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NEUTROSOPHIC SUBSEMIGROUPS

G. MUHIUDDIN

ABSTRACT. In the present paper, we introduce the notion of (®, ¥)-neutrosophic sub-
semigroups of a semigroup where ®, ¥ € {€,q, € V ¢}, and related properties are in-
vestigated. We consider characterizations of an (€, €)-neutrosophic subsemigroup and an
(€, € V g)-neutrosophic subsemigroup. Conditions for the neutrosophic €-subsets, neu-
trosophic g-subsets and neutrosophic € V g-subsets to be subsemigroups are discussed.
Finally, we discuss conditions for a neutrosophic set to be a (g, € V ¢)-neutrosophic sub-
semigroup.

1. INTRODUCTION

The notion of neutrosophic set (NS) developed by Smarandache [8} |9, [10] is a more
general platform which extends the concepts of the classic set and fuzzy set, intuitionistic
fuzzy set and interval valued intuitionistic fuzzy set. Nowadays, the theory of neutro-
sophic sets became a very interesting and challenging topic of study as research point of
view. The theory of neutrosophic sets is an important mathematical tool to deal with the
indeterminate information and inconsistent information; and has vast applications in var-
ious directions (see e.g., [3l, [4],[L1]], [11]). For more details we refer readers to the site
http://fs.gallup.unm.edu/neutrosophy.htm. In the year 2015, Agboola and Davvaz intro-
duced the concept of neutrosophic BCT/BC K -algebras and presented elementary prop-
erties of neutrosophic BCI/BC K -algebras. Further in the same year, they studied neu-
trosophic ideals of neutrosophic BC'I-algebras (see [1] [2]). Recently, Muhiuddin et al.
studied the notion of (€&, €)-neutrosophic subalgebras and ideals in BCK/BClI-algebras
[LL1]).

Motivated by a lot of work on neutrosophic sets in various fields of research, in this
paper, we introduce the notion of (®, ¥)-neutrosophic subsemigroup of a semigroup S for
D,V € {€,q, €V q}, and investigate related properties. We provide characterizations of an
(€, €)-neutrosophic subsubsemigroup and an (€, € V ¢)-neutrosophic subsubsemigroup.
Given special sets, so called neutrosophic €-subsets, neutrosophic g-subsets and neutro-
sophic € V g-subsets, we provide conditions for the neutrosophic €-subsets, neutrosophic
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g-subsets and neutrosophic € V g-subsets to be subsemigroups. We discuss conditions for
a neutrosophic set to be a (g, € V ¢)-neutrosophic subsubsemigroup.

2. PRELIMINARIES

Let S be a semigroup. Let A and B be subsets of .S. Then the multiplication of A and
B is defined as follows:

AB={abe S|aec Aandb € B}.

Let S be a semigroup. By a subsemigroup of S we mean a nonempty subset A of S such
that A% C A.
A fuzzy set A in a set S of the form

_Jte(0,1] if y=u,
aw={ § Lo e
is said to be a fuzzy point with support x and value ¢ and is denoted by (z, t).

For a fuzzy set A in a set S, a fuzzy point (z, t) is said to

e contained in A, denoted by (z,t) € A (see [7]), if A(z) > t.
e be quasi-coincident with A, denoted by (x,t) g A (see [[7]), if A(x) +¢ > 1.

For a fuzzy point (z, t) and a fuzzy set A in a set .S, we say that
o (z,t) eVqAif (x,t) € Aor (z,t) q A.

For any family {a; | i € A} of real numbers, we define

. | max{a; | i€ A} if Ais finite,
\/{al i€ A}:= { sup{a; | i € A}  otherwise.
1 | min{a; | ¢ € A} if Ais finite,
/\{aZ i€ A}= { inf{a; | i € A}  otherwise.
If A = {1,2}, we will also use a; V a2 and a1 A ay instead of \/{a; | i € A} and
N{ai | i € A}, respectively.
Let S be a non-empty set. A neutrosophic set (NS) in S (see [9]]) is a structure of the
form:

A= {(z; Ar(z), A1 (2), Ap(z)) | © € S}
where At : S — [0, 1] is a truth membership function, A7 : S — [0, 1] is an indeterminate

membership function, and Ar : S — [0, 1] is a false membership function. For the sake
of simplicity, we shall use the symbol A = (A, A;, Ar) for the neutrosophic set

A= {{(z; Ar(z), A1 (x), Ap(z)) | € S}.
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3. NEUTROSOPHIC SUBSEMIGROUPS OF SEVERAL TYPES
Given a neutrosophic set A = (Ap, A;, Ap)inaset S, o, 5 € (0,1] and vy € [0,1), we

consider the following sets:

Te(Aja) ={z eS| Ar(z) > a},

Ie(A; B) :={z € S| As(x) = B},

Fe(A;7y) i={x € S| Ap(x) <7},
Ty(A;a) :={z €S| Ar(z) + a > 1},

I(A;B) :={z € S| Ar(x) + 8 > 1},

Fy(A;vy):={z eS| Ap(z) +v < 1},

Tevq(4;0) :={z eS| Ar(z) > aor Ap(z) + a > 1},

Iy g(A;B) :={x € S| Ar(z) > Bor Af(z) + 8 > 1},

Fevg(A;y) :={z € S| Ap(z) < yor Ap(z)+v < 1}.
We say T (A; «), Ic(A; ) and Fe(A;y) are neutrosophic €-subsets; Ty (A; o), I(A; B)
and F,(A;~y) are neutrosophic q-subsets; and Tey 4(A; @), Iey ¢(A; 8) and Fey 4(4;7)
are neutrosophic € V g-subsets. For ® € {€,q,€ V q}, the element of Ty (A; «) (resp.,

I5(A; 8) and Fg(A;7)) is called a neutrosophic Te-point (resp., neutrosophic Ig-point
and neutrosophic Fg-point) with value « (resp., 5 and 7). It is clear that

Tevq(A;a) = Te(A; ) UTy(A; a), (3.1)
Ievq(A§5):IE(A;ﬂ)UIq(A§5), (3.2)
Feyq(A;) = Fe(A;7) U Fy(A; 7). (3.3)

Definition 3.1. Given &,V € {€,q, € V g}, a neutrosophic set A = (Ap, A, Ar) ina
semigroup S is called a (®, U)-neutrosophic subsemigroup of S if the following assertions
are valid.

r€To(Aay), y € To(Aay) = zy € To(A; o Aay),
v € Io(A; Ba), y € Io(A; By) = wy € Ty (A; B: A By), (3.4)
v € Fo(Ai7e), y € Fa(Asyy) = oy € Fau(A;7a V)

forallz,y € S, ay, oy, By, By, € (0,1] and v,, v, € [0,1).

Theorem 3.1. A neutrosophic set A = (Ap, Ay, Ar) in a semigroup S is an (€, €)-
neutrosophic subsemigroup of S if and only if it satisfies:

Ar(xy) > Ar(z) A Ar(y)
(Va,y e S) | Ar(zy) > Ar(z) NAr(y) | . (3.5)
Ap(zy) < Ap(z) V Ap(y)

Proof. Assume that A = (Ar, Ay, Ar) is an (€, €)-neutrosophic subsemigroup of S. If
there exist z, y € S such that Ap(zy) < Ar(x) A Ar(y), then

Ap(zy) < ap < Ap(z) A Ar(y)

for some oy € (0,1]. It follows that x,y € Te(A;04) but xy ¢ Tc(A;aq). Hence
Ar(zy) > Ap(x) A Ar(y) for all z,y € S. Similarly, we show that

Ar(zy) > Ar(x) A Ar(y)
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for all z,y € S. Suppose that there exist a,b € S and v € [0, 1] be such that Ap(ab) >
vr > Ap(a) vV Ap(b). Then a,b € Fc(A;vy) and ab ¢ Fe(A;~y), which is a contradic-
tion. Therefore Ap(zy) < Ap(x)V Ap(y) forall z,y € S.

Conversely, let A = (Ap, A;, Ar) be a neutrosophic set in S which satisfies the con-
dition (3.5). Let 2,y € S be such that z € Te(A;0,) and y € Te(A; ). Then
Ap(z) > ay and Ap(y) > ay, which imply that Ay (zy) > Ar(z) A Ar(y) > oz A oy,
that is, zy € Te(A;a, A o). Similarly, if @ € Ic(A;5;) and y € Ic(A;B,) then
xy € Ic(A4; 8z A By). Now, let x € Fc(A;v,) and y € Fe(A;yy) for 2,y € S. Then
Ap(z) < vz and Ap(y) < vy, and so Ap(zy) < Ap(z) V Ap(y) < vz V 7y,. Hence
xy € Fe(A;72 V 7y). Therefore A = (A, A7, Ap) is an (€, €)-neutrosophic subsemi-
group of S. O

Theorem 3.2. If A = (Ar, Ar, Ar) is an (€, €)-neutrosophic subsemigroup of a semi-
group S, then neutrosophic q-subsets T, (A; &), I,(A; 8) and Fy(A;~y) are subsemigroups
of S forall a, 5 € (0,1] and v € [0, 1) whenever they are nonempty.

Proof. Letz,y € T,(A; ). Then Ap(z) + o > 1 and Ap(y) + o > 1. It follows that
Ar(zy) + o = (Ap(2) A Ar(y)) + o
= (Az(z) + ) A (Az(y) + @) > 1
and so that zy € T,(A; «). Hence T,(A; ) is a subsemigroup of S. Similarly, we can
prove that I (A; ) is a subsemigroup of S. Now let z, y € F,(A;7). Then Ap(z)+v < 1
and Ap(y) + v < 1, which imply that
Ap(zy) +7 < (Ar(z) V Ar(y)) + 7
=(Arp(x)+a)V (Ar(y) + o) < 1.
Hence zy € F,(A;~y) and Fj,(A;~) is a subsemigroup of S. O
Theorem 3.3. If A = (A, Ar, Ar) is a (q, €V q)-neutrosophic subsemigroup of a semi-

group S, then neutrosophic q-subsets Ty (A; o), I;(A; B) and Fy(A;~y) are subsemigroups
of S forall o, 5 € (0.5,1] and v € [0, 0, 5) whenever they are nonempty.

Proof. Let z,y € Ty(A;a). Then vy € Tey4(A; ), and so zy € Te(A; ) or zy €
T,(A;a). I oy € Te(A;a), then Ap(zy) > o > 1 — a since o > 0.5. Hence zy €
T, (A; a). Therefore T, (A; c) is a subsemigroup of S. Similarly, we prove that I,(A4; 3) is
a subsemigroup of S. Let z,y € Fy(A; ). Thenzy € Fe, 4(A;7), and so xy € Fc(A4;7)
orzy € Fy(A;7). oy € Fe(A;7y), then Ap(zy) < < 1—+sincey € [0,0,5). Hence
xy € Fy(A;~), and therefore F;(A; ) is a subsemigroup of .S. O

We provide characterizations of an (&€, € V ¢)-neutrosophic subsemigroup.

Theorem 3.4. A neutrosophic set A = (A, A;, Ar) in a semigroup S is an (€, €V q)-
neutrosophic subsemigroup of S if and only if it satisfies:

Ar(zy) > N{Ar(z), Ar(y),0.5}
(Vo,y € 9) | Ar(zy) = AM{Ar(x), Ar(y).0.5} |- (3.6)
Ar(zy) < V{Ar(z), Ar(y), 0.5}
Proof. Suppose that A = (A, A;, Ar) is an (€, € V ¢)-neutrosophic subsemigroup of .S

andletz,y € S. If Ap(x) A Ar(y) < 0.5, then Ap(xy) > Ar(x) A Ar(y). For, assume
that Ap(zy) < Ar(x) A Ar(y) and choose oy such that

Ar(zy) < ap < Ar(x) A Ar(y).
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Then © € Te(A;ap) and y € Te(A;aq) but zy ¢ Te(A; o). Also Ar(zy) + ap < 1,
ie., 2y ¢ T,(A;0q). Thus zy ¢ Teyq(A; ay), a contradiction. Therefore Ar(zy) >
NAr(z), Ar(y), 0.5} whenever Ar(z) A Ar(y) < 0.5. Now suppose that Ap(z) A
Ap(y) > 0.5. Then © € Te(A;0.5) and y € Te(A;0.5), which imply that zy €
Tev¢(A;0.5). Hence Ap(zy) > 0.5. Otherwise, Ap(zy) + 0.5 < 0.54+0.5 =1, a
contradiction. Consequently, Ar(zy) > A{Ar(x), Ar(y),0.5} for all z,y € S. Sim-
ilarly, we know that A;(zy) > A{Ar(z),As(y),0.5} for all z,y € S. Suppose that
Ap(z) V Arp(y) > 0.5. If Ap(zy) > Ap(x) V Ap(y) := v, then 2,y € Fc(4;7y),
xy ¢ Fe(A;vy) and Ap(zy) + v > 2v5 > 1,ie., 2y ¢ F,(A; ). This is a contradic-
tion. Hence Ap(zy) < V{Ar(z), Ar(y),0.5} whenever Ap(z)VAr(y) > 0.5. Now, as-
sume that Ap(z)VAp(y) < 0.5. Thenz,y € Fc(A4;0.5) andso xy € Fey 4(A4;0.5). Thus
Ap(zy) <050r Ap(zy)+0.5 < 1. If Ap(zy) > 0.5, then Ap(zy)+0.5 > 0.5+0.5 =
1, a contradiction. Thus Ap(zy) < 0.5, and so Ap(zy) < \V/{Ar(z), Ar(y),0.5} when-
ever Ap(x)VAp(y) < 0.5. Therefore Ap(zy) < V{Ar(z), Ar(y),0.5} forallz,y € S.

Conversely, let A = (Ap, A;, Ar) be a neutrosophic set in S which satisfies the con-
dition (3.6). Let z,y € S and au,ay, Bz, By, 12,vy € [0,1]. If 2 € Te(A;0,) and
y € Te(A;ay), then Ap(x) > ap and Ap(y) > ay. If Ap(zy) < oy A oy, then
Ar(z) N Ar(y) > 0.5. Otherwise, we have

Ap(zy) > /\{AT(x), Ar(y),0.5} = Ap(z) N Ar(y) > ag A oy,
a contradiction. It follows that

Ar(zy) + ag A oy > 2A7(zy) > 2/\{AT(x),AT(y), 05} =1
and so that zy € T,(A4; 05 A ay) C Tey o(A; ap A o). Similarly, if x € Ic(A; 5,) and
y € Ic(A; By), then xy € Iqy o(A; Bz A By). Now, letx € Fc(A;v,) andy € Fc(A;y,).
Then Ap(z) < v, and Ap(y) < vy f Ap(zy) > 72 V vy, then Ap(z) V Ap(y) < 0.5
because if not, then

Ap(zy) < \/{Ar(z), Ar(y),0.5} < Ap(x) V Ap(y) < 72 V 1,
which is a contradiction. Hence

Ap(y) + 72 V vy < 24r(zy) < 2\/{Ap(2), Ar(y),05} = 1,

and so zy € Fy(A;7v: Vyy) € Feay q(A;792 V7). Therefore A = (A, Ay, Ap) is an (€,
€V q)-neutrosophic subsemigroup of S. (]

Theorem 3.5. If A = (Ar, A, Ap) is an (€, € \/q) -neutrosophic subsemigroup of a
semigroup S, then neutrosophic q-subsets T,(A; ), I,(A; B) and Fy(A;~y) are subsemi-
groups of S for all o, B € (0.5,1] and v € [0,0.5) whenever they are nonempty.

Proof. Assume that T, (A; o), 1,(A; B) and F,(A;~y) are nonempty for all o, 8 € (0.5, 1]
and v € [0,0.5). Let z,y € Ty(A; ). Then Ap(z) + o > land Ap(y) + o« > 1. It
follows from Theorem [3.4] that

AT(J?y + « > /\{AT AT( ),O5}+O(
_/\{AT +a,Ar(y) + ,0.5 + a}
> 1,

that is, zy € T,(A;a). Hence T,(A; ) is a subsemigroup of S. By the similar way,
we can induce that I,(A; ) is a subsemigroup of S. Now, let z,y € F,(A;v). Then
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Ap(z)+v < land Ap(y) + v < 1. Using Theorem [3.4] we have

Ap(ey) +v < \/{Ar(2), Ar(y),0.5} + 7
= \/{A4r(z) + v, Ar(y) +7,0.5 + 7}
<1,
and so xy € Fy(A; ). Therefore F,(A;y) is a subsemigroup of S. O

Theorem 3.6. For a neutrosophic set A = (Ar, Ar, Ar) ina semigroup S, if the nonempty
neutrosophic € V g-subsets Tey 4(A; @), Iey 4(A; B) and Fe, 4(A;7y) are subsemigroups
of S forall a,8 € (0,1] and v € [0,1), then A = (Ar, A1, Ap) is an (€, € V q)-

neutrosophic subsemigroup of S.

Proof. Let Tey 4(A; «) be a subsemigroup of S and assume that

AT ny < /\{AT AT( ),05}
for some z,y € S. Then there exists a € (0, 0.5] such that

Ar(zy) < o < N{Ar(z), Ar(y),0.5}.
It follows that z,y € Te(A;a) C Tevq(A;a), and so that zy € Te, q4(A;a). Hence
Ap(zy) > aor Ap(xzy) + o > 1. This is a contradiction, and so
AT Jﬁy > /\{AT AT( ),05}
for all z,y € S. Similarly, we show that

forall z,y € S. Now let Fio, ¢(A; ) be a subsemigroup of S and assume that

for some x,y € S. Then

Ap(zy) > v > \/{Ar(z), Ar(y),0.5}, (3.7)

for some vy € [0.5,1), which implies that z,y € Fe(A;7y) C Fa/q(A;7). Thus zy €
Feyq(A;v). From (3.7), we have zy ¢ Fe(A;v) and Ap(ay) +v > 2y > 1, ie.,
xy ¢ Fy(A;~). This is a contradiction, and hence

for all z,y € S. Using Theorem [3.4] we know that A = (Arp, A7, Ap) is an (€, € V q)-
neutrosophic subsemigroup of S. (I

Theorem 3.7. If A = (Ar, A;, Ap) is an (€, € V q)-neutrosophic subsemigroup of
a semigroup S, then nonempty neutrosophic € V q-subsets Tey 4(A; @), Iey 4(A; B) and
Fey 4(A; ) are subsemigroups of S for all o, B € (0,0.5] and v € [0.5, 1).

Proof. Assume that T, ,(A; @), Iey 4(A; B) and Fe, 4(A; ) are nonempty for all o, 5 €
(0,0.5) and v € [0.5,1). Let z,y € Io, 4(A; §). Then

x € lc(A;B)or xz €I (A;f),
and

yelc(A;B)or ye I, (A; D).
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Hence we have the following four cases:
(i) = € Ic(A;B) and y € Ie(4; ),
(i) = € Ie(A; B) and y € I,(A; B),
(i) = € I,(A; B) and y € I (A; B),
(V) @ € I,(A; B) and y € I,(A; B).
The first case implies that xy € Ie, 4(A; 3). For the second case, y € I,(A; 3) induces
Ar(y) > 1 —p > B, thatis, y € Ic(A;B). Thus zy € Iasq(A;B). Similarly, the
third case implies 2y € Ic, 4(A;B3). The last case induces A;(z) > 1 — § > [ and
Ar(y) > 1= > B, thatis, z € Ic(A; ) and y € Ic(A4; B). Hence zy € Iey4(4; B).
Therefore I, 4(A; 3) is a subsemigroup of S for all 5 € (0, 0.5]. By the similar way, we
show that T, 4(A; @) is a subsemigroup of S for all & € (0,0.5]. Let z,y € Fey 4(A4;7).
Then
Ap(x) <~yor Ap(z) +7v <1,
and
Ap(y) <~yor Ap(y)+v < 1.
If Ap(z) <+yand Ap(y) <+, then

Ap(zy) < \/{Ar(z), Ar(y),05} < \/{7,05} =
by Theorem[3.4] and so zy € Fe(A;7) C Feyq(4A;7). If Ap(z) < vand Ap(y)+v < 1,
then
Ap(zy) < \/{Ar(2), Ar(y), 05} < \/{,1- 7,05} =~

by Theorem [3.4, Thus zy € Fe(A;7y) C Fayq(A;7y). Similarly, if Ap(z) +v < 1
and Ap(y) < 7, then 2y € Fg 4(A;~y). Finally, assume that Ap(z) + v < 1 and
Ar(y) +v < 1. Then

Ap(zy) < \/{Ar(z), Ar(y),05} < \/{1 = 7,05} =05 <y

by Theorem [3.4] Hence 2y € Fc(A;v) C Fevq(A;7y). Consequently, Fe, 4(A4;7) is a
subsemigroup of .S for all v € [0.5,1). g

Theorem 3.8. If A = (Ar,Ar, Ar) is a (q, € V q)-neutrosophic subsemigroup of a
semigroup S, then nonempty neutrosophic € V g-subsets Ty 4(A; ), Iey4(A;B) and
Fey 4(A; ) are subsemigroups of S for all o, 8 € (0.5,1] and ~y € [0, 0.5).

Proof. Assume that Ty 4(A; @), Iy ¢(A; B) and F, 4(A;~y) are nonempty for all o, 5 €
(0.5,1] and vy € [0,0.5). Let z,y € Tey ¢(A; ). Then

re€Tc(A;a)or z € Ty(4; ).
and

yeTe(Aa)or yeT,(4;a).

If v € T;(A;) and y € Ty(A; ), then obviously xy € Tey 4(A;a). Suppose that
z € Te(A;a) and y € Ty(A;a). Then Ap(z) + a > 2a > 1, ie., o € Ty (4;a).
It follows that 2y € Tey q(A; ). Similarly, if € To(A;a) and y € Te(A; @), then
xy € Tey 4(A; ). Now, let z,y € Fey 4(A;7). Then

x € Fe(A;v)or x € Fy(A;y),
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and
y € Fe(A;y)or y € Fy(A;7).

If x € Fy(A;vy) and y € Fy(A;7), then clearly zy € Fo,q(4;7). If ¢ € Fe(4;7)
and y € Fy(A4;7), then Ap(z) + v < 2y < 1, ie., ¢ € Fy(A;v). It follows that
xy € Feyq(A;). Similarly, if € F(A;v) and y € Fe(A;7), then xy € Fey 4(A;7).
Finally, assume that € Fc(A4;v) and y € Fe(A;v). Then Ap(z) +v < 2y < 1
and Ap(y) +v < 2y < 1, thatis, x € F,(A;v) and y € F,(A;~v). Therefore zy €
Fey 4(A;7). Consequently, Tey 4(A4; ), Iey o(A; B) and Fey 4(A;y) are subsemigroups
of S forall o, 8 € (0.5,1] and v € [0,0.5). O

Given a neutrosophic set A = (Ar, A;, Ap) in a set S, we consider:
Sy i={z eS| Ar(z) >0, Ar(z) >0, Ap(z) < 1}.

Theorem 3.9. If a neutrosophic set A = (Ar, Ar, Ar) in a semigroup S is an (€, €)-
neutrosophic subsemigroup of S, then the set S} is a subsemigroup of S.

Proof. Letx,y € S§. Then Ar(z) >0, Af(xz) > 0, Ap(z) < 1, Ar(y) > 0, Ar(y) > 0
and Ap(y) < 1. Suppose that Ar(zy) = 0. Note that x € Te(A; Ar(z)) and y €
Te(A; Ar(y)). Butzy ¢ Te(A; Ar(z) A Ar(y)) because Ar(zy) = 0 < Ar(x) A
Ar(y). This is a contradiction, and thus Ar(xy) > 0. By the similar way, we show that
Ar(xzy) > 0. Note that € Fe(A; Ap(z)) andy € Fe(A; Ap(y)). If Ap(zy) = 1, then
Ap(xy) =1> Ap(x)VAr(y),and so zy ¢ Fe(A; Ap(z)V Ap(y)). This is impossible.
Hence zy € S, and therefore S is a subsemigroup of S. O

Theorem 3.10. If a neutrosophic set A = (Ap, Ay, Ar) in a semigroup S is an (€, q)-
neutrosophic subsemigroup of S, then the set S§ is a subsemigroup of S.

Proof. Letx,y € S§. Then Ar(z) >0, Ar(x) > 0, Ap(z) <1, Ar(y) > 0, Ar(y) > 0
and Ap(y) < 1. If Ap(zy) = 0, then

Ar(zy) + Ar(x) N Ar(y) = Ar(z) A Ar(y) < 1.

Hence xy ¢ T,(A; Ap(z) A Ap(y)), which is a contradiction since x € Te(A4; Ar(z))
andy € Te(A; Ar(y)). Thus Ap(zy) > 0. Similarly, we get Aj(zy) > 0. Assume that
Ap(zy) = 1. Then

Ap(ry) + Ap(z) V Ap(y) = 1+ Ap(x) V Ar(y) 2 1,

thatis, zy ¢ Fy(A; Ap(2)VAr(y)). Thisis a contradiction because of & € Fc(A; Ap(z))
and y € Fc(A;Ap(y)). Hence Ap(zy) < 1. Consequently, zy € S} and S} is a
subsemigroup of S. O

Theorem 3.11. If a neutrosophic set A = (Ar, Ar, Ap) in a semigroup S is a (q, €)-
neutrosophic subsemigroup of S, then the set S§ is a subsemigroup of S.

Proof. Letx,y € S§. Then Ar(z) >0, Af(x) > 0, Ap(z) <1, Ar(y) > 0, Ar(y) > 0
and Ap(y) < 1. Itfollows that Ap(x)+1 > 1, Ap(y)+1 > 1, Ar(x)+1 > 1, Ar(y)+1 >
1, Ap(z) + 0 < 1and Ap(y) + 0 < 1. Hence z,y € T,(4;1) N I,(A;1) N F,(4;0).
If Ap(zy) = 0or Ar(zy) = 0, then Ap(zy) <1 =1AlorAr(zy) <1 =1A1
Thus zy ¢ T,(A;1 A1) orzy ¢ I,(A;1 A1), acontradiction. Hence Ap(zy) > 0 and
Ar(zy) > 0. If Ap(zy) = 1, then zy ¢ F,(A;0 Vv 0) which is a contradiction. Thus
Ap(zy) < 1. Therefore zy € S§ and the proof is complete. O
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Theorem 3.12. If a neutrosophic set A = (Ar,Ar, Ap) in a semigroup S is a (q,q)-
neutrosophic subsemigroup of S, then the set S} is a subsemigroup of S.

Proof. Letx,y € S§. Then Ar(z) >0, As(x) > 0, Ap(z) <1, Ar(y) > 0, A;(y) > 0
and Ap(y) <1l.Hence Ap(x)+1>1, Ap(y)+1> 1, A(x)+1>1, Ar(y) +1 > 1,
Ap(z)+0 < land Ap(y) +0 < 1. Hence z,y € T,(A4;1) NI (A;1) N Fy(A;0). If
Ar(zy) = 0or Ar(ay) = 0, then

Ar(zy) +1A1=0+1=1
or
Ar(zy) +1A1=0+1=1,

andso zy ¢ T,(A;1 A1) orzy ¢ I,(A; 1 A1). This is impossible, and thus A (zy) > 0
and Ar(zy) > 0. If Ap(zy) = 1, then Ap(xy)+0V0 = 1, thatis, zy ¢ F,(A;0Vv0). This
is a contradiction, and so Ag(zy) < 1. Therefore zy € S§ and the proof is complete. [J

We provide conditions for a neutrosophic set to be a (g, € V ¢)-neutrosophic subsemi-
group.

Theorem 3.13. For a subsemigroup Q of a semigroup S, let A = (Ap,Ar, Ap) be a
neutrosophic set in S such that

(Vz € Q) (Ar(z) > 0.5, Ar(z) > 0.5, Ap(z) < 0.5), (3.8)
(Ve e S\ Q) (Ar(z) =0,A7(z) =0, Ap(x) =1). (3.9)
Then A = (A, A, Ar) is a (q, €V q)-neutrosophic subsemigroup of S.

Proof. Assume that x € I,(A;8;) and y € I,(A; 8,) forall z,y € S and B, 5, € [0, 1].
Then A;(x)+8,; > land A;(y)+ 5, > 1. Ifzy ¢ Q,thenz € S\Qory € S\Q since Q
is a subsemigroup of S. Hence A;(x) = 0 or A;(y) = 0, which imply that 5, > 1 or 8, >
1. This is a contradiction, and so 2y € Q. If B, A B, > 0.5, then A;(zy) + Bz A By > 1,
ie, xy € I,(A; B A By). If Bo A By < 0.5, then A;(xy) > 0.5 > By A By, ie.
xy € Ic(A; Bz A By). Hence zy € Iq q(A; By A By). Similarly, if z € Ty(4;a,)
and y € Ty(A4;0ay) forall z,y € S and a,,ay € [0,1], then 2y € T q(A; 0z A ay).
Now let z,y € S and ,, 7, € [0, 1] be such that z € F,(A;~,) and y € F,(A;~,). Then
Ap(z)+7, < land Ap(y)+7, < 1. Itfollows that zy € Q. Infact, if notthenx € S\Q
ory € S\ @ since Q is a subsemigroup of S. Hence Ar(z) = 1 or Ap(y) = 1, which
imply that v, < 0 or 7, < 0. This is a contradiction, and so zy € Q. If 7, V v, > 0.5,
then Ap(zy) < 0.5 < v, V 7y, thatis, zy € Fe(A;7: V vy). If v, Vv, < 0.5, then
Ap(zy) + v Vyy < 1, thatis, zy € Fy(A; v, Vyy). Hence 2y € Fey o(A; 72 V vy ), and
consequently A = (Ar, Ay, Ar) is a (g, € V g)-neutrosophic subsemigroup of S. O

Combining Theorems [3.3]and [3.13] we have the following corollary.

Corollary 3.14. For a subsemigroup Q of S, if A = (Ap, A;, Ar) is a neutrosophic set
in S satisfying conditions and (@) then T (A; o), 1,(A; B) and Fy(A;~y) are sub-
semigroups of S for all a, 8 € (0.5,1] and v € [0,0,5) whenever they are nonempry.

4. CONCLUSION

In this paper, we introduce the notion of (®, ¥)-neutrosophic subsemigroup of a semi-
group S for &, ¥ € {€,q, € Vq}, and investigate related properties. We provide char-
acterizations of an (€, €)-neutrosophic subsubsemigroup and an (€, € V g)-neutrosophic



10 G. MUHIUDDIN

subsubsemigroup. Given special sets, so called neutrosophic €-subsets, neutrosophic g-
subsets and neutrosophic € V g-subsets, we provide conditions for the neutrosophic &-
subsets, neutrosophic g-subsets and neutrosophic € V g-subsets to be subsemigroups. We
discuss conditions for a neutrosophic set to be a (¢, €V g)-neutrosophic subsubsemigroup.
We hope that this work will provide a deep impact on the upcoming research in this field
and other related algebraic structures studies to open up new horizons of interest and inno-
vations. As future directions, one can further study the neutrosophic set theory in different
algebras such as BCK/BClI-algebras, BL-algebras, EQ-algebras, B-algebras, MV-algebras,
Q-algebras, etc.
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