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Abstract

Molodtsov initiated the concept of soft sets in [17]. Maji et al. defined some operations on soft sets
in [13]. Aktas et al. generalized soft sets by defining the concept of soft groups in [2]. After then, Qiu-
Mei Sun et al. gave soft modules in [20]. In this paper, the concept of neutrosophic soft module is
introduced and some of its basic properties are studied.
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1. Introduction

The contribution of mathematics to the present-day technology in reaching to a fast
trend cannot be ignored. The treories presented differently from classical methods in
studies such as fuzzy set [21],intuitionistic fuzzy set [3], soft set [17], neutrosophic set
[19], etc. The algebraic structure of set theories dealing with uncertainties has also been studied by
some authors.After Molodtsov's work, some different applications of soft sets were studied in [16].
Maji et al. [14] presented the concept of fuzzy soft set. Rosenfeld [18] proposed the concept of fuzzy
groups in order to establish the algebraic structures of fuzzy sets. Aktas and Cagman [2] defined soft
groups and compared soft sets with fuzzy sets and rough sets. After the definition of fuzzy soft
group is given by some authors [4,11]. F.Feng et al. [8] gave soft semirings and U.Acar et al. [1]
introduced initial concepts of soft rings. Definition of fuzzy module is given by some authors [12,22].
Qiu- Mei Sun et al. [20] defined soft modules and investigated their basic properties. Fuzzy soft
modules and intuitionistic fuzzy soft modules was given and researched by C. Gunduz (Aras) and S.
Bayramov [9,10].

The main purpose of this paper is to introduce a basic version of neutrosophic soft module theory,

which extends the notion of module by including some algebraic structures in soft sets. Finally, we
investigate some of neutrosophic soft module basic properties.
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1. Preleminaries
In this section, we will give some preliminary information for the present study.

Definition 2.1. [19] A neutrosophic set A on the universe of discourse X is defined as:

A={(x T, (1, (x), Fy () - x e X
where T,1,F: X 5] 0,1|and -0<T, (x)+1,(x)+ F,(x)<*3.

Definition 2.2 [17] Let X be an initial universe, E be a set of all parameters and P(X) denotes

the power set of X . A pair (F, E) is called a soft set over X , where F is a mapping given by
F:E—P(X).

Firstly, neutrosophic soft set defined by Maji [13] and later concept has been modified by Deli and
Bromi [7] as given below:

Definition 2.3. Let X be an initial universe set and E be as a set of parameters. Let P(X)
denote the set of all neutrosophic sets of X . Then, a neutrosophic soft set (ﬁ, E) over X is a set
defined by a set valued function F representing a mapping F:E— P(X) where F is called

approximate function of the neutrosophic soft set (F, E). In other words, the neutrosophic soft set

is a parameterized family of some elements of the set P(X) and therefore it can be written as a set
of ordered pairs,

(F.E)= {(E,<X, T 0 ) (%), Fﬁ(e)(x),> ‘X e X): ee E}

where Tﬁ(e)(x)’ Iﬁ(e)(x)’ Fﬁ(e)(x)e [0,1], respectively called the truth-membership, indeterminacy-

membership, falsity-membership function of ﬁ(e) Since supremum of each T, I, F is 1 so the
inequality 0< Tﬁ(e)(x)"' IE(e)(X)"' Fﬁ(e)(x)ﬁ 3 is obvious.

Definition 2.4. [6] Let (IE, E) be neutrosophic soft set over the common universe (X , E). The

complement of (IE, E) is denoted by (IE, E)C and is defined by:
(IE, E)C = {(e, <x, Fﬁ(e)(x),l— Iﬁ(e)(x),Tﬁ(e)(x),> Xe X): ee E}.

Obvious that, (., E | = (F.E).

Definition 2.5. [13] Let (IE, E) and (é, E) be two neutrosophic soft sets over the common

universe (X,E). (ﬁ, E) is said to be neutrosophic soft subset of (é, E) if
T ) (¥) < T ) (0 T (¥) < T (X), P (%)= g (%), Ve € E, Wx e X . It is denoted by

(F.E)<(G.E)
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The operations of union, intersection, difference, AND, OR on neutrosophic soft sets are

defined differently from the studies [6,13]. In addition, basic properties of these operations will be
presented.

Definition 2.6. Let (Izl, E) and (IEZ, E) be two neutrosophic soft sets over the common universe
(X , E). Then their union is denoted by (Izl, E)U (IEZ, E): (Izs, E) and is defined by:

(B B)={lenx T (012 () Fie o () X e <

where

Definition 2.7. Let (Izl, E) and (IEZ, E) be two neutrosophic soft sets over the common universe

(X, E). Then their union is denoted by (I—fl, E)ﬂ (IEZ, E)= (IES, E) and is defined by:

(F.E)= {(e, <X. T o) () 12 (%) Fﬁs(e)(x),> ‘xe X ): ee E}

where

Definition 2.8. Let (Izl, E) and (IEZ, E) be two neutrosophic soft sets over the common universe
(X , E). Then " (Izl, E) difference (IEZ, E)" operation on them is denoted by

(Izl, E)\ (IEZ, E): (IE3, E) and is defined by (ﬁa, E)= (I-fl, E)ﬂ(lsz, E)c as follows:

(F.E)= {(e, <X, T ) () 12 (%) Fﬁ3(e)(x),> ‘X e X): ec E}

where

Definition 2.9. Let {(IEI, E)|i el } be a family of neutrosophic soft over the common universe
(X , E). Then
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U(F.E)

{(e, <X’SUp[Tﬁ.(e)(X)L. ,sup[l ﬁ.(e)(x)L. ,inf [Fﬁ.(e)(x)Lu > ‘X e X ): ee E},
ﬂ(Fi, E)= {(e, <x, inf [Tﬁ(e)(X)L Jinf [I ﬁ.(e)(X)L. 'SUp[Fﬁ,(e)(X)L, > ‘X e X ): ec E}.

iel
Definition 2.10. Let (IEI, E) and (IEZ, E) be two neutrosophic soft sets over the common universe

(X,E).Then " AND" operation on them is denoted by (|51, E)/\(IEZ, E)z (Izg, E x E) and is
defined by:

(Izs, E x E)= {((el, e,) <x,Tﬁz(el’ez)(x), 12 (0.6 (%) Fﬁs(ehez)(x),> Xe X): (e, e,)e Ex E}

where

Definition 2.11. Let (Izl, E) and (IEZ, E) be two neutrosophic soft sets over the common universe

(X , E). Then " OR" operation on them is denoted by (Izl, E)v (IEZ, E): (IE3, E x E) and is defined
by:

(B ExE)=len e (X Te o (00 12 00 e (D)X € X )2 (61,8, ) < EXEJ

where

T .0 ()= max{Te  (X) T (X))
| o) ()= MaX { o) (X T o) (X |
Fe e ()= min{Fe (O, (0}

Definition 2.12. (1) A neutrosophic soft set (IE, E) over (X, E) is said to be null neutrosophic
soft set if Tﬁg(e)(x): 0, Iﬁg(e)(x)z 0, Fﬁs(e)(x)zl; Ve e E, Vx e X .Itis denoted by O(X,E)'

(2) A neutrosophic soft set (IE, E) over (X, E) is said to be absolute neutrosophic soft set if
Tro()=1 1, (X)=1 Fg,(x)=0; VeeE, Vxe X.ltisdenoted by 1y ).

Clearly Ofx.s) =1y g and 1fx£) =0(x )-

Proposition 2.1. Let (I%, E), (IEZ, E) and (IES, E) be two neutrosophic soft sets over the common
universe (X,E). Then,
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X ,E)’

Proposition 2.2. Let (Izl, E) and (IEZ, E) be two neutrosophic soft sets over the common
universe (X,E). Then,

o [FEUEEN =FEf nF.Ef:
@ [FEnFel-FEEfUF.Ef

Proposition 2.3. Let (Fl, E) and (IEZ, E) be two neutrosophic soft sets over the common universe

(X,E). Then,

o [FENE.E]=FEfARE;
(2) [('51 E)/\ (Ez, E)]c :<'51 E)C V('Ez’ E)C'

Definition 2.13. Let M be a left R -module and let A= (T, l, F) be a neutrosophic set over M.

Then we say (M T, F) is a neutrosophic modul, if the following conditions are satisfied:

a T(0)=1(0)=% )=0
b) T(x+y)=T(X)AT(y) 1(x+y)= 1(x)a 1(y); Fx-+y)<max{F(x) F(y)}
9 T(X)2T(x) 1(4x)2 1 (x); F(2x)< F(x)

( 1)

Definition 2.14. Let (M,,T,1,,F ) and (|\/| L, F ) be two neutrosophic modules over M,
and M,, respectively. We say that f is a homomorphism of neutrosophic modules, if the following

conditions for homomorphism of f : M; — M, modules are satisfied:

T(F(x)=T, () 1,(F (x)= 1, (%) B, (f (x)) < F(x)

1. Neutrosophic soft modules

In this paper Ris an ordinary ring. Let M be a left (or right) R -module and let A# J be a set.
NS(M )denotes the family of neutrosophic sets over M .

Definition 3.1. Let (IE,/—\) be a neutrosophic soft set over M . Then (IE,A) is said to be a
neutrosophic soft module over M iff Va e A, IE( ) (T I.,F ) is a neutrosophic submodule

a’'’a’' a

of M and denoted as IEa.
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Definition 3.2. Let (El,A) and (IEZ, B) be two neutrosophic soft modules over M and N
respectively, and let f:M — N be a homomorphism of modules, and let g: A—>B be a

mapping of sets. Then we say that (f,g):(lﬁfl,A)—>(lﬁfz,B) is a neutrosophic soft
homomorphism of neutrosophic soft modules, if the following condition is satisfied:

f(Té))Z F*(g(a)=TZ.) f(' (1a)): F2(g(a)=12,), f(F(i)): F*(9(a)=Fa)

Note that for VaeA, f:(M,IEé))—)(N,IEQZ(a)) is a neutrosophic homomorphism of

neutrosophic modules.

Neutrosophic soft modules and morphisms of their is consists of a category. This category is
denoted NSM .

Theorem 3.1. Let (Izl,A) and (IEZ,B) be two neutrosophic soft modules over M . Then their

intersection (El, A)m(lzz, B) is a neutrosophic soft module over M .

Proof. Let (El, A)m(lzz, B): (ﬁs,C),where C=AnNB. Since the neutrosophic soft set
T =T AT 12 =1 A12, F2 =F} VF/ is a neutrosophic submodule, for Vc eC, (|E3,C)
is a neutrosophic soft module over M .

Theorem 3.2. Let (ﬁl,A) and (EZ,B) be two neutrosophic soft modules over M. Then

(IEI, A)/\ (IEZ, B) is a neutrosophic soft module over M .

Proof. We can write (IEl, A)/\ (IEZ, B): (ES, Ax B). Since [Eal and IED2 are neutrosophic
submodules of M, ﬁal A I’sz is a neutrosophic submodule of M. Thus,
T3(a,b)=T} AT2, 1*(a,b)= 1} A12, F3(a,b)=F! v F? is a neutrosophic submodule of M ,
for all (a, b) e Ax B . Hence, we find that (El, A)/\ (IEZ, B) is a neutrosophic soft module over M
.Theorem 3.3. Let (El, A) and (IEZ, B) be two neutrosophic soft modules over M .If ANB =,
then (IEI, A)U(IEZ, B) is a neutrosophic soft module over M .

Proof. We can write (El, A)U(IEZ, B): (IE?’,C). Since ANB=(, it follows that either
ceA-BorceB-Aforal ceC.1f ce A-B, then Ebs = Iﬁfb1 is a neutrosophic submodule
of M, and if ceB—A, then ﬁb3 = |Eb2 is a neutrosophic submodule of M . Hence,
(ﬁl, A)u(lzz, B) is a neutrosophic soft module over M .

Definition 3.3. Let (El, A) and (,52, B) be two neutrosophic soft modules over M . Then (Izl, A)

is called a neutrosophic soft submodule of (,EZ’ B if

1) AcB

—1 _ (v+1 (1 1) . . —2 _[T2 12 2
2) For allae A, F, —(Ta,la,Fa) is a neutrosophic submodule of F; —(Ta,la,Fa) ,
TI<T2 I;<I2,Fl>F’.
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Theorem 3.4. Let (Izl, A) and (IEZ, A) be two neutrosophic soft modules over M . If ~al < Iza2 for
all ae A, then (IEI, A) is a neutrosophic soft submodule of (IEZ , A).

Proof. The proof of the theorem is straightforward.

Theorem 3.5. Let (IE, A) be a neutrosophic soft modules over M , and let {(IﬁfI , AI )}.el be

nonempty family of neutrosophic soft submodules of (IE, A). Then

1) l_I(IEI , A.) is a neutrosophic soft submodule of (IE, A),

iel

2) /\I (IEI , A,) is a neutrosophic soft submodule of(lz, A),
le
3)If AN Aj =, forall i, jel,then \/I (IEI , A,) is a neutrosophic soft submodule of (IE, A).
le

Let (Izl,A) and (IEZ,B) be two neutrosophic soft modules over M and N respectively, and
(f , g): (IEI, A)—) (IEZ, B) be a neutrosophic soft homomorphism of these modules.

Now in this section, we introduce the kernel and image of neutrosophic soft homomorphism of
neutrosophic  soft  modules. Let ~M’'=kerf. Define F':A—NS(M') by

T, =T,|w. i =1,|w, Fs =F.]y - Then (IE', A) is a neutrosophic soft module over M'. 1t is

clear that this module is a neutrosophic soft submodule of (IE, A).

Definition 3.4. (IE', A) is said to be kernel of (f,g) and denoted by ker(f,g).

Now, let B'= g(A). Then for all beB’, there exists ae A such thatg(a)= b. Let
N'=Imf <N. We define the mapping F2:B — NS(N') as
T2(0)=T2(g(@))y, 1”°(0")=1%(g(@)} v, F?(b")=F?*(g(a)} . since (f,g) is a
neutrosophic soft homomorphism, f(Tal):ng(a), f(l;)z |§(a), f(Fal)z ng(a) is satisfied for all

ae A. Then the pair (IE'Z,B') is a neutrosophic soft module over N’ and (IE'Z,B') is a
neutrosophic soft submodule of (IEZ, B).

Definition 3.5. (IE'Z, B') is said to be image of (f , g) and denoted by Im(f , g).

Proposition 3.1. Let (IE, A). be a neutrosophic soft module over M, N be an R —module and

~

f :M — N . be a homomorphism of R —modules. Then (f (F ), A). is a neutrosophic soft module
over N .

Proof. If the mapping f (IE) A— NS(N) is defined by
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the proof is completed.

Note that (f,1,): (IE, A)—) (f (IE), A) is a neutrosophic soft homomorphism of neutrosophic soft
modules.

Proposition 3.2. If M is an R —module, (IE,A) is a neutrosophic soft module over N and

f :M — N is a homomorphism of R —modules, then (f _l(F), A) is a neutrosophic soft module
over M .

Proof. If the mapping f~ ( ) A—> NS(M) is defined by

(F 7)) 00 =T (F O, (F2(0), ()= 1, (F G (£ (F))u (x) = Fu (£ (x),
the proof is completed.

It is clear that (f ,1A): (f _l(E), A)—) (ﬁ, A) is a neutrosophic soft homomorphism of neutrosophic
soft modules.

Lemma 3.1. Let M and N bean R—modulesand f :M — N be an R —homomorphism and

(ﬁl, A) and (Iﬁf2 : A) are two neutrosophic soft modules over M and N respectively.

(|) (f A) ( ) (F A) is a neutrosophic soft homomorphism if and only if forall a e A,
Z ( ) ( ), F?2< f( ) is satisfied.

a —

(ii) (f 1 ) (~1 A) (Iﬁf2 A) is a neutrosophic soft homomorphism if and only if forall ae A,
Tr< £3(T2) 1t < £2(12) Fr > £ 2(F?) is satisfied .

a/fa — a —

Theorem 3.6. If {(E,A)}id is a family of neutrosophic soft modules over {Mi}iel'
l_I(IEI ) A.) is a neutrosophic soft module overH M,.

iel iel

then

Proof. Define F:[[A — M, F=(T,1,F)by

iel iel

T(la )=y (M), 1a )=y o (1), . Flla )= 4 p*(F),.

iel iel iel

where p; :H M, — M, is a projection mapping. Since

iel

(M), :TIMi = [01] pi*(1), :TIM: = [04} pi*(R), :[IM: —[04]

iel iel iel
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is a neutrosophic soft module over | I M, foralliel, M pi_l(Ti )a )V pi_l(li)a_ ;A pi_l(Fi )a_ is
icl le T le 1 je i
also a neutrosophic soft module over | I M;.

iel

Theorem 3.7. If {(IEI A )}

., is a family of neutrosophic soft modules over the family of modules

{M i }iel , then ED(IEI : A,) is a neutrosophic soft module over ® M.

iel iel

Proof. Define F: , = ©O M, F=(T,I,F for  all a;je . by
[1A—¢ (T.1.F) it 1A

T({ai }): A ji(Ti )ai’ I({ai }): A ji(li)ai' F({ai }): v ji(Fi )ai where ;1 M; _)E?Mi is a

embedding mapping. Since j; (T, )ai (1, )ai i (F )ai is a neutrosophic soft submodule over @ M,

iel

foralliel, F ({31}) is a neutrosophic submodule over ® M.

iel

Lemma 3.2. 1) Given modules {Mi} and N and a family of R —homorphisms

iel

A= {fi :M; >N }iel If {(I-fI A )}.EI are neutrosophic soft modules over {M i }iel , then there exist

a neutrosophic soft module (IEZ,HAIJ over N such thatforall iel,

iel

fi:(ﬁ,A)ﬂ[ﬁz,HAJ

iel
is a neutrosophic soft homomorphism of neutrosophic soft modules.

2) Given modules M and {N,}._, and a family of R —homorphisms B={g,:M —N,} . If

iel iel -

{(lEiZ,Bi )}iel are neutrosophic soft modules over {Ni} then there exist a neutrosophic soft

iel !

module (E,HA] over M such thatforall iel,

iel
JE ~2
o :(FITA|-(Fe)
iel
is a neutrosophic soft homomorphism of neutrosophic soft modules.

Proof. 1) Define EZZHA —-> N, EZ:(T2,|2,F2)by

iel

TZ({ai }):Y fi<Ti2>ai ’ IZ({ai }):Y fi(liz)ai’ FZ({ai })

A f. (F-Z)ai )

2) Define ﬁHA —->M, ﬁ:(T,I,F) by

iel

T({a )= A g, (T, )ai (e )= A g;l(li)ai Fla))=v (R )ai forall {a, }e HA| :

iel .
iel
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By using this lemma, we define the concepts of submodule, quotient module, product and
coproduct operations in the category of neutrosophic soft modules.

Corallary 3.1. If (IE, A) is a neutrosophic soft module over M and N is a submodule of M and
i:N —> M isaembedding mapping, then (i_l(lz) A) is a neutrosophic soft module over N .

Corallary 3.2. If (IE, A) is a neutrosophic soft module over M and p: M — M/~ is a canonical

~

projection, then (p(F), A) is a neutrosophic soft module over quotient module M /~.

If {(I-—:I A )}IGI is a family of neutrosophic soft modules over the family of modules {M } then we

el

can define the product and coproduct of these families by l_I(FI : A.) and (—B(FI , A,) respectively.

iel

Theorem 3.8. The category of neutrosophic soft modules has zero objects, sums, product, kernel
and cokernel.

Let M and N be respectively, right and left modules over R (ring). Let (Izl, A) and (IEZ, B) be

two neutrosophic soft modules over M and N, respectively. We consider tensor product of
modules as M ® N . The mapping

FI®F?:AxB>M®N
is defined by

(M ®T*)ab)=T}a)®T*(b)
(1"®12)a,b)=1"(a)® 12(b),

(b
(F*®F2)a,b)= F(a)® F2(b)
forv(a,b)e AxB.

Definition 3.6. (IEl ® IEZ, Ax B) is said to be tensor product of (ﬁl, A) and (IEZ, B) and denoted
oy (F*, A)®(F2,B).

Theorem 3.9. (IEl ® IEZ, Ax B) is a neutrosophic soft module over M ® N .

Proof. For V(a, b)e AxB, (l\/l F )and (N, I’sz) are neutrosophic soft modules. I‘fa1 ® I-fb2 is a

neutrosophic submodule over M ® N and (I-:~l ® Ez, Ax B) is a neutrosophic soft module over

M®&®N.

Definition 3.7. (El ® Izz, Ax B) is said to be tensor product of (Izl, A) and (52, B), and
denoted by (El, A)@(Ez, B).
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2. Conclusion

This paper summarized the basic concepts of neutrosophic soft sets and neutrosophic soft modules.
By using these concepts, we studied the algebraic properties of neutrosophic soft sets in module
structure.
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