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Abstract: Neutrosophic triangular norms (t-norms) and their residuated lattices are not only the
main research object of neutrosophic set theory, but also the core content of neutrosophic logic.
Neutrosophic implications are important operators of neutrosophic logic. Neutrosophic residual
implications based on neutrosophic t-norms can be applied to the fields of neutrosophic inference
and neutrosophic control. In this paper, neutrosophic t-norms, neutrosophic residual implications,
and the residuated lattices derived from neutrosophic t-norms are investigated deeply. First of all,
the lattice and its corresponding system are proved to be a complete lattice and a De Morgan algebra,
respectively. Second, the notions of neutrosophic t-norms are introduced on the complete lattice
discussed earlier. The basic concepts and typical examples of representable and non-representable
neutrosophic t-norms are obtained. Naturally, De Morgan neutrosophic triples are defined for the
duality of neutrosophic t-norms and neutrosophic t-conorms with respect to neutrosophic negators.
Third, neutrosophic residual implications generated from neutrosophic t-norms and their basic
properties are investigated. Furthermore, residual neutrosophic t-norms are proved to be infinitely
V-distributive, and then some important properties possessed by neutrosophic residual implications
are given. Finally, a method for producing neutrosophic t-norms from neutrosophic implications
is presented, and the residuated lattices are constructed on the basis of neutrosophic t-norms and
neutrosophic residual implications.

Keywords: neutrosophic sets; neutrosophic triangular norms; residuated lattices; representable
neutrosophic t-norms; De Morgan neutrosophic triples; neutrosophic residual implications; infinitely
V-distributive

1. Introduction

Neutrosophic sets were firstly proposed by Smarandache [1] from a philosophical point of view
in 1998, which is a generalization of fuzzy sets and intuitionistic fuzzy sets. However, it is difficult
to apply neutrosophic sets to solve practical problems since the values of their three functions with
respect to truth, indeterminacy and falsity lie in ]J0—,1+[. The definition of single-valued neutrosophic
sets were introduced by Wang [2], whose values belong to [0,1]. With the development of neutrosophic
set theory, single-valued neutrosophic sets and their applications have been investigated by more
scholars. Single-valued neutrosophic sets were successfully applied to various decision making
problems [3-8]. In addition, Zhang et al. studied the neutrosophic logic algebras and discussed
neutrosophic filters and neutrosophic triplet groups, which are the important foundation of the
development of neutrosophic logic theory [9-12]. To facilitate research, “single-valued neutrosophic
sets” are abbreviated as “neutrosophic sets” in this paper. For neutrosophic sets, the truth-membership,
indeterminacy-membership and falsity-membership are not restricted to each other, which is different
from intuitionistic fuzzy sets. Picture fuzzy sets proposed by Cuong [13] in 2013 is a direct
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generalization of intuitionistic fuzzy sets, because their positive membership, neutral membership
and negative membership are not independent completely. It is worth noting that picture fuzzy sets
can be regarded as special neutrosophic sets [14,15], and also can be called standard neutrosophic
sets [1,2,16-19].

Fuzzy logic plays a vital role in fuzzy set theory. T-norms, t-conorms, negators and implications
are very important fuzzy logic operators. T-norms were originally defined by Menger [20], and then
Schweizer and Sklar [21,22] redefined the t-norms which have been used to today. From the
perspective of fuzzy logic, t-norms are the extension of intersection operation of fuzzy sets [23].
The algebraic properties of t-norms, for example, continuity, archimedean, strict, nilpotent and
so on, are discussed in some papers [24-28]. Hu et al. studied t-norm extension operations [29].
Wang et al. discussed the lattice structure of algebra of fuzzy values [30]. The t-norms which
satisfy the residual principle are an important class of t-norms, because they can produce fuzzy
implications and constitute the residuated lattices [31-34]. Type-2 t-norms (t-conorms) and their
residual operators on type-2 fuzzy sets were investigated by Li [25], which promote the development
of fuzzy reference system. Intuitionistic fuzzy t-norms on intuitionistic fuzzy sets (L*-fuzzy sets)
were proposed by Deschrijver et al., they discussed t-representable intuitionistic fuzzy t-norms and
their residual operators [35,36]. Picture fuzzy sets are particular L-fuzzy sets [37]. Picture fuzzy
t-norms on picture fuzzy sets were introduced in [17,38,39], some basic picture fuzzy logic connectives
and their properties for picture fuzzy sets are investigated in [40,41]. Some classes of representable
picture fuzzy t-norms and representable picture fuzzy t-conorms on picture fuzzy sets and De Morgan
picture operator triples in picture fuzzy logic are discussed [42]. Furthermore, a picture inference
system is proposed by Son [43]. The residual operations, residual implications of uninorms were
discussed by Baets [44]. Wang proposed the notions of residual implications (co-implications) of
pseudo t-norms, left and right uninorms and studied some properties of infinitely V-distributive
(A-distributive) pseudo t-norms, left and right uninorms [45-47]. Then Liu introduced semi-uninorms
and their residual implications [48].

Neutrosophic t-norms, neutrosophic t-conorms, neutrosophic negators and neutrosophic
implications are important neutrosophic logic operators for neutrosophic sets. It is a very meaningful
topic to discuss neutrosophic t-norms and their residual implications on neutrosophic sets. In the
last few years, although Alkhazaleh discusses some neutrosophic t-norms and t-conorms in [49],
Liu proposes aggregation operators based on Archimedean t-norms and t-conorms for neutrosophic
numbers in [5], Smarandache discussed neutrosophic norms (n-norms), n-valued refined neutrosophic
logic and its applications in physics [50,51], there are a few papers about basic neutrosophic logic
connectives and their properties and neutrosophic logic inference systems and their applications
in the field of control. Therefore, it is necessary to study neutrosophic logic operators and their
properties, especially the application of neutrosophic residual implications in neutrosophic inference
and neutrosophic control.

To achieve these goals, the definitions of neutrosophic t-norms should be given firstly. We can
study neutrosophic logic and neutrosophic inference systems further only if neutrosophic t-norms
and their residual implications are studied thoroughly. Thus, it is the main task of this paper to
study neutrosophic t-norms and their residual implications. Section 2 presents some basic notions.
In Section 3, the lattice structure of neutrosophic sets is analyzed and constructed systematically
based on the first type inclusion relation on neutrosophic sets. In particular, we combine some basic
algebraic operations: Union, intersection and complement and their related properties to prove that
the system (D*; V1, A1,°,0p+, 1p+) is a De Morgan algebra. In Section 4, we introduce neutrosophic
t-norms (t-conorms), representable neutrosophic t-norms (t-conorms) and De Morgan neutrosophic
triples. In addition, we present some important theorems and typical examples. In Section 5,
the definitions of neutrosophic residual implications (co-implications) are obtained and their basic
properties are discussed deeply. Moreover, residual neutrosophic t-norms (t-conorms) are proved
to be infinitely V-distributive (A-distributive), and then some important results related to residual
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neutrosophic t-norms and neutrosophic residual implications are given. Section 6 shows a method
for obtaining neutrosophic t-norms from neutrosophic implications, and then proves that the system
(D*;V1,\1,®,—,0p+, 1p+) is a residuated lattice. In Section 7, we conclude the paper.

2. Preliminaries

Some basic concepts in fuzzy set theory will be reviewed in this section.

Definition 1. ([52]) Let U be a nonempty set. An intuitionistic fuzzy set M in U is characterized by
a membership function pp(u) and a non-membership function vy (u). Then, an intuitionistic fuzzy set M can
be denoted by

M = {(u, pp(u),vm(u)) | u € U},

where ppr(u): U — [0,1] and vpg(u): U — [0, 1] with the condition 0 < pp(u) +vp(u) <1, forallu € U.
Here (1), va(u) € [0,1] denote the membership and the non-membership functions of the intuitionistic
fuzzy set M, respectively.

Definition 2. ([1]) Let U be a nonempty set. A neutrosophic set M in U is characterized by three functions:
Truth-membership function Ty(u), indeterminacy-membership function Ip(u), and falsity-membership
function Fyg(u). Here, Tag(u): U —]70,17[, Iny(u): U —]70,17[, and Fpy(u): U —]70,17 [ with the
condition 0 < sup Tpy(u) + sup Ipg(u) + sup Far(u) < 3%, forall u € U.

However, there are a lot of limitations in solving practical problems with neutrosophic sets,
because their notions are given from a philosophical perspective. Thus, the concepts of single-valued
neutrosophic sets are given by Wang et al. as follows.

Definition 3. ([2]) Let U be a nonempty set. A single-valued neutrosophic set M in U is characterized
by three functions: Truth-membership function Tar(u), indeterminacy-membership function Ipg(u),
and falsity-membership function Fy;(u). Then, a single-valued neutrosophic set M can be denoted by

M = {(u, Tnp(u), Ing (), Fpg(u) ) |u € U},
where Tar(u), Iy (1), Far(u) € [0, 1] with the condition 0 < Tay(u) + Ing (1) + Far(u) < 3, forall u € U.

So far, scholars have described the inclusion relation of neutrosophic sets from three different
angles. The first definition is proposed by Smarandache [1,18,53] and denoted as C;; the second one
is mentioned in [2,14,54] and denoted by C»; the third one is presented in [14,38,39,54] and denoted
by Cs. Furthermore, based on the correlation between union, intersection operations and inclusion
relation, we can obtain three different types of union, intersection operations and their properties.
In this paper, we consider the first type inclusion relation.

Definition 4. ([1,18,53]) Let U be a nonempty set. Suppose that M = {{u, Tag(u), In (1), Fap(u) ) |u € U}
and N = {(u, Ty (u), In(u), Fx(u)) |u € U} are two neutrosophic sets in U. The first type inclusion relation
C1 and its basic algebraic operations are defined as follows:

(1) M <y Nifandonly if Tag(u) < Tar(u), Ing(u) > In(u), Fn(u) > Fn(u), forall u € U;
(2) MU N = {(u,max(Tp(u), Ty (), min(In (u), In(4)), min(Fp (u), Fy (1)) [u € U};
(3) My N = {{u,min(Tp(u), Tn(u)), max(Ipg(u), In (1)), max(Fpy(u), Fn(u)))|u € U};
(4 M = {{u,Ip(u),1— Fpp(u), Tpp(u))|u € U}.

Definition 5. ([34]) Let (L; <p) be a complete lattice. A t-norm on (L; <p) is a commutative, associative,
increasing mapping 7 : L> — L, which satisfies 7 (1, u) = u, forall u € L.

A t-conorm on (L; <) is a commutative, associative, increasing mapping . : L> — L, which satisfies
(0, u) =u, forallu € L.
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Example 1. ([27]) Some basic t-norms and their residual implications on ([0, 1]; <) (Table 1) are defined as

follows, for all u,v € [0,1],

Table 1. Some basic t-norms and their residual implications on ([0, 1]; <).

t-Norms

Residual Implications

Tp(u,v) = min(u,v)

Tp(u,v) =u-v

Trx(u,v) = max(u+v—1,0)

; 2
To (1, 0) = O. if (u,U?E[O,l[,
min(u,v) otherwise
0 if u+v<1,
Tom (1, 0) = =
i (14,0) {min(u,v) otherwise

1 ifu<po,
v otherwise

Iep(u,0) = {

1 fu<vo,

Icc(u,v) =
66(1,0) { 2 otherwise

I1x(u,v) =min(1,1 —u + v)

1 if (u,0) € [0,1[%,
Iwp(u,v) = { ( ) 011

v otherwise

1 if u<o,
Irp(u,v) = -
P (0,0) {max(l —u,v) otherwise

Example 2. ([27]) Some basic t-conorms and their residual co-implications on ([0, 1]; <) (Table 2) are defined

by, forall u,v € [0,1],

Table 2. Some basic t-conorms and their residual co-implications on ([0, 1]; <).

t-Conorms

Residual Co-Implications

Sm(u,v) = max(u,v)

Sp(u,v) =u+v—u-v

Sik(u,v) = min(u +v,1)

1 if (u,0) €]0,1)%,
Sp(u,v) =
p(w,0) {max(u, v) otherwise
1 if u+v>1,
S ,0) = -
i (14,2) {max(u, v) otherwise

] (u v) _ 0 if u 2 0,
GOV ™ Vv otherwise

0 lf u 2 0,
Jeg(u,v) = {g—z otherwise
Jik(u,v) = max(0,v — u)

0 if (u,0) €]0,1)?,
]WB(u/U)_{ \ ) o1

v otherwise

O lf u 2 0,
Jrp(1,0) = {min(l —u,v) otherwise

3. The Lattice Structure of (D*; <;)

Now we consider the set D* defined by,

D* = {u = (uy,up, uz)|uy, up, uz € [0,1]}.

As defined above, if u € D*, then u has three components: The first component 11, the second

component 1 and the third component 3.

The order relation <; on D* can also be defined by, for all u,v € D,

u <q vifand only if uy < vy, up > vy, uz > vs.

Proposition 1. (D*; <1) is a partially ordered set.

Proof.

(1) Reflexivity: u <; u, forallu € D*.

(2) Anti-symmetry: If u <; v and v <; u, then it is obvious that u = v, for all u,v € D*.

(8) Transitivity: If u < vand v <; w, then uy < wy,up > wy,uz > w3, thatis, u <q w, for all

u,v,w € D*.
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O
Proposition 2. The operations A1 and V1 are defined by, for all u,v € D*,

u Zf u Sl 0,
UNMOV=< v ifv<iu,
(min(uq,v1), max(up, v2), max(us,v3)) otherwise.

u ifv<iu,
uViv=< v ifu<jo,
(max(u1,v1), min(up, v3), min(ug,v3)) otherwise.

Then u Ay v is called the greatest lower bound of u, v, denoted by inf(u,v); u /1 v is called the least upper
bound of u,v, denoted by sup(u,v). That is, (D*; <7) is a lattice.

Proof. According to the definitions above, if either u <; v or v <y u, u A1 v is the greatest lower bound
of u and v. Thus, u A1 v = inf(u,v). Similarly, u V1 v = sup(u,v) can be obtained.

Now, we assume that neither u <; v nor v <; u. According to the definitions above, u A\ v =
(min(uq,v1), max(up, v2), max(uz, v3)), u V1 v = (max(uy, v1), min(up, v2), min(uz, vs)).

(i) Toprove u A1 v = inf(u,v), we denote
x = (%1, %2,%3) = (min(uq,v1), max(uy, v5), max(us, v3)).

Since u1 > min(uy,v1) = k1, up < max(up, v3) = ko, uz < max(us, v3) = k3, k <1 u. Similarly,
we have ¥ <y v. Thus, « is the lower bound of u and v. Furthermore, « is the greatest lower bound of u
and v. In fact, assume a = (a1, 4p,a3) € D* with the condition a <; u and a <1 v. Then, a1 < uy,a; >
Up,as > us and a1 < vq1,ap > Uy, 43 > U3. Therefore, a < min(ul,vl) =K1, 4dp > max(uz,vz) = Ky,
az > max(u3, v3) = k3. Hence, a <1 x. To sum up, x = (min(u1,v7), max(uy, v2), max(us, v3)) is the
greatest lower bound of u and v.

(i) To prove u Vqv = sup(u,v), we denote
w = (w1, wo, w3) = (max(uy, vq), min(uy, v;), min(uz, v3)).

Since u1 < max(u1,v1) = wy, Uy > min(up, v3) = wy, uz > min(us, v3) = ws, u <q w. Similarly,
we have v <1 w. Thus, w is the upper bound of # and v. Furthermore, w is the least upper bound of u
and v. In fact, assume b = (by, by, b3) € D* with the condition b >1 u and b >1 v. Then, by > uq,b; <
Uz, bg < us and bl > T)l,bz < vy, b3 < v3. Therefore, b1 > max(ul,vl) = w1, bz < rnin(uz, 7)2) = Wy,
by < min(u3,v3) = ws. Hence, b >1 w. To sum up, w = (max(uy,v1), min(uy, v2), min(uz,v3)) is the
least upper bound of u and v.

(i) and (ii) show that u A; v = inf(u,v), u V1 v = sup(u,v), for all u,v € D*. Then (D*;<q) is
alattice. O

The first, second and third projection mapping pr, pr2 and prz on D* are defined as follows,
pri(u) = uy, pro(u) = up and pr3(u) = us, for allu € D*.

Proposition 3. (D*; <1) is a complete lattice.

Proof. Let B be a nonempty subset of D*, we have
inf B = (inf pr1 B, inf pr, B, inf pr3B),

where inf priB = inf{u; | uy; € [0,1],Ju = (uy,up, u3) € B}, infproB = sup{uy | up € [0,1],Ju =
(u1,up,u3) € B}, inf pr3B = sup{us | uz € [0,1], Ju = (uy, up, u3z) € B}.
And
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sup B = (sup pryB, sup pr2B, sup pr3B),

where sup pr1B = sup{uy | ug € [0,1],3u = (uq,up, u3) € B}, sup proB = inf{uy | up € [0,1], Ju =
(u1,up,u3) € B}, sup pr3B = inf{us | uz € [0,1], Ju = (u1, up,u3) € B}. O

The maximum and minimum of D* are denoted by 1p« = (1,0,0) and Op+ = (0,1, 1), respectively.

Note that, if # and v are incomparable with respect to <y, for all u,v € D¥, then the relationship
between u and v can be denoted as u || <, v.

Obviously, each neutrosophic set M = {(u, Tas(u), Ip(u), Fpr(u)) | u € U} corresponds to
a D*-fuzzy set. That is, there exits a mapping

M: U — D*; u — (Tap(u), Ing (1), Fag(10)).
Based on the relationship between neutrosophic sets and D*-fuzzy sets, the triple formed by the
three membership degrees of neutrosophic sets is an element of D*. Therefore, we can obtain more
compact formulas for neutrosophic sets, analyze and extend some operators defined in the fuzzy case

for neutrosophic sets by using the lattice (D*; <7).
For example, the intersection of two neutrosophic sets M and N in a universe U is defined as

M 1y N = {(u,min Ty (), Ty (1)), max (T (1), Iy (1)), max(Faa (), Fy (1)) |u € U}.
Using the lattice (D*; <7), we can get, forall u € U,
(MM N)(u) = (min(Tp(u), Tn(u)), max(Iv(u), In(u)), max(Fa(u), Fn (1)) = M(u) A1 N(u).

Definition 6. The complement of u is defined by, for all u € D*,

u® = (us, 1 —up, uq).

Proposition 4. Let u,v,w € D*. Then

(1) uMu=uuViu=1u;

2) uMv=vANuuViv=oViu;

B) (unv)Mw=uN (VA w), (uViv)Viw=uVy(vViw);
(4) uny(oViu)=u,uVi(vAu)=1u

(5) u<yvifandonlyifuVviv=0v,uNv=1u

(6) (u)=u.

Proposition 5. Let u,v € D*. Then

(1) (uNv)" =uVqi05
(2)  (uVq19)" =u N0~

Proof. (1) Suppose u,v € D*. If u <4 v, thatis, u; < v1,uy > vy, u3 > vs. By Definition 6, we have
u® >1 v°. Thus, (u A1 0)¢ = u® vy v°. Similarly, if u >; v, then u¢ <; v° and (1 Ay v)° = u Vq -
If u ||<, v, then u Ay v = (min(uy,v1), max(up, v2), max(uz, v3)). Thus, (u A v)¢ = (max(us,v3),
1-—- max(uz, ’02), min(ul, ’01)). Since u® V1 v° = (Ll3,1 — Uy, Ml) V1 (03,1 — Uy, ’01) = (max(ug, 03),
min(1 — uy,1 — v), min(uy,v1)) = (max(usz,v3),1 — max(up, v2), min(uy,v1)). Hence, (u A1 0)¢ =
u¢ Vq vt

(2) Similarly, we can get (1 V1 0)¢ = u® A 0. O

Proposition 6. The system (D*; A1, V1, ,0p+, 1p+) is a De Morgan algebra.

Proof. By Propositions 1-5 and the definition of the generalized De Morgan algebra [14,55], we can
get that (D*; A1, V1,°,0p+, 1p+) is a generalized De Morgan algebra. Furthermore, we can prove that
(D*; A1, V1,°,0p+, 1p+) is a distributive lattice, that is, for all ,v,w € D* such that u A (v V] w) =
(u N 0)Vy (U A w).
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(1) Forallu,v,w € D*, if any two of them are comparable, then there are six situations as follows:

Casel: Ifu <;v<yw,thenun(vViw)=uMw=u (uAv)Vi(UAw)=uViu=1u.
Case2: Ifu<iw<io,thenun(vViw)=uMmov=u (uAv)Vi (WA w)=uViu=u.
Case3: Ifw<ju<juthenun(vViw)=uMov=u (uNv)Vi(uANw)=uViw=u.
Case4d: Ifv<ju<jw,thenuN (vViw)=uMw=u, (uNv)Vi(uANiw)=0vViu=u.
Case5: Ifw<yv<juthenun (vViw)=uMv=0v (uNv)Vi(UuMw)=0vViw=n0.
Case6: Ifv <jw<juthenun(vViw)=uMmw=w, (UuMNMv)Vi (UMW) =0Viw=w.

Thus, u A\ (vViw) = (uA10) Vi (u A w).

(2) For all u,v,w € D*, if at least two of them are not comparable, then u /\1 (vViw) = u/N
(max(v1,wq), min(vy, wy), min(vs, w3)) = (min(uy, max(vy, wy)), max(u, min(vy, wy)), max(us,
min(vs, w3))) = (max(min(u1,v1), min(uq, wq)), min(max(ug, v2), max(uy, wy)), min(max(us, v3),
max(u3, w3))) = (min(u,v1), max(up, v2), max(uz, v3)) V (min(u, wq ), max(up, wy), max(uz, w3))
= (uN10) V(UM w).

Therefore, (D*; A1,V1,5,0p+, 1p+) is a De Morgan algebra. [J

Considering the second type inclusion relation on neutrosophic sets which is dual of the first type
inclusion relation, we get that (D*; Ay, V2,5, (0,0,1),(1,1,0)) is also a De Morgan algebra.

From this, Proposition 2.2 (see [14]) can be easily proved by using Proposition 6. That is,
Proposition 2.2 (see [14]) is a corollary of Proposition 6.

In short, in combination with the conclusions given in [14], we find that neutrosophic net is
different from intuitionistic fuzzy set.

4. Neutrosophic t-Norms and De Morgan Neutrosophic Triples
Section 3 proposes that (D*; <) is a complete lattice, Section 4 will introduce the notions of

neutrosophic t-norms (t-conorms) on (D*; <j).

Definition 7. A neutrosophic t-norm is a function 7: (D*)? — D* that satisfies the following conditions,
forallu,v,w € D*:

(NT1) T (u,v) = T (v,u);

(NT2) T (u, 7 (v,w)) =T (v, 7 (u,w));

(NT3) T (u,v) <1 ZW,0"), whereu < u',v <1 0;
(NT4) T (u,1p+) =u

Definition 8. A neutrosophic t-conorm is a function .#: (D*)> — D* that satisfies the following conditions,
forallu,v,w € D*:

(NS1) Z(u,v) = .7 (v,u);

(NS2) L(u, S (v,w)) =L (v, (u,w));

(NS3) Z(u,v) <4 (u’,v ), whereu <1 u',v <y 7/;
(NS4) . (u,0p:) =

Some basic neutrosophic t-norms (t-conorms) on (D*; <7) are presented as follows:

Example 3. Some neutrosophic t-norms are defined by, for all u,v € D*:

(1) Im(u,v) = (Tpm(u1,v1), Sm(uz, v2), Sm(usz, v3));
(2)  Ip(u,v) = (Tp(u1,v1),Sp(uz,v2),Sp(us, v3));
(3)  Tix(u,v) = (Trx(u1,v1), Sk (u2,v2), Srx(u3, v3));
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(4)  Ip(u,v) = (Tp(u1,v1),Sp(uz,v2),Sp(u3,v3));
(5)  Tum(u,v) = (Tum(u1,v1), Sum (U2, v2), Sum(us, v3));

(6) 7 (u,v) = (Tp(uy,v1),Srk(u2,v2),Sp(uz,v3));
(7) 7 (u,v) = (Tp(uy,v1),Sp(uz,v2),Sp(us, v3));
(8) 7 (u,v) = (Trx(uy,v1),Sck(u2,v2), Spm(usz, v3));
9) T (u,v) = (Tpm(u1,v1),Sp(u2,v2), Spm(uz, v3))

Example 4. Some neutrosophic t-conorms are defined by, for all u,v € D*:

(1) Sm(u,v) = (Sm(u1,v1), Tm(uz,v2), Tm(uz, v3));

(2)  Ip(u,v) = (Sp(u1,v1), Tp(uz,v2), Tp(uz, v3));

(3)  Fk(u,v) = (Spx(u1,01), Tex(u2,02), Trx(u3, v3));
(4)  p(u,0) = (Sp(u1,v1), Tp(uz,v2), Tp(u3, v3));

(6)  Fum(u,0) = (Sum(ur,v1), Tum(u2,v2), Tupr (43, v3));

6)  F(u,v) = (Sm(u1,v1), Tp(uz,02), Trx (u3, v3));
(7). F(u,v) = (Sp(u1,v1), Tk (u2,02), Trx (u3,v3));
(8)  F(u,v) = (Spx(u1,v1), Trx(uz,v2), Tm(uz, v3));
9)  L(u,v) = (Sp(uy,v1), Tp(u, v2), Tum(uz,v3)).

Furthermore, the representation theorems of neutrosophic t-norms (t-conorms) are proposed as follows:

Theorem 1. Let 7 be a binary operation on D*. Then, for all u,v € D¥,

T (u,v) = (T(u1,v1),51(u2,02), S2(u3,03))

is a neutrosophic t-norm, where Sy, Sy are t-conorms, T is a t-norm on [0,1].

Proof. (NT1) Let S1,S; be two t-conorms, T is a t-norm on [0,1]. Since T(u1,v1) = T(v1,u1),
S1(up,v3) = S1(va,uz), Sa(uz,v3) = Sa(vs, u3), 7 (u,v) = F(v,u), forallu,v € D*.

(NT2) 7 (1p+,u) = (T(1,u1),51(0,u2),S2(0,u3)) = (uq,up, u3) = u, for all u € D*.

(NT3) For all u,u’,v,v" € D* with the condition u <y u’, v <; v/, we have T(uy,v1) < T(uj,v)),
Sl(uz, 02) > 51 (u’z, U/z), 52(1/[3, 03) > Sz(ué,vé). Therefore, 9(14, U) <4 ﬂ(u’, Z)/).

(NT4) 7 (u, 7 (v,w)) = T (u,(T(v1,w1), S1(v2,w2), S2(vs,w3))) = (T(u1, T(v1,w1)), S1(uz,
Sl(UQ,ZUz)), Sz(u3,52(v3,ZU3))) = (T(vl,T(ul,wl)), S](Uz,sl(uz,ZUz)), 52(03, Sz(ug,ZU3))) = ﬁ(v,
T (u,w)), for all u,v,w € D*.

Hence, .7 (1, v) is a neutrosophic t-norm. [

Theorem 2. Let .#: (D*)? — D* be a mapping. Then, for all u,v € D*,

Y(u,v) = (S(ul,vl), Tl(uz,vz),Tz(ug,U3))

is a neutrosophic t-conorm, where S is a t-conorm, Ty, Ty are t-norms on [0, 1].

Proof. The proof is similar to that of Theorem 1. [

Theorem 1 proposes a way to construct neutrosophic t-norms on D* with t-norms and t-conorms
which are defined on [0, 1]. Unfortunately, the converse is not always true. It is not always possible to
find two t-conorms Sy, Sy, a t-norm T on [0, 1] such that 7 = (T, Sy, S2).

To distinguish these two kinds of neutrosophic t-norms, we introduce the notions of representable
neutrosophic t-norms.

Definition 9. A neutrosophic t-norm 7 is called representable, if and only if, there exist two t-conorms Sy, Sp
and a t-norm T on [0, 1] satisfying, for any u,v € D¥,
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T (u,v) = (T(uy,v1),51(u2,02), S2(u3,v3)).

Definition 10. A neutrosophic t-norm 7 is called standard representable, if and only if, there exists a t-norm
T and a t-conorm S on [0, 1] satisfying, for any u,v € D¥,

T (u,v) = (T(uy,v1),S(uz,v2),S(us, v3)).
Definition 11. A N-dual representable neutrosophic t-norm 7 defined by, for any u,v € D,
T (u,v) = (T(uy,v1),S(uz,v2), S(us, v3)).

where T is a t-norm on [0, 1] and S is the N-dual t-conorm of T, that is, T(u,v) =1—S(1 —u,1—v).

Definition 12. A first N-dual representable neutrosophic t-norm 7 defined by, for any u,v € D*,

f(u,v) = (T(M1,7)1),51(1/[2,2)2),52(1/{3,03)).

where T is a t-norm on [0, 1] and Sy is the N-dual t-conorm of T, S is a t-conorm on [0, 1].

Definition 13. A second N-dual representable neutrosophic t-norm 7 defined by, for any u,v € D*,

ﬂ(u,v) = (T(ul,vl),Sl(uz,vz),Sz(u3,v3))

where T is a t-norm on [0,1] and Sy is the N-dual t-conorm of T, Sy is a t-conorm on [0,1].

Notice that the N-dual representable neutrosophic t-norms are not only the standard representable
neutrosophic t-norms, but also the first N-dual representable neutrosophic t-norms and the second
N-dual representable neutrosophic t-norms. Those neutrosophic t-norms presented in Example 3 are all
representable neutrosophic t-norms, and (1)—(5) are N-dual representable neutrosophic t-norms, (8) is a
first N-dual representable neutrosophic t-norm, (9) is a second N-dual representable neutrosophic t-norm.

Definition 14. A neutrosophic t-conorm . is called representable, if and only if, there exists a t-conorm S and
two t-norms Ty, Ty on [0, 1] satisfying, for any u,v € D*,

S (u,v) = (S(u1,v1), T1 (u2,02), Ta(u3,v3)).

For neutrosophic t-conorms, the rest of the related concepts can be obtained by contrasting with
Definitions 10-13 of neutrosophic t-norms above.

The following propositions present a method for constructing new representable neutrosophic
t-norms (t-conorms) with intuitionistic fuzzy t-norms (t-conorms).

Proposition 7. Let T(x,y) be a representable intuitionistic fuzzy t-norm: T(x,y) = (t(x1,y1),52(x3,y3)),
forall x = (x1,x3), y = (y1,y3) € L*, where t is a t-norm, sy is a t-conorm on [0,1]. Assume that
s1 is a t-conorm on [0,1], satisfying, 0 < t(uy,v1) + s1(up,v2) + s2(u3,v3) < 3. Then T (u,v) =
(t(u1,v1),51(u1p,v2),52 (13, v3)) is a representable neutrosophic t-norm, for any u,v € D*.

Proposition 8. Let S(x,y) be a representable intuitionistic fuzzy t-conorm: S(x,y) = (s(x1,y1), t2(x3,y3)),
forall u = (xq1,x3), v = (y1,y3) € L*, where s is a t-conorm, t is a t-norm on [0,1]. Suppose that
t1 is a t-norm on [0,1], satisfying, 0 < s(u1,v1) + t1(u2,v2) + ta2(uz,v3) < 3. Then #(u,v) =
(s(ur,v1), t1(u2,v2), t2(u3,v3)) is a representable neutrosophic t-conorm, for all u,v € D*.

De Morgan triple is the perfect combination of a fuzzy t-norm, a fuzzy t-conorm and a fuzzy
negator because it describes the duality of a fuzzy t-norm and a fuzzy t-conorm with respect to a fuzzy
negator. Thus, it is necessary to discuss De Morgan neutrosophic triples. First of all, neutrosophic
negators as the extension of fuzzy negators, as well as intuitionistic negators can be defined as follows:
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Definition 15. A neutrosophic negator is a function A": D* — D* that satisfies the following conditions:

(NN1) A (u) >1 A (v), forall u,v € D* such that u <4 v;
(NN2) A (Op+) = 1ps;
(NN3) A (1p+) = Opy.

If /(A (1)) =u,forallu € D*, then .4 is called an involutive neutrosophic negator.
The mapping .#5: D* — D* defined by, for all (13, up, u3) € D¥,

ANs(uy, up,uz) = (u3, 1 —up,1q)

is an involutive neutrosophic negator. Then we call it the standard neutrosophic negator. Of course,
A (u) = (u3, 1 —us, uy), A (1) = (u3, uy,u1) are neutrosophic negators.

Definition 16. Let 7 be a neutrosophic t-norm, . be a neutrosophic t-conorm, .4 be a neutrosophic negator.
The triple (7, ./, ") satisfied the following conditions, for all u,v € D*,

N (S (w,0)) = T (A (u), A (0)),
N T (u,0)) = (A (), N (v))

is called a De Morgan neutrosophic triple. Moreover, & and % are dual with respect to .

Theorem 3. Let .4 be an involutive neutrosophic negator.

(1) If & is a neutrosophic t-conorm, then the operator 7 defined by
T (u,0) = N (S (AN (), N (0))),

is a neutrosophic t-norm. Furthermore, (7,4 ,.) is a De Morgan neutrosophic triple.
(2) If 7 is a neutrosophic t-norm, then the operator . defined by

S (u,0) = N (T (AN (u), A (),
is a neutrosophic t-conorm. Furthermore, (7, ./ ,.) is a De Morgan neutrosophic triple.

Proof. (1) Let .4 be an involutive neutrosophic negator, .# be a neutrosophic t-conorm.

(NT1) For any u,v € D*, 7 (u,v) = N (L (AN (1), N (v))) = N (L (AN (v), V(1)) = T (v,u),
because . is commutative. Thus, 7 is commutative.

(NT2) For any wu,o,w € D* F(u, J(w) = TuN (LN (), (w))) =
N (L (A (), V(AN (L (A (0), N (w))))) = N (F (AN (), S (N (0), N (W)))) = N (F(AN(0),
L (N (u), N (w)))) = T (v, 7 (u,w)), because . is associative and .4 is involutive. Thus, .7 is
associative.

(NT3) Let u,u/,0,0' € D* with the condition u <y ', v < ¢/. Then A (u) >; 4 (),
N (v) >1 A (V'), because .4 is non-increasing. Since .# is non-decreasing in its every variable,
(AN (u), N (0) 21 S (N W), AN (0)). Thus, N (L(A (u), N (0)) <12 N (S (AN W), N (),
thatis, 7 (u,v) <1 7 (u',v"). Hence, 7 is non-decreasing.

(NT4) For any u € D*, 7 (u,1p+) = N (L (A (u),0p+)) = N (A (1)) = u.

Therefore, .7 is a neutrosophic t-norm.

Furthermore, (.7, .4, .%) is a De Morgan neutrosophic triple.

(2) Similarly, assume that .7 is a neutrosophic t-norm, .# can be proved to be a neutrosophic
t-conorm and (9 , N ,7) will be a De Morgan neutrosophic triple. [

Proposition 9. Suppose that (7, . ,.) is a De Morgan neutrosophic triple, A is a standard neutrosophic
negator. Then, for all u € D*,
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(1) 7 (u,1p+) = uifand only if & (u,0p+) = u.
(2) 7 (u,1p~) = (u1,0,us) if and only if ./ (u,0p+) = (u31,1, u3).
(3) 7 (u,1p~) = (uq,1,us) if and only if .#(u,0p+) = (u1,0, u3).

Example 5. Some neutrosophic t-norms and neutrosophic t-conorms are dual with respect to 3.

(1) yM(M,"U) = (TM(M1,01),SM(MQ,Uz),SM(ng,,Ug)), fM(u,v) = (SM(Ml,Ul), TM(uz,ZJz),
Tap(uz,3)).
Indeed, Tp(A (u), N (v) = Tm((us,1 — ug,u1),(v3,1 —v2,v1)) = (Tm(uz, v3),Sm(1l —
uy, 1 — v3),Spm(ur,v1)), then N (Tp(A (1), N (v))) = (Sm(u1,0v1),1 — Spm(1 — up, 1 —

v2), Tpm(us, v3)) = (Sp(ur, v1), Tv(uo, v2), Tpm(us, v3)) = Sm(u,v). Thus, Ty and Sy are dual
with respect to .
(2)  Ip(u,v) = (Tp(u1,v1),Sp(ua,v2),Sp(uz,v3)), Sp(u,v) = (Sp(uy, v1), Tp(ua,v2), Tp(uz,v3)).
(3) T (u,v) = (Trx(u1,v1),Sp(u2,02), Sp(us, v3)), /' (u,v) = (Sp(u1,v1), Tp(uz,v2), Trx (43, 3)).
4 T(uo) = (3(u1+01 =14 uy-01) V0,Sm(uz,02), Sm(us,v3)), #(u,0) = (Sm(uy, 1),
Tm(uz,02), 3 (3 +v3 — 1+ u3-v3) VO).
(5) T (u,v) = (Tp(ur,v1), Sm(u2,v2), Sm(uz, v3)), 7 (1, v) = (Sm(u1,v1), Tm (2, v2), Tp(u3, v3)).-
6) T (u,v) = (Tp(uy,v1),Srx(uz,v2),Srx(u3,v3)), & (u,v) = (Spx(u1,v1), Trx (U2, v2), Tp(us, v3)).

Representable neutrosophic t-norms are mainly analyzed and discussed above. As for
non-representable neutrosophic t-norms, we give the following theorem:

Theorem 4. Let 7: (D*)? — D* be a mapping. Then, for all u,v € D*,

u if U= 1D*/
T (u,0) =% v if u=1lp-,
(min(uq,v1), max(1 — uq,1 — v1), max(us, v3)) otherwise.

is a non-representable neutrosophic t-norm.

Proof. Firstly, 7 is a neutrosophic t-norm. In fact,

(NT1) Obviously, 7 (u,v) = 7 (v,u), for all u,v € D*.

(NT2) If u = 1p+ or v = 1p«, we can easily prove that 7 (u, 7 (v,w)) = T(7(u,v),w).
If u # 1p« and v # 1p«, T (u, 7 (v,w)) = (min(uy, min(vq,wq)), max(1 — u1,1 — min(vy, wq)),
max(uz, max(vz,ws3))) = (min(uy, vy, wy), max(l — uy,1 — v1,1 — wy), max(uz,v3, w3)) =
(min(min(uq,v1), wy), max(1 — min(uq,v1),1 — wy), max(max(uz, v3), ws)) = (7 (u,v),w).

(NT3) 7 (1p+,u) = u.

(NT4) If u = 1p+ or v = 1p+, we can easily prove that .7 is non-decreasing in every variable.
If u # 1p- and v # 1p-, let u,1’,v,v" € D* with the condition u <1 1/, v <1 v'. Then u; < uj, v1 < v},
uz > uh, v3 > v5. Thus, min(uy,v1) < min(u),v]), max(1 —uy,1 —v7) > max(1 —uj,1—7v}),
max(uz,v3) > max(uj,v3). Thatis, 7 (u,v) <1 7 (u',v"). Therefore, 7 is a neutrosophic t-norm.

Secondly, for a representable neutrosophic t-norm 7, there exists a t-norm T and two

t-conorms S1,S; on [0,1] such that, for all u = (uy,up,uz),v = (v1,v3,v3) € D*, T(u,v) =
(T(u1,v1),S1(u2,v2),S2(u3,v3)). Let u = (0.2,0.5,0.7), u' = (0.3,05,0.7), v = (04,0.5,0.9).
From 7 (u,v) = (0.2,0.8,09) and 7 (u',v) = (0.3,0.7,09), we get Si(up,v;) = 0.8 and

S1(ubh,v2) = 0.7, so Sy (up,v2) # S1(up,v2). Hence S1(u,v) is not independent from uj, thus 7
is not representable. [

Furthermore, the dual neutrosophic t-conorm of .7 with respect to the standard neutrosophic
negator .4 is . defined by, for all u,v € D*,
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u if U= OD*,
SL(u,0) =< v if u=_0ps,
(max(uq,v1), min(uz, v3), min(uz, v3)) otherwise.

Then, . is not representable.

Remark 1. Let .7 be a non-representable neutrosophic t-norm on D*, .7 be a neutrosophic t-conorm which
is dual to T with respect to the standard neutrosophic negator As. Then, .7 is not representable. Conversely,
the dual neutrosophic t-norm with respect to an involutive neutrosophic negator 4" on D* of a non-representable
neutrosophic t-conorm is not representable.

Example 6. Let 7: (D*)?> — D* be a mapping. Then, for all u,v € D¥,

u lf 0 = 1D*/
T(u,0)=< v if u=1lp-,
(min(uq,v1), max(1 — u1,1 —v1), max(1 —uy,1 —v1)) otherwise.

is a non-representable neutrosophic t-norm.
Meanwhile, the dual neutrosophic t-conorm 7 of 7 with respect to A is presented by, for all u,v € D,

u if v=_0p,
y(u,v): (Y ifu:OD*,
(max(1 — u3, 1 — v3), min(uz, v3), min(uz,v3)) otherwise.

Then, .7 is not representable, too.

Example 7. Let . be a mapping: (D*)? — D*. Then, for all u,v € D*,

u if 0= OD*,
S (u,0)={ v if u=_0ps,
(max(1 — u3, 1 — v3), min(uy, v2), min(uz,v3)) otherwise.

is a non-representable neutrosophic t-conorm.
Meanwhile, the dual neutrosophic t-norm 7 of .7 with respect to A5 is presented by, for all u,v € D*,

u if v=1ps,
T(u,0)=<% v if u=1ps,
(min(uq,v1), max(up, v3), max(1 —uy,1—10v1)) otherwise.

Then, 7 is not representable, too.

5. Neutrosophic Residual Implications of Neutrosophic t-Norms

This section will introduce the notions of neutrosophic residual implications on the complete
lattice D*, investigate basic properties of neutrosophic residual implications, and give some important
conclusions between neutrosophic t-norms and neutrosophic residual implications after proving
that residual neutrosophic t-norms are V-distributive. Firstly, we give the notions of neutrosophic

implications on D*.
Definition 17. A neutrosophic implication is a function .%: (D*)? — D* that satisfies the following conditions,

(NI1) .7 is non-increasing with respect to <y in its first variable, that is, % (u,v) >1 Z(u',v),
where u,u’,v € D* and u <1 u’;

(NI2) .7 is non-decreasing with respect to <y in its second variable, that is, % (u,v) <1 % (u,v'),
where u,v,v' € D* and v <, V';

(NI3) f(OD*,OD*) = 1p~;
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(NI4) 7 (1p,1p+) = 1p+;
(NI5) j(lD*IOD*) = OD*.

Definition 18. A function .%: (D*)?> — D* is called a neutrosophic residual implication, if there exits a
neutrosophic t-norm .7 such that

S (u,v) = sup{w|w € D*, 7 (u,w) <q v}.

If .7 is a neutrosophic residual implication generated from a neutrosophic t-norm &, then it will be denoted
by I5.

Furthermore, a neutrosophic t-norm .7 satisfies the residual principle if and only if, for all
u,v,w € D*,

T (u,w) <y vifand only if w <1 4 (u,v).

Similarly, we can get the definitions of neutrosophic co-implications:

Definition 19. A neutrosophic co-implication is a function ¢ : (D*)? — D* that satisfies the following conditions:

(NJ1) _# is non-increasing with respect to <y in its first variable, that is, 7 (u,v) >1 _#(u',v),
where u,u’,v € D* and u <q u’;

(NJ2) ¢ is non-decreasing with respect to <y in its second variable, that is, ¢ (u,v) <1 7 (u,0'),
where u,v,v" € D* and v <, v';

(NJ3) 7 (0p+,0p+) = Op+;

(NJ4) 7 (1p+,1p+) = 0p+;

(NJ5) _#(0p+,1p+) = 1p=.

Definition 20. A function #: (D*)* — D* is called a neutrosophic residual co-implication, if there exits
a neutrosophic t-conorm . such that

Z (u,v) = inflw|w € D*, #(u,w) > v}.

If 7 is a neutrosophic residual co-implication generated from a neutrosophic t-conorm ., then it will be
denoted by Z .

Furthermore, a neutrosophic t-conorm . satisfies the residual principle if and only if, for all
u,v,w € D*,

S (u,w) >1 vifand only if w > I (u,v).

Using the description of the above definitions, we can easily obtain the neutrosophic residual
implications of neutrosophic t-norms discussed in Section 4.

Example 8. The neutrosophic residual implications of the representable neutrosophic t-norms of Example 3 are
given by, forall u,v € D,

(1) Zg,(u,v) = (Igp(u1,v1), Jop(u2,02), Jop(43,03));
2) Fg,(u,0) = (Igg(u1,v1), Joc(u2,v2), Joc(u3, v3));
3) Iz, (u,0) = (Itx(u1,v1), Jix(u2,v2), Jrx (43, v3));
)
)

(4) Iz, (u,0) = (Iwp(u1,v1), Jwe(uz,v2), Jwp(u3,v3));
(5) Fg,,u,0) = (Irp(u1,v1), Jrp(u2,v2), Jrp(u3,v3));
6) Fg(u,v) = (Igc(ur,v1), Jux (u2,v2), Jwg(u3,v3));

(
(7)  F7(u,v) = (Iwp(ur,v1), Joc(u2,v2), Joc(u3, v3));
8) F7(u,v) = (It (u1,01), Jrx(u2,v2), Jop(u3,v3));
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9) Igu,v) = (Igp(u1,v1), Joc(u2,v2), Jcp(u3,v3)).

Example 9. The neutrosophic residual co-implications of the representable neutrosophic t-conorms of Example 4
are given by, for all u,v € D*,

(1) Zs,u,0) = (Jop(u1,v1), Igp(uz,v2), Igp(u3,v3));
2)  Z,(u,0) = (Jgc(ur,v1), Ig(u2,v2), Icc(us,v3));
3) I (w0) = (Jrx(u1,01), Ik (u2,02), ILx(u3,03));

4) I, (u,0) = (Jwp(u1,01), Iwp(u2,v2), Iwp(u3, v3));

7

(5) Zy,,(u,0) = (Jrp(u1,v1), Irp(u2,02), [rp(u3,03));
6)  Zy(u,v) = (Jop(u1,v1), Igc(u2,v2), Ik (u3,v3));
(7)  Io(u,v) = (Jgc(u1,v1), ILx(u2,v2), Irx (u3,v3));
8)  Zo(u,v) = (Jx(u1,v1), ILx(u2,02), Igp(u3, v3));
) Fo(u,v) = (Jwp(u1,v1), g (u2,v2), Irp (u3,v3)).

As we all know, t-conorms are dual operators of t-norms on [0, 1], in the same way, residual
co-implications are dual operators of residual implications on [0, 1], with respect to N(u) = 1 — u.
Neutrosophic residual co-implications of neutrosophic t-conorms are dual operators of neutrosophic
residual implications of neutrosophic t-norms, just as that neutrosophic t-conorms are dual operators
of neutrosophic t-norms with respect to .#;. As Examples 8 and 9 above show, if .7 is the dual
neutrosophic t-conorm of a neutrosophic t-norm .7, then the neutrosophic residual co-implication
2. is the dual operator of the neutrosophic residual implication of ..

Next, we will introduce the most important theorem in this section, which gives the sufficient
condition that the residual operators induced by neutrosophic t-norms must be neutrosophic implications.

Theorem 5. Let 7 be a neutrosophic t-norm on D* with the neutral element 1p+. Then, for all u,v € D,
F7(u,v) =sup{w|w € D*, 7 (u,w) <3 v}

is a neutrosophic implication.

Proof. From Definition 18, ¥4 (u,1p+) = sup{w|lw € D*, T (u,w) <; 1p«} = 1p«, for all
u € D*. Therefore, .#4(1p+,1p+) = 1p+. Since .7 is non-decreasing, .##(1p+,0p+) = sup{w|w €
D*,ﬂ(w,lp*) <4 OD*} = sup{w|w € D*,w <4 OD*} = Op=. fy(OD*,OD*) = sup{w|w S
D*, 7 (w,0p+) <1 Op+} = 1p+. Letu, u’ € D* with the condition u <; u’. Since the non-decreasingness
of 7,{wlw € D*, 7 (u,w) <1 v} 21 {w|w € D*, 7 (u',w) <; v}, then sup{w|w € D*, T (u,w) <;
v} >1 sup{w|lw € D*, 7w, w) <3 v}. Thus, S5(u,v) > F7(u,v). Thatis J5 is
non-increasing with respect to <j in its first variable. Let v, € D* with the condition v <; v'.
Since the non-decreasingness of 7, {w|w € D*, 7 (u,w) <1 v} C; {w|lw € D*, T (u,w) <3 v'},
then sup{w|w € D*, 7 (u,w) <1 v} <y sup{w|w € D*, T (u,w) <; v'}. Thus, I5(u,v) <4
F7(u,v'). Thatis .#5 is non-decreasing with respect to <; in its second variable. [

For neutrosophic residual implications, there are several important properties as follows:

Theorem 6. Suppose that 7 is a neutrosophic t-norm on D* with the neutral element 1p-, S5 is
a neutrosophic residual implication. Then, for all u,v,w € D*,

(1) Z7(0p+,v) =1p=;

(2) SFg(u,1p+) = 1ps;
(3) Fg(u,u) =1ps;
@) I7(1pe,0) =0,
(5) Fg(u,v) >1v;
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(6) Fg(u,v) =1p~ ifand only ifu <y v;

(7) u<y Iy(v,w)ifandonly ifv <1 S5 (u,w);
8) u<y Iy(v, 7(u,v));

9 I7(T(u,v), 7 (u,w)) >1 Lg(v,w).

Proof. Forall u,v € D*,

The proofs of (1)—(4) can be directly obtained by Definition 18.

(5) Since .# is non-increasing with respect to <j in its first variable, .# 5 (u,v) > S (1p+,v) = v.

(6) On the one hand, since u <1 v, 7 (1p+,u) <y v. Thus, L4 (u,v) >1 1p+, thatis L5 (u,v) =
1p+. On the other hand, if £ (u,v) = 1p+, then F (1p-, u) <1 v. Thus, u <; v.

(7) Since u <1 S5 (v,w), 7(v,u) <1 w. Thus, v <1 F5(u,w). Similarly, it follows from
v <1 F7(u,w) thatu <1 I (v, w).

(8) Since 7 (u,v) <1 I (u,v), u <1 L7(v, 7 (u,v)).

9) S5 (T (u,v), 7(u,w)) = sup{t | t € D*,7(T(u,v),t) <1 T(u,w)} = sup{t | t €
D*, 7 (u, 7 (v,t)) <1 T (u,w)} >1sup{t |t € D*, T (v,t) <y w} = I (v,w). O

Example 10. Example 8 shows some neutrosophic residual implications of representable neutrosophic t-norms,
furthermore, it is easy to verify that neutrosophic residual implications of representable neutrosophic t-norms
satisfy the properties described in Theorem 6.

For non-representable neutrosophic t-norms, take the neutrosophic t-norm 7 presented in Theorem 4 for
example, then, for all u,v € D¥,

lD* lf- 0= 1D*/
(4 ifu=1 *,
I (u,v) = <1 if D*r
U §y up =1-—-70y .
(Igp(u1,01), i ,Jop(u3,v3)) otherwise
0  otherwise

is a neutrosophic implication and satisfies the properties given in Theorem 6.
Similarly, we have the following two important theorems of neutrosophic t-conorm on D*:

Theorem 7. Assume that . is a neutrosophic t-conorm on D* with the neutral element Op=. Then, for all
u,v € D¥,

I (u,v) =inf{w|w € D*, & (u,w) >1 v}.

is a neutrosophic co-implication.
Proof. From Definition 20, we can prove it using the proven ways of Theorem 5. [

Theorem 8. Assume that . is a neutrosophic t-conorm on D* with the neutral element Op«, 7o is
a neutrosophic residual co-implication. Then, for all u,v,w € D,

(1) _Z(1p+,v) = 0p+;

(2) 75 (u,0p-) =0p+;
(3)  Zo(u,u)=0ps;

4 7
6) Fo(uv) <iv;
6) 7o (u,v) =0p-ifand only if u > v;

(7) u> fo(v,w)ifandonlyifv >1 7o (u,w);
8) u> fo(v,(u,0));
9 Fo(FL(u,0), S (ww)) <1 Lo(v,w).
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Example 11. Example 9 shows some neutrosophic residual co-implications of representable neutrosophic
t-conorms; furthermore, it is easy to verify that neutrosophic residual co-implications of representable
neutrosophic t-conorms satisfy the properties described in Theorem 8.

For non-representable neutrosophic t-conorms, take the neutrosophic t-conorm # presented in Theorem 4
for example, then, for all u,v € D*,

OD* lf 0= OD*/
v if u=0p+,

1 j < vy,
(]GD(”l/Ul)/{ ¥z < 02

vy otherwise

I (u,0) =
,Icp(us,v3)) otherwise

is a neutrosophic co-implication and it satisfies the properties given in Theorem 8.

In Definition 18, .74 is called the neutrosophic residual implication. At the same time, 7 is
called the residual neutrosophic t-norm. Then, some important properties of the residual neutrosophic
t-norm will be discussed below.

Definition 21. [45] A binary operation H on a complete lattice L is called left (right) infinitely V-distributive,
ifforallu € L,

H(sup w,v) = sup H(w,v) (H(u, sup w) = sup H(u, w));
weW weW weW weW

H is called left (vight) infinitely N-distributive, if for allu € L,

H(inf w,v) = inf H(w,v) (H(u, inf w) = inf H(u,w)),
weWw weW weW weW

where W C L. H is called infinitely \/-distributive (\-distributive) on L, if H is both left and right infinitely
V-distributive (A\-distributive).

Theorem 9. Assume that 7 is a residual neutrosophic t-norm on D* with the neutral element 1p«. Then 7 is
infinitely V-distributive on D*.

Proof. Let W C D*. If W = @, then J (sup w,v) = Z(0p+,v) = Op» = sup 7 (w,v), for all
weW weW

v e D*. f W # @, since 7 is non-decreasing, .7 (sup w,v) >1 sup 7 (w,v), for any v € D*.
Suppose m = sup 7 (w,v), then 7 (w,v) <1 m, novsjevi/ive have w geg | t € D*, 7 (t,v) <1 m}.
By Definition 18?)ZEUW§1 Sz (v,m),forallw € W. Thus, sup w <1 £ (v, m). Since .7 is non-decreasing,
T (sup w,v) <1 I (F7(v,m),v). Since 7 (u, w) <1 vui]fe;vnd onlyif w <1 £ (u,v),and I (v, m) <q
J;é‘,/vm), T (Iz(v,m),v) <y m = sup J(w,v). Therefore, 7 (sup w,v) <1 sup 7 (w,v). O

weW weW weW

Theorem 10. Assume that 7 is a residual neutrosophic t-norm on D* with the neutral element 1p«. Then,
forallu,v € D¥,

(1) T(F7(u,v),u) <y v. Inparticularly, 7 (I (u,u),u) = u, 7(F7(u,0p+),u) = Op=;
2) I7(T(uv),w) =I7(v,I7u,w));

(3) Fg(supu,v) = inf F5(u,v);
ucl uel
(4) ‘7(']9(”/ v),fg(v,w)) <1 f?(”r w)

(5) T(I7(w,1p+), L7 (u,0)) <1 I7 (7 (u,w),0);
©) Iz, Ig(v,w))=I7(v,I7uw));
7)) T(Iq(u, T (v,u)),u)=9u,v);
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(8) j?(u/ ﬁ(ﬂg(u,v),u)) = j?(u/ ?J).

Proof. We can directly prove (1)—(6) directly by the method of Theorems 4.3 and 4.6-4.9 in [46];
The proofs of (7) and (8) can be obtained directly from Theorem 3.5 in [48]. O

Naturally, we can prove that a residual neutrosophic t-conorm is infinitely A-distributive, and then
we can get some important properties of a residual neutrosophic t-conorm on D*.

Theorem 11. Assume that .7 is a residual neutrosophic t-conorm on D* with the neutral element Op«. Then .
is infinitely N-distributive on D*.

Theorem 12. Assume that .7 is a residual neutrosophic t-conorm on D* with the neutral element Op«. Then,
forallu,v € D¥,

(1) A ( Iy (u,0),u)>1 0. Inparticularly, S (_F.o(u,u),u) =u, (Lo (u,1p+),u) = 1p=;
2) Jo(SL(wo),w) = Fo(v, fruw));
(3) /y(;g{l u,v) = 51615 Fo(u,v);

4) S (SIr(uv), Fo(v,w) > Lo(uw);
6) S Jr(wlp), Lr(u,0) 21 Fo(S (u,w),0);
©) Iy fyv,w)) =t fv(uw))

7) A So(u, S (v,u)),u) =(u,v);

(8) /y(u,jﬁ(/y(u,v),u)) - /Y(u/v)'

7

Proof. The proofs of (1)—(6) can be obtained directly from Theorems 3.2 and 3.5-3.8 in [47]; the proofs
of (7) and (8) can be obtained directly from Theorem 3.5 in [48]. O

6. Neutrosophic t-Norms Induced by Neutrosophic Implications on D*

From Theorem 5, we know that neutrosophic implications can be induced by neutrosophic t-norms.
In this section, the dual situation will be considered. Then, residuated lattices can be constructed on the
basis of neutrosophic t-norms and their corresponding neutrosophic residual implications.

Definition 22. Let .#: (D*)? — D* be a neutrosophic implication. The induced operator 7 s by .7 is defined
as follows:

Tg(u,v) =inf{w | w € D*,v <1 F(u,w)}, forall u,v € D*.

Remark 2. (1) 94 (u,v) is a non-empty set, since . (u,1p+) = 1p+, forall u € D*.
(2) Ty defined above is not always a neutrosophic t-norm. For example, for all u,v € D,

v3  otherwise

0 ifuy>uvy |0 if ug>vs,
F(u,0) = (1—uy + ugoy, f 2_, 2 f us )
vy otherwise

is a neutrosophic implication. However, 7z is not a neutrosophic t-norm, because 7 4 (1p+,v) = (1,vp,v3) # v.

Theorem 13. Let .# be a neutrosophic implication on D*. The induced operator T 4 by 7
Tg(u,v) =inf{w | w € D*,v <1 S (u,w)}
is a neutrosophic t-norm if .7 satisfies the following conditions, for all u,v,w € D*:

(1) u<y F(v,w)ifand only ifv <3 I (u,w);
2) (I (u,0),w) =5 u,s(v,w));
(3)  S(u,v) =1p«ifand only ifu <y v;
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(4) ](1D*,M) = U.

Proof. Firstly, we prove that 7 is a neutrosophic t-norm.
(NT1) From (1), we can directly get 7 (u,v) = 4 (v,u), forall u,v € D*.

(NT2) From (1) and (2), Z4(T#(u,v),w) = Tg(w, T4 (u,v)) = inf{t | t € D*, T4(u,v) <q
F(w,t)} =inf{t | t € D, u <1 I(v,5(w,t))} = inf{t | t € D*,v <1 F(u, I (w,t))} = inf{t |
t € DY v <y J(w, 7 (u,t))} = inf{t | t € D*, Ty(v,w) <1 F(u,t)} = T4(Ts(v,w),u) =
?77(”/ j;(U,ZU)).

(NT3) Since T4 (u,1p+) = Ty (1p+,u) = inf{t | t € D*,u <1 I (1p+,t)} =inf{t | t € D*,u <4
ty=u, Ty (u,1p+) = Ty (1ps,u) = u.

(NT4) Assume u,u',v,v' € D* with the condition u <; u’, v <; v'. Since .# is a neutrosophic
implication, .7 (v/,t) <1 #(u,t), forall t € D*. Forany ty € {t | t € D*,v' <y #(u',t)}, it follows
that v/ <y #(u/,ty). Since v <y ¢/, and S (v, ty) <1 A (u,tg), v <1 F(u,ty), thatis, tg € {t |
t € D*,v <1 F(u,t)}. Thus, {t | t € D*, v/ <y £/, 1)} Cq {t |t € D*,v <y #(u,t)}. Hence,
inf{t | t € D*,v <1 F(u,t)} <y inf{t | t € D*,0' <y I (u/, 1)}, thatis, T4 (u,v) <1 Ty (u',0).

Therefore, .7, is a neutrosophic t-norm. [

Theorem 13 describes the conditions that an induced operator .7, by .# is a neutrosophic
t-norm. Moreover, we can construct neutrosophic t-norms with neutrosophic implications according
to these conditions.

Next, some important properties of the residual neutrosophic implication on D* will be discussed.

Theorem 14. Let .¥ be a residual neutrosophic implication on D*. Then .7 (u, ingv w) = intljv S (u,w),
we we
forallu € D*, W Cy D*.

Proof. Let W C; D*. If W = @, then J(u,wing) = S(u,1px) = 1px = Z}g{fvﬂ(u,w), for any
u € D*. If W # @, since .# is non-decreasingness in its second variable, .# (1, u}g&/ w) <4 u}g&/ S (u,w),
for all u € D*. Suppose n = ujggvf(u,w), then n <; . (u,w), now we havew € {t | t € D*,n <4
#(u,t)}. By Definition 22, 74 (n,u) <1 w, forallw € W. Thus, T, (n,u) <4 u}g{fvw Since .7 is
non-decreasingness in its second variable, .7 (u, u}ggv w) >1 S (u, 74(n,u)). Since u <1 (v, w) if and
onlyif w >1 T4 (u,v),and Ty (n,u) > Ty(n,u), (u, Zy(n,u)) >3 n= ugggv,ﬂ(u,w). Therefore,
J(u,a%fvw) > zgggv,ﬂ(u,w). O

From Theorem 14, we know that a residual neutrosophic implication satisfies infinitively
N-distributive in its second variable.

Theorem 15. Assume that .% is a residual neutrosophic implication on D*. Then, for all u,v € D*,
(1) Ty(u, I (u, T5(u,v))) = Ty(u,0);

2) I(u, Ty, 5 (u,0)))=9u,v).

Proof. Letu,v € D*.

1) Tg(u,I(u, 74(u,v))) =inf{t | t € D*, F(u,inf{t | t € D*,v <1 F(u,t)}) <1 F(u,t)} =
inf{t | t € D*,inf{#(u,t) | t € D*,v <1 I(u,t)} <1 F(u,t)} = inf{t | t € D*,v <4

I (u,t)} = Ty (u,0).
2 S, (F(u,0))) = Juinf{t | t € D", I (u,v) <1 F(u,t)}) = inf{F(u,t) | t €
D*, .7 (u,t) >1 F(u,v)} = F(u,0).
O

Summarizing the results in Theorem 5 and 13, we get the following theorem.
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Theorem 16. (1) Assume that 7 is a neutrosophic t-norm on D*. Then .7 (u, in‘f/z}) = in‘f/ Iz (u,v) and
[4S [4S

T =Tg,;

(2) Let .7 be a neutrosophic implication on D*. Then 7 4 which satisfies the conditions presented in Theorem 13

is a infinitely V-distributive neutrosophic t-norm, and 9 = 9 7 .

Proof. (1) From Theorem 5, .#5 is a neutrosophic implication. Next, we prove .5 (1, T}rel‘f/ v) =
gglf/fg(u,v), forall u € D*, V Cy D*. Suppose V C; D*. If V = @, then fg(u,vigxfﬂ) =
Ig(u,1p+) = 1p= = ggéﬂy(u,v), forallu € D*. If V # @, then ﬂg(u,gg‘f/v) =sup{t |t €
D*, 7 (t,u) <4 z}gf/v} =sup{t |t € D*,Vv € V,7(t,u) <1 v} = sup{t € D* | Vo € V,t <4
F7(u,v)} =sup{t € D* |t <4 gg‘f/ Fg(u,v)} = ;gxf/ 7 (u,v). Finally, from Definitions 18 and 22,

we get 7y (u,0) =inf{t [t € D*,v <y I7(u,t)} =inf{t |t € D*, T (u,0) <1 t} = T (u,0), for all
u,v € D*. Thus, = ﬂyg.
(2) From Definition 22 and Theorem 13, .7 ; is a neutrosophic t-norm. Next, we prove .7 (sup u,v) =

sup Z4(u,v), for all v € D*, U C; D*. Suppose U C; D*. If U = @, then ﬂf(sllllepuu,v) =

L;;I(OD*,U) = Op+ = sup Ty (u,v), forallv € D*. If U # @, then Ty (supu,v) = lirelg{t | t €

D* v <) S(supu )} = inflt | t € D*Vu € Uo <y (b)) = inf{t | T € D*Vu € Ut >

Tg(u,v)} = Trelf%t |t € D*,t >1 sup Iy (u,v)} =sup T4 (u,v). Since 7, satisfies the commutative

law, 74 (u, su}‘; v) = su‘}z T (u, vlseHence, Ty is 1nf1rL1[1tely V-distributive. At last, from Definitions 18
ve ve

and 22, we get Sz (u,v) = sup{t | t € D*, T, (t,u) <y v} = sup{t |t € D"t < J(u,0)} =
S (u,v), forallu,v € D*. Thus, ¥ = Iz, . [

Sections 4 and 5 mainly discuss neutrosophic t-norms and their residual implications, then, we can
get a residuated lattice by using these two neutrosophic logic operators as follows:

Theorem 17. Let .7 be a neutrosophic t-norm on D*. Suppose (D*; V1, A\1,¢,0p+, 1p+) is a system on D*.
Forall u,v € D*, we define:

URV = jﬁg(u,v);u —v=SI9(u,v).

Then, (D*; V1, A1, ®, —,0p+, 1p+) is a residuated lattice.

Proof. Firstly, from Proposition 3, we know that (D*; V1, A1,0p+, 1p+) is a bounded lattice.

Then, we prove that (D*; ®,1p+) is a commutative monoid. (1) For any u € D*, 1p« ® u = inf{t |
t € D*,1p- <1 Fo(u,t)} = inf{t | t € D*, F5(u,t) = 1p-} = inf{t | t € D*,u <q t} = u,
u®lps = inf{t | t+ € D*u <1 Fo(Ilp~, )} = inf{t | t+ € D*,u <; t} = u. Thus,
Ipr ®@u = u®1ps = u. (2) Theorem 16 proves that 7,, = J is a neutrosophic t-norm.
Thus, 7 satisfies the commutative law, that is, # ® v = v ® u. (3) Similarly, 7 satisfies the associative
law, thatis, u ® (vQ@w) = (U @ V) @ w.

Finally, we prove that ® is a binary operation for which the equivalence

u@v<jwifandonlyifv <y u = w

holds for all u,v,w € D*. On the one hand, by the definition of ®, we have u ® v = inf{w | w €
D*,v <y u = w}, then u ® v <7 w. Thus, v <7 u — w. On the other hand, from the definition of —,
wehave u - w =sup{v |v € D*,u ®v <; w}. Thus, u ® v <7 w.

Therefore, (D*; V1, A1, ®, —,0p+, 1p+) is a residuated lattice. [

Example 12. Suppose (D*; V1, \1,¢,0p+, 1p+) is a system on D*. For all u,v € D*, we define:
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uRv =y, (u0);
u—v=599u,v).

where 7 4., (u,v) is that presented in Theorem 4, .7 7 (u,v) is that presented in Example 10.
Then, (D*; V1, A1, ®, —,0p+, 1p+) is a residuated lattice.

Proof. Firstly, from Proposition 3, we know that (D*; V1, A1,0p+, 1p+) is a bounded lattice.
Then, we prove that (D*; ®, 1p+) is a commutative monoid. (1) For any u € D*, by the definition
of ® we get Ip- ®@u = u® 1px = u. (2) Obviously, u®v = v®@u. (3) Suppose u,v,w €

D*. If at least one of them is equal to 1p+, then u ® (v®@ w) = (4 ®v) ® w. Otherwise,
u® (v®w) = (min(uy, min(vy, wy)), max(1 — uy, max(1 — v1,1 — wq)), max(uz, max(vs, w3))) =
(min(uq,v1, wy), max(1 — uy,1 — v1,1 — wy), max(us, v3,w3)) = (min(vy, min(uy, wy)), max(1 —

v, max(1 —uqy,1—wy)), max(vs, max(us, w3))) = (4 Rv) R w.
Finally, we will prove

uRu<qw<sov<yu—w,foralu,v,we D*.

Ifu=1p,u®v=v <ywifandonlyifv <y u 2 w=0v <y 1p > w =>v <y w;If v = 1p+,
Uuv=u®lp =u<yw=u <y Ip-ifandonlyifv < u - w = 1p- < 1p+;Ifu # 1p« and v #
1p+, u ® v = (min(u1, min(v1, wy)), max(1 — uq, max(1 —v1,1 — wy)), max(uz, max(vs, w3))) <1 wif
and only if

1D* if w= 1D*r
w if u=1p-,
v <y " . b
up if up <1—wy, .
(Igp(u1,w1), ] ,Jop(u3, ws3)) otherwise
0 otherwise

thatis, v <; u — w.
Therefore, (D*; V1, A1, ®, —,0p+, 1p+) is a residuated lattice. O

7. Conclusions

Neutrosophic logic plays a vital role in neutrosophic set theory. Neutrosophic t-norms, t-conorms,
negators and implications are very important neutrosophic logic operators. In this paper, under
the first type inclusion relation, the lattice structure of neutrosophic sets is discussed, (D*; <1) and
(D*;V1,A\1,°,0p+,1p+) are proved to be a complete lattice and De Morgan algebra, respectively.
On the complete lattice (D*; <), we introduce the definitions of neutrosophic t-norms, t-conorms,
negators and their operations. Furthermore, De Morgan neutrosophic triples are defined, which
describe that neutrosophic t-norms and t-conorms are dual with respect to the standard neutrosophic
negator. Then, we introduce neutrosophic residual implications (co-implications) on the complete
lattice (D*; <;), propose a theorem which shows that residual operations induced by neutrosophic
t-norms are neutrosophic implications, investigate basic properties for neutrosophic residual implications
(co-implications), prove that residual neutrosophic t-norms are infinitely \/-distributive, and give some
important results for residual neutrosophic t-norms and neutrosophic residual implications. Finally, we
introduce neutrosophic operations produced by neutrosophic implications, discuss the conditions that
the neutrosophic operations are neutrosophic t-norms, and then construct residuated lattices. Based on
these results, we will consider their applications in neutrosophic inference systems in the future.
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