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1. Introduction

Neutrosophy is a new kind of logic founded by F. Smarandache to deal with indeterminacy in nature and
reality. According to Smarandache’s work, every idea can be represented by three corresponding values (degree
of truth, falsity, and indeterminacy). Recently, neutrosophy has found its way into algebraic studies. Many
neutrosophic algebraic structures were defined and handled, such as neutrosophic group, neutrosophic ring,
and neutrosophic field. See [1-5].

Refined neutrosophic structures such as refined neutrosophic groups and refined neutrosophic rings were
firstly presented in the works of Agboola et al. [6,7] by using Smarandache's idea in splitting the indeterminacy
I into many different logical degrees. Laterally, refined neutrosophic algebraic structures were studied widely
in [2,8-13].

Through this paper, we try to establish the basic theory of neutrosophic algebraic equations. We introduce
a full description of basic algorithms which solve the linear neutrosophic equation, neutrosophic quadratic
equation, and neutrosophic linear system in a neutrosophic field F (1) and refined neutrosophic field F (14, 1,).
Also, we construct some examples to clarify the validity of this work.

Our work's main idea is to transform the neutrosophic equation into an easy equivalent system of classical
equations, and then we can build the desired algorithms.

2. Preliminaries

Definition 2.1. [3] Let (R, +,X) be a ring. Then, R(I) = {a + bl : a,b € R} is called the neutrosophic ring
where I is a neutrosophic element with the condition 12 = I.

If R is a field, then R(I) is called a neutrosophic field.
A neutrosophic field is not a field by classical meaning, since I is not invertible.
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Definition 2.2. [1] Let R be a ring and R(I) be the related neutrosophic ring and P = Py + P;I =
{ao + a]_I c Qy € PO ,Aq € Pl}' PO'Pl are two SUbSGtS OfR

(a) We say that P is an AH-ideal if Py, P; are ideals in the ring R.

(b) We say that P is an AHS-ideal if P, = P;.

Remark 2.3. [6] The element I can be split into two indeterminacies I, , I, with conditions:
L =01L,L°=0L,L1L,=0L1=1I

Definition 2.4. [6] If X is a set, then X (I3, 1,) = {(a,bl;,cl,) : a,b,c € X }is called the refined neutrosophic
set generated by X, I, 1,.

Definition 2.5. [6] Let (R, +,%) be aring, (R(I1,1;),+ ,X) is called a refined neutrosophic ring generated by
R, 1, 1.

Theorem 2.6. [6] Let (R(I4,1),+ ,%) be a refined neutrosophic ring, then it is a ring. It is called a
neutrosophic field if R is a classical field.
3. Main Discussion
Definition 3.1. Let F(I) be a neutrosophic field. Then, a neutrosophic algebraic linear equation is defined as
follows:
AX+ B = O;A =AQqy + all,B = bo + bll,X = Xy +x11;xl’,ai,bi EF

A neutrosophic quadratic equation is defined as follows:

AX?+BX+C=0;A=ag+a;],B=by+bI,C=cy+ci1,X=xq+x1;x;,0a;,b;,¢c; EF

Theorem 3.2. Let F(I) be a neutrosophic field, AX + B = 0 be a linear neutrosophic equation. Then, it is
equivalent to the following two classical linear equations:

(@) agxg + by = 0.
(b) (ag + ay)(xg +x1) + (bg + by) = 0.
Proor. By computing AX + B = 0, we find agxy + by + (agx; + a1x9 + a;x; + b;)I = 0. Thus,
ayxo + by = 0 (equation (a))
agx, + a1xg + a;x; + by =0 (%)
By adding (a) to (*), we get (ag + a;)(xo + x1) + (by + b;) = 0 (equation (b)).

Remark 3.3. It is easy to get an algorithm to solve neutrosophic linear equation AX + B = 0 in a neutrosophic
field F(I). We should solve the equivalent system, and then we get the desired solution.

Example 3.4. Consider the following neutrosophic linear equation (1 + 21)X + (2 — 3I) = 0 (*) over the
neutrosophic field of real numbers R(I). The equivalent system is:

(@) x¢ + 2 = 0. (Its solution is x, = —2.)
(b) 3Cxo +x1) + (=1) = 0. lts solution is xo +x; = 5, thus x, = 2.
The solution of (*)isX = -2 + %I.

Example 3.5. Consider the neutrosophic linear equation (1 + 21)X + (2 —31) =0 (*) over Z3(I) the
neutrosophic field of integers modulo 3. The equivalent system is:

(@) xo + 2 = 0. (Its solution is x;, = —2 = 1(mod 3))
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(b) 3(xg + x1) + (—1) = 0. Itis a non solvable in Z5. Hence (*) is not solvable in Z3(I).

Theorem 3.6. Let F(I) be a neutrosophic field, AX? + BX + C = 0 be a quadratic neutrosophic equation.
Then, it is equivalent to the following two classical linear equations:

(@) agxo? + boxy + ¢y = 0.

(b) (ap + a)(xo + x1)% + (bg + by)(xo + x1) + ¢y + ¢, = 0.

Proor. By computing AX? + BX + C = 0, we get

(agxo? + boxg + co) + Ragxoxy + agx,? + agxg? + 2a,x9x; + ayx12 + box; + byxg + byx; +¢) =0

Thus, agxo? + byxo + co = 0 (equation (a)) and 2agxex; + agxi? + a;xo? + 2a,x9%, + ayx1% + boxy +
byxo + byx;, + ¢1(*), by adding (a) to (*) we get (ay + a;)(xg + x1)% + (b + by)(xg + x1) + o + ¢, =0
(equation (b)).

Remark 3.7. To solve a quadratic neutrosophic equation AX? + BX + C = 0 in a neutrosophic field F(I). It
is sufficient to solve the equivalent system presented in Theorem 3.6.

Example 3.8. Consider the following quadratic neutrosophic equation (1 + 1)X? + (2 —DX +31 =0 (*)
over the neutrosophic field of real numbers R(I). The equivalent system is:

(@) xo% + 2x, = 0. (It has two solutions x, = 0, or x, = —2.
(b) (2)(xo + x1)? + (1) (x9 + x1) + 3 = 0. (It has no solutions in R, thus (*) is not solvable in R(1).)

Example 3.9. Consider the following quadratic neutrosophic equation (1 + 1)X? + (2 —DX +31 =0 (*)
over the neutrosophic field of complex numbers C(I). The equivalent system is:

(a) x¢2 + 2xo = 0. (It has two solutions x, = 0, or x, = —2.)

b) (2)(xg + x1)? + (1)(xo + x1) + 3 = 0. It has two solutions x, + x; = PR —1—1\/%1 thus x; €
0 0 0 4
{—1+iJ2_3'—1—;J2_3} ifxo =0.1fx, =—2,thenx, € {2+ —1+:\/ﬁ’2 + _1_:*@}. The solutions of equation (*)

—1+iv23 —-1-iv23 —1+iv/23

_1_im)1.

are X = IorX = 1,orX=—2+(2+ )1,orX=—2+(2+

Theorem 3.10. Let A; X, + A, X, + -+ A, X, = C (*) be a neutrosophic linear equation with n-variables

over a neutrosophic field F(I). Suppose that C = ¢y + ¢;1, A; = a((f) + af)l,X = xgi) + xf)l; cl-,xj(i), a]@ €
F. Then, (*) has the following equivalent system of classical linear equations:

®n,® 2,2 (m) () _
@ay 'xy " +ay’xy” +-tay x5 =cop.
(b) (a(()l) + agl)) (x(()l) + xil)) + (agz) + aiz)) (x(()z) + xiz)) + -4 (a(()n) + agn)) (xgn) + xin)) =co+ ¢y
Proor.

First of all, we should compute A4;X;. We have 4;X; = a(()i)x(()i) + (a(()")xf) + agi)x(()i) + agi)xf)) 1, we remark

that a(()i)xéi) + (agi)xf) + agi)xéi) + agi)xii)) = (a(()i) + aii)) (x(()i) + xf)). Hence,

4% = a5 + (%0 1 0% 4 a®%O)1 = o@D 4 (o + o) (£ + ) - OO
Now, we can write Y,i-; 4;X; = ( i agi)xéi)) +I1QM, (a(()i) + agi)) (xéi) + xf)) - Xk agi)xéi)) =C=
Co + ¢11. Thus, ( =1 a(()i)x(()i)) = ¢y (equation (a)). And i, (a(()i) + agi)) (xéi) + xf)) - agi)xéi) =0

(*), by adding (a) to (*) we get 1t (a” + al) (x6” + %) = ¢o + c1. (equation (b)).
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Remark 3.11. We can solve a linear system of neutrosophic equations in a neutrosophic field F (I) by solving
its equivalent system in the classical field F.

Example 3.12. Consider the following neutrosophic linear system over the neutrosophic field of real numbers:
LD @A+DX+@2-DY=1+3I.

(2) 24+ DX +5IY =—1+1.

The equivalent system of (1) is

Xo+ 2y, =1()
2(xg +x1) + (o +y1) =4 (1D

The equivalent system of (2) is

2x0 + 0.y = —1 (111
3(xp +x1) + 5@ +y1) =0 (1V)

From (1), (111), we get x, = —%,yo = %. From (1), (IV), we get xo + x; = ?,yo +y, = —1—72.
Definition 3.13. Let F(I4, I,) be a refined neutrosophic field. We define

(a) AX+ B = (0,0,0);A = (ao, alll, azlz),B = (bo, b111, bzlz),X = (xo,xlll,lez); bi,ai,xi EF. (Reflned
neutrosophic linear equation with one variable).

(b) AX? + BX + C = (0,0,0); C = (cq, 11, c315). (Refined quadratic neutrosophic equation).

Theorem 3.14. Let F (14, I,) be arefined neutrosophic field, AX + B = (0,0,0) be a refined linear neutrosophic
equation. Then, it is equivalent to the following system of classical linear equations:

(@) agxg + by = 0.
(b) (ag + a2)(xo + x2) + (bo + b3) = 0.
(©) (ag +a; +ay)(xg +x1 +x3) + (byg + by + b)) = 0.
Proor.
We compute
AX + B = (agxg + by, [agx; + a1xo + a1x1 + ayx5 + ayxq + b1 1Ly, [agx, + ayxy + ayx, + byl1L)
So, we get
ayxo + by = 0 (equation (a))
AoXy + ayxg + azxy; + by = 0 (%),ap0x1 + a1x9 + a1x1 + a1 x, + ayxq + by (*%)
By adding (a) to (*), we find (ay + a,)(xy + x3) + (by + by) = 0 (equation (b)).
By adding (b) to (**), we find (ag + a; + a,)(xy + x4 + x3) + (by + by + b,) = 0 (equation (c)).

Example 3.15. Consider the following refined neutrosophic linear equation (*) (2, I;,31,)X + (4,71, —=51;) =
(0,0,0) over the refined neutrosophic field Q (14, I,).

The equivalent system is:

(@) 2x9 + 4 = 0. It has a solution x, = —2.
(b) 5(x¢ + x3) + (—1) = 0. It has a solution x + x, = % hence x, = %
(c) 6(xg + x; + x5) + (6) = 0. It has a solution x, + x; + x, = —1, hence x; = _?6

The solution of equation (*) is X = (—2,_?611,%12).
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Theorem 3.16. Let F(I, 1) be a refined neutrosophic field, AX? + BX + € = (0,0,0) be a refined quadratic
neutrosophic equation over F(I,1,). Then, it is equivalent to the following system of classical quadratic
equations:

(@) agxo? + boxy + ¢y = 0.

(b)(ag + az)(xg + x3)% + (by + by) (xo + x3) + co + ¢, = 0.

(©) (ag + a; + az)(xg + x4 + x3)% + (bg + by + by)(xg + x4 + x3) + cg + ¢4 + ¢ = 0.
Proor. The proof is similar to the previous theorem.

Example 3.17. Consider the following refined neutrosophic quadratic equation over the refined neutrosophic
field of complex numbers C (14, I,),

(*) (1,0,1,)X% + (1,1,,00X + (—=2,1;,1) = (0,0,0), the equivalent system is

() x¢2 + xo — 2 = 0. It has two solutions x, = 1 or x, = —2.

(b) 2(xo + x3)? + (%9 + x3) — 1 = 0. It has two possible solutions x, + x, = —1 or xq + x, = % Thus if
Xo=—2,thenx, =1lorx, = % and if x, = 1, thenx, = -2 orx, = _71

(€) 2(xg + x1 + x3)% + 2(xo + x1 + x) = 0. It has two possible solutions xo + x; + x, = 0 or xo + x; +
x2 = _1

If xg + x, = —1,thenx; =1orx; =0,and if xg + x, =%,thenx1=_710rx1 :—g.

The set of solutions of equation (*) are
-1 1 1.5 3 1 3 5
{(1,11, —21), (1,711, —512) ,(=2,1,, 1), (—2, —511,512),(1,0, —21,), (1, -5 —512),(—2,0, L), (-2, —511,512)}

Theorem 3.18. Let A Xy +-+A4,X,=C, C=(co 1]y, c3L), X; = (ng,xf)Il,xgi)]Z), A; =

(a((,i), ag%, agi)lz) be a linear equation with n-variables over a refined neutrosophic field F (I;,1,). Then, itis

equivalent to the following system of classical linear equations over the classical field F:

(@ Xi=, a(()i)x((,i) = ¢p.

)X, (a(()i) + agi)) (x((,i) + xéi)) =g + Cy.

(€) Xieq (a((,i) + agi) + agi) ) (x(()i) + xf) + xéi)) =co+c+cy.

Proor.

We shall prove that AKX =0k, agi)xéi) , [ [ (a(()i) + af) + agi)) (x(()i) + xf) + xéi)) -
e (a(()i) + agi)) (xéi) + xéi))] 1y, [Z?=1 (a(()i) + agi)) (x(gi) + xgi)) — it a(()i)x(()i)] I).

We will use induction on n. For n = 1, the theorem is true easily. Suppose that it is true for k. We must prove

it for k + 1.

k+1

k
Z AKXy = Z AlXi + A1 X
=1

i=1

k k k
= (Z ax, [Z(aé“ a0 +a) (o + 1+ 20) = Y (0l + o) (x + ) |1,
i=1 i=1 i=1
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k k
@® (OAYO] @ @, ®
[Z(ao +a,) (% +x, )_Zao Xo
i=1 i=1

= (m,nly, tl,)

(k+1) _(k+1) (k+1) (k+1) _ (k+1) (k+1)
12>+(a0 ,aq L,a; 12)(x0 ) Xq I, x, 12)

We have m = (2?21 a((,i)x(gi)) n a(()k+1)x(()k+1) _ Z§¢:+11 a(()i)x(gi).

k k
¢ o= Z(agi) +a§i))(xéi) +x§i)) _Zaéoxéi) n [a(()k+1)x§k+1) +agk+1)xék+1) +a§k+1)x§k+1)]
i=1 i=1

k k
_ Z(a(()i) " agi))(xéi) +x§i)) _Zagi)xéi) n [(aék+1) n agk+1))(xék+1) +x§k+1)) _ a(()k+1)x(()k+1)]
i=1

i=1
k+1 k+1
= @0 @ O] O] @0,
—Z(ao +a2)(x0 +x2)—2a0 X0
i=1 i=1

By following the same argument, we find that

k+1 k+1
n= Z (a((,i) + agi) + agi)) (x((,i) + xii) + xgi)) - Z (a(()i) + agi)) (x((,i) + xgi))
i=1 i=1

By putting m, n, t in equation (*) we get:

(8) 2y adx” = co.

(1) Xy (a(()i) + agi)) (x(()i) + xéi)) — i1 a(()i)x(()i) = (2.

(n ¥, (a((,i) + aii) + agi)) (x(()i) + xf) + xéi)) -xh (a(()i) + aéi)) (x(()i) + xgi)) = .

We add (a) to (I) to get equation (b). Also, we add (b) to (1) to get equation (c). Hence our proof is complete.

Remark 3.19. According to the previous theorem, we can solve any linear system of refined neutrosophic
linear equations by transforming it into a classical equivalent system.

Example 3.20. Consider the following system of refined linear neutrosophic equations over the refined
neutrosophic field of real numbers R(I;, ).

(1) (1,1, 00X + (0,15, 1,)Y = (1,0,1,).

(2) (2,0, )X + (—1,1;,—1,)Y = (3,0,0). Where X = (xq, %111, %315),Y = Vo, V111, V215).
The equivalent system of equation (1) is:

1.xg+ 0.y, =1(I),

1.(xo +x2) + 1. (vo +y2) =2 (1),

2.(xg+x1 +x3) +2(yo + y1 + ) = 2 (I11).
The equivalent system of equation (2) is:

2.x9— 1.y, =3 (a),

3. (xg +x2) —2(yo +y2) =3 (b),

3. (xg + 21 +x2) — 1(yo + y1 + ¥2) =3 (0).
By solving (1) with (a), we find xy = 1,y, = —1.
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By solving (I1) with (b), we find xo +x; = £,y + y2 = 2. Thus, x, = 2,3, = =

By solving (111) with (c), we find xo +x; +x, = 1,yo +y; +y; = 0. Thus, x; = =2,y = —=

The solution of the system (1) and (2) is:

2 2 3 8
3.X = (1,_311,512), Y= (_1,_511,512).

4. Conclusion

In this article, we have introduced an algorithm to solve linear and quadratic equations in a neutrosophic field
F(I) and refined neutrosophic field F (1, I,). Also, we have introduced an algorithm to solve a linear system
of neutrosophic equations over F(I) and F(I;,1;) by turning it into an easy classical equivalent system of
linear equations.
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