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Recent Advantages In Neutrosophic Module Theory
Rozina Ali
Cairo University, Cairo, Egypt

Abstract: This work is dedicated to give the interested reader a good review and background in recent
developments in the field of neutrosophic algebraic module theory.

Key words: neutrosophic module, refined neutrosophic module, semi homomorphism, AH-submodule.
We recall the basic definitions and properties of neutrosophic modules.
Definition 1:

Let (N,+,.) be a module over the ring R. Then (N(1),+,.) is called a weak neutrosophic module over the
ring R, and it is called a strong neutrosophic module if it is a module over the neutrosophic ring R(I).

Here elements of N(I) have the form x + yI; x,y € N, i.e N(I) can be writtenas N(I) = N + NI.
Definition 2:

Let M(I) be a strong neutrosophic module over the neutrosophic ring R(l) and W(I) be a nonempty set
of M(1), then W(I) is called a strong neutrosophic submodule if W(I) itself is a strong neutrosophic
module.

Definition 3:

Let U(1) and W(I) be two strong neutrosophic modules and let f: U(I) - W (I), we say that fis a
neutrosophic vector space homomorphism if

@f =1

(b) f is a module homomorphism.

We define the kernel of f by Ker(f) ={ x€ M(I); f(x)=0}.
Definition 4:

Let M(I) = M + MI be a strong/weak neutrosophic module, the set

iscalledan AH-S = P + QI = {x + yI; x € P,y € Q}, where P and Q are submodules of V
submodule of M(l).

If P = Q, Sis called an AHS-submodule of M(l).
Example 5:

We have M =Z?% = Z x Z isamodule over R, P =< (0,1) >, Q =< (1,0) >, are two submodules of
M. The set

is an AH-submodule of M(1).S = P + QI = {(0,a) + (b,0)I;a,b € Z}
ThesetL = P + PI = {(0,a) + (0,b)I}; a,b € Z is an AHS-submodule of M(1).

Theorem 6:



Let M(I) = M + MI be a neutrosophic weak module over the ring R, and let S = P + QI be an AH-
submodule of M (I), then S is a submodule.

Theorem 7:

Let M(I) be a neutrosophic strong module over a neutrosophic ring R(1), let S = P + PI be an AHS-
submodule. Then S is a submodule of M(l).

Definition 8:

(a) Let M and W be two modules, L,,: M — W be a homomorphism. The AHS-homomorphism can be
defined as follows:

CL:M(I) - W();L(a + bI) = Ly (a) + Ly (b)I

(b) If S = P + QI isan AH-submodule of M(1), L(S) = Ly, (P) + L), (Q)I.
(c) If S = P+ QI is an AH-submodule of W(I), L71(S) = Li;* (P) + Ly (Q)1.
(d) AH — Ker(L) = Ker(Ly) + Ker(Ly) I = {x + yL; x,y € Ker(Ly)}.
Theorem 9:

Let W(I) and M(I) be two neutrosophic strong/weak modules, and L: M(I) - W(I) be an AHS-
homomorphism:

(@) AH — Ker(L) is an AHS-submodule of M(l).

(b) If S = P+ QI is an AH-submodule of M(I), L(S) is an AH-submodule of W(I).
(c) If S = P+ QI is an AH-submodule of W(I), L71(S) is an AH-submodule of M(l).
Proof:

(a) Since Ker(L,,) is a submodule of M, we find that AH — Ker(L) = Ker(Ly) + Ker(Ly)I isan
AHS-submodule of M(I).

(b) We have L(S) = Ly, (P) + Ly, (Q)I; thus L(S) is an AH-submodule of W(I), since L,,(P), L), (Q)are
submodules of W.

(c) By regarding that L~1(S) = Ly} (P) + L} (Q)I, Ly*(P) and L;* (Q) are submodules of M, we
obtain that L=1(S) is an AH-subModule of M(1).

Theorem 10:

Let W(I) and M(I) be two neutrosophic strong modules over a neutrosophic ring R(l), and L: M(I) -
W (I) be an AHS-homomorphism. Then

,forallx,y e M(I),m € R(I).L(x +y) = L(x) + L(y),L(m.x) = m.L(x)
Proof:
Suppose x =a + bl,y =c+dl;a,b,c,d € M,and m = s+ tI € K(I), we have

Lix+y)=L(a+c]l+[b+dl)=Ly(a+c)+Ly(b+d) =[Ly(a)+ Ly (b)I]+[Ly(c)+
Ly ()] = L(x) + L(y).

,Lm.x) =Ly(s.a) + Ly(s.b+t.a+ t.b)Im.x = (s.a) + (s.b + t.a+ t.b)I



=s.Ly(a) + [s. Ly (b) + t.Ly(a) + t.Lyy(B)I = (s + tI). (L), (a) + Ly, (b)) = m. L(x).
Theorem 11:

Let (N,+,.) be a module over the commutative ring R, N(I) be the corresponding weak neutrosophic
module over R. Then

N({I)=NXN
Proof:

Define f:N x N - N(I); f(x,y) =x + yl;x,y € N, it is easy to see that f is well defined bijective
map.

Let (x,y),(z,t) e M X M,r € R, we have (x,y) + (z,t) = (x + z,y + t), 7. (x,y) = (r.x,7.y),
fle )+ @)= +2)+@+OI=&+yD+z+th)=f(xy)+f(zt)
. Hence f is a module isomorphism.f[r. (x,y)] =r.x+ r.yl =r.(x + yI) = r.f (x)

Refined neutrosophic modules

Definition 12: Let (X (Il, | 2 ) ,+ -)be any refined neutrosophic algebraic structure where + and - are

ordinary addition and multiplication respectively. 1, and | , are the split components of the

indeterminacy factor | thatis | =al, + g1, witha, FeR or C .Also, |, and |, are taken

- 2 2
to have the properties 1, =1,,1, =1, andl I, =11, =1, .

For any two elements,we define

1) x+y =(ablcl,)+(d.el,fl,)=(a+d,(b+e)l,(c+f)l,)
ad,(ae +bd +be +bf +ce)ll,J

2) x-y =(a'b|p0'z)'(d’e'l'ﬂz):((af +cd +cf )l

Definition 13: Let (M ,+,.) be any R-module over a refined neutrosophic ring R (Il, | 2), The
triple (M (Il, I 2),+, ) is called a strong refined neutrosophic R-module over a refined

neutrosophic ring R (Il,lz),generated by M, I, and 1,.

Definition14: Let M (I ) be a strong  neutrosophic R-module, the  set
S=P+QI :{x +yl :x eP,y eQ} where P and Q are submodules of M is called an
AH-submodule of M (I ) and If P =Q then S is called an AHS-submodule of M (I )

Definition 15:

Let M(I,,1,) be a strong refined neutrosophic module over the refined neutrosophic ring R(14,1,),
P,Q,S be three submodules of M. The set N = (P, QI,SI,) = {(a,bl;,cl;);a € P,b € Q,c € S}is
called a strong AH-submodule of the strong refined neutrosophic module M (I, 1,).

If P=Q =S, we call N astrong AHS-submodule.



Theorem 16:

Let M(I,,1,) be a strong refined neutrosophic module over the refined neutrosophic ring R(1,,1,),
N = (P, PI,PI,) be a strong AHS-submodule. Then N is a submodule by classical meaning.
Definition 17:

Let M, W be two modules over thering R, M(1,, I,) and W (1,,1,) be the corresponding strong refined
neutrosophic modules over the refined neutrosophic ring R(I,,1,). Let f, g, h: M — W be three
homomorphisms, then [f, g, h]: M(I;,1,) » W(1,,1,);[f, g,hl(a, bly, cl,) = (f(a), g(b)I;, h(c)l,) is
called a strong AH-homomorphism. If f = g = h, we get the strong AHS-homomaorphism.

Definition 18:

Let M(I,,1,), W(I,,1,) be two strong refined neutrosophic modules over the refined neutrosophic ring
R, 1), [f, g h]:M(I,1,) » W(I,]1,) be a strong AH-homomorphism, we define

(@) AH — Ker[f, g, h] = (Ker(f),Ker(g)I;,Ker(h)I,) = {(a, bl;,cl,);a € Ker(f),b € Ker(g),c €
Ker(h)}.

(b) AH — Im[f, g, h] = (Im(f), Im(g)I;, Im(R)1).
Theorem 19:

Let M(I,,1,), W(1,,1,) be two strong refined neutrosophic modules over the refined neutrosophic ring
R, 1), [f, g, h]:M(I,1,) » W(I,,]1,) be a strong AH-homomorphism.

(@) If N =(P, Q1,,SI,) is a strong AH-submodule of M(I, I,), then [f, g, h](N) is a strong AH-
submodule of W (1,,1,).

(b) [f, g, h] is a classical module homomorphism.

(c) AH — Ker[f, g, h] is a strong AH-submodule of M(I,, I,).
(d) AH — Im[f, g, h] is a strong AH-submodule of W (I, I,).
Proof:

(a) Since f(P), g(Q), h(S) are submodules of N, we find that [f, g, R](N) = (f (P), g(Q@)I,,h(S)L,) is
a strong AH-submodule of W (I, I,).

(b) Let m = (x,yl;, zl,),n = (a, bl cl,) be two arbitrary elements in M(1,,1,), r = (¢t,ul;,vI,) be
any elementin R(I,1,),

)y r.-m=(tx, [xu+ yt + yu+yv + zully, [xv + zt + zv]l,) m+ n = (x + a,[y + b]L;, [z + c]I,

)=(f (%), )11, h(2)I) +[f, g, hRl(m + n) = (f (x + a), g([y + b1, h([z + c]DI,
(f(@), g(b)1;, h(c)L,) = [f, g, hl(m) + [f, g, h](n).

=[f, g, hl(r.m) = (f(tx), g([xu + yt + yu + yv + zu]) I, h([xv + zt + zv])I,)
. Thus [f, g, h] is a classical homomorphism.(t, ul,, vI,). (f (x), g(¥) 1, h(2)L,) = r.[f, g, h](m)

(c)Since Ker(f), Ker(g), Ker(h)are submodules of M, we get AH — Ker[f, g, h] =
(Ker(f),Ker(g)I,,Ker(h)I,) as a strong AH-submodule of M(I;,I,).



(d) Since Im(f), Im(g), Im(h) are submodules of W, we get AH — I'm[f, g, h] =
(Im(f), Im(g)1;, Im(h)L,) as a strong AH-submodule of W (I, L,).

Example 20:
(a) Let M = R%,W = R be two modules over the ring R,

arethree f:M > W; f(x,y) =2x,:M »> W;g(x,y) =3y,h: M > W; h(x,y) =x+7y
homomorphisms.

() [f, g, R1: MUy, 1) = W3, L); [f, g, h1((x,3), (2, )1, (s, ML) = (f(x,y), gz, )1y, h(s, m)1,)=
is a strong AH-homomorphism, where x,y, z,t,s,m € R.(2x, 3tl;,[s + m]L,)

() P ={(0,x);x € R},Q = {(x,0); x € R} are two submodules of M,

is a strong AH-submodule of M(I,,1,).N = (P,PI, QL) = {((0,x), (0,y)L;,(z,0)I,;x,y,z € R}

(d) f(P) ={0},g(P) ={8y;y € R} =R,h(Q) ={z;z € R} =R,

is a strong AH-[f, g, RI(N) = (f(P), g(P)11,h(Q)I;) = (0,RI},RI;) = {(0,xI;,y1); x,y € R}
submodule of W (1, 1,).

(e) Ker(f) = {(0,x); x € R}, Ker(g) = {(x,0); x € R}, Ker(h) = {(y,—y);y € R},
AH — Ker[f'g' h] = (ker(f) :Ker(g)lliKer(h)IZ) = {(0, x)! (y! O)Il' (Z! _Z)IZ);x! Y.z € R}
Definition 21:

Let M be a module over a ring R, N be a module over aring T, ¢: M — N be a well defined map, we
say that ¢ is a semi module homomorphism if and only if the following conditions are true:

@ o(x+v)=&) + o) forallx,y € M.
(b) There is a ring homomorphism f: R — T such ¢(r.x) = f(r).p(x) forallr € R, x M.
Remark 22:

(a) The concept of semi homomorphism can be used to study relationships between modules defined
over different rings.

(b) It is easy to see that every homomaorphism between two modules defined over the same ring is a
semi homomorphism.

In the following theorem we show that every neutrosophic module M(I) defined over a neutrosophic
ring R(1) is a semi homomorphic image to the corresponding refined neutrosophic module M (1,,1,)
over the corresponding refined neutrosophic ring R(1;, I,).

Theorem 23:

Let M be a module over aring R, M(l) be the corresponding strong neutrosophic module over R(1),
M(1,,1,) be the corresponding stronh refined neutrosophic module over R(I;,1,). Then

- M(D); @(a,bly,cl,) =a+ (b + c)I is asemi homomorphism.@: M(Iy,1,)

Proof:



Clearly, ¢ is a well defined map. Let x = (a, by, cl,),y = (u,vl;,wl,) be two arbitrary elements in
M1, 1),

p+y)=@+w+b+v+c+wi=la+ B+ +[u+@+wI]=pl+eH)
Themap f: R(I;,1,) » R(I); f(m,nl, tl,) = m+ (n+ t)[;m,n,t € R is aring homomorphism.
Consider r = (m,nl, tl,) € R(I, 1,), we can write

=p(r.x) =p(m.a,(m.b +n.a+n.b+n.c+t.b)l;,(t.a+t.c+m.c)l,)

ma+mb+na+nb+nc+tb+tat+t.c+rme)l=[m+m+)l].la+d+)]=
. Thus the proof is complete.f (r). ¢ (x)

Theorem 24:

Let M be a module over a ring R, M(l) be the corresponding strong neutrosophic module over R(1),
M(1,,1,) be the corresponding strong refined neutrosophic module over R(1,,1,), ¢ be the semi
homomorphism defined in Theorem 3.16. Then

The semi homomorphic image of any strong submodule of M (I;,1,) is a strong submodule of M(I).
Proof:

Let N be any strong AH-submodule of M(1,,1,), since (N, +) is a subgroup of (M(1,,1,),+), we have
(@(N),+) is a subgroup of (M(I),+).

Let y = a + bl be an arbitrary element in ¢(N), r = u + vl be any element in R(l), since ¢, f are
surjective maps, there are

Ji.em+n=band g= (u,zl,ql;) € RU,,1,); f(g) =r,x = (a,ml;,nl,) € M(I,L,); p(x) =y
i.ez+q=v,

zr.y=ua+ W.a+v.b+ub)l=ua+(za+qga+zm+zn+qgm+qgn+um+un)l
f(9)-9(x) = ¢(g.x) € p(N)

n-Refined Neutrosophic modules
Definition 25 :

Let (M,+,.) be a module over the ring R, we say that M,,(I) = M + MI; + -+ MI,, = {xy + x, [, +
<+ x,1,; x; € M} is a weak n-refined neutrosophic module over the ring R. Elements of M,,(I) are
called n-refined neutrosophic vectors, elements of R are called scalars.

If we take scalars from the n-refined neutrosophic ring R,,(I), we say that M,,(I) is a strong n-refined
neutrosophic module over the n-refined neutrosophic ring M,,(I). Elements of M,,(I) are called n-
refined neutrosophic scalars.

Remark 26:
If we take n=1 we get the classical neutrosophic module.
Addition on M,,(I) is defined as:

oail; + Xitobil; = Xio(a; + bl

Multiplication by a scalar m € R is defined as:



m. Yo ail; = Xito(m. ap)l;

Multiplication by an n-refined neutrosophic scalar m = .-, m;I; € R, (1) is defined as:
Zimomil; Xioa;l; = imo(my. a1

Where a; € M, m; € R, [;I; = Ipingj)-

Example 27:

Let M = Z, be the finite module of integers modulo 2 over itself, we have:

(a) The corresponding weak 2-refined neutrosophic module over the ring Z, is
M,(D={0,1,1,,1,,; + L, 1+ 1, + 1,1+ 1,1+ 1,}

Definition 28:

Let M,,(I) be a weak n-refined neutrosophic module over the ring R, a nonempty subset W, (I) is called
a weak n-refined neutrosophic module of M, (I) if W, (I) is a submodule of M,,(I) itself.

Definition 29:

Let M,,(I) be a strong n-refined neutrosophic module over the n-refined neutrosophic ring R,,(I), a
nonempty subset W, (I) is called a strong n-refined neutrosophic submodule of M,,(I) if W,,(I) isa
submodule of M,, (1) itself.

Theorem 30:

Let M,,(I) be a weak n-refined neutrosophic module over the ring R, W, (I) be a nonempty subset of
M, (I). Then W,,(I) is a weak n-refined neutrosophic submodule if and only if:

x+y€eW,(I),m.x € W,(I) forall x,y € W,,(I),m €R.
Proof:

It holds directly from the fact that is W,,(I) is a submodule of M,,(I).

n-Cyclic refined neutrosophic modules
Definition 31 :

Let (M,+,.) be a module over the ring R, we say that M,,(I) = M + MI; + -+ ML, = {xq + x, [, +
o+ x,1,; x; € M} is a weak n-cyclic refined neutrosophic module over the ring R. Elements of M, (I)

are called n-cyclic refined neutrosophic vectors, elements of R are called scalars.

If we take scalars from the n- cyclic refined neutrosophic ring R,, (), we say that M,, (1) is a strong n-
cyclic refined neutrosophic module over the n-cyclic refined neutrosophic ring R,,(I). Elements of

M, (I) are called n-refined neutrosophic scalars.

Remark 32:



Addition on M, (I) is defined as:

2o ail; + Lo bily = Xio(a; + bl

Multiplication by a scalar m € R is defined as:

m. Y, al; = X o(m.ay);

Multiplication by an n-cyclic refined neutrosophic scalar m = Y-, m;I; € R, (I) is defined as:
Dimomil; - Xizoail; = Xizo(my. a)lil;

Where a; € M, m; € R, Ii[j = L(14j mod n)-

Theorem 33:

Let (M,+,.) be a module over the ring R. Then a weak n-cyclic refined neutrosophic module M, (I) is a
module over the ring R. A strong n-cyclic refined neutrosophic module is a module over the n-cyclic

refined neutrosophic ring R, (1).

Proof:

It is similar to the classical case.

Example 34:

Let M = Z, be the finite module of integers modulo 2 over itself, we have:

(a) The corresponding weak 2-cyclic refined neutrosophic module over the ring Z, is
M,(D={01,1,L,I; + L, 1+, + 1,1+ 1,1+ 1}

Definition 35:

Let M,,(I) be a weak n-cyclic refined neutrosophic module over the ring R, a nonempty subset W, (I) is

called a weak n-cyclic refined neutrosophic module of M,, (1) if W,,(I) is a submodule of M,, (1) itself.
Definition 36:

Let M,,(I) be a strong n-cyclic refined neutrosophic module over the n-cyclic refined neutrosophic
ring R,, (1), a nonempty subset W, (I) is called a strong n-cyclic refined neutrosophic submodule of
M, () if W,,(I) is a submodule of M,, (T) itself.

Theorem 37:

Let M,,(I) be a weak n-cyclic refined neutrosophic module over the ring R, W,,(I) be a nonempty

subset of M,,(I). Then W, (I) is a weak n-cyclic refined neutrosophic submodule if and only if:

x+yeW,(I),m.x € W,(I) forall x,y € W,,(I),m €R.



Proof:
It holds directly from the fact that is W,,(I) is a submodule of M,,(I).
Theorem 38:

Let M, (I) be a strong n-cyclic refined neutrosophic module over the n-cyclic refined neutrosophic ring
R, (), W,,(I) be a nonempty subset of M,,(I). Then W, (I) is a strong n-cyclic refined neutrosophic

submodule if and only if:
x+y€eW,(I),m.x e W,()forall x,y € W, (I),m € R,,(]).
Proof:

It holds directly from the fact that is W,,(I) is a submodule of M,,(I) over the n-cyclic refined

neutrosophic ring R,, (I).
Example 39:

is a module over the ring of real numbers R, W =< (0,1) > is a submodule of M, RZ(I) =M = R?
{(a,b) + (m,s)I; + (k,t)I,;a,b,m,s, k,t € R} is the corresponding weak/strong 2-cyclic refined

neutrosophic module.

is a weak 2-cyclic refined W, (I) = {ay + a;I; + a,1,} = {(0,x) + (0,y)I; + (0,2)I,;x,y,z € R}

neutrosophic submodule of the weak 2-cyclic refined neutrosophic module R2 (1) over the ring R.

is a strong 2-cyclic refined W, (I) = {ay + a,I; + a,1,} = {(0,x) + (0,y)I; + (0,2)I,;x,y,z € R}
neutrosophic submodule of the strong 2-cyclic refined neutrosophic module R2(I) over the n-cyclic

refined neutrosophic ring R, (I).
Definition 40:

Let M, (I) be a weak n-cyclic refined neutrosophic module over the ring R, x be an arbitrary element of
M, (1), we say that x is a linear combination of {x;, x;, ..., x;,} < M, () ifx = a;x; + a,x, + - +

AmXm' a; € R, x; € M,,(]).
Example 41:
Consider the weak 2-cyclic refined neutrosophic module in Example 3.9,

, x = 2(0,1) + 1.(1,0)1; + 3(0,1)I;, i.e x is a linear combination of the x = (0,2) + (1,3)I, € RZ(I)
set {(0,1), (1,0)1,,(0,1)1,} over the ring R.

Definition 42:



Let M,,(I) be a strong n-cyclic refined neutrosophic module over the n-refined neutrosophic ring
R, (D), x be an arbitrary element of M,,(I), we say that x is a linear combination of {x;, x,, ..., %, } <
M, (D) ifx =ax; + ayx, + -+ apx,: a; € R, (1), x; € M,,(I).

Example 43:

Consider the strong 2-cyclic refined neutrosophic module RZ2(I) = {(a, b) + (m,s)I; +
(k,t)I,;a,b,m,s, k,t € R} over the 2-cyclic refined neutrosophic ring R, (1),

x=(002)+23)=02+1).01)+1+1L).A1DL =(00,2)+ 0,1 + (1,1 +
, hence x is a linear combination of the set {(0,1), (1,1)1;} over the 2-cyclic refined (1,1)I(3 moq2) = X

neutrosophic ring R, (1).
Definition 44:

Let X = {x,, ..., x,, } be a subset of a weak n-cyclic refined neutrosophic module M,, (I) over thering R,

X is a weak linearly independent set if X2, a;x; = 0 implies a; = 0; a; € R.
Definition 45:

Let X = {x,, ..., x,, } be a subset of a strong n-cyclic refined neutrosophic module M, (I) over the n-
cyclic refined neutrosophic ring R, (I), X is a strong linearly independent set if Y12, a;x; =

0 implies a; = 0; a; € R, (I).
Definition 46:

Let M,,(I), W,,(I) be two strong n-cyclic refined neutrosophic modules over the n-cyclic refined
neutrosophic ring R,, (1), let f: M, (I) = U, (I) be a well defined map. It is called a strong n-cyclic

refined neutrosophic homomorphism if:

flax+by)=a f(x)+b.f(y)forallx,y € M,(I),a,b € R,(]).

A weak n-cyclic refined neutrosophic homomorphism can be defined by the same.

Definition 47:

Let f: M,,(I) = U, (I) be a weak/strong n-cyclic refined neutrosophic homomorphism, we define:
(@) Ker(f) = {x € M,(I); f(x) = O}.

(b) Im(f) = {y € U, (1); Ix € My(D and y = f(x)}.

Theorem 48:

Let f: M,,(I) = U, (I) be a weak n-cyclic refined neutrosophic homomorphism. Then

(@) Ker(f) is a weak n-cyclic refined neutrosophic submodule of M,,(1).



(b) Im(f) is a weak n-cyclic refined neutrosophic submodule of U, (I).
Proof:

(@) f is a module homomorphism since M,,(I), U, (I) are modules, hence Ker(f) is a submodule of the

module M,,(I), thus Ker(f) is a weak n-cyclic refined neutrosophic submodule of M,, ().
(b) Holds by similar argument.

Theorem 49:

Let f: M,,(I) = U, (1) be a strong n-cyclic refined neutrosophic homomorphism. Then
(a) Ker(f) is a strong n-cyclic refined neutrosophic submodule of M,,(1).

(b) Im(f) is a strong n-cyclic refined neutrosophic submodule of U, (I).

Proof:

(@) f is a module homomorphism since M,, (1), U, (I) are modules over the n-cyclic refined
neutrosophic ring R, (1), hence Ker(f) is a submodule of the module M,,(I), thus Ker(f) is a strong

n-cyclic refined neutrosophic submodule of M, (I).

(b) Holds by similar argument.

Theorem 50:

Let f: M,,(I) = U, (I) be a strong n-cyclic refined neutrosophic homomorphism. Then
(@) Ker(f) is a strong n-cyclic refined neutrosophic submodule of M,,(1).

(b) Im(f) is a strong n-cyclic refined neutrosophic submodule of U, (I).

Proof:

(@) f is a module homomorphism since M,,(I), U, (I) are modules over the n-cyclic refined
neutrosophic ring R,, (1), hence Ker(f) is a submodule of the module M,,(I), thus Ker(f) is a strong

n-cyclic refined neutrosophic submodule of M, (I).
(b) Holds by similar argument.
Example 51:

Let RZ(I) = {xo + x11; + x,15; Xo,%1,%, € R*}, R3(1) = {yo + y11, + ¥,15; ¥0,¥1, ¥, € R} be two
weak 2-cyclic refined neutrosophic modules over the ring of real numbers R. Consider f: RZ(I) —
R3(I), where



, f is aweak 2-cyclic refined f[(a, b) + (m,n)I; + (k,s)I,] = (a,0,0) + (m.0.0)I; + (k,0,0)I,
neutrosophic homomorphism over the ring R.

Ker(f) ={(0,b) + (0,n)I; + (0,s)I,; b,n,s € R}
Im(f) ={(a,0,0) + (m,0,0)I; + (k,0,0)I,;a,m, k € R}
Example 52:

Let W, (I) =< (0,0,1)I, >= {q.(0,0,a)l;;a € R,q € R,(D)}, U,(I) =< (0,1,0)], >=
{q.(0,a,0)1;a € R; q € R,(I)} be two strong 2-cyclic refined neutrosophic modules of the strong 2-
cyclic refined neutrosophic module R3 (1) over 2-refined neutrosophic ring R,(1). Define f: W, (I) —
U,(D; f19(0,0,a)11] = q(0,a,0)1,; q € Ry (I).

is a strong 2-cyclic refined neutrosophic homomorphism: f

Let A = q,(0,0,a)];,B = q,(0,0,b)I;, € W,(I); q1,9, € R,(I), we have

A+B=1(q, +q,)(0,0,a+Db)I,f(A+B) =(q, + q2).(0,a+ b,0); = f(A) + f(B).
Letm = c + dl, + el, € R,(I) be a 2-cyclic refined neutrosophic scalar, we have

by the definition of f, hence f is a strong 2-cyclic refined neutrosophic f (m. A) = m. f(4)
homomorphism.

Conclusion

This paper is a review study for neutrosophic module theory. It provides the interested reader a large
background, to help in the development of this field of neutrosophic algebra.
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