New Trends in Neutrosophic Theory and Applications. Volume II

Neutrosophic Resolvable and Neutrosophic Irresolvable Spaces

M. Caldas, 2R. Dhavaseelan, *M. Ganster and *S. Jafari
Departamento De Matematica, Universidade Federal Fluminense, Rua Mario Santos Braga,

s/N, 24020-140, Niteroi, RJ BRASIL.

2Department of Mathematics, Sona College of Technology,
Salem-636005, Tamil Nadu, INDIA.

3Department of Mathematics, Graz University of Technology

Steyrergasse 30, 8010 Graz, AUSTRIA.

“College of Vestsjaelland South,
Herrestraede 11, 4200 Slagelse, DENMARK.

e-mail : gmamccs@vm.uff.br, dhavaseelan.r@gmail.com,

ganster@Qweyl.math.tu-graz.ac.at, jafaripersia@gmail.com

ABSTRACT

In this paper, the concepts of neutrosophic resolvable, neutrosophic irresolvable, neutrosophic open hered-
itarily irresolvable spaces and maximally neutrosophic irresolvable spaces are introduced. Also we study
several properties of the neutrosophic open hereditarily irresolvable spaces besides giving characterization
of these spaces by means of somewhat neutrosophic continuous functions and somewhat neutrosophic open

functions.
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1 INTRODUCTION

Zadeh (1965) introduced the important and useful concept of a fuzzy set which has invaded almost all
branches of mathematics. The theory of fuzzy topological spaces was introduced and developed by Chang
(1968) and since then various notions in classical topology have been extended to fuzzy topological spaces.
The idea of “intuitionistic fuzzy set” was first published by Atanasov (1983) and some research works ap-
peared in the literature (Atanassov (1986, 1988); Atanassov and Stoeva (1983)). Smarandache introduced
the concepts of neutrosophy and neutrosophic set (Smarandache, (1999, 2002)). The concepts of neutro-
sophic crisp sets and neutrosophic crisp topological spaces were introduced by Salama and Alblowi (2012).

The concept of fuzzy resolvable and fuzzy irresolvable spaces were introduced by G. Thangaraj and G.
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Balasubramanian (2009). The concepts of resolvability and irresolvability in intuitionistic fuzzy topological
spaces were introduced by Dhavaseelan et al. (2011).

In this paper, the concepts of neutrosophic resolvable, neutrosophic irresolvable, neutrosophic open hered-
itarily irresolvable spaces and maximally neutrosophic irresolvable spaces are introduced. Further, we study
several interesting properties of the neutrosophic open hereditarily irresolvable spaces and present characteri-
zations of these spaces by means of somewhat neutrosophic continuous functions and somewhat neutrosophic

open functions. Some basic properties and related examples are given.

2 PRELIMINARIES

Definition 2.1. (Smarandache, (1999, 2002)) Let T, I, F be real standard or non standard subsets of
107,17, with supr = tsup, infr = tins

SUPT = lgup, INfT = ting

supr = foup, Mfr = finf

N — sup = tsup + tsup + fsup

n—1inf = tiny +iing + finy - T, I, F are neutrosophic components.

Definition 2.2. (Smarandache, (1999, 2002)) Let X be a nonempty fived set. A neutrosophic set A is an
object having the form A = {(x,pu,(x),0,(x),v,(x)) : x € X}, where u,(x),0,(x) and v, (x) represents the
degree of membership function (i.e., p,(x)), the degree of indeterminacy (namely o ,(x)) and the degree of

nonmembership (i.e., v,(x)) of each element x € X to the set A, respectively.
Remark 2.1. (Smarandache, (1999, 2002))

(1) A neutrosophic set A = {(z,p,(x),0,(x),v,(x)) : © € X} can be identified to an ordered triple
(HasOasva) in ]07,1+[ on X.

(2) For the sake of simplicity, we shall use the symbol A = (u,,0,,7v,) for the neutrosophic set A =
{(2, 1, (@), 0, (2),74(2)) @ € X}

Definition 2.3. (Salama and Alblowi (2012)) Let X be a nonempty set and the neutrosophic sets A and B

be in the form
A= {<z7uA(I)7UA('I)77A(I)> HEUS X}, B = {<x7ﬂ3(1‘)703($)773(‘r)> HEUS X} Then

() ACB iff 11,(2) < 1, (2), 0,(2) < 0, (2) and 7, (x) > 7, () for all x € X;
(b)) A=B iff AC B and B C A;

(¢) A= {{2,7,(),0, ()., (2)) : © € X}; [Complement of A]

() AN B = {21, (2) A py (2), 0, (2) A 0y (2),7,4 (1) V 7, () s @ € X}

(¢) AUB = {(z.1,(2) V 1, (2), 0, (2) V 0, (2),7, () Ay (2)) : @ € X}

(1) [JA={(e.u,(@),0,(2).1 - (@) @ € X};

(g) <>A = {<$,1 - 7A(5U)7JA($)7'7A(‘T)> ‘T e X}
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Definition 2.4. (Salama and Alblowi (2012)) Let {A; : i € J} be an arbitrary family of neutrosophic sets
in X. Then

(a) NA;i = {<J"7/\IU’A,3 (x)v/\o'Ai(x)7 V’YA% (z)) 2z € X}
(b) UAi = {<$7\/NAi ($)>\/0’Ai(1’)a /\,)/A,L (CC)> S X}
Definition 2.5. (Salama and Alblowi (2012)) 0, = {{x,0,0,1) : 2 € X} and 1, = {(x,1,1,0) : x € X}.

Definition 2.6. (Dhavaseelan and S. Jafari (20xx)) A neutrosophic topology (NT) on a nonempty set X is

a family T of neutrosophic sets in X satisfying the following axioms:
(i) 0,,1, €T,
(i) GiyNGy €T for any G1,G2 €T,

(i1i) UG; € T for arbitrary family {G; |i € A} CT.

In this case, the ordered pair (X,T) or simply X is called a neutrosophic topological space and each neutro-
sophic set in T is called o neutrosophic open set. The complement A of a neutrosophic open set A in X is

called a neutrosophic closed set in X.

Definition 2.7. [8] Let A be a neutrosophic set in a neutrosophic topological space X. Then
Nint(A) = |U{G | G is a neutrosophic open set in X and G C A} is called the neutrosophic interior of A;
Ncl(A) =(N{G | G is a neutrosophic closed set in X and G D A} is called the neutrosophic closure of A.

Definition 2.8. [7] An intuitionistic fuzzy topological space (X, T) is called intuitionistic fuzzy resolvable

if there exists an intuitionistic fuzzy dense set A in (X,T) such that [Fcl(A) = 1. Otherwise (X,T) is

called intuitionistic fuzzy irresolvable.

3 NEUTROSOPHIC RESOLVABLE AND NEUTROSOPHIC IRRESOLVABLE

Definition 3.1. A neutrosophic set A in neutrosophic topological space (X, T) is called neutrosophic dense
if there exists no neutrosophic closed set B in (X, T) such that AC B C 1y

Definition 3.2. A neutrosophic topological space (X,T) is called neutrosophic resolvable if there exists
a neutrosophic dense set A in (X,T) such that Ncl(A) = 1y. Otherwise (X,T) is called neutrosophic

irresolvable.
Example 3.1. Let X = {a,b, c}. Define the neutrosophic sets A, B and C as follows.

A = <l‘7 (ﬁ’ &7 0765)’ (0('1767 &7 07?5)) (#.137 Oil')37 &)>7

and
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Observe that T' = {On, 1y, A} is a neutrosophic topology on X. Thus (X,T) is a neutrosophic topolog-
ical space. Now Nint(B) = On, Nint(C) = Oy, Nint(B) = Ox, Nint(C) = A, Ncl(B) = 1n,Ncl(C) =
1n,Ncl(B) = 1y and Ncl(C) = A. Hence there exists a neutrosophic dense set B in (X,T) such that
Ncl(B) = 1y. Therefore the neutrosophic topological space (X, T) is called a neutrosophic resolvable.

Example 3.2. Let X = {a,b,c}. Define the neutrosophic sets A, B and C as follows.

and
a b c a b c a b c
C = (z, (ﬁ ) 0.57 ﬁ)v (ﬁ ) 0.57 ﬁ)’ (mv 0.4° ﬂ»-
It can be seen that T = {On,1n,A} is a neutrosophic topology on X. Thus (X,T) is a neutrosophic
topological space. Now Nint(B) = A, Nint(C) = A,Ncl(B) = 1y, Ncl(C) = 1y and Ncl(B) = 1y. Thus B
and C are neutrosophic dense set in (X, T) such that Ncl(B) = A and Nel(C) = A. Hence the neutrosophic

topological space (X, T) is called a neutrosophic irresolvable.

Proposition 3.1. A neutrosophic topological space (X,T') is a neutrosophic resolvable space iff (X, T) has
a pair of neutrosophic dense set A; and Ay such that 4; C As.

Proof. Let (X, T) be a neutrosophic topological space and (X,T) a neutrosophic resolvable space. Suppose
that for all neutrosophic dense sets A; and A;, we have A; € A;. Then A; D A;. Then Ncl(A;) D Ncl(A;)
which implies that 1x D Necl(4;). Then Ncl(A;) # 1n. Also A; D A;, then Ncl(A;) D Ncl(A;) which
implies that 1y D Nel(4;). Therefore Ncl(A4;) # 1y. Hence Ncl(A;) = 1, but Ncl(A;) # 1y for all
neutrosophic set A; in (X,T') which is a contradiction. Hence (X,T) has a pair of neutrosophic dense set
A; and A, such that A; C As.

Conversely, suppose that the neutrosophic topological space (X, T) has a pair of neutrosophic dense set
Ay and A, such that A; C Ay. Suppose that (X,T) is a neutrosophic irresolvable space. Then for all
neutrosophic dense sets A; and A, in (X, T), we have Ncl(A;) # 1y. Then Ncl(Ay) # 1 implies that
there exists a neutrosophic closed set B in (X, T') such that Ay C BC 1x.Then A; C A5 C B C 1y implies
that Ay C B C 1. But this is a contradiction. Hence (X, T') is a neutrosophic resolvable space. O

Proposition 3.2. If (X, T) is neutrosophic irresolvable iff Nint(A) # On for all neutrosophic dense set A
n (X, T).

Proof Since (X, T) is a neutrosophic irresolvable space for all neutrosophic dense set A in (X, T), Ncl(A) #
. Then Nint(A) # 15 which implies Nint(A) # Oy.
Conversely Nint(A) # Oy, for all neutrosophic dense set A in (X, T'). Suppose that (X, T) is neutrosophic
resolvable. Then there exists a neutrosophic dense set A in (X, T) such that Ncl(A) = 1. This implies that
Nint(A) = 1y which again implies Nint(A) = On. But this is a contradiction. Hence (X, T) is neutrosophic

irresolvable space. O
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Definition 3.3. A neutrosophic topological space (X,T) is called a neutrosophic submazimal space if for
each neutrosophic set A in (X,T), Ncl(A) = 1x.

Proposition 3.3. If the neutrosophic topological space (X,T') is neutrosophic submaximal, then (X,T) is

neutrosophic irresolvable.

Proof. Let (X,T) be a neutrosophic submaximal space. Assume that (X,T) is a neutrosophic resolvable

space. Let A be a neutrosophic dense set in (X, T). Then Ncl(A) = 1x. Hence Nint(A) = 1 which implies
that Nint(A) =0x. Then A ¢ T. This is a contradiction. Hence (X, T') is neutrosophic irresolvable space.

The converse of Proposition 3.3 is not true. See Example 3.2. O

Definition 3.4. A neutrosophic topological space (X, T) is called a mazimal neutrosophic irresolvable space

if (X,T) is neutrosophic irresolvable and every neutrosophic dense set A of (X,T) is neutrosophic open.

Example 3.3. Let X = {a,b, c}. Define the neutrosophic sets A;B,AN B and AU B as follows.

and

AUB = (z, (5%, %’ o5): (55 01.757 0?5)7(ﬁ70%u 7))

It is obvious that 7' = {On,1x,A,B,AN B, AU B} is a neutrosophic topology on X. Thus (X,T) is a
neutrosophic topological space. Now Nint(A) = 0y, Nint(B) = | J{On, B,ANB} = B, Nint(AU B) = 0y,
Nint(ANB) = U{On, B, AN B} = B and Nel(A) = 1x,Ncl(B) = B, Nel(AU B) = 1y, Nel(AN B) =
B, Nel(AUB) = ({1x,AUB,B,ANB} = AUB, Ncl(4) = N{In,4,ANB} = A, Ncl(0y) # ly.

Hence (X, T) is a neutrosophic irresolvable and every neutrosophic dense set of (X, T') is neutrosophic open.

Therefore, (X, T) is a maximally neutrosophic irresolvable space.

4 NEUTROSOPHIC OPEN HEREDITARILY IRRESOLVABLE

Definition 4.1. (X, T) is said to be neutrosophic open hereditarily irresolvable if Nint(Ncl(A)) # Oy and
Nint(A) # Oy, for any neutrosophic set A in (X,T).

Example 4.1. Let X = {a,b, c}. Define the neutrosophic sets A;, Ay and Az as follows.

Ay =z, (g7 50 02) (@1 01 09) (050 550 05)):

and
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Clearly T = {On, 1y, A1, A2} is a neutrosophic topology on X. Thus (X,T) is a neutrosophic topological
space. Now Ncl(A;) = Aj;Ncl(Az) = 1x and Nint(Az) = A;. Also Nint(Ncl(A;)) = Nint(A;) =
A; # Oy and Nint(A;) = Ay # Oy, Nint(Ncl(Az)) = Nint(1y) = 1y # Oy and Nint(Az) = Ay # Oy,
Nint(Ncl(A3z)) = Nint(A1) = Ay # On and Nint(A3) = Ay # On and Nint(Ncl(Az)) = Nint(A;) =
Ay # Ox and Nint(As) = Ay # Oyn. Hence if Nint(Ncl(A)) # Oy, then Nint(A) # Oy for any non zero

neutrosophic set A in (X,T). Thus, (X,T) is a neutrosophic open hereditarily irresolvable space.

Proposition 4.1. Let (X, T) be a neutrosophic topological space. If (X, T') is neutrosophic open hereditarily

irresolvable, then (X,T) is neutrosophic irresolvable

Proof. Let A be a neutrosophic dense set in (X, 7). Then Ncl(A) = 1 which implies that Nint(Ncl(A)) =
1y # On. Since (X, T) is neutrosophic open hereditarily irresolvable, we have Nint(A) # On. Therefore by
Proposition 3.2 Nint(A) # Oy for all neutrosophic dense set in (X,T) implies that (X,T') is neutrosophic
irresolvable.
The converse of Proposition 4.1 is not true. See Example 4.2 O
Example 4.2. Let X = {a,b, c}. Define the neutrosophic sets A, B and C as follows.
A= (2, (55 537 02) (05 0.

0.37 0.3

and

).

It is obvious that T = {Oy, 1wy, 4, B} is a neutrosophic topology on X. Thus (X,T) is a neutrosophic

C= <xﬂ (0%q47 071_)43 0%)7 (ﬁa 0_%7 0%)3 (%7 0.3° ﬁ)

topological space. Now C and 1y are neutrosophic dense sets in (X,T). Then Nint(C) = A # On and

Nint(1y) # On. Hence (X,T) is a neutrosophic irresolvable. But Nint(N¢cl(C)) = Nint(A) = A # Oy and

Nint(C) = 0On. Therefore, (X,T) is not a neutrosophic open hereditarily irresolvable space.

Proposition 4.2. Let (X,T) be a neutrosophic open hereditarily irresolvable. Then Nint(A) € Nint(B)

for any two neutrosophic dense sets A and B in (X, T).

Proof. Let A and B be any two neutrosophic dense sets in (X,T"). Then Ncl(A) = 1y and Ncl(B) = 1y
implies that Nint(Ncl(A)) # On and Nint(Ncl(B)) # On. Since (X,T) is neutrosophic open hereditarily
irresolvable, Nint(A) # Ox and Nint(B) # Ox. Hence by Proposition 3.1, A € B. Therefore Nint(A) C

A ¢ B C Nint(B). Hence we have Nint(A) C Nint(B) for any two neutrosophic dense sets A and B in
(X,T). O

Proposition 4.3. Let (X, T) be a neutrosophic topological space. If (X, T') is neutrosophic open hereditarily
irresolvable, then Nint(A) = Oy for any nonzero neutrosophic dense set A in (X,T) which implies that
Nint(Ncl(A)) = Op.

Proof. Let A be a neutrosophic set in (X, T) such that Nint(A) = 0n. We claim that Nint(Ncl(A)) = On.
Suppose that Nint(Ncl(A)) = Oy. Since (X,T) is neutrosophic open hereditarily irresolvable, we have
Nint(A) # On which is a contradiction to Nint(A) = On. Hence Nint(Ncl(A)) = Oy. O
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Proposition 4.4. Let (X, T) be a neutrosophic topological space. If (X, T') is neutrosophic open hereditarily
irresolvable, then Ncl(A) = 1y for any nonzero neutrosophic dense set A in (X,T) which implies that
Ncl(Nint(A)) = On.

Proof. Let A be a neutrosophic set in (X,T) such that Ncl(A) = 1. Then we have Ncl(A) = Oy which

implies that Nint(A) = Oy. Since (X,T) is neutrosophic open hereditarily irresolvable by Proposition 4.3.

We have Nint(Ncl(A)) = On. Therefore Ncl(Nint(A)) = On implies that Ncl(Nint(A)) = 1n. O

5 SOMEWHAT NEUTROSOPHIC CONTINUOUS AND SOMEWHAT NEUTROSOPHIC
OPEN

Definition 5.1. Let (X,T) and (Y,.S) be any two neutrosophic topological spaces. A function f: (X, T) —
(Y, S) is called somewhat neutrosophic continuous if for A € S and f=(A) # Oy, there exists a B € T such
that B # On and B C f~1(A).

Definition 5.2. Let (X,T) and (Y,S) be any two neutrosophic topological spaces. A function f: (X, T) —
(Y, S) is called somewhat neutrosophic open if for A € T and A # Oy, there exists a B € S such that B # Oy
and B C f(A).

Proposition 5.1. Let (X,T) and (Y,S) be any two neutrosophic topological spaces. If the function f :
(X,T) — (Y,S) is somewhat neutrosophic continuous and injective. If Nint(A) = Oy for any nonzero
neutrosophic set A in (X, T), then Nint(f(A)) =0x in (Y, 95).

Proof. Let A be a nonzero neutrosophic set in (X,T) such that Nint(A) = Ony. Now we prove that
Nint(f(A)) = Oy. Suppose that Nint(f(A)) # Oy in (Y,5). Then there exists a nonzero neutrosophic
set B in (Y, S) such that B C f(A). Thus, we have f~1(B) C f~(f(A)). Since f is somewhat neutrosophic
continuous, there exists a C' € T such that C' # Oy and C' C f~!(B). Hence C C f~!(B) C A which implies
that Nint(A) # On. This is a contradiction. Hence Nint(f(A)) = Oy in (Y, .5). O

Proposition 5.2. Let (X,T) and (Y,S) be any two neutrosophic topological spaces. If the function f :
(X,T) — (Y,S) is somewhat neutrosophic continuous, injective and Nint(Ncl(A)) = Oy for any nonzero
neutrosophic set A in (X,T), then Nint(Ncl(f(A))) =0x in (Y, 5).

Proof. Let A be a nonzero neutrosophic set in (X,T) such that Nint(Ncl(A)) = Oy. We claim that
Nint(Nel(f(A))) = On in (Y,S). Suppose that Nint(Ncl(f(A))) # On in (Y,S). Then Ncl(f(A)) # On
and Ncl(f(A)) # On. Now Ncl(f(A)) # 0x € S. Since f is somewhat neutrosophic continuous, there exists
a B € T, such that B # Oy and B C f~'(Ncl(f(A))). Observe that B C f~1(Ncl(f(A))) which implies
that f~Y(Nel(f(A))) € B. Since f is injective, thus A C f~1(f(A) C f~Y(Nel(f(A))) € B which implies
that A C B. Therefore B C A. This implies that Nint(A) # Oy. Let Nint(A) = C # Oy. Then we have
Ncl(Nint(A)) = Ncl(C) # 15 which implies that Nint(Ncl(A)) # On. But this is a contradiction. Hence
Nint(Nel(f(A))) =0y in (Y, 9). O
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Proposition 5.3. Let (X,T) and (Y,S) be any two neutrosophic topological spaces. If the function f :
(X,T) — (Y,S) is somewhat neutrosophic open and Nint(A) = Oy for any nonzero neutrosophic set A in
(Y,9), then Nint(f~1(A)) =0y in (X,T).

Proof. Let A be a nonzero neutrosophic set in (Y, S) such that Nint(A) = On. We claim that Nint(f~1(A)) =
On in (X, T). Suppose that Nint(f~1(A)) # Oy in (X, T). Then there exists a nonzero neutrosophic open
set B in (X,T) such that B C f~!(A). Thus, we have f(B) C f(f~'(A)) C A. This implies that f(B) C A.
Since f is somewhat neutrosophic open, there exists a C € S such that C # Oy and C C f(B). There-
fore C C f(B) € A which implies that C C A. Hence Nint(A) # Oxn which is a contradiction. Hence
Nint(f~1(A)) = 0y in (X, T). O

Proposition 5.4. Let (X,T) and (Y,S) be any two neutrosophic topological spaces. Let (X,T) be a
neutrosophic open hereditarily irresolvable space. If f : (X,T) — (Y,S5) is somewhat neutrosophic open,
somewhat neutrosophic continuous and a bijective function, then (Y, .S) is a neutrosophic open hereditarily

space.

Proof. Let A be a nonzero neutrosophic set in (Y,S) such that Nint(A) = Oy. Now Nint(A) = Oy
and f is somewhat neutrosophic open which implies Nint(f~1(A)) = Ox in (X,T) by Proposition 5.3.
Since (X, T) is a neutrosophic open hereditarily irresolvable space, we have Nint(Ncl(f~1(A))) = Oy in
(X, T) by Proposition 4.3. Since Nint(Ncl(f~1(A))) = Oy and f is somewhat neutrosophic continuous by
Proposition 5.2, we have that Nint(Ncl(f(f~*(A)))) = Oy. Since f is onto, thus NintNcl(A) = Ox. Hence
by Proposition 4.3. (Y, S) is a neutrosophic open hereditarily irresolvable space. O
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