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Abstract

In this work we continue the study of topological group structure
of neutrosophic sets. Some basic properties of neutrosophic topological
groups are investigated by giving an alternate definition for neutrosophic
topological group. It is proved that automorphism of neutrosophic topo-
logical groups is neutrosophic homeomorphism.

1 Introduction

In 1965, Zadeh [10] introduced fuzzy logic. In 1983, Atanassov [2] introduced
fuzzy intuitionistic set in which every element of a nonempty set has a degree of
membership and a degree of nonmembership. In 1995, Smrandache [7] initiated
the idea of a neutrosophic set of a nonempty set in which every element has a de-
gree of membership, a degree of indeterminacy and a degree of nonmembership.
In 2012, Salama and Alblowi [3] introduced neutrosophic topological spaces and
in 2015, Sumathi and Arockiarani [8], defined the fuzzy neutrosophic groups. In
2016, Sumathi and Arockiarani [9] combined the neutrosophic algebraic struc-
ture of group and neutrosophic topological structure of topological space and
linked by the requirement that the multiplication and inversion mappings are
neutrosphic continuous.

In this paper we shall continue the study of neutrosphic topological groups
by introducing an alternative definition in order to investigate and develope
some basic theory.

2 Preliminaries



Definition 1 [3]/ On a universe of discorse X a neutrosophic set (NS) A is
defined as
A={{t,Ta(t), L4(t), Fa(t)) : t € X},

where Ta(t), 1a(t), and Fa(t) represent the degree of membership function, the
degree of indeterminacy and the degree of nommembership respecively of each
element t € X to the set A. Note that 0 < Ta(t) + La(t) + Fa(t) < 3.

Definition 2 /5, 3] The complement of NS A is denoted by A¢ and is defined
as

AC(t) = {{t, Tac(t) = Fa (t) , Jac(t) =1 =14 (t), Fac(t) =T4 (¥)) : t € X}

Definition 3 [5, 3] Let X # ¢ and A = {(t,Ta(t),1a(t),Fa(t)) : t € X},
B ={{t,Ts(t),I5(t), Fg(t)) : t € X} are neutrosophic sets. Then:

1. AANB = {{t, min((Ta(t),Tp (t)), min(La(t), I (t)), max(Fa(t), Fp (t))) :
te X}

2. AV B = {{t,max((Ta(t),Tp (t)), max(Ia(t), 5 (t)), min(Fa(t), Fp (t))) :
te X}

3. A< Bifforeach t € X, Ta(t) < Tp (£), Ia(t) < Ip (t), Fa(t) > F (t)

Definition 4 [6] Let X and Y be two nonempty sets and let f be a function
from a set X to a set Y. Let A = {(t,Ta(t),1a(t),Fa(t)) : t € X}, B =
{{u, Tp(u),Ip(u), Fp(u)) :uw € Y} be NS in X and Y respectively. Then

1. f=(B), the preimage of B under f is the NS in X defined by
f7(B)={{t " (Ts)(t), f~ Up) (), f~ (Fp) (1)) : t € X}

where, for all t € X, f< (Tg)(t) = T (f (), f~ (Up) () = Is(f (1)),
f=Fp) () =Fp(f(t)).
2. The image of A under f denoted by f (A) is a NS in Y defined by

f(A) = (f(Ta), f(a), [ (Fa)),
where for each u € Y,

[ (Ta) (u) = { Vier—wTa(t) ,if f7 (u) # ¢

0 , otherwise

0 , otherwise

f(La) (w) { Vier—@Ta(t) i £ (u) # ¢ }

£ (Fa) (w) { Vier—Fa (t) if £~ (u) # ¢ }

0 , otherwise



Definition 5 [/] Let a, 3,y € [0,1] and o+ + v < 3. A neutrosophic point
t(a,8,y) (NP) of X is the neutrosophic set in X defined by

) ) t=
ta,pry) (0) = { (EB”%:R’ i}f t+ uu } ; for each u € X.

A neutrosophic point is said to belong to a neutrosophic set A = {(t,Ta(t),1a(t), Fa(?)) :
t € X} in X denoted by t(45,) € A if

a<T(t),B <1a(l), and vy > Fa ().

We denote the set of all neutrosophic points in X by NP(X).
For the definition of neutrosophic topology, we refer the reader to see [3].

Definition 6 [4] Let (X, ) be a neutrosophic topological space and A be a neu-
trosophic set in X. Then the induced neutrosophic topology (INT) on A is the
collection of neutrosophic sets in A which are the intersection of neutrosophic
open sets in X with A. Then the pair (A, 4) is called a neutrosophic subspace
of (X,T). The induced neutrosophic topology is denoted by 4.

Definition 7 /3] Let (X, ) be a neutrosophic topological space and A = {(t,Ta(t),1a(t), Fa(t)) :
t € X} be a neutrosophic set in X. Then the neutrosophic closure of A is denoted
by NCl(A) and defined by NCl(A) = AN K : K 1is a neutrosophic closed set in X and A < K}.

Definition 8 /8] Let (X,.) be a group and let A be a NS in X. Then A is said
to be a neutrosophic group (NG) in X if it satisfies the following axioms for all
t,bue X,

iii) Fa (t71) < Fa(t)

Definition 9 [9] Let X be a group and G be neutrosophic group in X. Let
a € X be a fixed point. Then the neutrosophic left coset of neutrosophic group
G by a is denoted by aG and is defined by
aG(t)=G(a't)={{tT(a "), I(a"'t),F(a't): t € X)}
Definition 10 /9] Let X be a group and let G be neutrosophic group (NG) in
X and e be the identity of X. We define the neutrosophic set G, by:
Ge={2xeX : Tg(x) =Tc(e),Ic (z) = Ig(e), Fg (x) = Fg (e)} .

We note that for a neutrosophic group G in a group X, for every x € X:
Te (x71) = Te (2), Ig (z7') = Ie (z) and Fg (z7') = Fg(z). Also for the
identity e of the group X: T (e) > T (), Ig (e) > Ig (x) and Fg (e) < Fg (x).



Proposition 11 Let G be a neutrosophic group in a group X . Then for all
r,y € X,
L Tg (zy™') = Ta () = T (2) = Ta (y) -
2. I (ay™') = Ia () = I (z) = I (y).
3. Fg(ay™') =Fa(e) = Fa(z) = Fo (y) .
?roof. L Tg(x) = Ta((zy™)y) = Ta (zy ') AT (y) = Ta (e) ANa (y) =
: (Tzic): (y) = Te((yz™") ) > To (y2~') ANTa () = Ta (e) AN Tg (2) = T (2).-

= Tg (z) =Tg (y) -
2 and 3 can be proved similarly. m

Proposition 12 Let X be a group. Then the following statements are equiva-
lent;

1. G is neutrosophic group in X.
2. For all z,y € X,Tg (wy‘l) > T (x) ANTg (y), Ig (acy_l) > Ig(z) A
I (y),Fo (zy™') < Fa(z) V Fg (y) .

Proof. (1 =2)
Assume that G is fuzzy neutrosophic group, then

Te (tu™) > T () A Te (u™) =T (t) AN Tg (u)

Ia (tu_l) > Ia (t) Ala (u_l) =Ia (t) N lg (u),

and
Fo (tu_l) < Fo (t) V Fg (u_l) = Fg (t) V Fa (u) .

(2=1)
Since
T (tu™) > T (1) AN TG (u),

Let u = t, then

Te (t7') > To(t)ATe (t7)
= Tg (6) >Ta (t)
Hence,
T (v™) = Tg(eu™) >Tg(e) ANTg (u) = Tg (u)
= Tg(u™') >Tg (v
and
Te (tu) = To(tw ™)) >Te ) ATe (u™') > T () AT (u)



Similarly Since
Ia (tuil) > Ia (t) Ala (u) ,

Let u = t, then

Ig (™) > Ig(t)ANIg(t™)
= Ig(e) > 1 (¥)
Hence,
Ig (u™") = Ig(eu™) >Ig(e) NMe (u) = Ig (u)
= Ig(u™') > I (v
and
Ia (tu) = Ig (t(u_l)_l) > Ia (t) Ala (u_l) > Ia (t) Ala (u)
= g (tu) > I (t) NG (u)
and since

Fo (tu™) < Fa (t) V Fg (u),
Let u = t, then

Fo(tt™') < Fa(t)VFEs(t™)
= Fg(e) < Fg(t)
Hence,
Fo(u™) = Fg(eu™) < Fg(e)V Fa(u) = Fg(u)
= F (u_l) < Fg (u)
and
Fo (tu) = Fq (t(’ufl)il) < Fo t) V Fg (uil) < Fo (t) V Fg (u)
= [ (tu) < Fg (t) V Fg (u)

[

3 Neutrosophic Continuity

It is known by [4] that f : (X, Tx) — (Y, Ty ) is neutrosophic contionuous if the
preimage of each open neutrosophic set in Y is open neutrosophic set in X. We

extend this definition.

Definition 13 Let f: (X, Ix) — (Y, Ty) be a function on neutrosophic topo-
logical spaces. Then f is neutrosophic continuous at a neutrosophic point (NP)
T(a,,), such that x € X, if for each neutrosophic set V' in Ty, containing neu-
trosophic point f (x(awgw)), there exists a neutrosophic set U in Tx such that

f)<v.



The relationship between neutrosophic continuity on a set X and neutro-
sophic continuity at FNP is stated in the following theorem.

Theorem 14 Let (X, Tx) and (Y, Ty) be two NTS and f: (X, Ix) — (Y, Ty)
be a mapping, then f is neutrosophic continuous if and only if f is neutrosophic
continuous at neutrosophic point T(q gy, for each x € X.

Proof. Assume that f is neutrosophic continuous at each neutrosophic point
T(a,8,), for € X. Let A be a neutrosophic set in Ty. Then for each neutro-
sophic point z(q 5,) € f (A), f (x(aﬁﬁ)) € A. There exists a neutrosophic set
B, in Ty such that 24,5, € By, and f (B,) < Aor B, < f~ f(B,) < f~(4)
orzy € B, < f(A) or

Vit s mef (T € Va5 ef-(a)Be = f7(4)

This proves that f= (A) is neutrosophic set in Tx.

Conversly, let V' be an open neutrosophic set in Y containing the neutro-
sophic point f (2(a,5,,)) -This gives (a5, € f~ (V). By hypothesis U =
f= (V) is neutrosophic set in Tx, such that x4 ) € U = f~ (V) or f(U) =
ff= (V) < V. This proves that f is neutrosophic continuous at neutrosophic
point T(4,3,). H

Corollary 15 A mapping [ : (X, 0x) — (Y, 7ly) is neutrosophic contionu-
ous if and only if the preimage of each closed neutrosophic set in'Y is closed
neutrosophic set in X.

4 Neutrosophic topological groups

Let X be a group and U, V two neutrosophic sets in X. We define the product
UV of neutrosophic sets U, V, and the inverse V! of V as follows:

UV(z) = {(z,Tvv (), luv (z), Fyv (z)) 1z € X}

Where
Tyv (z) = sup {min {Ty (z1),Tv (z2)}}
Iyv (z) = sup {min {1y (z1),Iv (z2)}}
Fyy (z) = inf{max {Fyy (1) , Fv (22) }}
where = x1.29 and for V = {{x, Ty (z), Iv(x), Fy(x)) : © € X}, we have
Vil = {<1’,Tv($71)71‘/($71),Fv(l'il» SRS X}
Neutrosophic topological groups were first defined by Sumathi [9] with the

help of mappings. We give an alternative definition by using containment rela-
tion between sets.

Definition 16 [9] Let X be a group and 71 a neutrosophic topology on X . Let
G be a neutrosophic group in X and let (G, 1) be a neutrosophic subspace of
(X,T). Then G is called a neutrosophic topological group (NTG) if it satisfies
the following conditions:



1) The mapping « : (G, Tg) x (G, Tg) — (G, Tg) defined by a(z,y) = zy,
for all x,y € X, is relatively neutrosophic continuous.

2) The mapping 3 : (G, Tg) — (G, Ig) defined by B (z) = a1, for all
x € X, is relatively neutrosophic continuous.

We give an equivalent definition as follows:

Let X be a group and 7 a neutrosophic topology on X. Let G be a neutro-
sophic group in X and let (G, ) be a neutrosophic subspace of (X, 7). Then
G is called a neutrosophic topological group (NTG) if it satisfies the following
conditions:

1) for all z,y € X and every neutrosophic set W in Tlg containing the neu-
trosophic point zy s+ .,), there exist neutrosophic sets U and V' in T containing
the neutrosophic ponits x(, 4., and Yy, m n), respectively such that UV < W.

2) for all x € X and open neutrosophic set W containig neutrosophic point

P there exists an open neutrosophic sets U containing x(, 4 such that

x(Pl,thJ‘l)’
U-t<w.

or equivalently

Let X be a group and 71 a neutrosophic topology on X. Let G be a neutro-
sophic group in X and let (G, T¢) be a neutrosophic subspace of (X, ). Then
G is called a neutrosophic topological group if it satisfies the following condition:

for all z,y € X and every neutrosophic set W in T containing the neu-
trosophic point p,, there exist neutrosophic sets U and V' in g containing the
neutrosophic points z(y, q.) and Y, m n), respectively such that U Vi<W,

Definition 17 Let G be a neutrosophic group of a group X. Then for fixed
a € X, the left translation l, : (G, a) — (G, ) is defined by l, (z) = ax, for
all x € X, where

ax = {{z,Tq (ax) , I (az), Fg (ax)) : x € X}

Similarly, right translation 7, : (G, Jg) — (G, Jg) is defined as: 7, (y) = ya,
for all y € X where

ya = {(y,Tg (ya) , I (ya) , Fg (ya)) 1y € X}.

Lemma 18 [9] Let X be a group with neutrosophic topology 7 and G be a NTG
in X. Then for each a € G, the translation l, andr, are relatively neutrosophic
homeomorphisms of (G, g) into itself.

Remark 19 If G is a NTG on X carrying neutrosophic topology 7, then the
translations rq and l,, a € X, in general are not relatively neutrosophic contin-
uous mappings of (G, g) into itself. However Lemma 18 is the special case.

Theorem 20 Let G be a NTG in neutrosophic topological space (X, 7). Let A
be an open neutrosophic set of (G, \g) and x € G., then A and Az are open
neutrosophic sets.

Proof. Since A is open neutrosophic set of G and = € G, I, : G — G is neu-
trosophic homeomorphism. This implies that [, (4) = x A is open neutrosophic
set in G. Similarly, Ax is open neutrosophic set in G.



Corollary 21 Let G be a NTG in neutrosophic topological space (X,7). Let
A be an open neutrosophic set of (G, 1g) and B < G.. Then AB and BA are
open neutrosophic sets .

|
Proof. AB =V {Ab:b € B} is open neutrosophic subsets of G being the union
of open neutrosophic subsets of G. m

Lemma 22 Let G be a NTG in neutrosophic topology (X, 7). Then

1) The inverse function f : G — G defined by f (z) = 27!, for all z € X is
relatively neutrosophic homeomorphism.
2) The inner automorphism h : G — G defined by

h(g) = aga™ = {(9,Tc (aga™") . Ig (aga™) , Fg (aga™"))}

where g € X and a € G, is relatively neutrosophic homeomorphism.
Proof. 1) Clearly f is one-to-one. Since f (G) = {{(z, f Ta (z), [ Ig(z),f Fg(z)):
x € G} where

otherwise.

fTa(z) = { yef“x)TG()v if fH(‘T)#O}
Ta (z 1, if f‘_(x)7é0}

{ 0 , otherwise.

Tg(x), if f~(z) #0 }
0

,  otherwise.

Also
[l (z) =Ig(z) and f Fg (2) = Fg ().

Thus f(G) = {(z,Tc (2) I (z),Fa (z)) : 2 € G} =G

Also f is neutrosophic continuous by definition because (G, ) is neutro-
sophic topological group. The only thing left to prove is that f is relatively
neutrosophic open mapping. Since f (z) = ™! is relatively neutrosophic con-
tinuous, Hence for every z € X, f is relatively neutrosophic open. Thus f is
relatively neutrosophic homeomorphism.

2) Since 1, and I, are relatively neutrosophic homeomorphism and r; =
rq-1. The inner automorphism h is a composition of r,-1 and [,. Hence h is a

relative neutrosophic homeomorphism. m

Corollary 23 Let A be an open neutrosophic set in a NTG G. Then A™! is
relatively open neutrosophic set.

Proof. Let f : G — G be a mapping defined by f (z) = 27!, for each z € X.
Since f is relatively neutrosophic homeomorphism, therefore f(A4) = A1 is
relatively open neutrosophic set. ®



Corollary 24 Let F be a closed neutrosophic set in a NTG G. Then oF, Fa,
F~1 are relatively closed neutrosophic sets, for a € G.

Proof. Let [, : G — G be a mapping defined by I, (¢) = ag, for each g € X,
and fixed a € G.. Then [, is relatively neutrosophic homeomorphism, also
since preimage of a closed neutrosophic set is closed neutrosophic set, therefore,
lo (F) = oF is relatively closed neutrosophic set, where a € G.. Similarly,
Fa is relatively closed neutrosophic set, where a € G.. Now let v : G — G
be a mapping defined by v (z) = 27!, for each z € X. Then 7 is relatively
neutrosophic homeomorphism, also since preimage of a closed neutrosophic set is
closed neutrosophic set, therefore y () = U~! is relatively closed neutrosophic
set. m

Theorem 25 Let G be a NTG in a group X, and e be the identity of X. If
a € Ge and W is a neighbourhood of e such that

TW (6) = 1,IW (6) = 1,FW (e) = 0,
then aW is a neighbourhood of a such that aW (a) = 1.

Proof. Since W is a neighbourhood of e such that Ty (e) = 1,Iw (e) =
1, Fw () = 0, there exists an open neutrosophic set U such that U C W,
andTU()—TW() 1, IU()—Iw() 1, FU()—FV[/'() 0. Let
ly : G — G be aleft translation defined by I, (g9) = ag , for each g € X. Then [,
is a neutrosophic homeomorphism. Thus aU is an open neutrosophic set. Now,

aU(a) = {{a,Tav (a),lav (@), Fou (a))}
(a,Ty (aa™") Iy (aa™'), Fy (aa™"))}
a, Ty (e), Iy (e) , Fu (e))}

=
= {(
{{a,1,1,0)}

Also,

aW(z) = {{z,Taw (), law (), Faw (7)) : v € X}
= {(z,Tw (a '2) . Iw (e 'z) ,Fw (a7'2)) 12 € X}
{z, Ty (a7 'z) Iy (a™'2), Fy (a7 '2)) 12 € X}
= {{z,Twv (), lov (%), Fuv (2))}
= aU(x)
aW (x) > aU (z), for each x € X

and

aW(a) = {(aTaw (@), Law (a), Faw (a))}

= {(a.Tw (aa™)  Tw (aa™) , Faw (aa™")) }
{{a.Tw (€), Iw (¢), Fw (¢))}

{{a,1,1,0)}



or
aW (a) = {{a,1,1,0)}
Thus, there exist an open neutrosophic set alU such that aU C aW and
aU (a) = aW (a) = {{a,1,1,0)} m
The definitions of neutrosophic cover and neutrosophic compactness are
given below.

Definition 26 Let B be a neutrosophic subset of a nonempty set X. A collec-
tion A of neutrosophic sets is a neutrosophic cover of B if and only if for each
rze X, supTa(z) =1, supla(x) =1 and inf F4 (z) =0.

A€A A€A A€A

Definition 27 Let (X, ) be neutrosophic topological space. A collection A of
neutrosophic sets is an neutrosophic cover of a neutrosophic set N if and only
if N <VacaA. It is an neutrosophic open cover if and only if each member of
A is an open neutrosophic set.

Definition 28 A neutrosophic set V is neutrosophic compact if and only if
every neutrosophic open cover has a finite neutrosophic subcover.

Definition 29 Let A be a neutrosophic open cover of a neutrosophic topological
space (X, 7). Then (X, ) is compact neutrosophic topological space (CNTS) if
and only if A has a finite subcover.

Theorem 30 Let X be a CNTS andY be a NTS. Let f: (X, Ix) — (Y, Ty)
be a neutrosophic continuous function from X onto the Y. Then Y is compact
neutrosophic topological space.

Proof. Let A be a neutrosophic open cover of Y. Then Y = {A: A e A}.
Y = VaeaA. This implies
7)) = 7 (Vacad)
Vaeaf™ (4)
Vaea{(e, [~ (Ta (@), [~ (La (2), [~ (Fa(2))) : x € X}
Vaea{(,Ta (f (), La (f(2)), Fa (f(2))) : @ € X}
= {(e s (@) sup 11 (7). o P (@) ) e X
= {(z,1,1,0):xz € X}

The collection of all neutrosophic sets of the form f<(A), for A in A is a
neutrosophic open cover of X, which has a finite subcover. However, if f is onto
then f f<(A) = A, for any neutrosophic set A in Y. Hence, the collection of
images of elements of the subcover which covers Y is a finite subcollection of A
and consequently Y is neutrosophic compact. m

10



Theorem 31 Let (X1, 1) and (X2, Ta) be two compact neutrosophic topologi-
cal spaces. Then the product neutrosophic topological space (X, ) is also neu-
trosophic compact.

Proof. The neutrosophic product topology 7 on X has the set of neutrosophic
product spaces of the form

A1XA2;A1€—I1 andAQE—Iz.

The neutrosophic set A; X As has membership function, indeterminacy func-
tion and nonmembership function are given by

Al x Ay — (w1, m2) , Tayx A, (T1,72) , LA, x 4, (T1,72) , Fayxa, (T1,22)) :
! 2 CL‘1€A1 andxgeAg

where

TA1><A2 (%1,%2) = min {TAI (xl) 7TA2 (1’2)}
Tayxa, (T1,22) = min{la, (z1),1a, (z2)}
Fa,xa, (#1,22) = max{Fa, (z1),Fa, (z2)}

Let the product neutrosophic topological space (X, ) has a neutrosophic
open cover A= {B; :i € V}. Since each B; can be expressed as

B = Al x A AL € T, Ab e Th, Vi eV
Let y € Xo. Then X; x {y} is a subset of X say S, = X; x {y} .For any § > 0,

V,.s be the subcollection of A such that A% x A% € V,, s if and only if for atleast
one point

x1 € X1,Th, (x1) >1=6,14, (21) >1—0,F} (z1) <
and A ‘ A

Then V,, 5 forms an open neutrosophic cover of subset of §,. To check this note
that if (z,y) € &y, by definition of A, there exists a subfamily { A} x A%k € V}
of A such that

A Tyesap (2,y) = 1, Hm Lyeyoqy (,y) = 1, im Fye, oy (,y) =0

Hence for large k , Af x A5 € V, 5. Assume that {A} x A%;k € V} is a subcol-
lection of V,, 5. If we take all (¢,y) € Sy, V,, s makes open neutrosophic cover of
Sy. Let

Wys={AF: Af x A eV, 5}

Then W, s is an open neutrosophic cover of (Xi, ;). Since for any z € X,
there exists a subcollection {A} x A%;k € V} of V5 such that

kli_{I;oTA’fog (z,y) = 1akli_{§oIA’fo§ (2,y) = 1ak11_{1;oFA’fo§ (z,y) =0

11



Consequently,

lerI;OTA;f (z) =1, khf;ojf“f (x) =1, kIEEOFA’f (x)=0
Since (X1, 1) is neutrosophic compact, therefore, there exists a finite neutro-
sophic subcover of W, s, say Z, 5. For each A} € Z, 5, select one A} such that
A x A} € V, 5. In this way a finite collection { A3 x A} say Hy 5, is constructed
and the finite collection corresponding A%’s will be say Gy 5. Elements of Gy s
are “lp-open neutrosophic sets. Let the collection of intersection of members of
Gy, is Dys. Then D, 5 is open in (X2, T2). Do this for all y € X5 and for all
d > 0. Clearly, the collection {Dy s : y € X,6 > 0} forms an open neutrosophic
cover say {Dy, s;;1=1,2,3,...,m}. Finally {H,,s,;i=1,2,3,...,m} makes a
finite neutrosophic subcover of A. Since it is a finite collection of finite families,
therefore it is finite. m

Corollary 32 Let {X;, N;;1=1,2,..,m} be a finite collection of compact neu-
trosophic topological spaces. Then the product neutrosophic topological space
(X, ) is also neutrosophic compact.

Corollary 33 Let {X;, V;;i =1,2,..,m} be a finite collection of countabily com-
pact neutrosophic topological spaces. Then the product neutrosophic topological
space (X, ) is also countably neutrosophic compact.

Remark 34 The product of countable family of compact (countabily compact)
neutrosophic topological spaces may not be neutrosophic compact (countabily
compact).

Example 35 Let X =R. Let Ap;n >0, and n € Z, be a neutrosophic set in
X such that

A, ={{z,Ta, (x)=1—-1/n, I4, (x)=1-1/n, Fa,6 (x)=1/n):z€ X}

Let X,, = X ; n=1,2,.... with 7, = {On,1n,4,}. Since X,, is the only
open neutrosophic cover of Xy, therefore, (X, Tn);n =1,2,... is CNTS. Now
construct the product topology (Y, 1) of (Xy, ) thatis Y =112, X,,. Consider
the projection mapping o from'Y onto X. Then the neutrosophic set p, [Ay] has
the membership function, indeterminacy function and nonmembership function
as follow:

Tooia,) (W) =1=1/mVy e Y =172, X,

Tocia (W) =1=1/m;Vy €Y =102 X,

Forra) (y) = 1/n;Vy €Y =2, X,

Thus S ={0n, 1n, 95 [An];n =1,2,...} is a subbase for the product topol-
ogy 1. The product topology T generated by S is T itself, that is 1= S. Thus,
the family {p; [A,];n =1,2,...} is an open neutrosophic cover of (Y, 1) which
has no finite neutrosophic subcover.
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Definition 36 Let X be a group and S be a neotrusophic set in X. Then S is
called the neutrosophic semigroup in X if and only if for all t,u € X,

Ts (xy) = min{Ts (), Ts (y)} ,

Is (zy) > min{ls (2),Is (y)},
Fs (zy) < max {Fs (z), Fs (y)} .

Definition 37 Let S be a neutrosophic semigroup in a group X with induced
fuzzy neutrosophic topology Ts. Then S is called a meutrosophic topological
semigroup (NTSG) in X if and only if the mapping

(b : (57 1S) X (57 15) - (S7 —IS)

defined by
¢(@,y) =ay; Vao,yeX,

is relatively neutrosophic continuous.

Proposition 38 Let X be a group. Let S be a neutrosophic topological semi-
group in X and G be a NTG in X. Let A and B be neutrosophic sets in S and
let C be FNS of G. Then

1) If A and B are neutrosophic compact then AB is neutrosophic compact.

2) If C is neutrosophic compact then C~! is neutrosophic compact.

Proof. 1) Let ¢ : Sx.S — S be a mapping defined by ¢ (z,y) = zy; for each z, y
€ X, then ¢ is neutrosophic continuous. Since A x B is neutrosophic compact
and the image of a neutrosophic compact set under a neutrosophic continuous
mapping is neutrosophic compact, therefore ¢ (4,B) = ¢ (A x B) = AB is
neutrosophic compact.

2) Let ¢ : S — S be a mapping defined by ¢ (x) = x7!; for each z € X.
Then ¢ is neutrosophic continuous and the neutrosophic continuous image of a
neutrosophic compact set is neutrosophic compact, therefore, ¢ (C) = C~1, is
neutrosophic compact.
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