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Abstract: The notion of a neutrosophic quadruple BCK/BCI-number is considered, and a neutrosophic
quadruple BCK/BClI-algebra, which consists of neutrosophic quadruple BCK/BCI-numbers,
is constructed. Several properties are investigated, and a (positive implicative) ideal in a neutrosophic
quadruple BCK-algebra and a closed ideal in a neutrosophic quadruple BCI-algebra are studied.
Given subsets A and B of a BCK/BCI-algebra, the set NQ(A, B), which consists of neutrosophic
quadruple BCK/BCI-numbers with a condition, is established. Conditions for the set NQ(A, B) to be
a (positive implicative) ideal of a neutrosophic quadruple BCK-algebra are provided, and conditions for
the set NQ(A, B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra are given. An example
to show that the set {0} is not a positive implicative ideal in a neutrosophic quadruple BCK-algebra is
provided, and conditions for the set {0} to be a positive implicative ideal in a neutrosophic quadruple
BCK-algebra are then discussed.

Keywords: neutrosophic quadruple BCK/BCI-number; neutrosophic quadruple BCK/BCI-algebra;
neutrosophic quadruple subalgebra; (positive implicative) neutrosophic quadruple ideal
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1. Introduction

The notion of a neutrosophic set was developed by Smarandache [1-3] and is a more general platform
that extends the notions of classic sets, (intuitionistic) fuzzy sets, and interval valued (intuitionistic)
fuzzy sets. Neutrosophic set theory is applied to a different field (see [4-8]). Neutrosophic algebraic
structures in BCK/BCl-algebras are discussed in [9-16]. Neutrosophic quadruple algebraic structures
and hyperstructures are discussed in [17,18].

In this paper, we will use neutrosophic quadruple numbers based on a set and construct
neutrosophic quadruple BCK/BCl-algebras. We investigate several properties and consider ideals and
positive implicative ideals in neutrosophic quadruple BCK-algebra, and closed ideals in neutrosophic
quadruple BCl-algebra. Given subsets A and B of a neutrosophic quadruple BCK/BCI-algebra,
we consider sets NQ(A, B), which consist of neutrosophic quadruple BCK/BCI-numbers with a
condition. We provide conditions for the set NQ(A, B) to be a (positive implicative) ideal of a
neutrosophic quadruple BCK-algebra and for the set NQ(A, B) to be a (closed) ideal of a neutrosophic
quadruple BCI-algebra. We give an example to show that the set {0} is not a positive implicative ideal
in a neutrosophic quadruple BCK-algebra, and we then consider conditions for the set {0} to be a
positive implicative ideal in a neutrosophic quadruple BCK-algebra.
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2. Preliminaries

A BCK/BCl-algebra is an important class of logical algebras introduced by Iséki (see [19,20]).
By a BCI-algebra, we mean a set X with a special element 0 and a binary operation * that satisfies
the following conditions:

0 (Vxy,ze X) ((xxy)* (xx2)) * (zxy) = 0);

() (Vx,y € X) ((x+ (xxy)) xy = 0);

) (Vx € X) (x*x=0);

(V) (Vx,yeX)(xxy=0,yxx=0 = x=1y).
If

a BCl-algebra X satisfies the identity
(V) (VxeX)(0xx=0),

then X is called a BCK-algebra. Any BCK/BC]I-algebra X satisfies the following conditions:

(Vx e X) (x*%0=1x) 1)
(Vr,y,zeX)(x<y = xxz<yxz,zxy<zxXx) )
(Vx,y,z€ X) ((x*xy)xz = (x*x2) xy) ©))
(Vx,y,z € X) ((xxz) % (y*xz) < x%xy) 4)

where x <y if and only if x * y = 0. Any BCI-algebra X satisfies the following conditions (see [21]):

(Vx,y € X)(xx (x % (xxy)) = x*y), ®)
(Vx,y € X)(0x (xxy) = (0xx) * (0xvy)). (6)

A BCK-algebra X is said to be positive implicative if the following assertion is valid.
(Vx,y,z € X) ((x*x2) % (y*xz) = (xxy) xz). (7)

A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x xy € S for all
x,y € S. Asubset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies

0el, ®)
(VxeX)(Vyel)(xxyel = xel). )

A subset I of a BCI-algebra X is called a closed ideal (see [21]) of X if it is an ideal of X which satisfies
(VxeX)(xel = 0xxel). (10)

A subset I of a BCK-algebra X is called a positive implicative ideal (see [22]) of X if it satisfies (8) and
(Vx,y,ze X)(((xxy)*xz€l,yxzel = xxze€l). (11)

Observe that every positive implicative ideal is an ideal, but the converse is not true (see [22]).
Note also that a BCK-algebra X is positive implicative if and only if every ideal of X is positive
implicative (see [22]).

We refer the reader to the books [21,22] for further information regarding BCK/BCI-algebras,
and to the site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding
neutrosophic set theory.

3. Neutrosophic Quadruple BCK/BCI-Algebras

We consider neutrosophic quadruple numbers based on a set instead of real or complex numbers.


http://fs.gallup.unm.edu/neutrosophy.htm
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Definition 1. Let X be a set. A neutrosophic quadruple X-number is an ordered quadruple (a,xT,ylI,zF)
where a, x,y,z € X and T, 1, F have their usual neutrosophic logic meanings.

The set of all neutrosophic quadruple X-numbers is denoted by NQ(X), that is,
NQ(X) = {(a,xT,yl,zF) | a,x,y,2 € X},

and it is called the neutrosophic quadruple set based on X. If X is a BCK/BC]I-algebra, a neutrosophic
quadruple X-number is called a neutrosophic quadruple BCK/BCI-number and we say that NQ(X) is
the neutrosophic quadruple BCK/BClI-set.

Let X be a BCK/BClI-algebra. We define a binary operation ® on NQ(X) by

(a,xT,yl,zF) ® (b,uT,vl,wF) = (a*b, (x*u)T,(y*v)I, (z*w)F)

for all (a,xT,yI,zF), (b,uT,vl,wF) € NQ(X). Given ay,a;,a3,a4 € X, the neutrosophic quadruple
BCK/BCI-number (ay,a,T,a3l, asF) is denoted by 4, that is,

a=(ay,a,T,a3l,a4F),
and the zero neutrosophic quadruple BCK/BCI-number (0,0T, 01, 0F) is denoted by 0, that is,
0 = (0,0T,0I,0F).
We define an order relation “<” and the equality “=" on NQ(X) as follows:

I<ijex <y fori=1,2734
¥f=jsx=yfori=12734

forall ¥, 7 € NQ(X). Itis easy to verify that “<” is an equivalence relation on NQ(X).
Theorem 1. If X is a BCK/BCl-algebra, then (NQ(X); ®,0) is a BCK/BClI-algebra.
Proof. Let X be a BCI-algebra. For any %,7,Z € NQ(X), we have

(FO7) 0 (x0zZ) = (x1*xy1, (x2xy2)T, (x3 *y3)L, (xa * ya)F)
© (%1 %21, (x2 % 22)T, (x3 % 23) I, (x4 % 24)F)
= ((x1xy1) * (x1 % 21), ((x2 % y2) * (x2 % 22))T,
((x3%y3) * (x3%23)) ], ((xa % ya) * (x4 % 24))T)
< (21 % y1, (22 % y2) T, (23 % y3) L, (24 % ya) F)
—:07

2O (xX0F) = (x1,x2T,x31,x4F) © (x1 xy1, (x2 % y2) T, (x3 * y3) I, (x4 * y4)F)
= (x1* (x1xy1), (x2 % (x2 % y2)) T, (x3 % (x3 % y3)) L, (x4 * (x4 % y4))F)
< (yl,sz/]/ﬂ/]/ALF)
=7

TO X = (x1,x%T,x31,x4F) ® (x1,x2T, x31, x4F)
= (x1 xx1, (xp % x2) T, (x3 % x3) I, (x4 % x4)F)
= (0,0T,01,0F) = 0.
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Assume that ¥ ® 7 = 0 and 7 © £ = 0. Then

=

(x1 % y1, (x2 % y2) T, (x3 % y3) 1, (x4 * ya)F) = (0,0T,01,0F)

and

(1 x1, (y2 % x2) T, (y3 % x3) L, (ya * x4)F) = (0,0T, 0L, OF).

It follows that xy *y1 = 0 = y1*x1, xp*xyp = 0 = Yp*xp, x3%xy3 = 0 = y3 * x3 and
x4 *Yg = 0 = yq * x4. Hence, x1 = y1, X2 = Y2, X3 = y3, and x4 = y4, which implies that

= (xl/ XQT, X3I, X4F) = (y1/y2T1y311y4F) = g

Therefore, we know that (NQ(X); ®,0) is a BCI-algebra. We call it the neutrosophic quadruple
BClI-algebra. Moreover, if X is a BCK-algebra, then we have

00 %= (0xx1,(0%x2)T, (0% x3)I, (0% x4)F) = (0,0T,0I,0F) = 0.
Hence, (NQ(X); ®,0) is a BCK-algebra. We call it the neutrosophic quadruple BCK-algebra. [

Example 1. If X = {0,a}, then the neutrosophic quadruple set NQ(X) is given as follows:

0 = (0,0T,01,0F), 1 = (0,0T,01I,aF), 2 = (0,0T, al,0F), 3 = (0,0T, al, aF),
4 = (0,aT,01,0F),5 = (0,aT,01,aF), 6 = (0,aT,al,0F), 7 = (0,aT,al,aF),
8 = (a,0T,01,0F),9 = (a,0T,01,aF), 10 = (a,0T,al,0F), 11 = (a,0T, al,aF),

12 = (a,aT,01,0F), 13 = (a,aT,0I,aF), 14 = (a,aT,al,0F), and 15 = (a,aT,al,aF).
Consider a BCK-algebra X = {0,a} with the binary operation *, which is given in Table 1.

“

Table 1. Cayley table for the binary operation “*”.

*x 0 a
0 0
a a O

Then (NQ(X), ®,0) is a BCK-algebra in which the operation © is given by Table 2.

Table 2. Cayley table for the binary operation “®”.

® 0 1 2 3 4 5 6 7 8 o6 10 11 12 13 14 15
06 0 0 0 0 o 0 O 0O O 0O O o0 0 0 0 O
i 1 o 10 1 o 1 0 1 0o 1 o0 1 o0 1 0
5 2 2 0 0 2 2 0 0 2 2 0 0 2 2 0 0
3 3 2 10 3 2 103 32 1 0 3 2 1 0
4 4 4 4 4 0 0O O 0 4 4 4 4 0 0 0 0
5 5 4 5 4 1 0 1 0 5 4 5 4 1 0 1 0
6 6 6 4 4 2 5 0 0 6 6 4 4 3 32 0 0
7 79 6 5 4 3 32 1 0 7 6 5 4 3 3 1 0
8§ 8§ 8 8 8 8 8 &8 8 0 0 0 0o 0 0 0 O
g 6 8§ 8 8 9 8 69 8 9 0 1 0 1 0 1 0
10 10 10 8 8 10 10 8 8 2 2 0 2 2 2 0 O
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Table 2. Cont.

® 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
17 11 10 9 8§ 11 10 9 8 3 2 1 o0 3 2 1 0
2 12 12 12 12 8 8 8 8 4 4 4 4 0 0 0 0
3 13 12 13 12 § & 6 8 5 4 5 4 1 0 1 0
14 14 14 12 12 10 10 8 8 6 6 4 4 2 2 0 0
5 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

Theorem 2. The neutrosophic quadruple set NQ(X) based on a positive implicative BCK-algebra X is a
positive implicative BCK-algebra.

Proof. Let X be a positive implicative BCK-algebra. Then X is a BCK-algebra, so (NQ(X); ®,0) is a
BCK-algebra by Theorem 1. Let %, 7, Z € NQ(X). Then

(xi#zi) * (yi*zi) = (x; % yi) * 2
foralli = 1,2,3,4 since x;,y;,z; € X and X is a positive implicative BCK-algebra. Hence, (X ® Z) ®
(7*Z) = (X ©7) ©z; therefore, NQ(X) based on a positive implicative BCK-algebra X is a positive
implicative BCK-algebra. [

Proposition 1. The neutrosophic quadruple set NQ(X) based on a positive implicative BCK-algebra X satisfies
the following assertions.

Ze FTOIKI=TOIKLTOE) (12)
(V%7€ NQ(X)) Roj<j=% < 7). (13)

Proof. Let %,7,Z € NQ(X). f ¥ ® 7 < Z, then
0=(x07Nez=(302)06 (JO2),

S0 ¥ ®Z K § ©Z. Assume that ¥ ©® 7 < §j. Using Equation (12) implies that

sox@j=01ie, <y O
Let X be a BCK/BCl-algebra. Given a,b € X and subsets A and B of X, consider the sets
NQ(a,B) := {(a,aT,yl,zF) € NQ(X) | y,z € B}
NQ(A,b) :=={(a,xT,bl,bF) € NQ(X) | a,x € A}
NQ(A,B) :={(a,xT,yl,zF) € NQ(X) | a,x € A;y,z € B}
NQ(A",B) = [J NQ(a, B)

acA

NQ(A,B*) := | JNQ(A,b)

beB
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and
NQ(AUB) := NQ(A,0) UNQ(0, B).
The set NQ(A, A) is denoted by NQ(A).

Proposition 2. Let X be a BCK/BCl-algebra. Given a,b € X and subsets A and B of X, we have

(1) NQ(A*,B)and NQ(A, B*) are subsets of NQ(A, B).
(1) If0 € AN B then NQ(AUB) is a subset of NQ(A, B).

Proof. Straightforward. 0O

Let X be a BCK/BCl-algebra. Given a,b € X and subalgebras A and B of X, NQ(a, B) and
NQ(A, b) may not be subalgebras of NQ(X) since

(a,aT,x31,x4F) ® (a,aT,uzl,v4F) = (0,0T, (x3 * uz)I, (x4 xvq4)F) & NQ(a, B)
and
(xl,sz,bI, bF) O) (Ml,uzT,bI, bF) = (x1 * U1, (Xz * uz)T,OI,OF) ¢ NQ(A,b)

for (a, aT, x3I, x4F) € NQ(a,B), (a, aT, usl, v4F) € NQ(a,B), (x1, xoT, bl, bF) € NQ(A,b),
and (u1, upT, VI, bF) € NQ(A,D).

Theorem 3. If A and B are subalgebras of a BCK/BCI-algebra X, then the set NQ(A, B) is a subalgebra of
NQ(X), which is called a neutrosophic quadruple subalgebra.

Proof. Assume that A and B are subalgebras of a BCK/BClI-algebra X. Let ¥ = (xq, xpT, x31, x4F)
and 7 = (y1, v2T, y3I, y4F) be elements of NQ(A, B). Then x1, X2, y1, y2 € A and x3, x4, Y3, Y4 € B,
which implies that x; xy; € A, xo xy2 € A, x3 xy3 € B, and x4 * y4 € B. Hence,

TOF=(x1xy1, (x2*xy2)T, (x3xy3)I, (x4 xys)F) € NQ(A,B),
so NQ(A, B) is a subalgebra of NQ(X). O

Theorem 4. If A and B are ideals of a BCK/BCI-algebra X, then the set NQ(A, B) is an ideal of NQ(X),
which is called a neutrosophic quadruple ideal.

Proof. Assume that A and B are ideals of a BCK/BCI-algebra X. Obviously, 0 € NQ(A,B).
Let ¥ = (x1, 22T, x31, x4F) and § = (y1, 2T, y3l, yaF) be elements of NQ(X) such that
YOy € NQ(A,B)and j € NQ(A, B). Then

f@g = (x1 * Y1, (XZ *yz)T, (X3 *]/3)1, (X4 *y4)F) c NQ(A,B),

soxyxy; € A xa%xyp € A x3%ys € Band x4*xy; € B. Since § € NQ(A,B), we have
y1,y2 € Aand y3,y4 € B. Since A and B are ideals of X, it follows that xq,x, € A and x3,x4 € B.
Hence, ¥ = (x1, x2T, x31, x4F) € NQ(A, B), so NQ(A, B) is an ideal of NQ(X). O

Since every ideal is a subalgebra in a BCK-algebra, we have the following corollary.
Corollary 1. If A and B are ideals of a BCK-algebra X, then the set NQ(A, B) is a subalgebra of NQ(X).

The following example shows that Corollary 1 is not true in a BCI-algebra.
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Example 2. Consider a BCI-algebra (Z,—,0). If we take A = N and B = 7Z, then NQ(A, B) is an ideal of
NQ(Z). However, it is not a subalgebra of NQ(Z) since

(2,3T, —51,6F) ® (3,5T, 61, —7F) = (—1,—2T, —111,13F) ¢ NQ(A, B)
for (2,3T, —5I,6F), (3,5T, 61, —7F) € NQ(A, B).
Theorem 5. If A and B are closed ideals of a BCI-algebra X, then the set NQ(A, B) is a closed ideal of NQ(X).

Proof. If A and B are closed ideals of a BCI-algebra X, then the set NQ(A, B) is an ideal of NQ(X) by
Theorem 4. Let & = (xq,x2T, x31, x4F) € NQ(A, B). Then

00 %= (0%x1,(0%x)T,(0%x3)I,(0%x4)F) € NQ(A, B)

since 0% x1,0% xp € A and 0 % x3,0 * x4 € B. Therefore, NQ(A, B) is a closed ideal of NQ(X). O

Since every closed ideal of a BCI-algebra X is a subalgebra of X, we have the following corollary.
Corollary 2. If A and B are closed ideals of a BCI-algebra X, then the set NQ(A, B) is a subalgebra of NQ(X).

In the following example, we know that there exist ideals A and B in a BCI-algebra X such that
NQ(A, B) is not a closed ideal of NQ(X).

Example 3. Consider BCI-algebras (Y,*,0) and (Z,—,0). Then X = Y X Z is a BCI-algebra (see [21]).
Let A=Y x Nand B = {0} x N. Then A and B are ideals of X, so NQ(A, B) is an ideal of NQ(X) by
Theorem 4. Let ((0,0),(0,1)T,(0,2)I,(0,3)F) € NQ(A, B). Then

((0,0),(0,0)T, (0,0)L, (0,0)F) © ((0,0), (0,1)T, (0,2)1, (0,3)F)
= ((0,0), (0, =1)T, (0, =2), (0, =3)F) & NQ(A, B).

Hence, NQ(A, B) is not a closed ideal of NQ(X).
We provide conditions wherethe set NQ(A, B) is a closed ideal of NQ(X).
Theorem 6. Let A and B be ideals of a BCI-algebra X and let
I''={aeNQ(X) | (V¥ e NQX))(f<id = ¥=4a)}.
Assume that, if T C NQ(A, B), then |T'| < co. Then NQ(A, B) is a closed ideal of NQ(X).

Proof. If A and B are ideals of X, then NQ(A,B) is an ideal of NQ(X) by Theorem 4.
Letd = (ay,a,T,a3l,a4F) € NQ(A,B). Forany n € N, denote n() :=0® (0 ®a)". Then n(@) € ' and

0% (0xap)®, (0% (0xax)™)T, (0% (0xaz)")I, (0% (0xay)")F)
0% (0xa7), (0% (0xay))T, (0% (0xa5))I, (0 (0xay))F)

Hence,
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so n(d) € NQ(A,B), since @ € NQ(A,B), and NQ(A,B) is an ideal of NQ(X). Since |T| < oo,
it follows that k € N such that n(i) = (n 4 k)(a), thatis, n(d) = n(d) ® (0 ® &), and thus

k(@) =00 (0@a)k
= (n(a) ® (00 a)%) © n(a)
=n(a) on(@) =0,

ie, (k—1)(a)®(0®d) = 0. Sinced®a € T, it follows that 0 ©a = (k —1)(d) € NQ(A,B).
Therefore, NQ(A, B) is a closed ideal of NQ(X). O

Theorem 7. Given two elements a and b in a BCI-algebra X, let
Ag:={xeX|axx=a}and B, :={x € X |bxx =b}. (14)
Then NQ(Aq, By) is a closed ideal of NQ(X).

Proof. Since a+0 = aand b* 0 = b, we have 0 € A, N By,. Thus, 0 € NQ(A,, Bp). If x € A, and
y € By, then

Oxx=(axx)*a=axa=0andO0xy = (bxy)xb=>bxb=0. (15)

Letx,y,c,d € Xbesuchthatx,y*x € A;and ¢, d * ¢ € By. Then

(axy)xa=0%xy=(0%xy)*x0=(0*y)*(0xx)=0x(y*xx) =0
and
(bxd)*b=0%d=(0xd)*0= (0xd)*(0xc) =0x(dxc) =0,
thatis,a xy < aand b xd < b. On the other hand,
a=ax(yxx)=(axx)*x(y*xx) <axy
and
b=bx(d*c)=(b*xc)x(d*c) <b=xd.

Thus,axy =aand bxd =b,ie,y € A;and d € B,. Hence, A; and B, are ideals of X, and
NQ(A,, Byp) is therefore an ideal of NQ(X) by Theorem 4. Let ¥ = (x1,x2T, x31, x4F) € NQ(Aq4, By).
Then x1, x, € A,, and x3, x4 € By,. It follows from Equation (15) that 0« x; =0 € A,;, 0xx, =0 € A,,
0xx3 =0 € By, and 0 * x4 = 0 € By,. Hence,

0@ %= (0%x1,(0%x2)T, (0% x3),(0%x4)F) € NQ(Aq4, By).

Therefore, NQ(A,, Bp) is a closed ideal of NQ(X). O

Proposition 3. Let A and B be ideals of a BCK-algebra X. Then
NQ(A)NNQ(B) = {0} < (V& € NQ(A))(V§ € NQ(B))(X® § = %). (16)

Proof. Note that NQ(A) and NQ(B) are ideals of NQ(X). Assume that NQ(A) " NQ(B) = {0}. Let
% = (x1, x2T, x31, x4F) € NQ(A) and 7 = (y1, y2T, y3I, y4F) € NQ(B).
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Since ¥® (¥ O ) < ¥and ¥© (¥ ©§) < 7, it follows that ¥ ©® (¥ ® 7) € NQ(A) N NQ(B) = {0}.
Obviously, (¥ ®§) ® ¥ € {0}. Hence, ¥ ® 7 = %.

Conversely, suppose that ¥ © 7 = X forall ¥ € NQ(A) and 7 € NQ(B). If Z € NQ(A) N NQ(B),
then z € NQ(A) and 2 € NQ(B), which is implied from the hypothesis that Z = z® 2 = 0.
Hence NQ(A)NNQ(B) = {0}. O
Theorem 8. Let A and B be subsets of a BCK-algebra X such that

(Va,b € ANB)(K(a,b) C ANB) (17)

where K(a,b) := {x € X | x*a < b}. Then the set NQ(A, B) is an ideal of NQ(X).

Proof. If x € AN B, then 0 € K(x,x) since 0 * x < x. Hence, 0 € A N B by Equation (17), so it is clear
that 0 € NQ(A, B). Let ¥ = (xq, xoT, x31, x4F) and §# = (y1, y2T, y3I, y4F) be elements of NQ(X) such
that ¥ © 7 € NQ(A, B) and 7 € NQ(A, B). Then

TOF= (x1xy1, (x2xy2)T, (x3xy3)I, (x4 xys)F) € NQ(A,B),
soxy*yy € A, xpxyp € A, x3xy3 € B, and x4 * y4 € B. Using (I), we have x; € K(x1 xy1,11) C 4,
xp € K(xgxy2,12) € A, x3 € K(xz*ys,y3) C B, and x4 € K(x4 *y4,y4) C B. This implies that
% = (x1, x0T, x31, x4F) € NQ(A, B). Therefore, NQ(A, B) is an ideal of NQ(X). O
Corollary 3. Let A and B be subsets of a BCK-algebra X such that
(Va,x,y € X)(x,y€ ANB, (a*xx)xy=0 = a€ ANB). (18)
Then the set NQ(A, B) is an ideal of NQ(X).
Theorem 9. Let A and B be nonempty subsets of a BCK-algebra X such that
(Va,x,y € X)(x,y € A(orB),axx <y = a € A(orB)). (19)
Then the set NQ(A, B) is an ideal of NQ(X).

Proof. Assume that the condition expressed by Equation (19) is valid for nonempty subsets A and B
of X. Since 0% x < x for any x € A (or B), we have 0 € A (or B) by Equation (19). Hence, it is clear
that0 € NQ(A, B). Let ¥ = (x1, 2T, x31, x4F) and § = (y1, o T, y3I, y4F) be elements of NQ(X) such
that ¥ © 7 € NQ(A,B) and i € NQ(A, B). Then

TOF=(x1xy1, (x2xy2)T, (x3xy3)I, (x4 xys)F) € NQ(A,B),

soxyxy1 € A, xpxyp € A, x3%y3 € B, and x4 * y4 € B. Note that x; * (x; xy;) < y; fori =1,2,3,4.
It follows from Equation (19) that x1, x, € A and x3, x4 € B. Hence,

X = (x1, 22T, x31, x4F) € NQ(A, B);
therefore, NQ(A, B) is an ideal of NQ(X). O

Theorem 10. If A and B are positive implicative ideals of a BCK-algebra X, then the set NQ(A, B) is a positive
implicative ideal of NQ(X), which is called a positive implicative neutrosophic quadruple ideal.
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Proof. Assume that A and B are positive implicative ideals of a BCK-algebra X. Obviously,0 € NQ(A, B).
Let ¥ = (x1, x2T, x31, x4F), 7 = (y1, 2T, y3l, y4F), and Z = (21, 22T, z31, z4F) be elements of NQ(X)
such that (f©7) ©Z € NQ(A,B)and 7 ©®Z € NQ(A, B). Then

(F07) ©2 = ((x1*y1) *z1, (x2 % y2) x22) T,
((x3*y3) *z3)1, ((xa *ya) xz4)F) € NQ(A, B),

and
TOZ=(y1 %21, (y2*22)T, (y3 x23)1, (y4 * 24)F) € NQ(A, B),
so (x1#y1) %21 € A, (x2%y2) %22 € A, (x3%y3) *23 € B, (x4 % ys) %24 € B,y1 %21 € A,y %25 € 4,
y3*z3 € B, and y4 xz4 € B. Since A and B are positive implicative ideals of X, it follows that
X1%21,Xp %20 € Aand x3 * 23, x4 * 24 € B. Hence,
XOZ=(x1xz1, (x2%22)T, (x3%23)], (xa x24)F) € NQ(A, B),
so NQ(A, B) is a positive implicative ideal of NQ(X). [
Theorem 11. Let A and B be ideals of a BCK-algebra X such that
(Vx,y,z€ X)((x*y)*z€ A(orB) = (x*z)*(y*z) € A(or B)). (20)
Then NQ(A, B) is a positive implicative ideal of NQ(X).
Proof. Since A and B are ideals of X, it follows from Theorem 4 that NQ(A, B) is an ideal of NQ(X).
Let ¥ = (x1, xoT, x31, x4F), § = (y1, ¥2T, y3l, y4F), and Z = (z1, 25T, z31, z4F) be elements of NQ(X)

such that (¥ ©7) ®Z € NQ(A,B) and 7 ©® 2 € NQ(A, B). Then

(07 ©z=((x1*y1)*2z1, ((x2*xy2) *22)T,
((x3*y3) *z3)I, (x4 % y4) *24)F) € NQ(A, B),

and

TOZ=(y1%21,(y2a*22)T, (y3 x23)1, (ya * z4)F) € NQ(A, B),
so (xp*y1)*z1 € A, (xaxy2)x22 € A, (x3%Y3) %23 € B, (x4 *xya) x24 € B,y1 %21 € A, yp %23 € A,
y3*z3 € B,and y4 % z4 € B. It follows from Equation (20) that (x1 % zq) * (y1 x21) € A, (x2 % z2) * (y2 *

zp) € A, (x3%23) * (y3*23) € B, and (x4 * z4) * (ya * 24) € B. Since A and B are ideals of X, we get
X1%21 € A, xpxzp € A, x3%2z3 € B, and x4 * z4 € B. Hence,

FOZ=(x1xz1, (xax22)T, (x3x23)I, (x4 x24)F) € NQ(A, B).
Therefore, NQ(A, B) is a positive implicative ideal of NQ(X). O
Corollary 4. Let A and B be ideals of a BCK-algebra X such that
(Vx,y € X)((x*xy)*xy € A(orB) = x*y € A (orB)). (21)
Then NQ(A, B) is a positive implicative ideal of NQ(X).

Proof. If the condition expressed in Equation (21) is valid, then the condition expressed in Equation (20)
is true. Hence, NQ(A, B) is a positive implicative ideal of NQ(X) by Theorem 11. [
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Theorem 12. Let A and B be subsets of a BCK-algebra X such that 0 € AN B and

((xxy)*xy)xze€ A(orB), z€ A(orB) = xxy € A(or B) (22)
forall x,y,z € X. Then NQ(A, B) is a positive implicative ideal of NQ(X).
Proof. Since 0 € AN B, it is clear that 0 € NQ(A, B). We first show that

(Vx,y € X)(x*xy € A(orB), y € A(or B) = x € A (or B)). (23)
Let x,y € X besuch thatxxy € A (or B)and y € A (or B). Then
((xx0)*0)*xy =xxy € A (or B)

by Equation (1), which, based on Equations (1) and (22), implies that x = x*0 € A (or B).
Let & = (x1, x2T, x31, x4F), 7 = (y1, y2T, y31, yaF), and Z = (z1, 22T, z31, z4F) be elements of NQ(X)

such that (X ©® ) ©Z € NQ(A,B)and § ©®Z € NQ(A, B). Then

(FOF) ©Z= ((x1xy1) *z1, ((x2 % y2) ¥ 22) T,
((x3*y3) *z3)I, ((x4 * ya) xz4)F) € NQ(A, B),

and
TOZ=(y1x21,(yax22)T, (y3*23)I, (y4 *24)F) € NQ(A, B),

so (xy*xy1)xz1 €A, (xp*yn)*zp € A, (x3%y3) %23 € B, (Xxg*ys) x2z4 € B,y1 %21 € A, ypx2p € A,
Y3 *z3 € B, and y4 * z4 € B. Note that

(((xi % zi) % z;) * (yi * i) * ((xi x y;) *z;) = 0 € A (or B)

fori =1,2,3,4. Since (x; *y;) xz; € Afori =1,2and (x;xy;) xz; € B for j = 3,4, it follows from
Equation (23) that ((x; * z;) * z;) * (y; * z;) € Afori=1,2,and ((x;*z;) *z;) * (y; *2j) € Bforj=3,4.
Moreover, since y; ¥ z; € Afori = 1,2, and yj*zj €B forj=3,4, wehavex;xzy € A, xp%x2zp € A,
x3 *z3 € B, and x4 * z4 € B by Equation (22). Hence,

FOZ=(xy%z1,(x2%22)T, (x3%23)1, (x4 xz4)F) € NQ(A, B).
Therefore, NQ(A, B) is a positive implicative ideal of NQ(X). O

Theorem 13. Let A and B be subsets of a BCK-algebra X such that NQ(A, B) is a positive implicative ideal of
NQ(X). Then the set

Oz = {T € NQ(X) | #®d € NQ(A,B)} (24)
is an ideal of NQ(X) for any a € NQ(X).
Proof. Obviously, 0 € Q;. Let %, 7 € NQ(X) be such that F ®§ € Qz and 7 € Q. Then
(fO7J)®d € NQ(A,B)and j®d € NQ(A,B). Since NQ(A, B) is a positive implicative ideal of

NQ(X), it follows from Equation (11) that ¥ ©® @ € NQ(A, B) and therefore that ¥ € ();. Hence, Q); is
anideal of NQ(X). O

Combining Theorems 12 and 13, we have the following corollary.
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Corollary 5. If A and B are subsets of a BCK-algebra X satisfying 0 € A N B and the condition expressed in
Equation (22), then the set Q) in Equation (24) is an ideal of NQ(X) forall i € NQ(X).

Theorem 14. For any subsets A and B of a BCK-algebra X, if the set Q); in Equation (24) is an ideal of NQ(X)
forall i € NQ(X), then NQ(A, B) is a positive implicative ideal of NQ(X).

Proof. Since 0 € ; we have 0 = 004 € NQ(A,B). Let & 7, 2 € NQ(X) be such that
(fO7) ®z2 € NQ(A,B)and §©®Z% € NQ(A,B). Then¥®§ € Qs and § € Qs. Since Qs is an
ideal of NQ(X), it follows that ¥ € Q);. Hence, ¥ ©® Z € NQ(A, B). Therefore, NQ(A, B) is a positive
implicative ideal of NQ(X). O

Theorem 15. For any ideals A and B of a BCK-algebra X and for any @ € NQ(X), if the set Qz in
Equation (24) is an ideal of NQ(X), then NQ(X) is a positive implicative BCK-algebra.

Proof. Let Q) be any ideal of NQ(X). For any %, 7, Z € NQ(X), assume that (f®7) ®Z € Q and
7Oz e O Then¥®F € Qs and 7 € Qs. Since Q; is an ideal of NQ(X), it follows that ¥ € Q.
Hence, ¥ © Z € ), which shows that () is a positive implicative ideal of NQ(X). Therefore, NQ(X) is
a positive implicative BCK-algebra. [

In general, the set {0} is an ideal of any neutrosophic quadruple BCK-algebra NQ(X), but it is
not a positive implicative ideal of NQ(X) as seen in the following example.

Example 4. Consider a BCK-algebra X = {0,1,2} with the binary operation *, which is given in Table 3.

“

Table 3. Cayley table for the binary operation “*”.

N — O %
N — O o
_ O O | =
S OO |N

Then the neutrosophic quadruple BCK-algebra NQ(X) has 81 elements. If we take i = (2,2T,2I,2F)
and b = (1,1T,11,1F) in NQ(X), then

(@D Ob=(2+1)*1,(2%1)«1)T,((2%1)*« 1)L, ((2%1) x1)F)
=(1%1,(1%x1)T,(1%1)I,(1%1)F) = (0,0T,0I,0F) =0,

and b ® b = 0. However,
i0b=(2%1,2%1)T, (2+1)L,(2%1)F) = (1,1T, 11, 1F) # 0.
Hence, {0} is not a positive implicative ideal of NQ(X).

We now provide conditions for the set {0} to be a positive implicative ideal in the neutrosophic
quadruple BCK-algebra.

Theorem 16. Let NQ(X) be a neutrosophic quadruple BCK-algebra. If the set
Q) :={f e NQ(X) | * < a} (25)

is an ideal of NQ(X) for all € NQ(X), then {0} is a positive implicative ideal of NQ(X).
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Proof. We first show that
(V&7 e NQX))((z09) 07=0 = xo7=0). (26)

Assume that (£ ©7) @ = 0 forall ¥, 7 € NQ(X). Then ¥ 0§ < 7,50 £ ® 7 € Q(J). Since

7 € Q(7) and Q(7) is an ideal of NQ(X), we have ¥ € Q7). Thus, ¥ < 7, thatis, ¥© 7 = 0.
Letii := (¥ ® ) © §. Then

thatis, T O 7 < (¥ ©F) ©F. Since (¥ ©§) © 7 < ¥ ® 7, it follows that
() oi=%07. (27)

Ifweputj=%0® (§© (§ © X)) in Equation (27), then

FOEoFoFox))=EF0(Fo@o[@ex))) oo @o[@ox)))
LFo@Fox))o(Fo (o fox)))
<(Jo@@ox)o(xoy)
=Fo@Eon))oe[lox)
=(FoEoy)o o)) ([lox)

L (FO(F07) e HoX)
On the other hand,
(Fo(Fop)o@ox)o (o (oo (Fox))))
=((Fo(Fo(Eoo (o)) o (x0y) o [Fox))
=((foFo (o)) o (xoy) o ([ox))
L (FOFo (o)) e [Fox)=0,

Hence,
To(Eo@o@ox)) =((xo(xoy) o [{ox)). (28)

If we use j ©® % instead of & in Equation (28), then

jOx=(Fox) o0
=Fono(@ox)o@o o {oi)))
=(foro(Fox)oy)eFe(ox)
=[O [Fo[{ox)
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which, by taking ¥ = 7 © £, implies that

JOFo)=FoFox)oFoFo[{ox))
=Jo@@o)o (o).
It follows that
Fo@ox)o (o) =(Fe[Fox)o[Fox)o(Xof)
L (FOWOI))o(FOY)
=(Fo(Foy)o[@oi),
S0,

JOI=({0oHe ([fex)) o0
=Fo@Fo@or))) o(fox) o)
<(Fo)o(Fox)oy) o Fo ([Tox))
={fox)oFo o)
< ([FOX)Ox

Since (7 ® %) ©® ¥ < § © ¥, it follows that
(FOX)OI=JOFX (29)
Based on Equation (29), it follows that
(x02)x(Fo2)o(*0F) 02)
=(Foozo@oz)o(Foy)o2)
L ((Fe2)opo(foy) ez)
=0,
thatis, (¥ ©2) % (§ ©2) < (¥ ®F) © 2. Note that
(Fo7)o02)o(x02)o (Jo2))
=((Fopozo((xo(oi)o2)
<(EFOPHO(EFO([FOIL)
<(Fozei=0,

which shows that (fO7) ©Z < (f©2)© (J©Z). Hence, (fOF) 0z = (F02)06 (JO2).
Therefore, NQ(X) is a positive implicative, so {0} is a positive implicative ideal of NQ(X). O

4. Conclusions

We have considered a neutrosophic quadruple BCK/BCI-number on a set and established
neutrosophic quadruple BCK/BCI-algebras, which consist of neutrosophic quadruple BCK/BCI-numbers.
We have investigated several properties and considered ideal theory in a neutrosophic quadruple
BCK-algebra and a closed ideal in a neutrosophic quadruple BCI-algebra. Using subsets A and B
of a neutrosophic quadruple BCK/BCI-algebra, we have considered sets NQ(A, B), which consist of
neutrosophic quadruple BCK/BCI-numbers with a condition. We have provided conditions for the
set NQ(A, B) to be a (positive implicative) ideal of a neutrosophic quadruple BCK-algebra, and the set
NQ(A, B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra. We have provided an example
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to show that the set {0} is not a positive implicative ideal in a neutrosophic quadruple BCK-algebra,
and we have considered conditions for the set {0} to be a positive implicative ideal in a neutrosophic
quadruple BCK-algebra.
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