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1. Introduction

A fuzzy set [27] is an important mathematical structure to represent a collection
of objects whose boundary is vague. Fuzzy models are becoming useful because
of their aim in reducing the differences between the traditional numerical models
used in engineering and sciences and the symbolic models used in expert systems.
In 1994, Zhang [29] introduced the notion of bipolar fuzzy sets and relations. Bipo-
lar fuzzy sets are extension of fuzzy sets whose membership degree ranges [—1, 1].
The membership degree (0, 1] indicates that the object satisfies a certain property
whereas the membership degree [—1,0) indicates that the element satisfies the
implicit counter property. Positive information represent what is considered to
be possible and negative information represent what is granted to be impossible.
Actually, a variety of decision making problems are based on two-sided bipolar
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judgements on a positive side and a negative side. Nowadays bipolar fuzzy sets are
playing a substantial role in chemistry, economics, computer science, engineering,
medicine and decision making problems. Smarandache [22] introduced the idea of
neutrosophic probability, sets and logic. Peng et al. [19], in 2014, described some
operational properties and studied a new approach for multi-criteria decision
making problems using neutrosophic sets. Ye [25, 26] discussed trapezoidal neu-
trosophic sets and simplified neutrosophic sets with applications in multi-criteria
decision making problems. The other terminologies and applications of neutro-
sophic sets can be seen in [23; 25, 26]. In a neutrosophic set, the membership
value is associated with truth, false and indeterminacy degrees but there is no
restriction on their sum. Deli et al. [12] extended the ideas of bipolar fuzzy sets
and neutrosophic sets to bipolar neutrosophic sets and studied its operations and
applications in decision making problems.

Graph theory has numerous applications in science and engineering. However, in
some cases, some aspects of graph theoretic concepts may be uncertain. In such
cases, it is important to deal with uncertainty using the methods of fuzzy sets
and logics. Based on Zadeh’s fuzzy relations [28], Kaufmann [14] defined a fuzzy
graph. The fuzzy relations between fuzzy sets were also considered by Rosenfeld
[20] and he developed the structure of fuzzy graphs, obtaining analogs of several
graph theoretical concepts. The complement of a fuzzy graph was defined by
Mordeson [17]. The concept of strong arcs in fuzzy graphs was discussed in [10].
The theory of fuzzy graphs has extended widely by many researchers as it can
be seen in [15, 17]. The idea of domination was first arose in chessboard prob-
lem in 1862. Somasundaram and Somasundaram [24] introduced domination and
independent domination in fuzzy graphs. Gani and Chandrasekaran [18] studied
the notion of fuzzy domination and independent domination using strong arcs.
Akram [1, 2] introduced bipolar fuzzy graphs and discuss its various properties.
Akram and Dudek [3] studied regular bipolar fuzzy graphs. Several new concepts
on bipolar neutrosophic graphs and bipolar neutrosophic hypergraphs have been
studied in [4-7]. In this research article, we present certain notions of bipolar
neutrosophic graphs. We study the dominating and independent sets of bipolar
neutrosophic graphs. We describe novel multiple criteria decision making methods
based on bipolar neutrosophic sets and bipolar neutrosophic graphs. We develop
an algorithm for computing domination in bipolar neutrosophic graphs. We also
show that there are some flaws in Broumi et al. [11]’s definition.

3. Bipolar neutrosophic graphs

In this section, we discuss the concept of a bipolar neutrosophic graph and
its various properties.

Definition 2.1. [23] A neutrosophic set C' on a non-empty set Y is characterized
by a truth membership function t¢ : Y — [0, 1], indeterminacy membership func-
tion Ic : Y — [0, 1] and a falsity membership function fo : Y — [0,1]. There is
no restriction on the sum of to(x), Io(z) and fo(x) for all z € Y.
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Definition 2.2. [12] A bipolar neutrosophic set on a empty set Y is an object of
the form

C={(, W), 1e(y), o), te(y), 16(y), fé(y) ry € Y}

where, 7., I7, f& .Y — [0,1] and 3, I%, f& : Y — [—1,0]. The positive values
. (y), I2.(y), f&(y) denote respectively the truth, indeterminacy and false member-
ship degrees of an element y € Y whereas t%(y), I&(y), f&(y) denote the implicit
counter property of the truth, indeterminacy and false membership degrees of the
element y € Y corresponding to the bipolar neutrosophic set C'.

Definition 2.3. A bipolar neutrosophic relation on a non-empty set Y is a bipolar
neutrosophic subset of Y x Y of the form D = {(yz,t5(yz), IH(yz), fA(yz),
th(yz), Ih(yz), fi(yz)) :yz € Y x Y} where, ¢, I, f5, 17, I}, f5 are defined by
the mappings ¢, I7,, f2: Y x Y — [0, 1] and ¢}, I}, fi: Y x Y — [—1,0].

Definition 2.4. A bipolar neutrosophic graph on a non-empty set Y is a pair
G = (C,D), where C is a bipolar neutrosophic set on Y and D is a bipolar
neutrosophic relation in Y such that

tp(yz) <toly) Nie(2),  Iplyz) < Io(y) ANe(2),  frlyz) < foly) v felz),
cW)Vie(2), Iplyz) = 16(y) v IE(2),  [plyz) = fely) A fe(z),

for all y,z € Y. Note that D(yz) = (0,0,1,0,0,—1) forallyz € Y x Y\ E.
Example 2.1. Here we discuss an example of a bipolar neutrosophic graph such

that Y = {z,y,2}. Let C be a bipolar neutrosophic set on Y given in Table. 1
and D be a bipolar neutrosophic relation in Y given in Table. 2.

Table 1: Bipolar neutrosophic set C' Table 2: Bipolar neutrosophic relation D

X y z Xy VZ X%
#.703 05 04 7703 03 0.3
17104 04 03 7104 03 03
/2105 02 02 /105 02 05
| -06 -01 -0.5 mo-01 -0.1 -05
1% ]-05 -08 -0.5 % |-05 -05 -0.5
fa1-02 -02 -0.5 frl-02 -05 -05

Routine calculations show that G = (C, D) is a bipolar neutrosophic graph.
The bipolar neutrosophic graph G is shown in Fig. 1.

Definition 2.5. Let G; = (C1, Dy) and Gy = (Cs, D) be two bipolar neutro-
sophic graphs where, C; and C5 are bipolar neutrosophic sets on Y; and Ys, D,
and D, are bipolar neutrosophic relations in Y; and Y5, respectively . The union
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Figure 1: Bipolar neutrosophic graph G

of G and G5 is a pair G; U Gy = (C1 U Cy, Dy U Dy) such that for all y,z € Y,

L Ify €Y,y ¢ Y, then, (Cy U Cy)(y) = Ci(y).
2. Ity € Ya,y € Y3 then, (C1 U Cy)(y) = Ca(y).
3. If y € Y1 NY,; then,

(€ UCH)(y) = (%, () V 12, (3), -

2
12, (y) ;L I&,(y) fe, ) Vv 1,(v),

If Fy and E5 are the sets of edges in G and G, then, Dy U Dy can be defined as:
1. If yz € Ey,yz & E5 then, (D; U Ds)(yz) = Dy (yz).
2. lf yz € Ey,yz € Ey then, (D, U Dy)(yz) = Do(yz).
3. If yz € E; N E5 then,

(y) + 12, (y)

e W) N JE, (), e, (y) A e, (v),

(DyU D)) = (#, () v B, (y), 2L Tl

m m
th, (yz) A th, (y2), Dl(yz)_g DQ(yz),fBI(yZ)VfBQ(yZ))-

Definition 2.6. The intersection of two bipolar neutrosophic graphs G; = (C4, D)
and GQ = (02, Dg) is a pair G1 N G2 = (Ol N 02, D1 N Dg) Where, Cl, OQ, D1 and
D, are given in Definition 2.5. The membership values of vertices and edges in
G1 N Gy can be defined as,

(€11 o)) = (2, (9) A 22, (1), 1S

It (y) + 18, (y)
9

D, (wz) A fp,(y2),

(y) + 12, (y)
9

e W)V e, (W), te () v te, (),

JE W) A fE(y)), for all y € Yy NYa.

(D1 Da)(y2) =(t, (v2) Aty (), 22 E T 02)

1p,(y2) + Ip, (y2)
2

,Ip Wz) VD, (y2),

th, (y2) V th, (y2), B, (z) A fD, (y2)),

for all yz € Ey N Es.



BIPOLAR NEUTROSOPHIC GRAPHS 5}

Definition 2.7. The join of two bipolar neutrosophic graphs G; = (C1, D) and
Gy = (Cy, Ds) is defined by the pair G; + Gy = (Cy + Cy, Dy + Do) such that,
C1+Cy = C1 Uy, for all y € Y] UY,, and the membership values of the edges in
G'1 4 G4 are defined as,

1. D1 +D2 = Dl UDQ, for all Yz € El UE2

2. Let E' be the set of all edges joining the vertices of G; and G then for all
yz € E', where y € Y7 and z € Y,

(D1 + Da)(yz) = (), (yz) A, (yz), 1D, (y2) A ID, (y2), 15, (y2) V [],(yz),
th (yz) vV th, (yz), I, (y2) V Ip,(y2), f1, (y2) A [, (yz)).

Definition 2.8. The Cartesian product of two bipolar neutrosophic graphs G,
and G5 is denoted by the pair G10G, = (C10C,, D10D,) and defined as,

teine, (W) =te, (W) AL, W)y 1800, (v) = 16,(y) N2, (Y),  [e00,W) = fe,(v) vV 16,(),
Gop,(y) =8, W) Ve, (), 1o, ) = 16,y) vV IE,(),  fén0,y) = 16, (y) A fE,(y).

for all y € Y; x Y5, The membership values of the edges in G;[JG5 can be
calculated as,

L t%luDQ((yb%)(beZ)) = t%l (yl)At%Q (y222), t%ﬂ]Dg((yby?)(yla z)) = te (y1)V
th, (y222), for all y1 € Y1, y220 € E,

2. 5,00, (Y1, 92) (21, 92)) = th, (y120)AtE, (Y2),  thop, (1, 92) (21, 42)) = th, (1121)V
te, (y2), for all y121 € B,y € Y,

3. [nguDQ((yl;yz)(yb@)) = [gl(yl)/\I%Q(?/ZZQ)> IBIDDQ((?A,ZD)(?A, %)) = I& (y1)V
Ip, (y222), for all y; € Y1, 9220 € Ey,

4. 1D op, (1, y2) (21, 42)) = 1D, (120) NG, (), 15,0, (1, y2) (21, 42)) = 1B, (y121)V
12, (y2), for all y121 € By, 2 € Yo,

5. [D,op, (W1, ¥2) (1, 22)) = f&, (W) ID, (W222),  [Biap, (1, 42) (W1, 22)) = [ (Y1)
fBQ(y2Z2)7 for all y1 € Y1, 4220 € Ej,

6. [0, (W1, y2)(21,42)) = [D, (1z)VIE, (W2),  [B,00, (W1, 42) (21, 42)) = 5, (y120)A
ng(y2)7 for all y121 € Ey,y, € Y.

Definition 2.9. The direct product of two bipolar neutrosophic graphs G; =
(C1, Dy) and Gy = (Cy, D9) is denoted by the pair Gy x Gy = (C} x Cy, Dy x Ds)
such that,

ten e, W) = o, (W) A D, (Y), 18, w0, (W) = 18, (W) NG, (Y),  fExe, () = f6,(y) V [E,(y),
Crxes ) = e (W) Ve, (W), 1o e, (y) = 18, (y) V I8,(Y),  fExe, W) = 6, (y) A fe,(v),

forall yeY; xYs.
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Lo th op, ((1,92) (21, 22)) = ) (y121) A D, (Y222),  th wp, (Y1, 42) (21, 22)) =
th, (y121) V tTfDQ(y222), for all y121 € Ey, 9220 € Es,

2‘ ]%1><D2((y17y2)(217 22)) - ]%1 (ylzl) /\ ]%2(y2z2)7 ]leDg((y17y2)(Zl722)) =
Ip, (y121) V Ip, (y222), for all y121 € Ey, y220 € Ey,

3‘ f%lxD2((y17y2)(21722)) - f%l (ylzl) \/ fgg(y222)7 fglng((y17y2)(zl722)) =
IB,(z) A fB, (y222), for all y121 € By, 9225 € E.

Proposition 2.1. Let G1 and Gy be any two bipolar neutrosophic graphs then
G1UG,y, GiNGy, G1+ Gy, GiOGs and G1 x Gy are bipolar neutrosophic graphs.

Definition 2.10. A bipolar neutrosophic graph G = (C, D) is called strong bipolar
neutrosophic graph if

th(yz) = te(y) Nte(2),  Iplyz) = Ie(y) NIE(2),  frlyz) = fé(y
th(yz) = te(y) Vie(z), Iplyz) = 16(y) v 15(2), = fe(
for all yz € E, E is the set of edges.

Definition 2.11. A bipolar neutrosophic graph G = (C, D) is called complete
bipolar neutrosophic graph if

th(yz) =to(y) Nte(2),  Ip(yz) = Ie(y) NIE(2),  [pyz) = fely) vV [a(2),
tp(yz) =te(y) Vie(z), Ip(yz) = 1g(y) vV Ia( = f&( )
forall y,zeY.

3
O
S3
Ny
N
S—
|
33
Ny
S—
>
33
N

Definition 2.12. The complement of a bipolar neutrosophic graph G = (C, D)
is defined as a pair G¢ = (C*¢, D°) such that, C(y) = C(y), for all y € Y, and the
he membership values of the edges in G¢ can be calculated as,

the(yz) = to(y) N te(2) —th(y2),  Ihe(y2) = IG(y) A IE(2) — Ih(y2),
fhe(yz) = fEw) vV fe(2) — [Hyz),  the(yz) =t&(y) Vig(z) — th(yz),
Ihe(yz) = I8(y) V IG(2) — Ip(y2),  fre(yz) = f&(y) A fo(z) — fh(y=),
for all yz € Y2,

Remark 2.1. A bipolar neutrosophic graph G is called self complementary if G =
G©.

Theorem 2.1. Let G be a self complementary bipolar neutrosophic graph then,

th yz) th YAt (2 Z[p yz) le VAL (2

y#z y#Z y#z yiz
ZfD Yz) Zfo )V fe(z Zt” yz) Ztc )V ita(z
y#z y?fz y#z y;éz

ZID yz) Z]c )V IE (2 ZfD yz) ch )N felz

y#z yiz y#z yiz



BIPOLAR NEUTROSOPHIC GRAPHS 7

Theorem 2.2. Let G = (C, D) be a bipolar neutrosophic graph such that for all
y,z €Y,

e (y2) = S 200) A2)), Thelyz) = SR AT, Foelyz) = 570 V 2,

the(yz) = i(tc(y) Vite(2)), Ihe(yz) = Q(Ic(y) VIE(2)), fhe(yz) = i(fc(y) A fE(2)).-
Then G is self complementary bipolar neutrosophic graph.

Proof. Let G¢ = (C¢, D¢) be the complement of a bipolar neutrosophic graph
G = (C, D) then, by Definition. 2.12,
the(yz) =t (y) N ¢(2) — th(y2)
1
the(yz) = te(y) At (2) — 5(te(y) Ate(2)

U (y2) = 5 (12(9) A 12(2))
the(yz) = th(yz)

Similarly, it can be proved that t}).(yz) = t}h(yz), [H(yz) = 1% (yz), Ip(yz) =
I%(yz), fHe(yz) = fR(yz) and fp.(yz) = fA(yz). Hence, G is self complementary.
q.e.d.

Definition 2.13. The degree of a vertex y in a bipolar neutrosophic graph G =
(C, D) is denoted by deg(y) and defined by the 6—tuple as,

deg(y) = (degf(y), degj(y), degl(y), deg;(y), degi(y), degf(y)),

= (D th(y2), Y Ih(y2), Y fHy2), Y thyz), > In(yz), > [h(y2).

yzeE yzeE yzeE yzeE yzeE yz€E
The term degree is also referred as neighborhood degree.

Definition 2.14. The closed neighborhood degree of a vertex y in a bipolar
neutrosophic graph is denoted by degly] and defined as, degly] = deg(y) + C(y).

Definition 2.15. A bipolar neutrosophic graph G is known as a regular bipolar
neutrosophic graph if all vertices of G have same degree. A bipolar neutrosophic
graph G is known as a totally regular bipolar neutrosophic graph if all vertices of
G have same closed neighborhood degree.

Theorem 2.3. A complete bipolar neutrosophic graph is reqular.

Theorem 2.4. Let G = (C, D) be a bipolar neutrosohic graph then C = (tP, I?,
et 1™, f™) is a constant function if and only if the following statements are
equivalent:

(1) G is a reqular bipolar neutrosophic graph,

(2) G s totally reqular bipolar neutrosophic graph.
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Proof. Assume that C' is a constant function and for all y € Y,
te(y) = ke 18(y) = ki, fO(y) = kg, tE(y) = Ky, TE(y) = kps fE(y) = Ky
where, k;, kr, ky, k;, k/[, k} are constants.
(1) = (2) Suppose that G is a regular bipolar neutrosophic graph and deg(y) =
(pt, pr, g, M, ny, nyg) forall y e Y.
Now consider,
deg[y] = deg(y) + C(y) = (p; + ki, pr + k1, 0y +kp,ne + kyynr +kp,np + k;/f), for
ally e Y.
It is proved that G is totally regular bipolar neutrosophic graph.
(2) = (1) Suppose that G is totally regular bipolar neutrosophic graph and for
ally e Y
deg[ ]: (ptv pI? pfv nt? n[? nf)
= deg(y) + ( )= (pt> pb pf> nta nl[a n/f)
= deg(y) = (p, — kv, p; — ki, p/f — kg, ny —ky, ny — ky, nf kf)
for all y € Y. Thus G is a regular bipolar neutrosophic graph.
Conversely, assume that the conditions are equivalent. Let deg(y) = (ct, ¢, ¢f, di,
dr, dy) and degly] = (c;, ¢;, ¢, dy, dy, dy).
Since by definition of closed neighborhood degree for all y € Y,
degly] = deg(y) + C(y),
= C(y) = (¢, — ¢y, ¢ — cI,cf cpydy —dy, dy — d;,d'f dy),
forall y €Y. Hence C = (¢, — c,¢; — ¢1,¢; — ¢, dy — dy,dy — dy,dy — dy), a
constant function which completes the proof. q.e.d.

Definition 2.16. A bipolar neutrosophic graph G is said to be irreqular if at
least two vertices have distinct degrees. If all vertices do not have same closed
neighborhood degrees then G is known as totally irregular bipolar neutrosophic
graph.

Theorem 2.5. Let G = (C, D) be a bipolar neutrosophic graph and C = (t,, I7,
J&, t, I, fE) be a constant function then G is an irregular bipolar neutrosophic
graph if and only if G is a totally irreqular bipolar neutrosophic graph.

Proof. Assume that G is an irregular bipolar neutrosophic graph then at least
two vertices of GG have distinct degrees. Let y and z be two vertices such that
deg(y) = (r1, 72,73, 51, 52, 53) and deg(z) = (r],75, 75, Sy, 59, 53) Where, r; # r; , for
some ¢ = 1,2, 3.

Since, C' is a constant function let C' = (ky, ka, k3, l1, 2, l3). Therefore,

degly] = deg(y) + (k1, ko, ks, L, ls, 1)
degly] = (r1 + ki, ra + ko, 3 + ks, 51+ 11, 50+ lo, 53+ 13)
and  deg[z] = (1) + ky, 7y + ko, 75 + ks, Sy 4 11, Sy + Lo, S5+ 13).

1 )

Clearly r; + k; # r;- + k; , for some ¢ = 1, 2, 3 therefore y and z have distinct closed
neighborhood degrees. Hence G is a totally irregular bipolar neutrosophic graph.
The converse part is similar. q.e.d.
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Definition 2.17. If G = (C, D) is a bipolar neutrosophic graph and y, z are two
vertices in GG then we say that y dominates z if

th(yz) = te(y) Ate(2),  Ip(yz) = Ioly) Ne(2),  fo(yz) = fely) Vv fe(2),

th(yz) = t&w) Vie(2),  Iplyz) = 16(y) v IE(2),  [plyz) = foly) A fo(2).
A subset D' C Y is a dominating set if for each z € Y \ D’ there exists y € D’
such that y dominates z. A dominating set D’ is minimal if for every y € D',

D"\ {y} is not a dominating set. The domination number of G is the minimum
cardinality among all minimal dominating sets of G, denoted by A(G).

Example 2.2. Consider a bipolar neutrosophic graph as shown in Fig. 2. The
set {x,w} is a minimal dominating set and A(G) = 2.

2(0.5,0.2,0.3,-0,2, 0.2, —0.7)  5(0.6,0.1,0.2, -0, 2, —0.3, —0.7)

(0.5,0.1,0.3,—0,2, 0.2, —0.7) (04 0,
2,
'1) ~,

%2
03

;\07)

(0.5,0.2,0.3,—0,2,—0.2, —0.7)
(0.4,0.1,0.2, -0, 2, —0.3, —0.6)
£(0.7,0.3,0.1,—% 2,-0.3,-0.7)

2
>

(0.4,0.2,0.2,—0,2, —0.2, —0.4) o

2(0.5,0.2,0.3,—0,3,—-0.2,-0.5)  w(0.5,0.2,0.2,-0,2,-0.3,-0.5)

Figure 2: Bipolar neutrosophic graph G.

Theorem 2.6. Let G and G5 be two bipolar neutrosophic graphs with D,1 and
Dy as dominating sets then following conditions hold,

(2) If for everyy € YiNYy # 0, Ci(y) = Ca(y) and for yz € By N Ey, Dy(yz) =
Ds(yz) then, A(G1 U Ga) = N(G1) + A(G2) — [Dy N Dy|.

Proof. (1). The proof is obvious.

(2). Since D and D, are dominating sets of Gy and Gy, D} U D is a dominating
set of Gy U Gy. Therefore, A\(G1 U Gy) < |D} U D,|. It only remains to show that
D, UD, is a minimal dominating set. On contrary, assume that D" = D;UD,\ {y}
is a minimal dominating set of G; U G5. There are two cases,

Case 1. If y € D) and y ¢ D,, then D, \ {y} is not a dominating set of G,
which implies that D} U D \ {y} = D is not a dominating set of G; U Gy. A
contradiction, hence D] U D, is a minimal dominating set and

Case 2. If y € D, and y ¢ D/, same contradiction can be obtained. q.e.d.



M. AKRAM, M. SARWAR

Theorem 2.7. If G; and Gy are two bipolar neutrosophic graphs then the fol-
lowing conditions are satisfied,

(1) If YiNYy =0 then, \(Gy + G2) = 2.

(2) If for everyy € YiNYy # 0, Ci(y) = Ca(y) and for yz € Ey N Ey, Dyi(yz) =
Dy (yz) then, A(G1 4+ G2) = min{\(G1), A\(G2), 2}.

Proof. (1). Let y; € V) and yo € Yo, since G; + Gy is a bipolar neutrosophic
graph, we have

tpD1+D2 (ylyQ) = t%1+02 (yl) A t%1+02 (yZ)? t%1+D2 (ylyQ) = t%1+02 (yl) \% t%1+02 (y2)
[%1+D2 (ylyQ) = [g1+02 (yl) A Igl+02 (y2) Ig1+D2 (ylyQ) = Igl+02 (yl) \ [g'l+02 (y2)
f§1+D2 (y1y2) = f&% (y1) V f&% (12) IDye0,W1Y2) = [E v, (W) A fE w0, (12)-

Y
Y

Hence any vertex of (G; dominates all vertices of G5 and similarly any vertex of
G5 dominates all vertices of Gy. So, {y1,y2} is a dominating set of G; 4+ Gb.

(2). If D is a minimal dominating set of G + Go then, D is one of the
following forms,

1. D= D1 Where, /\(Gl) = |D1‘,
2. D= D2 Where, /\(Gg) = |D2‘,

3. D ={y1,y2} where, y; € Y7 and yo € Y5. {91} and {y,} are not dominating
sets of G or Gy, respectively.

Hence, A\(G1 + G2) = min{A(G1), \(G2), 2}. q.e.d.

Theorem 2.8. Let G; = (C1, D1) and Gy = (Cy, Dy) be two bipolar neutrosophic
graphs. If fory; € Y1, C1(y1) # (0,0,1,0,0, —1), and yo dominates zo in Gy then,
(y1,y2) dominates (y1, z2) in G10G,.

Proof. Since y, dominates z, therefore,

th, (Ya22) = t¢, (Y2) ANtg, (22), 1D, (Y222) = I¢, (y2) N IE, (22),
Ib,(Waza) = fE,(y2) V [, (22), th, (y2z2) = t¢, (y2) V 16, (22),
I, (y222) = 15, (y2) V 17, (22), [p,(y222) = [, (y2) A [, (22).

For y; € Y1, take (y1, 22) € Y1 X Y. By Definition 2.8,

),
),

thyams (Y15 ¥2) (Y1, 22)) = 16, (1) A th, (Y220),
= tg, (Y1) AtE, (y2) A 1E, (22)},
= {1, (Y1) N6, (y2) } AEE, (Y1) A e, (22)},

- tlélmCQ (1, 92) A tlélD@ (y1, 22)-
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t%IDDQ((?h, y2) (Y1, 22)) = t%l (y1) V t?)Q (Y222),
=t&, (1) VAtE, (y2) V te, (22)
= {t¢, (y1) V1, (y2) } VA{te, (y1) V ¢, (22)},
= t¢y00, (W1, Y2) V tenoe, (Y1, 22).

Similarly, it can be proved that

1D, 00, (W1, ¥2) (Y1, 22)) = 16,00, (W1, ¥2) A8 a0, (415 22),

15,00, (Y1, ¥2) (Y1, 22)) = [cluCQ Y1,92) V 18 00, (U1, 22),
Fhiom, (Y15 92) (1, 22)) = [0, (W1, 2) V [, 00, (U1, 22),
fDlDDg((yby?)(yl? 2)) = feoe, (Y1, 92) A feoe, (Y1, 22)-

Hence (y1,y2) dominates (y1, 22) and the proof is complete. q.e.d.

Proposition 2.2. If Gy and G5 are bipolar neutrosophic graphs and for zo € Y3,
Cy(z9) # (0,0,1,0,0,—1), y; dominates z, in Gy then (yi, z2) dominates (21, zo)
m GlmGg.

Theorem 2.9. If D| and Dy are minimal dominating sets of G, = (C1, Dy) and
Gy = (Cy, Dy), respectively. Then D x Y and Yy x Dy are dominating sets of
G,0G5 and

(2.1) MG1OG,) < |Dy x Ya| A Yy x D).

Proof. To prove Inequality. (2.1), we need to show that D] x Y5 and Y} x D,
are dominating sets of G100Gy. Let (21,2;) ¢ D) x Y, then, 2z, ¢ D,. Since D]
is a dominating set of G, there exists ; € D) that dominates z,. By Theorem
2.2, (y1, z2) dominates (z1, z2) in G100G,. Since (21, 22) was taken to be arbitrary
therefore, D/1 X Y5 is a dominating set of G;[JG5. Similarly, Y; x D'2 is a dominating
set if G100G5. Hence the proof. q.e.d.

Theorem 2.10. Let D) and D, be the dominating sets of Gy = (Cy, Dy) and
Gy = (Cy, Dy), respectively then, Dy x D, is a dominating set of the direct product
Gl X GQ and

(22) )\(Gl X GQ) = ’D/X’ = ‘Dll X DIQ U {(tl,tg) tlyl € E1 Y1 € Dl,tg € D }’

Proof. Let (21, 2,) € Y1 x Yy \ D), then there are two cases.

Case 1: If 2, € Y1\ D} and 2, € Y5\ D,. Since, D} and D, are dominating sets
there exist y; € D/1 and y, € D'2 such that y; dominates z; and y, dominates z5.
Consider,

thyxpy (U1, Y2) (21, 22)) = th, (y121) A, (y222),
= {t¢, (y1) A 01(21)} Ate, (y2) Atg, (22) 1,
= {1, (Y1) N8, (y2) } A{tE, (21) A6, (22)},

= tC1 xCla (yb 92) A t%1><02 (21, ZQ).
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Similarly, it can be proved for other truth, indeterminacy and falsity membership
degrees. Hence (y,y2) dominates (z1, 22).

Case 2: If z; € D, and 2z, € Y3 \ D, then, there exists (t1,t5) € {(t1,t3) : t121 €
Ei,z € _D/l,tg € D’Q} such that z; dominates ¢; and ¢, dominates z,. Consider,

thyxp, (T, 12) (21, 22)) = th, (t121) A th, (t222),
= {t¢, (t1) N tg, (21)} A5, ()
= {t¢, (L) N6, (t2) } A {tE, (1)

- tlélXCQ (tl’ tQ) A tléﬁ xC (217 22)‘

o (=2)},

INXE
N1g,(22)},

On the same lines, the result can be obtained for other truth, indeterminacy and
falsity membership degrees. Hence(z1, z9) is dominated by (1, ts).

Since (y1,y2) was taken to be arbitrary therefore, every element of Y3 x Y5\ D',
is dominated by some element of D'

Clearly, no vertex in {(t1,%2) : tiy1 € E1,y1 € Dl,tg € Dj} is dominated
by any other vertex in D/X. Therefore, it only remains to show that D X D is
minimal. On contrary, assume that D' is a minimal such that |D'| < |D'1 X D/2|
Let (t1,ty) € Dy x D, such that (t,ty) ¢ D" ie., t; € D, and t, € D, then
there exist ¢, € Y1\ D] and t, € Y5\ D, which are only dominated by ¢; and t,,
respectively. Hence no element other than (t1,t,) dominates (£}, y) so (t1,t3) € D'
A contradiction, thus D] x D) is minimal. q.e.d.

Corollary 2.1. If Gy and Gy are two bipolar neutrosophic graphs, y; dominates
21 in Gy and yo dominates zy in Gy then (y1, z1) dominates (ya, 22) in Gy X Gs.

Definition 2.18. In a bipolar neutrosophic graph two vertices y and z are inde-
pendent if

th(yz) <te(y) Ate(z),  Ih(yz) < Ip(y) Ap(2),  [pyz) < fa(y) v fe(2),
(2.3)
tp(yz) > te(y) Vie(2), Ip(yz) > 1e(y) vV IE(2),  [B(y2) > fo(y) A fo(z).

An independent set N of a bipolar neutrosophic graph is a subset NV of Y such that
for all y, z € N, Equations (2.3) are satisfied. An independent set is maximal if for
every t € Y\ N, NU{t} is not an independent set. An independent number is the
maximal cardinality among all maximal independent sets of a bipolar neutrosophic
graph. It is denoted by a(G).

Theorem 2.11. If Gi and Gy are bipolar neutrosophic graphs on Y, and Ys,
respectively such that Y1 MYy =0 then a(G1 U Gs) = a(G1) + a(G3).

Proof. Let Ny and N, be maximal independent sets of G; and G5. Since N; N
= () therefore, N; U N, is a maximal independent set of G; U G5. Hence
a(G1 UGs) = a(Gy) + a(Gs). q.e.d.

Theorem 2.12. Let Gy and Gy be two bipolar neutrosophic graphs then o(Gy +
Gg) = Oé(Gl) V Oé(Gg).
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Proof. Let N; and N, be maximal independent sets. Since every vertex of G
dominates every vertex of Gy in G7 + G;. Hence, maximal independent set of
G + Gy is either Ny or Ny. Thus, oGy + G2) = a(Gy) V a(Gs). q.e.d.

Theorem 2.13. If Ny and Ny are maximal independent sets of G and G, re-
spectively and Yy NYy = 0. Then a(G10Gs) = |Ny x Na| + |N| where, N =
{i,zi) 1y €Y1\ N1,z € Yo\ Ny, yiyir1 € B, zizign € By, i=1,2,3,---}.

Proof. N; and Ny are maximal independent sets of G; and G, respectively.
Clearly, N7 x N is an independent set of GG;[JG5 as no vertex of N; x Ny domi-
nates any other vertex of Ny x Ns.

Consider the set of vertices N = {(y;,2i) : y; € Y1\ N1,z € Yo\ No,ysyir1 €
Ey, ziziv1 € Eq}. It can be seen that no vertex (y;, z;) € N for each i =1,2,3,- -
dominates (yi41,2i41) € N for each i = 1,2,3,---. Hence N' = (N; x Ny) U N is
an independent set of G10G5.

Assume that S = N' U {(yi, 2;)}, for some i # j, y; € Y1\ Ny and z; € Yo\ Ny,
is a maximal independent set. Without loss of generality, assume that 7 =i+ 1
then, (y;,2;) is dominated by (y;,2). A contradiction, hence N’ is a maximal
independent set and a(G10G5) = |[N'| = | Ny x Ny| + |N]| q.e.d.

Theorem 2.14. If D/X 15 a minimal dominating sets of Gy X Gy then, Y; X )/Q\D,X
is a maximal independent set of G1 X Gy and a(Gy X G3) = ning — MGy X Gs)
where, ny and ny are the number of vertices in G; and Gs.

The proof is obvious.

Theorem 2.15. An independent set of a bipolar neutrosophic graph G = (C, D)
1s maximal if and only if it is independent and dominating.

Proof. If N is a maximal independent set of G, then for every y € Y\ N, NU{y}
is not an independent set. For every vertex y € Y\ N, there exists some z € N
such that

Thus y dominates z and hence N is both independent and dominating set.

Conversely, assume that D is both independent and dominating set but not max-
imal independent set. So there exists a vertex y € Y\ N such that N U{y} is an
independent set i.e., no vertex in N dominates y, a contradiction to the fact that
N is a dominating set. Hence N is maximal. q.e.d.

Theorem 2.16. Any mazimal independent set of a bipolar neutrosophic graph is
a minimal dominating set.
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Proof. If N is a maximal independent set of a bipolar neutrosophic graph then by
Theorem 2.15, N is a dominating set. Assume that N is not a minimal dominating
set then, there always exist at least one z € N for which N \ {z} is a dominating
set. On the other hand if N\ {z} dominates Y \ {N \ {z}}, at least one vertex in
N\ {z} dominates z. A contradiction to the fact that N is an independent set of
bipolar neutrosophic graph G. Hence N is a minimal dominating set. q.e.d.

3 Multi-criteria decision making methods

Multiple criteria decision making refers to making decisions in the presence of
multiple, usually conflicting criteria. Multi-criteria decision making problems are
common in everyday life. In this section, we present multi-criteria decision making
methods for the identification of risk in decision support systems. The method is
explained by an example for prevention of accidental hazards in chemical indus-
try. The application of domination in bipolar neutrosophic graphs is given for the
construction of transmission stations.

(1) An outranking approach for safety analysis using bipolar neutro-
sophic information

The proposed methodology can be implemented in various fields in different ways
e.g., multi-criteria decision making problems with bipolar neutrosophic informa-
tion. However, our main focus is the identification of risk assessments in industry
which is described in the following steps.

The bipolar neutrosophic information consists of a group of risks\alternatives
R ={ry,ry,- -+ ,1r,} evaluated on the basis of criteria C' = {¢y,¢q, - , ¢ }. Here
ri, 1 =1,2,--- nis the possibility for the criteria ¢, k= 1,2,---,m and r; are
in the form of bipolar neutrosophic values. This method is suitable if we have a
small set of data and experts are able to evaluate the data in the form of bipolar
neutrosophic information. Take the values of ry as ry, = (¢5,, I, fh, th, I, f).
Step 1. Construct the table of the given data.

Step 2. Determine the average values using the following bipolar neutrosophic
average operator,

(3.1)

1 m m m m m m m m m

—_ p p P P n n n n n
A= 6 =11 11 11 e 2ot =114 > f - 117
J=1 J=1 Jj=1 Jj=1 Jj=1 Jj=1 J=1 J=1 J=1

foreachi=1,2,--- ,n.
Step 3. Construct the weighted average matrix.
Choose the weight vector w = (wq,ws, -+ ,w,) . According to the weights for

each alternative, the weighted average table can be calculated by multiplying each
average value with the corresponding weight as:

/BZ:AZU)U Z.:]_,Q,"',TL.
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Step 4. Calculate the normalized value for each alternative\risk f; using the
formula,

(32)  aw = /()2 + ()2 4 ()2 (—1+ 622+ (L + 102+ (—1 4 f2)2,

foreach i =1,2,--- ,n. The resulting table indicate the preference ordering of the
alternatives\risks. The alternative\risk with maximum «; value is most dangerous
or more preferable.

Example 3.1. Chemical industry is a very important part of human society.
These industries contain large amount of organic and inorganic chemicals and
materials. Many chemical products have a high risk of fire due to lammable ma-
terials, large explosions and oxygen deficiency etc. These accidents can cause the
death of employs, damages to building, destruction of machines and transports,
economical losses etc. Therefore, it is very important to prevent these accidental
losses by identifying the major risks of fire, explosions and oxygen deficiency.

A manager of a chemical industry Y wants to prevent such types of accidents that
caused the major loss to company in the past. He collected data from witness
reports, investigation teams and near by chemical industries and found that the
major causes could be the chemical reactions, oxidizing materials, formation of
toxic substances, electric hazards, oil spill, hydrocarbon gas leakage and energy
systems. The witness reports, investigation teams and industries have different
opinions. There is a bipolarity in people’s thinking and judgement. The data
can be considered as bipolar neutrosophic information. The bipolar neutrosophic
information about company Y old accidents are given in Table. 3 and Table. 4.

Table 3: Bipolar neutrosophic Data

Fire Oxygen Deficiency

Chemical Exposures
Oxidizing materials
Toxic vapour cloud
Electric Hazard

Oil Spill

Hydrocarbon gas leakage
Ammonium Nitrate

(0.5,0.7,0.2,-0.6,-0.3,-0.7)
(0.9,0.7,0.2,-0.8,-0.6,-0.1)
(0.7,0.3,0.1,-0.4,-0.1,-0.3)
(0.3,0.4,0.2,-0.6,-0.3,-0.7)
(0.7,0.5,0.3,-0.4,-0.2,-0.2)
(0.5,0.3,0.2,-0.5,-0.2,-0.2)
(0.3,0.2,0.3,-0.5,-0.6,-0.5)

(0.1,0.5,0.7,0.5,-0.2,-0.8)
(0.3,0.5,0.2,-0.5,-0.5,-0.2)
(0.6,0.3,0.2,-0.5,-0.3,-0.3)
(0.9,0.4,0.6,-0.1,-0.7,-0.5)
(0.2,0.2,0.2,-0.7,-0.4,-0.4)
(0.3,0.2,0.3,-0.7,-0.4,-0.3)
(0.9,0.2,0.1,0.0,-0.6,-0.5)

Table 4: Bipolar neutrosophic Data

Large Explosion
Chemical Exposures (0.6,0.2,0.3,-0.4,0.0,-0.1)
Oxidizing materials (0.9,0.5,0.5,-0.6,-0.5,-0.2
Toxic vapour cloud (0.5,0.1,0.2,-0.6,-0.2,-0.2
( 1
( 8

Electric Hazard 0.7,0.6,0.8,-0.7,-0.5,-0.
Oil Spill 0.9,0.2,0.7,-0.1,-0.6,-0.
Continued on next page
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Table 4 — Continued from previous page

Hydrocarbon gas leakage (0.8,0.2,0.1,-0.1,-0.9,-0.2)
Ammonium Nitrate (0.6,0.2,0.1,-0.2,-0.3,-0.5)

By applying the bipolar neutrosophic average operator 3.1 on Table. 3 and
Table. 4, the average values are given in Table. 5.

Table 5:

Bipolar neutrosophic average values

Average Value

Chemical Exposures
Oxidizing materials
Toxic vapour cloud
Electric Hazard

Oil Spill

Hydrocarbon gas leakage
Ammonium Nitrate

(0.39,0.023,0.014,-0.04,-0.167,-0.515)
(0.619,0.032,0.001,-0.08,-0.483 -0.165)
(0.53,0.003,0.001,-0.04,-0.198,-0.261)
(0.570,0.032,0.032,-0.014,-0.465,-0.422)
(0.558,0.007,0.014,-0.009,-0.384,-0.445)
(0.493,0.004,0.002,-0.011,-0.543,-0.229)
(0.546,0.003,0.001,0.0,-0.464,-0.417)

With regard to the weight vector (0.35,0.80,0.30,0.275,0.65,0.75,0.50) as-
sociated to each cause of accident, the weighted average values are obtained by
multiplying each average value with corresponding weight and are given in Table.

6.

Table 6: Bipolar neutrosophic weighted average table

Weighted Value

Chemical Exposures
Oxidizing materials
Toxic vapour cloud
Electric Hazard

Oil Spill

Hydrocarbon gas leakage
Ammonium Nitrate

(0.1365,0.0081,0.0049,-0.0140,-0.0585,-0.1803)
(0.4952,0.0256,0.0008,-0.0640,-0.3864,-0.1320)
(0.1590,0.0009,0.0003,-0.012,-0.0594,-0.0783)
(0.2850,0.0160,0.0160,-0.0070,-0.2325,-0.2110)
(0.1535,0.0019,0.0039,-0.0025,-0.1056,-0.1224)
(0.3205,0.0026,0.0013,-0.0072,-0.3530,-0.1489)
(0.4095,0.0023,0.0008,0.0,-0.3480,-0.2110)

Using Formula. 3.2, the resulting normalized values are shown in Table. 8.

Table 7: Normalized values

Normalized
value
Chemical Exposures 1.5966
Oxidizing materials 1.5006
Toxic vapour cloud 1.6540
Electric Hazard 1.6090
Oil Spill 1.4938

Hydrocarbon gas leakage 1.6036

Continued on next page
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Table 7 — Continued from previous page
Ammonium Nitrate 1.5089

The accident possibilities can be placed in the following order: toxic vapour
cloud > electric hazard > hydrocarbon gas leakage > chemical exposures > am-
monium nitrate > oxidizing materials > Oil spill where, the symbol > represents
partial ordering of objects. It can be easily seen that the formation of toxic vapour
clouds, electrical and energy systems and hydrocarbon gas leakage are the major
dangers to the chemical industry. There is a very little danger due to oil spill.
Chemical exposures, oxidizing materials and ammonium nitrate has an average
accidental danger. Therefore, industry needs special precautions to prevent the
major hazards that could happen due the formation of toxic vapour clouds.

(2) Domination in bipolar neutrosophic graphs

Domination has a wide variety of applications in communication networks, cod-
ing theory, fixing surveillance cameras, detecting biological proteins and social
networks etc. Consider the example of a TV channel that wants to set up trans-
mission stations in a number of cities such that every city in the country get access
to the channel signals from at least one of the stations. To reduce the cost for
building large stations it is required to set up minimum number of stations. This
problem can be represented by a bipolar neutrosophic graph in which vertices
represent the cities and there is an edge between two cities if they can communi-
cate directly with each other. Consider a network of ten cities {Cy, Cy, -+, Cip}.
In the bipolar neutrosophic graph, the positive degree of each vertex represents
the level of truth, indeterminacy and falsity of strong signals it can transmit to
other cities and the negative degree of each vertex represents the level of truth,
indeterminacy and falsity of weaker signals it can transmit to other cities. The
bipolar neutrosophic value of each edge represents the degree of truth, indeter-
minacy and falsity of strong and weak communication between the cities. The
graph is shown in Fig. 3. D = {Cs,Cjo} is the minimum dominating set. It
is concluded that building only two large transmitting stations in Cs and Cjg, a
high economical benefit can be achieved. The method of calculating the minimum
number of stations is described in the following Algorithm. 1.

Table 8: Algorithm for the selection of minimum locations

Algorithm 1

1. Begin

2. Enter the membership values B(x;) of n number
of possible locations A = {C4,Cy, ..., Cy}.

3. Input the adjacency matrix [C;]nxn of transmission stations.
4. k=0

5. D=1

6. doifrom1l—n

7 dojfromi+1—n

8 if Cij = A(OZ) N A(Cj) then

Continued on next page
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Table 8 — Continued from previous page

9. CieD k=k+1, x, =C;
10. end if

11. end do

12. end do

13.  Arrange X \ D = {Zp41, Thy2, - -, Tn} = J
14. doifrom1—k

15. D' =D\ {z;}

16. if D' is a dominating set then

17. D=D

19. end if

20. end do

21. if DUJ =Y then

22.  print: D is a minimal dominating set.
23. else

24. print: There is no dominating set.
25.  end if

4 Comments on Broumi et al.’s Bipolar Neu-
trosophic Graphs

Broumi et al. [11] defined bipolar single-valued neutrosophic graphs in the fol-
lowing way:

Definition 4.1. [11] Let A = (T4, I§, FY, TY 1Y, FY)and B = (TY, 1L, FL T 1%,

F}) be bipolar single valued neutrosophic graph onset Y. If B = (T%, 1L, FE T 15

FY) is a bipolar single valued neutrosophic relation on A = (T}, I}, F¥, TV, IY, FY)

then

Tj (vy) < TA(x) ATH(y), Ip(zy) 2 I5(2) VI (y), Fg(ey) > Fi(x) V F(y),

T (xy) 2 T3 (2) VIR (y), I5(xy) < I (2) ANIX(y),  Fp(ay) < FY(x) AFY(y),
for all z,y € Y.

Broumi et al. [11] defined complement of a bipolar neutrosophic graph as follows:

Definition 4.2. [11] The complement of a bipolar neutrosophic graph G = (A, B

is a bipolar single valued neutrosophic graph G = (A, B) where, A = A =

L(wy) =Ty (x) ATy (y) — Th (zy), IE(zy) = I} (z) vV IN(y) — I5(zy),
@(wy) = F{(x) V F{(y) — Ff (xy), _T—év(:vy) =T (2) VTY (y) — T§ (zy),
IN(zy) = 1) (2) NIY (y) — I5 (zy),  FH(zy) = Fy (z) AFY (y) — FE (zy),

forallzy e Y x Y.
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Figure 3: Domination in bipolar neutrosophic graph

4(0.1,0.2,0.3, 0.3, —0.2, —0.1)

2(0.4,0.5,0.6, 0.6, 0.5, —0.4) (0.2,0.3,0.4, —0.4, 0.3, —0.2)

Figure 4:

Bipolar single valued neutrosophic graph G' according to [11]
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(0.1,0.2,0.3,-0.3, —0.2,—0.1)

(0.2,0.5,0.6,—0.4, 0.5, —0.4)

2(0.4,0.5,0.6, —0.6, —0.5, =0.4) (0.2,0.3,0.4, 0.4, 0.3, —0.2)

Figure 5: Complement of G according to [11]

We illustrate Definitions 5.1-5.2 [11] by the following example.

Example 4.1. The complement G of G is obtained by using Definitions 5.1-5.2
[11] as shown in Fig. 5. It can be seen from Fig. 5 that I5(yz), fh(yz), I5(yt),

Phut) & [0,1] and I3(y=), fay=), Ia(ut), fa(yt) & [1,0]. Hence G is not a
bipolar single valued neutrosophic graph.

4. Conclusion and Future Work

Bipolar fuzzy graph theory has many applications in science and technology. A
bipolar neutrosophic graph is a generalization of the notion bipolar fuzzy graph.
We have introduced the idea of bipolar neutrosophic graph and operations on
bipolar neutrosophic graphs. We have investigated the dominating and indepen-
dent sets of certain graph products. Two applications of bipolar neutrosophic sets
and bipolar neutrosophic graphs are studied in chemical industry and construc-
tion of radio channels. We are planning to extend our research of fuzzification to
(1) Bipolar fuzzy rough graphs; (2) Bipolar fuzzy rough hypergraphs, (3) Bipo-
lar fuzzy rough neutrosophic graphs, and (4) Decision support systems based on
bipolar neutrosophic graphs.
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