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1. INTRODUCTION

Fuzzy Sets (FSs) put forward by Zadeh [2I] has influenced deeply all the scientific fields
since the publication of the paper. It is seen that this concept, which is very important for
real-life situations, had not enough solution to some problems in time. New quests for such
problems have been coming up. Atanassov [1] initiated Intuitionistic fuzzy sets (IFSs) for
such cases. Neutrosophic set (NS) is a new version of the idea of the classical set which is
defined by Smarandache [15]. Examples of other generalizations are FS [21] interval-valued
FS [17], IFS [0, interval-valued IFS [2], the sets paraconsistent, dialetheist, paradoxist, and
tautological [16], Pythagorean fuzzy sets [19] .

Using the concepts Probabilistic metric space and fuzzy, fuzzy metric space (FMS) is
introduced in [I1]. Kaleva and Seikkala [7] have defined the FMS as a distance between two
points to be a non-negative fuzzy number. In [5] some basic properties of FMS studied and
the Baire Category Theorem for FMS proved. Further, some properties such as separability,
countability are given and Uniform Limit Theorem is proved in [6]. Afterward, FMS has
used in the applied sciences such as fixed point theory, image and signal processing, medical
imaging, decision-making et al. After defined of the IFS, it was used in all areas where FS
theory was studied. Park [13] defined IF metric space (IFMS), which is a generalization of
FMSs. Park used George and Veeramani’s [5] idea of applying t-norm and t-conorm to the
FMS meanwhile defining IFMS and studying its basic features.

Bera and Mahapatra defined the neutrosophic soft linear spaces (NSLSs) [3]. Later, neu-
trosophic soft normed linear spaces(NSNLS) has been defined by Bera and Mahapatra [4]. In
[], neutrosophic norm, Cauchy sequence in NSNLS, convexity of NSNLS, metric in NSNLS
were studied.

In present study, from the idea of neutrosophic sets, new metric space was defined which
is called Neutrosophic metric Spaces (NMS). We investigate some properties of NMS such
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as open set, Hausdorff, neutrosophic bounded, compactness, completeness, nowhere dense.
Also we give Baire Category Theorem and Uniform Convergence Theorem for NMSs.

2. PRELIMINARIES

Some definitions related to the fuzziness, intuitionistic fuzziness and neutrosophy are
given as follows:

The fuzzy subset F' of R is said to be a fuzzy number(FN). The FN is a mapping F :
R — [0, 1] that corresponds to each real number a to the degree of membership F'(a).
Let F is a FN. Then, it is known that [g]

o If F(ag) =1, for ag € R, F is said to be normal,
e If for each > 0, F~1{[0, 7+ i)} is open in the usual topology V' € [0,1), F is said
to be upper semi continuous, ,
o Theset [F]|"={a€R: F(a) > 7}, 7 €[0,1] is called 7—cuts of F.
Choose non-empty set F. An IFS in F is an object U defined by
U={<a,Gy(a),Yy(a) > a € F}
where Gy(a) : F — [0,1] and Yy (a) : F — [0,1] are functions for all a € F such that
0 <Guyl(a)+Yy(a) <1[. Let U be an IFN. Then,

e an IF subset of the R,

o If Gy(ap) =1 and, Yy (ap) =0 for ag € R, normal,

o If Gy(Aa1 + (1 — N)az) > min(Gy(a1), Gu(ag)), Vai,az € R and X € [0, 1], then the
membership function(MF) Gy (a) is called convex,

o If Yy(Aar + (1 — Naz) > min(Yy(a1), Yu(az)), Yai,az € R and X € [0,1], then the
nonmembership function(NMF)Yy;(a) is concav,

e Gy is upper semi continuous and Yy is lower semi continuous

o suppU =cl({a € F : Yy(a) < 1}) is bounded.

An IFS U = {< a,Gy(a),Yy(a) >: a € F} such that Gy(a) and 1 — Yy (a) are FNs,
where (1 —Yy)(a) =1 —Yy(a), and Gy(a) + Yy(a) < 1 is called an IFN.

Let’s consider that F' is a space of points(objects). Denote the Gy(a) is a truth-MF,
By (a) is an indeterminacy-MF and Yy (a) is a falsity-MF, where U is a set in F' with a € F.
Then, if we take I =]0~, 1]

Gul(a) : F =1,
By(a) : F — I,
Yu(a): F — 1,
There is no restriction on the sum of Gy (a), By(a) and Yy (a). Therefore,
0~ < supGy(a) + sup By(a) + sup Yy (a) < 3%,

The set U which consist of with Gy (a), By(a) and Yy (a) in F is called a neutrosophic
sets(NS) and can be denoted by

(1) U={<a,(Gula),Byu(a),Yy(a)) >:a € F,Gy(a), By(a),Yy(a) €]07,17[}
Clearly, NS is an enhancement of [0, 1] of IFSs.

An NS U is included in another NS V', (U C V), if and only if,
inf Gy(a) <inf Gy (a), supGy(a) <supGy(a),
inf By (a) > inf By (a), sup By(a) > sup By (a),
inf Yy (a) > inf Yy (a), supYy(a) > sup Yy (a).
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for any a € F. However, NSs are inconvenient to practice in real problems. To cope with
this inconvenient situation, Wang et al [18] customized NS’s definition and single-valued NSs
(SVNSs) suggested.

To cope with this inconvenient situation, Wang et al [I8] customized NS’s definition and
single-valued NSs (SVNSs) suggested. Ye [20], described the notion of simplified NSs(SNSs),
which may be characterized by three real numbers in the [0, 1]. At the same time, the SNSs’
operations may be impractical, in some cases [20]. Hence, the operations and comparison
way between SNSs and the aggregation operators for SNSs are redefined in [14].

According to the Ye [20], a simplification of an NS U, in (), is
U ={<a,(Gy(a),By(a),Yy(a)) > a € F},

which called an SNS. Especially, if F' has only one element < Gy (a), By(a), Yu(a) > is said
to be an SNN. Expressly, we may see SNSs as a subclass of NSs.

An SNS U is comprised in another SNS V (U C V), iff Gy (a) < Gy (a), By(a) > By (a)
and Yy (a) > Yy (a) for any a € F. Then, the following operations are given by Ye[20]:

U+V = (Gula)+Gy(a) - Gy(a).Gy(a), Bu(a) + Bv(a) — Bu(a).Bv(a),Yu(a) + Yv(a)
UV = (Gu(a).Gv(a),Bu(a).By(a),Yu(a).Yv(a)),
aU = (1-(1-Gy(a)*,1-(1-By(a)*,1-(1-Yy(a)*) for a>0,
U* = (G{(a),By(a),Y5(a)  for a>0.

Triangular norms (t-norms) (TN) were initiated by Menger [12]. In the problem of com-
puting the distance between two elements in space, Menger offered using probability distri-
butions instead of using numbers for distance. TNs are used to generalize with the prob-
ability distribution of triangle inequality in metric space conditions. Triangular conorms
(t-conorms) (TC) know as dual operations of TNs. TNs and TCs are very significant for
fuzzy operations(intersections and unions).

Definition 2.1. Give an operation o : [0,1]x[0,1] — [0, 1]. If the operation o is satisfying
the following conditions, then it is called that the operation o is continuous TN: For s, t,u,v €
0,1],

i. sol=s

ii. Ifs<wuandt<w, thensot<wuow,
iii. o is continuous,
iv. o is commutative and associative.

Definition 2.2. Give an operation e : [0,1]x[0,1] — [0, 1]. If the operation e is satisfying
the following conditions, then it is called that the operation e is continuous TC:
i. se( =s,
ii. Ifs<wuandt<wv, thenset<uewv,
iii. e 4s continuous,
iv. e is commutative and associative.

Form above definitions, we note that if we choose 0 < €1,e5 < 1 for €1 > €5, then there
exist 0 < e3,e4 < 0,1 such that e;0e3 > €9, €1 > €4 0e9. Further, if we choose e5 € (0,1),
then there exist €g,67 € (0, 1) such that eg0e6 > €5 and e7 0 e7 < ¢5.

3. NEUTROSOPHIC METRIC SPACES

Definition 3.1. Take F be an arbitrary set, N = {< a,G(a), B(a),Y (a) >:a € F} be a
NS such that N : F x F x Rt — [0,1]. Let o and e show the continuous TN and continuous

—Yy(a).Yv(a)),
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TC, respectively. The four-tuple (F,N,o,e) is called neutrosophic metric space(NMS) when
the following conditions are satisfied. Ya,b,c € F,

i 0<G(a,b,\) <1, 0<B(a,b,\) <1, 0<Y(a,b,\)<1 VAeRT,

ii. G(a,b,\) —I—B(a,b, A)+Y(a,bA) < 3, (for)\ eRY),
ili. G(a,b,\) = (for X > 0) if and only if a = b,

iv. G(a,b,\) = G(b a,A\)  (for \>0),

v. G(a,b,\) o G(b,c, ,u) < Gla,c, A +p) (VA p>0),

vi. G(a,b,.):[0,00) = [0,1] is continuous,
vil. limaseoG(a,b,A) =1 (VA >0),

—00
viii. B(a,b,A) =0  (for A >0) if and only if a = b,
ix. B(a,b,\) = B(b,a,\) (for A>0),
x. B(a,b,\) @ B(b,c, 1) > B(a,e, A\ +pu) (VA p>0),
xi. B(a,b,.):[0,00) — [0,1] is continuous,
Xt limyosoeB(a,b,A) =0 (YA > 0),
xiii. ¥Y(a,b,A) =0 (for A >0) if and only if a = b,
xiv. Y(a,b,\) =Y (b,a,\) (VA >0),
xv. Y(a,b,\) @Y (b,c,u) > Y(a,ec,A+pu) (VA p>0),
xvi. Y(a,b,.):[0,00) = [0,1] is continuous,

xvil. limaseoY (a,b,A) =0 (for A >0),
xviii. If A <0, then G(a,b,\) =0, B(a,b,A\) =1 and Y(a,b,\) = 1.
Then N = (G, B,Y) is called Neutrosophic metric(NM) on F.

The functions G(a, b, \), B(a,b,\),Y (a,b, ) denote the degree of nearness, the degree of
neutralness and the degree of non-nearness between a and b with respect to A, respectively.

Example 3.2. Let (F,d) be a MS. Give the operations o and e as default (min) TN
a ob=min{a, b} and default(maz) TC a b = max{a,b}.

A _ d(a,b) d(a,b)
rday PehN = 3w X

Va,b € F and A\ > 0. Then, (F,N,o,e) is NMS such that N : F x F x RT — [0,1]. This
NMS is expressed as produced by a metric d the NM.

G(a,b,\) = Y(a,b,\) =

Example 3.3. Choose F as natural numbers set. Give the operations o and e as TN
aob=max{0,a+b—1} and TCaeb=a+b—ab. Va,be F, A>0

- @ R (agb)v
G(a,bw—{% , (b<a),

‘O-
D
8
A
=
~—

B(a,w—{ 7,

o
—~
S
A
S
~—

d

b—a s (Igbu
Y(a,ba)\)z{ a—b Ebﬁag,

Then, (F,N,o,e) is NMS such that N : F x F x RT — [0,1].
Remark. N ={<a,G(a),B(a),Y (a) >: a € F} defined in Example is not a NM with
TN aob=max{0,a+b—1} and TCaeb=a+b— ab.

It can also be said that N' = {< a,G(a), B(a),Y (a) >: a € F} defined in Example[3.3 is
not a NM with TN a ob = min{a,b} and TC a ¢ b = max{a,b}.
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Definition 3.4. Give (F,N,o0,e) be a NMS, 0 < e <1, A > 0 and a € F. The set
O(a,e,\) ={be F:G(a,b,\) >1—¢, B(a,bA) <e, Y(a,b\) <e} issaid to be the
open ball (OB) (center a and radius € with respect to ).

Theorem 3.5. Every OB O(a, e, \) is an open set (OS).

Proof. Take O(a,e,\) be an OB (center a, radius €). Choose b € O(a,e,\). Therefore,
G(a,b,\) > 1 —¢, B(a,b,\) <e, Y(a,b ) < e. There exists Ay € (0,\) such that
G(a,b, o) >1—¢, B(a,b,\) <&, Y(a,b,\g) < ¢ because of G(a,b,\) >1—¢. If we
take eg = G(a,b, \g), then for g9 > 1 —¢, ¢ € (0,1) will exist such that eg >1—-( > 1—e.
Give gg and ¢ such that eg > 1—(. Then, e1,e3,e3 € (0, 1) will exist such that egoe; > 1—,
(1 —gp)e(l—e2)<Cand (1 —gp)e(l—e3) < Choose ey =max{e1,ea,e3}. Consider
the OB O(b,1 — &4, A — X¢). We will show that O(b,1 — 4, A\ — Ao) C O(a, &, A). If we take
c € 0(b,1—e4,A\—Ng), then G(b,c, \— o) > €4, B(b,c, A— o) < g4 and Y (b,c, A\— o) < &4.
Then,

G(a,c,A) > G(a,b, M) o G(b,e, A — N\g) > epoeqg >egoer 21 —-(>1—¢,

B(a,c,\) < B(a,b,\p) @ B(b,e, A= X)) < (1—cg)o(l—e4) <(l—gp)e(l—c2)<(<e,

Y(a,e,\) <Y(a,b,Ng) @Y (bye, A=) < (1—ep)e(l—cyg) < (1l—gp)e(l—e2)<(<e
It shows that ¢ € O(a,e,\) and O(b,1 —eq, A — A\g) C O(a, &, N). O

Remark. From the Definition and Theorem [3, we can say that Ty = {A C F :
there exist A > 0 and € € (0,1) such that O(a,b,\) C A, for each a € A} is a
topology on F. In that case, every NM N on F produces a topology Tor on F which has a
base the family of OSs of {O(a,e,\) : a € F,e € (0,1),\ > 0}. This can be proved in a
similar to the proof of Theorem 28 in [10].

Theorem 3.6. Every NMS is Hausdorff.

Proof. Let (F,N,o,e) be a NMS. Choose a and b as two distinct points in F. Hence,
0 < G(a,b,\) <1, 0 < B(a,b,\) <1, 0 < Y(a,b,\) < 1. Take g1 = G(a,b,N),
ea = B(a,b,\), e3=Y(a,b,A\) and ¢ = max{e1,1 —ea,1 —e3}. If we take g9 € (g,1),
then there exist e4, 5,6 such that eq0e4 > €p, (1 —e5) 0 (1 —e5) <1—¢gpand (1 —¢cg) @
(1 —e6) <1—eo. Let 7 = maz{es,e5,56}. If we consider the OBs O(a,1 — 7, %) and
O(b,1 — g7, %), then clearly O(a,1 — &7, %) NO(b,1 — e, %) = (. From here, if we choose
c€0(a,1 —e7,%5)NO(b,1 —e7,3), then

A A
€1 = G(a’abv )\) > G(CL,C, 5) G(Ca b7 5) > E70E7 2 E40E4 2 &g > €1,
A A
g2 = B(a,b,\) < B(a,c,§)OB(C,b,§) <(1—e7)e(l—c7)<(1—e5)e(l—c5)<1—¢gp<ey,
and
A A
g3 =Y(a,b, ) < Y(a,c,g)OY(c,b,§) <(l—e7)e(l—c7)<(1—ep)o(l—c6)<1—¢gg<es,
which is a contradiction. Therefore, we say that NMS is Hausdorff. g

Definition 3.7. Let (F,N,o0,e) be a NMS. A subset A of F is called Neutrosophic-
bounded (NB), if there exist A > 0 and € € (0,1) such that G(a,b,\) > 1 —¢, B(a,b,\) <¢e
and Y(a,b,\) <e (Ya,be A).

Definition 3.8. If A C Uyec, U, a collection Car of OSs is said to be an open cover(OC)
of A. A subspace A of a NMS is compact, if every OC of A has a finite subcover.
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If every sequence in A has a convergent subsequence to a point in A, then it is called
sequential compact.

Theorem 3.9. FEvery compact subset A of a NMS is NB.

Proof. Firstly, choose a compact subset A of NMS F. Consider the OC {O(a,e, ) : a € A}
for A >0, € (0,1). Since A is compact, then there exist a1, as,...,a, € A such that
A CU_,O(ak, e, A). For some k,m and a,b € A, a € O(ak,e,\) and b € O(am, e, A). Then
we can write, G(a,ax,\) > 1 —¢, B(a,ar,A) <e, Y(a,ar,\) < e and G(b,am, ) >
1—¢, B(bam, ) <e, Y(banA) <e Let p=min{G(ag,am,\) : 1 < k;m < n},
o = max{B(ag, am, ) : 1 < k,m <n} and ¢ = maz{Y (ar,am,A) : 1 < k,m < n}. Then,
p,0,¢ > 0. From here, for 0 < (1,(,(3 < 1,

G(aabv 3)\) 2 G(aaakaA) 0 G(akvamaA) 0 G(amvba A) 2 (1 - E) 0 (1 - E) op> 1- Clv
B(a,b,3)\) < B(a,ax, \) @ B(ag, am, \) ® B(am,b,\) <ceceo < (a,
Y(a,b,3)) <Y(a,ar, ) e Y(ak,am,A) Y (am,b,A) <cecep < (3

If we take ¢ = maxz{(1, (2, (3} and A9 = 3\, we have G(a,b, o) > 1—C, Bl(a,b,\) <
and Y (a,b, \o) < ( for all a,b € A. This result leads us to the conclusion that the set A is
NB. ]

If (FX,N,o,e) is NMS produces by a metric d on X and A C F, then A is NB if and
only if it is bounded. Consequently, with Theorems and [3.9] we can write:

Corollary 3.10. In a NMS, every compact set is closed and bounded.

Theorem 3.11. Take (F,N,o,e) is FMS and Tor be the topology on F produced by
the FM. Then for a sequence (ay) in F, the sequence a, is convergent to a if and only if
G(an,a,\) = 1, B(ap,a,A\) = 0 and Y(ap,a,\) = 0 as n — oo.

Proof. Take A > 0. Assume that a,, — a. If 0 < ¢ < 1, then there exist N € N such
that a, € O(a,e,)), (Vn > N). Therefore, 1 — G(an,a,\) < ¢, B(an,a,\) < ¢
and Y(an,a,A) < e. In that case, we can write G(an,,a,\) — 1, B(a,,a,\) — 0 and
Y(an,a,\) = 0 as n — oo.

Conversely, G(an,a,\) = 1, B(an,a,A) = 0 and Y (an,a,\) = 0 as n — oo, for each A >
0. Then, for 0 < ¢ < 1, there exist N € N such that 1-G(an,a,\) <&, B(an,a,\) < e and
Y(an,a,\) < e VN € N. Then, G(a,,a,\) >1—¢, B(an,a,\) <e and Y(a,,a,\) <e,
VN € N. Then, a, € O(a,e,\) ¥Yn > N. This is the desired result. ]

Definition 3.12. Take (F,N,o,e) to be a NMS. A sequence (a,,) in F is called Cauchy
if for each € > 0 and each X > 0, there exist N € N such that G(an,am,\) > 1 — ¢,
B(an,am, ) < €, Y(ap,am,\) < € for all nym > N. (F,N,o,e) is called complete if
every Cauchy sequence is convergent with respect to Tar.

Theorem 3.13. Take (F,N,0,e) to be a NMS. Let’s every Cauchy sequence in F has a
convergent subsequences. Then the NMS (F, N, o, e) is complete.

Proof. Let the sequence (a,) be a Cauchy and let (a;,) be a subsequence of (a,) and
an — a. Let A > 0 and p € (0,1). Take 0 < & < 1 such that (1 —¢g)o(1—¢) > 1—p,
cec < p. It is known that the sequence (a,) is Cauchy. Then there is N € N such that
G(am, an, %) >1—¢, B(am,an, %) < e and Y(am, an, %) <e ¥Ym,n € N. Since a,, — a,
there is positive integer i, such that i, > N, G(a,,a, %) > 1—¢, B(a,,a, %) < € and
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Y(as,,a, %) < . Therefore, if n > N,

é)>(1—5)o(1—5)21—u,

G(ana a, )\) > G(a’n; Qg s %) © G(a”ipva’a 3

A A
Do Bla,a5) <cec<p

A
Y((Zn, a, )\) < Y(a‘n7 Qi s 5
Thus, we have a,, — a. This is the desired result. g

Theorem 3.14. Let (F,N,o,e) is NMS and let A be a subset of F with the subspace NM

(Ga, Ba, YA) = (G|A2X(07m), B|A2X(07m), Y|A2><(0,oo))- Then (A,NA, o, 0) is complete if and
only if A is closed subset of F.

B(anaav)\) < B(a’n;aipv

A
)oY (ai,.q, §) <cee < p.

Proof. Assume that A is a closed subset of F. Choose the sequence (a,) be a Cauchy in
(A,N4,0,0). Since (a,) is a Cauchy in F', then there is a point a in F' such that a, — a.
From here, a € A = A and so (a,,) converges to A.

Contrarily, consider the (A, Na,0, ) is complete. Further, assume that A is not closed.
Choose a € AJ/A. Therefore, there exist a sequence (a,) of points in A that converges to
a and so (a,) is a Cauchy. Hence, for n,m > N, each 0 < p < 1, each A > 0, there is
N € N such that G(an,am,A) > 1 — p, B(an,am,\) < g and Y (an, am,A) < p. Now, we
can write G(an, @m, \) = Galan, am, A), Blan, am,\) = Ba(an,am,\) and Y (an, am, ) =
Ya(an,am, \) because of the sequence (ay,) is in A. Therefore (a,,) is a Cauchy in A. Since
we know that (F,\, o, e) is complete, then there is a b € A such that a,, — b. Hence, there
is N € N such that Ga(b,an,\) > 1 —p, Ba(b,an,A) < pand Ya(b,an,A) < p for n > N,
each 0 < p < 1 and each A > 0. Since the sequence (a,) is in A and b € A, we can write
G(b,an,\) = Ga(b,an,A), B(b,an,\) = Ba(b,an,\) and Y (b,an,\) = Ya(b,an,A). This
gives us the conclusion that the sequence (a,) converges to both a and b in (F, N, o,e).
Since a ¢ A and b € A, we have a # b. This is a contradiction and thus the desired result
is achieved. g

In proof of Lemma and Theorem [B.16] used similar proof techniques of Propositions
4.3 and 4.4 in [9).

Lemma 3.15. Let (F,N, o0,e) is NMS. If A > 0 and e1,e2 € (0,1) such that (1 —e3) 0
(1—¢g2) > (1 —¢1) and ez @ e < €1, then O(a,e2,%) C O(a,e1, ).

Proof. Let b € O(a, €2, %) and let O(b, e, %) be an OB with center a and radius 5. Since
O(b, e, %) NO(a,eq, %) # (), there is a ¢ € O(b, e, %) NO(a,eq, %) Then, we obtain

G(a,b,\) > G(a,c, %) o G(b,c, %) >(1—gg)o(l—e3)>1—¢y,
B(a,b,\) < B(a,c, %) e B(b,c, %) <egeeg < ey,
Y(a,b,\) <Y(q,c, %) e Y(b,c, %) <egeeg <ey.
Hence, ¢ € O(a,e1,A) and thus m C O(a,e1, A). a

Theorem 3.16. A subset A of a NMS (F,N,o,e) is nowhere dense if and only if every

nonempty OS in F' includes an OB whose closure is disjoint from A.

Proof. Let v be a nonempty open subset of F. Then there exist a nonempty OS ¢ such
that 6 C v, 6N A # . If we take a € 6, then there exist &1 € (0,1), A > 0 such
that O(a,e1,A\) C 0. Now we take g2 € (0,1) such that (1 —e2) o (1 —e3) > 1 — &7 and
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gg @ e < £1. Using the Lemma BI5 we have O(a, e, %) C O(a,e1,A). In that case, we can
write O(a,e2,%) C v and O(a,£2,3) N A = 0.

Conversely, assume that A is not nowhere dense. Therefore, int(A) # ), so there exists
a nonempty OS ~ such that v C A. Take O(a,e1,A) be an OB such that O(a,e1,\) C 7.
Then, O(a,e2,\) N A # (. This result indicates that there is a contradiction. O

Now, we will prove Baire Category Theorem for NMS:

Theorem 3.17. Let {7, : n € N} be a sequence of dense open subsets of a complete NMS
(F,N,0,8). Then Npenyn 15 also dense in F.

Proof. Choose § be nonempty OS of F. Since 7 is dense in F, §N~y; # 0. Let a1 €  N~y.
Since 6 N 1 is open, then there exist 1 € (0,1), Ay > 0 such that O(a1,e1,A1) C 6 N~1.
Take €7 < €1 and A} = min{\;, 1} such that O(a1,e},A\}) C d N 1. Since 7, is dense in F,
O(a1,e5, A7) Nya # 0. Let az € O(a1, €5, A7) Nvy2. Since O(aq,ef, A\j) N2 is open, then there
exist €9 € (0,1/2) and Ay > 0 such that O(aq, 2, A2) C O(ay, €7, A7) N7a. Take € < 9 and
A5 = min{Ag, 1/2} such that O(az,e%, \5) C O(a1, e, A\5) N~2. If we continue this way, we
have a sequence (a,,) in F and a sequence (A¥) such that 0 < A} < 1/n and

O(anv €ns )‘2) - O(an—lu 5;—17 )\Z,l) N Yn

Now, we show that the sequence (a,) is a Cauchy sequence. For A > 0 and u > 0, take
N € N such that 1/N < XA and 1/N < u. Hence, forn > N, m > n,

G(an,am, ) > Glap,am,1/n)>1-1/n>1—pu,
B(an; am, \) < Blan,am,1/n) <1/n < p,
Y(anaa’mJA) S Y(anaamal/n) S 1/TL§'M

Therefore, the sequence (a,,) is a Cauchy. We know that F' is complete. Then there exists
a € F such that a,, — a. Since ax, € O(an, ek, \5) for k > n, then we have a € O(an, e, ).
Hence a € O(an, e, \;) C Olan—1,€5_1,A_1) N¥n,  VYn. Then, § N (Npenyn) # 0. Then

NpeNYn is dense in F'. 0

Definition 3.18. Let (F,N,o,e) be a NMS. A collection (D)) (n € N) is said to have
neutrosophic diameter zero (NDZ) if for each 0 < & < 1 and each A > 0, then there exists
N € N such that G(a,b,\) > 1—¢, B(a,b,\) < e and Y(a,b,\) < e for all a,b € Dy.

Theorem 3.19. The NMS (F,N,o,e) is complete if and only if every nested sequence
(Dn)nen of nonempty closed sets with NDZ have nonempty intersection.

Proof. Firstly consider the given condition is satisfied. We will show that (F,N,o,e) is
complete. Choose the Cauchy sequence (ay,) in F. If we define the &, = {ay : k > n} and
D, = &,, then we can say that (D,,) has NDZ. For given ¢ € (0,1) and A > 0, we take
g€ (0,1) such that (1 —¢)e(1—¢c)e(l—¢)>1—( and cecec < (. Since the sequence
(an) is Cauchy, then there exist N € N such that G(ay,am,3) > 1 —¢, Ban,am,3) < €
and Y(an,am,%) <& (Vm,n > N). Then, G(a,b,%) > 1—¢ B(a,b,%) < ¢ and
Y (a, b, %) <e, (Ym,n>En).
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Choose a,b € Dy. There exist the sequences (a)) and (b)) such that a} — a and b} — b.
Thus, for sufficiently large n, a! € O(a, ¢, %) and b’ € O(b, e, %) Now, we have

Gla,b,0) > Gla,a3, 3) 0 Clag by, ) 0 G, b,3) > (1—)o (1 —2) o (1-2) > 1 ¢,
L .

B(a,b,/\)gB(a,an,g) B(an,bn,g)oB(bn,b,g)<EOEOE<C,
S N

Y(a,b,/\)SY(a,an,g) (n,bn,—) Y(bn,b,§)<aosoa<c.

From here, G(a,b,\) > 1 —(, B(a,b,\) < ¢ and Y(a,b,\) < ( (Va,b € Dy). There-
fore, (Dn) has NDZ and so by the hypothesis N,enD,, is nonempty. Take a € NyenDa.
For ¢ € (0,1) and A > 0, then there exist N; € N such that G(anp,a,\) > 1 — ¢,
B(an,a,\) < e and Y (ap, a, )\) <e (¥n > Np). Therefore, for each A > 0, G(an,a,A) — 1,
B(an,a,\) = 0 and Y(an,a,\) = 0 as n — oo. Hence, a,, — a, that is (FN o) is com-
plete.

Conversely, assume that (F,N,o,e) is complete. Let’s (Dy)nen is nested sequence of
nonempty closed sets with NDZ. For each n € N, take a point a,, € D,,. We will show that
the sequence (ay,) is Cauchy. Since (D,,) has NDZ, for A > 0 and 0 < e < 1, then there exist
N € N such that G(a,b,\) > 1 —¢, B(a,b,\) < e and Y(a,b,\) <e (Va,b € Dy). Since
the sequence (D,,) is nested, then G(an, am, A) > 1 —&, B(an, am, ) < € and Y (an, am, A) <
¢ (Ym,n > N). Hence the sequence (a,) is Cauchy. Since (F,N,o,e) is complete, then
an — a for some a € F. Therefore, a € D,, = D,, for every n, and s0 a € NpenDh. O

Theorem 3.20. Every separable NMS is second countable.

Proof. Give the separable NMS (F,N,o,e). Let A = {a, : n € N} be a countable dense
subset of F. Establish the family O = {O(ax,1/m,1/m) : k,m € N}. It can be easily seen,
O is countable. We will show that O is base for the family of all OSs in F. Let v be any
OSin F, a € ~. Then there exist A > 0, 0 < e < 1 such that O(a,e,\) C v. Since
0 <e <1, wecan choose a 0 < ¢ < 1suchthat (1—-¢)o(1—-¢)>1—cand (e <e.
Take t € N such that 1/t < min{¢, A/2}. Since it is known that A is dense in F, there exist
ay, € A such that ar € O(a,1/t,1/t). If b € O(ag, 1/t,1/t), we have

G(a,b,\) > G(a, ax, )\) o G(b, ag, %) > G(a,a, 1) o G(b, ay, 1)

2(1—%)0(1—%)2(1—<)o(1—<)>1—s,

Bla,b,\) < B(a, a, g) o B(b, ax, %) < B(a, ay, %) o B(b, ax, %) < % % <CeC<e,

Y(a,b,)\) <Y (a,ar, %) o Y (b, ag, %) <Y(a,a, %) e Y (b, ag, %) < % % (el <e,
Then, b € O(a,e,\) C v and so O is a base. ]

Note that the second countability implies separability and the second countability is
inheritable property. Then, we can say that every subspace of a separable NMS is separable.

Definition 3.21. Let F' be any nonempty set and (H,N ,0,e) be a NMS. The sequence of
functions (fn) : F — G is called converge uniformly to a function f : F — G, if given A > 0,

€ (0,1), then there exists N € N such that G(fn(a), f(a),\) > 1—¢, B(fn(a), f(a),\) <e,
Y(fn(a), f(a),\) <eVn>N andVa € F.

Now, we will give Uniform Convergence Theorem for NMS:
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Theorem 3.22. Let f,, : F' — H be a sequence of continuous functions from a topological
space F to a NMS (H,N,o,e). If (f,) converges uniformly to f : F — H, then f is
continuous.

Proof. Take 6 be OS of H and let ag € f~1(§). Since J is open, then there exist A\ > 0,

e € (0,1) such that O(f(ao),e,A) C d. Since ¢ € (0,1), we take a ¢ € (0,1) such that

(1-¢o(1—=¢o(1—=¢) >1—cand (e(e( < e. Since (f,) converges uniformly to

f, then, for A > 0, ¢ € (0,1), there exists N € N such that G(f,(a), f(a),3) > 1 — ¢,

B(fa(a), f(a),3) < ¢ and Y(fn(a), f(a),3) < ¢ V¥n > N and Va € F. Since f, continuous

Vn € N, then there exist a neighborhood 7 of ag such that f,(v) C O(fa(ao),¢,3). Hence
A

G(fa(a), fn(a0),3) > 1 = ¢, B(fa(a), fa(ao),3) < ¢ and Y(fu(a), fn(ao),3) < ¢ for all
a € v. Now

GU(@), £(@0),3) = G (@), fa(a), 3) 0 GUfala), falao), 3) o Glfalao), Slao), )

2(1=Qec(l=¢o(l=¢)>1-g¢,

A %) e Blfu(a) fa0), 3) < CoCoC <,

_> i B(fn(a)a fn(a())v g

B(f(a)vf(OJO)a /\) < B(f(a)vfn(a)a 3
Y (7(a), (a0), V) < Y (f(@), Fula). 5 2) e ¥ (fulao), Flan). 5) S CoCoC <

) 5) o Y(fn(a), fn(ao)
Therefore, f(a) € O(f(ag),e,A) C é for all a € . Hence f(v) C ¢ and so f is continuous. [

4. CONCLUSION

The aim of this study is to define a neutrosophic metric spaces and examine some proper-
ties. The structural characteristic properties of NMSs such as open ball, open set, Hausdorfl-
ness, compactness, completeness, nowhere dense in NMS have been established. Analogues
of Baire Category Theorem and Uniform Convergence Theorem are given for NMS.
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