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ABSTRACT. In this paper, the notion of neutrosophic soft metric space (NSMS) is introduced in terms of neutrosophic soft points

and several related properties, structural characteristics have been investigated. Then the convergence of sequence in neutro-

sophic soft metric space is defined and illustrated by examples. Further, the concept of Cauchy sequence in NSMS is developed

and some related theorems have been established, too.

1 Introduction

Several techniques like probability theory, fuzzy set [1], rough set, intuitionistic fuzzy set [2], interval mathematics

have been adopted to handle the various real life problems involving uncertainties in different fields of studies in

mathematical modeling, engineering, economics, medical science, social study and many others. But, Molodtsov

has shown that each of the above topics suffers from inherent difficulties possibly due to inadequacy of their

parametrization tool. In 1999, Molodtsov [3] initiated a novel concept ‘soft set theory’ for modeling vagueness and

uncertainties. It is completely free from the parametrization inadequacy syndrome of different theories dealing

with uncertainty. This makes the theory very convenient, efficient and easily applicable in practice. Molodtsov

successfully applied several directions for the applications of soft set theory such as smoothness of functions,

game theory, operation research, Riemann integration, Perron integration and probability etc. Maji et al. [4-6]

defined and studied the several basic operations in soft sets theory over fuzzy sets and intuitionistic fuzzy sets.
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Many authors [7-9] have introduced and studied several notions of fuzzy metric space from different point

of view. George and Veeramani [10] have modified the concept of fuzzy metric space given by Kramosil and

Michalek [8] and studied some properties [11, 12] upon this concept. Other contributions to the study of fuzzy

metric space may be found in [13-17]. Chang [18] has introduced the theory of fuzzy topological spaces, Roy and

Samanta [19] have defined open and closed sets on fuzzy topological spaces. Park [20] and Alaca et al. [21] defined

the concept of intuitionistic fuzzy metric space with the help of continuous t-norms and continuous t-conorms as

a generalisation of fuzzy metric space, respectively, in 2004 and in 2006. Using the concept of soft sets, Beaula et

al. [22, 23] and Yazar et al. [24-27] have proposed the notions on soft metric spaces and soft normed spaces.

The concept of ‘Neutrosophic set’ (NS) was first introduced by Smarandache [28, 29] which is a generalisation

of classical sets, fuzzy set, intuitionistic fuzzy set etc. Later, Maji [30] has combined this notion with soft set theory

and introduced a new concept ‘Neutrosophic soft set’ (NSS). Using this concept, several mathematicians have

produced their research works in different mathematical structures, for instance Deli and Broumi [31], Broumi

and Smarandache [32]. But, this concept has been modified by Deli and Broumi [33]. Accordingly, Bera and

Mahapatra [34-38] studied some algebraic structures upon this modified concept.

This paper presents the notion of NSMS in terms of neutrosophic soft points along with investigation of some

related properties and theorems. Section 2 gives some preliminary useful definitions which will be used through

out the paper. In Section 3, NSMS is defined and illustrated by examples along with study of some related

properties. Section 4 deals with the convergence of sequence and introduction of Cauchy sequence in NSMS.

Finally, the conclusion of our work is given in Section 5.

2 Preliminaries

We recall some basic definitions and theorems related to fuzzy set, soft set, neutrosophic soft set for the sake of

completeness.

2.1 Definition [37]

1.A binary operation ∗ : [0, 1]× [0, 1]→ [0, 1] is continuous t - norm if ∗ satisfies the following conditions :

(i) ∗ is commutative and associative.

(ii) ∗ is continuous.

(iii) a ∗ 1 = 1 ∗ a = a, ∀a ∈ [0, 1].

(iv) a ∗ b ≤ c ∗ d if a ≤ c, b ≤ d with a, b, c, d ∈ [0, 1].

A few examples of continuous t-norm are a ∗ b = ab, a ∗ b = min{a, b}, a ∗ b = max{a + b− 1, 0}.

2. A binary operation � : [0, 1] × [0, 1] → [0, 1] is continuous t - conorm ( s - norm) if � satisfies the following

conditions:

(i) � is commutative and associative.

(ii) � is continuous.
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(iii) a � 0 = 0 � a = a, ∀a ∈ [0, 1].

(iv) a � b ≤ c � d if a ≤ c, b ≤ d with a, b, c, d ∈ [0, 1].

A few examples of continuous t-norm are a � b = a + b− ab, a � b = max{a, b}, a � b = min{a + b, 1}.

2.2 Definition [29]

Let X be a space of points (objects), with a generic element in X denoted by x. A neutrosophic set A in X

is characterized by a truth-membership function TA, an indeterminacy-membership function IA and a falsity-

membership function FA. TA(x), IA(x) and FA(x) are real standard or non-standard subsets of ]−0, 1+[. That is

TA, IA, FA : X →]−0, 1+[. A neutrosophic set (NS) on the universe of discourse X is defined as :

A = {< x, TA(x), IA(x), FA(x) >: x ∈ X}

There is no restriction on the sum of TA(x), IA(x), FA(x) and so, −0 ≤ sup TA(x) + sup IA(x) + sup FA(x) ≤ 3+.

Here 1+ = 1 + ε, where 1 is it’s standard part and ε it’s non-standard part. Similarly −0 = 0− ε, where 0 is it’s

standard part and ε it’s non-standard part.

From philosophical point of view, the neutrosophic set (NS) takes the value from real standard or nonstandard

subsets of ]−0, 1+[. But in real life application in scientific and engineering problems, it is difficult to use NS with

value from real standard or nonstandard subset of ]−0, 1+[. Hence we consider the NS which takes the value from

the subset of [0,1].

2.3 Definition [3]

Let U be an initial universe set and E be a set of parameters. Let P(U) denote the power set of U. Then for A ⊆ E,

a pair (F, A) is called a soft set over U, where F : A→ P(U) is a mapping.

2.4 Definition [30]

Let U be an initial universe set and E be a set of parameters. Let NS(U) denote the set of all NSs of U. Then for

A ⊆ E, a pair (F, A) is called an NSS over U, where F : A→ NS(U) is a mapping.

This concept has been modified by Deli and Broumi [33] as given below.

2.5 Definition [33]

Let U be an initial universe set and E be a set of parameters. Let NS(U) denote the set of all NSs of U. Then,

a neutrosophic soft set N over U is a set defined by a set valued function fN representing a mapping fN : E →

NS(U) where fN is called approximate function of the neutrosophic soft set N. In other words, the neutrosophic

soft set is a parameterized family of some elements of the set NS(U) and therefore it can be written as a set of

ordered pairs,

N = {(e, {< x, TfN(e)(x), I fN(e)(x), FfN(e)(x) >: x ∈ U}) : e ∈ E}
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where TfN(e)(x), I fN(e)(x), FfN(e)(x) ∈ [0, 1], respectively called the truth-membership, indeterminacy-membership,

falsity-membership function of fN(e). Since supremum of each T, I, F is 1 so the inequality 0 ≤ TfN(e)(x) +

I fN(e)(x) + FfN(e)(x) ≤ 3 is obvious.

2.5.1 Example

Let U = {h1, h2, h3} be a set of houses and E = {e1(beautiful), e2(wooden), e3(costly)} be a set of parameters with

respect to which the nature of houses are described. Let,

fN(e1) = {< h1, (0.5, 0.6, 0.3) >,< h2, (0.4, 0.7, 0.6) >,< h3, (0.6, 0.2, 0.3) >};

fN(e2) = {< h1, (0.6, 0.3, 0.5) >,< h2, (0.7, 0.4, 0.3) >,< h3, (0.8, 0.6, 0.2) >};

fN(e3) = {< h1, (0.7, 0.4, 0.3) >,< h2, (0.6, 0.7, 0.2) >,< h3, (0.7, 0.2, 0.5) >};

Then N = {[e1, fN(e1)], [e2, fN(e2)], [e3, fN(e3)]} is an NSS over (U, E). The tabular representation of the NSS N is

given in Table 1.

Table 1 : Tabular form of NSS N.
fN(e1) fN(e2) fN(e3)

h1 (0.5,0.6,0.3) (0.6,0.3,0.5) (0.7,0.4,0.3)

h2 (0.4,0.7,0.6) (0.7,0.4,0.3) (0.6,0.7,0.2)

h3 (0.6,0.2,0.3) (0.8,0.6,0.2) (0.7,0.2,0.5)

2.5.2 Definition [33]

The complement of a neutrosophic soft set N is denoted by Nc and is defined as :

Nc = {(e, {< x, FfN(e)(x), 1− I fN(e)(x), TfN(e)(x) >: x ∈ U}) : e ∈ E}

2.5.3 Definition [33]

Let N1 and N2 be two NSSs over the common universe (U, E). Then N1 is said to be the neutrosophic soft subset

of N2 if ∀e ∈ E and x ∈ U,

TfN1 (e)
(x) ≤ TfN2 (e)

(x), I fN1 (e)
(x) ≥ I fN2 (e)

(x), FfN1 (e)
(x) ≥ FfN2 (e)

(x).

We write N1 ⊆ N2 and then N2 is the neutrosophic soft superset of N1.

2.5.4 Definition [33]

Let N1 and N2 be two NSSs over the common universe (U, E). Then their union is denoted by N1 ∪ N2 = N3 and

is defined as :

N3 = {(e, {< x, TfN3 (e)
(x), I fN3 (e)

(x), FfN3 (e)
(x) >: x ∈ U}) : e ∈ E}
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where TfN3 (e)
(x) = TfN1 (e)

(x) � TfN2 (e)
(x), I fN3 (e)

(x) = I fN1 (e)
(x) ∗ I fN2 (e)

(x),

FfN3 (e)
(x) = FfN1 (e)

(x) ∗ FfN2 (e)
(x);

Their intersection is denoted by N1 ∩ N2 = N4 and is defined as :

N4 = {(e, {< x, TfN4 (e)
(x), I fN4 (e)

(x), FfN4 (e)
(x) >: x ∈ U}) : e ∈ E}

where TfN4 (e)
(x) = TfN1 (e)

(x) ∗ TfN2 (e)
(x), I fN4 (e)

(x) = I fN1 (e)
(x) � I fN2 (e)

(x),

FfN4 (e)
(x) = FfN1 (e)

(x) � FfN2 (e)
(x);

2.6 Definition [38]

1. A neutrosophic soft set N over (U, E) is said to be null neutrosophic soft set if TfN(e)(x) = 0, I fN(e)(x) =

1, FfN(e)(x) = 1; ∀e ∈ E, ∀x ∈ U. It is denoted by φu.

2. A neutrosophic soft set N over (U, E) is said to be absolute neutrosophic soft set if TfN(e)(x) = 1, I fN(e)(x) =

0, FfN(e)(x) = 0; ∀e ∈ E, ∀x ∈ U. It is denoted by 1u.

Clearly, φc
u = 1u and 1c

u = φu.

2.7 Definition [38]

1. A neutrosophic soft point in an NSS N is defined as an element (e, fN(e)) of N, for e ∈ E and is denoted by eN ,

if fN(e) /∈ φu and fN(e′) ∈ φu, ∀e′ ∈ E− {e}.

2. The complement of a neutrosophic soft point eN is another neutrosophic soft point ec
N such that f c

N(e) =

( fN(e))c.

3. A neutrosophic soft point eN ∈ M, M being an NSS if for e ∈ E, fN(e) ≤ fM(e) i.e., TfN(e)(x) ≤ TfM(e)(x), I fN(e)(x) ≥

I fM(e)(x), FfN(e)(x) ≥ FfM(e)(x), ∀x ∈ U.

2.7.1 Example

Let U = {x1, x2, x3} and E = {e1, e2}. Then,

e1N = {< x1, (0.6, 0.4, 0.8) >,< x2, (0.8, 0.3, 0.5) >,< x3, (0.3, 0.7, 0.6) >}

is a neutrosophic soft point whose complement is :

ec
1N = {< x1, (0.8, 0.6, 0.6) >,< x2, (0.5, 0.7, 0.8) >,< x3, (0.6, 0.3, 0.3) >}.

For another NSS M defined on same (U, E), let

fM(e1) = {< x1, (0.7, 0.4, 0.7) >,< x2, (0.8, 0.2, 0.4) >,< x3, (0.5, 0.6, 0.5) >}.

Then fN(e1) ≤ fM(e1) i.e., e1N ∈ M.
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3 Neutrosophic Soft Metric

Unless otherwise stated, E is treated as the parametric set through out this paper and e ∈ E, an arbitrary parame-

ter.

3.1 Definition

Let NS(UE) be the collection of all neutrosophic soft points over (U, E). Then the neutrosophic soft metric interm

of neutrosophic soft points is defined by a mapping d : NS(UE) × NS(UE) → [0, 3] satisfying the following

conditions :

NSM1 : d(eM, eN) ≥ 0, ∀eM, eN ∈ NS(UE).

NSM2 : d(eM, eN) = 0⇔ eM = eN .

NSM3 : d(eM, eN) = d(eN , eM).

NSM4 : d(eM, eN) ≤ d(eM, eP) + d(eP, eN), ∀eM, eP, eN ∈ NS(UE).

Then NS(UE) is said to form an NSMS with respect to the neutrosophic soft metric ‘d ’ over (U, E) and

is denoted by (NS(UE), d). Here eM = eN in the sense that TeM (xi) = TeN (xi), IeM (xi) = IeN (xi), FeM (xi) =

FeN (xi), ∀xi ∈ U.

3.1.1 Example

1. Define d(eM, eN) = minxi{(|TeM (xi)− TeN (xi)|k + |IeM (xi)− IeN (xi)|k + |FeM (xi)− FeN (xi)|k)
1
k } (k ≥ 1) on

NS(UE).

Evidently, d(eM, eN) ≥ 0 and d(eM, eN) = 0 iff eM = eN . Also d(eM, eN) = d(eN , eM). To verify the final

condition, we shall use Minkowski inequality for sum.

d(eM, eN)

= min
xi
{(|TeM (xi)− TeN (xi)|k + |IeM (xi)− IeN (xi)|k + |FeM (xi)− FeN (xi)|k)

1
k }

= min
xi
{(|TeM (xi)− TeP (xi) + TeP (xi)− TeN (xi)|k + |IeM (xi)− IeP (xi)

+IeP (xi)− IeN (xi)|k + |FeM (xi)− FeP (xi) + FeP (xi)− FeN (xi)|k)
1
k }

≤ min
xi
{(|TeM (xi)− TeP (xi)|k + |IeM (xi)− IeP (xi)|k + |FeM (xi)− FeP (xi)|k)

1
k }

+min
xi
{(|TeP (xi)− TeN (xi)|k + |IeP (xi)− IeN (xi)|k + |FeP (xi)− FeN (xi)|k)

1
k }

= d(eM, eP) + d(eP, eN)

Thus ‘d ’ defined above is called a neutrosophic soft metric over (U, E).

2. Let ‘d ’ be a neutrosophic soft metric on NS(UE). Suppose d1(eM, eN) = d(eM ,eN)
1+d(eM ,eN)

; Then ‘d1’ satisfies the first
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three conditions. It is required to verify the fourth condition for ‘d1’. For eM, eN , eP ∈ N,

d1(eM, eN) =
d(eM, eN)

1 + d(eM, eN)

= 1− 1
1 + d(eM, eN)

≤ 1− 1
1 + d(eM, eP) + d(eP, eN)

=
d(eM, eP) + d(eP, eN)

1 + d(eM, eP) + d(eP, eN)

=
d(eM, eP)

1 + d(eM, eP) + d(eP, eN)
+

d(eP, eN)

1 + d(eM, eP) + d(eP, eN)

≤ d(eM, eP)

1 + d(eM, eP)
+

d(eP, eN)

1 + d(eP, eN)

= d1(eM, eP) + d1(eP, eN)

So, (NS(UE), d1) is an NSMS with respect to the neutrosophic soft metric d1.

3.2 Definition

1. Let (NS(UE), d) be a neutrosophic soft metric space and t ∈ (0, 3]. Then the neutrosophic soft open ball and

the neutrosophic soft closed ball having center at eN ∈ NS(UE) and radius ‘t’ are defined by following sets,

respectively.

B(eN , t) = {eiN ∈ NS(UE) : d(eN , eiN) < t},

B[eN , t] = {eiN ∈ NS(UE) : d(eN , eiN) ≤ t}.

2. A neighbourhood of eN ∈ NS(UE) is defined by an open ball B(eN , t) with center at eN and radius t ∈ (0, 3].

3.3 Definition

1. In an NSMS (NS(UE), d) over (U, E), a neutrosophic soft point eN is called an interior point of NS(UE) if there

exist an open ball B(eN , t) such that B(eN , t) ⊂ NS(UE).

2. For an NSMS (NS(UE), d) over (U, E), an NSS M is called open if each of it’s points is an interior point.

3.3.1 Example

1. Consider an NSMS (NS(UE), d) with respect to the distance function ‘d ’ defined in (1) of 3.1.1 for k = 1 where

NS(UE) = {eM, eN , eP} is given as following :

eM = {< x, (0.5, 0.6, 0.3) >,< y, (0.4, 0.7, 0.6) >,< z, (0.6, 0.2, 0.3) >};

eN = {< x, (0.6, 0.3, 0.5) >,< y, (0.7, 0.4, 0.3) >,< z, (0.8, 0.6, 0.2) >};

eP = {< x, (0.7, 0.4, 0.3) >,< y, (0.6, 0.7, 0.2) >,< z, (0.7, 0.2, 0.5) >};

Let us define an arbitrary neutrosophic soft point e1Q /∈ NS(UE) [by sense of 2.7] as following :

e1Q = {< x, (0.5, 0.7, 0.6) >,< y, (0.3, 0.6, 0.7) >,< z, (0.2, 0.4, 0.8) >};
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Then for t = 0.4, we have e1Q ∈ B(eM, 0.4) as d(eM, e1Q) = 0.3 < 0.4 and thus B(eM, 0.4) 6⊂ NS(UE).

Next, let us verify for the radius t = 0.3; Consider a neutrosophic soft point e2S defined as following :

e2S = {< x, (0.7, 0.4, 0.4) >,< y, (0.5, 0.7, 0.5) >,< z, (0.9, 0.1, 0.3) >}

Then e2S /∈ NS(UE) [by sense of 2.7] but e2S ∈ B(eM, 0.3) as d(eM, e2S) = 0.2 < 0.3; Hence, B(eM, 0.3) 6⊂ NS(UE)

also. Similar conclusion can be drawn in taking different radii t. Hence, eM is not a neutrosophic soft interior

point of NS(UE) i.e., it is not open.

2. Let E = N (the set of natural numbers) be the parametric set and U = Z (the set of all integers) be the universal

set. Define a mapping fM : N→ NS(Z) by :

TfM(n)(x) = 1
n , I fM(n)(x) = 1

n+1 , FfM(n)(x) = 1
n+2 ; ∀x ∈ Z, n ∈ N

where 1
n , 1

n+1 , 1
n+2 are respectively the n-th, (n+1)-th, (n+2)-th rational numbers in QI ⊂ (0, 1) [QI being a

set of rational numbers] and TfM(n)(x), I fM(n)(x), FfM(n)(x) ∈ QI , ∀x ∈ Z, ∀n ∈ N. Then all the neutrosophic soft

points of NSS M are interior points and consequently, M is open over (Z, N).

3. Every absolute NSS and null NSS are open.

3.4 Definition

1. A neutrosophic soft point eN in an NSMS (NS(UE), d) is called a limit point/ accumulation point of an NSS

M ⊂ NS(UE) if for every t ∈ (0, 3], B(eN , t) contains at least one neutrosophic soft point of M distinct from eN .

2. Collection of all limit points of M is called derived NSS of M and is denoted by D(M). An NSS M ⊂ NS(UE)

in an NSMS (NS(UE), d) over (U, E) is closed NSS if D(M) ⊂ M or M has no limit point.

3.4.1 Example

1. Let U = {h1, h2, h3} and E = {e1, e2, e3}; Now consider the Table 1 and the NSS M over (U, E) given in Table 2.

Table 2 : Tabular form of NSS M.
fM(e1) fM(e2) fM(e3)

h1 (0.4,0.7,0.4) (0.6,0.4,0.6) (0.7,0.6,0.4)

h2 (0.2,0.8,0.8) (0.4,0.6,0.7) (0.5,0.8,0.5)

h3 (0.5,0.5,0.6) (0.3,0.8,0.2) (0.3,0.4,0.7)

By the distance function ‘d ’ as defined in (1) of 3.1.1 for k = 1,

d(e1N , e1M) = 0.3, d(e1N , e2M) = 0.2, d(e1N , e3M) = 0.3

d(e2N , e1M) = 0.7, d(e2N , e2M) = 0.2, d(e2N , e3M) = 0.5

d(e3N , e1M) = 0.6, d(e3N , e2M) = 0.4, d(e3N , e3M) = 0.3

If t = 0.1, then each of B(e1N , t), B(e2N , t), B(e3N , t) contains no point of M. Thus any of e1N , e2N , e3N is not a

limit point of M. Similarly, either of e1M, e2M, e3M is not also a limit point of M. Thus M has no limit point i.e.,
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D(M) = φ ⊂ M. Hence, M is a closed NSS.

2. Let E = N (the set of natural numbers) be the parametric set and U = Z (the set of all integers) be the universal

set. Define a mapping fM : N→ NS(Z) where, for any n ∈ N and x ∈ Z,

TfM(n)(x) =

 1
n2 if x is odd

0 if x is even.

I fM(n)(x) =

 1− 1
n if x is odd

1 if x is even.

FfM(n)(x) =

 1
1+n if x is odd

0 if x is even.

The limit point of NSS M over (Z, N) is (0, 1, 0) ∈ M and so M is closed.

3. For the above NSS M, define truth-membership (T), indeterminacy-membership (I) and falsity-membership

(F) functions as following :

TfM(n)(x) = 1
n , I fM(n)(x) = 1

2n , FfM(n)(x) = 1− 1
n ∀x ∈ Z.

It’s limit point (0, 0, 1) /∈ M. It is neither closed nor open NSS.

3.5 Theorem

In an NSMS (NS(UE), d), every neutrosophic soft open ball B(eN , t) is open and every neutrosophic soft closed

ball B[eN , t] is closed.

Proof. Let eP ∈ B(eN , t). Then d(eN , eP) < t. Let r = t − d(eN , eP) and choose another open ball B(eP, r). It is

necessary to show B(eP, r) ⊂ B(eN , t) i.e., eP is an interior point of B(eN , t).

Let eM ∈ B(eP, r). Then d(eP, eM) < r. Now

d(eN , eM) ≤ d(eN , eP) + d(eP, eM)

⇒ d(eN , eM) < d(eN , eP) + r

⇒ d(eN , eM) < t

⇒ eM ∈ B(eN , t)

Hence B(eP, r) ⊂ B(eN , t).

Next, let eP ∈ NS(UE) − B[eN , t]. Then eP /∈ B[eN , t] i.e., d(eN , eP) > t. Let r = d(eN , eP) − t. Then r > 0.

Choose an open neutrosophic soft ball B(eP, r). It is required to show that B(eP, r) ∩ B[eN , t] = φ.
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If possible eM ∈ B(eP, r) ∩ B[eN , t]. Then d(eP, eM) < r, d(eN , eM) ≤ t. Now

d(eN , eP) ≤ d(eN , eM) + d(eM, eP)

⇒ d(eN , eM) ≥ d(eN , eP)− d(eM, eP)

⇒ d(eN , eM) > d(eN , eP)− r

⇒ d(eN , eM) > t

⇒ eM /∈ B[eN , t]

It is a contradiction to the fact that eM ∈ B[eN , t]. Hence B(eP, r) ∩ B[eN , t] = φ.

3.6 Definition

Let M be an NSS over (U, E) and eN be an arbitrary neutrosophic soft point. Then,

1. eN ∈ M strictly, if for e ∈ E, eN = eM holds i.e.,

TfN(e)(x) = TfM(e)(x), I fN(e)(x) = I fM(e)(x), FfN(e)(x) = FfM(e)(x), ∀x ∈ U.

2. eN ∈ M pseudonymously, if for e ∈ E, eN ⊂ eM holds i.e.,

TfN(e)(x) < TfM(e)(x), I fN(e)(x) > I fM(e)(x), FfN(e)(x) > FfM(e)(x), ∀x ∈ U.

3.6.1 Example

Let eM = {< h1, (0.6, 0.3, 0.5) >,< h2, (0.7, 0.4, 0.3) >,< h3, (0.8, 0.6, 0.2) >} and

eP = {< h1, (0.6, 0.5, 0.4) >,< h2, (0.5, 0.8, 0.3) >,< h3, (0.3, 0.3, 0.6) >} be two neutrosophic soft points in

NS(UE). Consider the NSS N ⊂ NS(UE) defined in Table 1. Clearly eM = e2N and eP ⊂ e3N . Thus eM ∈ N

strictly but eP ∈ N pseudonymously.

3.7 Proposition

Let (NS(UE), d) be an NSMS and N1, N2 ⊂ NS(UE). Then by sense of 2.7,

1. eN ∈ N1 or N2 or both ⇒ eN ∈ N1 ∪ N2.

2. eN ∈ N1 ∪ N2 ⇒ eN /∈ N1 or N2 or both necessarily.

For the strict belongingness of eN , ‘⇔’ occurs always.

3. eN ∈ N1 ∩ N2 ⇔ eN ∈ N1, N2 both.

The above results can be easily verified by taking two arbitrary NSSs.

These are also true for arbitrary number of NSSs in an NSMS.

3.8 Theorem

Let (NS(UE), d) be an NSMS over (U, E). Then,

1. the intersection of finite number of open NSSs in (NS(UE), d) is open.

2. the intersection of any family of closed NSSs in (NS(UE), d) is closed.
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Proof. 1. Let {Mi : 1 ≤ i ≤ k} ⊂ NS(UE) and they are open. Suppose eM ∈ ∩k
i=1 Mi. Then eM ∈ Mi, ∀i by

sense of 2.7. Since each Mi is open, then B(eM, ti) ⊂ Mi for ti ∈ R+, 1 ≤ i ≤ k. Let t = min{t1, t2, · · · , tk}. Then

B(eM, t) ⊂ B(eM, ti) ⊂ Mi, ∀i i.e., B(eM, t) ⊂ ∩k
i=1 Mi. Thus eM is an interior neutrosophic soft point of ∩k

i=1 Mi.

Since eM is arbitrary, so ∩k
i=1 Mi is open.

2. Let {Qi|i ∈ ∆} ⊂ NS(UE) and they are closed. Suppose eQ be an arbitrary limit point of (∩Qi). Then there

exists an open neutrosophic soft ball B(eQ, r) such that eQ1 ∈ B(eQ, r)∩ (∩Qi), say. This implies eQ1 ∈ B(eQ, r)∩Qi

for each i. Thus eQ is a limit point for each Qi. Now since each Qi is closed, so eQ ∈ Qi for each i and hence

eQ ∈ ∩Qi.

3.9 Theorem

Let (NS(UE), d) be an NSMS. Then M ⊂ NS(UE) is an open NSS iff it can be expressed as an intersection of a

finite number of neutrosophic soft open balls.

Proof. The first part is obvious. we shall prove only the reverse part.

Since each open ball in an NSMS is open and the intersection of a finite number of open NSSs in (NS(UE), d)

is open, so the proof is completed.

3.10 Theorem

Let (NS(UE), d) be an NSMS. Then Q ⊂ NS(UE) is a closed NSS iff it can be expressed as an intersection of a

family of neutrosophic soft closed balls.

Proof. Straight forward.

3.11 Theorem

1. Let {Mi : i ∈ ∆} be a family of open NSSs in an NSMS (NS(UE), d). Then ∪Mi is open if eM ∈ ∪Mi ⇒ eM

strictly belongs to at least one Mi, holds.

2. Let {Qi : i ∈ ∆} be a family of closed NSSs in an NSMS (NS(UE), d). Then ∪Qi is closed if eq ∈ ∪Qi ⇒ eq

strictly belongs to at least one Qi, holds.

Proof. 1. Let an arbitrary neutrosophic soft point eM ∈ ∪Mi. Then eM ∈ Mk strictly for some k ∈ ∆. Since Mk is

open NSS, so eM is an interior neutrosophic soft point of Mk i.e., B(eM, t) ⊂ Mk ⊂ ∪Mi. Hence eM is an interior

neutrosophic soft point of ∪Mi. Since eM is arbitrary, so ∪Mi is open NSS.

2. Let an arbitrary neutrosophic soft point eQ be a limit point of ∪Qi. Then B(eQ, r) ∩ (∪Qi) 6= φ for every r.

Suppose eq ∈ B(eQ, r) ∩ (∪Qi). Then eq ∈ B(eQ, r) and eq ∈ ∪Qi. This implies eq ∈ Qk strictly for some k ∈ ∆ i.e.,

eq ∈ B(eQ, r) ∩ Qk. This shows eQ is a limit point of Qk and since Qk is closed, so eQ ∈ Qk. Hence eQ ∈ ∪Qi and

so ∪Qi is closed.
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3.12 Theorem

Any two distinct neutrosophic soft points in an NSMS (NS(UE), d) have disjoint neighbourhoods.

Proof. Let us consider two distinct neutrosophic soft points eN1 , eN2 in NS(UE). Then d(eN1 , eN2 ) > 0. Suppose

r = 1
2 d(eN1 , eN2 ). Now consider two neutrosophic soft open balls B(eN1 , r) and B(eN2 , r) such that eM ∈ B(eN1 , r)∩

B(eN2 , r).

Then eM ∈ B(eN1 , r), eM ∈ B(eN2 , r) and so d(eM, eN1 ) < r, d(eM, eN2 ) < r. Now by NSM4, d(eN1 , eN2 ) ≤

d(eN1 , eM) + d(eM, eN2 ) < r + r = 2r ⇒ d(eN1 , eN2 ) < 2r. It is a contradiction to the fact that d(eN1 , eN2 ) = 2r. So,

B(eN1 , r) ∩ B(eN2 , r) = φ.

3.13 Theorem

Every finite neutrosophic soft subset of an NSMS is closed.

Proof. Let (NS(UE), d) be an NSMS and M ⊂ NS(UE). Then following cases arise.

(i) Let M = {eM} i.e., M is singleton and eN ∈ Mc. Then eN 6= eM and so d(eN , eM) > 0. Suppose 0 < r <

d(eN , eM). Then there exists an open ball B(eN , r) which does not contain eM i.e., B(eN , r) ∩ M = φ. Hence

eN ∈ Mc is not a limit point of M. Since eN is arbitrary, so D(M) = φ ⊂ M i.e., M is closed.

(ii) If M = {e1M, e2M, · · · , enM} then M = {e1M} ∪ {e2M} ∪ · · · ∪ {enM}. Since each {eiM}, 1 ≤ i ≤ n is closed and

arbitrary union of neutrosophic soft closed sets is closed with respect to the strict belongingness of neutrosophic

soft point, thus M is closed.

This ends the theorem.

3.14 Theorem

A neutrosophic soft point eN in an NSMS (NS(UE), d) is a limit point of an NSS M ⊂ NS(UE) iff every neigh-

bourhood of eN contains infinitely many neutrosophic soft points of M, provided E being an infinite parametric

set.

Proof. First suppose that every neighbourhood of eN contains infinitely many points of M. Then obviously ev-

ery neighbourhood of eN contains at least one point of M distinct from eN . So eN is a limit point of M. Next,

let eN be a limit point of M. Then for r ∈ (0, 3] there is an open ball B(eN , r) such that e1M ∈ B(eN , r) ∩M with

eN 6= e1M. Let r1 = d(eN , e1M). For that there exists another open ball B(eN , r1) such that e2M ∈ B(eN , r1)∩M with

eN 6= e1M 6= e2M. Proceeding in the manner, we have successively rk = d(eN , ekM) with e(k+1)M ∈ B(eN , rk) ∩M

with eN 6= e1M 6= · · · 6= e(k+1)M. Extending this process infinitely, there is infinite number of distinct neutrosophic

soft points in M which are contained in the neighbourhood of eN .
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3.15 Definition

Let (NS(UE), d) be an NSMS and M ⊂ NS(UE). Then the distance between a neutrosophic soft point eN ∈

NS(UE)−M and M is defined by :

d(eN , M) = inf {d(eN , eM) : eM ∈ M}.

3.16 Definition

Let (NS(UE), d) be an NSMS. Then the diameter of NS(UE) is defined as :

δ(NS(UE)) = sup {d(e1N , e2N) : e1N , e2N ∈ NS(UE)}.

An NSS M ⊂ NS(UE) is bounded if it has a finite diameter i.e., if d(e1M, e2M) ≤ r, for r ∈ (0, 3] and ∀e1M, e2M ∈ M.

3.17 Theorem

Let (NS(UE), d) be an NSMS and M ⊂ NS(UE) is bounded. Then for each eN ∈ NS(UE), there is a r > 0 such

that M ⊂ B(eN , r). If M, P are bounded subsets of NS(UE), then M ∪ P is also bounded with respect to strict

belongingness of a neutrosophic soft point.

Proof. For eM, e1M ∈ M,

d(eN , eM) ≤ d(eN , e1M) + d(e1M, eM)⇒ d(eN , eM) < d(eN , e1M) + δ(M);

Since δ(M) is finite and fixed, let d(eN , e1M) + δ(M) = r. Hence d(eN , eM) < r,

∀eM ∈ M ⇒ eM ∈ B(eN , r). Thus M ⊂ B(eN , r).

Next let r1, r2 > 0 such that M ⊂ B(eN , r1) and P ⊂ B(eN , r2). Suppose r = max{r1, r2} and eQ ∈ M ∪ P. If

eQ ∈ M strictly, then eQ ∈ B(eN , r1) ⇒ d(eN , eQ) < r1 ≤ r. If eQ ∈ P strictly, then d(eN , eQ) < r2 ≤ r. Thus

eQ ∈ M ∪ P ⇒ d(eN , eQ) ≤ r ⇒ eQ ∈ B[eN , r]. Hence M ∪ P ⊂ B[eN , r] and so is bounded NSS in (NS(UE), d).

3.18 Definition

Let (NS(UE), d) be an NSMS having at least two neutrosophic soft points e1N , e2N such that d(e1N , e2N) > 0. Then

(NS(UE), d) is called Hausdorff space if there exists two neutrosophic soft open balls B(e1N , t) and B(e2N , t) with

center at e1N , e2N respectively and radius t ∈ (0, 3] such that B(e1N , t) ∩ B(e2N , t) = φ.

3.19 Theorem

Every NSMS is Hausdorff.

Proof. Let (NS(UE), d) be an NSMS having two distinct neutrosophic soft points e1N , e2N such that d(e1N , e2N) > 0.

Choose t ∈ (0, 3] such that 0 < t < 1
2 d(e1N , e2N). We consider two neutrosophic soft open balls B(e1N , t) =

{e′N : d(e1N , e′N) < t} and B(e2N , t) = {e′′N : d(e2N , e′′N) < t}. If possible B(e1N , t) ∩ B(e2N , t) 6= φ. Let eP ∈

B(e1N , t) ∩ B(e2N , t). Then eP ∈ B(e1N , t) and eP ∈ B(e2N , t) i.e., d(e1N , eP) < t and d(e2N , eP) < t. Then by
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NSM4, d(e1N , e2N) ≤ d(e1N , eP) + d(eP, e2N) < t + t = 2t ⇒ t > 1
2 d(e1N , e2N). This contradicts our assumption.

Hence B(e1N , t) ∩ B(e2N , t) = φ and so (NS(UE), d) is Hausdorff.

3.20 Definition

Let (NS(UE), d) and (NS(VE), d) be two NSMSs. Suppose N1 ⊂ NS(UE) and N2 ⊂ NS(VE) be two NSSs. Then

their cartesian product is N1 × N2 = N3 where

fN3 (a, b) = fN1 (a)× fN2 (b) for (a, b) ∈ E× E. Analytically,

fN3 (a, b) = {< (x, y), TfN3 (a,b)(x, y), I fN3 (a,b)(x, y), FfN3 (a,b)(x, y) >: (x, y) ∈ U ×V} with
TfN3 (a,b)(x, y) = TfN1 (a)(x) ∗ TfN2 (b)

(y)

I fN3 (a,b)(x, y) = I fN1 (a)(x) � I fN2 (b)
(y)

FfN3 (a,b)(x, y) = FfN1 (a)(x) � FfN2 (b)
(y).

This definition can be extended for more than two NSSs.

3.21 Theorem

Cartesian product of two neutrosophic soft Hausdorff metric spaces is Hausdorff.

Proof. For two Hausdorff NSMs ((NS(UE), d) and ((NS(VE), d), let (e1M, e1N) and (e2M, e2N) be two points in

NS(UE)× NS(VE) such that d((e1M, e1N), (e2M, e1N)) > 0. Then at least one of e1M 6= e2M, e1N 6= e2N occurs.

Suppose e1M 6= e2M holds. Since ((NS(UE), d) is a neutrosophic soft Hausdorff metric space, so there exists

two neutrosophic soft open balls B(e1M, t1) and B(e2M, t2) where t1, t2 ∈ (0, 3] such that 0 < t1, t2 < 1
2 d(e1M, e2M)

and B(e1M, t1) ∩ B(e2M, t2) = φ. Since every metric space is metrizable, each NS(UE) and NS(VE) are open. So

B(e1M, t1)× NS(VE) and B(e2M, t2)× NS(VE) are the neutrosophic soft open sets on NS(UE)× NS(VE). Hence,

(B(e1M, t1)× (NS(VE)) ∩ (B(e2M, t2)× (NS(VE)) = φ and this ends the theorem.

4 Sequence in Neutrosophic soft metric space

4.1 Definition

A sequence of neutrosophic soft points {enN} in an NSMS (NS(UE), d) is said to converge in (NS(UE), d) if there

exists a neutrosophic soft point eN ∈ NS(UE) such that d(enN , eN) → 0 as n → ∞ or enN → eN as n → ∞.

Analytically, for every ε > 0 there exists a natural number n0 such that d(enN , eN) < ε, ∀n ≥ n0.
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4.1.1 Example

Let E = N (the set of natural number) be the parametric set and U = Z (the set of all integers) be the universal

set. Define a mapping fM : N→ NS(Z) where, for any n ∈ N and x ∈ Z,

TfM(n)(x) =

 0 if x is odd
1
n if x is even.

I fM(n)(x) =

 1
2n if x is odd

0 if x is even.

FfM(n)(x) =

 1− 1
n if x is odd

0 if x is even.

The tabular representation of the above sequence is given in Table 3.

Table 3 : Tabular form of sequence {enM}.
e1M e2M e3M . . .

odd integers (0, 1
2 , 0) (0, 1

4 , 1
2 ) (0, 1

6 , 2
3 ) . . .

even integers (1,0,0) ( 1
2 , 0, 0) ( 1

3 , 0, 0) . . .

Clearly, {enM} → (0, 0, 1) for odd integers and {enM} → (0, 0, 0) for even integers. Hence, {enM} is divergent

neutrosophic soft sequence over (Z, N).

Now, if we construct the falsity membership function of the above sequence in the following manners :

F1
fM(n)(x) =

 1
1+n if x is odd

0 if x is even.

F2
fM(n)(x) =

 1− 1
n if x is odd

n
1+n if x is even.

then in 1st case {enM} → (0, 0, 0) and in 2nd case {enM} → (0, 0, 1) for all integers. So in any case, {enM} is a

convergent neutrosophic soft sequence over (Z, N).

4.2 Theorem

The limit of a sequence of points in an NSMS is unique.

Proof. Let {enN} be a sequence of points in an NSMS (NS(UE), d) such that enN → eN and enN → e′N as n → ∞.

Then for ε > 0 (so small chosen) there exists natural numbers n0, n′0 such that

d(enN , eN) < ε
2 , ∀n ≥ n0 and d(enN , e′N) < ε

2 , ∀n ≥ n′0.

Let N0 = max{n0, n′0}. Then d(eN , e′N) ≤ d(eN , enN) + d(enN , e′N) < ε
2 + ε

2 = ε,

∀n ≥ N0. This shows that eN = e′N .
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4.3 Definition

A sequence {enN} of neutrosophic soft point in an NSMS (NS(UE), d) is said to be a Cauchy sequence if to every

ε > 0 there exists an n0 ∈ N (set of natural numbers) such that d(emN , enN) < ε, ∀m, n ≥ n0 i.e., d(emN , enN)→ 0

as m, n→ ∞.

4.3.1 Example

Consider the Example (3) of 3.4.1 and the distance function defined in (1) of 3.1.1 for k = 1; Then,

d(emN , enN)

= min
xi
{|TemN (xi)− TenN (xi)|+ |IemN (xi)− IenN (xi)|+ |FemN (xi)− FenN (xi)|}

= |TemN (x)− TenN (x)|+ |IemN (x)− IenN (x)|+ |FemN (x)− FenN (x)|

= | 1
m
− 1

n
|+ | 1

2m
− 1

2n
|+ |(1− 1

m
)− (1− 1

n
)|

= | 1
m
− 1

n
|+ | 1

2m
− 1

2n
|+ | 1

m
− 1

n
|

→ 0 + 0 + 0 = 0; as m, n→ ∞

Hence, {enN} defined in (3) of 3.4.1 is a Cauchy sequence.

4.4 Theorem

Every neutrosophic soft convergent sequence in an NSMS is a Cauchy sequence.

Proof. Let {enN} be a neutrosophic soft convergent sequence in an NSMS (NS(UE), d) and converges to a neutro-

sophic soft point eN . Then for ε > 0 there exists n0 ∈ N (set of natural numbers) such that d(enN , eN) < ε
2 , ∀n ≥

n0.

Now, d(emN , enN) ≤ d(emN , eN) + d(eN , enN) < ε
2 + ε

2 = ε, ∀m, n ≥ n0.

Hence, {enN} is a Cauchy sequence.

4.4.1 Note

Converse of the above theorem may not be true.
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Take the Example 4.3.1; Let ekN = ( 1
k , 1

2k , 1− 1
k ) ∀x ∈ Z. Now,

d(enN , ekN)

= |TenN (x)− TekN (x)|+ |IenN (x)− IekN (x)|+ |FenN (x)− FekN (x)|

= | 1
n
− 1

k
|+ | 1

2n
− 1

2k
|+ |(1− 1

n
)− (1− 1

k
)|

= | 1
n
− 1

k
|+ | 1

2n
− 1

2k
|+ | 1

n
− 1

k
|

= | 1
n
− 1

k
|+ 1

2
| 1
n
− 1

k
|+ | 1

n
− 1

k
|

=
5
2
| 1
n
− 1

k
|

→ 5
2k
6= 0; as n→ ∞

Thus, the Cauchy sequence {enN} is not convergent.

4.5 Definition

An NSMS (NS(UE), d) is said to be complete if every Cauchy sequence in (NS(UE), d) converges to a neutro-

sophic soft point of NS(UE).

4.5.1 Example

Let U = {x1, x2, x3, · · ·∞} ⊂ R and E = N. Then, an NS(UE) having the soft points in a sequence is given by the

Table 4.

Table 4 : Tabular form of NSS M.
e1M e2M e3M . . .

x1 (T1(x1), I1(x1), F1(x1)) (T2(x1), I2(x1), F2(x1)) (T3(x1), I3(x1), F3(x1)) . . .

x2 (T1(x2), I1(x2), F1(x2)) (T2(x2), I2(x2), F2(x2)) (T3(x2), I3(x2), F3(x2)) . . .
...

...
...

...
. . .

Consider a Cauchy sequence {enM} of neutrosophic soft points in the NSMS (NS(UE), d) with respect to ‘d ’ as

defined in (1) of 3.1.1 for k = 2;
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Then for arbitrary ε > 0, there exists a natural number n0 such that

d(emM, enM) <
ε

3
if m, n ≥ n0

⇒ min
xi
{
√
(|TemM (xi)− TenM (xi)|2 + |IemM (xi)− IenM (xi)|2 + |FemM (xi)− FenM (xi)|2)} <

ε

3

⇒
√
(|TemM (xk)− TenM (xk)|2 + |IemM (xk)− IenM (xk)|2 + |FemM (xk)− FenM (xk)|2) <

ε

3
,

( for i = k, say )

⇒ |TemM (xk)− TenM (xk)|2 + |IemM (xk)− IenM (xk)|2 + |FemM (xk)− FenM (xk)|2 <
ε2

9
Since each term in L.H.S are positive, so

⇒ |TemM (xk)− TenM (xk)|2 <
ε2

9
, |IemM (xk)− IenM (xk)|2 <

ε2

9
, |FemM (xk)− FenM (xk)|2 <

ε2

9

⇒ |TemM (xk)− TenM (xk)| <
ε

3
, |IemM (xk)− IenM (xk)| <

ε

3
, |FemM (xk)− FenM (xk)| <

ε

3

This shows that for each fixed xi (i = 1, 2, 3, · · · ), each of the sequences {TenM (xi)}, {IenM (xi)} and {FenM (xi)}

satisfies Cauchy’s criterion for real number sequence. Hence, each sequence is convergent and converges to

TeM (xi), IeM (xi), FeM (xi), (say) respectively. Clearly, eM = {< xi, (TeM (xi), IeM (xi), FeM (xi)) >: xi ∈ R} ∈ NS(UE).

Now,

d(enM, eM)

= min
xi
{
√
(|TenM (xi)− TeM (xi)|2 + |IenM (xi)− IeM (xi)|2 + |FenM (xi)− FeM (xi)|2)}

≤ min
xi
{
√
|TenM (xi)− TeM (xi)|2 +

√
|IenM (xi)− IeM (xi)|2 +

√
|FenM (xi)− FeM (xi)|2}

( by Minkowski inequality for sum )

= min
xi
{|TenM (xi)− TeM (xi)|+ |IenM (xi)− IeM (xi)|+ |FenM (xi)− FeM (xi)|}

= |TenM (xk)− TeM (xk)|+ |IenM (xk)− IeM (xk)|+ |FenM (xk)− FeM (xk)|

( for i = k, say )

<
ε

3
+

ε

3
+

ε

3
= ε if n ≥ n0

Thus {enM} → eM ∈ NS(UE) as n→ ∞ and so (NS(UE), d) is a complete NSMS.

4.6 Theorem

An NSMS (NS(UE), d) is complete if every Cauchy sequence in (NS(UE), d) has a convergent subsequence.

Proof. Let {enk N} be a subsequence of a Cauchy sequence {enN} in (NS(UE), d). It is necessary to show that if

{enk N} converges to a neutrosophic soft point eN then {enN} itself converges to eN .

Since {enN} is Cauchy so for ε > 0 there exists n0 ∈ N (set of natural numbers) such that d(emN , enN) <

ε
2 , ∀m, n ≥ n0. Then d(enk N , eN) < ε

2 , ∀nk ≥ n0.

Now d(enN , eN) ≤ d(enN , enk N) + d(enk N , eN) < ε
2 + ε

2 = ε, ∀n ≥ n0 and this completes the theorem.
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4.7 Theorem

Every closed subset of a complete NSS in an NSMS is complete.

Proof. Let M be a complete NSS in an NSMS (NS(UE), d) and P be a closed subset of M. Suppose {enP} be a

Cauchy sequence in P. Since P ⊂ M and {enP} ∈ P, so {enP} ∈ M. But as M is complete, so {enP} → eM ∈ M,

say. Now since P is closed and limit of a sequence of point in (NS(UE), d) is unique, then eM ∈ P, too. Hence P is

complete in (NS(UE), d).

4.8 Theorem

Let (NS(UE), d) be an NSMS and τu denote the set of all neutrosophic soft open sets in NS(UE). Then τu has the

following properties.

(i) φu, 1u ∈ τu.

(ii) N1, N2 ∈ τu ⇒ N1 ∩ N2 ∈ τu.

(iii) {Ni : i ∈ Γ} ∈ τu ⇒ ∪i∈Γ Ni ∈ τu.

This τu is called the neutrosophic soft topology determined by the neutrosophic soft metric d.

Proof. (i) By the definition of absolute neutrosophic soft set (1u), null neutrosophic soft set (φu) in 2.6 and by the

definition of neutrosophic soft open ball B(eN , t), t ∈ (0, 3] for eN ∈ 1u, the first property is obvious.

The other two properties follow from Theorems 3.8 and 3.11;

5 Conclusion

The theoretical point of view of neutrosophic soft metric space in terms of neutrosophic soft points has been

discussed and illustrated with suitable examples in the present paper. The notion of convergence of a neutrosophic

soft sequence and the complete NSMS have been proposed here. Some related theorems have been developed

also.
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