophic Logic and Its Applications in
Physics", Progress in Physics, 143-146, Vol. 4, 2013.

[42] Adeleke, E.O., Agboola, A.A.A.,and Smarandache, F., "Refined Neutrosophic Rings I",
International Journal of Neutrosophic Science, Vol. 2(2), pp. 77-81. 2020.

[43] Hatip, A., and Abobala, M., "AH-Substructures In Strong Refined Neutrosophic
Modules", International Journal of Neutrosophic Science, Vol. 9, pp. 110-116 . 2020.

[44] Hatip, A., and Olgun, N., "On Refined Neutrosophic R-Module", International Journal
of Neutrosophic Science, Vol. 7, pp.87-96. 2020.



[45] Chakraborty, A., Banik, B., Mondal, S.P., and Alam, S., "Arithmetic and Geometric
Operators of Pentagonal Neutrosophic Number and its Application in Mobile Communication
Service Based MCGDM Problem", Neutrosophic Sets and Systems, vol. 32, pp. 61-79. 2020.

[46] Smarandache F., and Abobala, M., "n-Refined Neutrosophic Vector Spaces”,
International Journal of Neutrosophic Science, Vol. 7, pp. 47-54. 2020.

[47] Sankari, H., and Abobala, M., "Solving Three Conjectures About Neutrosophic
Quadruple Vector Spaces”, Neutrosophic Sets and Systems, Vol. 38, pp. 70-77. 2020.

[48] Adeleke, E.O., Agboola, A.A.A., and Smarandache, F., "Refined Neutrosophic Rings
11", International Journal of Neutrosophic Science, Vol. 2(2), pp. 89-94. 2020.

[49] Abobala, M., On Refined Neutrosophic Matrices and Their Applications In Refined
Neutrosophic Algebraic Equations, Journal Of Mathematics, Hindawi, 2021

[50] Abobala, M., A Study of Maximal and Minimal Ideals of n-Refined Neutrosophic Rings,
Journal of Fuzzy Extension and Applications, Vol. 2, pp. 16-22, 2021.

[51] Abobala, M., " Semi Homomorphisms and Algebraic Relations Between Strong Refined
Neutrosophic Modules and Strong Neutrosophic Modules", Neutrosophic Sets and Systems,
Vol. 39, 2021.

[52] Abobala, M., "On Some Neutrosophic Algebraic Equations”, Journal of New Theory,
Vol. 33, 2020.

[53] Abobala, M., On The Representation of Neutrosophic Matrices by Neutrosophic Linear
Transformations, Journal of Mathematics, Hindawi, 2021.

[54] Abobala, M., "On Some Algebraic Properties of n-Refined Neutrosophic Elements and
n-Refined Neutrosophic Linear Equations”, Mathematical Problems in Engineering, Hindawi,
2021

[55] Kandasamy V, Smarandache F., and Kandasamy I., Special Fuzzy Matrices for Social
Scientists . Printed in the United States of America,2007, book, 99 pages.

[56] Abobala, M., " n-Refined Neutrosophic Groups 11", International Journal of
Neutrosophic Science, Vol. 0, 2019.

[57] Abobala, M., Partial Foundation of Neutrosophic Number Theory, Neutrosophic Sets and
Systems, Vol. 39 , 2021.

[58] F. Smarandache, Neutrosophic Theory and Applications, Le Quy Don Technical
University, Faculty of Information technology, Hanoi, Vietnam, 17" May 2016.

[59] Sankari, H, and Abobala, M., " On A New Criterion For The Solvability of non Simple
Finite Groups and m-Abelian Solvability, Journal of Mathematics, Hindawi, 2021.

[60] Abobala, M., Hatip, A., Olgun, N., Broumi, S., Salama, A,A., and Khaled, E, H., The
algebraic creativity In The Neutrosophic Square Matrices, Neutrosophic Sets and Systems,
Vol. 40, pp. 1-11, 2021.



[61]Alhamido, K., R., "A New Approach of neutrosophic Topological Spaces”, International
Journal of neutrosophic Science, Vol.7, 2020.

[62] Chellamani, P., and Ajay, D., "Pythagorean neutrosophic Fuzzy Graphs", International
Journal of Neutrosophic Science, Vol. 11, 2021.


https://www.researchgate.net/publication/351980316

	Definition
	Let ( V,+,.) be a vector space over the field K then (V(I),+,.) is called a weak neutrosophic vector space over the field K, and it is called a strong neutrosophic vector space if it is a vector space over the neutrosophic field K(I).
	Definition (1)
	Let V(I) be a strong neutrosophic vector space over the neutrosophic field K(I) and W(I) be a non empty set of V(I), then W(I) is called a strong neutrosophic subspace if W(I) is itself a strong neutrosophic vector space.
	Definition (2)
	Let ,𝑹,+,×. be a ring and,𝑰-𝒌.;𝟏≤𝒌≤𝒏 be 𝒏 indeterminacies. We define ,𝑹-𝒏.,𝑰.=,,𝒂-𝟎.+,𝒂-𝟏.,𝑰-𝟏.+,𝒂-𝟐.,𝑰-𝟐.+…+,𝒂-𝒏.,𝑰-𝒏.;,𝒂-𝒊.∈𝑹. to be n-cyclic refined neutrosophic ring.
	Operations on ,𝑹-𝒏.,𝑰. are defined as:
	,𝒊=𝟎-𝒏-,𝒙-𝒊.,𝑰-𝒊..+,𝒊=𝟎-𝒏-,𝒚-𝒊.,𝑰-𝒊..=,𝒊=𝟎-𝒏-,,𝒙-𝒊.+,𝒚-𝒊..,𝑰-𝒊.., ,𝒊=𝟎-𝒏-,𝒙-𝒊.,𝑰-𝒊..×,𝒊=𝟎-𝒏-,𝒚-𝒊.,𝑰-𝒊..=,𝒊,𝒋=𝟎-𝒏-,,𝒙-𝒊.×,𝒚-𝒊..,𝑰-𝒊..,𝑰-𝒋.=,𝒊,𝒋=𝟎-𝒏-,,𝒙-𝒊.×,𝒚-𝒊..,𝑰-,𝒊+𝒋𝒎𝒐𝒅𝒏...
	Where × is the multiplication on the ring 𝑹, and 𝒙,𝑰-𝟎.=𝒙, for all 𝒙∈𝑹.
	Definition (3)
	Let ,𝑽-𝒏.(𝑰) be a weak n-cyclic refined neutrosophic vector space over the field 𝑲, 𝒙 be an arbitrary element of ,𝑽-𝒏.(𝑰), we say that 𝒙 is a linear combination of {,𝒙-𝟏.,,𝒙-𝟐.,…,,𝒙-𝒎.}⊆,𝑽-𝒏.(𝑰) if  𝒙=,,𝒂-𝟏.,×𝒙-𝟏..+,,𝒂-𝟐.×,𝒙-...
	Definition (4)
	Let ,𝑽-𝒏.(𝑰) be a strong n-cyclic refined neutrosophic vector space over the n-cyclic refined neutrosophic field ,𝑲-𝒏.(𝑰), 𝒙 be an arbitrary element of ,𝑽-𝒏.(𝑰), we say that 𝒙 is a linear combination of {,𝒙-𝟏.,,𝒙-𝟐.,…,,𝒙-𝒎.}⊆,𝑽-𝒏.(�..
	Definition (5)
	Let 𝑿=,,𝒙-𝟏.,,𝒙-𝟐.,…,,𝒙-𝒎.. be a subset of a weak  n-cyclic refined neutrosophic vector space ,𝑽-𝒏.(𝑰) over the field 𝑲, 𝑿 is a weak linearly independent set if ,𝒊=𝟎-𝒏-,𝒂-𝒊.×,𝒙-𝒊..=𝟎 implies ,𝒂-𝒊.=𝟎; ,𝒂-𝒊.∈𝑲.
	Definition (6)
	Let 𝑿=,,𝒙-𝟏.,,𝒙-𝟐.,…,,𝒙-𝒎.. be a subset of a strong  n-cyclic refined neutrosophic vector space ,𝑽-𝒏.(𝑰) over the n-cyclic refined neutrosophicfield ,𝑲-𝒏.(𝑰), 𝑿 is a weak linearly independent set if ,𝒊=𝟎-𝒏-,𝒂-𝒊.×,𝒙-𝒊..=𝟎 implies...
	Definition (7)
	Let ,𝑽-𝒏.,𝑰.,,𝑾-𝒏.(𝑰) be two strong n-cyclic refined neutrosophic vector space over the n-cyclic refined neutrosophic field ,𝑲-𝒏.(𝑰), let 𝒇:,𝑽-𝒏.(𝑰)→,𝑼-𝒏.(𝑰) be a well defined map. It is called a strong n-cyclic refined neutrosophic ho...
	𝒇(,𝒂×𝒙.+,𝒃×𝒚.)=𝒂×𝒇(𝒙)+𝒃×𝒇(𝒚) for all 𝒙,𝒚∈,𝑽-𝒏.,𝑰., 𝒂,𝒃∈,𝑲-𝒏.(𝑰).
	A weak n-cyclic refined neutrosophic homomorphism can be defined as the same.
	Definition (8)
	Let 𝒇:,𝑽-𝒏.(𝑰)→,𝑼-𝒏.(𝑰) be a weak/strong n-cyclic refined neutrosophic homomorphism, we define:
	(a) 𝑲𝒆𝒓,𝒇.={𝒙∈,𝑽-𝒏.,𝑰.;𝒇,𝒙.=𝟎}.
	(b) 𝑰𝒎,𝒇.={𝒚∈,𝑼-𝒏.,𝑰.; ∃𝒙∈,𝑽-𝒏.,𝑰.𝐚𝐧𝐝 𝒚=𝒇,𝒙.}.
	Theorem
	Let 𝒇:,𝑽-𝒏.(𝑰)→,𝑼-𝒏.(𝑰) be a weak n-cyclic refined neutrosophic homomorphism. Then
	(a) 𝑲𝒆𝒓(𝒇) is a weak n-cyclic refined neutrosophic subspace of ,𝑽-𝒏.(I).
	(b) 𝑰𝒎,𝒇. is a weak nn-cyclic refined neutrosophic subspace of ,𝑼-𝒏.(𝑰).
	Theorem (1)
	Let 𝒇:,𝑽-𝒏.(𝑰)→,𝑼-𝒏.(𝑰) be a strong n-cyclic refined neutrosophic homomorphism. Then
	(a) 𝑲𝒆𝒓(𝒇) is a strong n- cyclic refined neutrosophic subspace of ,𝑽-𝒏.(I).
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