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Abstract

A neutrosophic uncertain linguistic variable is composed of an uncertain linguistic variable and a neutrosophic number, which has
more advantages than both of uncertain linguistic variable and neutrosophic number in expression. Therefore, the decision-making the-
ory and its related methods based on neutrosophic uncertain linguistic variables have received wide attention of scholars. This paper
mainly studies the new expression and operations of single value neutrosophic uncertain linguistic variables and its application in mul-
tiple attribute group decision-making (MAGDM). First, a new form of single value neutrosophic uncertain linguistic set (NFSVNULS)
and its operational rules are defined. Then, a new form of single value neutrosophic uncertain linguistic variable weighted arithmetic
average (NFSVNULVWAA) operator and a new form of single value neutrosophic uncertain linguistic variable weighted geometric
average (NFSVNULVWGA) operator are proposed. Furthermore, a MAGDM method based on the proposed aggregation operators
is put forward. Finally, an example of investment is used to demonstrate the feasibility and effectiveness of the proposed method.
� 2018 Elsevier B.V. All rights reserved.
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1. Introduction

While dealing with the decision-making problems, peo-
ple like to use the precise values to describe the attributes.
However, in a real decision environment, there are many
complex and changeable factors, and then decision makers
have to use linguistic evaluations for their fuzzy expres-
sions. For example, decision makers like to use ‘‘excellent”,
‘‘good”, and ‘‘poor” to represent the evaluation values.
Hence, Zadeh (1975a, 1975b) proposed a linguistic variable
set S = {S0; S1; S2; S3; � � � Sp} (p is an even number) to
express the evaluation values. Xu (2004) proposed the con-
cept of uncertain linguistic variables and defined the oper-
ational rules. Wang (2007) used the binary semantic and
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evidenced reasoning method to construct the decision
model for multiple attribute group decision-making
(MAGDM) problems. Fan and Liu (2010) designed a func-
tion of multi-granularity uncertain linguistic mapping to a
trapezoidal fuzzy number and constructed the MAGDM
method. Zhang and Guo (2012) studied multiple granular-
ity decision-making problems with the incompletely known
weights and uncertain linguistic values of attributes.

In the linguistic evaluation environment, the degree of a
linguistic variable only indicates the linguistic evaluation
value of a decision maker, but cannot depict the uncer-
tain/hesitant degree of decision makers. In order to over-
come this drawback, the combinations of linguistic
variables and other sets have been put forward. For exam-
ples, Ye (2014) proposed an interval neutrosophic linguistic
set (INLS) and an interval neutrosophic linguistic number
(INLN); Ye (2015) proposed a single valued neutrosophic
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linguistic set (SVNLS) and a single valued neutrosophic
linguistic number (SVNLN); Said, Ye, and Smarandache
(2015) and Ye (2017a) proposed the interval neutrosophic
uncertain linguistic variables; Smarandache (2015) defined
the concept of neutrosophic linguistic numbers and Ye
(2016) proposed the Neutrosophic linguistic number
weighted arithmetic average (NLNWAA) operator and
Neutrosophic linguistic number weighted geometric aver-
age (NLNWGA) operator; Ye, Mahmood, and Khan
(2017) presented the idea of hesitant single valued neutro-
sophic uncertain linguistic sets and hesitant single valued
neutrosophic uncertain linguistic elements (HSVNULEs);
Ye (2018a) defined hesitant neutrosophic linguistic num-
bers; Ye (2017b) proposed the concept of hesitant interval
neutrosophic linguistic sets by combining the three con-
cepts of the HFS, interval neutrosophic set, and linguistic
set; Ye (2017c) proposed the concept of a linguistic neutro-
sophic cubic number (LNCN), including an internal
LNCN and external LNCN; Liu, Khan, Ye, and
Mahmood (2018) proposed the concept of hesitant interval
neutrosophic uncertain linguistic sets (HINULSs) and hesi-
tant interval neutrosophic uncertain linguistic elements
(HINULEs) and so on (Fan & Ye, 2018; Fan, Ye, Hu, &
Fan, 2017; Fang & Ye, 2017; Liu & Shi, 2017; Liu, 2016;
Teng, 2016; Ye, 2018b). Neutrosophic set is a very power-
ful tool to deal with incomplete and indeterminate infor-
mation proposed by Smarandache (1998) and has
attracted the attention of many scholars (Abdel-Basset &
Mohamed, 2018; Abdel-Basset, Mohamed, Zhou, &
Hezam, 2017; Abdel-Basset, Gunasekaran, Mohamed, &
Chilamkurti, 2018; Abdel-Basset, Gunasekaran,
Mohamed, & Smarandache, 2018; Abdel-Basset,
Mohamed, & Smarandache, 2018a, 2018b; Abdel-Basset,
Mohamed, & Chang, 2018; Abdel-Basset, Mohamed,
Gamal, & Smarandache, 2018; Abdel-Basset, Mohamed,
Smarandache, & Chang, 2018; Abdel-Basset, Zhou,
Mohamed, & Chang, 2018; Fan, Fan, & Ye, 2018;
Muhiuddin, Bordbar, Smarandache, & Jun, 2018;
Pramanik, Dey, & Smarandache, 2018; Pramanik, Roy,
Roy, & Smarandache, 2018a, 2018b), which can provide
the credibility of the given linguistic evaluation value and
linguistic set can provide qualitative evaluation values.

In this paper, a new form of single value neutrosophic
uncertain linguistic set (NFSVNULS) and a new form of
the single value neutrosophic uncertain linguistic variable
(NFSVNULV) are proposed. In NFSVNULS, we adopt
two dimensions to express the evaluation of each expert,
the uncertain linguistic part is applied to express the lin-
guistic evaluation and weight for different experts, and
the single value neutrosophic part is used to depict the
degree of linguistic evaluations. Then, we define its opera-
tional rules and propose two aggregation operators based
on NFSVNULV. Compared to relevant aggregation oper-
ators for linguistic variables, on the one hand, we add the
weights of linguistic evaluations to depict the important
level of different experts in NFSVNULV. Thus, it can
not only reflect the linguistic evaluation of each expert,
but also can depict the important degree of different
experts. On the other hand, we use the expanding function
to ensure that the linguistic information aggregation results
do not appear ‘‘distortion” and ‘‘transboundary” phe-
nomenon. The main purposes of this paper are: (i) to pro-
pose the concepts of NFSVNULS and NFSVNULV; (ii) to
propose the operational rules of NFSVNULS; (iii) to
propose a new form of single value neutrosophic uncertain
linguistic variable weighted arithmetic average
(NFSVNULVWAA) operator and a new form of single
value neutrosophic uncertain linguistic variable weighted
geometric average (NFSVNULVWGA) operator based
on the operational rules of NFSVNULS; (iv) to put for-
ward a MAGDM method based on two aggregation oper-
ators, and (v) to apply the proposed method into an
example of investment to demonstrate the feasibility and
effectiveness of the proposed method.

The organizations of this paper are as following: Sec-
tion 2 describes some concepts. Section 3 proposes two
aggregation operators based on NFSVNULS. Section 4
establishes a MAGDM method based on two aggregation
operators. Section 5 provides an illustrative example to
demonstrate the application of the proposed method. Sec-
tion 6 contains conclusions.

2. Some concepts

2.1. Linguistic set

Definition 1 (Zadeh (1975a, 1975b)). Set S ¼ fsjjj 2 0; q½ �g
as a linguistic variable set, in which q is a sufficiently large
even number. Then, for any two linguistic variables
sm; sn 2 S and m; n 2 ½0; q�, they satisfy the following
properties:

Order: if m � n; thensm � sn;
The negative operator: Neg smð Þ ¼ sn; n ¼ q� m;
The max operator: if sm � sn; then max {sm; sn} =sn;
The min operator: if sm � sn; then min {sm; sn} =sm.

2.2. Uncertain linguistic variable

Definition 2 Ye (2017c). Set S
�
¼ sg; sh
� �

; sg; sh 2 S;0 �
g � h � q; where q is a sufficiently large positive integer,

sg is the lower limit of S
�
and sh is the upper limit of S

�
, then

S
�
is an uncertain linguistic variable.

For the sake of convenience, we suppose S
�
is a set of all

uncertain linguistic variables.

Set S
�
1 ¼ sg1; sh1

� �
and S

�
2 ¼ sg2; sh2

� �
as two uncertain lin-

guistic variables, the number k � 0, they have the following
operational rules:
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S
�
1 � S

�
2 ¼ sg1þg2�g1	g2

q
; sh1þh2�h1	h2

q

h i
; ð1Þ

S
�
1 
 S

�
2 ¼ sg1�g2

q
; sh1�h2

q

h i
; ð2Þ

kS
�
1 ¼ s

q�q	ð1�g1
q Þ

k ; s
q�q	ð1�h1

q Þ
k

� �
: ð3Þ
2.3. The new uncertain linguistic variable set

Definition 3 Liu (2016). Set S
�
¼ Sg lð Þ; Sh lð Þ
� �

as an uncer-

tain linguistic variable, L as an universe of discourse,
8l 2 L; Sg lð Þ; Sh lð Þ 2 S; 0 � g lð Þ � h lð Þ � q, Sg lð Þ is the lower

limit of S
�
and Sh lð Þ is the upper limit of S

�
, then we can get a

new uncertain linguistic variable set bS as following:

Ŝ ¼ fhw lð Þ; Sg lð Þ ; Sh lð Þ
� �ijl 2 Lg

In which w (l): L ? [0,1] means the important level of l
in the universe L and

P
l2Lw lð Þ ¼ 1.

2.4. The fuzzy set (FS)

Definition 4 Zadeh (1965). Let L be a universe of dis-
course, a fuzzy set in L is defined as A ¼ fh l; uA lð Þijl 2 Lg,
where uA lð Þ is the membership function of the fuzzy set A,
and 0 � uA lð Þ � 1.
2.5. The intuitionistic fuzzy set (IFS)

Definition 5 Atanassov (1986). Let L be a universe of
discourse, an IFS in L is defined as: A ¼ fh l; uA lð Þ;
vA lð Þijl 2 Lg, where uA lð Þ: L ? [0,1] and vA lð Þ: L ? [0,1]
are the membership function and non-membership of IFS
A, respectively.
2.6. New linguistic intuition fuzzy set (NLIFS)

Definition 6 Liu (2016). Set S ¼ fsjjj 2 0; q½ �g as an LS;
qþ 1 is the cardinality of S. Set L as a universe of
discourse, 8l 2 L; Sg lð Þ 2 S, then a NLIFS is defined as

following:

R ¼ fh½w lð Þ; Sg lð ÞÞ�; u lð Þ; v lð Þijl 2 Lg
In which w (l): L ? [0,1] means the important level of l in

the universe L; u lð Þ : L ! ½0; 1� and v lð Þ : L ! ½0; 1� mean
membership and non-membership of a linguistic variable
Sg lð Þ, respectively.

P
l2Lw lð Þ ¼ 1,u lð Þ þ v lð Þ 2 0; 1½ �:

For the simplicity of description, we denote the new lin-
guistic intuition fuzzy number (NLIFN) into

r ¼ hSw lð Þ
g lð Þ ; u lð Þ; v lð Þi:
Set r1 ¼ hSw l1ð Þ
g l1ð Þ ; u l1ð Þ; v l1ð Þi, r2 ¼ hSw l2ð Þ

g l2ð Þ ; u l2ð Þ; v l2ð Þi and

r3 ¼ hSw l3ð Þ
g l3ð Þ ; u l3ð Þ; v l3ð Þi as three NLIFNs, f (t) is expand-

ing function and k 2 0; 1½ �, the operational rules are listed
as follows:

r1 � r2 ¼ hSf�1 f w l1ð Þð Þþf w l2ð Þð Þð Þ
f w l1ð Þð Þ	g l1ð Þþf ðw l2Þð Þ	g l2ð Þ

f w l1ð Þð Þþf w l2ð Þð Þ
;

1� 1� u l1ð Þð Þ 1� u l2ð Þð Þ; v l1ð Þv l2ð Þi: ð4Þ

kr1 ¼ hSf�1 kf w l1ð Þð Þð Þ
g l1ð Þ ; 1� 1� u l1ð Þð Þk; v l1ð Þki ð5Þ

According to the operational rules of NLIFNs, they
have the following properties:

(1) (Commutative law) r1 � r2 ¼ r2 � r1;
(2) (Associative law) ðr1 � r2Þ � r3 ¼ r1 � r2 � r3ð Þ;
(3) (Distributive law) kðr1 � r2Þ ¼ kr1 � kr2.

Definition 7 Liu (2016). Set r ¼ hSw lð Þ
g lð Þ ; u lð Þ; v lð Þi as a

NLIFN, then the expectation E (r) and the accuracy H
(r) can be defined as following:

E rð Þ ¼ 1

2
ð1þ u lð Þ � v lð ÞÞw lð Þ g lð Þ

q
ð6Þ

H rð Þ ¼ w lð Þ g lð Þ
q

� �
ðu lð Þ þ v lð ÞÞ ð7Þ
2.7. Expanding function

In order to ensure the results of linguistic information
aggregation do not appear ‘‘distortion” and ‘‘transbound-
ary” phenomenon, we propose the concept of expanding
function.

Definition 8. Set function f: [0,1] ? [0,1) and f (t) is
continuous function in [0,1), which is called expanding
functions if and only if satisfies the following conditions:
(1) f (t) is strict monotonically increasing in [0,1);
(2) f (0) = 0;
(3) f (1) = +1.

Based on Definition 8, it shows that f (t) has the inverse
function. Some expanding functions are list in Table 1.

In this paper, we use f ðtÞ ¼ 1
1�t � 1 as the expanding

function and its inverse function is f �1ðtÞ ¼ 1� 1
1 þ t,

which is easy for calculation.
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2.8. Single-value neutrosophic set

Definition 9 (Smarandache (1998), Smarandache et al.
(2009), Kandasamy and Smarandache (2011a),
Kandasamy and Smarandache (2011b)). Let X be a given
universe, and then R¼ fhx; T R xð Þ; IR xð Þ; F R xð Þijx 2 Xg is a
single-value neutrosophic set (SVNS). TR(x) is a truth-
membership function, F R xð Þ is a falsity-membership func-
tion and IR xð Þ is an indeterminacy-membership function.
T R xð Þ; IR xð Þ; F R xð Þ 2 0; 1½ � and 3 � T R xð Þ þ IR xð Þ þ F R xð Þ � 0.

The operational rules of two SVNSs M and N can be
defined as following:

M � N ¼ TM xð Þ þ T N xð Þ � TM xð ÞT N xð Þ; IM xð ÞIN xð Þ;
F M xð ÞF N xð Þ; 8x 2 X;

kM = h1� 1�TM xð Þð Þk;ðIM xð ÞÞk;ðF M xð ÞÞki;k> 0;8x2X .

Mk=hðTM xð ÞÞk; 1� 1� IM xð Þð Þk; 1� 1� F M xð Þð Þki; k > 0; 8x 2 X

2.9. A new form of single value neutrosophic uncertain

linguistic set

As an extension of Definition 7, we present a new form
of single value neutrosophic uncertain linguistic set
(NFSVNULS) as following:

Definition 10. Set S ¼ fsaja 2 0; q½ �g is a continuous
linguistic variable set, set L as a universe of discourse,

8l 2 L; Sg lð Þ; Sh lð Þ
� � 2 S; and then an NFSVNULS is

defined as:

R
� ¼ fh w lð Þ; ½Sg lð Þ; Sh lð Þ�; tR� lð Þ; iR� lð Þ; f R� lð Þ� 	ijl 2 Lg ð8Þ

In which w(l): L ? [0,1] means the important level of l in
universe L, t

R
� lð Þ: L ? [0,1]; f

R
� lð Þ: L ? [0,1] and i

R
� lð Þ:

L ? [0,1] mean truth membership function, falsity mem-
bership function and indeterminacy membership of linguis-
tic variable Sg lð Þ; Sh lð Þ, respectively,

P
l2Lw lð Þ ¼ 1 and

0 � t
R
� lð Þ þ i

R
� lð Þ þ f

R
� lð Þ � 3.

For the simplicity of description, we simplify the
new form of the single value neutrosophic uncertain

linguistic variable (NFSVNULV) into r
� ¼ h½Sw lð Þ

g lð Þ ; S
w lð Þ
h lð Þ �;

w lð Þ t lð Þ; i lð Þ; f lð Þð Þi ¼ h½Sw lð Þ
g lð Þ ; S

w lð Þ
h lð Þ �; T lð Þ; I lð Þ; F lð Þi; where

T lð Þ ¼ 1� 1� t lð Þð Þw lð Þ; I lð Þ ¼ i lð Þð Þw lð Þ; F lð Þ ¼ f lð Þð Þw lð Þ.

Set r
�
1 ¼ h½Sw l1ð Þ

g l1ð Þ ; S
w l1ð Þ
h l1ð Þ �;w l1ð Þ t l1ð Þ; i l1ð Þ; f l1ð Þð Þi; r

�
2 ¼

h½Sw l2ð Þ
g l2ð Þ ; S

w l2ð Þ
h l2ð Þ �;w l2ð Þ t l2ð Þ; i l2ð Þ; f l2ð Þð Þi and r

�
3 ¼ h½Sw l3ð Þ

g l3ð Þ ;
Table 1
Five kinds of expanding fuctions.

f(t)(0 � t � 1Þ f �1ðtÞ
tanðp2 tÞ 2

p arctanðtÞ
1

1�t � 1 1� 1
1þt

1
ð1�tÞ2 � 1 1� 1ffiffiffiffiffiffi

1þt
p

�ln(1 � t) 1� e�t

e
1

1�t � e 1� 1
lnðeþtÞ
Sw l3ð Þ
h l3ð Þ �;w l3ð Þ t l3ð Þ; i l3ð Þ; f l3ð Þð Þi as three NFSVNULVs, f

(t) is an expanding function and k 2 0; 1½ �, the operation
rules of NFSVNULVs are listed as following:

r
�
1 � r

�
2 ¼ h½Sf�1 f w l1ð Þð Þþf w l2ð Þð Þð Þ

f ðw l1ð ÞÞ	g l1ð Þþf ðw l2Þð Þ	g l2ð Þ
f w l1ð Þð Þþf w l2ð Þð Þ

; Sf�1 f w l1ð Þð Þþf w l2ð Þð Þð Þ
f ðw l1ð ÞÞ	h l1ð Þþf ðw l2Þð Þ	h l2ð Þ

f w l1ð Þð Þþf w l2ð Þð Þ
�;

T l1ð Þ þ T l2ð Þ � T l1ð ÞT l2ð Þ; I l1ð ÞI l2ð Þ; F l1ð ÞF l2ð Þi ð9Þ
kr
�
1 ¼ h½Sf�1 kf w l1ð Þð Þð Þ

g l1ð Þ ; Sf�1 kf w l1ð Þð Þð Þ
h l1ð Þ �;

1� 1� T l1ð Þð Þk; ðI l1ð ÞÞk; ðF l1ð ÞÞki ð10Þ

r
�
1

k ¼ h½Sf�1 f w l1ð Þð Þkð Þ
g l1ð Þ ; S

f�1 f w l1ð Þð Þkð Þ
h l1ð Þ �; ðT l1ð ÞÞk; 1

� 1� I l1ð Þð Þk; 1� 1� F l1ð Þð Þki ð11Þ
where T lið Þ ¼ 1� 1� t lið Þð Þw lið Þ

; I lið Þ ¼ i lið Þð Þw lið Þ
; F lið Þ

¼ f lið Þð Þw lið Þ for i ¼ 1; 2

These operational rules of NFSVNULVs satisfy the
following properties:

r
�
1 � r

�
2 ¼ r

�
2 � r

�
1; ð12Þ

k r
�
1 � r

�
2


 �
¼ kr

�
1 � kr

�
2; ð13Þ

ðr�1 � r
�
2Þ � r

�
3 ¼ r

�
1 � ðr�2 � r

�
3Þ ð14Þ

Proof. (1) According to Formula (9), we can easily obtain
it.

(2) k r
�
1 � r

�
2


 �
¼ k h½Sf�1 f w l1ð Þð Þþf w l2ð Þð Þð Þ

f ðw l1ð ÞÞ	g l1ð Þþf ðw l2Þð Þ	g l2ð Þ
f w l1ð Þð Þþf w l2ð Þð Þ

Sf
�1 f w l1ð Þð Þþf w l2ð Þð Þð Þ

f ðw l1ð ÞÞ	h l1ð Þþf ðw l2Þð Þ	h l2ð Þ
f w l1ð Þð Þþf w l2ð Þð Þ

�;
 

T l1ð Þ þ T l2ð Þ � T l1ð ÞT l2ð Þ; I l1ð ÞI l2ð Þ; F l1ð ÞF l2ð ÞiÞ

¼ h½Sf�1 k f w l1ð Þð Þþf w l2ð Þð Þð Þð Þ
f ðw l1ð ÞÞ	g l1ð Þþf ðw l2Þð Þ	g l2ð Þ

f w l1ð Þð Þþf w l2ð Þð Þ
; Sf�1 k f w l1ð Þð Þþf w l2ð Þð Þð Þð Þ

f ðw l1ð ÞÞ	h l1ð Þþf ðw l2Þð Þ	h l2ð Þ
f w l1ð Þð Þþf w l2ð Þð Þ

�;

1� ð1� T l1ð Þ þ T l2ð Þ � T l1ð ÞT l2ð Þð ÞÞk; ðI l1ð ÞI l2ð ÞÞk;
ðF l1ð ÞF l2ð ÞÞki
kr
�
1 � kr

�
2 ¼ h½Sf�1 kf w l1ð Þð Þð Þ

g l1ð Þ ; Sf�1 kf w l1ð Þð Þð Þ
h l1ð Þ �;

1� 1� T l1ð Þð Þk; ðI l1Þð Þk; ðF l1Þð Þki � h½Sf�1 kf w l2ð Þð Þð Þ
g l2ð Þ ;

Sf�1 kf w l2ð Þð Þð Þ
h l2ð Þ �; 1� 1� T l2ð Þð Þk; ðI l2ð ÞÞk;

ðF l2ð ÞÞki ¼ h½Sf�1 f f�1 kf w l1ð Þð Þð Þð Þþf f�1 kf w l2ð Þð Þð Þð Þð Þ
f f�1 kf w l1ð Þð Þð Þð Þg l1ð Þþf f�1 kf w l2ð Þð Þð Þð Þg l2ð Þ

f f�1 kf w l1ð Þð Þð Þð Þþf f�1 kf w l2ð Þð Þð Þð Þ
;

S
f�1 f f�1 kf w l1ð Þð Þð Þð Þþf f�1 kf w l2ð Þð Þð Þð Þð Þ
f f�1 kf w l1ð Þð Þð Þð Þh l1ð Þþf f�1 kf w l2ð Þð Þð Þð Þh l2ð Þ

f f�1 kf w l1ð Þð Þð Þð Þþf f�1 kf w l2ð Þð Þð Þð Þ
�;

1� 1� T l1ð Þð Þk

 �

þ 1� 1� T l2ð Þð Þk

 �

þ 1� 1� T l1ð Þð Þk

 �

1� 1� T l2ð Þð Þk

 �

;

ðI l1ð ÞÞkðI l2ð ÞÞk; ðF l1ð ÞÞkðF l2Þð Þki
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Because f f �1 xð Þ� 	 ¼ x; so

kr
�
1 � kr

�
2 ¼ h½Sf�1 f f�1 kf w l1ð Þð Þð Þð Þþf f�1 kf w l2ð Þð Þð Þð Þð Þ

f f�1 kf w l1ð Þð Þð Þð Þg l1ð Þþf f�1 kf w l2ð Þð Þð Þð Þg l2ð Þ;
f f�1 kf w l1ð Þð Þð Þð Þþf f�1 kf w l2ð Þð Þð Þð Þ

� S
f�1 f f�1 kf w l1ð Þð Þð Þð Þþf f�1 kf w l2ð Þð Þð Þð Þð Þ
f f�1 kf w l1ð Þð Þð Þð Þh l1ð Þþf f�1 kf w l2ð Þð Þð Þð Þh l2ð Þ

f f�1 kf w l1ð Þð Þð Þð Þþf f�1 kf w l2ð Þð Þð Þð Þ
�; 1� 1� T l1ð Þð Þk

 �

þ 1� 1� T l2ð Þð Þk

 �

þ 1� 1� T l1ð Þð Þk

 �

1� 1� T l2ð Þð Þk

 �

;

ðI l1Þð ÞkðI l2Þð Þk; ðF l1Þð ÞkðF l2ð ÞÞki

¼ h½Sf�1 kf w l1ð Þð Þþkf w l2ð Þð Þð Þ
f w l1ð Þð Þg l1ð Þþf w l2ð Þð Þg l2ð Þ

f w l1ð Þð Þþf w l2ð Þð Þ
; Sf�1 kf w l1ð Þð Þþkf w l2ð Þð Þð Þ

f w l1ð Þð Þh l1ð Þþf w l2ð Þð Þh l2ð Þ
f w l1ð Þð Þþf w l2ð Þð Þ

�;

1� ð1� T l1ð Þ þ T l2ð Þ � T l1ð ÞT l2ð Þð ÞÞk; ðI l1ð ÞI l2ð ÞÞk;
F l1ð ÞF l2ð ÞÞk

 �

i

Then, we can get kðr�1 � r
�
2Þ ¼ kr

�
1 � kr

�
2:

ðr�1 � r
�
2Þ � r

�
3 ¼ h½Sf�1 f w l1ð Þð Þþf w l2ð Þð Þð Þ

f w l1ð Þð Þg l1ð Þþf w l2ð Þð Þg l2ð Þ
f w l1ð Þð Þþf w l2ð Þð Þ

; Sf�1 f w l1ð Þð Þþf w l2ð Þð Þð Þ
f w l1ð Þð Þh l1ð Þþf w l2ð Þð Þh l2ð Þ

f w l1ð Þð Þþf w l2ð Þð Þ
�;

T l1ð Þ þ T l2ð Þ � T l1ð ÞT l2ð Þ; I l1ð ÞI l2ð Þ;
F l1ð ÞF l2ð Þi � h½Sw l3ð Þ

g l3ð Þ ; S
w l3ð Þ
h l3ð Þ �; T l3ð Þ; I l3ð Þ;

F l3ð Þi

¼ h½Sf�1 f f�1 f w l1ð Þð Þþf w l2ð Þð Þð ÞÞþf ðw l3ð Þð Þð Þ
f ðf�1 f w l1ð Þð Þþf w l2ð Þð Þð ÞÞ	f w l1ð Þð Þg l1ð Þþf w l2ð Þð Þg l2ð Þ

f w l1ð Þð Þþf w l2ð Þð Þ þf ðw l3ð Þ	g l3ð Þ
f f�1 f w l1ð Þð Þþf w l2ð Þð Þð Þð Þþf w l3ð Þð Þ

;

� S
f�1 f f�1 f w l1ð Þð Þþf w l2ð Þð Þð ÞÞþf ðw l3ð Þð Þð Þ
f ðf�1 f w l1ð Þð Þþf w l2ð Þð Þð ÞÞ	f w l1ð Þð Þh l1ð Þþf w l2ð Þð Þh l2ð Þ

f w l1ð Þð Þþf w l2ð Þð Þ þf ðw l3ð ÞÞ	h l3ð Þ
f ðf�1 f w l1ð Þð Þþf w l2ð Þð Þð ÞÞþf ðw l3ð ÞÞ

�;

T l1ð Þ þ T l2ð Þ � T l1ð ÞT l2ð Þ þ T l3ð Þ � T l1ð Þð
þT l2ð Þ � T l1ð ÞT l2ð ÞÞT l3ð Þ; I l1ð ÞI l2ð ÞI l3ð Þ;
F l1ð ÞF l2ð ÞF l3ð Þi

¼ h½Sf�1 f w l1ð Þð Þþf w l2ð Þð Þþf ðw l3ð Þð Þ
f w l1ð Þ	g l1ð Þþf ðw l2Þð Þ	g l2ð Þð Þþf ðw l3ð Þ	g l3ð Þ

f w l1ð Þð Þþf w l2ð Þð Þþf ðw l3ð Þ
;Sf�1 f w l1ð Þð Þþf w l2ð Þð Þþf ðw l3ð Þð Þ

f w l1ð Þ	h l1ð Þþf ðw l2Þð Þ	h l2ð Þð Þþf ðw l3ð Þ	h l3ð Þ
f w l1ð Þð Þþf w l2ð Þð Þþf ðw l3ð Þ

�;

T l1ð Þ þ T l2ð Þ þ T l3ð Þ � T l1ð ÞT l2ð Þ � T l1ð ÞT l3ð Þ
� T l2ð ÞT l3ð Þ þ T l1ð ÞT l2ð ÞT l3ð Þ; I l1ð ÞI l2ð ÞI l3ð Þ;
F l1ð ÞF l2ð ÞF l3ð Þi

r
�
1� r

�
2� r

�
3


 �
¼h½Sw l1ð Þ

g l1ð Þ ;S
w l1ð Þ
h l1ð Þ �;T l1ð Þ;I l1ð Þ;F l1ð Þ>�

< ½Sf�1 f w l2ð Þð Þþf w l3ð Þð Þð Þ
f ðw l2ð ÞÞ	g l2ð Þþf ðw l3Þð Þ	g l3ð Þ

f w l2ð Þð Þþf w l3ð Þð Þ
;Sf�1 f w l2ð Þð Þþf w l3ð Þð Þð Þ

f ðw l2ð Þ	h l2ð Þþf ðw l3Þð Þ	h l3ð Þ
f w l2ð Þð Þþf w l3ð Þð Þ

�;

T l2ð ÞþT l3ð Þ�T l2ð ÞT l3ð Þ;I l2ð ÞI l3ð Þ;
F l2ð ÞF l3ð Þi

¼ h½Sf�1 f ðf�1 f w l2ð Þð Þþf w l3ð Þð Þð ÞÞþf ðw l1ð ÞÞð Þ
f ðf�1 f w l2ð Þð Þþf w l3ð Þð Þð ÞÞ	f ðw l2ð ÞÞ	g l2ð Þþf ðw l3Þð Þ	g l3ð Þ

f w l2ð Þð Þþf w l3ð Þð Þ þf ðw l1ð ÞÞ	g l1ð Þ
f f�1 f w l1ð Þð Þþf w l2ð Þð Þð Þð Þþf ðw l3ð ÞÞ

;

� S
f�1 f ðf�1 f w l2ð Þð Þþf w l3ð Þð Þð ÞÞþf ðw l1ð ÞÞð Þ
f ðf�1 f w l2ð Þð Þþf w l3ð Þð Þð ÞÞ	f ðw l2ð ÞÞ	h l2ð Þþf ðw l3Þð Þ	h l3ð Þ

f w l2ð Þð Þþf w l3ð Þð Þ þf ðw l1ð ÞÞ	h l1ð Þ
f f�1 f w l1ð Þð Þþf w l2ð Þð Þð ÞÞþf ðw l3ð Þð Þ

�;

� T l2ð Þ þ T l3ð Þ � T l2ð ÞT l3ð Þ þ T l1ð Þ � T l2ð Þ þ T l3ð Þð
�T l2ð ÞT l3ð ÞÞT l1ð Þ; I l2ð ÞI l3ð ÞI l1ð Þ; F l2ð ÞF l3ð ÞF l1ð Þi
¼ h½Sf�1 f w l1ð Þð Þþf w l2ð Þð Þþf ðw l3ð ÞÞð Þ
f ðw l1ð ÞÞ	g l1ð Þþf ðw l2Þð Þ	g l2ð Þþf ðw l3ð ÞÞ	g l3ð Þ

f w l1ð Þð Þþf w l2ð Þð Þþf ðw l3ð ÞÞ


 �;
Sf�1 f w l1ð Þð Þþf w l2ð Þð Þþf ðw l3ð ÞÞð Þ

f ðw l1ð ÞÞ	h l1ð Þþf ðw l2Þð Þ	h l2ð Þþf ðw l3ð ÞÞ	h l3ð Þ
f w l1ð Þð Þþf w l2ð Þð Þþf ðw l3ð ÞÞ


 ��;
T l1ð Þ þ T l2ð Þ þ T l3ð Þ � T l1ð ÞT l2ð Þ � T l1ð ÞT l3ð Þ
� T l2ð ÞT l3ð Þ þ T l1ð ÞT l2ð ÞT l3ð Þ; I l1ð ÞI l2ð ÞI l3ð Þ;
F l1ð ÞF l2ð ÞF l3ð Þi

Then we can get r
�
1 � r

�
2


 �
� r

�
3 ¼ r

�
1 � r

�
2 � r

�
3


 �
: h

Definition 11. Set r
� ¼< ½Sw lð Þ

g lð Þ ; S
w lð Þ
h lð Þ �;w lð Þ t lð Þ; i lð Þ; f lð Þð Þ >

as an
NFSVNULV,-

T lð Þ ¼ 1� 1� t lð Þð Þw lð Þ
; I lð Þ ¼ i lð Þð Þw lð Þ

; F lð Þ ¼ f lð Þð Þw lð Þ
;

then the expectationEðr�Þ and the accuracy Hðr�Þ can be
defined as following:

E r
�
 � ¼ 1

6
ð2þ T lð Þ � I lð Þ � F lð ÞÞðw lð Þ g lð Þ

q

þ w lð Þ h lð Þ
q

Þ ð15Þ

H r
�
 � ¼ 1

4
w lð Þ g lð Þ

q
þ w lð Þ h lð Þ

q

� �
T lð Þ þ I lð Þð Þ ð16Þ

In which qþ 1 is odd cardinality of an LS fsaja 2 0; q½ �g.
Based on the Definition 11, we propose a sorting

method for NFSVNULVs.

Definition 12. Set r
�
1 ¼ h½Sw l1ð Þ

g l1ð Þ ; S
w l1ð Þ
h l1ð Þ �;w l1ð Þ t l1ð Þ; i l1ð Þ;ð

f l1ð ÞÞi; r�2 ¼ h½Sw l2ð Þ
g l2ð Þ ; S

w l2ð Þ
h l2ð Þ �;w l2ð Þ t l2ð Þ; i l2ð Þ; f l2ð Þð Þi as two

NFSVNULVs, then

If Eðr�1Þ >Eðr�2Þ, thenr�1 � r
�
2;

If Eðr�1Þ = Eðr�2Þ then
If Hðr�1Þ >Hðr�2Þ, thenr�1 � r

�
2;

If Hðr�1Þ=Hðr�2Þ, thenr�1 � r
�
2;

If Hðr�1Þ <Hðr�2Þ, thenr�1 
 r
�
2.

3. Two aggregation operators for NFSVNULVs

Definition 13. Set r
�
k ¼ h½Sw lkð Þ

g lkð Þ ; S
w lkð Þ
h lkð Þ �;w lkð Þ t lkð Þ; i lkð Þ;ð

f lkð ÞÞi 2 R
�ðk ¼ 1; 2; � � � ; nÞ as a NFSVNULV, f (t) is

expanding function, then the mapping NFSVNULVAA:

R
�	 ! R

�
as the arithmetic average operator of the

NFSVNULV, which can satisfy the following conditions:
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NFSVNULVAA r
�
1; r

�
2; � � � ; r�n


 �
¼ r

�
1 � r

�
2 � � � � � r

�
n

¼ h½Sf�1
Pn

i¼1
f ðw lið Þð ÞPn

i¼1
f ðw lið ÞÞ	g lið ÞPn

i¼1
f ðw lið ÞÞ

; S
f�1
Pn

i¼1
f ðw lið Þð ÞPn

i¼1
f ðw lið ÞÞ	h lið ÞPn

i¼1
f ðw lið ÞÞ

�;

1�
Yn
i¼1

1� T lið Þð Þ;
Yn
i¼1

I lið Þ;
Yn
i¼1

F lið Þi; ð17Þ

T lið Þ¼ 1� 1� t lið Þð Þw lið Þ
; I lið Þ¼ i lið Þð Þw lið Þ

; F lið Þ¼ f lið Þð Þw lið Þ
:

Proof. (1) When n = 1, the result is obvious.
(2) When n = 2, according to Formula (9), we can get

NFSVNULVAAðr�1; r
�
2Þ ¼ r

�
1 � r

�
2

¼ h½Sf�1 f w l1ð Þð Þþf w l2ð Þð Þð Þ
f ðw l1ð ÞÞ	g l1ð Þþf ðw l2Þð Þ	g l2ð Þ

f w l1ð Þð Þþf w l2ð Þð Þ
; Sf�1 f w l1ð Þð Þþf w l2ð Þð Þð Þ

f ðw l1ð ÞÞ	h l1ð Þþf ðw l2Þð Þ	h l2ð Þ
f w l1ð Þð Þþf w l2ð Þð Þ

�;

T l1ð Þ þ T l2ð Þ � T l1ð ÞT l2ð Þ; I l1ð ÞI l2ð Þ; F l1ð ÞF l2ð Þi
If k = m, Formula (17) is established, then we can get

NFSVNULVAAðr�1; r
�
2; � � � ; r�mÞ ¼ r

�
1 � r

�
2 � � � � � r

�
m

¼ h½Sf�1
Pm

i¼1
f ðw lið Þð ÞÞPm

i¼1
f ðw lið ÞÞ	g lið ÞPm

i¼1
f ðw lið ÞÞ

; S
f�1
Pm

i¼1
f ðw lið Þð ÞÞPm

i¼1
f ðw lið ÞÞ	h lið ÞPm

i¼1
f ðw lið ÞÞ

�; 1�
Ym
i¼1

ð1

� T ðliÞÞ;
Ym
i¼1

I lið Þ;
Ym
i¼1

F lið Þi

Then

NFSVNULVAAðr�1; r
�
2; � � � ; r�m; r

�
mþ1Þ

¼ r
�
1 � r

�
2 � � � � � r

�
m � r

�
mþ1

¼ h½Sf�1
Pm

i¼1
f ðw lið Þð ÞÞPm

i¼1
f ðw lið ÞÞ	g lið ÞPm

i¼1
f ðw lið ÞÞ

; S
f�1
Pm

i¼1
f ðw lið Þð ÞÞPm

i¼1
f ðw lið ÞÞ	h lið ÞPm

i¼1
f ðw lið ÞÞ

�;

1�
Ym
i¼1

ð1� T ðliÞÞ;
Ym
i¼1

I lið Þ;
Ym
i¼1

F lið Þi � h½Sw lmþ1ð Þ
g lmþ1ð Þ ; S

w lmþ1ð Þ
h lmþ1ð Þ �;

T lmþ1ð Þ; I lmþ1ð Þ; F lmþ1ð Þi
¼ h S
f�1 f�1

Pm

i¼1
f ðw lið Þð ÞÞþf w lmþ1ð Þð Þð Þ

f�1
Pm

i¼1
f ðw lið Þð ÞÞ	

Pm

i¼1
f ðw lið ÞÞ	g lið ÞPm

i¼1
f ðw lið ÞÞ

þw lmþ1ð Þ	g lmþ1ð Þ

f�1
Pm

i¼1
f ðw lið Þð Þþf w lmþ1ð Þð Þ

; S
f�1 f�1

Pm

i¼1
f ðw lið Þð Þð

f�1
Pm

i¼1
f ðw lið Þð ÞÞ	

Pm

i¼P
f�1
Pm

i¼1
f ðð

2666664
1�

Ym
i¼1

1� T lið Þð Þ þ T lmþ1ð Þ � ð1�
Ym
i¼1

1� T lið Þð ÞÞ 	 T lmþ1ð Þ þ
¼ h½Sf�1
Pmþ1

i¼1
f ðw lið Þ

� 	
ÞPmþ1

i¼1
f w lið Þð Þ	g lið ÞPmþ1

i¼1
f ðw lið ÞÞ

; S
f�1
Pmþ1

i¼1
f ðw lið Þ

� 	
ÞPmþ1

i¼1
f w lið Þð Þ	h lið ÞPmþ1

i¼1
f ðw lið ÞÞ

�;

1�
Ymþ1

i¼1

ð1� T ðliÞÞ;
Ymþ1

i¼1

I lið Þ;
Ymþ1

i¼1

F lið Þi

To sum up, when i = m + 1, Formula (17) is true, and
then following with the mathematical induction, the result
of aggregation is also true. h

Definition 14. Set r
�
k ¼ h½Sw lkð Þ

g lkð Þ ; S
w lkð Þ
h lkð Þ �;w lkð Þ t lkð Þ; i lkð Þ;ð

f lkð ÞÞi 2 R
�ðk ¼ 1; 2; � � � ; nÞ as an NFSVNULV, f (t) is

expanding function, then the mapping

NFSVNULVWAA:R
�	 ! R

�
as the weighted arithmetic average

operator of the NFSVNULV, which can satisfy the follow-
ing conditions:

NFSVNULVWAAðr�1; r
�
2; � � � ; r�nÞ ¼

Xn

i¼1
ki r

�
i

¼ h½Sf�1
Pn

i¼1
kif ðw lið Þð ÞÞPn

i¼1
f ðw lið ÞÞ	g lið ÞPn

i¼1
f ðw lið ÞÞ

; S
f�1
Pn

i¼1
kif ðw lið Þð ÞÞPn

i¼1
f ðw lið ÞÞ	h lið ÞPn

i¼1
f ðw lið ÞÞ

�;

1�
Yn
i¼1

ð1� T lið ÞÞki ;
Yn
i¼1

I lið Þki ;
Yn
i¼1

F lið Þkii ð18Þ

where T lið Þ ¼ 1� 1� t lið Þð Þw lið Þ
; I lið Þ ¼ i lið Þð Þw lið Þ

; F lið Þ ¼
f lið Þð Þw lið Þ

; ki is the relative weight of r
�
i,ki 2 ð½0; 1�Þ andPn

i¼1ki ¼ 1.

Definition 15. Set r
�
k ¼ h½Sw lkð Þ

g lkð Þ ; S
w lkð Þ
h lkð Þ �;w lkð Þ t lkð Þ; i lkð Þ;ð

f lkð ÞÞi 2 R
�ðk ¼ 1; 2; � � � ; nÞ as an NFSVNULV, f ðtÞ is

expanding function, then the map-

pingNFSVNULVWGA:R
�	 ! R

�
as the weighted geometric

average operator of the NFSVNULV , which can satisfy the
following conditions:

NFSVNULVWGAðr�1; r
�
2; � � � ; r�nÞ ¼

Xn

i¼1
r
�ki

¼ h½Sf�1
Pn

i¼1
f ðw lið Þkið ÞÞPn

i¼1
f ðw lið ÞÞ	g lið ÞPn

i¼1
f ðw lið ÞÞ

; S
f�1
Pn

i¼1
f ðw lið Þkið ÞÞPn

i¼1
f ðw lið ÞÞ	h lið ÞPn

i¼1
f ðw lið ÞÞ

�;
Yn
i¼1

T lið Þki ;

1�
Yn
i¼1

ð1� I lið ÞÞki ; 1�
Yn
i¼1

ð1� F lið ÞÞkii; ð19Þ
Þþf w lmþ1ð Þð ÞÞ
1
f ðw lið ÞÞ	h lið Þ
m

i¼1
f ðw lið ÞÞ

þw lmþ1ð Þ	h lmþ1ð Þ

w lið ÞÞþf w lmþ1ð Þð Þ

3777775;
Ym
i¼1

T lið Þ;
Ym
i¼1

I lið Þ 	 I lmþ1ð Þ;
Ym
i¼1

F lið Þ 	 F lmþ1ð ÞÞi
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where T lið Þ ¼ 1� 1� t lið Þð Þw lið Þ
; I lið Þ ¼ i lið Þð Þw lið Þ

; F lið Þ ¼
f lið Þð Þw lið Þ

; ki is the relative weight of r
�
iki 2 ð½0; 1�Þ, andPn

i¼1ki ¼ 1.
Proofs of Definition 14 and 15 are similar to that of

Definition 13, so we don’t repeat it here.

4. MAGDM of NFSVNULVS

In this section, we consider a MAGDM problem under
the NFSVNULS environment. We set B ¼
fB1;B2; � � � ;Bmgas the solution set, C ¼ fC1;C2; � � � ;Cng
as the attribute set, L ¼ fl1; l2; � � � ; lpg as the expert set
and S ¼ fsaja 2 0; q½ �gas the linguistic assessment

set.k ¼ k1;k2;� � � ; knð ÞTwithki � 0and
Pn

i¼1ki ¼ 1,

w ¼ w1;w2;� � � ;wp

� 	T
with wj � 0and

Pp
j¼1wj ¼ 1express the

weights of attributes and the weights of experts; respec-

tively. Set rðkÞij asthe evaluated value of solution Bi with attri-

bute Cj made by expertlk; rðkÞij ¼ h Sgij lkð Þ; Shij lkð Þ
h i

;

tij lkð Þ; iij lkð Þ; f ij lkð Þi 2 R
�

k ¼ 1; 2; � � � ; pð Þ; Sgij lkð Þ; Shij lkð Þ 2 S;
tij lkð Þ 2 0; 1½ �; iij lkð Þ 2 0; 1½ �; f ij lkð Þ 2 0; 1½ �; tij lkð Þ þ iij lkð Þþ
f ij lkð Þ 2 0; 3½ �. Then we can get the neutrosophic linguistic

decision evaluation matrix, which is shown in Table 2.
Step1: According to the weight vector

w ¼ w1;w2;� � � ;wp

� 	T
of experts, we change Rk ¼ ðr kð Þ

ij Þm	n
into new neutrosophic linguistic decision evaluation

matrixR
�
k ¼ ðr� kð Þ

ij Þm	n, then we can

getðr� kð Þ
ij Þm	n ¼ h½SwðlkÞ

gij lkð Þ; S
wðlkÞ
hij lkð Þ�;wðlkÞ tij lkð Þ; iij lkð Þ; f ij lkð Þ� 	i,

(k = 1, 2, 3,. . ., p).
Step2: Selecting the expanding function f (t) and using

NFSVNULVAA, we aggregate R
�
k of each expert, then

we can get the comprehensive neutrosophic linguistic deci-

sion evaluation matrix R
� ¼ ðr�ijÞm	n, in which:
Table 2
The decision matrix R of expert l.

C1

B1 h½Sg11 ; Sh11 �; t11ðlÞ; i11ðlÞ; f 11ðlÞi
B2 h½Sg21 ; Sh21 �; t21ðlÞ; i21ðlÞ; f 21ðlÞi
� � � � � �
Bm h½Sgm1 ; Shm1 �; tm1ðlÞ; im1ðlÞ; f m1ðlÞi

Table 3
The decision matrix of expert l1.

C1 C2

B1 h½S4; S5�; 0:5; 0:2; 0:3i h½S5; S5�; 0:6; 0:1; 0:3i
B2 h½S5; S5�; 0:6; 0:1; 0:2i h½S5; S6�; 0:7; 0:1; 0:1i
B3 h½S4; S4�; 0:7; 0:1; 0:1i h½S4; S4�; 0:6; 0:1; 0:2i
B4 h½S4; S4�; 0:7; 0:2; 0:1i h½S3; S3�; 0:5; 0:2; 0:2i
r
�
ij ¼ NFSVNULVAA r

�
ij

1ð Þ
; r
�
ij

2ð Þ
; � � � ; r�ij

pð Þ
 �
¼ r

�
ij

1ð Þ � r
�
ij

2ð Þ � � � � � r
�
ij

pð Þ

¼ h½Sf�1
Pp

k¼1
f ðw lkð Þð ÞÞPp

k¼1
f w lkð Þð Þ	gij lkð ÞPp

k¼1
f ðw lkð ÞÞ

; S
f�1
Pp

k¼1
f ðw lkð Þð ÞÞPp

k¼1
f w lkð Þð Þ	hij lkð ÞPp

k¼1
f ðw lkð ÞÞ

�;

1�
Yp
k¼1

ð1� T ij lkð ÞÞ;
Yp
k¼1

I ij lkð Þ;Yp

k¼1
F ij lkð Þi i ¼ 1; 2; � � � ;m; j ¼ 1; 2; � � � ; nð Þ;

T ij lkð Þ ¼ 1� 1� tij lkð Þ� 	w lkð Þ
; I ij lkð Þ ¼ iij lkð Þ� 	w lkð Þ

;

F ij lkð Þ ¼ f ij lkð Þ� 	w lkð Þ

Step3: Using the NFSVNULVWAA operator or the
NFSVNULVWGA operator, we assemble the number i
row neutrosophic linguistic decision evaluation informa-
tion of the comprehensive neutrosophic linguistic decision

evaluation matrix R
�
, and then we can get the evaluation

value r
�
i of the solution Bi:

r
�
i ¼ NFSVNULVWAAðr�i1; r

�
i2; � � � ; r�inÞ ¼

Xn

j¼1
kj r

�
ij

¼ h½S
f�1

Pn

j¼1
kjf ðw lið Þ


 �
ÞPn

j¼1
f ðw lið Þ	g lið ÞÞPn

j¼1
f ðw lið ÞÞ

S
f�1

Pn

j¼1
kjf ðw lið Þ


 �
ÞPn

j¼1
f ðw lið Þ	h lið ÞÞPn

j¼1
f ðw lið ÞÞ

�;

1�
Yn
j¼1

ð1� T ij lið ÞÞkj ;
Yn
j¼1

ðI lið ÞÞkj ;

Yn
j¼1

ðF lið ÞÞkjiði ¼ 1; 2; � � � ;m

Or

r
�
i ¼ NFSVNULVWGAðr�i1; r

�
i2; � � � ; r�inÞ ¼

Xn

j¼1
r
�
ij
kj ¼
� � � Cn

� � � h½Sg1n ; Sh1n �; t1nðlÞ; i1nðlÞ; f 1nðlÞi
� � � h½Sg2n ; Sh1n �; t2nðlÞ; i2nðlÞ; f 2nðlÞi
� � � � � �
� � � h½Sgmn ; Shmn �; tmnðlÞ; imnðlÞ; f mnðlÞi

C3 C4

h½S5; S6�; 0:7; 0:1; 0:1i h½S4; S4�; 0:7; 0:1; 0:1i
h½S4; S5�; 0:6; 0:1; 0:2i h½S4; S5�; 0:6; 0:2; 0:2i
h½S5; S5�; 0:6; 0:1; 0:2i h½S5; S5�; 0:7; 0:1; 0:2i
h½S4; S4�; 0:6; 0:1; 0:2i h½S3; S4�; 0:6; 0:2; 0:2i
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h S
f�1

Pn

j¼1
f ðw lið Þkj


 �
ÞPn

j¼1
f ðw lið Þ	g lið ÞÞPn

j¼1
f ðw lið ÞÞ

S
f�1

Pn

j¼1
f ðw lið Þkj


 �
ÞPn

j¼1
f ðw lið Þ	h lið ÞÞPn

j¼1
f ðw lið ÞÞ

2664
3775;Yn

j¼1

ðT lið ÞÞkj ;

1�
Yn
j¼1

ð1� I lið ÞÞkj ; 1�
Yn
j¼1

ð1� F lið ÞÞkjiði ¼ 1; 2; � � � ;m

Step 4: According to the Formulas (15) and (16), we cal-

culate the expectation Eðr�iÞ and the accuracy Hðr�iÞ of

r
�
i i ¼ 1; 2; � � � ;mð Þ;then we can determine the rank of solu-

tions based on the value Eðr�iÞ andHðr�iÞ.

5. An illustrative example and comparative analysis

5.1. An illustrative example

In this section, we discuss a decision-making problem
adapted from the literature (Teng, 2016). There
are four companies such as car-companyðB1Þ, computer-
companyðB2Þ, food-company ðB3Þ and TV-selling-
companyðB4Þ. A science-technology company wants to
determine which company can be selected for investment.
Then, three experts are invited as a set of the decision mak-
ers L ¼ fl1;l2;l3g and the importance of three decision mak-

ers is given with a weight vector w ¼ 0:4; 0:32; 0:28ð ÞT .
Then three experts evaluate these four companies based
on four main attributes. The first attribute is the venture
analysis, the second is the grown analysis, the third is the
social and political impact analysis and the last is the
environmental impact analysis. The weight vector of them

is k ¼ 0:32; 0:26; 0:18; 0:24ð ÞT :the linguistic set is S =
{s0 ¼ very low; s1 ¼ low; s2 ¼ medium low; s3 ¼ fair;
s4 ¼ medium good; s5 ¼ good; s6 ¼ very good}. The

evaluation values of each expert are list in Tables 3–5.
Step 1: Changing the neutrosophic linguistic decision

evaluation matrix Rk ¼ ðr kð Þ
ij Þ4	4 into new neutrosophic lin-

guistic decision evaluation matrix R
�
k ¼ ðr� kð Þ

ij Þ4	4, (k = 1, 2,

3) with w ¼ 0:4; 0:32; 0:28ð ÞT , which are shown in Tables
6–8.

Step 2: Selecting the expanding function f tð Þ ¼ 1
1�t � 1

and using NFSVNULVAA, we assemble R
�
k of every

expert, and then we can get the comprehensive neutro-

sophic linguistic decision evaluation matrix R
� ¼ ðr�ijÞ4	4,

which is shown in Table 9.
Table 4
The decision matrix of expert l2.

C1 C2

B1 h½S5; S6�; 0:6; 0:1; 0:3i h½S4; S5�; 0:6; 0:1; 0:2i
B2 h½S5; S5�; 0:7; 0:2; 0:2i h½S4; S5�; 0:7; 0:1; 0:2i
B3 h½S5; S5�; 0:7; 0:1; 0:2i h½S4; S5�; 0:8; 0:1; 0:1i
B4 h½S5; S5�; 0:7; 0:1; 0:2i h½S4; S4�; 0:5; 0:2; 0:2i
Step 3: Using NFSVNULVWAA to assemble the num-

ber i row ofR
�
, and then we can get the comprehensive eval-

uation value r
�
i of solutionBi:

r
�
1 ¼ h½S0:6

4:61; S
0:6
5:12�; 0:6816; 0:1186; 0:1530i

r
�
2 ¼ h½S0:6

4:69; S
0:6
5:30�; 0:6615; 0:1469; 0:1396i

r
�
3 ¼ h½S0:6

4:41; S
0:6
4:49�; 0:6944; 0:1144; 0:1568i

r
�
4 ¼ h½S0:6

3:76; S
0:6
4:07�; 0:6615; 0:1645; 0:1373i

Step 4: Using Formula (15) to calculate the expectations

Eðr�iÞ ofr�i i ¼ 1; 2; � � � ;mð Þ:

Eðr�1Þ = 0.3908; Eðr�2Þ = 0.3954; Eðr�3Þ=0.3594;

Eðr�4Þ = 0.3079;

According to the results, we can rank

Eðr�2Þ > Eðr�1Þ > Eðr�3Þ > Eðr�4Þ, so company B2 is the best
choose to invest.

Now, we use the NFSVNULVWGA aggregation
operator.

Step 10: Just as step 1;
Step 20: Just as step 2;
Step 30: Using NFSVNULVWGA to assemble the num-

ber i row of R
�
, and then we can get the comprehensive eval-

uation value r
�
i of solution Bi:

r
�
1 ¼ h½S0:6

4:625; S
0:6
5:132�; 0:6788; 0:1193; 0:1647i

r
�
2 ¼ h½S0:6

4:694; S
0:6
5:302�; 0:6612; 0:1505; 0:1408i

r
�
3 ¼ h½S0:6

4:421; S
0:6
5:000�; 0:6898; 0:1165; 0:1587i

r
�
4 ¼ h½S0:6

3:755; S
0:6
4:063�; 0:6548; 0:1710; 0:1383i

Step 40:Using Formula (15) to calculate the expectations

Eðr�iÞ ofr�i i ¼ 1; 2; � � � ;mð Þ:

Eðr�1Þ = 0.3894; Eðr�2Þ = 0.3948; Eðr�3Þ=0.3791;

Eðr�4Þ = 0.3056;

According to the results, we can rank

Eðr�2Þ > Eðr�1Þ > Eðr�3Þ > Eðr�4Þ, so company B2 is the best
choose to invest.

Through this example, we can see that the proposed
decision-making method based on NFSVNULVWAA
and NFSVNULVWGA can get the same result, so this
method is feasible for dealing with the multiple attribute
C3 C4

h½S4; S5�; 0:8; 0:1; 0:1i h½S5; S5�; 0:7; 0:1; 0:1i
h½S4; S5�; 0:7; 0:1; 0:1i h½S6; S6�; 0:7; 0:2; 0:1i
h½S4; S4�; 0:6; 0:1; 0:2i h½S4; S4�; 0:7; 0:2; 0:2i
h½S3; S3�; 0:8; 0:1; 0:1i h½S3; S4�; 0:7; 0:2; 0:1i



Table 5
The decision matrix of expert l3.

C1 C2 C3 C4

B1 h½S5; S5�; 0:8; 0:1; 0:1i h½S5; S5�; 0:8; 0:1; 0:1i h½S5; S5�; 0:7; 0:2; 0:1i h½S5; S6�; 0:7; 0:2; 0:1i
B2 h½S5; S6�; 0:7; 0:2; 0:1i h½S5; S6�; 0:6; 0:2; 0:1i h½S5; S5�; 0:6; 0:2; 0:1i h½S5; S5�; 0:7; 0:2; 0:1i
B3 h½S5; S5�; 0:7; 0:1; 0:2i h½S5; S5�; 0:8; 0:1; 0:1i h½S4; S4�; 0:6; 0:2; 0:2i h½S4; S4�; 0:7; 0:2; 0:1i
B4 h½S4; S5�; 0:7; 0:1; 0:1i h½S4; S4�; 0:7; 0:2; 0:1i h½S4; S5�; 0:7; 0:2; 0:1i h½S5; S5�; 0:7; 0:3; 0:1i

Table 6
The new decision matrix of expert l1.

C1 C2 C3 C4

B1 h½S0:44 ; S0:45 �; 0:4 0:5; 0:2; 0:3ð Þi h½S0:45 ; S0:45 �; 0:4 0:6; 0:1; 0:3ð Þi h½S0:45 ; S0:46 �; 0:4 0:7; 0:1; 0:1ð Þi h½S0:44 ; S0:44 �; 0:4 0:7; 0:1; 0:1ð Þi
B2 h½S0:45 ; S0:45 �; 0:4 0:6; 0:1; 0:2ð Þi h½S0:45 ; S0:46 �; 0:4 0:7; 0:1; 0:1ð Þi h½S0:44 ; S0:45 �; 0:4 0:6; 0:1; 0:2ð Þi h½S0:44 ; S0:45 �; 0:4 0:6; 0:2; 0:2ð Þi
B3 h½S0:44 ; S0:44 �; 0:4 0:7; 0:1; 0:1ð Þi h½S0:44 ; S0:44 �; 0:4 0:6; 0:1; 0:2ð Þi h½S0:45 ; S0:45 �; 0:4 0:6; 0:1; 0:2ð Þi h½S0:45 ; S0:45 �; 0:4 0:7; 0:1; 0:2ð Þi
B4 h½S0:44 ; S0:44 �; 0:4 0:7; 0:2; 0:1ð Þi h½S0:43 ; S0:43 �; 0:4 0:5; 0:2; 0:2ð Þi h½S0:44 ; S0:44 ��; 0:4 0:6; 0:1; 0:2ð Þi h½S0:43 ; S0:44 �; 0:4 0:6; 0:2; 0:2ð Þi

Table 7
The new decision matrix of expert l2.

C1 C2 C3 C4

B1 h½S0:325 ; S0:326 �; 0:32 0:6; 0:1; 0:3ð Þi h½S0:324 ; S0:325 �; 0:32 0:6; 0:1; 0:2ð Þi h½S0:324 ; S0:325 �; 0:32 0:8; 0:1; 0:1ð Þi h½S0:325 ; S0:325 �; 0:32 0:7; 0:1; 0:1ð Þi
B2 h½S0:325 ; S0:325 �; 0:32 0:7; 0:2; 0:2ð Þi h½S0:324 ; S0:325 �; 0:32 0:7; 0:1; 0:2ð Þi h½S0:324 ; S0:325 �; 0:32 0:7; 0:1; 0:1ð Þi h½S0:326 ; S0:326 �; 0:32 0:7; 0:2; 0:1ð Þi
B3 h½S0:325 ; S0:325 �; 0:32 0:7; 0:1; 0:2ð Þi h½S0:324 ; S0:325 �; 0:32 0:8; 0:1; 0:1ð Þi h½S0:324 ; S0:324 �; 0:32 0:6; 0:1; 0:2ð Þi h½S0:324 ; S0:324 �; 0:32 0:7; 0:2; 0:2ð Þi
B4 h½S0:325 ; S0:325 �; 0:32 0:7; 0:1; 0:2ð Þi h½S0:324 ; S0:324 �; 0:32 0:5; 0:2; 0:2ð Þi h½S0:323 ; S0:323 �; 0:32 0:8; 0:1; 0:1ð Þi h½S0:323 ; S0:324 �; 0:32 0:7; 0:2; 0:1ð Þi

Table 8
The new decision matrix of expert l3.

C1 C2 C3 C4

B1 h½S0:285 ; S0:285 �; 0:28 0:8; 0:1; 0:1ð Þi h½S0:285 ; S0:285 �; 0:28 0:8; 0:1; 0:1ð Þi h½S0:285 ; S0:285 �; 0:28 0:7; 0:2; 0:1ð Þi h½S0:285 ; S0:286 �; 0:28 0:7; 0:2; 0:1ð Þi
B2 h½S0:285 ; S0:286 �; 0:28 0:7; 0:2; 0:1ð Þi h½S0:285 ; S0:286 �; 0:28 0:6; 0:2; 0:1ð Þi h½S0:285 ; S0:285 �; 0:28 0:6; 0:2; 0:1ð Þi h½S0:285 ; S0:285 �; 0:28 0:7; 0:2; 0:1ð Þi
B3 h½S0:285 ; S0:285 �; 0:28 0:7; 0:1; 0:2ð Þi h½S0:285 ; S0:285 �; 0:28 0:8; 0:1; 0:1ð Þi h½S0:284 ; S0:284 �; 0:28 0:6; 0:2; 0:2ð Þi h½S0:284 ; S0:284 �; 0:28 0:7; 0:2; 0:1ð Þi
B4 h½S0:284 ; S0:285 �; 0:28 0:7; 0:1; 0:1ð Þi h½S0:284 ; S0:284 �; 0:28 0:7; 0:2; 0:1ð Þi h½S0:284 ; S0:285 �; 0:28 0:7; 0:2; 0:1ð Þi h½S0:285 ; S0:285 �; 0:28 0:7; 0:3; 0:1ð Þi

Table 9
The comprehensive decision evaluation matrix R

�
.

C1 C2 C3 C4

B1 h½S0:64:55; S
0:6
5:29�; 0:6398; 0:1320; 0:2206i h½S0:64:67; S

0:6
4:98�; 0:6706; 0:1000; 0:1937i h½S0:64:67; S

0:6
5:42�; 0:7365; 0:1214; 0:1000i h½S0:64:55; S

0:6
4:8�; 0:7000; 0:1214; 0:1000i

B2 h½S0:64:98; S
0:6
5:24�; 0:6634; 0:1516; 0:1647i h½S0:64:67; S

0:6
5:67�; 0:6748; 0:1214; 0:1248i h½S0:64:24; S

0:6
4:98�; 0:6352; 0:1214; 0:1320i h½S0:64:86; S

0:6
5:29�; 0:6634; 0:2000; 0:1320i

B3 h½S0:64:55; S
0:6
4:55�; 0:7000; 0:1000; 0:1516i h½S0:64:24; S

0:6
4:55�; 0:7361; 0:1000; 0:1320i h½S0:64:42; S

0:6
4:42�; 0:6000; 0:1214; 0:2000i h½S0:64:42; S

0:6
4:42�; 0:7000; 0:1516; 0:1647i

B4 h½S0:64:30; S
0:6
4:55�; 0:7000; 0:1320; 0:1248i h½S0:63:56; S

0:6
3:56�; 0:5666; 0:2000; 0:1647i h½S0:63:69; S

0:6
3:93�; 0:7044; 0:1214; 0:1320i h½S0:63:50; S

0:6
4:24�; 0:6634; 0:2240; 0:1320i
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group decision-making problems under NFSVNULS
environment.

5.2. Comparative analysis

Now, we use the method based on Heronian Mean
(HM) operator utilized in literature (Liu & Shi, 2017;
Teng, 2016), then we can get the following results:

r
�
1 ¼ h½S0:6

4:604; S
0:6
5:112�; 0:6814; 0:1189; 0:1585i
r
�
2 ¼ h½S0:6

4:725; S
0:6
5:313�; 0:6610; 0:1489; 0:1398i

r
�
3 ¼ h½S0:6

4:412; S
0:6
4:493�; 0:6909; 0:1162; 0:1585i

r
�
4 ¼ h½S0:6

3:787; S
0:6
4:089�; 0:6575; 0:1689; 0:1381i

Calculating the expectations Eðr�iÞ ofr
�
i i ¼ 1; 2; � � � ;mð Þ,

we can get:

Eðr�1Þ = 0.3893; Eðr�2Þ = 0.3968; Eðr�3Þ=0.3586;

Eðr�4Þ = 0.3086;
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According to the results, we can rank

Eðr�2Þ > Eðr�1Þ > Eðr�3Þ > Eðr�4Þ, and then the ranking order
is B2 � B1 � B3 � B4, which is according with the ranking
result of this paper.

Compared to the literature (Liu & Shi, 2017; Teng,
2016); on the one hand, we add the weights of linguistic
evaluations to depict the important level of different
experts in NFSVNULV. Thus, it can not only reflect the
linguistic evaluation of each expert, but also can depict
the important degree of different experts. When we make
aggregation, we consider the weights of experts in uncer-
tain linguistic part and the neutrosophic number part,
which provides the more reasonable decision-making infor-
mation for decision makers. On the other hand, we use the
expanding function to ensure that the linguistic informa-
tion aggregation results do not appear ‘‘distortion” and
‘‘transboundary” phenomenon. However, in this paper,
the proposed method based on the NFSVNULVWAA
operator and the NFSVNULVWGA operator provides a
new approach for decision makers under NFSVNULV
environment.

6. Conclusions

In this paper, we first defined a new form of single value
neutrosophic uncertain linguistic set (NFSVNULS) and
gave its operational rules. In NFSVNULS, we expressed
the weight of each expert in the uncertain linguistic part,
which not only reflected the linguistic evaluation of each
expert, but also depicted the important degree of different
experts. When we made aggregation, we consider the
weights of experts in uncertain linguistic part and the neu-
trosophic number part, which provides the more reason-
able decision-making information for decision makers.
Then, we put forward NFSVNULVWAA and
NFSVNULVWGA operators and discussed their relevant
properties. Based on these two operators, we further pro-
posed a MAGDM method in the NFSVNULS environ-
ment. Finally, we used an instance to demonstrate the
feasibility and effectiveness of the proposed method. In
addition, we did some comparative analysis by using HM
aggregation operator. According to the results, we can
see that the proposed method can resolve the multiple attri-
bute group decision-making problems under NFSVNULS
environment.
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