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ABSTRACT. In this paper, the notion of neutrosophic soft metric space (NSMS) is introduced in terms of neutrosophic soft points
and several related properties, structural characteristics have been investigated. Then the convergence of sequence in neutro-
sophic soft metric space is defined and illustrated by examples. Further, the concept of Cauchy sequence in NSMS is developed

and some related theorems have been established, too.

1 Introduction

Several techniques like probability theory, fuzzy set [1], rough set, intuitionistic fuzzy set [2], interval mathematics
have been adopted to handle the various real life problems involving uncertainties in different fields of studies in
mathematical modeling, engineering, economics, medical science, social study and many others. But, Molodtsov
has shown that each of the above topics suffers from inherent difficulties possibly due to inadequacy of their
parametrization tool. In 1999, Molodtsov [3] initiated a novel concept ‘soft set theory” for modeling vagueness and
uncertainties. It is completely free from the parametrization inadequacy syndrome of different theories dealing
with uncertainty. This makes the theory very convenient, efficient and easily applicable in practice. Molodtsov
successfully applied several directions for the applications of soft set theory such as smoothness of functions,
game theory, operation research, Riemann integration, Perron integration and probability etc. Maji et al. [4-6]

defined and studied the several basic operations in soft sets theory over fuzzy sets and intuitionistic fuzzy sets.
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Many authors [7-9] have introduced and studied several notions of fuzzy metric space from different point
of view. George and Veeramani [10] have modified the concept of fuzzy metric space given by Kramosil and
Michalek [8] and studied some properties [11, 12] upon this concept. Other contributions to the study of fuzzy
metric space may be found in [13-17]. Chang [18] has introduced the theory of fuzzy topological spaces, Roy and
Samanta [19] have defined open and closed sets on fuzzy topological spaces. Park [20] and Alaca et al. [21] defined
the concept of intuitionistic fuzzy metric space with the help of continuous f-norms and continuous {-conorms as
a generalisation of fuzzy metric space, respectively, in 2004 and in 2006. Using the concept of soft sets, Beaula et
al. [22, 23] and Yazar et al. [24-27] have proposed the notions on soft metric spaces and soft normed spaces.

The concept of ‘Neutrosophic set” (NS) was first introduced by Smarandache [28, 29] which is a generalisation
of classical sets, fuzzy set, intuitionistic fuzzy set etc. Later, Maji [30] has combined this notion with soft set theory
and introduced a new concept ‘Neutrosophic soft set” (NSS). Using this concept, several mathematicians have
produced their research works in different mathematical structures, for instance Deli and Broumi [31], Broumi
and Smarandache [32]. But, this concept has been modified by Deli and Broumi [33]. Accordingly, Bera and
Mahapatra [34-38] studied some algebraic structures upon this modified concept.

This paper presents the notion of NSMS in terms of neutrosophic soft points along with investigation of some
related properties and theorems. Section 2 gives some preliminary useful definitions which will be used through
out the paper. In Section 3, NSMS is defined and illustrated by examples along with study of some related
properties. Section 4 deals with the convergence of sequence and introduction of Cauchy sequence in NSMS.

Finally, the conclusion of our work is given in Section 5.

2 Preliminaries

We recall some basic definitions and theorems related to fuzzy set, soft set, neutrosophic soft set for the sake of

completeness.

2.1 Definition [37]

1.A binary operation # : [0,1] x [0,1] — [0, 1] is continuous f - norm if  satisfies the following conditions :

(i) *is commutative and associative.

(ii) * is continuous.

(fii)axl=1xa=a, Va€e[0,1].

(iv) axb<cxd if a<c, b<d with a,b,c,d€[0,1].

A few examples of continuous f-norm are a x b = ab,a * b = min{a, b},a x b = max{a + b — 1,0}.
2. A binary operation ¢ : [0,1] x [0,1] — [0,1] is continuous # - conorm ( s - norm) if ¢ satisfies the following
conditions:

(i) ¢ is commutative and associative.

(ii) ¢ is continuous.
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({ii)ac0=00a=a, Vae[0,1].
(iv)aob<cod if a<c, b<d with a,b,c,de|0,1].

A few examples of continuous t-normareaob =a+b —ab,aob = max{a,b},aob =min{a+b,1}.

2.2 Definition [29]

Let X be a space of points (objects), with a generic element in X denoted by x. A neutrosophic set A in X
is characterized by a truth-membership function T4, an indeterminacy-membership function I4 and a falsity-
membership function F4. T4 (x), [4(x) and F4(x) are real standard or non-standard subsets of | ~0,17[. That is

Ta, 14, Fa : X —]70,17[. A neutrosophic set (NS) on the universe of discourse X is defined as :
A={<x,Ta(x),Is(x),Fa(x) > x € X}

There is no restriction on the sum of T4 (x), [4(x), F4(x) and so, ~0 < sup T4 (x) + sup I4(x) +sup Fa(x) < 37.
Here 17 = 1 + ¢, where 1 is it’s standard part and € it’s non-standard part. Similarly ~0 = 0 — ¢, where 0 is it’s
standard part and ¢ it’s non-standard part.

From philosophical point of view, the neutrosophic set (NS) takes the value from real standard or nonstandard
subsets of ] 70,17 [. But in real life application in scientific and engineering problems, it is difficult to use NS with
value from real standard or nonstandard subset of | ~0, 1" . Hence we consider the NS which takes the value from

the subset of [0,1].

2.3 Definition [3]

Let U be an initial universe set and E be a set of parameters. Let P(U) denote the power set of U. Then for A C E,

a pair (F, A) is called a soft set over U, where F : A — P(U) is a mapping.

2.4 Definition [30]
Let U be an initial universe set and E be a set of parameters. Let NS(U) denote the set of all NSs of U. Then for
A C E,apair (F, A) is called an NSS over U, where F : A — NS(U) is a mapping.

This concept has been modified by Deli and Broumi [33] as given below.

2.5 Definition [33]

Let U be an initial universe set and E be a set of parameters. Let NS(U) denote the set of all NSs of U. Then,
a neutrosophic soft set N over U is a set defined by a set valued function fy representing a mapping fy : E —
NS(U) where fy is called approximate function of the neutrosophic soft set N. In other words, the neutrosophic
soft set is a parameterized family of some elements of the set NS(U) and therefore it can be written as a set of

ordered pairs,

N = {(e,{< x’TfN(E)(x)’IfN(E)(x)’FfN(E)(X) > x € U}) e e E}
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where T, () (x), Lty () (X), Fpy ¢y (x) € [0,1], respectively called the truth-membership, indeterminacy-membership,
falsity-membership function of fy(e). Since supremum of each T, I, F is 1 so the inequality 0 < Ty, (,)(x) +
Lt (e) (%) + Fpy ¢y (x) < 31is obvious.

251 Example

Let U = {hy, hy, h3} be a set of houses and E = {e;(beautiful), e;(wooden), e3(costly) } be a set of parameters with

respect to which the nature of houses are described. Let,

fn(er) = {< h1,(05,0.6,0.3) >, < hy,(0.4,0.7,0.6) >, < h3,(0.6,0.2,0.3) >};
fn(e2) = {< hy,(0.6,0.3,0.5) >, < hy,(0.7,04,0.3) >, < hs,(0.8,0.6,0.2) >};
fn(es) = {< h1,(0.7,04,03) >, < hy,(0.6,0.7,0.2) >, < h3,(0.7,0.2,0.5) >};

Then N = {[e1, fn(e1)], [e2, fn(e2)], [es, fn(e3)]} is an NSS over (U, E). The tabular representation of the NSS N is

given in Table 1.

Table 1 : Tabular form of NSS N.

fn(er) fn(e2) fn(es)
hy | (0506,0.3) (0.6,0.3,05) (0.7,04,0.3)
hy | (04,0.7,06) (0.7,04,03) (0.60.7,0.2)
hs | (0.6,0.2,0.3) (0.8,0.6,0.2) (0.7,0.2,0.5)

2.5.2 Definition [33]

The complement of a neutrosophic soft set N is denoted by N and is defined as :

N = {(e,{< x, Fpyo)(x), 1 = Igy (o) (x), Ty o) (x) >:x € U}) re € E}

2.5.3 Definition [33]

Let Nj and N; be two NSSs over the common universe (U, E). Then Nj is said to be the neutrosophic soft subset

of N if Ve € Eand x € U,

Try (0 (%) < Ty (o) (X Iy (0) (%) = Ly (0 (), Fry () (%) = Fryy () (%)-

We write Ny C N, and then N, is the neutrosophic soft superset of Nj.

2.5.4 Definition [33]

Let N; and N; be two NSSs over the common universe (U, E). Then their union is denoted by N; U N, = N3 and

is defined as :

N3 = {(6,{< X, TfNS(e)(x), IfN3(e)(x),FfN3(e)(x) > x € U}) e € E}
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where Tp (o) (x) = Tp () (%) @ Tpyy () (%), Ly, () (%) = Ly () (%) * Ly, 6 (%),
Froe) (%) = Fry (o) (%) * Fry () (%);

Their intersection is denoted by N3 N N, = Ny and is defined as :
Ny = {(e, {< %, Ts, (0) (%), Iy, (¢) (X), Fpyy (o) (X) >:x € U}) s e € E}

where Tp (o) (x) = T, () (%) * Tpy () (%), Ly () (%) = Ly (e) (%) © Ly, ¢ (%),
FfN4 <L’) (x) = Ff}\]l (L’) (x) < Ff}\]z (E) (x)/

2.6 Definition [38]

1. A neutrosophic soft set N over (U, E) is said to be null neutrosophic soft set if Ty, (,)(x) = 0,15 () (x) =
L Frie) (x) =1;Ve € E,Vx € U. Itis denoted by ¢,,.
2. A neutrosophic soft set N over (U, E) is said to be absolute neutrosophic soft set if T, (,)(x) = 1, 17 () (x) =
0, FfN(e) (x) =0;Ve € E,Vx € U. Itis denoted by 1,.

Clearly, ¢, = 1, and 15, = ¢y.

2.7 Definition [38]

1. A neutrosophic soft point in an NSS N is defined as an element (¢, fx(e)) of N, for e € E and is denoted by ey,

if fn(e) & ¢u and fn(¢') € ¢y, Ve' € E — {e}.

2. The complement of a neutrosophic soft point ey is another neutrosophic soft point %, such that f§ (e) =
(fn(e))".

3. Aneutrosophic soft pointey € M, MbeinganNSSiffore € E, fy(e) < fm(e) ie., Tp (o) (x) < Ty e) (%), Ly o) (x) =
Lt o) (%), Fry(e) (x) > Fpy(e)(x), Vx € U.

271 Example

Let U = {xq,x2,x3} and E = {e1,es}. Then,

e1n = {< x1,(0.6,04,0.8) >, < x5,(0.8,0.3,0.5) >, < x3,(0.3,0.7,0.6) >}

is a neutrosophic soft point whose complement is :

¢y = {< x1,(0.8,0.6,0.6) >, < x5,(0.5,0.7,0.8) >, < x3,(0.6,0.3,0.3) >}.
For another NSS M defined on same (U, E), let

Fuler) = {< x1,(0.7,04,0.7) >, < x5,(0.8,0.2,0.4) >, < x3,(0.5,0.6,0.5) >}.

Then fN(el) < fM(el) i.e., 61N € M.
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3 Neutrosophic Soft Metric

Unless otherwise stated, E is treated as the parametric set through out this paper and e € E, an arbitrary parame-

ter.

3.1 Definition

Let NS(UE) be the collection of all neutrosophic soft points over (U, E). Then the neutrosophic soft metric interm

of neutrosophic soft points is defined by a mapping d : NS(Ug) x NS(Ug) — [0,3] satisfying the following

conditions :

NSM1 : d(ep,en) >0, Vey, ey € NS(Ug).

NSM2 : d(ep,en) =0 < ep = en.

NSM3 : d(ep,en) = d(en,em)-

NSM4 : d(ep,en) < d(ep,ep) +d(ep,en), Ven,ep,en € NS(Ug).

Then NS(Ug) is said to form an NSMS with respect to the neutrosophic soft metric ‘d * over (U, E) and
is denoted by (NS(Ug),d). Here ep; = ey in the sense that Te,, (x;) = Tep (Xi), Iy (X)) = ey (x;), Fep (i) =
Foy(x;), Vx; € U.

3.1.1 Example
1. Define d(ent, en) = mirt, {(|Tey, (%) = Tey (x0)[¥ + ey (1) = Tey (1) [¥ + [Feyy (x1) = Fey (<) )7} (k = 1) on
NS(Ug).

Evidently, d(ey,en) > 0 and d(ep,en) = 0iff epy = en. Also d(ep, en) = d(en,ep). To verify the final

condition, we shall use Minkowski inequality for sum.
d(em, en)

= min{(|Tey (x;) — T (60 €+ Loy, (33) = Loy (i) €+ [Fep (x) = Fey (x:) )

= n}iin{(|TeM (i) = Tep (x;) + Tep (x;) — Tey (xi)|k + ey (%) — Lep (x;)

>

}

lep (%) — Lo (x0) [} + [Feyy (x1) = Fop (3) + Fep (x7) — Foy (x;)[F) %}
min (| Tey, () = Tep (e)|* + ey, (x0) = Tep (v)|* + [Fey () = Fep (x1) )£}
o min{ (Tep (31) = Tey (e)[* + lep (37) — Loy () 4 [ (x7) = Fey (x0)[) 1}

= d(em,ep) +d(ep,en)

IN

Thus ‘d * defined above is called a neutrosophic soft metric over (U, E).

2. Let ‘“d " be a neutrosophic soft metric on NS(Ug). Suppose d1(enr, en) = % Then ‘dy’ satisfies the first
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three conditions. It is required to verify the fourth condition for ‘d;". For ey, en,ep € N,

_ d(epm, en)
di(ep,en) = 1+d(ep,en)
1+d(epm en)
1
< 1

B 1+ d(eM, Ep) =+ d(Ep, EN)
d(em, ep) +d(ep,en)
1+d(ep,ep) +d(ep,en)

_ d(em ep) n d(ep,en)
1+d(em,ep) +d(ep,en)  1+d(em, ep) +d(ep,en)
d(em, ep) d(ep,en)

1+d(epm,ep)  1+d(ep,en)
= di(epm,ep) +dy(ep,en)

So, (NS(Ug), dy) is an NSMS with respect to the neutrosophic soft metric dy.

3.2 Definition

1. Let (NS(Ug),d) be a neutrosophic soft metric space and t € (0,3]. Then the neutrosophic soft open ball and
the neutrosophic soft closed ball having center at ey € NS(Ug) and radius ‘¢’ are defined by following sets,

respectively.
B(en,t) = {eiv € NS(Ug) : d(en,ein) < t},

Blen, t] = {eiv € NS(UE) : d(en, ein) < t}.

2. A neighbourhood of e5y € NS(Ug) is defined by an open ball B(ey;, t) with center at ejy and radius ¢ € (0, 3].

3.3 Definition

1. In an NSMS (NS(Ug), d) over (U, E), a neutrosophic soft point ey is called an interior point of NS(Ug) if there
exist an open ball B(ey;, t) such that B(ey, t) C NS(Ug).

2. For an NSMS (NS(Ug), d) over (U, E), an NSS M is called open if each of it’s points is an interior point.

3.3.1 Example

1. Consider an NSMS (NS(UE), d) with respect to the distance function ‘d * defined in (1) of 3.1.1 for k = 1 where

NS(Ug) = {em, en,ep} is given as following :

em = {< x,(05,0.6,03) >, < y,(04,07,0.6) >, < z,(0.6,02,03) >};
en = {< x,(0.6,03,05) >, < v,(0.7,04,03) >, < z,(0.8,0.6,02) >1};
ep ={<x,(0.7,04,03) >, < y,(0.6,0.7,0.2) >,< z,(0.7,0.2,05) >};

Let us define an arbitrary neutrosophic soft point e;y ¢ NS(Ug) [by sense of 2.7] as following :

e10 = {< x,(05,0.7,0.6) >, < y,(0.3,0.6,0.7) >, < z,(0.2,0.4,0.8) >};
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Then for t = 0.4, we have e;g € B(ep,0.4) as d(ep, 1) = 0.3 < 0.4 and thus B(ep,0.4) ¢ NS(UEg).

Next, let us verify for the radius t = 0.3; Consider a neutrosophic soft point e, defined as following :
ers = {< x,(0.7,04,04) >, < y,(05,0.7,05) >,< z,(09,0.1,0.3) >}

Then eps ¢ NS(Ug) [by sense of 2.7] but eps € B(epr,0.3) as d(epr, e25) = 0.2 < 0.3; Hence, B(ep,0.3) ¢ NS(UE)
also. Similar conclusion can be drawn in taking different radii t. Hence, eps is not a neutrosophic soft interior

point of NS(Ug) i.e., it is not open.

2. Let E = N (the set of natural numbers) be the parametric set and U = Z (the set of all integers) be the universal
set. Define a mapping fa; : N — NS(Z) by :
_1 _ 1 _ 1.
TfM<n>(x) = IfM(n>(x) = u¥1 FfM(”)(X) = ux2 Vx € Z,neN
where %, %H’ %H are respectively the n-th, (n+1)-th, (n+2)-th rational numbers in Q! C (0,1) [Q! being a
set of rational numbers] and Ty, () (x), Lz, (n) (), Fpyy () (x) € Q!, Vx € Z, ¥n € N. Then all the neutrosophic soft

points of NSS M are interior points and consequently, M is open over (Z,N).

3. Every absolute NSS and null NSS are open.

3.4 Definition

1. A neutrosophic soft point ey in an NSMS (NS(Ug), d) is called a limit point/ accumulation point of an NSS

M C NS(Ug) if for every t € (0,3], B(en,t) contains at least one neutrosophic soft point of M distinct from ey;.

2. Collection of all limit points of M is called derived NSS of M and is denoted by D(M). An NSS M C NS(Ug)
in an NSMS (NS(Ug), d) over (U, E) is closed NSS if D(M) C M or M has no limit point.

3.4.1 Example

1. Let U = {hy,hp, h3} and E = {ey, ez, e3}; Now consider the Table 1 and the NSS M over (U, E) given in Table 2.

Table 2 : Tabular form of NSS M.
fuml(er) fml(e2) fm(es)
hy | (04,07,04) (0.6,04,0.6) (0.7,0.6,0.4)
hy | (02,08,0.8) (0.4,0.6,0.7) (0.50.8,0.5)
hs | (0.5,0.5,06) (03,08,02) (0.3,04,0.7)

By the distance function ‘d * as defined in (1) of 3.1.1 for k =1,

d(ein,e1m) = 0.3, d(e1n, e2m) = 0.2, d(e1n, e3m) = 0.3
d(EZN/ elM) = 0.7, d(eZN, EZM) = 0.2, d(eZN,€3M) =05

d(esn,eim) = 0.6, d(esn, eam) = 0.4, d(ean, e3pm) = 0.3

If t = 0.1, then each of B(eyn, t), B(ean, t), B(esn, t) contains no point of M. Thus any of ejn, ean, €3y is not a

limit point of M. Similarly, either of ejy, e2p1, €3p is not also a limit point of M. Thus M has no limit point i.e.,
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D(M) = ¢ C M. Hence, M is a closed NSS.

2. Let E = N (the set of natural numbers) be the parametric set and U = Z (the set of all integers) be the universal

set. Define a mapping fa : N — NS(Z) where, forany n € Nand x € Z,

L if x is odd

Ty () (x) = { "

0 if x is even.

1—1 if xisodd
I (my(x) = !

1 if x is even.

L if x is odd
FfM(n) (x) _ 1+n

0 if x is even.

The limit point of NSS M over (Z,N) is (0,1,0) € M and so M is closed.

3. For the above NSS M, define truth-membership (T), indeterminacy-membership (I) and falsity-membership

(F) functions as following :

TfM(n)(x) = %, IfM(n)(x) = ﬁ, FfM(n)(x) =1- % Vx € Z.

It’s limit point (0,0,1) ¢ M. It is neither closed nor open NSS.

3.5 Theorem

In an NSMS (NS(Ug),d), every neutrosophic soft open ball B(ey;, ) is open and every neutrosophic soft closed
ball Bley;, t] is closed.

Proof. Let ep € B(en,t). Then d(eyn,ep) < t. Letr = t —d(en,ep) and choose another open ball B(ep,r). It is
necessary to show B(ep, ) C B(en, t) i.e., ep is an interior point of B(en;, t).

Let ey € B(ep,r). Thend(ep,epr) < r. Now

d(en,enm) < d(en,ep) +d(ep,em)

= d(en,epm) <d(en,ep)+7

.

d(eN,eM) <t
= epm € B(EN, t)
Hence B(ep, 1) C B(en, t).

Next, let ep € NS(Ug) — Blen, t]. Thenep ¢ Bley, t] i.e., d(en,ep) > t. Letr = d(en,ep) —t. Thenr > 0.
Choose an open neutrosophic soft ball B(ep, r). It is required to show that B(ep,7) N Blen, t] = ¢.
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If possible exr € B(ep,r) N Blen, t]. Then d(ep,ep) < r, d(en, enr) < t. Now

d E‘N,E‘p) (EN,EM)+d(€M,€p)

(
d(en,em) > d(en,ep) —d(em, ep)
d(en,em) > d(en,ep) —

(

d(en,en) >

$odod

em % B[EN, t]

It is a contradiction to the fact that ep; € Bley, t]. Hence B(ep,r) N Blen, t] = ¢.

3.6 Definition

Let M be an NSS over (U, E) and ey be an arbitrary neutrosophic soft point. Then,
1. eny € M strictly, if fore € E, ey = ep holdsi.e.,

Trote) () = Trate) () Tp0) () = Lpg(e) (%), Fpg(e) (%) = By o) (%), Ve € U

2. ey € M pseudonymously, if for e € E, ey C epr holdsie,,

Thate) () < Tpy(e) (0)r L) () > Ly (o) (X), Fry(e) (%) > Fpyy ) (%), Y € U

3.6.1 Example

Letey = {< hy,(0.6,0.3,0.5) >, < hy,(0.7,0.4,0.3) >, < h3,(0.8,0.6,0.2) >} and

= {< 1,(06,05,04) >, < hy,(05,08,0.3) >,< h3,(03,0.3,0.6) >} be two neutrosophic soft points in
NS(Ug). Consider the NSS N C NS(Ug) defined in Table 1. Clearly eys = eoy and ep C esn. Thusey € N
strictly but ep € N pseudonymously.

3.7 Proposition

Let (NS(Ug),d) be an NSMS and Ny, N, C NS(Ug). Then by sense of 2.7,
1.eny € N or Np or both = ey € N UN,.
2.ey € NJUN, = ey & Nj or Np or both necessarily.
For the strict belongingness of ey, ‘<’ occurs always.
3.ey € NN N, < ey € Ny, Np both.
The above results can be easily verified by taking two arbitrary NSSs.

These are also true for arbitrary number of NSSs in an NSMS.

3.8 Theorem

Let (NS(Ug),d) be an NSMS over (U, E). Then,

1. the intersection of finite number of open NSSs in (NS(Ug), d) is open.
2. the intersection of any family of closed NSSs in (NS(Ug), d) is closed.
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Proof. 1. Let {M; : 1 < i < k} C NS(Ug) and they are open. Suppose ey € N¥_; M;. Then eyy € M;, Vi by
sense of 2.7. Since each M,; is open, then B(ey, t;) C M; for t; € R*,1 <i <k Lett=min{t,ty, - ,t;}. Then
B(ep,t) C B(ep, t;) C M;, Yiie., B(epm,t) C ﬂé‘:lMl-. Thus ey is an interior neutrosophic soft point of ﬂi.‘:lMi.
Since ey, is arbitrary, so ﬂfleM,v is open.

2. Let {Q;]i € A} C NS(Ug) and they are closed. Suppose eg be an arbitrary limit point of (NQ;). Then there
exists an open neutrosophic soft ball B(eg, r) such thateg, € B(eg,r) N (NQ;), say. Thisimplieseg, € B(eg,r) N Q;
for each i. Thus eq is a limit point for each Q;. Now since each Q; is closed, so eg € Q; for each i and hence

eq € nQ;.

3.9 Theorem

Let (NS(Ug),d) be an NSMS. Then M C NS(Ug) is an open NSS iff it can be expressed as an intersection of a

finite number of neutrosophic soft open balls.

Proof. The first part is obvious. we shall prove only the reverse part.
Since each open ball in an NSMS is open and the intersection of a finite number of open NSSs in (NS(Ug), d)

is open, so the proof is completed.

3.10 Theorem

Let (NS(Ug),d) be an NSMS. Then Q C NS(Ug) is a closed NSS iff it can be expressed as an intersection of a

family of neutrosophic soft closed balls.

Proof. Straight forward.

3.11 Theorem

1. Let {M; : i € A} be a family of open NSSs in an NSMS (NS(Ug),d). Then UM; is open if epr € UM; = ey
strictly belongs to at least one M;, holds.

2. Let {Q; : i € A} be a family of closed NSSs in an NSMS (NS(Ug),d). Then UQ; is closed if e; € UQ; = ¢4
strictly belongs to at least one Q;, holds.

Proof. 1. Let an arbitrary neutrosophic soft point ey; € UM;. Then ep; € M strictly for some k € A. Since My is
open NSS, so ey is an interior neutrosophic soft point of M i.e., B(e M, 1) C Mg C UM;. Hence ey is an interior

neutrosophic soft point of UM;. Since ey is arbitrary, so UM, is open NSS.

2. Let an arbitrary neutrosophic soft point eg be a limit point of UQ;. Then B(eg,7) N (UQ;) # ¢ for every r.
Suppose e; € B(eg,r) N (UQ;). Thene; € B(eq,r) and e; € UQ;. This implies e; € Qy strictly for some k € Aie.,
eq € B(eg,7) N Q. This shows eg is a limit point of Q; and since Qy is closed, so e € Q. Hence eq € UQ; and

so UQ; is closed.
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3.12 Theorem

Any two distinct neutrosophic soft points in an NSMS (NS(UE), d) have disjoint neighbourhoods.

Proof. Let us consider two distinct neutrosophic soft points ey, ey, in NS(Ug). Then d(en,,en,) > 0. Suppose
r = %d(en,, en,)- Now consider two neutrosophic soft open balls B(ey,, r) and B(ey,, r) such that ey € B(en,,7) N
Blen,, 7).

Then ey € Blen,,7), em € B(en,,r) and so d(epm, en,) < 1, d(epm,en,) < r. Now by NSM4, d(ey,, en,) <
d(en,, em) +d(eyen,) <r+r=2r = d(en,, en,) < 2r. Itis a contradiction to the fact that d(ey,, en,) = 2r. So,
B(en,,r) N B(en,, 1) = ¢.

3.13 Theorem

Every finite neutrosophic soft subset of an NSMS is closed.

Proof. Let (NS(UEg),d) be an NSMS and M C NS(UE). Then following cases arise.

(i) Let M = {ep} i-e, M is singleton and ey € MC. Then ey # ep and so d(en,ep) > 0. Suppose 0 < r <
d(en,ep). Then there exists an open ball B(ey, ) which does not contain ey, i.e., Bley,7) "M = ¢. Hence

en € MF is not a limit point of M. Since ey is arbitrary, so D(M) = ¢ C Mie., M is closed.

({) M = {e1pm, eapm, - ,enm ) then M = {e1p} U{eap} U+ -U{eym}- Since each {e;p},1 < i < nisclosed and
arbitrary union of neutrosophic soft closed sets is closed with respect to the strict belongingness of neutrosophic
soft point, thus M is closed.

This ends the theorem.

3.14 Theorem

A neutrosophic soft point ey in an NSMS (NS(Ug), d) is a limit point of an NSS M C NS(Ug) iff every neigh-
bourhood of ey contains infinitely many neutrosophic soft points of M, provided E being an infinite parametric

set.

Proof. First suppose that every neighbourhood of ey contains infinitely many points of M. Then obviously ev-
ery neighbourhood of ey contains at least one point of M distinct from ey. So ey is a limit point of M. Next,
let ey be a limit point of M. Then for r € (0,3] there is an open ball B(ey;, r) such that e1p; € B(en,r) N M with
en # e1p- Letry = d(en, e1p). For that there exists another open ball B(ey;, r1) such thatepps € B(en, r1) N M with
eN # e1m # eapm- Proceeding in the manner, we have successively 1, = d(en, expr) with ek+1)M € B(en,rc) "M
withey # e1pm # - -+ # €(j+1)m- Extending this process infinitely, there is infinite number of distinct neutrosophic

soft points in M which are contained in the neighbourhood of ey;.
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3.15 Definition

Let (NS(Ug),d) be an NSMS and M C NS(Ug). Then the distance between a neutrosophic soft point ey €
NS(Ug) — M and M is defined by :
d(en, M) = inf{d(eN,epm) : ep € M}.

3.16 Definition
Let (NS(Ug),d) be an NSMS. Then the diameter of NS(Ug) is defined as :
6(NS(UE)) = sup {d(e1n, ean) : e1n, ean € NS(UE)}-

AnNSS M C NS(Ug) isbounded if it has a finite diameter i.e., if d(eqp1, eap1) < 7, forr € (0,3] and Veqp, eom € M.

3.17 Theorem

Let (NS(UEg),d) be an NSMS and M C NS(Ug) is bounded. Then for each ey € NS(Ug), there is a r > 0 such
that M C B(ey,r). If M, P are bounded subsets of NS(Ug), then M U P is also bounded with respect to strict

belongingness of a neutrosophic soft point.
Proof. For ey, eqp € M,
d(en,em) < d(en,erm) +d(eim em) = d(en,em) < d(en,eim) +6(M);

Since (M) is finite and fixed, let d(ey, e1p) +6(M) = r. Hence d(ey, epr) <7,
Vepm € M = ey € Blen, r). Thus M C B(en, 7).

Next let 71,7, > 0 such that M C B(en,r1) and P C B(ey, r2). Suppose r = max{ry, 7} and eqg € MUP. If
eg € M strictly, then eg € B(en,71) = d(en,eq) < 11 < r. If eg € P strictly, then d(ey,eq) < rp < 7. Thus
eg € MUP = d(en,eq) <t = eqg € Blen,7]. Hence MU P C Bley, r] and so is bounded NSS in (NS(UE), d).

3.18 Definition

Let (NS(Ug), d) be an NSMS having at least two neutrosophic soft points ey, eon such that d(e1y, ean) > 0. Then
(NS(Ug),4d) is called Hausdorff space if there exists two neutrosophic soft open balls B(eyy, t) and B(eyn, t) with

center at e1y, eon respectively and radius ¢ € (0, 3] such that B(eyn, t) N B(ean, t) = ¢.

3.19 Theorem

Every NSMS is Hausdorff.

Proof. Let (NS(UE), d) be an NSMS having two distinct neutrosophic soft points ey, e;y such that d(eyy, ean) > 0.
Choose t € (0,3] such that 0 < t < %d(elN, eoN)- We consider two neutrosophic soft open balls B(ejn, ) =
{ely : d(ein,ely) < t} and B(ean, t) = {ef; : d(ean,€fy) < t}. If possible Bein, ) N B(ean, ) # ¢. Letep €
B(ein,t) N B(ean, t). Thenep € B(ejn,t) and ep € B(epn,t) ie., d(ejn,ep) < tand d(epn,ep) < t. Then by
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NSM4, d(e1n,ean) < d(ein,ep) +d(ep,eon) < t+t=2t = t> %d(eu\], eon)- This contradicts our assumption.
Hence B(ein, ) N B(ean, t) = ¢ and so (NS(Ug), d) is Hausdorff.

3.20 Definition

Let (NS(Ug),d) and (NS(Vg),d) be two NSMSs. Suppose N; C NS(Ug) and N, C NS(Vg) be two NSSs. Then
their cartesian product is Ny X N, = N3 where

fn,(a,b) = f, (@) X fn, (D) for (a,b) € E X E. Analytically,
s (a,0) = {< (% y), Try () () Ly a) (5 9), Fryy (ap) (%) >: (x,y) € U x V} with

Tr () (5 Y) = Try (a) (%) * Tpy ) (¥)
L, 0y (0 Y) = Tpy (a) (%) @ Ly (6 (y)
Fro(ab) (0 ¥) = Fry (a)(X) © Fry () ().

This definition can be extended for more than two NSSs.

3.21 Theorem

Cartesian product of two neutrosophic soft Hausdorff metric spaces is Hausdorff.

Proof. For two Hausdorff NSMs ((NS(Ug),d) and ((NS(Vg),d), let (e1p, e1n) and (exp, e2n) be two points in
NS(Ug) x NS(Vg) such that d((e1pr, e1n), (e2m, €1n)) > 0. Then at least one of eqp; # eap1, e1n # €an Occurs.

Suppose e1p; # exp holds. Since ((NS(Ug),d) is a neutrosophic soft Hausdorff metric space, so there exists
two neutrosophic soft open balls B(eqp, t1) and B(eapg, t2) where t1,t, € (0,3] such that 0 < 1, f < %d(elM,ezM)
and B(eyp, t1) N B(eap, t2) = ¢. Since every metric space is metrizable, each NS(Ug) and NS(Vg) are open. So
Bl(eip, t1) X NS(VE) and B(eaps, t2) X NS(VE) are the neutrosophic soft open sets on NS(Ug) x NS(Vg). Hence,
(B(eipm, t1) x (NS(VE)) N (B(eapm, t2) x (NS(VE)) = ¢ and this ends the theorem.

4 Sequence in Neutrosophic soft metric space

4.1 Definition

A sequence of neutrosophic soft points {e, 5} in an NSMS (NS(UE), d) is said to converge in (NS(UE), d) if there
exists a neutrosophic soft point ey € NS(Ug) such that d(e,n,en) — 0asn — coor e,y — ey asn — oo.

Analytically, for every € > 0 there exists a natural number ng such that d(e, N, en) < €, Vn > ng.
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41.1 Example

Let E = N (the set of natural number) be the parametric set and U = Z (the set of all integers) be the universal

set. Define a mapping fi : N — NS(Z) where, forany n € Nand x € Z,

0 if xis odd
Tram ™) =19

n

L if x is odd
Lty (x) = { o

0 if x is even.

if x is even.

1-— % if x is odd
Fpy(m) (x) =

0 if x is even.

The tabular representation of the above sequence is given in Table 3.

Table 3 : Tabular form of sequence {e,;}.

e1M €M e3m
. 1 11 12
odd integers | (0,5,0) (0,3,5) (0,7, %)

even integers | (1,000  (3,0,0) (3,0,0)

Clearly, {e,pr} — (0,0,1) for odd integers and {e,ps} — (0,0,0) for even integers. Hence, {e,pr} is divergent
neutrosophic soft sequence over (Z,N).

Now, if we construct the falsity membership function of the above sequence in the following manners :

1
1 _ 1+n
Fpyon (%) = {

0 if x is even.

if x is odd

P )= 1-1 if x is odd
fu(n) n i i
4 if x is even.
then in Ist case {e,pr} — (0,0,0) and in 2nd case {e,p1} — (0,0,1) for all integers. So in any case, {e,p} is a

convergent neutrosophic soft sequence over (Z, N).

4.2 Theorem

The limit of a sequence of points in an NSMS is unique.

Proof. Let {e,n} be a sequence of points in an NSMS (NS(UE), d) such that e,y — ey and e,y — e}y as n — oo.

Then for € > 0 (so small chosen) there exists natural numbers 7y, n6 such that
d(epn,en) < 5, Vn>mng and d(e,n,ey) < 5, Vn > n.

Let Ny = max{ng, nj}. Thend(ey, ey) < d(en,exn) +d(ean,ey) <5 +5 =¢€

Nl

Vn > Np. This shows that ey = el
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4.3 Definition

A sequence {e, N} of neutrosophic soft point in an NSMS (NS(Ug), d) is said to be a Cauchy sequence if to every
€ > 0 there exists an 19 € N (set of natural numbers) such that d(e,,n, e,N) < €, Vm,n > ngie., d(e,n,e.n) — 0

asm,n — oo.

4.3.1 Example
Consider the Example (3) of 3.4.1 and the distance function defined in (1) of 3.1.1 for k = 1; Then,
d(emn, enN)

= H}Ci_n{|Ten1N(xi) = Toun (i) |+ [Teyy (%7) = Teyy (%) | 4 [Fepn (i) — Fe, (x7)] }

= [ Teun (%) = Teuny ()| 4 [eyy (%) = Ty (%) [+ [Fepy (%) = Fey ()

1 1 1 1 1 1
S T N . I 1 QP N
ALl e a-ly
B U VO U WU ¥
T 'moom 2m  2n m n

— 04+0+0=0, asm,n— oo

Hence, {e,n} defined in (3) of 3.4.1 is a Cauchy sequence.

44 Theorem

Every neutrosophic soft convergent sequence in an NSMS is a Cauchy sequence.

Proof. Let {e,n} be a neutrosophic soft convergent sequence in an NSMS (NS(UE), d) and converges to a neutro-
sophic soft point ey. Then for € > 0 there exists 1y € N (set of natural numbers) such that d(e,n,en) < 5, Vi >
1.

Now, d(eyn, exn) < d(eun,en) +dlen,enn) < 5+ 5 =€, Vm,n > ng.

Hence, {e,n} is a Cauchy sequence.

4.4.1 Note

Converse of the above theorem may not be true.
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Take the Example 4.3.1; Let exy = (%, ﬁ, 1- %) Vx € Z. Now,

d(eqn, exN)

| Teuns (%) = T ()| 4 [Legny (%) = Tepn (¥)| 4 [Feyy (%) = Foy (%)

1 1 1 1 1 1
|H_E|+|ﬂ_fk‘+|(1_ﬁ)_(l_ﬁ)‘

1 1 1 1 1 1

R el
1 1 11 1 1 1
R el TR
51 1

2ln ¥

5

E#O; as n — oo

Thus, the Cauchy sequence {¢,, } is not convergent.

4.5 Definition

An NSMS (NS(Ug),d) is said to be complete if every Cauchy sequence in (NS(Ug),d) converges to a neutro-

sophic soft point of NS(Ug).

451 Example

Let U = {x1,x7,x3,---00} C Rand E = N. Then, an NS(Ug) having the soft points in a sequence is given by the

Table 4.

Table 4 : Tabular form of NSS M.

X1

X2

Consider a Cauchy sequence {ey; 1} of neutrosophic soft points in the NSMS (NS(Ug), d) with respect to ‘d * as
defined in (1) of 3.1.1 for k = 2;
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Then for arbitrary € > 0, there exists a natural number 71 such that

=

=

€
d(emm, enm) < 3 if m,n > ny

. €
n}én{\/(‘TemM (xi) - TE’nM(xi)|2 + |I€mM (xi) - IenM (xi)|2 + |F€mM (xi) - FenM (xi)‘z)} < §
€
V1 Tenns (5%) = T (X1 + ey (x6) = Teyns (556) 2+ [ ey (Xi) = Fepa (x0)1%) < 3,
3
(fori=k, say)
2
€
| Tewss (k) = Teuns (X1 4 enns (%) = Teyns (x06) 2 4 | ey (¥i) = Fepa (10)[* < )
Since each term in L.H.S are positive, so
2 e 2 e 2 e
| T, (Xk) = Tepp ()17 < 9’ ey (X5) = Lo (x50 |7 < 9’ |Fep (Xk) = Fepy ()7 < 9

€ € €
Tonss () = Ters (V)] < 51 Ve (58) = Jes (0] < 51 B () = Fa ()| < 5

This shows that for each fixed x; (i = 1,2,3,---), each of the sequences {T,,,, (x;)}, {I, (x;)} and {F.,, (x;)}

satisfies Cauchy’s criterion for real number sequence. Hence, each sequence is convergent and converges to

Ten (x:), ey, (%), Fepy (x7), (say) respectively. Clearly, epr = {< x;, (Tep (i), Leys (%:), Fepy (%)) >: x; € R} € NS(UE).

Now,

<

d(enm, em)

i {y/ (| Doy () = Tepy ()2 4 ey () = Teyg (x)2 4 [ Fepe (x1) = Feuy (1))}
min{y/|Te,y (%) — Tey ()P A /ey (31) = Loy (%) [P+ /| Feypg (%) = Feps (1)}
(by Minkowski inequality for sum )

N T,y (%) = Tens (%) + ewns (%) — Lens (i) + [Fepps (%) — Feyy (xi) [}

| Tears (i) = Teps (%) + Hepg (xic) = Teps (36| + | Fepg (xic) = Fepy (x0)|

(fori=k, say)

€ € €
— — — —=€1 >
3+3+3 eif n > ng

Thus {e,pm} — ey € NS(Ug) as n — oo and so (NS(Ug), d) is a complete NSMS.

4.6 Theorem

An NSMS (NS(Ug), d) is complete if every Cauchy sequence in (NS(Ug), d) has a convergent subsequence.

Proof. Let {e, N}

{eq, N} converges

be a subsequence of a Cauchy sequence {e,n} in (NS(UE),d). It is necessary to show that if

to a neutrosophic soft point ey then {e, N} itself converges to ey.

Since {e,n} is Cauchy so for € > 0 there exists ng € N (set of natural numbers) such that d(e,;n, exn) <

5, Vm,n > ng. Thend(e,,n,en) < 5, Vng > ng.

Now d(e,n,en) < d(exn,enN) +d(en,n.en) < 5+ 5 =€, Vn > ng and this completes the theorem.
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4.7 Theorem

Every closed subset of a complete NSS in an NSMS is complete.

Proof. Let M be a complete NSS in an NSMS (NS(Ug),d) and P be a closed subset of M. Suppose {e,p} be a
Cauchy sequence in P. Since P C M and {e,;p} € P, so {e,p} € M. Butas M is complete, so {e,p} — ey € M,
say. Now since P is closed and limit of a sequence of point in (NS(UEg), d) is unique, then ep; € P, too. Hence P is

complete in (NS(Ug),d).

4.8 Theorem

Let (NS(Ug),d) be an NSMS and 1, denote the set of all neutrosophic soft open sets in NS(Ug). Then 7, has the
following properties.

@) ¢pu, 1y € .

(i) Ny, Ny ey = N1 NN € 1y,

(iil) {N; : i € T} € 7y = UjerN; € T

This 7, is called the neutrosophic soft topology determined by the neutrosophic soft metric d.

Proof. (i) By the definition of absolute neutrosophic soft set (1), null neutrosophic soft set (¢,) in 2.6 and by the
definition of neutrosophic soft open ball B(e;, t), t € (0,3] for ey € 1,, the first property is obvious.

The other two properties follow from Theorems 3.8 and 3.11;

5 Conclusion

The theoretical point of view of neutrosophic soft metric space in terms of neutrosophic soft points has been
discussed and illustrated with suitable examples in the present paper. The notion of convergence of a neutrosophic
soft sequence and the complete NSMS have been proposed here. Some related theorems have been developed

also.
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