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Abstract

The aim of this paper is to introduce the notion of neutrosophic aw-closed sets and study some of the prop-
erties of neutrosophic aw-closed sets. Further, we investigated neutrosophic aw- continuity, neutrosophic
aw-irresoluteness, neutrosophic aw connectedness and neutrosophic contra aw continuity along with exam-
ples.

Keywords: neutrosophic topology, neutrosophic aw-closed set, neutrosophic aw-continuous function and
neutrosophic contra aw-continuous mappings.

1 Introduction

Zadeh [19] introduced truth (t) or the degree of membership of an object in fuzzy set theory. The false-
hood (f) or the degree of non-membership of an object along with membership of an object introduced by
Atanassov [4,5,6] in intuitionistic fuzzy set. Neutrosophic (i) or the degree of indeterminacy of an object
along with membership and non-membership of an objects for incomplete, imprecise, indeterminate informa-
tion is introduced by Smarandache [16,17] in 1998. The neutrosophic triplet set consist of three components
(t, f,1) = (truth, falsehood, indeterminacy). The neutrosophic topological spaces introduced and devel-
oped by Salama et al., [15]. This leads to many investigation among researchers in the field of neutrosophic
topology and their application in decision making algorithms [8,11,12,13,14]. Arokiarani et al.,[3] introduced
and studied o~ open sets in neutrosophic topological spaces. Devi et al., [7,9,10] introduced aw-closed sets
in general topology, fuzzy topology and intuitionistic fuzzy topology. In this article, we introduce neutro-
sophic aw-closed sets in neutrosophic topological spaces. Also, we introduce and investigate neutrosophic
aw-continuous,neutrosophic aw-irresoluteness, neutrosophic cw connectedness and neutrosophic contra aw-
continuous mappings .

2 Preliminaries

Let (X, 7) be the neutrosophic topological space(NTS). Each neutrosophic set(NS) in (X, 7) is called a neu-
trosophic open set(NOS) and its complement is called a neutrosophic closed set (NCS).
We provide some of the basic definitions in neutrosophic sets. These are very useful in the sequel.

Definition 2.1. [17] A neutrosophic set (NS) A is an object of the following form

U= {<U7IU’U(U’)’ VU(u)awU(u» ‘u € X}

where the mappings puy : X — I, vy : X — I and wy : X — I denote the degree of membership (namely
uy (u)), the degree of indeterminacy (namely vy (v)) and the degree of nonmembership (namely wy; (u)) for
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each element v € X to the set U, respectively and 0 < py (u) 4+ vy (u) + wy(u) < 3 foreach u € X.
Definition 2.2. [17] Let U and V' be NSs of the form U = {(u, uy(u), vy (u),wy(u)) : v € X} and
V = {{u, pv (u), vy (u),wy (u)) : u € X}. Then
() U € Vifand only if py (u) < py (u), vy (u) = vy (u) and wy (u) = wy (u);
(i) U = {(u, v (u), pu (u),wy(w)) : u € X};
(i) UNV = {{u, pu(u) A py (), vo (u) V vy (u), wo (u) Vwy (u) :u € X}
(iv) UUV = {(u, pu(u) V pv (u), vy (u) Avy (u),wy (u) Awy (u) :u € X}

We will use the notation U = (u, py, vy, wy) instead of U = {(u, py (u), vy (u),wy (u)) : u € X}. The
NSs 0., and 1., are defined by 0., = {(v,0,1,1) : v € X}and 1. = {(u,1,0,0) : u € X}.

Let r,s,t € [0,1] such that 0 < r 4+ s+ ¢ < 3. A neutrosophic point (NP) D(r,s,t) 18 neutrosophic set
defined by

_ ] (s t)z)  ifu=p
p(r,s,t) (u) - { (O, 17 1) Oth@rwise

Let f be a mapping from an ordinary set X into an ordinary set Y, If V' = {(y, uv (v), vv (y),wv (v)) :
y € Y}isaNSinY , then the inverse image of V under f is a NS defined by

V) = {u 7 ) (), fH ) (u), f~Hwv) (u) s u € X

The im}age of NSU = {{v, uy (v), vy (v),wy(v)) : v € Y}under fisaNSdefinedby f(U) = {(v, f(uv) W), f(vu) (@), f(wy)
v € Y} where

sup  py(u), if f7H(v) #0
fluw)(v) = wef~1@)

0 otherwise,
inf vo(u), if f7H) £0

1 ’ otherwise,
inf  wy(u), if f71(v)#0

{ 1 ’ otherwise,

foreachv € Y.

Definition 2.3. [15] A neutrosophic topology (NT) in a nonempty set X is a family 7 of NSs in X satis-
fying the following axioms:

(NT1) 0~,1. €T,
(NT2) G NGs € 7 forany G1,Gs € T;
(NT3) UG; € 7 for any arbitrary family {G; : i € J} C 7.

Definition 2.4. [15] Let U be a NS in NTS X. Then
Nint(U) = U{O : O is an NOS in X and O C U} is called a neutrosophic interior of U;
Ncl(U)=n{O : O is an NCS in X and O D U} is called a neutrosophic closure of U.

Definition 2.5. [15] Let p(,. ;) be a NP in NTS X. A NS U in X is called a neutrosophic neighborhood
(NN) of p(, 4,1 if there exists a NOS V' in X such that p,. , ;) € V C U.

Definition 2.6. [3] A subset U of a neutrosophic space (X, 7) is called

1. aneutrosophic pre-open setif U C Nint(Ncl(U)) and a neutrosophic pre-closed setif Nel(Nint(U)) C
U?

2. aneutrosophic semi-open setif U C Ncl(Nint(U)) and a neutrosophic semi-closed set if Nint(Ncl(U)) C
U7

3. aneutrosophic a-open setif U C Nint(Ncl(Nint(U))) and a neutrosophic a-closed setif Ncl(Nint(Ncl(U))) C
U7
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The pre-closure (resp. semi-closure, a-closure) of a subset U of a neutrosophic space (X, 7) is the inter-
section of all pre-closed (resp. semi-closed, a-closed) sets that contain U and is denoted by Npcl(U) (resp.
Nscl(U), Nacl(U)).

3 On neutrosophic aw-closed sets

Definition 3.1. A subset A of a neutrosophic topological space (X, 7) is called

1. a neutrosophic Nw-closed set if Ncl(U) C G whenever U C G and G is neutrosophic semi-open in
(X, 7).

2. a neutrosophic aw-closed (N aw-closed) set if Nwcl(U) C G whenever U C G and G is an N a-open
setin (X, 7). Its complement is called a neutrosophic aw-open (NN aw-open) set.

Definition 3.2. Let U be a NS in NTS X. Then
Noawint(U)=U{O : Oisan NawOS in X and O C U} is said to be a neutrosophic aw-interior of U;
Nawcl(U)=n{O : O is an NawCS in X and O D U} is said to be a neutrosophic aw-closure of U.

Theorem 3.3. Every N a-closed set and N-closed set are N aw-closed set.
Proof. Let U be an Na-closed set, then U = Nacl(U). Let U C G, G is Na-open. Since U is Na-closed,
Nuwcl(U) € Nacl(U) C G. Thus U is N aw-closed.

Theorem 3.4. Every neutrosophic semi-closed set in a neutrosophic set is an N aw-closed.
Proof. Let U be a Nsemi-closed set in (X, 7), then U = Nscl(U). Let U C G, G is Na-open in (X, 7).
Since U is Nsemi-closed, Nwcl(U) C Nscl(U) C G. This shows that U is Naw-closed set.

The converses of the above theorems are not true as explained in Example 3.5.

Example 3.5. Let X = {u, v, w} and neutrosophic sets A, B, C be defined by:

A = ((0.1,0.4,0.7), (0.9,0.6,0.3), (0.9, 0.6, 0.3))
B = {(0.6,0.6,0.4), (0.2,0.7,0.8), (1,0.6,0.5))
C = ((0.1,0.4,0.8), (0.2,0.6,0.4), (0.6,0.5,0.9))

Let 7 = {0~, A, 1.}. Then B is Naw-closed in (X, 7) but not N a-closed and thus it is not N-closed and C
is Naw-closed in (X, 7) but not N semi-closed.

Theorem 3.6. Let (X, 7) be a NTS and let U € NS(X). If U is Naw-closed setand U C V' C Nwcl(U),
then V' is N aw-closed set.

Proof. Let G be a Na-open set such that V' C G. Since U C V, then U C G. But U is Naw-closed, so
Nwel(U) C G. Since V C Nwel(U). Since Nwel(V) C Nwcl(U) and hence Nwel(V') C G. Therefore V
is a Naw-closed set.

Theorem 3.7. Let U be a Naw-open setin X and Nwint(U) CV C U, then V' is Naw-open.
Proof. Suppose U is Naw-open in X and Nwint(U) C V C U. Then U is Naw-closed and U C V' C
Nwcl(U). Then U is a Naw-closed set by theorem 3.5. Hence V' is a Naw-open set in X.

Theorem 3.8. A NS U in a NTS (X, 7) is a Naw-open set if and only if V' C Nwint(U) whenever V
isa Na-closed setand V C U.

Proof. Let U be a Naw-open set and let V' be a Na-closed set such that V' C U. Then U C V and hence
Nwcl(U) C V, since U is N aw-closed. But Nwcl(U) = Nwint(U), thus V C Nwint(U).

Conversely, suppose that the condition is satisfied, then Nwint(U) C V whenever V is Na-open set and
U C V. This implies that Nwcl(U) € V = G where G is Na-open set and U C G. Therefore U is N aw-
closed set and hence U is N aw-open.

Theorem 3.9. Let U be a Naw-closed subset of (X, 7). Then Nwcl(U) — U does not contain any non-
empty N aw-closed set.
Proof. Assume that U is a Naw-closed set. Let F be a non-empty Naw-closed set, such that F' C
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Nwcl(U) = U = Nwcl(U)NU. ie, F C Nwcl(U) and F C U. Therefore, U C F. Since F is a

Naw-open set, Nwcl(U) CF = F C (Nwcl(U) —U) N (Nwcl(U)) € Nwcl(U) N Nwel(U). ie., F C ¢.
Therefore F'is empty.

Corollary 3.10. Let U be a Naw-closed set of (X, 7). Then Nwcl(U) — U does not contain no non-empty
N-closed set.
Proof. The proof follows from the Theorem 3.9.

Theorem 3.11. If U is both Nw-open and N aw-closed set, then U is a Nw-closed set.
Proof. Since U is both Nw-open and Noaw-closed set in X, then Nwcl(U) C U. Also we have U C
Nuwcl(U). This gives that Nwcl(U) = U. Therefore U is a Nw-closed set in X.

4 On neutrosophic aw-continuity, connectedness and contra-continuity

Definition 4.1. Let (X, 7) and (Y, o) be any two neutrosophic topological spaces.

1. A function f : (X,7) — (Y, 0) is said to be a neutrosophic aw-continuous (briefly, /N aw-continuous)
function if the inverse image of every open setin Y is a Naw-open setin X.
Equivalently, if the inverse image of every open set in (Y, o) is Naw-open in (X, 7);

2. A function f : (X,7) — (Y, 0) is said to be a neutrosophic aw-irresolute (briefly, N aw-irresolute)
function if the inverse image of every N aw-open set in Y is a N aw-open set in X.
Equivalently, if the inverse image of every Naw-open setin (Y, o) is Naw-open in (X, 7);

Definition 4.2. A NTS (X, 7) is said to be neutrosophic-awT’ /o (N awT7 /o in short) space if every NawC in
Xisan NC'in X.

Definition 4.3. Let (X, 7) be any neutrosophic topological space. (X, 7) is said to be neutrosophic cw-
disconnected (in shortly N aw-disconnected) if there exists a Naw-open and Naw-closed set F' such that
F # 0.and F # 1.. (X,7) is said to be neutrosophic cw-connected if it is not neutrosophic aw-
disconnected.

Theorem 4.4. Every N aw-connected space is neutrosophic connected.

Proof. For a Naw-connected (X, 7) space and let (X, 7) not be neutrosophic connected. Hence, there exists a
proper neutrosophic set, FF =< HF(z)> OF(z)> VF(x) > F # 0. and F # 1., such that F is both neutrosophic
open and neutrosophic closed in (X, 7). Since every neutrosophic open set is N aw-open and neutrosophic
closed set is Naw-closed, X is not N aw-connected. Therefore, (X, 7) is neutrosophic connected.

However, the converse is not true.

Example 4.5. Let X = {u, v, w} and neutrosophic sets A, B and C be defined by:

A = ((0.4,0.5,0.5), (0.4,0.5,0.5), (0.5,0.5,0.5))

B = {(0.7,0.6,0.5), (0.7,0.6,0.5), (0.3,0.4,0.5))

C ={((0.5,0.6,0.5), (0.5,0.6,0.5), (0.5, 0.6, 0.5))
(

Let 7 = {0, A, B,1.}. It is obvious that (X, 7) is NTS. Now, (X, 7) is neutrosophic connected. However,
it is not a N aw-connected.

Theorem 4.6. Let (X, 7) be a neutrosophic awT’ /o space. (X, ) is neutrosophic connected iff (X, 7) is
N aw-connected.

Proof. Let (X, 7) is neutrosophic connected. Suppose that (X, 7) is not N aw-connected, and there exists
a neutrosophic set F’ which is both Naw-open and Naw-closed. Since (X, 7) is neutrosophic awT} /25 Fis
both neutrosophic open and neutrosophic closed. Therefore, (X, 7) is not a neutrosophic connected which is
contradiction to our hypothesis. Hence, (X, 7) is NV aw-connected.
Conversely, let (X, 7) is Naw-connected. Suppose that (X, 7) is not neutrosophic connected, and there exists
a neutrosophic set F such that F' is both NCs and NOs € (X, 7). Since the neutrosophic open set is N aw-open
and the neutrosophic closed set is N aw-closed, (X, 7) is not N aw-connected. Hence, (X, 7) is neutrosophic
connected.
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Theorem 4.7. Suppose (X, 7) and (Y, o) are any two NTSs. If g : (X,7) — (Y, 0) is Naw-continuous
surjection and (X, 7) is N aw-connected, then (Y, o) is neutrosophic connected.

Proof. Suppose that (Y, o) is not neutrosophic connected, such that the neutrosophic set F' is both neutrosophic
open and neutrosophic closed in (Y, o). Since g is Naw-continuous, g~ (F) is Naw-open and N aw-closed
in (Y, o). Thus, (Y, 0) is not N aw-connected. Hence, (Y, o) is neutrosophic connected.

Theorem 4.8. Let g : (X,7) — (Y, 0) be a function. Then the following conditions are equivalent.
(i) gis Naw-continuous;
(ii) The inverse f~1(U) of each N-open set U in Y is Naw-open set in X.

Proof. It is clear, since g~ (U) = g=1(U) for each N-open set U of Y.

Theorem 4.9. If g : (X, 7) — (Y, 0) be a N aw-continuous mapping, then the following statements holds:
(i) g(NawNcl(U)) C Ncl(g(U)), for all neutrosophic set U in X;
(i) NawNcl(g=*(V)) C g~ (Ncl(V)), for all neutrosophic set V in Y.

Proof.

(i) Since Ncl(g(U)) is neutrosophic closed set in Y and g is N aw-continuous, then g~ (N¢cl(g(U))) is
Naw-closed in X. Now, since U C g~ *(Ncl(g(U))). So, Nawcl(U) C g~ (Necl(g(U))). Therefore,
g(NawN<cl(U)) C Nel(g(U)).

(ii) By replacing U with V in (i), we obtain g(Nawcl(g~1(V))) € Necl(g(g=*(V))) € Necl(V). Hence
Nawcl(g=1(V)) C g~ (Ncl(V)).

Theorem 4.10. Let g be a function from a NTS (X, 7) to a NTS (Y, o). Then the following statements are
equivalent.

(i) g is a neutrosophic aw-continuous function.

(ii) For every NP p(, 4 € X and each NN U of g(p(, ) ). there exists a Naw-open set V' such that
D(r,s,t) eVcC g_l(U)

(iii) For every NP p(, ;4 € X and each NN U of g(p(,s.+)), there exists a Naw-open set V' such that
Prst) € Vand g(V) C U.

Proof. (i) = (ii). If p(, 5,+) is a NP in X and also if U be a NN of g(p(,,s+)), then there exists a NOS W in Y’
such that g(p(, 5,+)) € W C U. we have g is neutrosophic cw-continuous, V' = g (W) isan NawOS and

D(r,s,t) € gil(g(p(r,s,t))) c gil(W) =V - gil(U)'

Thus (ii) is a valid statement.

(i) = (44). Let p( s+) be a NP in X and take U be a NN of g(p(; s +)). Then there exists a NawOS U such
that p(. s,y € V C g~ (U) by (ii). Thus, we have p(,. s ;) € V and g(V) C g(g~'(U)) C U. Hence (iii) is
valid.

(#4i) = (i). Let V' be aNOS in Y and let p(,. 5.y € g~ (V). Then g(p(y.s.)) € 9(g~*(V)) C V. Since V is a
NOS, it follows that V' is a NN of g(p(;. ,¢)) so from (iii), there exists a NawOS U such that p,. , ;) € U and
g(U) C V. This implies that

P(r,s,t) eUC gil(g(U)) - gil(v)'

Then, we know that g~ (V') is a NawOS in X. Thus g is neutrosophic aw-continuous.

Definition 4.11. A function is said to be a neutrosophic contra aw-continuous function if the inverse im-
age of each NOS V in Y is a NawCS in X.

Theorem 4.12. Let g : (X, 7) — (Y, 0) be a function. Then, the following assertions are equivalent:

(1) g is a neutrosophic contra aw-continuous function;
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(i) g~%(V)isaNaw CSin X, for each NOS V in Y.

Proof. (i) = (ii) Let g be any neutrosophic contra aw-continuous function and let V' be any NOS in Y. Then,
V isaNCS in Y. By the assumption g~ (V') is a NawOS in X. Hence, we get that g1 (V) is a NawC'S in
X.

The converse of the theorem can be done in the same sense.

Theorem 4.13. Let g : (X,7) — (Y,0) be a bijective mapping from an NTS X into an NTS Y. The
mapping g is neutrosophic contra aw-continuous if Nel(g(U)) C g(Nawint(U)), for each NS U in X.
Proof. Let V be any NCS in X. Then, Ncl(V) = V, and also g is onto, by assumption, it shows that
g(Nawint(g~1(V))) 2 Nel(glg~ (V))) = Nel(V) = V. Hence g~ (g(Nawint(g~L(V)))) 2 g~1(V).
Since g is an into mapping, we have Nawint(g=1(V)) = g~ (g(Nawint(g=*(V)))) 2 g~ (V). Therefore
Nawint(g=1(V))

=g Y(V),s0 g (V) isa NawOS in X. Hence g is a neutrosophic contra aw-continuous mapping.

Theorem 4.14. Let g : (X, 7) — (Y, 0) be a mapping. Then the following statements are equivalent:
(i) g is a neutrosophic contra aw-continuous mapping;

(ii) for each NP p(, ) in X and NCS V' containing g(p(r,s,t)) there exists NawOS U in X containing
P(r,s,t) such that A C fﬂ(B);

(iii) for each NP p(,. ;) in X and NCS V containing p(,. s 1) there exists NawOS U in X containing p(, s 1)
such that g(U) C V.

Proof. (i) = (ii) Let g be an neutrosophic contra cw-continuous mapping, let V' be any NCS in Y and
let p(, s+ be a NP in X and such that g(p(,.s+)) € V. Then p(,. s € g (V) = Nawint(g~1(V)). Let
U = Nawint(g~1(V)). Then U is an NawOS and U = Nawint(g=1(V)) C g~ 1(V).

(i) = (441) The results follows from the evident relations g(U) C g(g~1(V)) C V.

(i13) = (i) Let V be any NCS in Y and let p, s, be a NP in X such that p(,.,, € g~'(V). Then

9(P(r,s,t)) € V. According to the assumption, there exists an NawOS U in X such that p(.,, € U
and g(U) C V. Hence pi, sy € U C g~ (g(U)) C g~ (V). Therefore p(,. s € U = awint(U) C
Nawint(g~ )) Since, p(r s,+) is an arbitrary NP and g~ ' (V') is the union of all NPs in g~ (V'), we obtain

N\
that g1 (V) € Nawint(g=*(V')). Thus g is a neutrosophic contra N aw-continuous mapping.

Corollary 4.15. Let X, X; and X2 be NTSs, p1 : X — X1 x Xo (i =1, 2) and py : X — X; x X, are the
projections of X; x Xy onto X;, (i =1,2). Ifg: X — X; x Xz isa neutrosoph1c contra cw-continuous,
then p, g are also neutrosophic contra aw-continuous mapping.

Proof. The proof follows from the fact that the projections are all neutrosophic continuous functions.

Theorem 4.16. Let g : (X;,7) — (Y7,0) be a function. If the graph h : X; — X; X Y] of g is neu-
trosophic contra cw-continuous, then ¢ is neutrosophic contra aw-continuous.

Proof. For every NOS V in Y; holds g~ }(V) = 1 Ag=}(V) = h= (1 x V). Since h is a neutrosophic contra
aw-continuous mapping and 1 x V is a NOS in X; x Y7, g~ }(V)is a NawCS in X1, so g is a neutrosophic
contra cw-continuous mapping.

5 Conclusions

In this paper, we introduced and investigated the neutrosophic aw closed sets and its properties. Also, we in-
vestigated the continuity, irresolute, connectedness and contra-continuity in terms of neutrosophic aw closed
sets.
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