Annals of Fuzzy Mathematics and Informatics

Volume x, No. x, (Month 201y), pp. 1-xx @FMH . .
ISSN: 2093-9310 (print Version) @ Research Institute for Basic
ISSN: 2287-6235 (electronic version) Science, Wonkwang University

http:/ /www.afmi.or.kr http://ribs.wonkwang.ac.kr

Single valued neutrosophic relations

J. H. Kim, P. K. Lim, J. G. LEg, K. HUr

Received 6 March 2018; Revised 5 April 2018; Accepted 24 June 2018

ABSTRACT.

We introduce the concept of a single valued neutrosophic reflexive, sym-
metric and transitive relation. And we study single valued neutrosophic
analogues of many results concerning relationships between ordinary re-
flexive, symmetric and transitive relations. Next, we define the concepts of
a single valued neutrosophic equivalence class and a single valued neutro-
sophic partition, and we prove that the set of all single valued neutrosophic
equivalence classes is a single valued neutrosophic partition and the sin-
gle valued neutrosophic equivalence relation is induced by a single valued
neutrosophic partition. Finally, we define an a-cut of a single valued neu-
trosophic relation and investigate some relationships between single valued
neutrosophic relations and their a-cuts.
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1. INTRODUCTION

In 1965, Zadeh [28] had introduced the concept of a fuzzy set as the generalization
of a crisp set. In 1971, he [27] defined the notions of similarity relations and fuzzy
orderings as the generalizations of crisp equivalence relations and partial orderings
playing basic roles in many fields of pure and applied science. After that time,

many researchers [5, 6, 7, 8,9, 10, 13, 14, 18] studied fuzzy relations. In particular,
Chakraborty et al. [5, 6, 7, 8] defined a fuzzy relation over a fuzzy set and obtained
many properties. Furthermore, Dib and Youssef [9] defined the fuzzy Cartesian

product of two ordinary sets X and Y as the collection of all L-fuzzy sets of X x Y,
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where L = I x I and I denotes the unit closed interval. In 2009, Lee [14] obtained
many results by using the notion of fuzzy relations introduced by Dib and Youssef.

In 1968, Atanassov [1] defined an intutionistic fuzzy set as a generalization of
a fuzzy set. After then, Atanassov and Gargov [2, 3] introduced the concept of
an interval-valued intuitionistic fuzzy set an dealt with intuitionistic fuzzy logics.
Moreover, Hur et al. [11] studied the category of intuitionistic H-fuzzy relation in
the sense of a topological universe. Recently, Liu et al. [15, 16, 17] applied the
concepts of an intuitionistic fuzzy set and an interval-valued intuitionistic fuzzy set
to multi-attribute group decision making and group decision making, respectively.

In 1998, Smarandache [23] defined the concept of a neutrusophic set as the gen-
eralization of an intuitionistic fuzzy set. Also he introduced neutrosophic logics,
neutrosophic sets, neutrosophic probabilities, neutrosophic statistics and its appli-
cations in [21, 22] . Furthermore, Salama et al. [19, 20] introduced the concept of
a neutrusophic relation and studied its some properties. Recently, Bhowmik and
Pal [4] introduced the concept of a neutrosophic relation and studied some of its
properties. In particular, Wang et al. [24] introduced the notion of a single valued
neutrosophic set. Moreover, Yang et al. [25] defined a single valued neutrosophic
relation and investigated some of its properties.

In this paper, first, we introduce a single valued neutrosophic relation from a set
X to Y and the composition of two single valued neutrosophic relations. Also we
introduce some operations between single valued neutrosophic relations and obtain
some of their properties. Second, we introduce the concept of a single valued neu-
trosophic reflexive, symmetric and transitive relation. And we study single valued
neutrosophic analogues of many results concerning relationships between ordinary
reflexive, symmetric and transitive relations. Third, we define the concepts of a sin-
gle valued neutrosophic equivalence class and a single valued neutrosophic partition,
and we prove that the set of all single valued neutrosophic equivalence classes is a
single valued neutrosophic partition and the single valued neutrosophic equivalence
relation is induced by a single valued neutrosophic partition. Finally, we define an
a-cut of a single valued neutrosophic relation and investigate some relationships
between single valued neutrosophic relations and their a-cuts.

2. PRELIMINARIES

In this section, we introduce the concept of single valued neutrosophic set, the
complement of a single valued neutrosophic set, the inclusion between two single
valued neutrosophic sets, the union and the intersection of two single valued neu-
trosophic sets.

Definition 2.1 ([22]). Let X be a non-empty set. Then A is called a neutrosophic
set (in sort, NS) in X, if A has the form A = (T4, I, F4), where

Ta: X —]70,1%[, Ia: X =]70,1%], Fa: X —]70,1+[.
Since there is no restriction on the sum of Ta(x), I4(x) and Fa(z), for each z € X,

0L TA(.'L‘) + [A(.'L‘) + FA(SU) < 3T,

Moreover, for each x € X, Ta(x) [resp.,Ja(x) and F4(x)] represent the degree of
membership [resp.,indeterminacy and non-membership] of z to A.
2
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From Example 2.1.1 in [19], we can see that every IFS (intutionistic fuzzy set) A
in a non-empty set X is an NS in X having the form

A= (TA,I— (TA+FA),FA),
where (1 — (T4 + Fa))(x) =1 — (Ta(x) + Fa(z)).

Definition 2.2 ([22]). Let A and B be two NSs in X. Then we called A is contained
in B, denoted by A C B, if for each x € X, inf Ta(z) <inf Tp(x), sup Ta(z) <
sup Tp(z), inf Ia(z) > inf Ip(z), sup Ia(z) > sup Ip(z), inf Fa(z) > inf Fp(z)
and sup Fa(z) > sup Fp(x).

Definition 2.3 ([24]). Let X be a space of points (objects) with a generic element
in X denoted by z. Then A is called a single valued neutrosophic set (in sort, SVNS)
in X, if A has the form A = (Ta,Ia,Fa), where T4, Ia, Fa:X —[0,1].

In this case, T4, I4, F4 are called truth-membership function, indeterminacy-
membership function, falsity-membership function, respectively and we will denote
the set of all SVNSs in X as SVNS(X).

Furthermore, we will denote the empty SVNS [resp. the whole SVNS] in X as
On [resp. 1n] and define by On(z) = (0,1,1) [resp. 15 = (1,0,0)], for each z € X.

Definition 2.4 ([24]). Let A € SVNS(X). Then the complement of A, denoted by
A€, is a SVNS in X defined as follows: for each z € X,
Tac(z) = Fa(x), Tac(z) =1— I4(x) and Fac(x) = Ta(x).
Definition 2.5 ([20]). Let A, B € SVNS(X). Then
(i) A is said to be contained in B, denoted by A C B, if for each x € X,
Ta(z) <Tp(x), Ia(z) > Ip(x) and Fa(x) > Fp(x),
(ii) A is said to be equal to B, denoted by A = B, if A C B and B C A.

Definition 2.6 ([25]). Let A, B € SVNS(X). Then
(i) the intersection of A and B, denoted by AN B, is a SVNS in X defined as:

AQBZ(TA /\TB,IA\/IB,FA\/FB)7

where (Ta ATg)(x) = Ta(x) VTg(x), (FaV Fp) = Fa(z)V Fg(x), for each z € X,
(ii) the union of A and B, denoted by AU B, is an SVNS in X defined as:

AUBZ(TA \/TB,IA/\IB,FA/\FB).

Result 2.7 ([25], Proposition 2.1). Let A, B € NS(X). Then
(1) ACAUB and BC AU B,
(2 )AﬂBCA and AN B C B,
(3) (A°)° = 4,
(4) (AUB)* = A°NB°, (ANDB)* = A°U B°.
3. SINGLE VALUED NEUTROSOPHIC RELATIONS

In this section, we introduce the concepts of single valued neutrosophic relation,
the composition of two single valued neutrosophic relations and the inverse of a
single valued neutrosophic relation, and study some properties of each concept.

Let XY, Z be ordinary non-empty sets.

3
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Definition 3.1. R is called a single valued neutrosophic relation (in short, SVNR)
from X to Y, if it is a SVNS in X X Y having the form:

R = (Tr,Ir, Fr),

where T, Ig, Fr : X XY — [0,1] denote the truth-membership function, indeter-
minacy membership function, falsity-membership function, respectively.

For each (z,y) € X XY, Tr(z,y) [resp.,Ir(x,y) and Fr(z,y)] represent the degree
of membership [resp., indeterminacy and non-membership| of (z,y) to R.

In particular, a SVNR from from X to X is called a SVNR in X (See [25]).

The empty SVNR][resp. the whole SVNR] in X is denoted by ¢n [resp. Xn] and
defined as follows: for each (z,y) € X x X,

on(x,y) =(0,1,1) [resp. Xn(z,y) = (1,0,0)].

We will denote the set of all SVNRs in X [resp. from X to Y] as SVNR(X)
[resp. SVNR(X xY)].

Let X = {z1,22,...,xn} and let Y = {y1,¥2,...,yn}. Then R = (Tg,Ir, Fr) €
SVNR(X xY) can be expressed by m x n matrix. This kind of matrix expressing
a SVNR will be called a single valued neutrosophic matrix.

Definition 3.2 (See [25]). Let R € SVNR(X xY). Then
(i) the inverse of R, denoted by R, is a SVNR from Y to X defined as follows:
for each (y,z) € Y x X, R™Y(z,y) = R(y,x), i.e.,
T}gl(yv .73) = TR(Jja y)7 I}EI(?J’ .73) = IR(xa y)7 F}gl(ya Jf) = FR(I, y)

(ii) the complement of R, denoted by R¢, is a SVNR from X to Y defined as
follows: for each (z,y) € X x Y,

T]%(ZL‘,?J) = FR(x7y)7I}C%(x7y) =1- [R(x,y),Fj%(-'L',y) = TR<xay)

Example 3.3. Let X = {a,b,c} and let R be a SVNR in X given by the single
valued neutrosophic matrix:

(0.2,0.4,0.3)  (1,0.2,0)  (0.4,1,0.7)

R= (0,0,0) (0.6,0.2,0.1) (0.3,0.2,0.6)
(0,0,0) (0,0,0) (0.2,0.4,0.1)
Then the inverse and the complement of R are given as below:
(0.2,0.4,0.3) (0,0,0) (0,0,0)
R'=1| (1,0.2,0) (0.6,0.2,0.1) (0,0,0) ,

(0.4,1,0.7)  (0.3,0.2,0.6) (0.2,0.4,0.1)

(0.3,0.6,0.2)  (0,0.8,1)  (0.7,0,0.4)
R°=| (0,1,0)  (0.1,0.8,0.6) (0.6,0.8,0.3)
(0,1,0) (0,1,0)  (0.1,0.6,0.2)

Remark 3.4. For each R € SVNR(X), RN R = ¢y and RU R = Xy do not
hold, in general.
4
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Consider the SVNR R in Example 3.3. Then

(0.2,0.6,0.3)  (0,0.8,1)  (0.4,1,0.7)
RNR°=| (0,1,00  (0.1,0.8,0.6) (0.3,0.8,0.6) | # o,
(0,1,0) (0,1,0)  (0.1,0.6,0.2)

(0.3,0.4,0.2)  (1,0.2,0)  (0.7,0,0.4)
RUR°=[ (0,000  (0.6,0.2,0.1) (0.6,0.2,0.3) | # Xu.
(0,0,0) (0,0,0)  (0.2,0.4,0.1)

Definition 3.5 (See [25]). Let R, S € SVNR(X xY). Then
(i) R is said to be contained in S, denoted by R C S, if
Tr(z,y) < Ts(z,y), Ir(z,y) > Is(x,y) and Fr(z,y) > Fs(z,y), for each
(x,y) e X XY,
(ii) R is said to equal to S, denoted by R=S,if RC S and S C R,
(iii) the intersection of R and S, denoted by RN S, is a SVNR from X to Y
defined as:

AﬁB:(TA /\TB,IA\/IBaFA\/FB)7

where (TA A TB)(SC,Z/) = TA(Iay) /\TB(I, y)? (FA \ FB)(Ivy) = FA(‘Ta y) \ FB(Ivy)v
for each (z,y) € X x Y,
(iv) the union of R and S, denoted by RU S, is a SVNR in X to Y defined as:

AUBZ(TA \/TB,IA/\IB,FA/\FB).

Proposition 3.6 (See [25], Theorem 3.1). Let R, S, P € SVNR(X xY). Then
(1) (Re)~' = (R1)",
2) (R"YH™1 =R, (R)° =R,

)
)
)RNSCRand RNS C S,

yif RC S, then R~ Cc S~1,

Yif RC P and S C P, then RUS C P,

Yif PCRand PC S, then PC RN S,

Yif RC S, then RUS =S and RNS =R,
J(RUS) =R 1uSt, (RNS) =R 1ns
0) (RUS)*=R°NS, (RNS)°=RUS".

Proof. The proofs are similar to Theorem 3.1 in [25]. O

From Definitions 3.2 and 3.5, we can easily obtain the following results.

Proposition 3.7. Let R,S,P € SVNR(X xY). Then
(1) (Idempotent laws): RUR =R, RNR =R,
(2) (Commutative laws): RUS =SUR, RNS=S5SNR,
(3) (Associative laws): RU(SUP)=(RUS)UP, RN(SNP)=(RNS)NP,
(4) (Distributive laws): RU (SN P)=(RUS)N(RUP),
RN(SUP)=(RNS)U(RNP),
(5) (Absorption laws): RU(RNS)=R, RN(RUS)=R.

Definition 3.8. Let (R;)jc; C SVNR(X xY). Then
)
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(i) the the intersection of (R;) e, denoted by ;¢ ; R; (simply, (| R;), is a SVNR,
from X to Y defined as:

ﬂRj = (/\TRJ’\/IRj7\/FRj)7

(ii) the the union of (R;);es, denoted by | i (simply, |JRj;), is a SVNR
from X to Y defined as:

URi =/ Tr, A\ Izr,. )\ Fr)-

The followings are the immediate result of Definitions 3.2, 3.5 and 3.8

JEJ

Proposition 3.9. Let R € SVNR(X xY) and let (R;)jc;s C SVNR(X xY). Then
(1) (MR =URS, (UR;)® =N Ej,
(2) RO(UR;) =URNR;), RU(NR;) =N(RUR;).

Definition 3.10. Let R € SVNR(X xY) and let S € SVNR(Y x Z). Then the
composition of R and S, denoted by S o R, is a SVNR from X to Z defined as:

SoR=(Tsor;Isor; Fsor);

where for each (z,2) € X x Z,
Tsor(z,2) = \/er(TR(xv y) NTs(y, 2)),
ISOR(‘ra Z) = /\er(IR(‘T7 y) \ Is(y, Z))a
Fsor(2,2) = Nyey (Fr(2,y) V Fs(y, ).

Proposition 3.11. (1) Po(SoR) = (PoS)o R), where R € SVNR(X xY),
S € SVNR(Y x Z) and P € SVNR(Z x W).

(2) Po(RUS) = (PoR)U(PoS), where R,S € SVNR(X xY) and P €
SVNR(Y x Z).

(3) If R C S, then PoR C PolS, where R,S € SVNR(X xY) and P €
SVNR(Y x Z).

(4) (SoR)™ =R 1'0S7!, where R€ SVNR(X xY) and S € SVNR(Y x Z).

Proof. (1) Let R € SVNR(X x Y), S € SVNR(Y x Z) and P € SVNR(Z x W)
and let (z,w) € (X x Z). Then
Tpo(sor) (T, w) =\ ,cz(Tsor(x,2) NTp(2,w)
Vier(Vsey (Tao,5) A Ts(
\/er(TR( y) A [vzez(TS(
Vyey (Tr(z,y) A Tros(y, w)
= T(posyor) (T, w).
Similarly, we can prove that Ips(sor) (2, w) = I(pos)or) (T, w) and Fpo(sor)(z,w) =
Fipogyor)(x,w). Thus the result holds.
(2) Let R,S € SVNR(X xY) and P € SVNR(Y x Z) and let (z,2) € X x Z.
Then

Tpo(rus)(@,2) = V ey (Trus(z,y) A Tp(y, 2))
= \/er([TR(xv y) \ TS(‘T> y)} A TP(y> Z))
=[Vyey (Tr(z,y) ANTp(y, 2)] V [V, ey (Ts(z,y) N Tp(y, 2)]
=Tpor(x,2) V Tpos(z, z)
6
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= T(Por)U(Pos)(T; 2).
Similarly, we can see that Ip(rus)(2,2) = I(por)u(Pos)(Z,2) and Fpo(rus)(,2) =
Fiporyu(Pos)(x, z). Thus the result holds.
(3) Let R,S € SVNR(X xY)and P € SVNR(Y x Z). Suppose R C S and let
(z,2z) € X x Z. Then
Tpor(w,2) =V ey (Tr(z,y) NTp(y, 2))
< \/yey(TS(xa y) A TP(y7 Z))
[Since R C S, Tr(z,y) < Ts(z,y)]
= Tpos(l‘, Z)
Similarly, we can prove that Ipog(x,2) > Ipos(x,z) and Fpor(z,2) > Fpos(z,2).
Thus the result holds.
(4) Let Re SVNR(X xY)and S € SVNR(Y x Z) and let (z,2) € X x Z. Then
T(sor)-1(2:7) = T(s0R)(, 2)
Ve (Ta(a,y) A Ts(y, 2))
= \/er(TS*1 (z,9) NTr-1(y,z))
= TRfloS*l (Z, fL')
Similarly we can see that I(gopy-1(2,2) = Igp-105-1(2,2) and Figop)-1(z,2) =
Fr-1,5-1(2,2). Thus the result holds. O

Remark 3.12. (1) For any SVNRs R and S, So R # Ro S, in general.
(2) For any R,S € SVNR(X xY) and P € SVNR(Y x Z), Po(RNS) #
(PoR)N(PoS),in general.

Example 3.13. Let X =Y = {a,b}, Z = {z,y}. Consider two SVNRs R and S
in X, and an SVNR P from X to Z given by following single valued neutrosophic

matrices:
R— (

-

p_ ((0.7,0.2,0.3) (0.4,06,04)
(0.4,0.6,0.2) (0.8,0.2,0.3))
Then TPO(ROS) (a,x) =0.6 7é 04 = T(poR)m(pos)(a,l'). Thus Po (ROS) 7é (POR)Q
(PoS).

—~ o~

0.4,0.6,0.3) (0.6,0.4,0.2)

0.7,0.4,0.2) (0.4,0.6,0.4)
0.5,0.2,0.6) (0.3,0.6,0.5)

0.6,0.3,0.4) (o.7,o.2,o.1)>

g

and

4. SINGLE VALUED NEUTROSOPHIC REFLEXVE, SMMETRIC AND ANSITIVE
RELATIONS

In this section, we introduce single valued neutrosophic reflexve, smmetric and
ansitive relations and obtain some properties related to them.

Definition 4.1 ([25]). The single valued neutrosophic identity relation in X, de-
noted by Iy (simply, I), is a SVNR in X defined as: for each (z,y) € X x X,

1 if = 0 if z= 0 if z=
fo(x,y)Z{ 0 if x#Z’ IIX(-T,:U):{ 1 if m#zv F[X(.Z',y):{ 1 if x#z

It is clear that I = I~! and I¢ = (I¢)~L.
7
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Definition 4.2 ([25]). R € SVNR(X) is said to be:
(i) reflexive, if for each = € X, Tr(z, )1, Ir(z,z) = Fr(z,x) =0,
(ii) anti-reflexive, if for each z € X, Tr(z,z) = 0, Ig(z,z) = Fr(z,z) = 1.

From Definitions 4.1 and 4.2, it is obvious that R is neutrosophic reflexive if and
only if I C R.
The followings are the immediate results of the above definition.

Proposition 4.3 (See [19], Theorem 2.5.2). Let R € SVNR(X).

(1) R is reflexive if and only if R~ is reflexive.

(2) If R is reflexive, then RU S is reflexive, for each S € SVNR(X).

(3) If R is reflexive, then RN S is reflexive if and only if S € SVNR(X) is
reflexive.

The followings are the immediate result of Definitions 3.2, 3.5 and 4.2.

Proposition 4.4. Let R € SVNR(X).

(1) R is anti-refleive if and only R~ is anti-reflezive.

(2) If R is anti-reflexive, then RUS is anti-reflexive if and only if S € SVNR(X)
s anti-reflexive.

(3) If R is anti-reflexive, then RN S is anti-reflexive, for each S € SVNR(X).

Proposition 4.5. Let R,S € SVNR(X). If R and S are reflexive, then S o R is
reflexive.

Proof. Let x € X. Since R and S are reflexive,
Tr(z,z) =1,Ig(z,z) = Fr(z,2) =0

and
Ts(z,z) =1,Ig(z,z) = Fs(z,z) = 0.
Thus
Tsor =V yex(Tr(z,y) N Ts(y, x))
= Varyex Tr(z,y) ANTs(y,2))] V (Tr(z,z) A Ts(x, 7))
= [Voryex (Tr(z,y) AN Ts(y,2))] vV (1A T)

On the other hand,
Isor = /\yex(IR(xvy) \ Is(y,$))
= [NosyexUr(2,9) V Is(y,2))] A (Ir(2,2) V Is(z,2))
= [AszyexUr(2,9) V Is(y,z))] A (0 V0)
= 0.
Similarly, Fsog = 0. So S o R is reflexive. O

Definition 4.6. Let R = (Tg, Ir, Fr) € SVNR(X). Then
(1)[19, 25] R is said to be symmetric, if for each x,y € X

TR(%?J) = TR(y7$)7 IR(%ZJ) = IR(y7x)7 FR(%y) = FR(ya x)v
(i))[19] R is said to be anti-symmetric, if for each (z,y) € X x X with = # y,

TR(J;?y) 7& TR(yvx)’IR(xvy) 7é IR(y"r)aFR(mvy) 7’é FR(y,JI),
8
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From Definitions 4.2 and 4.6, it is obvious that ¢y is a symmetric and anti-
reflexive SVNR, Xy and I are symmetric and reflexive SVNRs and 7€ is an anti-
reflexive SVNR.

The following is the immediate result of Definitions 3.5 and 4.6.

Result 4.7 ([25], Theorem 3.1). Let R € SVNR(X). Then R is symmetric iff
R=R"1'

Proposition 4.8. Let R € SVNR(X). If R is symmetric, then R™1 is symmetric.

Proposition 4.9. Let R,S € SVNR(X). If R and S are symmetric, then RU S
and RN S are symmetric.

Proof. Let (z,y) € X x X. Since R and S and are symmetric,

TR(xa y) = TR(y7 1‘)7 IR(xv y) = IR(yv ZL’), FR(‘T’ y) = FR(ya SC)
and
Ts(z,y) =Ts(y, x), Is(z,y) = Is(y,x), Fs(z,y) = Fs(y,z).
Thus Trus(x,y) = Tr(z,y) V Sr(z,y) = Tr(y,x) V Sr(y, ) = Trus(y, ).
Similarly, we can see that Irus(x,y) = Irus(y,z) and Frus(z,y) = Frus(y, x).
So RU S is symmetric.
Similarly, we can prove that R NS is symmetric. g

Remark 4.10. R and S are nsymmetric, but S o R is not symmetric, in general.

Example 4.11. Let X = {a,b,c} and consider two NRs R and S in X given by the
following single valued neutrosophic matrices:

(0.2,0.4,0.3) (1,0.2,0) (0.4,1,0.7)
R = (1,0.2,0) (0.6,0.2,0.1) (0.3,0.2,0.6)
(04,1,0.7) (0.3,0.2,0.6) (0.2,0.4,0.1)
and

(0.2,0.4,0.3) (0,0.2,0.6) (0.2,0.6,0.3)
S=1 (0,0.2,0.6) (0.6,0.2,0.1) (0.3,0.2,0.6)
(0.2,0.6,0.3) (0.3,0.2,0.6) (0.2,0.4,0.1)

Then clearly, R and S are symmetric. But

TSOR(CL, b) =0.6 7é 0.2 = TSOR(b, a).
Thus S o R is not nsymmetric.
The following gives the condition for its being symmetric.

Proposition 4.12. Let R,S € SVNR(X). Let R and S be symmetric. Then SoR
is symmetric if and only if So R = Ro S.

Proof. Suppose S o R is symmetric. Since R and S and are symmetric, by Result
47, R=R " and S = S~!. Thus
SoR=(SoR)"! [By the hypothesis and Result 4.7]
= R7! 0S5~ [By Proposition 3.11]
=RoS.
Conversely, suppose So R = Ro S. Then
(SoR)™' = R~ !0 S~! [By Proposition 3.11]
9
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=RoS
[Since R and S and are symmetric, R = R~! and S = S~
= S o R. [By the hypothesis]
This completes the proof. O

The following is the immediate result of Proposition 4.12.

Corollary 4.13. If R is symmetric, then R™ is symmetric, for all positive integer
n, where R = Ro Ro ... n times.

Definition 4.14. (See [25]) R € SVNR(X) is said to be transitive, if Ro R C R,
ie., R?CR.

Proposition 4.15. Let R € SVNR(X). If R is transitive, then R™1 is so.

Proof. Let (z,y) € X x X. Then
,-TR_1 (.T, y) = TR(y, QC) Z TROR(yv iL’)
=V.ex(Tr(y, 2) ANTr(2, x))
V.ex(Tr-1(2,y) ANTg-1(x,2))
=V.ex(Tr-1(z,2) AN Tr-1(2,9))
=Tr-1or—1(7,Y)-
Similarly, we can prove that
Ip-1(z,y) < Ig-1op-1(x,y) and Fp-1(z,y) < Fr-1,p-1(2,y).
Thus the result holds. O

Proposition 4.16. Let R € SVNR(X). If R is transitive, then so is R?.

Proof. Let (z,y) € X x X. Then
Tre(z,y) = V,ex(Tr(2,2) AN Tr(2,y))
> V.ex(Tr2(2,2) NTR2(2,y))
= Tr2or2 (7, Y)-
Similarly, we can see that Igz(x,y) < Ir2op2(z,y) and Frz(z,y) < Freogz(x,y).
Thus the result holds. O

Proposition 4.17. Let R, S € SVNR(X). If R and S are transitive, then RN S
18 transitive.

Proof. Let (z,y) € X x X. Then
T(rns)o(rnS)(T,Y) = V.ex (Trns (Y, 2) A Tras(z, 7))
V.ex(Tr(z,2) ANTs(z, 2)] AN[Tr(2,y) AN Ts(2,y)])
V.ex(Tr(2,2) ATr(2, )| A [Ts(z,2) A Ts(2,)])
= (\/zEX [TR(‘T, Z) A TR(Za y)]) A (\/zeX [TS(xv Z) A TS(Zv y)])
= Tror(x,y) N Tsos(,y)
< Tg(z,y) ANTs(z,y) [Since R and S are transitive]
- TRI’WS(',I;’ y)
Similarly, we can prove that
I(rRnS)o(rnS) (%, Y) = Irns(z,y) and Frns)o(rns) (T, Y) = Frns(z,y).
Thus the result holds. O

Remark 4.18. For two single valued neutrosophic transitive relation R and S in
X, RU S is not transitive, in general.
10



J. H. Kim et al./Ann. Fuzzy Math. Inform. x (201y), No. x, xx—xx

Example 4.19. Let X = {a,b} and consider two SVNRs R and S in X given by
following single valed neutrosophic matrices:

p_ ((08.05,04) (0.6,04,0.5)
=~ 1(0.7,0.6,0.2) (0.7,0.6,0.3)

and

o ((0.7,04,02) (0.4,0.6,0.4)
=~ \(05,0.4,0.3) (0.5,0.4,0.4) )

Then we can easily see that R and S are transitive. On the other hand,

(0.8,0.4,0.2) (0.6,0.4,0.4)
(0.7,0.4,0.2) (0.7,0.4,0.3) )

Then T(rus)o(rus)(a,b) = 0.7 > 0.6 = Trus(a,b). Thus RU S is not transitive.

rus

5. SINGLE VALURD NEUTROSOPHIC TRANSITIVE CLOSURE

In this section, we define the concept of the single valued neutrosophic transitive
closure of an SVNR and study some of its properties.

Definition 5.1. Let R € SVNR(X). Then the single valued neutrosophic transitive
closure of R, denoted by R, is defined as:

R=RUR?U....
The following is the immediate result of Definition 5.1.

Proposition 5.2. Let R € SVNR(X). Then

(1) R is transitive.
(2) R is transitive iff R = R.

Proposition 5.3. Let R, S € SVNR(X). IfRC S, then R C S.

Proof. By Definition 5.1, R = RUR2U ... and S = SUS? U .... Since R C S, by
PrOIA)ositiAon 3.11, RoRC SoRC SoS. Then R2 C S2. Thus R? C S? and so on.
SoRCS. O

Proposition 5.4. Let R, S € SVNR(X). If R is symmetric, then R is symmetric.

Proof. By Corollary 4.13, R?, R3, ..., are symmetric. Then by Proposition 4.9, Ris
symmetric. O

Proposition 5.5. Let R € SVNR(X). Then (R)™' = R—1.

Proof. (R")™! = (RoRo...oR)~! ntimes

=R 'oR1lo.oR =R H"=(RH"
Then

(R)™'=(RUR2U..)"!

=R TU(RY)tU..

=R TU(RN)2U..

— R-1. O
Proposition 5.6. For any R € SVNR(X), Then R is the intersection of all single

valued neutrosophic transitive relations containing R.
11
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Proof. Let R € SVNR(X) and let
R* = N{RT : RTis a transitive relation containing R}.
Then clearly, R* is the smallest transitive relation containing R. Since R is a tran-
sitive relation containing R, R* C R.
Conversely, let R be any transitive relation containing R. Then by Proposition
53, RC RT. Since RT is transitive, by Proposition 5.2, RT = RT. Thus R C RT,
for each RT. So R C R*. This completes the proof. O

6. SINGLE VALUED NEUTROSOPHIC EQUIVALENCE RELATION

In this section, we define the concept of a single valued neutrosophic equivalence
class and a single valued neutrosophic partition, and we prove that the set of all
single valued neutrosophic equivalence classes is a neutrosophic partition and induce
the single valued neutrosophic equivalence relation from a single valued neutrosophic
partition.

Definition 6.1. R € SVNR(X x X) is called a:

(i) tolerance relation on X, if it is reflexive and symmetric,

(ii) similarity (or equivalence) relation on X, if it is reflexive, symmetric and
transitive.

(iii) order relation on X, if it is reflexive, anti-symmetric and transitive.

We will denote the set of all tolerance [resp., equivalence and order] relations on
X as SVNT(X) [resp., SVNE(X) and SVNO(X)].

The following is the immediate result of Propositions 4.3, 4.9 and 4.17.

Proposition 6.2. Let (R;j)jc; C SVNT(X) [resp., SVNE(X) and SVNO(X)].
Then (\R; € SVNT(X) [resp., SVNE(X) and SVNO(X)].

Proposition 6.3. Let R € SVNE(X). Then R=RoR.

Proof. From Definition 4.14, it is clear that Ro R C R.
Let (z,y) € X x X. Then
Tror(7,y) = V.ex (Tr(x, 2) NTr(2,9))
> Tr(z, ) AN Tr(z,y)
=1 ATg(z,y) [Since R is reflexive]
= TR($,y)
and
Iror(2,Y) = N\.ex(Ur(z,2) V IR(2,Y))
S IR(xa (E) \ IR($7:U)
=0V Ig(x,y) [Since R is reflexive]
= IR('ray)
Similarly, Fror(z,y) < Fr(x,y). Thus Ro R D R. So Ro R = R. O

Definition 6.4. Let A € SVNS(X). Then A is said to be normal, if \/ .y Ta(z) =
1, /\zEX I4(z) = /\zGX Fy(z) = 0.
Definition 6.5. Let R € SVNE(X) and let z € X. Then the single valued
neutrosophic equivalence class of z by R, denoted by R,, is a SVNS in X defined
as:
Ry = (Tr,, IR, Fr,),
12
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where Tr,, Ir,, Fr, : X — [0,1] are mappings
and
TR, (y) = TR(xvy)a Ir, (y) = IR(J;) y)7 Fg, (y) = FR(x7y)7 for each y € X.
We will denote the set of all single valued neutrosophic equivalence class by R as
X/R and it will be called the single valued neutrosophic quotient set of X by R.

Proposition 6.6. Let R € SVNE(X) and let z,y € X. Then
(1) R, is normal, in fact, R, # Op,
(2) RN Ry =0y iff R(z,y) =(0,1,1),
(3) R, =Ry zﬁR(w,y) = (17070)'

Proof. (1) Since R is reflexive,

Tr(z,z) =Tgr, () =1, Ig(z,z) = Ig, (z) = 0 and Fr(z,z) = Fg, (z) = 0.
Thus V,ex Tr, (v) = 1, Ayex Ir.(y) = 0 and A\ x Fr,(y) = 0. So R, is normal.
Moreover, R, = (1,0,0) # (0,1,1) = Ox(z). Hence R, # Oy.

(2) Suppose R, N R, =0y and let z € X. Then
0="Tr,nr,(2)
=Tr,(2) NTg,(2)
= Tr(x,2) NTgr(y, 2) [By Definition 6.5]
= Tr(z,2z) ANTr(z,y) [Since R is symmetric]
and
1 =1Ig,ur,(?)
=1g,(2) VIg,(2)
= Ir(x,z) V Igr(y, z) [By Definition 6.5]
= Ig(z,2) vV FIR(z,y). [Since R is symmetric]
Thus
0= \/zeX(TR(x’ Z) A TR(Zv y))
= TROR(xv y)
= Tr(z,y) [By Proposition 6.3]
and
1= Avex (e, 2) V In(2,))
= Iror(,y)
= Ig(x,y) [By Proposition 6.3].
Similarly, Fr(z,y) = 1. So R(z,y) = (0,1,1).
The sufficient condition is easily proved.
(3) Suppose R, = R, and let z € X. Then R(z,z) = R(y,z). In particular,
R(x,y) = R(y,y). Since R is reflexive, R(x,y) = (1,0,0).
Conversely, suppose R(z,y) = (1,0,0) and let z € X. Since R is transitive,
Ro R C R. Then

Since R(z,y) = (1,0,0), Tr(z,y) = 1 and Ig(z,y) = Fr(x,y) = 0. Thus
TR(va) < TR(m7Z)7 IR(Z/,Z) > IR(I',Z)7 FR(y,Z) > FR(1'7Z).

So Tg,(2) < Tr,(2), Ir,(2) > Ig,(2),Fr,(2) > Fr,(2). Hence R, C R,.
Similarly, we can see that R, C R,. Therefore R, = R,,. O
13
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Definition 6.7. Let ¥ = (A4;);cs C SVNS(X). Then X is called a single valued
neutrosophic partition of X, if it satisfies the followings:

(i) A; is normal, for each j € J,

(ii) either A; = Ay or Aj # Ay, for any j,k € J,

(i) U,y 45 = Ly

The following is the immediate result of Proposition 6.6 and Definition 6.7.

Corollary 6.8. Let R € SVNE(X). Then X/R is a single valued neutrosophic
partition of X.

Proposition 6.9. Let ¥ be a single valued neutrosophic partition of X. We define
R(Y) = (Trz), Ir(z), Frn)) as: for each (z,y) € X x X,

Tresy(2,y) = \/ [Ta(@) ATa(y)],

Aex

Insy(@y) = N\ Halz) vV Ia@w)],
Aex

Fresy(z,y) = N\ [Fa(@) vV Fa()),
Aex

where Tr(sy, Ir(s), Friz) : X x X = [0,1] are mappings.
Then R(X) € SVNE(X).

Proof. Let x € X. Then by Definition 6.7 (iii),
Tpeoy(z,2) = \/ (Ta(@) ATa(z) = \/ (Talx) = 1

Aex Aex

and
Ingy(5,9) = N\ Ua(@) v Ia(y) = N (La(x) = 0 = Frsy(2,y).
Aex Aes
Thus R(Y) is reflexive.
From the definition of R(X), it is clear that R(X) is symmetric.
Let (z,y) € X x X. Then
TR(z)oR(z)(fU Y)
exTres)(2,2) AN TR(s) (2,9)]
Voo (Ta(@) ATa(2)) AV pes(Ta(=) A To ()
cexlVaes Tal) Vs T A (T4(2) 1 o)
x[T.

I
H<<<<<

(LAT)A(Ta(xz) ANTp(y))] [Since A and B are normal]
a(x) AN Ts(y)]

(2)(95 Y).
Similarly, we can prove that Igs)ors)(2,y) = Igx)(2,y) and Frsyorx) (2, y) =
Frey(z,y). Thus R(X) is transitive. So R(¥) € SVNE(X). O

ze

Proposition 6.10. Let R, S € SVNE(X). Then R C S iff R, C Sy, for each
reX.

Proof. Suppose R C S and let x € X. Let y € X. Then by the hypothesis,

Tr,(y) = Tr(z,y) < Ts(z,y) = Ts, (y),
14
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Ir,(y) = Ir(z,y) > Is(z,y) = Is, (y),

Fr,(y) = Fr(z,y) > Fs(z,y) = Fs,(y).

Thus R, C S,.
The converse can be easily proved. O

Proposition 6.11. Let R,S € SVNE(X). Then SoR e NE(X) iff SoR= RoS.

Proof. Suppose SoR = Ro§S. Since R and S are reflexive, by Proposition 4.5, So R
is reflexive. Since R and S are symmetric, by the hypothesis and Proposition 4.12,
S o R is symmetric. Then it is sufficient to show that S o R is transitive.
(SoR)o(SoR)=So(RoS)oR [By Proposition 3.11 (2)]
— S0 (S0 R)o)
=(SoS)o(RoR)
C SoR.
Thus S o R is transitive. So So R € SVNE(X).
The converse is immediate. O

Proposition 6.12. Let R,S € SVNE(X). If RUS = SoR, then RUS €
SVNE(X).

Proof. Suppose RU S = S o R. Since R and S are reflexive, by Result 4.3 (2),
RUS is neutrosophic reflexive. Since R and S are symmetric, by the hypothesis and
Proposition 4.8, RU S is symmetric. Then by the hypothesis, S o R is symmetric.
Thus by Proposition 4.12, SoR = RoS. So by Proposition 6.11, SoR € SVNE(X).
Hence RUS € SVNE(X). O

7. RELATIONSHIPS BETWEEN A NEUTROSOPHIC RELATION AND ITS @-CUT

For T,, I, Fs € [0,1], « = (T, Ia, F,,) will be called a single valued neutrosophic
value. For two single valued neutrosophic values @ and £,

(i)agﬂiﬁ‘TagTﬂ,IaZIﬁ andFQZFB.

(i) a < Biff T, < Tg, Iy > Ig and F, > Fp.

In particular, the form a = (o, 1 — «, 1 — @) is called a single valued neutrosophic
constant and denoted by o*.

We will denote that set of all single valued neutrosophic values [resp. constant]
as SVNV [resp. SVNC].

Definition 7.1. Let R € SVNR(X xY) and let « € SVNV.
(i) The strong a-level subset or strong a-cut of R, denoted by [R]s, is an ordinary
relation from X to Y defined as:

[Rla ={(z,y) € X XY : Tr(z,y) > Tu, Ir(z,y) < I, Fr(z,y) < Fa}.

(ii) The a-level subset or a-cut of R, denoted by [R],, is an ordinary relation
from X to Y defined as:

[R]Ol = {(Iﬂy) €eXxY: TR(xay) > TOHIR(xﬂy) < IouFR(xay) < Fa}-

Definition 7.2. Let R € SVNR(X xY) and let a* € SVNC.
15
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(i) The strong a*-level subset or strong a*-cut of R, denoted by [R]s, is an
ordinary relation from X to Y defined as:

[Rlo = {(z,y) € X xY : Tr(x,y) > a,Ir(z,y) <1—a, Fr(z,y) <1—a}.

(ii) The a*-level subset or a*-cut of R, denoted by [R],+, is an ordinary relation
from X to Y defined as:

[Rlor = {(z,y) € X XY : Tgr(z,y) > o, Ir(2,y) <1 — o, Fr(z,y) <1—a}.
Example 7.3. In Example 3.3,

[

=

](0.2,0T3,0.1)

R (0.2,0.3,0.1) ={(c, C)} and [R](0.2,073,0.1) =0,

[R]
[R](020308 ={(c. 9},
[R](020308 ={(a,a),(a,c),(c,0)}.
[Rlo.2+ = [R](0.2,0.2,0.9) = {(a, a) (c;0)} = [R]oa~
Proposition 7.4. Let R, S € SVNR(X xY) and let o, 8 € SVNV.
(1) If RC S, then [R], C [S]a and [R]s C [S]a-
(2) If a < B, then [R]g C [R]a and [R]z C [R]a.
Proof. (1) Let (z,y) € [R]o. Then Tg(x,y) 2 To, Ir(z,y) < I, and Fr(z,y) < F,.

(x y) and Fr(z,y) > Fs(x,y). Thus

Y
Since R C S, Tr(x,y) < Ts(x,y), Ir(z, y)
) . Hence [R]s C [S]a-

Sr(z,y) > Ty, Is(z,y) < I, and Fs(z,y
The proof of the second part is similar.
(2) Let (z,y) € [R]g. Then Tr(z,y) > T3, Ir(z,y) < Ig and Fgr(z,y) < Fg.

Since o < 8, Ty, < Tp, I > Ig and F,, > Fg. Thus Tr(z,y) > Ta, Ir(z,y) < I,

and Fr(z,y) < F,. So (z,y) € [R],. Hence [R]s C [R]q-

The proof of the second part is similar. O

I/\ IV

The following is the particular case of the above Proposition.

Corollary 7.5. Let R,S € SVNR(X xY) and let o*, p* € SVNC.
(1) If RC S, then [R]a» C [S]ar and [R]g C [S]a-
(2) If a* < B*, then [R]g» C [R]o+ and [R]B_* C [R] g+

Proposition 7.6. Let R € SVNR(X xY).
(1) [R]» is an ordinary relation from X toY, for each r € SVNV.
(2) [R])7 is an ordinary relation from X to Y, for each r € SVNV, where T, €
[0.1) and I, F, € (0,1].
(3) [R]r = Ny<r[R]s, for each r € SVNV, where T, € (0,1] and I, F, € [0,1).
(4) [R]r = Uss,[R]s, for each v € SVNV, where T, € [0,1) and I, F, € (0,1].

Proof. The proofs of (1) and (2) are clear from Definition 7.1.

(3) From Proposition 7.4, it is obvious that {[R]. : r € SVNV} is a descending
family of ordinary relations from X to Y. Let r € SVNV such that T, € (0,1] and
I, F. €[0,1). Then clearly, [R], C (,.,[R]s. Assume that (z,y) ¢ [R],. Then
Tr(z,y) <T, or Ir(x,y) > I, or Fr(x,y) > F.

Suppose Tr(z,y) < T;.. Then there exists T, € (0,1] such that Tgr(x,y) < Ts <
T.. Thus (x,y) ¢ [R]s, ie. , (z,y) & Neer[R]s. So N, [R]s C [R],. Hence
[R], = ﬂ5<7‘[R]5'
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Suppose Ir(z,y) > I, or Fr(z,y) > F,.. Then each case can be similarly proved.

(4) Also from Proposition 7.4, it is obvious that {[R]z : » € SVNV]} is a descend-
ing family of ordinary relations from X to Y. Let r € SVNV such that T,., I,. € [0,1)
and F. € (0,1]. Then clearly, [R]z D U,-, Rs. Assume that (z,y) ¢ [R]z. Then
Tr(z,y) <T, or Ir(z,y) < I, or Fg(x,y) > F,.

Suppose Tr(z,y) < T,. Then there exists Ts € [0,1) such that Tr(z,y) <
T, < Ts. Thus (z,y) ¢ [R]s, ie., (z,y) € Uss, [R]s- So U,s,[Rls C [R]r. Hence
[R]F = US>T[R]'§'

Suppose Ig(z,y) < I or Fgr(x,y) > F,. Then each case can be similarly proved.

O

The following is the particular case of the above Proposition.

Corollary 7.7. Let R€ SVNR(X xY).

(1) [R]+ is an ordinary relation from X to'Y, for each r* € SVNC.

(2) [R] is an ordinary relation from X to Y, for each r* € SVNC, where
re[0,1).

(3) [R]rx = Nge <y [R]s=, for each r* € SVNV, where r € (0, 1].

(4) [R]= = Ugesp [R]g, for each r* € SVNC, where r € [0,1).

Proposition 7.8. Let X, Y be non-empty sets and let {R" : r € [0,1]} be a non-
empty descending family of ordinary relations from X to Y such that R® = X x Y.
(1) We define Tg,Ir, Fr: X xY — [0,1] as follows: for each (z,y) € X x Y,
Tr(x,y) = \V{r €[0,1]: (z,y) € R"},

IR(Ivy) = FR('Z" y)
— Al €0, (e,9) ¢ R7)
“ A7) e0,1]: (5,y) € B’}
[0,1] : (z,y) € R"}.
Then R € SVNR(X x Y).
(2) For each r € (0,1], if R" =(,., R®, then [R],~ = R".
(3) For each r € [0,1), if R" =, R®, then [R]~ = R".

In the above proposition, R is called the single valued neutrosophic relation from
X to Y induced by {R" : r € [0, 1]}.

Proof. (1) It is obvious from the definition of R.
(2) Suppose R" =,_, R*, for each r € (0,1] and let (x,y) € R". Then
Tr(z,y) = V{r € [0,1]: (z,y) € R"} > r
and
Tne,y) = Fa(e,y) = 1~ V{r € [0,1]: (5,y) ¢ R} <11
Thus (z,y) € R,. So R" C [R],+, for each r € (0, 1].
Now let (x,y) € [R]y~. Then Tr(z,y) > r,Ir(z,y) <1—r Fr(x,y) <1—r, say
Tr(x,y) > r. Thus by the definition of R,
Tr(z,y) =\V{k€[0,1]: (z,y) € R*} =s>1.
Let € > 0. Then there exists & € (0,1] such that s — ¢ < k and (x,y) € R¥. Thus
r—e<s—e<kand (z,y) € RF. So (z,y) € R"~¢. Since € > 0 is arbitrary,
by the hypothesis, (z,y) € R". Hence [R],» C R". Therefore [R],» = R", for each
r e (0,1].
(3) By the similar argument of the proof of (2), it is proved. O
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The following is the immediate result of Corollary 7.7 and Proposition 7.8

Corollary 7.9. Let X,Y be non-empty sets, let R € SVNR(X xY) and let {[R]~ :
r € [0,1]} be a family of all ordinary relations from X to' Y. We define mappings
Ts,Is,Fs: X xY —]70,1%[ as follows: for each (z,y) € X x Y,

Ts(e,y) = Vir € 0,1+ (2,1) € [Rl,- 1,

Is(z,y) = Fs(z,y) =1 -\ {re0,1]: (z,y) € [R]~}.
Then S € SVNR(X xY) and R=S.

From the above corollary, we have the following.

Corollary 7.10. Let X,Y be non-empty sets and let ,R,S € SVNR(X xXY). Then
R = S iff [R]y~ = [S]y~, for each r € [0,1], or alternatively, iff [R]> = [S], for
each r € [0,1].

Definition 7.11. Let X,Y be non-empty sets, let R be an ordinary relation from
X toY and let Ry € SVNR(X xY). Then Ry is said to be compatible with R, if
R = S(RN)7 where S(RN) = {(x,y) : TRN (x,y) > 07IRN (x,y) < 1, FRN (.’13,@/) < 1}'

Example 7.12. (1) Let X,Y be non-empty sets, let ¢ xxy be the ordinary empty
relation from X to Y and let Oy xxy be the single valued neutrosophic empty
relation from X to Y defined by On xxv = (0,1,1), for each € X. Then clearly,
S(0n,xxy) = ¢xxy. Thus On xxy is compatible with ¢xxy.

(2) Let X,Y be non-empty sets, let X XY be the whole ordinary relation from X
to Y and let 15, xxy be the single valued neutrosophic whole relation from X to Y
defined by Oy xxy = (1,0,0), for each € X. Then clearly, S(1y xxy) =X x Y.
Thus 1y xxy is compatible with X x Y.

(3) Let X,Y be non-empty sets, let » € (0,1) be fixed. We define the mappings
Tr,Ir, Fr: X xY — [0,1] as follows: for each (z,y) € X x Y,

TR(xa y) =T IR(.T, y) = FR(l'vy) =1-r
Then clearly, R € SVNR(X xY) and S(R) = (,.cgync[RR]r-. Thus R is compat-
ible with (.. cgy v [Rlr

From the following result, every ordinary relation can be consider as a single
valued neutrosophic relation.

Proposition 7.13. Let X,Y be non-empty sets, let R be an ordinary relation from
X toY and let r € (0,1]. Then there exists R~ € SVNR(X X Y) such that R, is
compatible with R and [R.+],» = R.

In this case, R+ will be called an r*-th single valued neutrosophic relation from
XtoY.

Proof. We define the mappings Tg,Ir, Fr : X x Y — [0,1] as follows: for each
(z,y) € X XY,
[ r if (my)€ER
- ={ 5 G g
_ _f1-r if (z,y)€ER
IRT* ('Tuy) - FRT* (xvy) - { 1 if ($7y) ¢ R.
Then clearly, R« € SVNR(X xY) and [R;«]~ = R. Moreover, by the definition
of Ry, S(R,+) = R. Thus R,« is compatible with R. d
18
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The following is the immediate result of Definitions 3.5 and 7.1.

Proposition 7.14. Let R, S € SVNR(X xY) and let « € SVNV. Then
(1) [RUS]a = [R]a U [S]a, [RU Sla = [Rla U[S]a,
(2) [R S]a = [Rla 0 [S]a, (RN S]a = [Bla 0 [S]a.

The following is the immediate result of Definition 7.2 and Proposition 7.14.

Corollary 7.15. Let R,S € SVNR(X xY) and let o € SVNC. Then
(1) [RU S]ax = [Rlar U [S]ax, [RU Slge = [Rlg- U [S]ar,
(2) [Rﬁ S]a* = [R]a* n [S]a*, [Rﬁ S]({* = [R]of* n [S]of*'

From Definitions 4.2, 4.6 and 7.1 it is clear that R € SVNR(X) is reflexive [resp.
symmetric|, then [R], and [R]s are ordinary reflexive [resp. symmetric] on X, for
each € SVNV.

Proposition 7.16. Let R € SVNR(X xY) and let « € SVNV. If R is transitive,
then [R]o and [R]a are ordinary transitive on X.

Proof. Suppose R is transitive. Then Ro R C R, i.e., Tror C Tr, Iror D Ir
and Fror O Fgr. Let (x,2) € [R]y © [R]a. Then there exists y € X such that
(x,2),(z,y) € [R]o. Thus

Tr(z,2) > To, Ir(z,2) < I, Fr(z,z) < F,

and
TR(Z,:I/) 2 TOU IR(Z7y) S I(Xa FR(Z,Z./) S Fa

So Tr(z,2) NTr(2,y) > To, Ir(x,2) V Ir(2,y) < In, Fr(x,2) V Fr(2,y) < F,.
Since RoR C R, Tr(z,y) > Tr(x,2) ANTr(2,y), [r(z,y) < Ir(z,2) V Ir(z,y),
Fr(z,y) < Fr(v,2) A Fr(z,y). Hence Tr(2,y) > Ta, Ir(2,y) < Ia, Fr(z,y) < Fa,
i.e., (z,y) € [R]n. Therefore [R], is ordinary transitive.

The prof of the second part is similar. O

From Definitions 4.2, 4.6 and 7.2 it is clear that R € NR(X) is reflexive [resp.
symmetric], then [R],~ and [R]4 are ordinary reflexive [resp. symmetric] on X, for
each a* € NCV. Moreover, we obtain the following from Proposition 7.16.

Corollary 7.17. Let R € NR(X xY) and let o* € NCV. If R is transitive, then
[R]a+ and [R]4 are ordinary transitive on X.

The followings are the immediate results of 4.2, 4.6, Proposition 7.16 and Corol-
lary 7.17.

Corollary 7.18. Let R € SVNE(X) and let « € SVNV. Then [R], and [R]s are

ordinary equivalence relation on X

Corollary 7.19. Let R € SVNE(X) and let o* € SVNC. Then [R]a+ and [R]s
are ordinary equivalence relation on X
19
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8. CONCLUSIONS

From now on, we dealt with properties of single valued neutrosophic reflexive,
symmetric, transitive relations and single valued neutrosophic equivalence relations.
In particular, we defined a single valued neutrosophic equivalence class of a point
in a set X modulo a single valued neutrosophic equivalence relation R and a single
valued neutrosophic partition of a set X. And we proved that the set of all single
valued neutrosophic equivalence classes is a single valued neutrosophic partition
and induced the single valued neutrosophic equivalence relation by a single valued
neutrosophic partition. However, we did not deal with the quotient of S by R, for
any SVNRs R and S such that R C S and decomposition of a mapping f : X — Y by
Vneutrosophic relations. Furthermore, we defined a-cut of a SVNR and investigated
some relationships between SVNRs and their a-cuts.

In the future, we will solve by the above two problems and deal with single valued
neutrosophic relations in a fixed SVNS A.
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