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Abstract: In this manuscript, we focus on the brief study of finding the solution to and analyzingthe
homogeneous linear difference equation in a neutrosophic environment, i.e., we interpreted the
solution of the homogeneous difference equation with initial information, coefficient and both as a
neutrosophic number. The idea for solving and analyzing the above using the characterization
theorem is demonstrated. The whole theoretical work is followed by numerical examples and an
application in actuarial science, which shows the great impact of neutrosophic set theory in
mathematical modeling in a discrete system for better understanding the behavior of the system in
an elegant manner. It is worthy to mention that symmetry measure of the systems is employed
here,which shows important results in neutrosophic arena application in a discrete system.

Keywords: fuzzy set theory; difference equation; neutrosophic number; simplified neutrosophic
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1. Introduction

1.1. Uncertainty Theory and Neutrosophic Sets

The uncertainty theory becomes a very helpful tool for real life modeling in discrete and
continuous systems. The different theories of the fuzzy uncertainty theory have been given a new
direction since the setting of the fuzzy set, invented by Professor Zadeh [1]. This is generalized
representation of [1] is established as an intuitionistic fuzzy set theory by Atanassov [2]. Atarasov
gave a novel designusing the intuitionistic fuzzy theory, where he demonstrated the idea of a
membership function and non-membership function by which degree of belongingness and non-
belongingness, respectively, can be measured in a set. Liu and Yuan [3] ignited the perception of a
triangular intuionistic fuzzy set, which is the affable blend of a triangular fuzzy number and a
intuionistic fuzzy set theory. Ye [4] set up the idea for a trapezoidal intuionistic fuzzy set.
Smarandache [5] found his more generalized idea as a neutrosophic set, considering terms of the
truth membership function, the indeterminacy membership function, and the falsity membership
function. This theory become more beneficial and germane, rather than the common fuzzy and
intuitionistic fuzzy theory settings.
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Several researchershave already worked in the neutrosophic field, some of which have
developed the theory [6,7], while some have applied the related theories in an applied field
[8,9].Various kinds of forms and extensions of the Neutrosophic set, such as the triangular
neutrosophic set [10], the bipolar neutrosophic sets [11-14], and the multi-valued neutrosophic sets
[15],were also found.

1.2. Difference Equation in an Uncertain Environment

There exist some works associated with difference equation and uncertainty. Mostly, researchers
have worked on the difference equation allied with fuzzy and intuitionistic fuzzy environments. We
are now giving details descriptions of some related published work. In the literature [16], Deebaet al.
found a strategy for solving the fuzzy difference equation with an interesting application. The model
involving CO2 levels in blood streamflow is thinkingin the view ofthe fuzzy difference equation by
Deebaet al. [17]. Lakshmikantham and Vatsala [18] talk abou tdifferent basic theories and properties
of fuzzy difference equations. Papaschinopoulos et al. [19,20] and PapaschinopoulosandSchinas [21]
discuss more findings in a similar context. Papaschinopoulos and Stefanidou [22] provide an
explanation on boundedness with asymptotic behavior of a fuzzy difference equation. Umekkanet
al. [23] give a finance application based on discrete system modeling in a fuzzy environment.
Stefanidou et al. [24] treat the exponential-type fuzzy difference equation. The asymptotic behavior
of a second order fuzzy difference equation is considered by Din [25]. The fuzzy non-linear difference
equation is considered by Zhang et al. [26], where Memarbashi and Ghasemabadi [27] corporate with
a volterra type rational form by Stefanidou and Papaschinopoulos [28]. The economics application is
considered by Konstantinos et al. [29]. Mondal et al. [30] solve the second-order intuitionistic
difference equation. Non-linear interval-valued fuzzy numbers and their relevance to difference
equations are shown in [31]. National income determination models with fuzzy stability analysis in
a discrete system are elaborately discussed by Sarkar et al. [32]. The fuzzy discrete logistic equation
is taken and stability situations are found in the literature [33]. Zhang et al. [34] show the asymptotic
performance of a discrete time fuzzy single species population model. On discrete time, a Beverton—
Holt population replica with fuzzy environment is illustrated in [35]. Additionally, a different view
of the fuzzy discrete logistic equation is taken under uncertainty in [36]. The existence and stability
situation of the difference equation with a fuzzy setting is found by Mondal et al. [37]. Important
results are also found for fuzzy difference equations by Khastan and Alijani [38] and Khastan [39].

1.3. Nowvelties of the Work

In this connection of the above idea, few advances can still be prepared, which include:

(1) The homogeneous difference equation, solved and analyzed with a neutrosophic initial
condition, neutrosophic coefficient, and neutrosophic coefficient and initial together as a different
section, which was not done earlier.

(2) Establishment of the corresponding characterization theorem for the neutrosophic set with a
difference equation.

(3) Different theorems, lemmas, and corollary drawn for the purpose of the study.

(4) Numerical examples of the difference equation with a neutrosophic number, solved and
illustrated for better understanding of our observations.

(5) An application in actuarial science, illustrated in a neutrosophic environment for better
understanding of the practical application of the proposed theoretical results.

1.4. Structure of the Paper

In Section 1, we recall the related work and write the novelties of our study. The preliminary
concepts are addressed in Section 2. The difference equation with a neutrosophic variable is defined
and corresponds with a necessary theory, for which a lemma is prepared for the study in Section 3.
Section 4 shows the solution of the neutrosophic homogeneous difference equation. Two numerical



Symmetry 2020, 12, 1091 3 of 25

examples are shown in Section 5. In Section 6, we take an appliance of an actuarial science problem
in the neutrosophic data and solve it. The conclusion and future research scope are written in Section 7.

2. Preliminaryldea

Definition 1. Neutrosophicset: [6]Let X be a universe set. A single-valued neutrosophic setAon X is
distinct as A = {(TA(x),IA(x), FA(x)) = X} , where Ty(x),1,(x), F4(x) : X = [0,1] isthe degree of
membership, degree of indeterministic, and degree of non-membership, respectively, of the elementx € X, such
that0 < T,(x) + I,(x) + F,(x) < 3.

Definition 2. Neutrosophicfunction: If we take the set of all real numbers as notation R and real valued
fuzzy numbers as notationRg, then the functionW:R — [0,1]is called a fuzzy number valued function if w
satisfies the subsequent properties.

(1) Wis the upper semi continuous.

(2) Wis the fuzzy convex, i.e., W(As; + (1 — A)s,) = min{W(sy), W(s,)} for all s;,s, ER and 1 €
[0,1].

(3) Wisnormal, ie., 3a sy €R, suchthat W(sy) =1

(4) Closure of supp(W) is compact, where supp(W) = {s € R| W(s) > 0}.

Definition 3.Triangular neutrosophic number: [40]If we consider the measure of the truth, for which
indeterminacy and falsity are not dependent, then a Triangular Neutrosophic number is taken as N =
(ro, 71,725 So, S1, S2; Wo, W1, W), where the truth membership, falsity, and indeterminacy membership
function is treated as follows:

Yy —To
— h <y<
— whenr, <y <mn
1 wheny=r
TRO) =1 ,. _ y=n
=y
whennr, <y <n,
r,—n
0 otherwise
and
S1—Y
h <y<
s whens, <y <s;
0 wheny=s
FRO) =1, _ Yoo
y—35
whens; <y <s,
S2— 82
1 otherwise
(=Y <y <
p— whenwy, <y <w;
0 wheny=w
INO) =195 _w, y=m
—— whenw; <y <w,
Wy — Wy

1 otherwise

where 0 < Tx(y) + Fs() + If(0) <1, y e N.

The parametric setting of the above number is (N) wpy =
[TNeul (a): TNeuZ (a); INeul (ﬂ)' INeuZ (ﬁ): FNeul (]/), FNeuZ (Y)],
where

N (@) =15+ a(r, —1p)
Ni(@) =7, —a(r,—1)
NZ(B) = 51— B(s1 = So)
NE(B) = 51+ B(s2 — 51)
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NE(V) =w; —y(wy —wp)

NE() = wy +y(wy —wy)
Here, 0 <a,f,y<land 0<a+f+y <3
The verbal phrase with the number can be written as in Table 1:

Table 1. The verbal phrase of different uncertain settings and neutrosophic numbers.

Type of

Uncertain Verbal Phrase Used Functionsand Their Roles

Parameter

Triangular [Low, Medium, High] Membership function f.or measuring degree of
Fuzzy Number belongingness

Triangular [Low, Medium, High; Membership and non-membership function for

Intuitionistic Very Low, Medium, Very measuring degree of belongingness and non-

Fuzzy Number High] belongingness

[Low, Medium, High;

. Very Low, Medium, Very  Truthiness, falsity, and indeterminacy function
Triangular

. High; Between low and for measuring
NeutrosophicN . . .
umber very low; Medium; the degree of truth belongingness, strictly non-
Between high and very belongingness and indeterminacy
high]

Definition 4.Hukuhara difference on neutrosophic function: Let E* be the set of all
neutrosophicfunctions, §,t € E*. If 3is a neutrosophic number,W € E* and Wsuit the relation§ =
W+, then W is assumed to be the Hukuhara difference of § and £, denoted by w =35 & ¢.

3. Difference Equation with a Neutrosophic Variable

Definition 5.A difference equation (sometime named as a recurrence relation) is an equation that
relates the consecutive terms of a sequence of numbers.

A qth order difference equation in the linear form can be articulated:
Xn+q = A1 Xnsg-1 + doXnyqo + -+ dgxn + by 1)

where d,,d,, ...,dgand b, are constants, which are known.

If b, = Ofor all n, then Equation (1) is the homogeneous difference equation. On the other hand,
it will be the non-homogeneous difference equation if b, # 0,where b, is treated as the forcing
factor.

We consider an autonomous linear homogeneous difference equation of the form:

Xps1 = 0Xn, (0 # 0) )
with the initial condition x,-, = x,.The solution of Equation (2) can then be written as:

Xp = 0™xg 3)

Theorem 1. [41] Let m € N,m = 2. A linear homogeneous system of them first order difference equation is
given in matrix form as:

Xns1 = AXy 4)

where, X,, = (X1, X2,..,X™7T andA = (aij)mxm, ij=1,2,..,m
The solution of Equation (3) can then be written as:

X, = A"X,m €N ()
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The difference Equation (1) is considered as the neutrosophic difference equation if any one of the

following conditions are added:

(i) The initial condition or conditions are the neutrosophic number (Type I);
(ii) The coefficient or coefficients are the neutrosophic number (Type II);
(iii) The initial conditions and coefficient or the coefficients are both neutrosophic numbers (Type III).

Theorem 2.Characterization theorem: Let us consider the neutrosophic difference equation problem:

f1’l.+1 = f(xn; n), (6)

with initial value ¥,_, = %, as a neutrospohic number, where f:E* X Z,, — E*, such that
(1)The parametric form of the function is:

fin(xtn(@), x4 5 (@), n, @), fin (20 (@), X (@), 1, @);
[F(Con )]y = 2028, 580 (8,1, B, fn (2B, KB (B, . )
[ (), xR DY), fin(xEn (), 23, (1)1 y)
(2)The functions fiy (i (@), ¥ n(@),1, @), fibn (e (@), b (@), @), 0 (X2 (B), X3 (B, ).

fin(EnB) 2 n B B) , fin(xn () 230 ()ny) and fRn(xin (), xRn(¥),n,y) are taken as
continuous functions, i.e., for any €;> 03a 6; > 0, such that:

|fL]:n (xl]:,n ((Z), xi%,n (CZ), n, a) - fL%nl (xl%,nl (CZ), xil?,nl ((Z), nlﬂ a)l <El
for all ae[0,1]
with||(x},n(a),x,%,n(a),n, a) - (x,}‘n1 (@), Xp , (@), My, a)” <&
and for any €,> 0 3an §, > 0, such that:
|fR1,n(xL1,n(a), xgn(a),n,a) — fin, (xgln2 (@), Xk n, (a),nz,a)| <€,for all ae[0,1]

with||(x£, (@), x4 n (@), n, @) — (x1,, (@), Xk 5, (@), 5, @) || < 8,, where n,n; and n, € Zs,.
In a similar way, the continuity of the remaining four functions, fi,(x2,(8), x3,(8).n.B),

fRz,n (xlz,n (ﬁ): xl%,n (ﬁ), n, B)/ fL3n (xg,n (V): xlg,n (V): n, )/) ande?’,n (xg,n (]/), x}%,n (V), n, V)r can be defined.
The difference Equation (6) then reduces to the system of six difference equations, as follows:

1@ = fin (¥ (@), xh (0, m, @)
ka1 (@) = fin(xin (@), xh (@), m, @)
X ni1(B) = fn(xEn(B), X0 (B), 1, B)
i1 (B) = fiin(¥2n(B), X3 (B),m, B)
X1 ) = [ (3B, 230 ) 1)
X1 () = fin (X2, X2 ()0, 7)

with the initial conditions:
X pmo(@) = xi0(@)
Xk neo (@) = xh o(a)
X nmo(B) = 2 (B)
hneo(B) = xko(B)

x%,n:O(V) = xll,,O 62)
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Xk n=0(¥) = X0 (¥)

Note 1. By the characterization theorem, we can see that a neutrosopic difference equation is
transformed into a system of six difference equations in crisp form. In this article, we have taken only
a single neutrosophic difference equation in a neutrosophic environment. Hence, the difference
equation converted into six crisp difference equations.

Definition 6. Strong and weak solutions of a neutrosophic difference equation: The solutions of
difference Equation (6), with initial condition (3.7) to be regarded as:

(1) A strong solution if

xll,,n (6‘() < x}%,n (a)

xXLn(B) < xzn(B)

xll,,n(y) < x}l?,n (V)

and

%[x}ln(a)] >0, %[x}?,n(a)] <0
s lxaB] <0, - [xka(B)] > 0

5 ] <0, - [xhn )] > 0

for every a,p,ye [0,1].
(2) A weak solution if

xin(a) = xg, ()
xin(B) = xi n(B)

xLl,n ()/) = xl%,n (V)

and

3 n(@] <0, - [xka(@)] > 0
Sl B] > 0, Z[xkaB)] <0

) a
5 [xl%,n(y)] > 0/ 5 [xl%,n(y)] <0
for every a,f,ve [0,1].

Definition 7.Let pand q be neutrosophic numbers, where Blapy) =
[pi (@).pi(@); pi (B).pR(BY:PE (1), PR()] , [@)py) =
[q} (@), qk(@); a2 (B),q2(B);ai (), qi(¥)], for all a,B,y € [0,1]. The metric on the neutrosophic
number space is then defined as:

d(p,q) =sup max {|pi (@ —qi @] |pz (@—ak @L][pf B~

az B|pd B —a Bl -4 Mllpi ) —az W}

Note 2. For some cases, the solution may not become strictly strong or weak solution type. In this
scenario,a specific time interval or specific interval of o, 3, or y becomes the strong or weak solution.
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The main objective is to find the strong solutions. For scenariosin which neitherthe strong nor weak
solutions occur, we call them non-recommended neutrosophic solutions. We strongly recommended
taking strong solutions.
4. Solution of Neutrosophic Homogeneous Difference Equation
Considering linear homogeneous difference equations:
Unp+1 = AUy @)
In a neutrosophic sense, another inequivalent form of is (7) taken as:
Uppr — AUy =0 ®)
Remarks 1. Equations (7) and (8) are equivalent in a crisp sense, but in fuzzy sense they are not
equivalent.

Proof 1. If we take the fuzzy difference Equation (7), it becomes Theorem 1.

[un+1](a,ﬁ,y) = [aun](a,ﬁ']’)
or

[ull,,n+1 (), u}le,n+1 (a); uf,n+1 B, u}22,n+1 B u13,,n+1 ), u132,n+1 (Y)]
= [} n(@), Uk 0 (@); UE 0 (B), U (B): U (), u D],
ie.,

u%,n+1(“) = auin(a)
uIli’,n+1(a) = au}{n(a)
uf ns1(B) = auf ,(B) )
Ufne1(B) = aug,(B)
ul?:,n+1()/) = aui,n(]/)
U1 (V) = aud , ()

but when we take (8), it becomes Theorem 1.

[wn+1](@py) = [aUnl@py) =0
or

[ui,n+1 (a): ulla,n+1 (a); u%,n+1 (ﬂ)» u}z?,n+1 (ﬁ)' uz’,n+1 (Y), ul?%,n+1 (]/)]
— [ [uh 0 (@), b (@); uF 0 (B, uE 0 (B ud (), U (]| = 0,
ie.,

ful%,n+1(0~’) - au}?,n(“) =0
u}e,n+1(a‘) - au,%_n(a) =0
ug,n+1(ﬁ) - auzze,n(ﬁ) =0
u}%,n+1(ﬁ) - auf,n(ﬁ) =0
U 1 (V) — aui n(y) =0
u132,n+1(]/) - auin(]’) =0

or
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u%,n+1(“) = auzle,n(a’)
u}lz,n+1(a) = aui,n(a’)
u%,n+1(ﬁ) = au,z-‘,,n(ﬁ)
Ufn+1(B) = aui ()
ug,n+1(]’) = au}?’?,n(]’)
u}%,n+1(]/) = auf,n(y)

A

(10)

Clearly, from (9) and (10), we conclude that they are different.
Therefore, in a crisp sense, (7) and (8) are the same, but not in a neutrosophic sense.

Theorem 3. Supposea and u, are positive neutrosophic numbers, then 3Iis a unique positive
solution for Equation (7).

Proof 2. Let the (a,B,y)-cut of the positive neutrosophic number @,be defined as[liy](py) =
[uio(a), g o(0); uf o(B), uf o (B); UE,O(Y)' u3R,o(Y)] and [al(opy) =
[af (), ag(@); af (B),ak(B); ai(y),ak(¥)] , Va,B,ve[0,1], and O<a+B+y<1, and if @=
[§1, 82, &35 N1, N2,M35 G, 82, G3] then,

uiola) =& + a6 — &)

u}e,o(a) =& —alz—$)

u%,o(ﬁ) =1 — Bz — 1)
uio(B) = nz + B3 —12)
ul?:,o(]’) =0G— v —4)

uio) = & + v —3)

Suppose there exists a sequence of netrosophic numbersu, of Equation (7), with the positive
netrosophic number u,. Taking the(a, §,y)-cut of Equation (7), we have:

[un+1](a,ﬁ,y) = [aun](a,ﬁ']’)

= [al(@ gy [Unl@py)
or

[u%,n+1(a): u}le,n+1(a’); u%,n+1(ﬁ)'u}22,n+1(ﬁ); uf,n+1()’)» u}3?,n+1(y)] (111
= [ai (@), ag(a); af(B), az(B); ai(y), az(][ut o (@), uko(@); ufo(B), uzo(B); ui o), uio ()] )

Equation (11) then forwards the following system of the crisp homogeneous linear difference
equation for all «a, 5, andy € [0,1], as follows:

u%,n+1 (a) = a% (a)u%,n (a)
uile,n+1 () = a11e (a)u}zln (a)
) Uf 1 (B) = af (BYui ()
ulz?,n+1 B) = ai (.B)ulzi’n B)
U1 (V) = @ (VU ()
u132,n+1 W) = a3 (V)uﬁ,n )

(12)

and Equation (12) has unique solutions [u} (@), u} ,(@); U241 (B), ub,(B); Ui, (¥), ud ()] withan
initial condition [ui,o (@), uro(@); uf o (B), ug o (B); uio(¥), udo (V)]

(The unique solution concept of a difference equation is taken from [42])

Therefore, using Equation (3), solutions are as follows:
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ufp(@) = (af(@)"ulo(@)
k(@) = (ah(@))"uho(a)
J () = (at(B)) 4o (B)
Ui (B) = (a2 (B)) "uko(B)
uin () = (@i () udo®)
Ui () = (a2()) uk o)

We show that [u} (@), uk,(a); u?,(B), ut,(B); ui.(¥), up ()| where each components are
given (by 4.5) with the initial condition [uf¢(a), ubo(@); u?o(B),udo(B); uio(¥), uio(¥)], which
indicates the (a, f,y)-cut of solution #, of (7) with initial condition iy, so that:

[un] (@By) = [u%n (o), ull?,n (); ug,n B, u}zi’,n B); uz,n ), u13i’,n (]’)] (14)

(13)

Now,
[ud (@), b (@) uEn(B), udn(B); Ui (), udn(¥)]
(ak(@) " ulo(@), (ak(@)) uko(a);
= (a2 (®)) " u? o (B), (ak(B)) "ud o (B):
(@i )" ul o), (@) ud o)

= [au,] (a.By)

Therefore, [u} (@), uh ,(@); u?,(B),ud,(B); ui,(¥), ud,(v)] represents a positive neutrosophic
number, such thatu,, = a™u, is the solution of (7).

To prove the uniqueness of the solution, let us assume that there exists an alternative solutionil,
for Equation (4.1). Proceeding in asimilar way, we then have:

[ﬁn] (a.By) = [ui,n (CZ), ulle,n ((X); u%,n (.8)' ulze,n (,8)' uin (V)' ul?s,n (Y)] for all
(a,B,v) €[0,1]. (15)

Therefore, from Equations(14) and (15), we obtain [fi,](4 ;) = [Unl(as,) forall (a,B,y) €[0,1],
i.e, 1, = u,. Thus, the theorem is proved.

Theorem 4. Let a and u, are positive neutrosophic numbers. There also exists a unique positive
solution for Equation (8).

Proof3.The proof of this theorem is almost similar to Theorem (3).

Theorem 5.Leta and ugyb epositive neutrosophic numbers, and

max{ai (@), ag(a); ai(B), ag(B); ai(¥),ai(¥)} <1V a,B,y € [0,1]and supp(uo) < [My, N,], where

M;, Ny are finite positive real numbers. All the sequences of positive neutrosophic solution of Equation (7) are
then bounded and persist.

Proof 4. Let u, be a sequence of positive neutrosophic solutions of Equation (7). Since
max{ag (o), ag(@); af (B), ag (B); ai(y),ar(V)} <1, Ya,B,ye[0,1] and supp(uo) < [My,N;], where
My, N; are finite positive real numbers, it is evident from Equation (9) that all the component
solutions of neutrosophic positive solution u, converge to 0Oas n — oi.e, u; = Operoas n —
oo,where (Oneutro)a,8y) = [0,0;0,0; 0,0]. Since every convergent sequence is bounded, the sequence
of positive neutrosophic solutions u, of Equation (7) is bounded.

Theorem 6.Let a and Uy bepositive neutrosophic numbers and
max{ai(a), ax(@); af(B),az(B); ai(¥),ax(1)} <1, Va,B,ye[01]and supp(uo) < [My,Ni], where
My, Ny are finite positive real numbers. All the sequences of positive neutrosophic solutions of Equation (8) are
then bounded and persist.
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4.1. Solution of Homogeneous Difference Equation of Type 1

Consider Equation (4.1) with the fuzzy initial condition i,y = fiyas a neutrosophic number.
Let [ﬁo](a,ﬁ,y) = [u}ro(a),u}?‘o(a); ug,o(ﬁ)’uzze,o(ﬁ); uf,o (V)’ug,o (V)]/ Va,Byel[01], and 0 <a+f+

y < 3,where, [fiy](ap,) isthe (a B,y)-cutof @, and, if @y = [§1,$2, §35 11,2135 §1, (2, §3], then

ui,o(a) =& taé &)
ulle,o(a’) =&G—alz—§)
ul%,o(ﬁ) =1~ B2 — n1)
uio(B) = n, + B3 — nz)
uf,o(y) =0G-v{@ — Q)
uio) = & + v — G

(16)

4.1.1. The Solution when a > 0 is a crisp number and u,is a neutrosophic number

Taking the(a, 8, y)-cut of Equation (7), we have the following equations:

u%,n+1(a) = au%,n(a)
ull?,n+1(a) = aulle,n(a)
U ne1(B) = auf ,(B)
U ns1(B) = auf,(B)
U ns1 (V) = aui, (¥)
Ui (V) = Qi ()

(17)

Solutions of the above equations are:

ujn(@) = a"ujo(a)
Upn(@) = a"upo(a)
utn(B) = a™uio(B)
Ui (B) = a"uio(B)
uin(r) = a™ui o (v)
Uk (¥) = "o ()

(18)

4.1.2. The Solution Whena =1 and the Initial Value uyis a Neutrosophic Number
In this case, a sequence of solutions is given by

up (@) = ujo(a)
Up (@) = Upo(@)
Juta(®) = uto(®

ug . (B) = ugo(B)
ui () = uio(y)
U (¥) = Upo(¥)

(19)

which lead to convergent solutions.

4.1.3. The Solution When a < 0and the Initial Value u,is a neutrosophic number

Let a = —p, u > 0, the real valued number.
From Equation (7), we then have

[tns1(a), 1 (@] = —p[un (@), Uy (a)] (20)

Therefore, we obtain the following:
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The first pairs of equations can be written in the matrix form as:
(u%,n+1(a)> _ ( 0 —u) (u},n(a)
ulle,n+1(a) —u 0 ull?,n ((Z)

From Equation (22), let the co-efficient matrix bed; = (

Therefore,
T
(%

Aln = 0
(—u”

Therefore, the solution of (4.1.6), using Theorem (3.1), is given by:

ui,n(a) — A u%,o(a’)
ull?,n(a) . ull?,o(a)

—un

UL ns1(@) = —pug (@)
u}12,n+1(a) = _ﬂu%,n(a)
u%,n+1(.8) = _#ulzi’,n(ﬁ)
UR i1 (B) = —puf (B)
ui,n+1(7) = _lluigz,n(y)
u13i’,n+1(y) = _ﬂuzn()’)

0

0 .
Mn) when n is an even natural number

0

When nis an even natural number, the general solutions are:

uf p(a) = p"uio(a)
up (@) = prtupo(a)
) B = Wz o (B)

ud,(B) = uhud o (B)
ui o (y) = Wi o (y)
ud,(¥) = W"ui o (y)

When n is odd natural number, the general solutions are:

4.1.4. The SolutionWhen a > 0is aneutrosophic Number and the Initial Value u, is a Crisp

Number

u%,n(a) = —Hnuzle,o(a’)
ull?,n(a) = —Hnuio(a’)
ui ,(B) = —p"uf o (B)
uf,(B) = —u"ui o (B)
ui,(¥) = —wug o (v)
up,(¥) = =i o (y)

—u

) when n is an odd natural number

11 of 25

21)

(22)

(23)

(24)

(25)

Let[d](a,ﬁ,y) = [a,f(a), alle(a); a%(ﬁ)' a}zi’(ﬁ)ﬂ az()’)' a}%(y)]lv o, B,YE [0'1]’ and 0 < a+ B ty= 3.

Taking the(a, B, y)-cut of Equation (7), we have the following equation:

ui,n+1 (o) = ajf (a’)uin ()
u}lz,n+1 (@) = ai (a)u}?‘n (@)
Ui ne1(B) = af (BIui(B)
Ufn+1(B) = ag(BIuf »(B)
ui,n+1 W =a; (y)uin )
Upn1 () = RNURL YY)

whereu,is the initial value. The solutions are as follows:

(26)



Symmetry 2020, 12, 1091 12 of 25

up (@) = (az(@)"uo
Uk (@) = (agr(@)"uo

uzn(B) = (a(BN"uo

27
whn(B) = (@3 (BY)"g 7
uin(¥) = (ai())"uo
Uz () = (@) "uo
4.1.5. The Solution When a < 0is a neutrosophic Number and the Initial Value u, is a Crisp
Number
Let a=-p , where u is a  positive  fuzzy = number. [ (apy) =
(i (), ux(@); 1E(B), kR (BY; i (), uz()], Y a,B,ye[0,1],and 0 <a+B+y<3.
Equation (7) then splits into the following equations:
Ul i1 (@) = —pr(@up (@)
Up 1 (@) = —pi(@ug, (@)
) ug,n+1(ﬁ) = _HIZQ (B)u}zi’n(ﬁ) 28)
ulza,n+1(ﬂ) = _:u% (ﬁ)ugn (ﬂ)
U1 (V) = —HR (Ui ()
u13i’,n+1(y) = _ﬂg (V)uf,n (V)
In the matrix form, the first pairs of equations of Equation (28) can be written as:
(W%,nﬂ(“)) _ ( 0 —Uk (0{)) (u%,n(a)) (29)
Upns (@) \=pp(@ 0/ \ugpa(a)
The solution of (29) is given by:
uj n(a)) (uo)
' = A7 30
(ulll,n(a) 2 U ( )
where,
A - ( 0 —u (a))
P \-ui@ 0
and
(ui(@uk(@)? 0 .
n | whennis even
0 (ui(@uk(@)?
Ay = n-1
0 —(ut(@) * i
nt1 n-1 (ki (@) (k@) 2 ) when n is odd
—(ui(@) * (ur(@) 2 0
The solution of Equation (30) when n is even is:
(uln(@) = (ui(@) ph(@)2uo
Ui (@) = (u (@) (upa))zu,
ut (B = Wi (B) m&E(B))2uo 1)

w2 (B) = (UE(B) HE(B))2uo
ul () = W) 1) 7ug
uz (V) = Wi ) pa(¥)zu,

In this case, solutions become crisp numbers, i.e., u,(a) = (u(a) ﬁ(a))z Ug.

The solution of Equation (30) whenn is odd:
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whn(@) = ~( (@) T Gh(@) g

(@) = ~(U1 (@) 7 (Wh())' 7 uo
W2 (B) = —(2B)) T WA T o
W (B) = —(E(B))) = (WE(A)) 7 uo
ul, ) = -1 (y))nTl(u?% W) T

N D ER LD ERT

(32)

4.1.6. The SolutionWhen a > 0and u, are Bothneutrosophic Numbers
Let

[@)apy) = [ai(@), ak(@); af(B), a§(B); ai(¥),az()]

[ao](a,ﬁ,y) = [ulf,o(a)' u}e,o (a); uf,o(ﬁ)' uﬁ,o(ﬁ)i ul%,o ), uzgz,o (V)]
Va,Bve[0lland 0 <a+p+y<3.
The solution of Equation (16), which follows from Equation (26), is thengiven by:

ul (@) = (af(@))"u o(a)
k(@) = (a4(0)) " uho(@)
ufn(B) = (af () "uto(B)
uin(B) = (aR(B)) " ufo(B)
uin () = (@) "ui ()
uin () = (a3(0) udo (@)

(33)

4.1.7. The Solution When a < 0 and u, are Both Neutrosophic numbers

Let a=—p,u>0. Let [@wp,y = ki@, ur(@); uf(B), uz(B); i), uz()] and [io](gpy) =
[ui,o (@), ugo(@); ufo(B), ufo(B); Ui o(¥), U o (V)]
Va,Byvel0l]land 0 <a+B+vy<3.
The solution of Equation (16), which is follows from Equation (31), is then given by:
ubn(@) = (1} (@) (@) o(@)
k(@) = (uE(@) kb (@) (@)
| 4En(® = E®) kBN B)
uga(B) = (WE(B) i (B))zugo(B)
uh () = (3 0y) 1R V)2ud o (1)
Ltk (1) = () 1R ()2t )

The above equations show that the solution for n is even only. When n is odd, the solutions,
which follow from Equation (32), are as follows:

(34)

n+1

(@) = —(ub@) T (@) ubo(@)

n+1

b (@) = —(12(@) 7 (uh(@) 7 ubo(a)
w2, (B) =—(12®) = (HE(B) = uto(B)

nt1 n-1 (35)
w2 (B) = —(u2(B) 2 (LE() 2 udo(B)
w0 =—(®) * (W) * uie@)

n+1

(u3 () = —(B1) 2 (k3 (V))%uig’e,o )
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4.2.1. The Solution Whena = 1and the Initial Condition u,is a Neutrosophic Number

Taking the(a, B, y)-cut of Equation (8), we have the following:

ui,n+1 ((Z) = uil?,n ((Z)
uil?,n+1(a) = ui,n ((Z)
U n1(B) = ugn(B)
Uk ns1(B) = uin(B)
Ui 41 (@) = U n(@)

ui%,n+1(a) = ui,n(a)

In the matrix form, the first pairs of Equation (36) can be written as:
<ui,n+1(a)) _ (0 1) (uin(a)>
uil‘e,n+1(a) 10 uzle,n(a)
The solution of Equation (37) is, when n is even:
{ui,n(a) = ulo(@)
U (@) = U (@)
Whenn is odd, the solutions are:

{ui,n(a) = up,o(@)

U (@) = uj (@)

14 of 25

(36)

(37)

(38)

(39)

For both cases, when eithern is even or odd, uj,(a)and ug,(a)leads to a convergent solution.

In a similar way, solutions of remaining equations are as follows:
when n is even:

utn(B) = uio(B)
Jubn(B) = ubo(8)
UL (v) = uLo(¥)
Ugn (V) = Uko(¥)
Whenn is odd:

ui,(B) = ugo(B)
) U (B) = uto(B)
Ui (¥) = Upo(¥)
Uk (V) = uio(¥)

4.2.2. The Solution When a > 0, a Real Valued Number, and the Initial Condition u,is a
Neutrosophic number

Taking the(a, B, y)-cut of (8), we get the following equations:

ul%,n+1(0~’) - au}?,n(“) =0
u}12,n+1(a) - aui,n(a’) =0
u%,n+1(ﬁ) - auzle,n(ﬁ) =0
uIli’,n+1(B) - auin(ﬁ) =0
Ul 1 (V) — aup(y) = 0
Ugne1(¥) — aui,(y) =0

In the matrix form, the first pair of Equation (42) can be written as:
<uz,n+1<a>) (9 <ui,n<a>>
Up a1 (@) a 0/ \up,(a)

The solutions of (43) are, when n is even:

(40)

(41)

(42)

(43)
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The solutions of (44) and (45) are,

In a similar way, the solutions of the remaining Equation (42) are as follows:

Whenn is even:

Whenn is odd:

4.2.3. The Solution When a < 0and when the Initial Condition u,is a Neutrosophic Number

{ui,n(a) = a"ujo(a)
Ugn (@) = a"upo(@)
when n is odd:

{ui,n(a) = a™ugo(a)

Upn(@) = a"ui (@)

ui,(B) = a™uj,(B)
upn(B) = a™ugo(B)
uf, (¥) = auo(y)
U (¥) = a"upo(¥)

Ui (B) = a™ugo(B)
upn(B) = a™uio(B)
u%,n (V) = anull?,o (V)
Ugn(y) = a™uio(y)

Let a = —m,m > 0, a real valued number.

From Equation (8), after taking the(a, 8, y)-cut, we have the following sets of equations:

ul%,n+1(0~’) + mu,%_n(a) =0
uzle,n+1(a) + muilz,n(a’) =0
u%,n+1(,3) + mui,n(ﬁ) =0
u}?’nﬂ(ﬂ) + mu}?‘n(ﬁ) =0
Ul (V) + mup,(y) =0
Ugne1 (V) + mug,(y) = 0

Solving the above equations, we get:

upn (@) = (-m)"ugo(a)
ugn(@) = (=m)"up (@)

ui,(B) = (=m)"uo(B)

V42 (B) = (=m)™i o(B)

ui () = (—m)"ui o ()

Upa () = (=m)"uf o (v)

15 of 25

(44)

(45)

(46)

(47)

(48)

(49)

4.2.4. The Solution When a > 0isa Positive Neutrosophic Number and the Initial Condition u,is

nota Neutrosophic Number

Let [@](apy) = [aL(a), az(@); af(B), ag(B); ai(¥), ai(1)]¥ «,B,ye[0,1],and 0 <+ B+ < 3.

Taking the(a, B, y)-cut of Equation (8), we have the following equation:

A

Ul 1 (@) = af(@)up (@)
Ugns1(0) = ag(@uf (@)
u%,n+1 (B) = af (.B)ulze,n (B)
Ufn+1(B) = ag(BIuf n(B)
ulin+ W) =a; (V)ul?’?,n 62)
ul%,n+1 W) = a3 (V)uz,n 62

(50)

In the matrix form, among the above equations, the first pair of Equation (50) can be written as:
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U@ (0 ak(@) [ uin(@)
i) = o 7)) o
The solution of Equation (51), when n is even:
ukn(@) = (ak(@) ah(@)2u,
k(@) = (a}(@) ah(@))ruq

Juta(8) = (@2(B) a3 (B o

n (52)
uf,(B) = (ai(B) ak(B))zu,
ui,(v) = (ai (v) ad (v))zu,
u3 () = (@i (y) az(v))zu,
Whenn is odd:
uh (@) = (ab@) 7 (ah(@)) * uo
ub (@) = (ak(@)) 2 (ak(a)) * uo
u,(B) = (a2(B) ? (a2(B)  uo (53)

W (B) = (@) (E(B) 7 uo

n+1

w0 = (@®) 7 (@0) 7 u

n+1

L300 = (@) 7 (@0) 7 ug

4.2.5. The Solution When a < 0 is a Neutrosophic Number and when the Initial Condition ugis a
Crisp Number

Let a =—-m,m> 0. Let[i](a,p,) = [MmL (@), mk(a); mi(B), mi(B); mi(y),mi(¥)] and
[ﬁo](a,ﬁ,y) = [u}ro(a),u};‘o(a); Ug,o(ﬁ),uzze,o(ﬁ)i uf,o (V)’ug,o (V)]

Va,Bve[0lland 0 <a+B+y<3.

Taking the(a, B, y)-cut of Equation (8), we have the following equations:

Ui e (@) = —mi(@uj ,(a)
Urn1(@) = =M (@)t n (@)
U1 (B) = —mi(BIui,(B) (54)
U ns1(B) = —mg  (B)uf ,(B)
U1 () = —miNui ()
ul3?,n+1(y) = _m??,n (V)ul?’?,n 62)
The general solutions of the above equations are as follows:
up (@) = (=my(a))"ug
Upn(@) = (=mg(a))"uo
upn(B) = (=my,(B))"uo (55)

Upn(B) = (—mg(B))"uo
U (¥) = (—my(¥)) "o
U (¥) = (—mg(¥))"u,

4.2.6. The Solution When the Initial Conditionu, and a > Oare Both Neutrosophic Numbers

Let [@](apy) = laL (@), ag(@); af(B), ag(B); ai(¥), ai(¥)] and [To)(apy) =
[ui,o (@), ugo(@); ufo(B), ufo(B); Ui o(¥), U o (V)]

Va,Bvel0l1lland 0 <a+B+y<3.

In this case, the solutions are given, following from Equation (50):
whenn is even:
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whenn is odd:

4.2.7. The Solution When the Initial Condition u, and a < Oare Both Neutrosophic Numbers

Let a=—-m,m>0

In a similar way, as seen in Equation (54), we have the following solutions.

ubn(@ = (ak(@) ak(@))2ulo(a)
ub (@) = (ah(@) ak(@))7ub,(a)
|10 ®) = @) Gk Beute(®)
w2, (B) = (aZ(B) ad(B))7ub,o(B)
uin (V) = (@ (y) ()7l o ()
wh, () = (@ () @i (V) 2ud o)

wl (@) = (@) 7 (ah(@) 7 who(a)

(@) = (a2(@) 7 (ah(@) 7 ubo(@)

W (B) = (2(B)) 7 (a2(R)) * udo(B)

n+1 n—

uin(B) = (ai(®)) 2 (ak(B)) * ufo(B)

n+1

w0 = (@) 7 (@) udo)

Luda ) = (@) % (0)) 7 wdo)

17 of 25

(56)

(57)

Let  [Ait](ap,) = [mi(a),mg(a); mi(B),mg(B); m;(¥), mi(y)]
and[ao]((x,ﬁ,y) = [u%,o (), u}z,o(a); u%,o (ﬁ),uﬁ,o B); ul?:,o(]’)'ut?’e,o (V)]
Va,Bve[0lland 0 <a+B+y<3.

The general solutions of the above equations are as follows:

5. Numerical Example

uin(a) = (=my(a))"ujo(a)
Up (@) = (—mp (@) "ug ()
ufn(B) = (=my(B) "ui o (B)
Uz (B) = (—=mr(B) " uz o (B)
ui,(¥) = (—my (M) ui o ()
ud () = (—mer())"ui o)

Example 1. Solve the difference equation:

Unsr = (2,4,6;1,4,5;2,4,5)u,

with the initial conditionti,_, = (50,60,70; 55,60,75; 50,60,80)

(58)

(59)

Solution 1. If the [fiy](qp)is the (a, B,y)-cut of a sequence of neutrosophic numbers, then its components

are as follows:

ul (@) = (2 + 2a)"(50 + 10a)
ug (@) = (6 —2a)"(70 — 10a)
] uEn(6) = (4= 34)"(60 ~ 5p)
uZ,(B) = (4 + B)"(60 + 158)
ui ,(v) = (4 — 2y)"(60 — 10y)
u ,(¥) = (4 +y)"(60 + 20y)

(60)
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Remarks 2.We plot the solution for n = 2. From the above Table 2 and Figure 1, we see that uf ,(a)
is an increasing function and ug,(«) is a decreasing function, with respect to a. On the other
hand,uf ,(B) is a decreasing function and uf,(B) is an increasing function, with respect to B.
Additionally,uin (y) is a decreasing function and uj ,(y) is an increasing function, with respect to
y. Therefore, using the concept of Definition 3.2, we call the solution a strong solution.

Table 2. Solution for n = 2

apy uj (@) Upq (@) uf,(B) uz.(B) ui, () ug(¥)
0 200.00 2520.00 960.00 960.00 960.00 960.00
0.1 246.84 2321.16 814.55 1033.81 851.96 1042.22
0.2 299.52 2132.48 682.04 1111.32 751.68 1128.96
0.3 358.28 1953.72 562.18 1192.60 658.92 1220.34
04 423.36 1784.64 454.72 1277.76 573.44 1316.48
0.5 495.00 1625.00 359.37 1366.87 495.00 1417.50
0.6 573.44 1474.56 275.88 1460.04 423.36 1523.52
0.7 658.92 1333.08 203.96 1557.34 358.28 1634.66
0.8 751.68 1200.32 143.36 1658.88 299.52 1751.04
0.9 851.96 1076.04 93.79 1764.73 246.84 1872.78
1 960.00 960.00 55.00 1875.00 200.00 2000.00

2 — u} (@)

2 — upa(@)

@By o — u,(p)

2
[=] URgn (ﬁ )
=
o "'g n (}'}
w — up,(¥)
S 8 3 g % g
[=] [=] (=] (=] [=]

Figure 1. Graph for n = 2.

Remarks 3. We plotted the solution for n = 5. From the above Table 3 and Figure 2, we see that
ut ,(a) is anincreasing functionand ug,(«) isa decreasing function, with respectto a. On the other
hand,uf ,(B) is a decreasing function and uf,(B) is an increasing function, with respect to B.
Additionally,ui ,(y) is a decreasing function and u},(y) is an increasing function, with respect to
y. Therefore, using the concept of Definition 6, we call the solution a strong solution.
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Table 3. Solution forn = 5.

aBy upn(@  upa(w)  ui, (B uR.(B) ui,()  uR.()

0.1 2628.35  452,886.16 41,259.65 71,251.56  46,748.74  71,830.84

0.3 629712  307,640.56 16,748.05  94,820.44  25,898.19  97,025.57

0.5 13,365.00 203,125.00  5615.23  124,556.48 13,365.00 129,169.68

0.7 25,898.19 129,756.67  1398.99  161,688.22 629712  169,715.30

0.9 46,748.74  79,721.65 206.06 207,619.30  2628.35  220,330.69

! |
2
E — u},(a)
e - ull!,n(a)

@By g — uf,(B)
2 \ — ug,(B)
s — ui,
o \ U ()
: A

Figure 2. Graph for n = 5.
We interpret the solution for fixed «,f,y = 0.4 and different n in Table 4 and Figure 3.

Table 4. Solution for «,,y = 0.4 and different n.

n uj,(a) (@) uf (B . (B) ui,(¥) U (¥)
[ e e La e
2 38193 1513.38 410.23 1101.80 510.47 1135.19
ORI T
4 243712 29,427.69 2617.65 15,860.57 414231 16,341.19
BN N
6 1555116 57221906 1670310 22831458 33,613.43 235,233.20

8 99,231.00 11,126,750.35 106,581.44  3,286,612.28 272,761.37 3,386,206.59

10 633,186.78  216,358,699.65  680,089.51  47,311,126.78  2,213,363.93  48,744,797.29
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25000000
|
20000000
* uf.nfﬂ)
15000000 n ufla,n(ﬂf)
s w2, ()
10000000 K “ﬁ,n(ﬁ}
v g, (y)
50000000 L o up, (V)
0 2 4 6 8 10 12

Figure 3. Graph for a,f,y = 0.4 and different n.

Example 2.Solve the difference equation:

Upyq — AUy, =0 (61)
with initial conditionii,,_, = (50,60,70; 55,60,75; 50,60,80)

Solution 2.If [fi,](a,p,)is the (a, B, y)-cut of a sequence of neutrosophic numbers, then it’s components are as
follows:

when n is even:

ut p(a) = 4"(50 + 10a)
up(a) = 4™(70 — 10a)
ui,(B) = 4"(60 — 58)

Vuba(8) = 47(60 + 156 ()
ut ,(y) = 4"(60 — 10y)
ukn(y) = 47(60 + 20y)

when n is odd:
u} (@) = 4™(70 — 10a)
ub (@) = 4"(50 + 10a)
1 —qn
) ut,(B) = 4™(60 + 15p) )

Upn(B) = 4"(60 — 56)
uLa(y) = 4"(60 + 20y)
ugn(y) = 4"(60 — 10y)

As previous examples, we easily interpret the solutions in a different manner.

6. Application of the Method in Actuarial Science

Let us consider that a sum S, is invested at a compound interest of i per unit amount and per
unit of time and S,is the amount at the end of time t. We then get the difference equation associated
with the problem, which is:

Seer =S +1iS, = (1 + S, (64)

If, for some reason,i may vary, we are interested to find the possible amount after a certain time
interval.
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For this problem, let us consider hypothetical data and solve it. Suppose a person has initially
invested S;-, = 10000%in a firm, where they get about 4% interest (which may be considered a
neutrosophic value).

As per Table 1, if we take the verbal phrase for a triangular neutrosophic number, we then set
the interest rate as follows:

For the truth part: low as 3%, medium as 4%, high as 5%;

For the falsity portion: very low as 2%, medium as 4%, very high as 6%;

For the indeterminacy part: between low and very low 2.5%, medium 4%, between high and
very high 5.5%,

ie., we can takei = (3,4,5; 2,4,6; 2.5,4,5.5)% per annum rate. We wish to predict the amount of
money after 10 years.

Therefore, we get the fuzzy difference equation

St+1 = St + lSt = (1 + Z)St (65)
With the initial conditionsS;—, = 10000$ and 1 = (3,4,5; 2,4,6; 2.5,4,5.5)%.

Solution 3.Equation (65) is equivalent to

Sey1 =S¢ +iS; = (1 + (0.03,0.04,0.05; 0.02,0.04,0.06; 0.025,0.04,0.055) )S;
or
Se+1 = (1.03,1.04,1.05; 1.02,1.04,1.06; 1.025,1.04,1.055)S, (66)

with the initial conditionS,_, = 10000$.
The solution of (66) can be written using the concept of (19), as follows:

St.(a) =10000(1.03 + 0.01a)*
Sk () = 10000(1.05 — 0.01a)*
SZ,(B) = 10000(1.04 — 0.025)¢
S2.(B) = 10000(1.04 + 0.02B)*
SE.(y) = 10000(1.04 — 0.015y)*
S3.(y) = 10000(1.04 + 0.015y)¢

(67)

Remarks 4.(1)We plot the solution for t = 10. From the above Table 5 and Figure4, we see that
St n(a) isanincreasing functionand Sk ,(a) is a decreasing function, with respect to . On the other
hand, S{,(B) is a decreasing function and S§,(B) is an increasing function, with respect to B.
Additionally,S? ,(y) is a decreasing function and S3,(y) is an increasing function, with respect to
y. Therefore, using the concept of Definition 3.2, we call the solution a strong solution. (2) From Table
5, we can see that we find the crisp solution at a =1, B,y =0 (since, at a =1, B,y =0, the
neutrosophic number becomes a crisp number) and fort = 10 is equal to 14802.4428. Therefore, we
can say that after 10 years, the most probable chance to get the money is 14802.4428%.(3)If we consider
a=0 and B,y =1, i.e., in the case that we get the most uncertain solution interval, we observe that
the truthiness of the solution belongs to the interval [13439.1638,16288.9463], the falsity belongs to
the interval [12189.9442,17908.4770] , and the indeterminacy belongs to the interval
[12800.8454,17081.4446].
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Table 5. Solution for t = 10.

a,By Sti(@) She(@) st.(B) 5%:(B) st S (¥)
0 13,439.1638  16,288.9463 14,802.4428 14,802.4428 14,802.4428 14,802.4428
0.1 13,570.2126  16,134.4766  14,520.2313 15,089.5813  14,590.3264 15,017.3306
0.2 13,702.4105 15,981.3266 14,242.8714 15,381.7230 14,380.9496  15,235.0219
0.3 13,835.7662 15,829.4861 13,970.2889 15,678.9453 14,174.2808  15,455.5492
0.4 13,970.2889 15,678.9453 13,702.4105 15,981.3266 13,970.2889  15,678.9453
0.5 14,105.9876  15,529.6942 13,439.1638 16,288.9463 13,768.9430 15,905.2433
0.6 14,242.8714 15,381.7230 13,180.4776 16,601.8849 13,570.2126 16,134.4766
0.7 14,380.9496  15,235.0219 12,926.2814 16,920.2240 13,374.0675 16,366.6791
0.8 14,520.2313 15,089.5813 12,676.5060 17,244.0464 13,180.4776 16,601.8849
0.9 14,660.7259  14,945.3915 12,431.0828 17,573.4357 12,989.4133 16,840.1284
1 14,802.4428 14,802.4428 12,189.9442 17,908.4770 12,800.8454 17,081.4446
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Figure 4. Graph for t = 10.

7. Conclusion and Future Research Scope

22 of 25

In this paper, we find the solution strategy for solving and analyzing homogeneous linear
difference equations with neutrosophic numbers, i.e., we found the solutions of the homogeneous
difference equations with initial conditions and coefficients, both as neutrosophic numbers. We
demonstrate the solution of different cases using the neutrosophic characterization theorem, which
is established in this paper. The strong and weak solution concepts are also applied to different

results.

Moreover, the outcomes of the study are as follows:
(1) The difference type of the homogeneous difference equation is solved in a neutrosophic
environment and the symmetric behavior between them is discussed.
(2) The characterization theorem for the neutrosophic difference equations are established.
(3) The strong and weak solution concept is applied for the neutrosophic difference equation.
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(4) Different examples and real-life applications in actuarial science are illustrated for better
understanding of neutrosophic difference equations.

For some limitations, we did not study the different perspectives of related research in the theory
of difference equations with uncertainty in this present work. From this work, anyone can take
motivation and find a new theory and results in the following field, as follows:

(1) The solution of difference equation can be found with different types of uncertainty, such as
Type 2 fuzzy, interval valued fuzzy, hesitant fuzzy, rough fuzzy environment.

(2) Finding several methods (analytical and numerical) for solving non-linear first and higher
order difference equations or system of difference equations with uncertainty.

(3) Solving the real-life model associated with the discrete system modeling with uncertain data.

As a final argument, we can surely say that this research is very helpful to the research
community who deals with discrete system modeling with uncertainty.
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