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1 Introduction

A K-algebra (G,-,®,¢) is a new class of logical algebra, introduced by Dar and Akram [1] in 2003. A K-
algebra is constructed on a group (G, -, €) by adjoining an induced binary operation ® on G and attached to an
abstract K -algebra (G, -, ®, ¢). This system is, in general, non-commutative and non-associative with a right
identity e. If the given group (' is not an elementary abelian 2-group, then the K -algebra is proper . Therefore,
a K-algebra L = (G, -, ®, e) is abelian and non-abelian, proper and improper purely depends upon the base
group G. In 2004, a K -algebra renamed as K (G)-algebra due to its structural basis G and characterized by left
and right mappings when the group G is abelian and non-abelian by Dar and Akram in [2, 3] . In 2007, Dar
and Akram [4] investigated the A-homomorphisms of K -algebras.

Non-classical logic leads to classical logic due to various aspects of uncertainty. It has become a conventional
tool for computer science and engineering to deal with fuzzy information and indeterminate data and execu-
tions. In our daily life, the most frequently encountered uncertainty is incomparability. Zadeh’s fuzzy set
theory [5] revolutionized the systems, accomplished with vagueness and uncertainty. A number of researchers
extended the conception of Zadeh and presented different theories regarding uncertainty which includes intu-
itionistic fuzzy set theory, interval-valued intuitionistic fuzzy set theory [6] and so on. In addition, Smaran-
dache [7] generalized intuitionistic fuzzy set by introducing the concept of neutrosophic set in 1998. It is such
a branch of philosophy which studies the origin, nature, and scope of neutralities as well as their interactions
with different ideational spectra. To have real life applications of neutrosophic sets such as in engineering
and science, Wang et al. [8] introduced the single-valued neutrosophic set in 2010. In 1999, Molodtsov [9]
introduced another mathematical approach to deal with ambiguous data, called soft set theory. Soft set theory
gives a parameterized outlook to uncertainty. Maji [10] defined the notion of neutrosophic soft set by unifying
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the fundamental theories of neutrosophic set and soft set to deal with inconsistent data in a much-unified mode.
A large number of theories regarding uncertainty with their respective topological structures have been intro-
duced. In 1968, Chang [11] introduced the concept of fuzzy topology. Chattopadhyay and Samanta [12], Pu
and Liu [13] and Lowan [14] defined some certain notions related to fuzzy topology. Recently, Tahan et al. [15]
presented the notion of topological hypergroupoids. Onasanya and Hoskova-Mayerova [16] discussed some
topological and algebraic properties of av—level subsets of fuzzy subsets. Coker [17] considered the notion
of an intuitionistic fuzzy topology. Salama and Alblowi [18] studied the notion of neutrosophic topological
spaces. In 2017, Bera and Mahapatra [19] described neutrosophic soft topological spaces. Akram and Dar
[20, 21] considered fuzzy topological K -algebras and intuitionistic topological K -algebras. Recently, Akram
et al. [22, 23, 24, 25] presented some notions, including single-valued neutrosophic K -algebras, single-valued
neutrosophic topological K-algebras and single-valued neutrosophic Lie algebras. In this research article,
In this paper, we propose the notion of single-valued neutrosophic soft topological K -algebras. We discuss
certain concepts, including interior, closure, C's-connected, super connected, Compactness and Hausdorff in
single-valued neutrosophic soft topological K -algebras. We illustrate these concepts with examples and inves-
tigate some of their related properties. We also study image and pre-image of single-valued neutrosophic soft
topological K -algebras.

The rest of the paper is organized as follows: In Section 2, we review some elementary concepts related to
K -algebras, single-valued neutrosophic soft sets and their topological structures. In Section 3, we define the
concept of single-valued neutrosophic soft topological K -algebras and discuss certain concepts with some
numerical examples. In Section 4, we present concluding remarks.

2 Preliminaries

This section consists of some basic definitions and concepts, which will be used in the next sections.

Definition 2.1. [1] A K-algebra = (G, -, ®,e) is an algebra of the type (2, 2, 0) defined on the group
(G, -, e) in which each non-identity element is not of order 2 with the following ®— axioms:

KD (z0y)0@xo2)=@o(z'oy)or=>20(c02)®(edy)) O,
K2) 20 (x0y) =0y H)or=@0(0y)or,

(K3) (zx@z) =e,

(K4) (xoe) =u,

(K5) (e@z)=a""!

forall x, y, z € G.

Definition 2.2. [1] A nonempty set S in a K-algebra K is called a subalgebra of IC if for all x,y € S,
roOy€EeS.

Definition 2.3. [1] Let Iy and K5 be two K-algebras. A mapping f : K — K5 is called a homomorphism if
flxoy) = f(z)® f(y) forallz,y € K.

Definition 2.4. [7] Let Z be a nonempty set of objects. A single-valued neutrosophic set H in Z is of the form
H={se€Z:Tu(s),Zu(s),Fu(s)}, where T,Z,F : Z — [0,1] forall s € Z with 0 < Ty(s) + Zu(s) +
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Definition 2.5. [22] Let H = (Ty,Zy, Fg) be a single-valued neutrosophic set in &, then H is said to be a
single-valued neutrosophic K-subalgebra of K if it possess the following properties:

@ Tu(s®t) >min{Ty(s), Tu(t)},
(b) Zr(s ©t) > min{Zx(s), Zu(t)},
(€) Fu(s®©t) <max{Fg(s),Fu(t)} forall s,t € K.

A K-subalgebra also satisfies the following conditions:
Tu(e) > Tu(s), Zu(e) > Iu(s), Fule) < Fu(s)forall s #e e K.

Definition 2.6. [26] A t-norm is a two-valued function defined by a binary operation *, where * : [0, 1] X
[0,1] — [0, 1]. A t-norm is an associative, monotonic and commutative function possess the following proper-
ties, for all a, b, ¢,d € [0, 1],

(i) *is a commutative binary operation.
(i1) * is an associative binary operation.

(iii) %(0,0) = 0 and *(a,1) = *(1,a) = a.

) -
(iv) Ifa < cand b < d, then x(a, b) < x(c, d).

Definition 2.7. [26] A t-conorm (s-norm) is a two-valued function defined by a binary operation o such that
o : [0,1] x [0,1] — [0,1]. A t-conorm is an associative, monotonic and commutative two-valued function,
possess the following properties, for all a, b, ¢, d € [0, 1],

(i) ois a commutative binary operation.

(i1) o is an associative binary operation.
(iii) o(1,1) = 1 and o(a,0) = o(0,a) = a.
(iv) Ifa < cand b < d, then o(a, b) < o(c, d).

Definition 2.8. [23] Let yx be a single-valued neutrosophic topology over K. Let H be a single-valued
neutrosophic K-algebra of U and g be a single-valued neutrosophic topology on H. Then H is called a
single-valued neutrosophic topological K-algebra over K if the self map p, : (H,xy) — (H, xy) for all
a € IC, defined as p,(s) = s @ a, is relatively single-valued neutrosophic continuous.

Definition 2.9. [9] Let Z be a universe of discourse and E be a universe of parameters. Let P(Z) denotes the
set of all subsets of Z and A C E. Then a soft set F4 over Z is represented by a set-valued function (4, where
Ca: E — P(Z)suchthat (4(0) = 0 if € E — A. In other words, F)4 can be represented in the form of a
collection of parameterized subsets of Z such as Fq = {(6,a(0)) : 0 € E,C4(0) =0 if0 € E — A}.

Definition 2.10. [27] Let Z be a universe of discourse and E be a universe of parameters. A single-valued
neutrosophic soft set H in Z is defined by a set-valued function (y, where (i : E — P(Z) and P(Z) denotes
the power set set of Z. In other words, a single-valued neutrosophic soft set is a parameterized family of
single-valued neutrosophic sets in Z and therefore can be written as:

H = {(9, <U, 7ZH(9) (u),ICH(g) (u),fCH(g)(u)> IS Z) 10 e E}, where 72H(9)7ICH(9)7‘FCH(9) are called truth
, indeterminacy and falsity membership functions of ((6), respectively.
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Definition 2.11. [27] Let H be a single-valued neutrosophic soft set. The compliment of H, denoted by H¢, is
defined as follows:

Hc:{(ev <u’]:CH( ()ICH ()7EH ()> :UEZ)ZHEE}'

Definition 2.12. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, £'). Then H is called
a neutrosophic soft subset of J, denoted by H C J, if the following conditions hold:

@ Tewo)(w) < Toyoy(w),
(1) Zep0)(u) < Ipye)(u),
(i) F¢p,0)(u) > Fyy0)(u) foralld € B u e Z.

Throughout this article, we take the ¢-norm () as min(a, b) and ¢-conorm (o) as max(a, b) for intersection
of two single-valued neutrosophic soft sets and (x) as max(a, b) and t-conorm (o) as min(a, b) for union of
two single-valued neutrosophic soft sets. The union and the intersection for two single-valued neutrosophic
soft sets are defined as follows.

Definition 2.13. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, E'). Then the union of
H and J is denoted by H U J = L and defined as:

L= {(97 (u, To0) (1), Lo, o) (w), Fop o) (u) s ue Z) 0 € E}

where
Tor0) (W) = {Tepo)(w) * 0y ()} = max{T¢, o) (w), Ty0)(w) },
Ly, 0)(w) = {Zey (o) () * m(a y(w)} = max{Ze, ) (u), Zy, ) (u)},
Fop0)(w) = {Fey o) (1) o Fyyo)(w) } = min{ Fe, o) (w), Foyy0) (1) }-

Definition 2.14. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, E'). Then their inter-
section 1s denoted by H N J = L and defined as:

where

( ) Tns0)(w)},
IﬁL(G) u) = {ICH(G) (u) * Iy 9) (u)} mln{ICH(9) (u),Im(g) (u)}v
'7:19L(9)<u> = {]:CHW) (u) O Sng( 9)<u>} maX{fCH(G u)vfm ) u)}

Definition 2.15. [27] A single-valued neutrosophic soft set H over the universe Z is termed to be an empty or
null single-valued neutrosophic soft set with respect to the parametric set £ if T, 9)(u) = 0, Z¢, 9y (u) = 0,
Fenoy(w) =1, forallu € Z, 6 € E, denoted by )z and can be written as:

Op(u) ={ue Z: Teuo)(u) = 0, L, 0)(w) = 0, Feyo)(u) =1:0 € E}.
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Definition 2.16. [27] A single-valued neutrosophic soft set H over the universe Z is called an absolute or a
whole single-valued neutrosophic soft set if T¢, 0)(u) = 1, Zc, 0)(u) = 1, Fepe)(u) = 0, forallu € 7,
0 € E, denoted by 1 and can be written as:

Ig(u) ={uve Z:Te o) (u) =1, L) (w) =1, Fepo(u) =0: 0 € B}

Definition 2.17. [10] Let (73, F) and (Z,, E)) be two initial universes. Then a pair (¢, p) is called a single-
valued neutrosophic soft function from (Z;, E) into (Zy, E), where ¢ : Z; — Zyandp: E — E,and E'is a
parametric set of Z; and Z,.

Definition 2.18. [10] Let (H, F) and (J, E') be two single-valued neutrosophic soft sets over GG; and G+, re-
spectively. If (¢, p) is a single-valued neutrosophic soft function from (G4, E) into (G, E), then under this
single-valued neutrosophic soft function (¢, p), image of (H, E) is a single-valued neutrosophic soft set on
ICs, denoted by (¢, p)(H, E) and defined as follows:

forallm € p(E) and y € Go, (p,p)(H, E) = (¢(H), p(F)), where

_ S Vew=y Vo@enGlz) ifzep™(y),

1, otherwise,

1, otherwise,
/\gp(a)) y p(a):m Ca(l’) ifve pil (y)a

0, otherwise.

The preimage of (J, E), denoted by (¢, p) ' (J, E), is definedas VI € p~'(F) and forallx € Gy, (p,p) "} (J, E) =
(¢ (J), p~1(E)), where

Proposition 2.19. Let Z; and Z; be two initial universes with parametric set F; and F,, respectively. Let H,
(H;,i € I) be a single-valued neutrosophic soft set in Z; and J be a single-valued neutrosophic soft set in Z.
Let f : Z1 — Z5 be a function. Then

(i) f(1g,) = 1g,, if f is a surjective function.
(i) f(Or,) = O,
(iii) f_1(1E2) = 1p,.

() [ (0g) = U,
) fUH) = U (H).

Through out this article, Z is considered as initial universe, F' is a parametric set and § € FE an arbitrary
parameter.
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3 Single-Valued Neutrosophic Soft Topological K -Algebras

Definition 3.1. Let Z be a nonempty set and £ be a universe of parameters. A collection y of single-valued
neutrosophic soft sets is called a single-valued neutrosophic soft topology if the following properties hold:

(1) O, 1g € x.
(2) The intersection of any two single-valued neutrosophic soft sets of y belongs to .

(3) The union of any collection of single-valued neutrosophic soft sets of y belongs to .

The triplet (Z, E, x) is called a single-valued neutrosophic soft topological space over (Z, E/). Each element
of x is called a single-valued neutrosophic soft open set and compliment of each single-valued neutrosophic
soft open set is a single-valued neutrosophic soft closed set in y . A single-valued neutrosophic soft topology
which contains all single-valued neutrosophic soft subsets of Z is called a discrete single-valued neutrosophic
soft topology and indiscrete single-valued neutrosophic soft topology if it consists of )z and 1.

Definition 3.2. Let H be a single-valued neutrosophic soft set over a K-algebras K. Then H is called a
single-valued neutrosophic soft K -subalgebra of K if the following conditions hold:

(1) Teo(s ©1) = min{Te,(s), Te, (1) }
)

(i) 1, (s©t) > min{ICe (S)’IC(? (1)},
(iii) F¢, (s © t)< max{F,(s), F¢,(t)} forall s,t € Gand 6 € E.

Note that
Teo(e) = Ty (s),
IC9(€> > IC@(S)v
Feo(e) < Fe,(s), foralls # e € G.

Example 3.3. Consider a K-algebra K = (G, -, ®, e) ona group (G, -), where G = {e, x, 2%, 23, 2% 2° 2° 27}
is the cyclic group of order 8 and ® is given by the following Cayley’s table as:

no
~

® | e r T R R R
el e af 2% 2° 2t 23 2?2 2
x|z e xf 2% 25 2t 23 2?
22|22 x e 2T 25 2° 2t 2P
2| 22 oz e 27 2% 5 2?
2zt 2t 22 o e 2T 25 2P
2|5 2t 2 22 o e 27 a2
28|28 2 2t 2 2 o e Al
xf |27 2% S ot 23 2 o e

Let E be a set of parameters defined as £ = {l;, 5 }. We define single-valued neutrosophic soft sets H, J and
Lin K as:

Cu(l) = {(e,0.8,0.7,0.2), (h,0.6,0.5,0.4)},
Crll) = {(e,0.7,0.7,0.2), (h,0.6,0.6,0.5)},
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(h) =

CJ ll (6,0.7, 07,02), (h704,01,05)},
Ci(l2)

(e,0.4,0.6,0.6), (h,0.3,0.5,0.7)},

{
{

Cr(l) = {(e,0.9,0.8,0.1), (h,0.7,0.6,0.4)},
Cr(ls) = {(e,0.9,0.7,0.1), (h,0.7,0.6,0.4)}

forallh #e € G.

The collection yx = {0, 1g, H, J, L} is a single-valued neutrosophic soft topology on K and the triplet
(K, E, xx) is a single-valued neutrosophic soft topological space over K. It is interesting to note that corre-
sponding to each parameter § € £, we get a single-valued neutrosophic topology over KC which means that a
single-valued neutrosophic soft topological space gives a parameterized family of single-valued neutrosophic
topological space on C. Now, we define a single-valued neutrosophic soft set () in K as:

Co(l) = {(e,0.8,0.5,0.1), (h,0.6,0.4,0.3)},
Co(l2) = {(e,0.5,0.6,0.5), (h,0.3,0.4,0.6)}.

Clearly, by Definition 3.2, () is a single-valued neutrosophic soft /-subalgebra over /.

Proposition 3.4. Let (K, E, x;.) and (K, E, ) be two single-valued neutrosophic topological spaces over
KC. If X;c N X;Ic = M’, where M’ is a single-valued neutrosophic soft set from the set of all single-valued
neutrosophic soft sets in K, then X;c N X;/c is also a single-valued neutrosophic soft topology on .

Remark 3.5. The union of two single-valued neutrosophic soft topologies over X may not be a single-valued
neutrosophic soft topology over .

Example 3.6. Consider a K-algebra K = (G,-,®,¢e), where G = {e,z, 2% 23, 2%, 2%, 25 27} is the cyclic

group of order 8 and Cayley’s table for ® is given in Example 3.3. We take E' = {l;, [} and two single-valued
neutrosophic soft topological spaces X, = {0z, 1z, H,J}, xx = {05, 15, R, S} on K, where R = H and
single-valued neutrosophic soft set S' is defined as:

Cs(l) = {(e,0.7,0.6,0.2), (h,0.5,0.5,0.6)},
Cs(l) = {(e,0.9,0.8,0.2), (h,0.7,0.7,0.3)}.

Suppose that X;g = X;c U X;/c = {0g,1g, H, J,S}. We see that X;/c/ is not a single-valued neutrosophic soft
topology over K since SN J ¢ x.

Definition 3.7. Let (K, E, ) be a single-valued neutrosophic soft topological space over K, where x is a
single-valued neutrosophic soft topology over K. Let F' be a single-valued neutrosophic soft set in /C, then
xr={FNH:H € yg} is called a single-valued neutrosophic soft topology on F' and (F, E, yr) is called a
single-valued neutrosophic soft subspace of (K, E, xx).

Definition 3.8. Let (K1, E, x1) and (KCy, E, x2) be two single-valued neutrosophic soft topological spaces,
where KC; and Ky are two K'-algebras. Then, a mapping [ : (Ky, E, x1) — (K2, E, x2) is called single-valued
neutrosophic soft continuous mapping of single-valued neutrosophic soft topological spaces if it the following
properties hold:

(i) For each single-valued neutrosophic soft set H € x,, f~*(H) € ¥,.
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(ii) For each single-valued neutrosophic soft K-subalgebra H € ,, f~'(H) is a single-valued neutrosophic
soft K -subalgebra € y,.

Definition 3.9. Let H and J be two single-valued neutrosophic soft sets in a K -algebra K and f : (H, E, xg) —
(J,E,xs). Then, f is called a relatively single-valued neutrosophic soft open function if for every single-
valued neutrosophic soft open set V' in y , the image f(V') € x.

Definition 3.10. If f is a mapping such that f : (K1, E,x1) — (Ko, E, x2). Then f is a mapping from
(H,E,xy)into (J, E, xy) if f(H) C J, where (H, E, xy) and (J, E, x ;) are two single-valued neutrosophic
soft subspaces of (KCy, E, x1) and (K, E, x2), respectively.

Definition 3.11. A mapping f such that f : (H, E, xy) — (J, E, x,) is called relatively single-valued neu-
trosophic soft continuous if for every single-valued neutrosophic soft openset Y; € xs, f~'(ys) N H € xx.

Definition 3.12. Let (K, F, x,) and (s, E, x,) be two single-valued neutrosophic soft topological spaces.
Then, a function f : (K1, E, x,) — (Ko, E, x,) is called a single-valued neutrosophic soft homomorphism if
it satisfies the following properties:

(i) f is a bijective function.
(ii) Both f and f~! are single-valued neutrosophic soft continuous functions.

Proposition 3.13. Let f : (K, E, x,) — (K2, E, x,) be a single-valued neutrosophic soft continues mapping
and (H, FE,xy) and (J, E, x ;) two single-valued neutrosophic soft topological subspaces of (Ky, £, x,) and
(Ka, E, x,), respectively. If f(H) C J, then f is a relatively single-valued neutrosophic soft continuous
mapping from (H, E, xy) into (J, E, x ).

Proposition 3.14. Let (KCy, £, x,) and (Ko, E, x,) be two single-valued neutrosophic soft topological spaces,
where 1 is a single-valued neutrosophic soft topology on XC; and - is an indiscrete single-valued neutrosophic
soft topology on Ky. Then for each § € E, every function f : (K1, E,x,) — (Ka, E, x,) is a single-valued
neutrosophic soft continues function.

Proof. Let x1 be a single-valued neutrosophic soft topology on K; and y- an indiscrete single-valued neutro-
sophic soft topology on Ky such that xyo = {0g,1g}. Let f : (K1, E,x,) = (K2, E, x,) be any function.
Now, to prove that f is a single-valued neutrosophic soft continues function for each § € E, we show that f
satisfies both conditions of Definition 3.8. Clearly, every member of - is a single-valued neutrosophic soft
K-subalgebra of ICy for each § € E. Now, there is only need to show that for all H € Y5 and for each
0 € E, f~Y(H) € x;. For this purpose, let us assume that )y € o, for any u € K, and § € E, we have
F7H0g)(u) = Do(f(u)) = Dg(u) = 0y € xi. Similarly, f~1(1g)(u) = 1o(f(u)) = 1p(u) = 1y € x;. For
an arbitrary choice of 6, result holds for each § € E. This shows that f is a single-valued neutrosophic soft
continues function. 0

Proposition 3.15. Let y; and y, be any two discrete single-valued neutrosophic soft topological spaces on
KC1 and /Cy, respectively and (KCq, E, x,) and (KCy, E, x,) two discrete single-valued neutrosophic soft topolog-
ical spaces. Then for each § € F, every homomorphism f : (K1, E,x,) — (Ko, E, x,) is a single-valued
neutrosophic soft continuous function.
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Proof. Let H = {(T¢,0), Zew(0): Fen(o)) = 0 € E'} be a single-valued neutrosophic soft set in K defined by a
set-valued function (5. Let f : (ICl, E Xl) — (KCq, E, x,) be ahomomorphism (not a usual inverse homomor-
phism). Since x; and Y5 be two discrete single-valued neutrosophic soft topologies, then for every H € s,
f~Y(H) € x1. Now, we show that for each § € E, the mapping f~'(H) is a single-valued neutrosophic soft
K-subalgebra of K-algebra K;. Then for any s, € Ky and 6 € E, we have

f_l(ﬁH(G))(S © t) = 7ZH( ( (3 t)

F  Zew) (s ©1) = Ty (f(s © 1))
= Zey0)(f(s) © f(
> min{ICH 0 (f(s)
= min{f~ (IQH )

—
©
N
— I
S
—~
—
—
~
~
~—
—

Therefore, f~!(H) is single-valued neutrosophic soft K-subalgebra of K;. Hence f~'(H) € x, which
shows that f is a single-valued neutrosophic soft continuous function from (KCy, E, x, ) into (K, E, x,). O

Proposition 3.16. Let x; and x, be any two single-valued neutrosophic soft topological spaces on K and
(K, E,x,) and (K, E, x,) be two single-valued neutrosophic soft topological spaces. Then for each 6 € F,
every homomorphism f : (K1, E, x,) — (Ka, E, x,) is a single-valued neutrosophic soft continuous function.

Definition 3.17. Let x be a single-valued neutrosophic soft topology on K-algebra IC. Let H = (7¢,,, Z¢,,, Feyr)
be a single-valued neutrosophic soft K -algebra (K -subalgebra) of K and x g a single-valued neutrosophic soft
topology over H. Then H is called a single-valued neutrosophic soft topological K-algebra of K if the self
mapping p, : (H,E,xy) — (H, E, xy) defined as p,(u) = v ® a, V a € K, is a relatively single-valued
neutrosophic soft continuous mapping.

Theorem 3.18. Let y; and x, be two single-valued neutrosophic soft topological spaces on Ky and Ko, re-
spectively. Let f : K; — K, be a homomorphism of K -algebras such that f~1(3) = x;. If for each 6 € E,
H ={T:,,Z¢,, Fc, } is a single-valued neutrosophic soft topological K-algebra of Ky, then for each 6 € E,
f~Y(H) is a single-valued neutrosophic soft topological K-algebra of K.

Proof. In order to prove that f~!(H) is a single-valued neutrosophic soft topological K -algebra of K -algebra
K. Firstly, we show that f~!(H) is a single-valued neutrosophic soft K -algebra of ;. One can easily show
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thatforall s #e € Gand 0 € E, T;,(e) > T, (5), Z¢,(€) > L¢, (), Fep(€) < Fe, ().
Letforany s,t € Ky and 6 € E,

7}—1(H)(S@t) Tu(f(s©1))
> min{Tg(f(s)), Tu(f(t)}
= min{7T;-1(m)(s), Tr-1m)(t) },

If—l(H)(S@t) ( ( )
> min{Zy(f(s)), Zu(f(t))}
= min{Zs1g)(s), Zy-1(m)(t) },

)

fffl(H)(S © t) - fH(f(‘S © t))
> min{Fp(f(s)), Fu(f(t)}
= min{F-11)(8), Fr10m) (1) }-

This shows that f~1(H) is a single-valued neutrosophic soft K -algebra of ;.

Since f is a homomorphism and also a single-valued neutrosophic soft continuous mapping, then clearly, f
is relatively single-valued neutrosophic soft continuous mapping from (H, E, x) into (f~'(H), E, X y-1(m))
such that for a single-valued neutrosophic soft set V' in xy, and a single-valued neutrosophic soft set U in
X(f=1(H)>

vy =u (1)

Now, we prove that the self mapping p, : (f~'(H), E, xs-1m)) = (7' (H), E, xy-1(a) is relatively single-
valued neutrosophic soft continuous mapping. Now, for any a € K; and § € E, we have

7;g1(U)(S> = Tw)(pa(s)) = Ty (s © a)
=T (s ©a) =Ty (f(s©a))
=T (f(s) © f(a)) = Tv)(pf o) (f(5)))
=T o5y (f(5) = T 105 (V)(5)),

Z,—10(8) = Zw)(pa(s)) = L) (s © a)
=Zi- (s ©a) =Ly (f(s©a))
=Zw)(f(s) © f(a)) = L) (pra)(f(5)))
=Ly 1 v (f(5) = 105 (V)(5)),
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Forran(s) = Fan(pa(s)) = Fun(s ©a)
= Fr1n(s ©a) = F)(f(s ©a))
= Fon(f(s) © fla)) = Foy(pra)(f(5)))
= Fp11@v(f(5) = Fr-1(p5y(V)(5))-

This implies that p; 1 (U) = f‘l(p;(la)(V)). Thus, p, ' (U) N f~H(H) = f~(py a)( )N f7Y(H) is a single-
valued neutrosophic soft set in f~'(H) and a single-valued neutrosophic soft set in x y—1(zy. Hence f~'(H) is
a single-valued neutrosophic soft topological K -algebra of /C;. This completes the proof. ]

Theorem 3.19. Let y; and x» be two single-valued neutrosophic soft topologies on K; and /Cy, respec-
tively and f : K;y — K, an isomorphism of K -algebras such that f(x;) = xo. If for each 0 € FE,
H = {(T¢,0): Zey0), Feuoy) + 0 € E} is a single-valued neutrosophic soft topological K-algebra of K-
algebra Ky, then for each § € E, f(H) is a single-valued neutrosophic soft topological K -algebra of /Cs.

Proof. Let H be a single-valued neutrosophic soft topological K -algebra of ;. For u, v € ICs.

Lett, € f~*(u), s, € f~*(v) such that

Th(to) = supye -1y T (t), Ta(Yo) = SuPyep-1() Tu(t)
‘We now have,

Trmy(u©v) = sup  Tu(t)

tef—1(uGv)
TH(tm So)
min{ 7Ty (t,), Ta (o)}

min{ sup Tx(t), sup Tu(t)}
tef~1(u) aef~1(v)

= min{ Ty (w), Ty (v)},

IV 1V

Ty (u®v) sup  Zy(t)

tef—1(uGv)
2 IH(tm SO)
> min{Zgy(t,), Zr(so)}

= min{ sup Zy(t), sup Zy(t)}
tef~1(u) tef~1(v)

= min{Zy ) (u), Ly (v)},

Muhammad Akram, Hina Gulzar, Florentin Smarandache, Neutrosophic Soft Topological K-Algebras



115 Neutrosophic Sets and Systems, Vol. 25, 2019

ff(H)(u ® U) inf .FH(t)

tef~H(uov)

fH(tO,S)

max{Fy(t,), Fu(so)}

= Fu(t), inf Ful(t
max{tef,l(u) H()te}rfw u(t)}
maX{J—"f(H) (u), J_"f(H) (U)}

Hence f(H) is a single-valued neutrosophic soft /K -subalgebra of ICs. To show that f(H) is a single-valued
neutrosophic soft topological K -algebra of Iy, i.e., the self map py, : (f(H), xr)) — (f(H), Xfm)), defined
as pp(v) = v ®© b, Vb € Ky is a relatively single-valued neutrosophic soft continuous mapping. Let Yy be a
single-valued neutrosophic soft set in xy, then there exists a single-valued neutrosophic soft set Y in x; be
suchthat Yy, =Y N H.

IA A

o~ s (Yran) N f(H) € Xpem

Then f(Yy) = f(Y N H) = f(Y) N f(H) is a single-valued neutrosophic soft set in X ¢ since f is an
injective function. Thus, f is relatively single-valued neutrosophic soft open. Since f is also an onto function,
then for all b € ICy and a € Ky, a = f(b), we have

7}‘1( Y (Yy(m))) ( ) 7} a)(Yecm) )(u)

Ly-1(o-1y (Vi) (1) = If o=t pla)(Yyaary) (1)
p=1 (@) (Yr(y) (f(u )
- I(YﬂH) (f(u) )
= Ly (f ( ) © f(a))
=T (yf(H))(uG)a)
= Zs-1(vy ) (Pa())
= L1 ) (T (Vi) (u),
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Fi1(p1 man() Fi-1(0-1 @) ¥y ()
= S (@) (Vi) ) (f(w))
f@wH (Pr@ (f(u)))
_]:(Yf(H ( fu) ® (a))
= 1y (v © a)
= Fr-1(v;0m) (Pa(u))
= Fo1a) (f 7 (Viam)) (w).

This shows that f‘l(p(_lj((Yf(H)))) = p(‘al)(f—l(Y(H))). Since p, : (H,xu) — (H,xg) is relatively single-
valued neutrosophic soft continuous mapping and f is also relatively single-valued neutrosophic soft continues
function. Therefore, f *1(p(_b;((Yf( m)))NH = p(_l)( f7*(Yiry)) N H is a single-valued neutrosophic soft set in

xu- Thus, f(f " pw((Yrm))) NA) = (Yf(A )N f(A) is a single-valued neutrosophic soft set in y 4. [

Example 3.20. Consider a K -algebra K on a cyclic group of order 8 and Cayley’s table for © is given Example
3.3, where G = {e,x, 2% 2, 2% 2° 2% 27}. Consider a set of parameters £ = {l;,l,} and single-valued
neutrosophic soft sets H, J, L defined as:

Cu(h) = {(e,0.8,0.7,0.2), (h,0.6,0.5,0.4)},
Cu(l) = {(e,0.7,0.7,0.2), (h, 0.6,0.6,0.5)},
¢5(l) = {(e,0.7,0.7,0.2), (h,0.4,0.1,0.5)},
¢5(ls) = {(e,0.4,0.6,0.6), (h,0.3,0.5,0.7)},

Co(l) = {(e,0.9,0.8,0.1), (h,0.7,0.6,0.4)},
Culs) = {(e,0.9,0.7,0.1), (h,0.7,0.6,0.4)}

forall b # e € G. Then the family yx = {0g, 1z, H, J, L} is a single-valued neutrosophic soft topology on X
and (K, E/, x«) is a single-valued neutrosophic soft topological space over K. We define another single-valued
neutrosophic soft set () in K as:

Co(l) = {(e,0.8,0.5,0.1), (h,0.6,0.4,0.3)},
Co(l2) = {(e,0.5,0.6,0.5), (h,0.3,0.4,0.6)}.

It is obvious that () is a single-valued neutrosophic soft /-algebra of KC.

Now, we prove that the self map p, : (Q, E, xo) = (@, E, xg), defined as p,(s) = s @ aforalla € K, is a
relatively single-valued neutrosophic soft continuous mapping.

Weget QN0 =0, QNlp=15,QNH = R;,QNJ = Ry, QN L = R3, where Ry, Ry, R3 are as follows:

Cry(l) = {(e,0.8,0.5,0.2), (h,0.6,0.4,0.4)},
(r, (12) = {(e,0.5,0.6,0.5), (h,0.3,0.4,0.6) 1},
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Cry(l) = {(e,0.7,0.5,0.2), (h,0.4,0.1,0.5)},
Cry(l2) = {(e,0.4,0.6,0.6), (h,0.3,0.4,0.7)},

Cry(l) = {(e,0.8,0.5,0.1), (h,0.4,0.1,0.5)},
Cry(lo) = {(e,0.5,0.6,0.5), (h,0.3,0.4,0.7)}.

Thus, xo = {0, 1g, R1, R2, Rs} is a relatively topology of @ and (Q, E, x) is a single-valued neutrosophic
soft subspace of (IC, E, xx). Since p, is a homomorphism, then for a single-valued neutrosophic soft set
R € xg, p,'(R) N Q € xg. Which shows that p, : (Q, E, xq) — (Q, E, xg) is relatively single-valued neu-
trosophic soft continuous mapping. Therefore, () is a single-valued neutrosophic soft topological K -algebra.

4 Single-Valued Neutrosophic Soft C's-connected K -Algebras

In this section, we discuss single-valued neutrosophic soft C's-connected K -algebras.

Definition 4.1. Let (IC, £, xx) be a single-valued neutrosophic soft topological space over K. A single-valued
neutrosophic soft separation of (K, E, xx) is a pair of nonempty single-valued neutrosophic soft open sets
H, J if the following conditions hold:

1 HUJ =1g.
() HNJ = 0g.

Definition 4.2. Let (IC, E, xic) be a single-valued neutrosophic soft topological space over K. Then (K, E, x)
is called a single-valued neutrosophic soft Cs-disconnected if there exists a single-valued neutrosophic soft
separation of (IC, E, xx), otherwise C'5-connected.

Definition 4.2 can be written as:

Definition 4.3. Let (K, F, ) be a single-valued neutrosophic soft topological space over K. If there exists a
single-valued neutrosophic soft open set and single-valued neutrosophic soft closed set L such that L, # 1z and
L # 0, then (K, E, xx) is called a single-valued neutrosophic soft Cs-disconnected, otherwise (IC, E, xx) is
called a single-valued neutrosophic soft Cs-connected.

Example 4.4. By considering Example 3.3, we consider a single-valued neutrosophic soft topological space
XK = {QE, 1E, H, J,L} Since HNJ 7é ®E7 HNL 7é ®E> JNL 7é ®E and HUJ 7& 1E,HUL 7é 1E7 JUL 7& 1E
Thus, yx is a single-valued neutrosophic soft C's-connected.

Example 4.5. Every indiscrete single-valued neutrosophic soft space is C5-connected since the only single-
valued neutrosophic soft sets in single-valued neutrosophic soft indiscrete space that are both single-valued
neutrosophic soft open and single-valued neutrosophic soft closed are () and 1.

Theorem 4.6. Let (IC, E, xx) be a single-valued neutrosophic soft topological space on K-algebra . Then
(K, E, xx) is a single-valued neutrosophic soft Cs-connected if and only if yx contains only () and 15 which
are both single-valued neutrosophic soft open and single-valued neutrosophic soft closed.
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Proof. Straightforward. O]

Proposition 4.7. Let KC; and /C; be two K-algebras and (K1, E, xx, ), (Ko, E, xx,) two single-valued neutro-
sophic soft topological spaces on K; and Ko, respectively. Let f : Ky — K, be a single-valued neutrosophic
soft continuous surjective function. If (K1, E, xx, ) is a single-valued neutrosophic soft Cs-connected space,
then (Ks, F, x1,) is also single-valued neutrosophic soft Cs-connected.

Proof. Let (K1, E, xx,) and (Ko, E, x,) be two single-valued neutrosophic soft topological spaces and (K1, F, x, )
be a single-valued neutrosophic soft Cs-connected space. We prove that (Ks, E, xx,) is also single-valued
neutrosophic soft Cs-connected. Let us suppose on contrary that (s, x2) be a single-valued neutrosophic soft
Cs-disconnected space. According to Definition 4.3, we have both single-valued neutrosophic soft open set
and single-valued neutrosophic soft closed set L such that L # 1gy and L # (gy. Then f~*(L) = 1gy or
f~YL) = (gy since f is a single-valued neutrosophic soft continuous surjective mapping , where f~1(L)
is both single-valued neutrosophic soft open set and single-valued neutrosophic soft closed set. Therefore,
L=f(fYL)=f(lsn)=1lsyand L = f(f~1(L)) = f(Psn) = Dsn, a contradiction. Hence (K, F, x2)
is a single-valued neutrosophic soft C's-connected space. [

5 Single-Valued Neutrosophic Soft Super Connected /i -Algebras

Definition 5.1. Let (K, E, xx) be a single-valued neutrosophic soft topological space over K and H =
{7y Zeyy, Fey b @ single-valued neutrosophic soft set in /. Then the interior and closure of H in a K -algebra
IC is defines as:

HM = U{O : O is a single-valued neutrosophic soft open set in K and O C H},
HC = m{C’ : C'is a single-valued neutrosophic soft closed set in X and H C C'}.

It is interesting to note that H™, being union of single-valued neutrosophic soft open sets is single-valued
neutrosophic soft open and H¢!°, being intersection of single-valued neutrosophic soft closed set is single-
valued neutrosophic soft closed.

Theorem 5.2. Let (K, E, ) be a single-valued neutrosophic soft topological space on K. Let H = {7T¢,,, Z¢,,, Fey, }
be a single-valued neutrosophic soft set in yx. Then H™ is the largest single-valued neutrosophic soft open
set contained in H.

Proof. Obvious. ]
Proposition 5.3. Let H be a single-valued neutrosophic soft set in K. Then the following properties hold:
(i) (1g)™ = 1p.
(i) (0p)" = 0p.
T £ Yol
(i) (H) = (H)Co.

(v) (H) = (H)™.
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Corollary 5.4. If H is a single-valued neutrosophic soft set in /C, then H is single-valued neutrosophic soft
open if and only if /™ = H and H is a single-valued neutrosophic soft closed if and only if H¢° = H.

Definition 5.5. Let (K, E, x«) be a single-valued neutrosophic soft topological space on K and yx be a single-
valued neutrosophic soft topology on K. Let H = {7¢,,, Z¢,,, F¢,, } be a single-valued neutrosophic soft open
setin K. Then H is called a single-valued neutrosophic soft regular open if

H = (HClo)Imﬁ.

Remark 5.6. (1) Every single-valued neutrosophic soft regular is single-valued neutrosophic soft open.
(2) Every single-valued neutrosophic soft clopen set is single-valued neutrosophic soft regular open.

Definition 5.7. Let yx be a single-valued neutrosophic soft topology on . Then K is called a single-valued
neutrosophic soft super disconnected if there exists a single-valued neutrosophic soft regular open set H =
{T¢y, ¢y Fep } such that 15 # H and O # H. But if there does not exist such a single-valued neutrosophic
soft regular open set H such that 1z # H and 0 # H, then K is called single-valued neutrosophic soft super
connected.

Example 5.8. Consider a K -algebra on a cyclic group of order 8 and Cayley’s table for © is given in
Example 3.3, where G = {e,z, 2% 23, 2 2°, 2% 27}. We have a single-valued neutrosophic soft topology
Xk = {0g,1g, H, J}, where H, J with a parametric set £ = {l;, >} are given as:

Cu(l) = {(e,0.8,0.7,0.2), (h,0.6,0.5,0.4)},
Crll) = {(e,0.7,0.7,0.2), (h,0.6,0.6,0.5)},
¢s(l) = {(e,0.7,0.7,0.2), (h,0.4,0.1,0.5)},
Cs(ls) = {(e,0.4,0.6,0.6), (h,0.3,0.5,0.7)},

forall h # e € G.
Let L be a single-valued neutrosophic soft set in /C, defined by:

Cr(l) = {(e,0.9,0.8,0.1), (h,0.7,0.6,0.4)},
Cr(ls) = {(e,0.9,0.7,0.1), (h,0.7,0.6,0.4)}.

Now, we have single-valued neutrosophic soft open sets : 0, 1z, H, J.
single-valued neutrosophic soft closed sets : (0z)° = 1z, (15)¢ = 0p, (H)* = H', (J)*=J , where H | J
are obtained as:

(e,0.2,0.7,0.8), (h,0.4,0.5,0.6)},

(h) =A{
{(€,0.2,0.7,0.7), (h,0.5,0.6,0.6)},

CH’ ll
Cur (52)

{(e,0.2,0.7,0.7), (h,0.5,0.1,0.4)},
{(e,0.6,0.6,0.4), (h,0.7,0.5,0.3)},

<J/ (ll)
CJ’ (12)
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for all h # e € GG. Then, interior and closure of a single-valued neutrosophic soft set L is obtained as:

Llnt - H
L = 1g.

For L to be a single-valued neutrosophic soft regular open, then L = (L°)/"* But since L = (1) = 15 #
L. This shows that 15 # L # (g is not a single-valued neutrosophic soft regular open set. By Definition 5.7,
defined K -algebra is a single-valued neutrosophic soft super connected K -algebra.

6 Single-Valued Neutrosophic Soft Compactness i -Algebras

Definition 6.1. Let yx be a single-valued neutrosophic soft topology on K. Let H be a single-valued neutro-
sophic soft set in K. A collection Q = {(7¢,, ,Z¢,, , Fey,) = @ € I} of single-valued neutrosophic soft sets in
K is called a single-valued neutrosophic soft open covering of H if H C | 2. A finite sub-collection of (2 say
(©') is also a single-valued neutrosophic soft open covering of H, called a finite subcovering of H.

Definition 6.2. Let (IC, E, xx) be a single-valued neutrosophic soft topological space of K. Let H be a single-
valued neutrosophic soft set in /C. Then H is called a single-valued neutrosophic soft compact if every single-
valued neutrosophic soft open covering 2 of H has a finite sub-covering (Q2).

Example 6.3. A single-valued neutrosophic soft topological space (K, E, xx) is single-valued neutrosophic
soft compact if either K is finite or xx is a finite single-valued neutrosophic soft topology on K.

Proposition 6.4. Let f : (K01, E, xx,) — (K2, E, xx,) be a single-valued neutrosophic soft continuous map-
ping, where (IC1, E, xx,) and (Ka, E, xx,) are two single-valued neutrosophic soft topological spaces of Ky
and /Co, respectively. If H is a single-valued neutrosophic soft compact in (Ky, E, xk, ), then f(H) is single-
valued neutrosophic soft compact in (Co, E, X1, )-

Proof. Let f be a single-valued neutrosophic soft continuous map from K; into Ko. Let Q = {f "1 (H; : i € I)}
be a single-valued neutrosophic soft open covering of H and A = {H; : i € I} a single-valued neutrosophic
soft open covering of f(H ). Then there exists a single-valued neutrosophic soft finite sub-covering | J f~1(H;)

=1
such that

Thus,
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This shows that there exists a single-valued neutrosophic soft finite sub-covering of f(H ). Therefore, f(H) is
single-valued neutrosophic soft compact in (Ko, E, x1c, )- O

7 Single-Valued Neutrosophic Soft Hausdorff /i -Algebras

Definition 7.1. Let H = {7;,,,Z.,,, F¢, } be a single-valued neutrosophic soft set in a K. Then H is called a
single-valued neutrosophic soft point if, for 0 € £

Cu(8) # O,

and

CH (9/) =0 )
forall ' € E — {#}. A single-valued neutrosophic soft point in / is denoted by 0.

Definition 7.2. A single-valued neutrosophic soft point 8 is said to belong to a single-valued neutrosophic
soft set J, i.e., 0y € Jif, forf € £

Cu(0) < ¢s(0).

Definition 7.3. Let (KC, E, xx) be a single-valued neutrosophic soft topological space over K and 6, 6 be two
single-valued neutrosophic soft points in . If for these two single-valued neutrosophic soft points, there exist
two disjoint single-valued neutrosophic soft open sets H, .J such that §;, € H and 6y € J. Then (K, E, xx)
is called a single-valued neutrosophic soft Hausdorff topological space over K and K is called a single-valued
neutrosophic soft Hausdorff K -algebra.

Example 7.4. Consider a K-algebra K on a cyclic group of order 8 and Cayley’s table for © is given in
Example 3.3, where G = {e,z,2?, 23 24,25 25 27}. Let E = {l} and xx = {0, 15, H, J} be a single-
valued neutrosophic soft topological space over K. We define two single-valued neutrosophic soft points /1, [
such that

I, ={(e;1,0,1), (h,0,0,1)},
lo = {(e,0,0,1), (h,0,1,0)}.
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Sinceforl € E, (1(I) # 0g, (o(l) # 0p,and [, # lg, then clearly [;, and [ are two single-valued neutrosophic
soft points. Now, consider two single-valued neutrosophic soft open sets H and .J defined as:

CH(Z) = {<€7 17 17 0)7 <h7 07 07 1)}7
¢s(1) ={(e,0,0,1), (h,1,1,0)},

forall h # e € G. Since (1(1) < (u(l) and (g(1) < (y(I),1e.,l, € Handly € Jand HNJ = (p. Thus,
(K, E, xx) is a single-valued neutrosophic soft Hausdorff space and K is a single-valued neutrosophic soft
Hausdorff K -algebra.

Theorem 7.5. Let [ : (K1, E, x1) — (K2, E, x2) be a single-valued neutrosophic soft homomorphism. Then
IC; is a single-valued neutrosophic soft Hausdorff space if and only if /C, is a single-valued neutrosophic soft
Hausdorff K-algebra.

Proof. Let f : (Ky, E, x1) — (Ko, E, x2) be a single-valued neutrosophic soft homomorphism and x1, x2 be
two single-valued neutrosophic soft topologies on K; and Ko, respectively. Suppose that Iy is a single-valued
neutrosophic soft Hausdorff space. To prove that /C, is a single-valued neutrosophic soft Hausdorff K -algebra,
Let for [ € E, [;, and [ be two single-valued neutrosophic soft points in x5 such that [}, # lo with u,v € Ky,
u # v. Then for these two distinct single-valued neutrosophic soft points, there exist two single-valued neu-
trosophic soft open sets H and J such that i, € H, g € J with H(J = 0. For z € K;, we consider

() @) = 1o(f1(a)) = { s€(01] ifr = f(u)

0 otherwise.

= (/7 D))

Therefore, f~'(I1) = (f (1)) 1. Likewise, f~*(lg) = (f~*(1))g. Since f is a single-valued neutrosophic soft
continuous function from K; into K, and also f~! is a single-valued neutrosophic soft continuous function
from /C, into /i, then there exist two disjoint single-valued neutrosophic soft open sets f(H) and f(.J) of
single-valued neutrosophic soft points [, and lg, respectively be such that f(H) () f(J) = f(0g) = 0g.
This shows that /s is a single-valued neutrosophic soft Hausdorff K -algebra. The proof of converse part is
straightforward. [

Theorem 7.6. let f : Ky — K5 be a bijective single-valued neutrosophic soft continuous function, where X,
is a single-valued neutrosophic soft compact K -algebra and K, is a single-valued neutrosophic soft Hausdorff
K-algebra. Then mapping f is a Ky is a single-valued neutrosophic soft homomorphism.

Proof. Let f be a bijective single-valued neutrosophic soft mapping from a single-valued neutrosophic soft
compact K -algebra into a single-valued neutrosophic soft Hausdorff K -algebra. Then clearly, f is a single-
valued neutrosophic soft homomorphism. We only prove that f is single-valued neutrosophic soft closed since
f is a bijective mapping. Let a single-valued neutrosophic soft set ) = {7¢,,Z¢,, F¢,} be closed in K-
algebra KC;. Now if Q = (), then f(Q) = (g is single-valued neutrosophic soft closed in ICo. But if Q # (g,
then being a subset of a single-valued neutrosophic soft compact K -algebra, () is single-valued neutrosophic
soft compact. Also f(@Q) is single-valued neutrosophic soft compact, being a single-valued neutrosophic soft
continuous image of a single-valued neutrosophic soft compact K -algebra. Hence f is closed thus, f is a
single-valued neutrosophic soft homomorphism. ]
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8 Conclusions

In 1998, Smarandache originally considered the concept of neutrosophic set from philosophical point of view.
The notion of a single-valued neutrosophic set is a subclass of the neutrosophic set from a scientific and
engineering point of view, and an extension of intuitionistic fuzzy sets [32]. In 1999, Molodtsov introduced
the idea of soft set theory as another powerful mathematical tool to handle indeterminate and inconsistent
data. This theory fixes the problem of establishing the membership function for each specific case by giving
a parameterized outlook to indeterminacy. By using a hybrid model of these two mathematical techniques
with a topological structure, we have developed the concept of single-valued neutrosophic soft topological
K -algebras to analyze the element of indeterminacy in K -algebras. We have defined some certain concepts
such as the interior, closure, C'5-connected, super connected, compactness and Hausdorff of single-valued
neutrosophic soft topological K-algebras. In future, we aim to extend our notions to (1) Rough neutrosophic
K-algebras, (2) Soft rough neutrosophic K -algebras, (3) Bipolar neutrosophic soft K -algebras, and (4) Rough
neutrosophic K -algebras.
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