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ABSTRACT

Goguen [1967] introduced L-fuzzy set. Murali [1991] analyzed lattice of fuzzy algebras and closure systems. Saibaba
[2008] initiated fuzzy lattice ordered groups, and studied many properties on fuzzy lattice. Swamy and Raju [1991]
gave a detailed findings on algebraic fuzzy system. In this paper, the notion of neutrosophic (Q, L)-fuzzy subgroup is
introduced, and discussed some of its basic algebraic properties .Also the results on homomorphic image, pre image of
neutrosophic (Q, L)-fuzzy subgroup are derived. Proved findings are that the direct product of any two neutrosophic
(Q, L)-subgroups is a neutrosophic (Q, L)-fuzzy subgroup, and it is extended for finite number of neutrosophic groups.

Keywords: neutrosophic Q-fuzzy set, neutrosophic Q-fuzzy subgroup (NQLFG), neutrosophic Q-fuzzy normal
subgroup.

INTRODUCTION

Smarandache [2002] introduced the notion of Neutrosophy as a new branch of philosophy. Neutrosophic is a base of
neutrosophic logic which is an extension of fuzzy logic in which indeterminacy is included .In neutrosophic logic, each
proposition is estimated to have the percentage of truth in a subset T, percentage of indeterminancy in a subset I, and
the percentage of falsity in a subset. Maji et al. [2001] introduced the notion of fuzzy soft set. Afterwards, many
researches were conducted on the notion of fuzzy sets. The theory of neutrosophic set have achieved great success in
various fields like medical diagnosis, image processing decision making problem and so on. Arockiarani, and Martina
Jency [2014] consider the neutrosophic set with value from the subset of [0, 1] and extended the research in fuzzy
neutrosophic set. They [2016] initiated the concept of subgroupoid in fuzzy neutrosophic set.

SECTION 2: BASIC DEFINITIONS

Definition 2.1: Let X be a non-empty set. A fuzzy set A isa map A: X — [0, 1]. Let (L, <) be a lattice with the least
element 0 and the greatest element 1. Any element a in L satisfies 0 < a < 1. An L-fuzzy set on a non-empty set X is a
map f: X — L.

Definition 2.2: Let X, Q be two non-empty sets, and L be a lattice. A mapping T: X x Q — L is a (Q, L)-fuzzy set in
X.

Definition 2.3: A neutrosophic fuzzy set A on the universe of discourse X characterized by a truth membership
function Ta(X), an indeterminacy function 15(x) and a falsity membership function Fa(x) is defined as A = {< X, Ta(X),
IA(X), Fa(X) >:x€ X}, where Ta, Ia Fa : X > [0. 1] and 0<TA(X) £1;0<14(X) £1; 0<FA(X) <1, forall x € X.
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Definition 2.4: Let X, Y be two non-empty sets and f: X — Y be a function.
(i) If B={<y Tg(y),Iz(y), Fg(y):y € Y}is a neutrosophic fuzzy set in Y then the preimage of B under f,
denoted by f~1(B), is the neutrosophic fuzzy set in X defined by
f7AB) = {< x, f(Te (), f 7 (Is(0), f 7 (Fp(x)) >:x € X} where f~*(Tp(x)) = Tp(f (x)).
(i) fA={<x Ta(x),14(x),Fa(x):x € X }is a Neutrosophic fuzzy set in X, then the image f(A) of A under fis
the neutrosophic fuzzy setin Y defined by f(A) = {< y,f (Ta¥)), fUa(M), f(Fa(y)) >: y € Y},
where
o = fer B0 W00 w0,
0

otherwise
su . —

fUa(y)) = {"E“(y‘i LA i (y) # On

0

otherwise

FFAy) = {XEf‘153>f FaC) IFE0) # On wherer (Fo(y) = (1 - F(1 - F0)y
1 otherwise

Definition 2.5: A neutrosophic (Q, L)-fuzzy set is an object having the form A ={ < (x, q), Ta(x, q), la(X, q), Fa(X, q)
>:xeX,qeQ} where TA: XxQ > L, Ia XxQ —L, Fa: XxQ — L denote the degree of truth membership
function, degree of indeterminacy membership function and the degree of false membership function for each element
(%, g) to the set A respectively, and 0 < Ta(X, q) <1;0<1a(X, q) <1; 0<Fa(x,q) <1, forallx e X,and q € Q.

Definition 2.6: A =< (X, q), Ta(X, 9), 1a(X, q), Fa(X,q) >and B=<(x,q), Ts(X, q), Is(X, q), Fs(x, q) > are two
neutrosophic (Q, L)-fuzzy sets on X. Then,

(i) ACSB,ifTa(X, q) <Ts(X ), Ia(X, q) < 1s(X, q), Fa(X, 9) = Fg(X, q), forall x € X, and q € Q.

(i) AUB =< (x,q), max (Ta(x,q), Tg(x, @), max (Ia(x, @), Ig(x, q)), min( (Fa(x, @), Fg(x, q)) >.

(iii)y An B = < (x,q), min (Ta(x, ), Tg (x, @), min(I5(x, q), I (x, q)), max ( (Fa(x, q), F(x, @) >.

Definition 2.7: The complement A° of a neutrosophic Q-fuzzy subset A on X is defined by
A°={<(X,Q), Tac(x,q), Ipc(x,q), Fac(x,q) >:x €X, g €Q, where Tac(x,q) = Fo(x,q),
[pe(x,q) =1 —1,(%,q),Fac(x,q) = Ta(x,q), forall x e X,and q € Q.

Throughout the paper, (L, <) be a lattice.
SECTION 3: PROPERTIES ON NEUTROSOPHIC (Q, L)-FUZZY SUBGROUP

Definition 3.1: Let (G, .) be a group and A be a neutrosophic (Q, L)-fuzzy subset in G. Then A is called a neutrosophic
(Q, L)-fuzzy sub group of G (NQLFG) if it satisfies the conditions

(i) Taxy,@) = Tax, D A(Taly, @), 1axy, @) = 1a(x,q) A (1a(y, @), Falxy, @) < Fa(x,q) V (Fa(y, @)).
(”) TA(X_ll q) = TA(X' q)v IA(X_l' q) = IA(X' q)! FA(X_ll q) = FA(X' q) ,fOf a” X Y € Gv qE Q

Theorem 3.2: A neutrosophic (Q, L)-fuzzy subset A of G is a neutrosophic (Q, L)-fuzzy subgroup of a group G if and
only if Ta(xy™,q) = (Ta(x, @) A (Ta(y, @), IaGxy ™ @) = (4%, @) A (Ia(y, @)
Falxy™, @) < (Fa(x, @) V (FA(Y, D))

Proof: Let A be a neutrosophic (Q, L)-fuzzy subgroup of G.

S Talxy, @) = Ta(x A Ta(y, @), [a(xy, @) = 1a(x,9) Alx(y, @), Falxy,q@) < Fa(x,q) V Fa(y, @), and
Ta(x™, @) = Ta(x @), A5 q) = 14(x,q), Fa(x™%,q) = Fa(x,q) forall x,y € G, and q € Q.

S Taxy ™) 2 TAEDATAG, @), A&y ™, @) 21h(x ) ALy, 9), Falxy™, @) < Falx, @) V Fo(y, Q).

Definition 3.3: A neutrosophic (Q, L)-fuzzy subgroup A of a group G is a neutrosophic (Q, L)-fuzzy normal subgroup
of G (NQLFNG) if Ta(xy,q) = Ta(yx,q), Ia(xy, @) = 1a(yx, @), Fa(xy,q) = Fa(yx,q) or
Talxyx™, @) = Ta(y, @), a(xyx ™, @) = a(y, @), Fa(xyx ™", @) = Fa(y,q) forall x,y € G, g€ Q.

Definition 3.4: Let A be a neutrosophic (Q, L)-fuzzy subset of X. Let a, B, vy be in L. Then [a, B, y]-level subset of
(Q. L)-of A defined by [Al s,y = {x € X,q € Q: Ta(x @) 2, 14(x,q) 2B, Fa(x, @) < V}.

Theorem 3.5: If Alisa NQLFG of G and o, B, vy € [0,1], then [a, B, y]-level subset [A], g, Of A is a subgroup of G
where Ty (e,q) = a,I5(e,q) =B,Fa(e,q) <y, where e is the identity element of G, and q € Q.

Proof: Since, Ta(e,q) = a,Ia(e,q) = B,Fale,q) < v, €€ [Alwp 9

Therefore [A], 54 %= {} Letx,y € [Alw,p 4 and g € Q. Then it follows that
Tax ) 2,1, Q) 2B, Falx,q) < v, Ta, @) 2, 14 (y, ) 2B, Faly, @) < v.
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S TAKDATAY, ) =, [s,(X,9) Ala(y, @) 2B, Falx,q@) VFA(y, @) <y
S Taxy ™ =a,lyxy ™, =B, Falxy ™" @) <y

< xy ! € [Alwpy

& [Al, 5,y is @ subgroup of G.

Theorem 3.6: If A is a neutrosophic Q-fuzzy subset of a group G, then A is a NQLFG of G if and only if [A], 5,y IS @
subgroup of G for o, B,y € L.

Proof: Letx,y €[A]qpyandq € Q.

Let A is a neutrosophic Q-fuzzy subgroup of G.

S Takxy™hq) = Tax ) ATAE, @), a(xy ™, @) 214 (%, @) Alx(y, q),
Faxy™,q) < Fao(x,q) V Fo(y,9))

S Taxy™ ) =, [5(x,q = B,Falxy™,q) < vy

(=4 Xy_1 € [A](a, B,7)

& [Al g,y is @ subgroup of G.

Theorem 3.7: A is a neutrosophic Q-fuzzy subset of a group G. Then A is a neutrosophic Q-fuzzy normal subgroup of
G ifand only if [A], g, is @ normal subgroup of G.

Proof: Let A be a neutrosophic Q-fuzzy normal subgroup of G. Then, Ta(xyx™%,q) = Ta(y,q) = o, [,(xyx~1,q) =
1,(y,q) = B, Falxyx™1,q) = Fa(y,q) <, forall x,y € G, qe Q. Hence [Al.p.y isanormal subgroup of G.

Theorem 3.8: If Ay, A,, ..., A,be neutrosophic Q-fuzzy subgroups of G. Then A = UL, A; is a neutrosophic Q-fuzzy
subgroup of G.

Proof: Let A;, A,,....,A, be neutrosophic Q-fuzzy subgroups of G.
LetA=UL, 4;,x,y€EG,q€EQ.

Then, A(xy~%,q) =U; 4;(xy~%,q)
=<(x,9), (Tu?=1Ai (xy ™t Q)) , (Iu?=1Ai Gy~ q)) ’ (Fn?=1Ai ey~ ) >

Tor,a, Gy ™5 @) =V Ty (xy ™, @) 2V (Ta (%, 9) ATy, (v, 9))
= (VT (x @) A (V Ty (v, 9)
= TU?=1Ai (X' q) A TU?=1Ai (y' Q)

In A, xy7ha) =VIa Gy~ q) 2V (4 (x,9) Al (v, Q)
= (VI D)AVIAG)
= IU?=1Ai (X, q) A IU?=1Ai (y' Q)

Fun a,(Gy™h, @) = AFp (xy™h @) <A (Fp(x,q) V Fa (v, Q)
= (A (Fa,(x @) V (A (Fp, (v, @)
=Fyn xqQV Fun a G

Hence, A = UL, A; is a neutrosophic Q-fuzzy subgroup of G.

Theorem 3.9: If Ay, A,,....,A, be neutrosophic Q-fuzzy subgroups of G. Then A = Nj.; 4; is a neutrosophic Q-fuzzy
subgroup of G.

Proof: Let Ay, Ay,...., A, be neutrosophic Q-fuzzy subgroups of G.
LetA=n}, 4;,x,y € G, g€ Q.
Then A(xy™, @) = niL; A;(xy~4, q)
=< (x,q), (Tny:1Ai (xy~, q)) : (In?zlAi (xy™t, q)) J(Fur Ayl @) >

i=1

Tara, Gy ™1 @) = ATy (xy ™, @) 2 A (Ta (%,9) ATy, (v, )
= (A TAi (X’ Q)) A (A TAi (Y. Q))
=Tor A& ATy 4, (v, Q).
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Inn A,y @) = ATy (xy ™ @) 2 A (I (x,9) Al (v, @)

= (N ) A (A (v, 9)

=Iar A, @) Algr A (. ).
Fan a(y™h, @) = VFa(xy™h @) SV (F (x,9) V Fa (v, 9))

= (V(Fax ) V(v (Faly, )

=Fqn 4 xqV Fn{‘=1Ai(Y: Q).
Hence, A =N} 4; isa neutrosophic Q-fuzzy subgroup of G.

SECTION 4: HOMOMORPHISM OF NEUTROSOPHIC Q-FUZZY SUBGROUPS

Definition 4.1: Let G, G’ be any two groups .The function f: G x Q — G’ x Q is a group Q-homomorphism if
(i). f: G > G’ is a group homomorphism, and (ii). f(xy, q) = f(x. q) f(y, g) forall x,y € Gand g € Q.

Theorem 4.2: Let G, G’ be any two groups and f be a homomorphism of G onto G’. If A isa NQLFG into of G’, then
f1(A) isa NQLFG of G.

Proof: Let A be a neutrosophic fuzzy subgroup of G'.
By definition, f~*(A) = (f ~*(Ta), f (L), f T (FW)

Now for x, y € G and g € q, it gets that

fITEy L) =T(fxy™h Q)
=T,(f ) f(y™), q) (since fis a homomorphism)
= Tu(f (), ) ATA(F(y™), @)
=T THEDAfHTHG Q).

Uy ™9 = L(F&y™ @)
=L (@) f ™), q) (since, fis a homomorphism)
2 L(fe), ) AL(Fy™),q)
= UDED AT UDG
= UDED AU, ).

fREXy ™) = Fa(f(xy™hq)
=F,(f)f(y™),q) (since, f is a homomorphism)

SFEE@,VEF™D. 9
=fTTFIEDAfTEIG Q)
=T FIE DA EIY, Q.

Hence f~1(A)is a NQLFG of G.

Theorem 4.3: Let X, Y be two groups and f be a homomorphism of X onto Y. If A is a neutrosophic (Q, L)-fuzzy
subgroup of X, then f(A) is a neutrosophic (Q, L)-fuzzy subgroup of Y.

Proof: Let A be a neutrosophic Q-fuzzy subgroup of X.

By definition, f(A) = (f(Ta), f(Ia), f(Fa))

Now for x; X, €X, Vyi,¥.eYandqgeQ,
FTD01Y2 @) = SUPy xyer-1(v) Ta(X1X2,q) = SUPy s, er-1v) (Ta (X1, @) AT4(x2, q)) (since Ais a NQFSG )

= sup Tu(x, @) A sup Tyu(xz,q)
x1€F7L(Y) x2€f71(Y)

=f(TD0L DN (T2, 9)-

fTHOhq)= sup Tu(x7'q)= sup Tu(x,q) = (T, q).
x~lef~1(y) xef~1(Y)

FUDY1Y2, Q) = SUPy e p-1(v) la(1X2, @) = SUpPy, x er-1(v) (1 (X1, @) Ala(x2, ) (since Ais a NQFSG )
= sup Ia(x,q) A sup )IA(xZ' q)

X EFTL(Y) X €f (Y

=D)L A fUD) W2 q)-
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fUDO™ )= sup Li(xq)= sup Ihi(x,q)=fUL)Y ).
x~lef~1(y) xef~1(y)

fED W1y, @) = infy e p-10v) Fabaxa, @) < infy oocr-10) (Fa(x1, @) V Fo (2, q)) (since Ais a NQFSG )

= xle}rzf1 (Y)FA (x, @)V xze}rlf1 (Y)FA (x2,9)

= f(FD) 1 ) A f(FD) 2, @)

-1 = i -1 — 7 —
fFEDG™ @)= inf, FaGq) = inf Fixq)=fEIG .

Therefore f(A) is a neutrosophic (Q, L)-fuzzy subgroup of Y.

Lemma4.4: Forall a,b € I and i is any positive integer, if a < b, then

MO (@' < B)' () (anb) = (@' AB)) (avb) = @'V ()

Theorem 4.5: Let A be a NQLFG of a group G. Then A = {< (x, q), (Tua(x, @))%, U4(x, @))%, (Fa(x,q))t >:
X € G,q € Q}isaNQLFG of G, where i is a positive integer.

Proof: Let A be a NQLFG of a group G.

Now for x,y e Gand g € Q,
TGy q) = Ty @)
2 (Tale, ) AT, @)
= (TaCe, )' N (Tay, @)’
= Ai(x' CI) A TAi(y' q)

Litxy™, @) = uGxy™h @)
2 (LG, ALy, )"
= (LG ) AU, 9)!
= Ai(X, CI) A IAi(y' CI)

Fulxy™ @) = Bty @)
S F VEG )
= (F4(x, )" v (Fa(v, )
= Ai(x: (I) \ FAi(y, q)

Therefore A' is a NQFSG of G.

SECTION 5: DIRECT PRODUCT OF NEUTROSOPHIC Q-FUZZY SUBGROUPS

Definition 5.1: Let A, B be neutrosophic (Q, L)-fuzzy subsets of X and Y respectively. Then the cartesian product
A x B of A and B is defined by

AxB ={<((¥),9), Taxs((x,),9), Lixs ((x, ), 9), Faxs((x,¥),q) >:x € X,y €Y,q € Q}
Where

Taxs ((%,9), @) =Ta (6, ) ATz, @), Laxs (6, ¥), @) = Lu(x, ) A Is(, 9)), and
Faxp((x,¥),9) =F4(x,q) vF(y,q).

Theorem 5.2: If A, B are neutrosophic (Q, L)-fuzzy subgroups of groups X and Y respectively, then A x B is a
neutrosophic Q-fuzzy subgroup of X x Y.

Proof: Let A and B be neutrosophic Q-fuzzy subgroups of the group X and Y respectively.
Now for (x1,3’1)' (xz ,yz) €EAXB,q€eQ

Tyxp ((xl,}ﬁ)(xz ,J’Z)' (I) = Tyuxp ((xlxz ,%Yz)' CI)

=Ty ((xlxz,CI)) ATg ((J’1J’2 CI))
2 [Ty (1, @) ANTAC2, QI A [T (1, @) AT (2, @]
(Since A and B are NQFSG)
=Ty, Q) ATp(V1, @) A Tp(x2,9) ATs(y2, Q)
= TAXB((xl,yl)' q) A TAXB((xZ,YZ)' q)-
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Taxs((6,¥)™59)) = Taxs (x4 ™D, q) = Ta(x™ L, Q) ATs(y™ 1, q)

=T, ) ANTp(y, @)
= TAXB((x' Y)' q)

Laxp ((x1,3’1)(x2 ,3’2)' CI) = Iyxp ((x1x2 ,Y1YZ)' CI)

=1 ((x1x2,(I)) Al ((J’1YZ,CI))
= [y (1, @) A s (o, QI A [T (Y1, @) Al (2, 9)]
(Since A and B are NQFSG)
=1y (x1, Q) NMp(V1, @ A 14(x2, @) AN (V2. @)
= Iuxp ((xl,YI)' @ A luxp ((xz,J’z)' q).

Lixg (0™, @) = Lixg (7L y™), @) = L™ ) Al(r™%q)

=L, q) AN g(y,q)
= IAXB((xl }’), q)

Fyuxp ((x1,3’1)(x2 ,YZ)' CI) = Faxp ((xlxz ,%Yz)' CI)

=F ((x1x2,(I)) V Fg ((Y1J’2 CI))
S [Falx, @ V EgCo, @1V [Fg(y1, @) V Fs(32, 9)]
(Since A and B are NQFSG)
=Fy(x, @ VFg(y1, Q) V Fo(x2, @) V Fg (32, 9)
= FAXB((xl,YI)' qQV FAXB((XZ,YZ)' q)-

Faxs((6, )5 @) = Faxp((xLy™0,q9) = Fa(x™L @) VFs(v™ 4 q)

=F(x, @)V Fs(y,q)
= FAXB ((x, Y)‘ q)

Hence A x B is a neutrosophic (Q,, L)-fuzzy subgroup of X x Y.
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