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Abstract: A rough neutrosophic set model is a hybrid model which deals with vagueness by using
the lower and upper approximation spaces. In this research paper, we apply the concept of rough
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1. Introduction

Smarandache [1] proposed the concept of neutrosophic sets as an extension of fuzzy sets [2].
A neutrosophic set has three components, namely, truth membership, indeterminacy membership
and falsity membership, in which each membership value is a real standard or non-standard subset
of the nonstandard unit interval |0—,1 + [ ([3]), where 0~ = 0 —¢, 17 = 1 + ¢, € is an infinitesimal
number > 0. To apply neutrosophic set in real-life problems more conveniently, Smarandache [3] and
Wang et al. [4] defined single-valued neutrosophic sets which takes the value from the subset of [0, 1].
Actually, the single valued neutrosophic set was introduced for the first time by Smarandache in 1998
in [3]. Ye [5] considered multicriteria decision-making method using the correlation coefficient under
single-valued neutrosophic environment. Ye [6] also presented improved correlation coefficients of
single valued neutrosophic sets and interval neutrosophic sets for multiple attribute decision making.

Rough set theory was proposed by Pawlak [7] in 1982. Rough set theory is useful to study
the intelligence systems containing incomplete, uncertain or inexact information. The lower and
upper approximation operators of rough sets are used for managing hidden information in a system.
Therefore, many hybrid models have been built, such as soft rough sets, rough fuzzy sets, fuzzy
rough sets, soft fuzzy rough sets, neutrosophic rough sets, andrough neutrosophic sets, for handling
uncertainty and incomplete information effectively. Dubois and Prade [8] introduced the notions
of rough fuzzy sets and fuzzy rough sets. Liu and Chen [9] have studied different decision-making
methods. Broumi et al. [10] introduced the concept of rough neutrosophic sets. Yangetal. [11]
proposed single valued neutrosophic rough sets by combining single valued neutrosophic sets
and rough sets, and established an algorithm for decision-making problem based on single valued
neutrosophic rough sets on two universes. Mordeson and Peng [12] presented operations on
fuzzy graphs. Akram et al. [13-16] considered several new concepts of neutrosophic graphs with
applications. Zafer and Akram [17] introduced a novel decision-making method based on rough
fuzzy information. In this research study, we apply the concept of rough neutrosophic sets to graphs.
We introduce rough neutrosophic digraphs and describe methods of their construction. Moreover,
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we present the concept of self complementary rough neutrosophic digraphs. We also present an
application of rough neutrosophic digraphs in decision-making.

We have used standard definitions and terminologies in this paper. For other notations,
terminologies and applications not mentioned in the paper, the readers are referred to [18-22].

2. Rough Neutrosophic Digraphs
Definition 1. [4] Let Z be a nonempty universe. A neutrosophic set N on Z is defined as follows:
N ={<x:un(x),on(x),AN(x) >, x € Z}
where the functions y,o, A :Z— [0, 1] represent the degree of membership, the degree of indeterminacy and the

degree of falsity.

Definition 2. [7] Let Z be a nonempty universe and R an equivalence relation on Z.A pair (Z, R) is called an
approximation space. Let N* be a subset of Z and the lower and upper approximations of N* in the approximation
space (Z, R) denoted by RN* and RN* are defined as follows:

RN* = {x € Z|[x]g C N*},
RN* = {x € Z|[x]g € N*},

where [x]g denotes the equivalence class of R containing x. A pair (RN*, RN*) is called a rough set.

Definition 3. [10] Let Z be a nonempty universe and R an equivalence relation on Z. Let N be a neutrosophic
set(NS) on Z. The lower and upper approximations of N in the approximation space (Z, R) denoted by RN and
RN are defined as follows:

RN = {< x, ur(n) (%), 0r(n) (%), Ar(ny () >y € [x]r, x € Z},
RN = {< x, yf(N)(x),af(N) (x),)\f( )(x) >y € x|, x € Z},

Z

where,

provy(X) = A un(y), R () = Vo un(y),

yelxr yelxlr
orny) () = A on(y),  orpn(x) = V. on(y,
yElxr ye[xr
Arny(¥) =V AN(Y),  Agan(®) = A An(y).
yelxr yelxlr

A pair (RN, RN) is called a rough neutrosophic set.
We now define the concept of rough neutrosophic digraph.

Definition 4. Let V* be a nonempty set and R an equivalence relation on V*. Let V be a NS on V*, defined as
V={<xuy(x),ov(x),Ay(x) > x € V*}.

Then, the lower and upper approximations of V represented by RV and RV, respectively, are characterized
as NSs in V* such thatV x € V*,

R(V) = {< % gy (1) Oy (9 Ay () >y € ¥},

where,

ye(x]r yexr
ory(X) = A ov(y), oguy(x) =V ov(y),
ye(xr yexr
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Let E* C V* x V* and S an equivalence relation on E* such that

((x1,7%2), (y1,92)) € S & (x1,11), (x2,¥2) € R.
Let E be a neutrosophic set on E* C V* x V* defined as

E={<xy,ue(xy),oe(xy), Ap(xy) >: xy € V* x V*},

3 0f 20

such that
pe(ry) < min{pry (%), prv(y)}
oe(xy) < min{ogy(x),0rv(y)},
Ap(xy) < max{Agy (%), Agy(y)} Vx,y € V™
Then, the lower and upper approximations of E represented by SE and SE, respectively, are defined
as follows
SE = {< xy, use(xy), ose(xy), Asp(xy) >: wz € [xyls, xy € V* x V*},
SE = {< xy, pgp(xy), o5p (xy), Agp(xy) >: wz € [xy|s, xy € V* x V*},
where,
pspy(xy) = N pe(wz),  psp(y) =V pe(wz),
wze(xy|s wz€e|xyls
os(k) (xy) = oe(wz), ogp(xy) =V op(wz),
wz€[xy|s wz€[xyls

Aspy(xy) =V Ap(wz),

wz€[xyls wz€[xyls

A pair SE = (SE, SE) is called a rough neutrosophic relation.

Aspy(xy) = A Ap(wz).

Definition 5. A rough neutrosophic digraph on a nonempty set V* is a four-ordered tuple G = (R, RV, S, SE)
such that

(a)
(b)
(c)
(d)
(e)

R is an equivalence relation on V*;

S is an equivalence relation on E* C V* x V*;

RV = (RV,RV) is a rough neutrosophic set on V*;

SE = (SE, SE) is a rough neutrosophic relation on V* and
(RV, SE) is a neutrosophic digraph where G = (RV,SE) and G = (RV,SE) are lower and upper
approximate neutrosophic digraphs of G such that

puse(xy) < min{pry (x), urv(y)},

ose(xy) < min{ory (x),0rv(y)},

Ase(xy) < max{Agy(x), Agv(y)},

and

<
<
<

min{ pgy (%), pigy (¥) 1
min{ogy, (%), oz (v) },
max{Agy (x), Agy (¥)} V x,y € V*.

Example 1. Let V* = {a,b,c} be a set and R an equivalence relation on V*

1
R=1|0
1

o = O

1
0
1



Axioms 2018,7,5 4 0of 20
Let V ={(a,0.2,0.3,0.6), (b,0.8,0.6,0.5), (c,0.9,0.1,0.4) } be a neutrosophic set on V*. The lower and
upper approximations of V are given by,

RV = {(2,02,0.1,0.6), (b,0.8,0.6,0.5), (c,0.2,0.1,0.6) },
RV = {(a,0.9,0.3,0.4), (b,0.8,0.6,0.5), (c,0.9,0.3,0.4)}.

Let E* = {aa,ab,ac,bb,ca,cb} C V* x V* and S an equivalence relation on E* defined as:

101010
010001
s_|1to1010
000100
101010
(001000 1|

Let E = {(aa, 0.2,0.1,0.4), (ab, 0.2,0.1,0.5), (ac, 0.1,0.1,0.5), (bb, 0.7, 0.5, 0.5), (ca, 0.1,0.1,0.3),
(cb,0.2,0.1,0.5)} be a neutrosophic set on E* and SE = (SE, SE) a rough neutrosophic relation where SE and
SE are given as

SE ={(aa,0.1,0.1,0.5), (ab,0.2,0.1,0.5), (ac,0.1,0.1,0.5), (bb,0.7,0.5,0.5),
(ca,0.1,0.1,0.5), (cb,0.2,0.1,0.5)},

SE ={(a,0.2,0.1,0.3), (ab,0.2,0.1,0.5), (ac,0.2,0.1,0.3), (bb,0.7,0.5,0.5),
(¢a,0.2,0.1,0.3), (cb,0.2,0.1,0.5) }.

Thus, G = (RV,SE) and G = (RV, SE) are neutrosophic digraphs as shown in Figure 1.

(0.2,0.1,0.3)

a(0.9,0.3,0.4)

5(0.8,0.6,0.5)
G = (RV,SE) G = (RV,5E)

Figure 1. Rough neutrosophic digraph G = (G, G).

We now form new rough neutrosophic digraphs from old ones.

Definition 6. Let Gy = (G;,G1) and Gy = (G,, G) be two rough neutrosophic digraphs on a set V*.
Then, the intersection of Gy and G, is a rough neutrosophic digraph G = Gy M Gy = (G; N Gy, G1 N Gy),
where Gy N G, = (RV; N RV,,SE; N SEy) and G1 N Gy = (RVy N RV,, SEy N SEy) are neutrosophic
digraphs, respectively, such that
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(1) urvinRY, (X)
ORV, RV, (¥)
ARV, RV, (¥) R
MSENSE, (YY) = mln{ﬂgEl(X)/ﬂgEz(y)},
OSEnSE, (XY) = )
(xy) =

/\§El NSE, \(XY

(2) Mrv,aRY, () = min{pgy, (x), pgy, (%)},
‘TRVIQRVZ(") = min{ogy, (x)'ffﬁv2<x)}/
ARy, Ry, (X) = max{Agy, (%), Agy, (x)} ¥V x € RVINRV,
:uSEmSEZ(xy) mm{ygEl(x),ygEz(y)}
‘TSEmSEZ(xW mm{”?z;l(x)f‘f?Ez(y)}
Asg nise, (YY) = max{Agg (x), As, (v)} V¥ xy € SEyNSE,.

Example 2. Consider the two rough neutrosophic digraphs G, and G, as shown in Figures 1 and 2. The
intersection of Gy and G is G = Gy M Gy = (G1 N Gy, G1 N Gy) where Gy N G, = (RVy N RV,,SE; N SEy)
and G1 N G, = (RVy N RV,, SEy N SEy) are neutrosophic digraphs as shown in Figure 3.

(0.3,0.1,0.9) (0.6,0.5,0.8)

¢(0.1,0.2,0.9) N 5(06,05,08)  c(0.1,02,09)

IQ

= (BV,SE)

G = (RV,SE)

Figure 2. Rough neutrosophic digraph G = (G, G).

4(0.2,0.1,0.9) (0.6,0.3,0.8)

5(0.3,0.1,0.9) ¢(0.1,0.1,0.9) (0.1,02,0.9)
c(U.1,U.2,0.

5(0.6,0.5,0.8)

(0.2,0.1,0.8) (0.3,0.1,0.9)

Figure 3. Rough neutrosophic digraph G; M G, = (G N Gy, G1 N Gy).
Theorem 1. The intersection of two rough neutrosophic digraphs is a rough neutrosophic digraph.
Proof. Let G; = (G;,G1) and G, = (G,, G) be two rough neutrosophic digraphs. Let G = G; M G, =

(G; NG,, G1 N Gy) be the intersection of G; and G, where G; NG, = (RV; N RV,,SE1N, SE;) and
G1 NGy = (RV; N RV,,SE; N SEy). To prove that G = G; M G, is a rough neutrosophic digraph, it is
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enough to show that SE; N SE; and SE; N SE, are neutrosophic relation on RV; N RV, and RV; N RV;,
respectively. First, we show that SE; N SE; is a neutrosophic relation on RV; N RV5.

MSEyNSE, (XY) = sk, (Xy) A pisk, (xy)
< (urvy (¥) A pirvy (¥) A (irvy (X) A iR, ()
= (Mrv; () A prv, (X)) A (BRV; (V) A RV, ()
= URViNRV (X) A RV RV, (V)

MsEynsk, (xy) < min{pry, nrv, (%), HRviNRV, (V) }

OsE,nsE, (XY) = 05k, (xy) A 0k, (xy)
< (orvy (%) Aorv, (1)) A (0RY, (X) A ORY, (1))
= (0rv; (x) A ory, () A (0RW, () A ORV, (V)
= ORV;NRV; (X) A ORV, ARV, (V)

05, NSE, (YY) < min{oRy,nrv, (), RV ARV (V) }

ASEinSE, (xY) = Ask, (xy) A Ask, (xy)
< (AR (X) VAR, (1)) A (Arvy (%) V ARy, ()
= (Arv; () A ARW, (%)) V (Arw; () A Arv, (v)
= ARViARV; (%) V ARV ARV, (V)

AsEynsk, (xy) < max{Agv;nrv, (X), ARvinRV, (V) }-

Thus, from above it is clear that SE; N SE; is a neutrosophic relation on RV; N RV;.
Similarly, we can show that SE; N SE; is a neutrosophic relation on RV; N RV,. Hence, G is a
rough neutrosophic digraph. [J

Definition 7. The Cartesian product of two neutrosophic digraphs Gy and Gy is a rough neutrosophic digraph
= G] X Gz = (Ql X QZIél X Cz), where Ql X QZ = (Bl X BZ/§E1 X §E2 and él X Cz = (FVl X
RV, SEq x SEp) such that

MRV, (22)},
ORV, xRV, (¥1,X2) = min{ogy, (x1), R
= max{Agy, (x1), prv, (x2)}, V (x1,x2) € RV1 x RV,
in{urv, (x), pse, (x2,2) },
(x)

) = min{pry, (x1
)
)
X, Y2)
x,y2) = min{ogy, (x), 05k, (x2,42) },
X, Y2)
)
)
)

(1) MRV, xRV, (X1, X2

ARV xRV, (X1, X2

|
3

HSE, ><§E2(x/ X2 2 X

7

X

ASE wSE, (X, X2 2) = max{Agry, (x),Asg, (x2,¥2)} V¥V x € RVy,x015 € SE,

7

|
3

in{use, (x1,91), r1, (2) },
= min{osg, (x1,¥1), 0rV, (2) },
max{/\§51 (xl,yl),/\gvz (Z)} Y X1y1 € §E1,Z S BVz,

n,z
N,z

AsE wSE, (X1,2) (Y1, 2

HSE xSE,(X1,Z

(
(
(
)(
OsE;wSE, (X, 22)(
)(
)
)(
)

(
USE,xSE, (x1,2
(

mm{#RV]( )Vﬁvz(xﬁ}f
mm{aﬁv( )I/‘RVZ( 2)},

(2) Hrv, vaz(xlfo)
Ry, (X1, X2) =
vavaz(xlfo) max{/\Rw (x1), iy, (x2)} V (x1,22) € RV; x RV,
)(x,y2) =
)(x,y2) =
)(x,y2) =

X1, X2

ySE]D(SEZ(x X2)(X, Y2 mm{Vva(x)/VEEz(er]/Z)}/
)

min{ogy, (x), 05g, (x2,2) },

max{/\va (X ’A§E2<x2’y2)} Vxe ﬁVl,nyz € §E2,

(xy
U_SE1[><SE2(x/x2 (x’yz
(xy

/\SE]KSEZ (x’ x2 x’ 2
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MsE, wsE, (¥1,2) (y1,2) = min{ugp (x1,v1), gy, (2)}

s, 3K, (¥1,2) (y1,2) = min{ogg (x1,11), 0%y, (2)},

AsE,w5E,(X1,2) (y1,2) = max{Agg (x1,1), Aqy, (2)} Vxiys € SE1,z € RVs,

7 of 20

Example 3. Let V* = {a,b,c,d} bea set. Let Gy = (G, G1) and Gy = (G,, G2) be two rough neutrosophic
digraphs on V*, as shown in Figures 4 and 5. The cartesian product of Gy and G, is G = (G X Gy, G1 X Gp),
where Gy X G, = (RN7 X RN», SEq x SEy) and G1 X Gy = (RNy X RNy, SEy x SE,) are neutrosophic

digraphs, as shown in Figures 6 and 7, respectively.

D D
(=) N3
oy a(0.2,0.4,0.6) b(0.2,0.4,0.6) W a(0.3,0.8,0.3) 5(0.3,0.8,0.3)
3 ;
& 0.2,0.3,0.3 v (0.2,0.4,0.3)
S - (02,03,03) - Q ~
= A — = QT\\ r~
= NS - S N =
e Q2 bt < @9' <
w . s
N ,\“ - o \Q [en}
o @ =] - -
B P [a\] N
S & = D= S
S (0.2,0.4,0.7) S (0.2,0.4,0.7)
Q?‘ d(0.2,0.5,0.9) «0.2,05,09) o d(0.5,0.6,0.8) ¢(0.5,0.6,0.8)
S S
st R J— —
G = (BN, SEy) Gi = (RNy,5Ey)
Figure 4. Rough neutrosophic digraph G; = (G, Gy).
> S
S N
or a(0.5,0.4,0.3) b(0.5,0.4,0.3) o a(0.9,0.6,0.1) 5(0.9,0.6,0.1)
) N)
N (0.4,0.3,0.1) & (0.5,0.3,0.1)
S — = A
o : =) ) o)
—~ ) i 3 Q- 3
£ Q- o N <
o Y = - 9 =
oo © S \J <
¢ b 3 N
> 1< = DN e
S (0.1,0.1,0.5) S (0.2,0.1,0.5) %
~ -
S d(0.2,0.1,0.8) €(0.2,0.1,08) & d(0.5,0.5,0.6) ¢(0.5,0.5,0.6)
- o
S NS

G, = (BN2, SE,)

Go = (RN», SEs)

Figure 5. Rough neutrosophic digraph G, = (G,, G»).
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) (0.2,0.3,0.6) (0.1,0.1,0.6) (0.1,0.1,0.6) p
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Figure 6. Neutrosophic digraph G; x G, = (RNj x RN,, SEj x SEj).
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Figure 7. Neutrosophic digraph G; x G2 = (RNy X RNp, SE1 x SE3).

Theorem 2. The Cartesian product of two rough neutrosophic digraphs is a rough neutrosophic digraph.

Proof. Let G; = (G;,Gy) and G, = (G,, G) be two rough neutrosophic digraphs. Let G = Gy X G, =
(G; X Gy, G1 X Gy) be the Cartesian product of G; and Gy, where G; X G, = (RV; X RV,,SE; X SEp)
and G; x Gy = (RVj x RV;, SE; X SE,). To prove that G = G; X G is a rough neutrosophic digraph,
it is enough to show that SE; x SE; and SE; x SE, are neutrosophic relation on RV; x RV, and
RV; x RV, respectively. First, we show that SE; x SE; is a neutrosophic relation on RVj x RV;.
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If x € RVq, x015 € SE;, then

HSE;wSE, (%, %2) (X, ¥2) = HRv; (X) A s, (X2, 12)
< prv; (%) A (HRv, (%2) A piry, (12))
= (rv; (X) A pirvy (x2)) A (HRV, (X) A piRy, (12))
= MRV, xRV, (X, X2) A PRV xRV, (X, Y2)

USE xSE, (%, X2) (%, y2) < min{pry, xrv, (X, X2), RV xRV, (X, ¥2) },

OSE xSE, (X, %2) (X, ¥2) = Orv; (X) A 05, (X2, 2)
< ory, (%) A (0RW, (X2) A R, (42))
= (orvy (x) A oRV, (x2)) A (ORV; (%) A ORV, (12)
= RV, xRV, (X, X2) A ORV; xRV, (X, 1/2)

05k, wSE, (X, X2) (X, y2) < min{orv,xrv, (X, X2), ORVy xRV, (X, ¥2) },

AsE xSE,y (%, %2) (X, y2) = ARvy (X) V A, (x2,2)
< Arwy () V (AR, (x2) V ARy, (12))
= (Arvy (%) V ARy, (x2)) V (ARvy (x) V ARV, (112))
= ARVixRV, (¥, X2) V ARV, xRV, (X, ¥2)

AsEyxSE, (%, %2, %,y2) < max{ARy,xRrv, (X, X2), ARvy xRV, (%, Y2) }-

If x1y1 € SE1,z € RV, then

HUSE wSE, (%1,2) (1,2) = pse, (X1,Y1) A PRy, (2)
< (urv; (x1) A prv, (Y1) A prv, (2)
= (Hrvy (x1) A PRV, (2)) A (PR, (V1) A HRY, (2))
= MRV, xRV, (X1,2) A PRV, <RV, (Y1, 2)
MsEyxsE, (¥1,2) (y1,2) < min{pgrv, xRy, (¥1,2), PRV xRV, (1,2) },
OsEyxSE, (%1,2) (Y1,2) = 05, (X1, Y1) A ORY, (2)
< (orv, (x1) A ORY; (Y1) A ORY, (2)
= (orv; (1) ARV, (2)) A (0RW, (1) A ORV, (2))
= ORV; xRV, (X1,2) A ORV, xRV, (Y1, 2)
USE, xSE, (¥1,2) (y1,2) < min{orv, xRV, (¥1,2), ORV; xRV, (V1,2) },
Ask sk, (¥1,2)(y1,2) = Ask, (%1,11) V ARy, (2)
< (Arvy (x1) V ARy, (1)) V AR, (2)
= (Arv; (¥1) V ARy, (2)) V (ARv; (1) V ARy, (2))
= ARV xRV, (¥1,2) V ARV xRV, (Y1, 2)

ASE wSE, (X1,2) (Y1,2) < max{ARy, xRrv, (X1,2), ARV, xRV, (Y1, 2) }-

Thus, from above, it is clear that SE; X SE; is a neutrosophic relation on RV x RVj;.
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Similarly, we can show that SE; x SE; is a neutrosophic relation on RV; x RV,. Hence,

G = (G; X Gy, G1 X G) is a rough neutrosophic digraph. [

Definition 8. The composition of two rough neutrosophic digraphs Gy and Gy is a rough neutrosophic digraph
G =G10Gy = (G;0G,,Gy0Gy), where Gy oG, = (RVy o RV,,SE; 0 SEy) and G1 0 G, = (RV; o

RV», SE; o SEy) are neutrosophic digraphs, respectively, such that

(1) HRVi0RV, (xlfo) = min{]’lﬁvl (xl)r HRV, (xZ)}r
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ORVi0RV, X1,X2) =

ARV oRV, (X1, X2) =
HSEloSEz(x x2)(x, Y2
(x, 2
(x,y
(
(
(

(
(
)(x,y2) =
U§E105E2(xrx2) ) =
ASE,oSE, (%, X2) (X, 12) =
HSE,oSE, (X1,2) (Y1,2) =
UgEloSEz(xer) Y1,2z) =
AsEjosE, (X1,2)(Y1,2) =
(y1,v2) =
(y1,v2)
(y1,v2)

HUSE,oSE, (X1, %2) (Y1, Y2

USEloSEz(xlf x2) Y1, Y2) =

/\SEloSEz (xl/ xZ) yl/yz =

(2) PRv,0RV,
X1, X2

X1, X2
VSElosEZ(x X2)(X, Y2
SE,05E, (1 X2) (X, 12
y
(
SE,oSE, (X1, 2
SEloSEz(xer Y1,2
l‘sglosgz(xlrxz Y1, Y2

Y1, Y2

/\55105};2 ('xlr X2 )\Y1, Y2

(x1,x2) =
Ry, (Y1, %2) =
Ry, (Y1, %2) =
)(x,y2) =
)(x,y2) =
ASE, oSE, (x,x2) ) =
M3k 05E, (X1,2) (y1,2) =
)(y1,2) =
)(y1,2) =
(1 y2) =
(Y1, y2) =
(1. y2) =

)
OSE,05E, (¥1,%2)
)
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min{ogy, (x1), iRy, (x2)},
max{Agy, (x1), urv, (x2)} V (x1,x2) € RV] X RV},
min{pgy, (x), pse, (x2,42) },
min{ory, (x), 0sE, (¥2,¥2)},
max{Ary, (x),Agg, (x2,y2)} Vx € RVy, x015 € SE,
min{pse, (x1, 1), frv, (2)},
min{ose, (x1,¥1), 0rw, (2) },
max{Agg, (x1,¥1),Arv,(2)} V x1y1 € SE1,z € RV,
min{psg, (X1, Y1), kv, (X2), 1R, (2) }
min{osg, (¥1,y1), 0rv, (%2), OV, (¥2) },
max{Agg, (¥1, Y1), Arv, (¥2), ARV, (¥2) }

V x1y1 € SEq1, x2,y2 € RVa, x0 # 1.
mm{Vva (x1), VRVZ(XZ)}
min{ogy, (¥1), pgy, (*2)},
max{ARVl(xl) Ry, (X2)} V¥ (x1,%2) € RVi x RV3,
Mse, (X2, 42) )
gr, (X2,42)},
max{Agy, (x), Agp, (x2,42)} ¥ x € RV1, %002 € SEy,
mm{l‘sEl (x1,91), MRy, (2)}
mm{USE (x1,11), 0y, (2 z)},
max{Agg, (x1,41), Ay, (2)} ¥V x1y1 € SEy,z € RV,
mm{?‘sgl X1,Y1), FRV2(3C2) F‘RVZ(W)}
mm{‘fsg (x1, 1), ‘TRVZ(XZ) URV2(]/2>}
max{)\SE (x1,11), sz(x2)//\ﬁvz(y2)}

Vxlyl S SEl,xz,yz € EVz, X2 75 Y2

& (%),
', (%),

Example 4. Let V* = {p,q,r} be a set. Let Gy = (G;1,G1) and G, = (G,, Gy) be two RND on V*,
where G; = (RVy,SEy) and G; = (RVy,SEy) are ND, as shown in Figure 8. G, = (RV,,SE,) and
Gy = (RV», SEy) are also ND, as shown in Figure 9.

The composition of Gy and Gy is G = G1 0 Gy = (G 0 G,, G1 0 Gy) where G; 0 G, = (RV; 0o RV, SEj 0

SEy) and G1 oGy =

(RVy o0 RV, SE; o SE,) are NDs, as shown in Figures 10 and 11.
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G, = (BV1,5E)

(0.5,0.4,0.5)
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¢(0.3,0.2,0.1)
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61 = (§V1§E1)

Figure 8. Rough neutrosophic digraph G; = (G4, G1).
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G, = (RV2,SE»)

(0.6,0.2,0.1)

(0.6,0.2,0.2)

4(0.9,0.4,0.1)

7(0.7,0.6,0.3)

Gy = (RV2,5E,

Figure 9. Rough neutrosophic digraph G, = (G,, G»).
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Figure 10. Neutrosophic digraph G, o G, = (RVj o RV,, SE; 0 SEy).
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Figure 11. Neutrosophic digraph G; o G, = (RV; o RV,, SEq 0 SE»).

Theorem 3. The Composition of two rough neutrosophic digraphs is a rough neutrosophic digraph.

Proof. Let G; = (G;,G1) and G, = (G,, G2) be two rough neutrosophic digraphs. Let G = G; 0 G, =
(G; © Gy, Gy 0 Gy) be the Composition of G and G,, where G; 0 G, = (RV; o RV,,SE; o SE;) and
Gy 0 Gy = (RVy 0 RV,,SE; 0 SE,). To prove that G = G; o G, is a rough neutrosophic digraph, it is
enough to show that SE; o SE; and SE; o SE; are neutrosophic relations on RV; o RV, and RV o RV;,
respectively. First, we show that SE; o SE; is a neutrosophic relation on RVj o RV5.

Ifx e BVl,xzyz € SE,, then

MSE oSE, (X, X2) (X, ¥2) = prv; (%) A pisk, (x2,2)
< prvy () A (BRV, (X2) A HRY, (Y2))
= (urv; (x) A RV, (x2)) A (RV, (X) A RV, (12))
= URV;0RV, (X, X2) A HRV;0RV, (X, Y2)

MSE;osE, (%, %2) (X, ¥2) < min{prviorv, (X, X2), PRVi0RV, (X, ¥2) },

O5E 0SE, (%, %2) (X, Y2) = Orv; () A OsE, (x2,12)
< ojy, (%) A (0RV, (X2) A RV, (42))
= (orv; () A ORY, (22)) A (ORV, (X) A ORY, (12)
= ORV1oRV, (X, X2) A ORV RV, (X, Y2)

OsE 0SE, (X, %2) (X, ¥2) < min{oRry,orv, (X, X2), ORV,0RV, (X, Y2) },

AsEosE, (X, 22)(x,y2) = Arvy (%) V Asp, (x2,12)
< ARy, (%) V (ARw, (%2) V ARy, (42))
= (Arvy (%) V ARw, (x2)) V (ARvy (%) V ARy, (¥2))
= ARVy0RV, (X, X2) V ARVi0RV (X, 2)

AsEyoSE, (X, X2, %, ¥2) < max{Arviorv, (X, X2), ARv;0RV, (X,42) }-

If x1y1 € SEq,z € RV,, then

HsEoSE, (X1,2) (Y1,2) = sk, (X1,¥1) A PR, (2)
< (urv; (x1) ARy, (Y1) A PRy, (2)
= (urv; (x1) ARV, (2)) A (HRV, (V1) A BRY, (2))
= HRV;0RV; (X1, Z) A RV 0RV, (1, 2)

HSE,oSE, (X1,2) (Y1,2) < min{prv,orv, (X1,2), HRV;0RV, (V1,2) },



Axioms 2018,7,5 13 of 20

OSE08E, (X1,2) (Y1, 2) = 03k, (x1,Y1) A 0RY, (2)
< (orw; (x1) A ory; (1)) A RV, (2)
= (orv; (¥1) A ORV,(2)) A (0RV; (1) A ORV, (2))
= ORV10RV, (¥1,2) A ORV 0RV, (Y1, 2)

USE 0SE, (¥1,2) (¥1,2) < min{orv,orv, (¥1,2), ORVy0RW, (¥1,2) },

ASE oSE, (¥1,2) (Y1,2) = Ask, (X1,41) V ARy, (2)
< (Arwy (x1) V ARy, (1)) V ARy, (2)
= (Arv; (x1) V ARy, (2)) V (ARv; (1) V AR, (2))
= ARV1oRV, (¥1,2) V ARVy0RV, (V1, 2)

ASE,oSE, (X1,2) (Y1,2) < max{ARv,orv, (¥1,2), ARV,0RV, (V1,2) }-
If x1y1 € SEq, x2,y2 € RV, such that xp # y»,

MSE osE, (X1, %2) (Y1, Y2) = sk, (x1y1) A prv, (%2) A piry, (v2)
< (Hrvy (¥1) A prv; (¥1)) A PRy, (X2) A iRy, (2)
= (urv; (x1) ARy, (22)) A (pRv; (V1)) A RV, (12))
= URVi0RV, (X1, X2) A HRV;0RV, (Y1, Y2)
HSE oSE, (X1, %2) (Y1, ¥2) < min{pry,orv, (X1, X2), HRV;0RV, (Y1, Y2) }
0SE 0SE, (Y1, X2) (Y1, ¥2) = 05k, (X11) A ORY, (X2) A ORY, (42)
< (orw; (x1) A oRY; (V1)) A ORY, (%2) A RV, (2)
= (0rv; (x1) ARV, (x2)) A (0RW, (V1)) A ORV, (V2))
= ORV;0RV, (X1, X2) A\ ORVi0RY, (Y1, Y2)
OSE,0SE, (X1, %2) (Y1, ¥2) < min{ory,orv, (X1, %2), ORV; RV, (V1,Y2) }
AsEqosk, (X1,%2) (Y1, Y2) = Ase, (x1y1) V ARw, (%2) V ARy, (12)
< (Arw; (x1) V ARy, (¥1)) V ARy, (x2) V ARy, (42)
= (Arv; (¥1) V ARy, (¥2)) V (ARv; (1)) V ARy, (2))
= ARV,oRV, (X1, X2) V ARV;0RV, (1, Y2)

AsE osE, (X1, %2) (Y1, ¥2) < max{ARv,orv, (¥1,X2), ARV, 0RV, (Y1, Y2) }-

Thus, from above, it is clear that SE; o SE; is a neutrosophic relation on RVj o RV5.
Similarly, we can show that SE; o SE; is a neutrosophic relation on RV; o RV,.  Hence,

G = (G; 0 G,, Gy o Gy) is a rough neutrosophic digraph. O

Definition 9. Let G = (G, G) be a RND. The complement of G, denoted by G' = (G',G') is a rough
neutrosophic digraph, where G' = ((RV)', (SE)')and G = ((RV))', (SE)') are neutrosophic digraph such that

(1) Hrvy(x) =pry
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(2)  ury(x) = pgy(x),
gy (X) = ogy (%),
Ay (%) = Agy(x), VxeV*
ey (% y) = min{ugy (), pry (v)} — pgp(xy)
o sy (0,y) = min{ogy, (x), 0gy (v) } — ogp(xy)
A(gE),(x,y) = max{Agy (%), Agy (V) } — Agp(xy) Vx,y € V™.

Example 5. Consider a rough neutrosophic digraph as shown in Figure 4. The lower and upper approximations
of graph G are G = (RV,SE) and G = (RV, SE), respectively, where

RV = {(a,0.2,0.4,0.6), (b,0.2,0.4,0.6), (c,0.2,0.5,0.9), (d,0.2,0.5,0.9)},
RV = {(a,0.3,0.8,0.3).(,0.3,0.8,0.3), (c,0.5,0.6,0.8), (4,0.5,0.6,0.8) },

SE = {(a,0.2,0.3,0.3), (ab,0.2,0.3,0.3), (ad, 0.1,0.3,0.8), (bc,0.1,0.3,0.8),
(bd,0.1,0.3,0.8), (dc,0.2,0.4,0.7), (dd,0.2,0.4,0.7)},

SE = {(aa,0.2,0.4,0.3), (ab,0.2,0.4,0.3), (ad, 0.2,0.4,0.7), (bc,0.2,0.4,0.7),
(bd,02,0.4,0.7), (dc,0.2,0.4,0.7), (dd,0.2,0.4,0.7)}.

The complement of G is G' = (G',G'). By calculations, we have

(RV) = {(a,0.2,04,0.6), (b,0.2,0.4,0.6), (c,0.2,0.5,0.9), (d,0.2,0.5,0.9)},
(RV)' = {(a,0.3,0.8,0.3).(b,0.3,0.8,0.3), (c,0.5,0.6,0.8), (d,0.5,0.6,0.8) },

(SE)" = {(aa,0,0.1,0.3), (ab,0,0.1,0.3), (ac,0.2,0.4,0.9), (ad,0.1,0.1,0.1), (ba,0.2,0.4,0.6), (bb,0.2,0.4,0.6),
(bc,0.1,0.1,0.1), (bd,0.1,0.1,0.1), (ca,0.2,0.4,0.9), (cb,0.2,0.4,0.9), (cc,0.2,0.5,0.9), (cd,0.2,0.5,0.9),
(da,0.2,0.4,09), (db,0.2,0.4,0.9), (dc,0,0.1,0.2), (dd,0,0.1,02)},

(SE)' = {(aa,0.1,0.4,0), (ab,0.1,0.4,0), (ac,0.3,0.6,0.8), (ad,0.1,0.2,0.1), (ba,0.3,0.8,0.3), (bb,0.3,0.8,0.3),
(bc,0.1,0.2,0.1), (bd,0.1,0.2,0.1), (ca,0.3,0.6,0.8), (cb,0.3,0.6,0.8), (cc,0.5,0.6,0.8), (cd, 0.5,0.6,0.8),
(da,0.3,0.6,0.8), (db,0.3,0.6,0.8), (dc,0.3,0.2,0.1), (dd,0.3,0.2,0.1)}.

Thus, G' = ((RV)',(SE)") and G = ((RV)', (SE)') are neutrosophic digraph, as shown in Figure 12.

a(0.2,0.4,0.6) 5(0.2,0.4,0.6) (0.3,0.8,0.3) 5(0.3,0.8,0.3)

—=/

Figure 12. Rough neutrosophic digraph G’ = (G, G ).

Definition 10. A rough neutrosophic digraph G = (G, G) is self complementary if G and G’ are isomorphic,
thatis, G~ G' and G =G
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Example 6. Let V* = {a,b,c} be a set and R an equivalence relation on V* defined as:

1
R=10
1

o = O

1
0
1

Let V. ={(a,02,04,0.8),(b,0.2,04,0.8), (c,0.4,0.6,0.4)} be a neutrosophic set on V*. The lower and
upper approximations of V are given as,
RV ={(a,0.2,0.4,0.8),(b,0.2,0.4,0.8),(c,0.2,0.4,0.8) },
RV = {(a,04,0.6,0.4),(b,0.2,0.4,0.8), (c,0.4,0.6,0.4) }.

Let E* = {aa,ab,ac,ba} C V* x V* and S an equivalence relation on E* defined as

o o =
oo r o
o= o=
—_ o o o

Let E = {(aa,0.1,0.3,0.2), (ab,0.1,0.2,0.4), (ac,0.2,0.2,0.4), (ba,0.1,0.2,0.4) } be a neutrosophic set
on E* and SE = (SE, SE) a RNR where SE and SE are given as
SE = {(aa,0.1,0.2,0.4), (ab,0.1,0.2,0.4), (ac,0.1,0.2,0.4), (ba,0.1,0.2,0.4)},
SE = {(aa,0.2,0.3,0.2), (ab,0.1,0.2,0.4), (ac,0.2,0.3,0.2), (ba,0.1,0.2,0.4) }.

Thus, G = (RV,SE) and G = (RV,SE) are neutrosophic digraphs, as shown in Figure 13.
The complement of G is G' = (G',G), where G' = G and G = G are neutrosophic digraphs, as shown
in Figure 13, and it can be easily shown that G and G’ are isomorphic. Hence, G = (G,G) is a self
complementary RND.

¢(0.2,0.4,0.8) ¢(0.4,0.6,0.4)

b(0.2,0.4,0.8)

Theorem 4. Let G = (G, G) be a self complementary rough neutrosophic digraph. Then,

Y pse(ws) =5 ¥ (kev(@) A ()
w,zeV* w,zeV*

Y, ose(wz) = % (orv (w) A ory(2))
w,zeV* w,zeV*

Y Ase(ws) =5 L (wv(@) Vg ()
w,zeV* w,zeV*

Y, pgp(wz) = % Y (ugy (@) A pgy(2))
w,zeV* w,zeV*

Y, o5p(wz) = % Y. (ogy(w) Aogy(2))
w,zeV* w,zeV*

Y Asp(ws) =3 Y (gy(w)VAgy ().

w,zeV* w,zeV*
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Proof. Let G = (G, G) be a self complementary rough neutrosophic digraph. Then, there exist two
isomorphisms g : V* — V*and g : V* — V", respectively, such that

and

=~ S =

A
»
o
o~ A~

b~ I~
ool %8l %ol S S S

y(gw)) = prv(w),
y(g(w)) orv (w),
y(g(w)) Ary(w), Yw e V*
w)g(z)) #se) (wz),
w)g(z)) = o(sp)(wz),
w)g(z)) = Mgp)(wz) Vw,z € v*
y@w)) = pgy(w),
y@w)) = ogy(w),
),(g(w)) = Agy(w), Ywe V*
w)g(z)) = pep)(wz),
w)g(z)) o (sp)(wz),
w)g(z)) = A gE)(wz) Vw,zeV”
= (urv(w) A pry(2)) — sy (wz)
(nrv(w) A prv(2)) — p(sg)(wz)
= ZV*(VBV(W Aurv(z)) — ZV* H(se)y(wz)
= ZV*(VRV(W) Aprv(2))
= % Y. (urv(w) A gy (z))
w,zeV*
= (orv(w) Aorv(z)) — o(sE) (wz)
(orv(w) A orv(z)) — o(sE) (w2)
= Z ory (w) Aory(z)) — Z o(sE)(wz)
w,zeV* w,zeV*
= (orv (w) A ory(z))
w,zeV*
= 2 T (orv(w) Aogv(2))
w,zeV*
= (Arv(w) VARrv(2)) — A(sg) (wz)
(Arv(w) V ARy (2)) — A(sp)(wz)
= ZV*()\BV(W) VARy(2)) — ZV* A(sg)(wz)
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Similarly, it can be shown that

1
Y psws) = 5 L (ipy(w) Apgy(2)
w,zeV* w,zeV*

1
Y, ogp(wz) = 5 (ory (W) A ogy (2))
w,zeV* w,zeV*

1
E Agp(wz) = > (Agy (W) V Agy(2)).
w,zeV* w,zeV*

This completes the proof. [

3. Application

Investment is a very good way of getting profit and wisely invested money surely gives certain
profit. The most important factors that influence individual investment decision are: company’s
reputation, corporate earnings and price per share. In this application, we combine these factors into
one factor, i.e. company’s status in industry, to describe overall performance of the company. Let us
consider an individual Mr. Shahid who wants to invest his money. For this purpose, he considers some
private companies, which are Telecommunication company (TC), Carpenter company (CC), Real Estate
business (RE), Vehicle Leasing company (VL), Advertising company (AD), and Textile Testing company
(TT). Let V*={TC, CC, RE, VL, AD, TT } be a set. Let T be an equivalence relation defined on V*
as follows:

101010
010000
r_|101010
000101
101010
(00010 1]

Let V = {(TC,0.3,04,0.1), (CC,038,0.1,0.5), (RE, 0.1,0.2,0.6), (VL,0.9,0.6,0.1), (AD, 0.2, 0.5,
0.2), (TT, 0.8, 0.6, 0.5) } be a neutrosophic set on V* with three components corresponding to each
company, which represents its status in the industry and TV = (TV, TV) a rough neutrosophic set,
where TV and TV are lower and upper approximations of V, respectively, as follows:

TV = {(TC,0.1,02,06),(CC,0.8,0.1,0.5),(RE,0.1,0.2,0.6), (VL,0.8,0.6,0.5), (AD,
0.1,0.2,0.6), (TT,0.8,0.6,0.5)},
TV = {(TC,03,05,0.1),(CC,0.8,0.1,0.5), (RE,0.3,0.5,0.1),(VL,0.9,0.6,0.1), (AD,
0.3,0.5,0.1), (TT,0.9,0.6,0.1)}.
Let E* = {(TC,CC),(TC,AD),(TC,RE),(CC,VL),(CC,TT),(AD,RE),(TT,VL)},

be the set of edges and S an equivalence relation on E* defined as follows:

(1 0 0 0 0 0 07
0110010
0110010
S=(0001100
0101100
001 0O0T1FO0
L0 0 0 0 0 0 1]
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LetE = {((TC,CC),0.1,0.1,01),((TC, AD),0.1,0.2,0.1), ((TC, RE),0.1,0.2,0.1),
((cC,vL),08,0.1,0.5), ((CC,TT),0.8,0.1,0.5), ((AD, RE),0.1,0.2,0.1),
((TT,VL),0.8,0.6,0.1)}

be a neutrosophic set on E* which represents relationship between companies and SE = (SE, SE)

a rough neutrosophic relation, where SE and SE are lower and upper upper approximations of E,
respectively, as follows:

SE = ((TC,CC),0.1,0.1,0.1), ((TC, AD),0.1,02,0.1), ((TC, RE),0.1,0.2,0.1),
(CC,VL),08,0.1,05), ((CC,TT),0.8,0.1,0.5), ((AD, RE),0.1,0.2,0.1),
(TT,VL),08,0.6,0.1)},

((TC,CC),0.1,0.1,0.1), ((TC, AD),0.1,02,0.1), ((TC, RE),0.1,0.2,0.1),
(CC,VL),0.8,0.1,05), ((CC,TT),0.8,0.1,0.5), ((AD, RE)0.1,0.2,0.1),
(TT,VL),0.8,0.6,0.1)}.

SE =

{
(
(
{
((
((

Thus, G = (TV,SE) and G = (TV, SE) is a rough neutrosophic digraph as shown in Figure 14.

(0.1,0.1,0.1)

7C(0.1,0.2,0.6) CC(0.8,0.1,0.5)

(1'0°T0°1°0)

(0.8,0.1,0.5)

0.8,0.6,0.1)

7 E)

(0.1,0.1,0.1)

TC(0.3,0.5,0.1) CC(0.8,0.1,0.5)

(1'0°T0°1°0)
(0.8,0.1,0.5)

(0.1,02,0.1) 0.8,0.6,0.1)

RE(0.3,0.5,0.1)

G = (TV,SE)

Figure 14. Rough neutrosophic digraph G = (G, G).

To find out the most suitable investment company, we define the score values

T(U]') + I(Z)]') — F(Z)]‘)
oioyekr 3~ (T(vjvj) + I(viv}) — F(v;v;))’

S(vi) =

where

(o) = T30,
(o)) = 152,

and
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T(v;0;)+T(v;v;
T('Ui'U]') 7(7]10])2 (Uzv])’
I(v;0;)+1(v;v;
I(v;v)) = *7(0'01)27(0'0’),
F(v;v;)+F(v;0))

F(ojo;) = S0 H00)

of each selected company and industry decision is vy if vy = max S(v;). By calculation, we have

1
S(TC) = 0.4926, S(CC) = 1.4038, S(RE) = 0.0667, S(VL) = 0.3833, S(AD) = 0.1429 and S(TT) = 1.3529.
Clearly, CC is the optimal decision. Therefore, the carpenter company is selected to get maximum
possible profit. We present our proposed method as an algorithm. This Algorithm 1 returns the optimal
solution for the investment problem.

Algorithm 1 Calculation of Optimal decision

Input the vertex set V*.

Construct an equivalence relation T on the set V*.
Calculate the approximation sets TV and TV.
Input the edge set E* C V* x V*.

Construct an equivalence relation S on E*.
Calculate the approximation sets SE and SE.
Calculate the score value, by using formula

T(U]') + I(Uj) — F(ZJ]‘)
3 — (T (vjv)) + I(v;ivj) — F(v;v))

S(v;) =

viv/EE*
8: The decision is S(v;) = max S(v;).
v;eV*

9: If vx has more than one value, then any one of S(v) may be chosen.

4. Conclusions and Future Directions

Neutrosophic sets and rough sets are very important models to handle uncertainty from two
different perspectives. A rough neutrosophic model is a hybrid model which is made by combining
two mathematical models, namely, rough sets and neutrosophic sets. This hybrid model deals with soft
computing and vagueness by using the lower and upper approximation spaces. A rough neutrosophic
set model gives more precise results for decision-making problems as compared to neutrosophic set
model. In this paper, we have introduced the notion of rough neutrosophic digraphs. This research
work can be extended to: (1) rough bipolar neutrosophic soft graphs; (2) bipolar neutrosophic soft
rough graphs; (3) interval-valued bipolar neutrosophic rough graphs; and (4) neutrosophic soft
rough graphs.
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