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Abstract: Interval-valued neutrosophic hesitant fuzzy uncertain linguistic set (IVNHFULS) has the
advantages of both neutrosophic numbers and interval-valued hesitant fuzzy uncertain linguistic
variable. In this paper, we firstly introduce the definition, the operational laws, and the score function
of IVNHFULS. Then, we combine interval-valued neutrosophic hesitant fuzzy uncertain linguistic set
with Bonferroni mean operator and propose some new aggregation operators, such as the
interval-valued neutrosophic hesitant fuzzy uncertain linguistic Bonferroni mean (IVNHFULBM)
operator, the interval-valued neutrosophic hesitant fuzzy uncertain linguistic weighted Bonferroni mean
(IVNHFULWBM) operator, the interval-valued neutrosophic hesitant fuzzy uncertain linguistic
geometric Bonferroni mean (IVNHFULGBM) operator, the interval-valued neutrosophic hesitant fuzzy
uncertain linguistic weighted geometric Bonferroni mean (IVNHFULWGBM) operator. At the same
time, the related properties of these operators are discussed. Furthermore, we propose two multiple
attribute decision making methods based on IVNHFULWBM operator and IVNHFULWGBM operator.
Finally, we give an illustrative example to demonstrate the practicality and effectiveness of the
proposed methods.
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1. Introduction

Multiple attribute decision making (MADM) has been a hot research topic. In the real decision
making, because of the complexity and the uncertainty of decision making problems, how to
realistically express the fuzzy and uncertain information is very important. Zadeh [1] firstly proposed
the Fuzzy set (FS), which has been successfully applied in various fields. Due to the FS only consider
the membership degree, Atanassov [2] further developed the intuitionistic fuzzy set (IFS) based on the
FS. In recent years, Smarandache [3] proposed the neutrosophic set (NS) which consisted of
membership degree, non-membership degree and indeterminacy -membership degree. In addition,
some subsets of neutrosophic set have been proposed. For example, Wang et al. [4][5] further proposed
the interval-valued neutrosophic set (IVNS) and the single-valued neutrosophic set (SVNS). Due to the
membership degree of FS, the membership degree and non-membership degree of IFS, the membership
degree and non-membership degree and indeterminacy-membership degree of NS are a single value
ranged from 0 to 1. As we all known, the single values are asymmetric and not comprehensive so that
they inappropriately describe the incomplete information. Based on this, Torra and Narukawa [6-7]
introduced the hesitant fuzzy sets (HFS). In HFS, the membership degree is a set of several possible
values between 0 and 1. The obvious difference between FS and HFS is that the membership degree is



a single value or a set of possible values ranged from 0 to 1. When the decision makers evaluate the
alternatives, HFS is a useful tool to describe the evaluation values with hesitance. Chen et al. [8]
extended HFS to interval-valued hesitant fuzzy sets (IVHFS), in which the membership degree is a set
of possible interval values between 0 and 1. Ye [9] presented a neutrosophic hesitant fuzzy set (NHFS),
which is the combination HFS with SVNS. In real decision making, especially for qualitative
information, the linguistic variables are suitable to express the evaluation values and it can improve the
flexibility and reliability of the decision making information. So far, the linguistic variables have been
widely studied [10-12], which could be expressed as single values [13] or interval values [14]. The
interval linguistic terms are also known as uncertain linguistic variables. Rodriguez et al. [15-16]
originally gave the hesitant fuzzy linguistic term sets (HFTLS) which is used to describe the linguistic
variables. Lin et al. [17] developed the hesitant fuzzy linguistic sets (HFLS) and the hesitant fuzzy
uncertain linguistic set (HFULS) on the basis of HFS and linguistic variables or uncertain linguistic
variables. The characteristics of the HFLS and HFULS are that the membership degree can be
expressed as a set of hesitant fuzzy linguistic variables or hesitant fuzzy uncertain linguistic variables.
Similar to the HFS, HFLS doesn’t take the non-membership degree, indeterminacy-membership degree
into account so that HFLS has the weaknesses in avoiding the information distortion and losing
effectively in handling the indeterminate, incomplete and inconsistent problems. In order to overcome
the deficiencies, in this paper, we extend NHFS to interval-valued neutrosophic hesitant fuzzy set
(IVNHFS) and cobmine IVNHFS with uncertain linguistic variables. Consequently, we finally give the
concept of interval-valued neutrosophic hesitant fuzzy uncertain linguistic set (IVNHFULS), which is
composed of two main parts: an uncertain linguistic term and an interval-valued neutrosophic hesitant
fuzzy element. The two parts respectively express an evaluation value and the hesitancy for the given
evaluation value. Certainly, the second part also represents the interval-valued membership degree,
interval-valued non-membership degree and interval-valued indeterminacy-membership degree
associated with the specific uncertain linguistic term.

Up to now the information aggregation operators are studied deeply, and they have been widely
used in various field. All sorts of operators have been proposed to deal with many different situations.
For example, Xu [18-19] developed the uncertain linguistic weighted averaging (ULWA) operator, the
uncertain linguistic ordered weighted averaging (ULOWA) operator, the uncertain linguistic hybrid
averaging (ULHA) operator, the uncertain linguistic geometric averaging (ULGA) operator, uncertain
linguistic weighted geometric averaging (ULWGA) operator, uncertain linguistic ordered weighted
geometric averaging (ULOWGA) operator, and induced uncertain linguistic ordered weighted
geometric averaging (IULOWGA) operator under uncertain linguistic environment. Wei [20] proposed
an uncertain linguistic hybrid geometric averaging (ULHGA) operator. In order to more accurately and
flexibly deal with the hesitant fuzzy information, Lin et al. [17] developed some hesitant fuzzy
uncertain linguistic arithmetic aggregation operators, such as hesitant fuzzy uncertain linguistic
weighted averaging (HFULWA) operator, hesitant fuzzy uncertain linguistic ordered weighted
averaging (HFULOWA) operator, hesitant fuzzy uncertain linguistic hybrid averaging (HFULHA)
operator. Ju and Liu [21] gave the interval-valued hesitant uncertain linguistic weighted averaging
(IVHULWA) operator, the interval-valued hesitant uncertain linguistic weighted geometric averaging
(IVHULWGA) operator. Liu et al. [22] proposed some interval-valued hesitant uncertain linguistic
generalized aggregation operators, including the generalized interval-valued hesitant uncertain
linguistic weighted averaging (GIVHULWA) operator, the generalized interval-valued hesitant
uncertain linguistic ordered weighted averaging (GIVHULOWA) operator and the generalized



interval-valued hesitant uncertain linguistic hybrid averaging (GIVHULHA) operator. In order to better
handle the interrelationship between input arguments, Bonferroni [23] originally introduced the
Bonferroni Mean (BM) operator. The extensions of the BM operator have been constantly proposed
since it was initially introduced. Yager [24][25] and Beliakov et al. [26] proposed some generalized
BM operators. Zhu et al.[27] combined BM operator with geometric operator and finally proposed the
geometric Bonferroni mean (GBM) operator. In this paper, we will extend the BM operator to the
interval-valued neutrosophic hesitant fuzzy uncertain linguistic environment for the sake of possessing
the advantages of both BM operator and IVNHFULS, and flexibly handling the indeterminate,
incomplete, inconsistent information and effectively considering the interrelationship of the
interval-valued neutrosophic hesitant fuzzy uncertain linguistic information.

The remainder of this paper is shown as follows. In section 2, we mainly introduce the basic
concepts of the interval-valued neutrosophic hesitant fuzzy uncertain linguistic set (IVNHFULS), and
the operational rules and the characteristics of IVNHFULS. In section 3, we propose some
interval-valued neutrosophic hesitant fuzzy uncertain linguistic BM aggregation operators, such as the
interval-valued neutrosophic hesitant fuzzy uncertain linguistic Bonferroni mean (IVNHFULBM)
operator, the interval-valued neutrosophic hesitant fuzzy uncertain linguistic weighted Bonferroni mean
(IVNHFULWBM) operator, the interval-valued neutrosophic hesitant fuzzy uncertain linguistic
geometric Bonferroni mean (IVNHFULGBM) operator, the interval-valued neutrosophic hesitant fuzzy
uncertain linguistic weighted geometric Bonferroni mean (IVNHFULWGBM) operator. In section 4,
two multiple attribute decision making methods based on IVNHFULWBM operator and
IVNHFULWGBM operator are proposed. In section 5, we give a numerical example to prove the
effectiveness of the proposed methods.

2. Preliminaries

2.1 The uncertain linguistic variables
Suppose that S =(s,,s;,--+,S,;) consists of the finite and complete ordered elements, wherel is

an odd value. In general, | is equal to 3579 etc. when =9 |
S =(S,.5,:5,,5;.5,, 55, S, S;. 3 ) =(extremely poor, very poor, poor, slightly poor, fair, slightly good,
good, very good, extremely good). Here, s, (a =1.2,...,1 -1) can be defined as a linguistic variable.

Let s;and S;are any two elements in linguistic setS, they must meet the following conditions
[28][29]:

(DIf i> ], then s > S; (ie,s; isbetterthans;);

(2) Negative operator: neg(s;) =S4

(3)If s; =s;,then max(s;,s;)=s;

@ 1f s, <s;,then min(s;,s;)=5;.

For any linguistic setS = (s,,s;,--+,S,,) , the element s, is a strictly monotonically increasing
function of its subscript « [30]. In order to minimize the loss of linguistic information, the discrete

linguistic set S=(s,,,,--,5,) is extended to a continuous linguistic setS ={s, |6 <[0,q]}. qis

sufficiently large number. The operational laws are defined as follows:[28][29]



(1) ﬁsi = sﬂxi ;B >0 (1)

s s, =5, )
Q)s, /s, =s,; ®3)
(@) (s)" =s, n=0 (4)

Definition 1 [31]. Let S =[s,,s,],5,,S, €Sand b>a>0,s,,s, are the lower limit and upper limit
of s, respectively, then, § is called an uncertain linguistic variable.

Let S; =[Sx.Sml, S, =I[Saz Sp21 D€ any two uncertain linguistic variables, the operation rules are
defined as follows[32][33]:

(1) 8 ®8, =[5.1,S0 @[S S50 ] = [Satr 0 Soato ] )
(2)§,®8, =[5,1, 511 ® 5.+ S5] = [Sueaz s Sorno ] (6)
(35,78, =[5, 50,1/ [Sa+ 50,1 = [Sapions Soran] i @2#0,b2%0 (7
(4) 28, = ASp, 5] =[S 000, Spon] A >0 (8)

2.2 The neutrosophic set
Definition 2 [34]. Let X be a universe of discourse, with a generic element in X denoted by x. A
neutrosophic number A in X is

AX) =< X | (TA (), TA(X), Fa(x)) > ©)
where, T,(x) is the truth-membership function, 1,(x) is the indeterminacy-membership function,

and F,(x) is the falsity-membership function. T,(x),l,(x) and F,(x) are real standard or

nonstandard subsets of }O’,l*[ .

There is no restriction on the sum of T,(x),I,(x)and F,(x),s0 0" <T,(X)+1,(X)+F,(x)<3".

Definition 3 [35]. Let X be a universe of discourse, with a generic element in X denoted by x. A single
valued neutrosophic number Ain X is

AX) =< x| (Ta(X), 1a(X), Fa(x)) > (10)

whereT,(x) is the truth-membership function, 1,(x)is the indeterminacy-membership function,
and F,(x) is the falsity-membership function. For each point x in X, we
haveT,(x),1,(x), Fa(x) €[0,1] , and 0 < T, (X) + 1 ,(X) + F,(x) < 3.

Definition 4 [35]. Let X be a universe of discourse, with a generic element in X denoted by x. A

interval neutrosophic set Ain X is

AX) =< x| (Ta(X), 1a(X), Fa(x)) > (11)



where, T,(x) is the truth-membership function, [, (x) is the indeterminacy-membership function,

and F,(x) is the falsity-membership function. For each point x in X, we have
Ta(x),14(x), Fo(x) =[0,1] , and 0 < sup(T, (x)) + sup(l , (x)) + sup(F, (x)) < 3.
For convenience, we can use x = ([T, TY],[1%,1V],[F*,F"]) to represent an element in INS, and

can call an interval neutrosophic number (INN).

2.3 Interval-valued hesitant fuzzy set
Definition 5 [36][37]. A hesitant fuzzy set (HFS) E on X is defined in terms of a function that
when applied to X , which returns a finite subset of [0, 1], to be easily understood, the HFS can be
expressed by mathematical symbol as follows:
E ={<x,h(x) > xe X} 12)
where h(x) is a set of some different values in [0, 1], representing the possible membership
degrees of the elementx e X to E .From now on, it will be convenient to call h(x) a hesitant fuzzy
element (HFE) and E the set of all hesitant fuzzy elements (HFES).

For any three HFEs h,hy and h, , Torra [22] defined some basic operations shown as follow:

(1) he= Uh{l—y}, (13)

(2) hl U hz - ?’1Eh1L~JVthz max {}/11 7/2} , (14)

@) mNh,= U minfy,z,} (15)
7€y, yoeh,

After that, Xia and Xu [23] defined four operations about the HFEs h,h;,h, with a positive

scalen:

® -y, ()
(2) nh= gh{l—(l- 7'}, 17
@) hoh,= U {n+r-nr) (18)

7neh.y,eh,

) h®h,= U {7172 } (19)

7€hy,y,eh,

Definition 6 [38]. An interval-valued hesitant fuzzy set (IVHFS) Eon X is defined in terms of a
function that when applied to X , which returns a set of finite closed sub-intervals in[0,1], the IVHFS
can be expressed by mathematical symbol as follows:

E={<xh(x)> xe X} (20)
where ﬁ(x) is a set of some different interval values in [0,1], representing the possible

membership degrees of the element xe X to E . From now on, it will be convenient to call ﬁ(x)

an interval-valued hesitant fuzzy element (IVHFE) and E the set of all hesitant fuzzy elements



(IVHFES).

2.4 interval-valued neutrosophic hesitant fuzzy uncertain linguistic set

Definition 7 [39]. Let X is a fixed set and S is an uncertain linguistic set, then the hesitant fuzzy
uncertain linguistic set (HFULS) on X can be defined as follows:

A :{< X![SG’(X) ’ ST(X)]’ h(X)) >| Xe x} (21)
where  [sy(,),S,(x]€ S and h(x) is a set of some values in [0,1], denoting the possible
membership degree of the element x e X to the uncertain linguistic variable [sy(,S;(].From now

on, it will be convenient to call a=< [se(a),sr(a)],h(a) > a hesitant fuzzy uncertain linguistic element

(HFULE) and A the set of all HFULEs.
Definition 8. Let X be a fixed set and S be an uncertain linguistic set, then an interval-valued
neutrosophic hesitant fuzzy uncertain linguistic set (IVNHFULS) on X can be expressed by:

A={< X, [8500: 52001 T, T (%), () > x e X} (22)

where [5,0,5:091€ S+ T(9= {77 T}, T00 = P[5 e Too} and F(x) =47l « T} are three

sets of some wvalues in [0,1], which represents the possible truth-membership degrees,
indeterminacy-membership degrees, and falsity-membership degrees of the element X € X to the

uncertain linguistic variable [s,,,S;(x)], and satisfies these limits :

704, & <[04], 7 e[0l]and0<sup7* +supd* +sup7* <3,

where 7+ =U; ;o max{7} 5 * U, maxfp s and 7 =U- 7, max{}for xe X

Hence, a =<[Sy(a), sr(a)],{f(a), i(a), F(a)} >can be described as an interval-valued neutrosophic
hesitant fuzzy uncertain linguistic element (IVNHFULE). So, A is the set of all IVNHFULEs.

Let 5 =< [50(5) ’ Sr(a)]’ (f(a)v T(ﬁ), F(ﬁ)) > and b =< [SH(E) ’ ST(E)]I (t~(b)l r(b)v f (b )) > be any

two IVNHFULEs, the operation rules are defined as follows:

=~ ~L =L =L=L =U =U =U=zU
ad®b :<[SH(§)+9(E)’sr(§)+r(6)]’ U (G +n - o+ -1 7],
7(8)<t (@), (b)<l (b)
5(@)ei (8).5(0)ei (b)
TOF@ACETO)
@ (65765 .05 05 Llna n; ma my 1)> (23)
A0b =<[S)a06) Saein) U EGEELG G %66 1 6]
7(@)<t @) (b)<t (b)
@) 5(8)<i(3)3 ()<l (b)
7(@ef @)77(b)<f (o)
~| ~L ~L=~L~U,6,~U =~U=U
[z +75 —7a 5 Ma +75 —7a g 1> (24)



8 =<[5 10 Sy ) U (L-@-%H*1-a-5")%

3) F(3)et (3),6 (A)ei ()7 ()T ()
[(5:5)*, 557 ) LI @) D) > (25)
8% =<[8 )15,y I 5 G LR- -0 - =657,
4) F(3)et (3),6 ()ei (3),7 ()T ()

L-@-7:0)"1-@-75")" D> (6

Let & =<[s52),5:(3) 1. (@, T @), T@)>, b =<[s,55,,1T0).T(). F(0))>are any two

IVNHFULEs, and 4,4;,4, >0, then we have:

(1) aeb=bea 27)

(2 a®b=b®a (28)

() A@®b)=1a® b (29)

4 raera=+4,)a (30)

(5) a*®b* =(aA®h)* (31)

(6) 52’1 ®aﬂz :aﬂ'ﬁﬂz (32)
Proof.

(1) The formula (27) is obviously right according to the operational rule (1) expressed by (23)
(2) The formula (28) is obviously right according to the operational rule (2) expressed by (24)

(3) For the left of the formula (29), we have
N ~L ~L =~L=L=U =U =U=U
ﬂ(a@b):/1(<[se(a)w(g),sr(s)ﬂ(g)], U~ i (Irz R e R P Pl P 1,
7(3)<t(a)F(b)et (b)
5(8)ei ().6 (b)ei (b)
@i @ae)i®_
[05 65 .05 & Llnz 5 vz m; 1>)
_ ~ _ =i =lyig o =Uyim =Uyi
_<[51(6(5)+6(b))’Sl(r(ﬁ)+r(b))]’ U~ _ [-A-r7)" Q-5 1-A-") @-57)71
T (@)t (@).F(b)<t (b)
5(8)<i(@)3(b)ei (b)
i@t @kl ) SLT LA (SUSUNAT /= L= Lyvi (= U~ U\A
[(657657) (05 65 ) LIz ;)" (nz m5 )" D>
and for the right of the formula (29), we have

= <[S103) S1e(@ U (- - - -4
F(@)et (3),6(@)el (A)7(A)ef (@) _ ) .. ) y
[(6:5)*. (037 ) L@ ) 1z ) D) >

O[S0y S ~~U~~ @R
F(b)ef(b),&(b)ei(b),ﬁ(b)ef(b) ~ L1 = U L4~ U
[(5:9)".(5:°) 1I@G: " @0 D >

B ~ ~ o mNAp_m LA =Uyig =Uya
f(8)et (d).F(b)et (b)
5 (@)ei (3).3(0)<i (b)
TEt@I®ITE) TLSLyA (SUSU\AT /= L~ Lya ;~ U=~ U\4
[(057057)" (05 65 ) LIz 57 )" (mz mz )" D) >



So, we can get A(A@®b) = 1a® Ab , which completes the proof of formula (29).

(4) For formula (30), we have

ME® 18 =<[8 .06 @) | [I-Q-F9*1-0-7")%],
f(8)et (),
(@)l (d),
i@er@ Lt -U
[0, (65 ) L) G ) D) >
® <[40 St | [-0-TH21-0-F")"],
f(3)et (@),
s(a)ei (a),
77(a)ef(a)~

[(55)"2,(55°) 2 1115 ) ™, (7:° ) 2 1) >

=<[Sgyenmpo@ Stmye@) | O-Q-FD* -5 1-a-F")0-7")*],
T ()t (a),
§(a)ei(a),
U(a)Ef(a) A A ~ LA ~ U ~ U\/4
[(6:")" (55" )zg )*1(5 )21.107z )j“(’?a )2, (75 ) (757 )2 ) >
=<[8(y+1,)08) S+ 2,)e @) | U (- -7y 1 A-5) s ],
F(3)et (),
§(a)ei (a),
(@< (@) _
_ [(655) 7, (557 )2 1[5 ) 2 (75 ) 2 1) >
= (4 +14,)3

So, we can get the formula (30) is right.
(5) For the left of the formula (31), we have

85 ®b* <[5, 5.5p 1 |J  (@ED G LL-0-6") " 1-0-5;")"
7 (@)<t (a),
5 (8)ei (d),
7(@)=f (&) L .
[1-@-7:") - -72")*]) >

=L ~U S L S U
®<[s,5 Seyl U (GHGED L6 1-0-6")"],
7 (b)et (b),
5(B)ei(b),
7(b)ef (b)

[-@-7;")*1-@-7")"]) >

=<Bpamaiy Syt U G EHLED G
r (a)et @),r (b)et (b)
5(a)e|(a)(>(b)e|(b)
n(a)ef(aM(b)ef(b)

L-0-09) -5 1-0-6:") 1-6:" ) L- -7 -7 9 - -7 -0 ) >

_ _ N - - -U ~..U A
=<[Sp@mody  Se@medy 1 U (Rl
r (a)et a),r (b__)et (b__)
()(a)el (2).5(b)ei(b),
T@EF@F0)=Tb)_

[L- (- &) 5;")" - (-85 ")A- 557 ) 1A (-7 -7 ) - (-7 )a-7: )] >

and for the right of the formula (31), we have

~ o \A ~L=L =U=U
(a®b)" =(< [86(5)><¢9(6)’Sr(5)><r(5)] U ([rz 5 fa fg 1.
T(3)et (3).F(b)et (h)
5(a)e| (3).5(b)ei(b)
_ (a)ef(a) Q(b)ef(b)

[65" +6:" -65"6:5, 65" +6:° ~ ;Y5 Vst + s - Y s -7l ) >)



_ N _ =Lz Ly = U=UN2
=<[S@yoey Se@mey b U @GEHHYEFHD
F(3)<t (3) 7 (B)<i (B),
b(a)el (2).5(b)ei(b),
T @0 ®)

[L- (- &5")A- ;") - (- 85)A- 557 ) 1 (@-75H)a-7; ") - (-7 )a- 75 )] >

So, we can get the formula (31) is right.
(6) For formula (32), we have
U a@H @& 10-a-65"1-a-5")"1,
f(8)et @),

@)l (@)
7(@)ef @)

34 ®3% =
at®a” =< [sg(a)gl,sr(a)h],

[L-Q-7:") " 1-(-75") D) >
U (@2 @G0 2L0-a-64%1-a-58)"1,
F (@)t (8),

5 (8)ei (d),
7(@)ef (@)

® <Bpaya:Seqaye b

L-@Q-755) "2 1-A-75")"]) >

U a@&Ha@Eh= G )
T (3)et (3),
iézii'&zé
- (-5 Q-5;")2 1-1-5;" ) (=657 )2 L IL- Q-7 ") (=772 5) 2 - =730 ) (- 7)) >

U a@&H= G 11006305 1- =557,
L@)<t @),

s(a)i (a),
n7(@)ef (@)

=< [Se(a)ﬁxe(a)‘z 1S (3)ixe (@) 2 If

=<< [56(5)114./:2 y Sz_(a-)ll-v-lz ]y

[L-@-75")"" 1= -7 )2 ) >
— a/ﬁ*ﬂz
So, we can get the formula (32) is right.

Definition 9 [9,15]. Let 5=<[sg(a),sr(a)],(t~(§),i~(é‘), f(3))> be an interval-valued neutrosophic

hesitant fuzzy uncertain linguistic element (IVNHFULE) , then the score function S(a) of & can be

defined as follows:

+ra’ . 1 a-5+a-5"), 1 s T

[#t i (3)et (&) (7) + ﬁZﬁ(é)eT(ﬁ) (f) + ﬁzn(a)ef @) (f)]

s(@)=
3
XS 9(@)+r(3)
2
s . N (33)
O@ @ Srmrn (o s w0y Ly

6
where #T,#1 ,#f are the number of the interval numbers in t(d),7(3), f (@).
Let & =<[Sy() S:x ] ([ @).i (@), f(@)> and b =< [S06):S:@)): ({(b), i (), f(b))> are any
two IVNHFULEs, the comparison method of IVNHFULEs is expressed as follows:

(1) If S(&)>S(b) then d>b



) If S(@)<S(b) then a<b

(3)If S(@)=S(b) then a=b

2.4 The Bonferroni mean (BM) operator
Definition 10 [40]. Let a;(i =1.2,...,n) be a set of non-negative numbers, and p,q >0, the Bonferroni

mean operator is defined as follows:

1
) p+q
aPla?
n(n-1) i_,,zél vl (34)
j#i

BM P9(a;,ay,..,a,) =

In real decision making, the weight of input arguments plays an important part in decision process.
But the BM operator doesn’t consider the importance of input argument itself. Hence, Zhou [41]

developed a weighted Bonferroni mean (WBM) operator.
Definition 11 [41]. Let a;(i =1,2,.., n) be a set of non-negative numbers, and p,q > 0 . The

weighted Bonferroni mean operator is defined as follows:

Jorq

n W
WBM PY(a,,a,,..,a,) = L1 5P
( 1) A2 n) !,J’Z_ill—Wi i 4 (35)
i#]

where W =(w1,w2,...,wn)T is the weight vector of a;(i=12,..,n), satisfying 0<w; <land

The WBM operator has four desirable properties as follows:
Theorem 1 [41] (Reducibility).

Let W= (1,1,...,1)T be the weight vector of a;(i=12,...,n) ,then
nn n

p+q

n
WBM P9(ay,a,,...,a,) = a;Paf =BMP9(a,,a,,..,a
( 1192 n) n(n—l)!,j':l i 9 ( 192 n).

i#]

Theorem 2 [41] (Idempotency).

Let a; =a(j=12,..,n),then WBM %(a;,a,,.,a,)=a.

Theorem 3 [41] (Permutation).

Let (a;,a,,., a,) beanypermutationof (a,"',a,"',., a,'),then

WBM P4(a;',a,',...,a,") =WBM P(a,, a,,...,a,) -
Theorem 4 [41] (Monotonicity).

If a;>b;(j=12...n), then WBMPI(a;,a,,....a,) >WBM"(b;,b,,... ;) .

Theorem 5 [41] (Boundedness).

10



The WBM ™% operator lies between the max and min operators, i.e.,
min(a,, a,,..,a,) <WBM P9(a;,a,,..,a,) < max(a,;,a,,..,a,) .

When the WBM operator select different values to the parameters p and g, some special cases
of WBM can be obtained as follows:

M=
=
&
-
N—
o |~

(1) If q=0,then WBM "'O(al,az,...,an):(

I
=

n
(2)If p=1 and q=0,then WBMl*O(al,az,...,an)=Zwiai.
i=1

N =

1 1 :
(3) If p:E and q:E,then WBM 2

1
(a,ay,...,,) = Zn:Win (aa.)?
1 100 Un 1] .
i,j:ll_wi
j#i

N | =

DWW
(@) If p=1 and q=1then WBM™(a,,a,,...,a,) = Zﬁaiaj
ii= I
ijiil
2.5 The geometric Bonferroni mean (GBM) operator
Definition 12 [42]. Let &(i=12...,n)be a set of non-negative numbers, and p,q >0, the geometric

Bonferroni mean operator is defined as follows:

1
l n
GBMP(ay,8,,...,3,) =—— [ J(pa +aa;)" ™™
(8.1 a an) P+ (pal +qa’j) (36)

e
Similar to the BM operator, the GBN operator also doesn’t consider the weights of the input
arguments. The weighted geometric Bonferroni mean (WGBM) operator was proposed by Sun and Liu
[43].
Definition 13 [43]. Let a(i=12...,n)be a set of non-negative numbers, and p,q > 0 . The

weighted geometric Bonferroni mean operator is defined as follows:

W,W;

1 T w
W B P.a , . = —_ . . lWi
GBM "% (ay,a,,...,a,) -y i|’j=|1(paI +0a;j) 37)

j#i
where W=(w1,w2,...,wn)T is the weight vector of a&;(i=12,...,n) satisfying 0<w; <land

i=1

It is easy to demonstrate the WGBM operator has some properties as follows:
Theorem 6 [43] (Reducibility).

Let W :(1,1,...,5)T be the weight vector of g;(i=12,...,n) ,then
nn n

WGBM "9(a,,a,,...,a,) = GBM P4(a;,a,,...,a,) -

Theorem 7 [43] (Idempotency).

11



Let a; =a(j=12,..,n),then WGBM "%(ay,a,,...,a,)=a.

Theorem 8 [43] (Permutation).
Let (a;,a,,., a,) beanypermutationof (a,"',a,"',., a,'),then

WGBM P%(a,',a,',...,a,") =WGBM %(a;,a,,...,a,) -

Theorem 9 [43] (Monotonicity).

Theorem 10 [43] (Boundedness).
The WGBM P9 gperator lies between the max and min operators, i.e. ,

min(a,a,,..,a,) <WGBM "%(a,,a,,...,a,) < max(a,,a,,...,a,)

When the WGBM operator select different parameters p and g, some special cases of WGBM

operator can be obtained as follows:

11 "
(1) If g=o0,then WGBM”'q(al,az,...,an):EE[(pai)'

n
(2)If q=0,p=1 then WGBM""‘(al,az,...,an)=1_[aiWi
il

WiW;

n
1 1 1-w;
(a,8;,....8,) = ilj__Il(Eai +Eaj)
ji

N

1
@) If p=% and q=%,then WGBM 2

WiW;

1 n 1-w;
(4)If p=1 and g=1,then WGBMl*l(al,az,...,an):EH(ai+aj)
i,j=1
j#i

3. Interval-valued neutrosophic hesitant fuzzy uncertain linguistic

Bonferroni mean aggregation operators

Interval-valued neutrosophic hesitant fuzzy uncertain linguistic set (IVNHFULS) is an
important tool to describe the decision maker’s preference and to handle the hesitant, uncertain,
incomplete information. Bonferroni mean (BM) can replace the simple averaging of other mean type
operators because of the excellent modeling capability.

In this section, we combine IVNHFULS with BM operator and propose some interval-valued
neutrosophic hesitant fuzzy uncertain linguistic Bonferroni mean aggregation operators.

3.1 The interval-valued neutrosophic hesitant fuzzy uncertain linguistic
Bonferroni mean operator

Definition 14. Let g =<[Sg(a,):Sr(al)]:(f(ai):r(ﬁi): F(Za"i))> (i=12,..,n) be the set of all

IVNHFULEs, and p,q > 0 , then the interval-valued neutrosophic hesitant fuzzy uncertain

12



linguistic Bonferroni mean operator can be defined as follows:

] p+q

® a"®a;

n(n-1)ij= ' (38)
jzi

IVNHFULBM P9(3,,3,,...3,) =

Theorem 11. Let a =< [sg(ai),s,(ai)],(f(ai),f(ﬁi), ?(Ei))> (i=1.2,..,n)be the set of IVNHFULEs,

and p,q > 0 ,then, the result aggregated from Definition 14 is still an IVNHFULE, and even
1

& & aPeid|™
n(n—1)i=1j=Lj= ' !

IVNHFULBM P9(3,,&,,...,d,) =[

={]S 1,S 1|

non 1 ~ ~ p+q n o n 1 ~ - qu
[gj 1ZM n(n—l)'g(ai)ple(aj)q] (En,zg n(n-1) T(ai)p'f(aj)qJ

UF(al) € f(ﬁl)f(az) € t~(az) ----- F(an) € t~(an)
1 1

n n 1 v 0 N L et
[l—H H(l—(rai'-)ll.(rail-)q)n(n1)} 1{1_1_[ H(]__( ) (I’ ) )n(n 1)} ,

i=1 j=1,j=i i=1 j=1,j=i
(39)
Us@)ei(@)5@,)ei@,)..5a,)ei@,)
1 1
1 \prg 1 \p+q
n n n(n-1) n(n-1)
1- 1—[[1 II@r%l—5aL)Wl—5aL)qﬂ [II I]( a-5;" (1-5;“)“% ,
i=1 j=1,j=i : =1 j=1,j=i :
U7 @) e F@)7(@) e f(@)...7@E,) e f@,)
1 1
1 Yerq Lo
n n L L n(n-1) n n " " n(n-1)
11| [T TTb-a-ns"y°ans1y) |- TT TTb-a-7sa-ns"7)
i=1 j=1,j=i i=1 j=1,j=i

Proof .
By the operational rules of the interval-valued neutrosopic hesitant fuzzy uncertain linguistic
variables, we have

a;" =<[sp@)» da)p] }{( {(r;)°.(r5")"}>

5' —<[59(a)qur(a)q] U {(ra DA ("~ )7}>

(a et (a,

&° ®8;" =<[So@) v 0@ * Se@) <@ * ]

(5 )P0, D). (") P15, ")),

F(8)<t (3).7 (&))<t (3))

.U e-0-89°e-5 105" -6 "))
5 (&)ei (3).6(a))ei (7)) ' ! ' I
U @-@-750)° Q-7 1- =75 )" (-75")") >

7@)ef (3)7@E)ef @)

then

13



1 5|p®51q = S 1 ,S
n(n-1) 0(8)".0(a;)"

1 - - ]
n(n-1) n(n—l)'r(ai)p'r(aj)q
1 1
U 1-@-r(z HP.(r DD 1- 0= (r5 )P V)N |,
()t (&) 7(3))et (d)) ' ! ' !
1 1

U =060 D))"MY - 0-657)P -6 7)D) Y |
5(a)el (&).6(a))<l (a)) ' ! ' !

1 1
U -5 )P, DN (- -5 ) P A7, Y)Y
n(@)ef(a)n(@jef(aj)

and
1 non _ - non 1 ~ ~
©0a"®a'-0® 8" ®a;’
n(n—1)i=1j=i i=1j=in(n-1)
= S, n !
Z z.n( _1)9(a)"9(a )q z z e 1)r(a)"r(a )

UF(al) € :{(al) T(3;) et (a),..T (a )et(@,)

[1 H H(l (I"~ ) (ra ))n(n—l)l H H(]_ (r~ ) (r ))n(n—l)J

i=1 j=1j=i i=l j=1,j=i

U5@) ei(d),5@,)ei(@,)..5@@,) i (@,)
{HH( 1-6;5)°0-5; )Q)WHH( a-6;Y)" -3 )W]
=1 j=1,j=i i=1 j=1,j=i
Uni(@) e F(@).7(@,) € T@)...77(3,) € T (@,)
[HH( @ ng P s e d T [Th-a-ns")Pans ))WJ
=1 j=1,j=i i=1 j=1,j=i
Then
1
[ L8 earen - s[ s |

S P PRI U 210 5.0 |7
HFZJ: n( ) 6(8)".0(a;) ] [; ) (&) .r(a;) ]

[v]:

i=1j=1, j=i n(n-1)

UF(a) et (&).F(8,) et (@,),...T(a,) €T (a,)
1 1

[ T T a0 9% e “JM[ [T ) 1>]p+q ,
i=1 j=1,j=i

i=1 j=1,j=i

U5@) ei(a).5(@,) i (@)..5@,) i (@) 1 1
n n 1 \p+q n n 1 \p+q
l_[1’1_1 H(l—(l—aaiL)*’(l—aaff*)”‘””]p q’l_[l‘n H(l-ﬂ—ffai“>”<1-551U)q)m]p |

i=1 j=1,j=i i=1 j=1,j=i
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U7 @) e f @) 7(@) e f (@)1, e f@,) 1 N

n n 1 p+q biq
T TTb-a-nsh2a-ns, WDJ ’ [ T TT-0nstyPans o

i=1 =1, j=i i=1 j=1,j=i
which completes the proof of theorem 11.

Moreover, the IVNHFULBM operator also has the following properties:

Theorem 12 (Idempotency).

Letd; =< [Sy(a) Seqa)] [ra" 1a” 10625.8." L Ina"n." 1) >= @ (j=12...n), then

IVNHFULBM P(3,,3,,...4,) = &
Proof .
Sinced; =< [Sy(a). Syl 4lTa . Fa” 1} >= @(j =1,2,..., n), then according to the theorem 11,

we can get
1

~ ~ ~ 1 noon p+q
IVNHFULBM P9(a,,a,,...,a,) = ® © a°’®a;
n(n—21) i=1j=1, j=i

= S L’S
[% y 1 6(5)".6(5)”]‘”” [ZZ

i=1j=1,j= n(n-1)

(@)P.r(a)t Jﬁ
UF () e T(a).F(a;) e T (@,)... T (&) elf(ﬁn)

v 1
n n 1 + n n 1 .
[l—H H(1_(raL)p.(r§L)Q)n(n—1)Jp q,(l— 0 (r~ X (r o )n(n—l)]p q |

i=1 j=1,j=i i=1 j=1,j=i

Us@) e (a).5(d,) el ()..53,) el (@)

1 1
[ T TT6-a-s4ra-s:0y MH)]M 1—{1 T I16-ast)ra sy n<n—1>Jp+q ,

i=1 j=1,j=i i=1 j=1,j=i

U7 @) e F(8).7(8,) e f(@)..7@E,) e f(@,)
1

1_[1_11[ ll[(l—(l—ﬂaﬂ"(l—ﬂa”q)ﬁ}M' [1 T 107" a-ns ))ﬁ]w

i=1 j=1,j=i i=1 j=1,j=i

=< [Sga) Seqay ] ([Ta "o o L8, 6. Lina " n " ) >= @

So, we complete the proof of the theorem 12.

Theorem 13 (Commutativity).
Let (&',a,',...a,") be any permutation of (a;,a,,...,a,), then we can get

IVNHFULBM P%(&,",4,",...,a,") = IVNHFULBM P%(&,,&,,....d,) -

Proof.
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- n(n—1)i=1j=1,j#i

- s L 'S 1 ]
) p aqi LR 1 rafp.ra.'qm
['z“ 12'*'”(” -1 )" 0G,) ] [Elj:lz,mn(n—l)' @)"(3;) ]
UF(@1)et(d)r@,)et@,). 1@, )et(d,)
1 \pig L ﬁ
[ H H 1- (I’_ fye (I’ tyd )n(n—l)} { H H - (I’_ )P (I’ vya )n(n—l)] ]
i=1 j=Lj#i i=1 j=1,j=i
Us(a) ei(8),5(8,)ei(@)..5@,)ei@,) 1 1
! n n 1 m
H H (1 1- 5- HyPa- 5 Lya jn(n 1) 1 1— H H (1 - é‘_ Uypa- 5 Uya jn(n—l) ]
=1L i=1 j=1,j=i
U@ e F@E)7@E) e f@)..7@,) e f@E,)
L n ! p]+-q n n 1 ﬁ
1—[1—1_[ H (1_(1_77§'IL)p(1_775.L)an(n_l)J [1 H H (1_(1_77§.IU)P(1_7]§.U)an(n—l)}
i=l j=1,j=i ! i1 = i i

Since {a a,,.. g'n} is any permutation of (g ,4,,...,d, } , then we have

ie(é'-dp:ie(?a‘i)') % 03, )‘*— z 0@@;)",

=1, j#i 1, j=i

ZT(a)p—Zr(a{)p,_ S r(aj)‘*= S (@)

i—1 j=1, j#i j=1, j#i
SO, We can get

p+q

1
INL 1 ~\p s ya | PO o< = '\a
(lzlj 121# n(n-1) o) 19(3-]) j (n(n 1)lzl @ ) J:E'#i H(a ) ]

1
p+q

[ o _1)59(a)p > e(é,—)]

j=1, j#i
: v
LR D q | P+ b Lo
('le S @@ )] (n(n pr@)” 2, @) j

p+q

R
[n( n-1) %r(a) Y j

and
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1

n n

1 n n n(n-1)
ITIT a5 HHe? —[_ (1—(r§I-L)P.(r§j-L)Q)J

=1 j=1, j=#i j=i

=1 j=1,j=i
1
n n

=

n

i=1 j=1,j=i i=1l j=1,j=i
Similarly,

n n 1 n n #
[T IT @-"7 e =TT []a-6")° 0"
i1 j=L, j=i i1 =1, j=i
ﬁ f[ (1—(1—55{59(1—55]*)‘1)=ﬁ ll[(l—(l—55IL)p(l—55]L)q)

i<l j=1, =i i<l j=1, =i
ﬁ f[ (1—(1—55;“)9(1—551“)‘1]:11[ ﬁ(l—(l—agi“)"(l—agj“)q)

i<l j=1, =i i<l j=1, =i

1111 (1—(1—naf)p(1—n5f)“j=f[ 10075 47)

i=l jo1j=i i<l j=1,j=i

1111 (1—(1—n5i-“)p(l—naj.“)q):f[ TT0-a-7")Pa-7")

i<l jo1j=i i<l j=1j=i

So, according to the theorem 13, we can get
IVNHFULBM P9(a,,3,,...,a,) = I'NHFULBM P9(3, .4, ,.... 3, ).

Theorem 14 (Monotonicity).

n(n-1)
:[H 1—(r5iL)P.(r5jL)Q)] :H H(l_(réiL)p-(rﬁjL)q)n(n_l)

1

Suppose (3;,3,,..,3,) and (b;,b,....b,)are any two sets of IVNHFULEs. If So@E) < Sy -

S:3) SST(E,)’rﬁiL < rEiL 10 < rE,U 55 255'L, ;" 25&U and 75" ZﬂgiLa " 2775|U
i=12,...,n,then

IVNHFULBM P%(3,,4,.....4,) < I'NHFULBM P4 (b, ,b,.....b,)
Proof.

(1) Since syz) < Suy then 4(a;) < 9(t~)i) , according to theorem 11 , we have

— ES
n n 1 - N p+q n n 1 _ B p+q
[Z > n(n_l)ﬁ(ai)pxe(a,-)qj s{z > n(n—1)‘9(bi)pxg(bi)q] ,

i=1 j=1, j=i
(2) Similar to (1),we have

1
n n 1 N _ p+q n n 1
33 a3

i=1 j=1,j=i i=1 j=1,j=i (n-1)

1

r(&)pxr(ﬁ,—)q]p+q

(3)Since r;"<r" forall i and p,q>0,then (r; -)” <5 1)

17
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(r2, )P (r3,

L)q < (I’E

ﬁ ﬁ( (5, )P (rs,"

i=1 =1, j=i

and

n n

-1 H( (5, )P (13,

i=1 j=1,j=i
So

1‘ﬁ ﬁ@—(raiL)p(raj

i=1 j=1,j#i

Similar to (3), we have
n n
-] [16-

i=1 j=1j=i
(4) since &5 -

(L-05")P(L-55

1 [
(1_(1_55i ")P(L-35, L)q)m > (l—(l—él;i L)"(l—o“ﬁj L)Q)n(nﬂ)

And

ﬁ 11[(1‘(1‘55)"(1—55)“% Zﬁ ﬁ (1—(1—5@L)"(1—55,.L)q)m

i=1 j=1,j=i

Then

LTI

=1 j=1,j=i

So

[1 [111t-aot

i=1 j=1, j=i

21—[1—

P -

(raI v ) P (I’a

255L forall i and p,q>0,then (1-5;

L)q g(l—ggiL)p(l_(;EjL)q ,1_(1_55iL)p(1_5aj

) 1-(r5, )P () 21 )P D)
\ 1
)( PRI (606 )
i=1 j=1,j=i
1 1

SURNES § | [ERCORCCUN

i=1 j=1,j=i

|7 1 \p+q

L)q)“(n—l) <|1- . ll[ (1—(r5iL)p(rEjL)q)n(n_l)

i=1 j=1j=i

_1 Y+ 1 Vorg

JU)q)n(n—l) < 1_ﬁ n

(1652705 07"

i=1 j=1j=i

L)p S(l_évEL)p ,
1

1

i=1 j=1,j=i

1
1-5; LYP-o5 )q)m]mq

1

} p+q

( HH(l 1-5")Pa-5; )Q)”(nl)

i=l j=1,j=i

1

1 Yp+a
)P (L85, ") =D

1

]mq

n n 1
H H (1—(1—55i hy "(1—55j L)an(nfl)

i=1 j=1,j=

18
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Similarly,

1
{ T 116060y a-s5 n(n—l)JM

i=1 j=1,j=i
1
n_n 1 \pq
>1-|1-T] [] [1—(1—559)P(1—55,“)q)“<”*1>
i1 jo1,j#i ' !
(5) Similar to (4), we can know
1
no . n p+q
1 T TT-m g yhes
i=1 j=1, j=i
1
n_n _1 \p+q
21- -] ] [ (1@ 7@ )"
il j=1j#i !
1
n n 0 0 1 \p+q
1T []0-a-ns*)Pa-ns") s
|: J=1 j#i
nn 1 e
>1-11-T] [ 1 (1—(1—775U)P(1—775,U)q)“<”*1>
i i
i=1 j=1, j=i

So, we can get I'NHFULBM P9 (3,,3,,...,3,) < IVNHFULBM P9 (b, ,b,,....b.)

which completes the proof of the theorem 14.
Theorem 15 (Boundedness).

Let &(i=12,.,n)beasetof IVNHFULEs. If s, =min{s,,},s,. = min{s 3},
1<i<n ! 1<i<n !
Sy, =max{sy;z,}.5., =max{s.z },r" =min{r; " |[r; ",r; Y 1et(@)},
* T gien s 0@ P T g (@) 1<i<n = & & a !

rf7 = min {rz " |lrs "o Te t@)} rtT = max {rg "Il " ors U T t@)}

1<i<n

rt = max{rs” [y "1y "1t @)}, 67 =min{s; " (105,65 T<i@)},

1<i<n

697 = min {55 [[65,",65 1< i(@)} 6" = max {55 " |[65 ", 05" 1< i(@)}

1<i<n
7 =max{o;” [[05 .05 1€i@)}, n'~ =mindng " [[nz 75" 1< f @)},

1<i<n

" =min fn5° |z, g 1e F@D} ™" =max {nz " [0z, 0z 1e F(30)}
n?" =mang " |lns g 1e @)} foralli =1,2,., n

<i<n 1 1 1
& =<[s,.s, L(r" 18 6 Ll D) > and

5+ =< [SH+151+]7([|’L+! rU+]7[5L775U7]1[’7L7177U7]) > then
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< IVNHFULBM ?%(a,,a,,..,a,)<a"

Proof.
Based on above terms, we can get

16" <6@@)o@;)" <6,

1 1 1

n n 1 m n n p+q n n 1 m
g P+a < ALY CAL < 9 P+d
R T B e RS I P e YA

1

es[i 5 0(3)° 03, )QJ” 0,

=1j=1, j#i n(n 1

Similarly, we can know

1

rﬁ(ii ! z(é‘i)pr(aj)qus@

i=1j=1, j=i N(N—=1)

@) (r )P0 < (5 ") (rg )0 < (rH) P

1 1 1
Q- )P Y <0157, D < @ ()P

n_n S 1 n on _1
H H(l_(rL—)mq)n(nfl) SH H(l_(raiL)p_(rajL)q)n(nfl) SH H(l_(rL+)p+q)n(n—1)

i1 j=1,j=i i=1 j=Lj=i i1 j=1,j=i

L 1
+ n n 1 0rg
(HWMWW%”%HHM%WWMT

=1 j=1,j=i i=l j=1j=i
1
n n 1 p+q
< 1_1_[ H(l_(rL—)mq)n(n—l)
i=l j=1,ji
1
non 1 Vp+g
L+ L L n(n-1 L—
i< - [T@-050P05, D | <r
i=l j=1,j=i
Likewise, we also get
1
p+q
vt <|1- H H(l (r5°) (1, ))“<”-1> <r’s
i=1 j=1,j=i
_ sL+yp+q _s Lypp_s. Lya _ sk=yp+q
@) A-6")""<(1-65 )" 1-65 )" <1-67)
n n

f[ f[(l—(l—&“)p*q)sf[ f[(l—(l—55iL)p(1—5ajL)q)s H( —(1-5t)")

i=l j=1, j=i i=l j=1, j=i i=1 j=1, j=i
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1 1

n n 1 \p+q n n 1 p+q
1-11-T] 1_[(1—(1—(5“)9”I n(n-1) <1-|1-T] H(l—(l—aa})p(l—(saf)q In(n-)
i=1l j=1,j=i i=1 j=1,j=i
D+q
I et eps]
i=1 j=1,j=i
1
n n 1 p+q
stt<1- 1—H H(l—(l—aaiL)p(l—(sajL)q In(n-1) <&
i=1 j=1,j=i
Similarly,
1
n n 1 m
sVt <1- 1—H H(l—(l—(SgiU)p(l—éaju)q)n(n—l) <6Y-
i=1 j=1,j=i

(4)Similar to the proof of the (3), the results can be got.

ES
e { 11[ f[( (1"75iL)p(1—najL)q)ﬁ]p+qSnL‘

i=1 j=1,j=i

1

ot <1- [ H(l (S )p(l—naju)q)ﬁ]wﬁn“‘

i=1 j=1,j=i

So, we can know a~ < IVNHFULBM ™%(a,,a,,...,a,)<a"

which completes the proof of theorem 15.

In the following, we will discuss some special cases of the IVNHFULBM operator with respect to
the different parameters pand q.

(1) If g=0,then

1
n n n
IVNHFULBM P°(&,,3,,...,3,) = © ® 5°|" -|losr
n(n—1)i=1 =1 j=i ni=1
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(4)If p=1 and q=1,then
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3.2 The interval-valued neutrosophic hesitant fuzzy uncertain linguistic weighted

Bonferroni mean operator

>

IVNHFULESs, and p, g

f(3))> (i=12...n) be the set of all

0 , then an interval-valued neutrosophic hesitant fuzzy uncertain

linguistic weighted Bonferroni mean operator can be expressed as follows:
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The proof of Theorem 16 can be easily completed similar to Theorem 11.

The IVNHFULWBM operator satisfies the following properties:
Theorem 17 (Reducibility).

Let W = (il l)T be the weight vector of &;(i =1,2,...,n), then
n'n""n

IVNHFULWBM *%(a,,a,,...,a,) = IV'NHFULBM P%(&,,a,,..,a,)
Proof.
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S|

,i,...,i)T is the weight vector of & (i =12,..,n) then according to definition
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which completes the proof of theorem 17.
Theorem 18 (Idempotency).

Let &; =< [Sy(a) Sray ] ([ra" 1" 116,68, 1L [mat n," D) >= & (j=12....,n) then

IVNHFULWBM P9(3,,,,..,8,) =4 -

The proof of Theorem 18 can be easily completed similar to Theorem 12.

Theorem 19 (Commutativity).
If (&'.a,,...a,") beany permutation of (&,,4,,...,a,), then we can get
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IVNHFULWBM P9(3,",3,",...,a,") = IVNHFULWBM P93, 4,.....3,) -

The proof of Theorem 19 can be easily completed similar to Theorem 13.
Theorem 20 (Monotonicity).

Suppose (3y,3,,....,) and (by,b,,..b,) are two sets of IVNHFULEs. If So@) < Sy »

L U L L U U L L U U
S:@) <SS,y e < ofa <T , 03 25& . O3 25& and 77z 205 M 270 for all

i=12,..,n then IVNHFULWBM P4(3,,,,....a,) < IVNHFULWBM P (by,b,.....b,)

The proof of Theorem 20 can be easily completed similar to Theorem 14.
Theorem 21 (Boundedness).

Let a;(i=1.2,..,n)beasetof IVNHFULEs. If s,_ :{Diipn{sg(ai)},s,_ =lrpii<rr1]{s,(5i)},
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a~ < IVNHFULWBM P9(3,,3,,..,a,) <a".

The proof of Theorem 21 can be easily completed similar to Theorem 15.

In the following, we will discuss some specials of the IVNHFULWBM operator with respect to
the different parameters pand q.

(1) If g=0,then
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3.3 The interval-valued neutrosophic hesitant fuzzy uncertain linguistic
geometric Bonferroni mean operator

Definition 16. Let g =<[sg(gl),sr(gl)],(f(éi),f(ﬁi), F(Za"i))> (i=12,..,n) be the set of all
IVNHFULEs, and p,q > 0 , then an interval-valued neutrosophic hesitant fuzzy uncertain

linguistic geometric Bonferroni mean operator can be defined as follows:

1
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p+qi=lj=Lj=i

IVNHFULGBM P9(&,,3,,...,3,) =

Theorem 22. Let a; =< [sg(al),s,(ai)],(f(ai),f(ﬁi), F(Zii)) > (i=12,...,n) be the set of all IVNHFULEs,
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and p,q > 0 ,then, the result aggregated from Definition 16 is still an IVNHFULE, and even
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The proof of Theorem 22 can be easily completed similar to Theorem 11.
The IVNHFULGBM operator satisfies the following properties:
Theorem 23 (Idempotency).

Let @ =< [Syca):Sray] [Ta  Ta” 118" 82" 1 [nat ma" 1) >= & (j=12...,n) then

IVNHFULGBM P9(a,,3,.,..,4,) =4 .

The proof of Theorem 23 can be easily completed similar to Theorem 12.

Theorem 24 (Commutativity).
If (&'a,',...,a,') be any permutation of (a;,a,,...,a,), then we can get

IVNHFULGBM P9(3,',3,",...,3,") = IWNHFULGBM P9(3,,3,....a,) -

The proof of Theorem 24 can be easily completed similar to Theorem 13.
Theorem 25 (Monotonicity).

Suppose (3;,3,,..,3,) and (b;,b,,...b,) are two sets of IVNHFULEs. If So@) < Sy -

Se@) <SSy e STg T ST 05 200, 850 28;0and ng =gty ms” 20 for all
i=12,..,n,then

IVNHFULGBM P9(&,,3,.....d,) < IV'NHFULGBM P (by,b,.....b,)
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The proof of Theorem 25 can be easily completed similar to Theorem 14,
Theorem 26 (Boundedness).

Let &;(i=1.2,..,n)beasetof IVNHFULEs. If s,_ :{Diipn{sg(ai)},s,_ =lrpii<rr1]{s,(5i)},
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~ < IVNHFULGBM P4(3,,3,,..,3,) <a*.

The proof of Theorem 26 can be easily completed similar to Theorem 15.

In the following, we will discuss some specials of the IVNHFULGBM operator with respect to the
different parameters pandq.
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3.4 The interval-valued neutrosophic hesitant fuzzy uncertain linguistic weighted
geometric Bonferroni mean operator

Definition 16. Let g =<[sg(al),sr(al)],(f(éi),f(ﬁi), F(Za"i))> (i=12,..,n) be the set of all

IVNHFULEs, and p,q > 0 , then the interval-valued neutrosophic hesitant fuzzy uncertain
linguistic weighted geometric Bonferroni mean operator can be defined as follows:

Wi W;
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p+q i=1j=1, j=i

Theorem 27. Let a; =< [sg(ai),sr(al)],(f(ﬁi),f(éi), f(ﬁi)) > (i=12,...,n) be the set of all IVNHFULEs,

and p,q > 0 ,then, the result aggregated from Definition 16 is still an IVNHFULE, and even
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The IVNHFULWGBM operator satisfies the following properties:
Theorem 28 (Reducibility).
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Let W = (ii i)T be the weight vector of & (i =1,2,...,n), then
n"" n

>

IVNHFULWGBM 9(3,,4,.....4,) = IVNHFULGBM P%(&,,3,....,,)

The proof of Theorem 28 can be easily completed similar to Theorem 17.
Theorem 29 (Idempotency).

Let  &; =< [Sy(a):Sr(ay) [Ta  Ta® 106 0.  LIna e ) >= 8 (j=12...n) ,

then

IVNHFULWGBM P (&,,3,,..., 3,) = a -

The proof of Theorem 29 can be easily completed similar to Theorem 12,

Theorem 30 (Commutativity).
If (&'.a,',...,a,") be any permutation of (a;,a,,...,a,), then we can get

IVNHFULWGBM P9(3,',3,",...,a,") = I'NHFULWGBM P%(&,,3,....,,) -

The proof of Theorem 30 can be easily completed similar to Theorem 13.
Theorem 31 (Monotonicity).

Suppose (3;,3,,..,3,) and (b;,b,,...b,) are two sets of IVNHFULEs. If So@) < Sy -

L U L L U U L L U U
S:@) <S5y e < ofa <T , 03 255| . O3 25& and 7z 205 M 270 for all

i=12,...,n,then
IVNHFULWGBM P9(3,,3,.....3,) < IVNHFULWGBM (b, ,b,,...,b,)

The proof of Theorem 31 can be easily completed similar to Theorem 14.
Theorem 32 (Boundedness).
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5+ =< [SH+151+]7([|’L+! rU+]7[5L77é‘Ui]v[nLiani]) > then

~ < IVNHFULWGBM P9(3,,3,,...,3,) <a" .

The proof of Theorem 32 can be easily completed similar to Theorem 15.

In the following, we will discuss some specials of the IVNHFULWGBM operator with respect to
the different parameters pandq .

(1) Ifq=0, then
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4. Two multiple attribute decision making

methods based on

IVNHFULWBM operator and IVNHFULWGBM operator

In a multiple attribute decision making problem with interval-valued neutrosophic hesitant

uncertain linguistic information, let

={A, A, A,} be a discrete set of alternatives,

C= {Cl,Cz,...,Cn} be a set of attributes. The evaluation values can be represented by the form of

hesitant

Nij = <[59(nij):Sr(nij)l(f(nij)xf(nij), f~(nij))> :

interval-valued neutrosophic

elements

uncertain linguistic

F(nij) = {F(nij) [T (ny) e t~(nij)} )

i~(nij) = {g(nij)lg(nij) € T(nij)}, f~(nij) = {ﬁ(nij)lfi(nij) € F(nij)}. Therefore, we can get the decision

matrix N = (nj; ). - The weighting vector of attributes is given by W

34
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iwj =1. Then, the steps of the decision making method are described as follows:

j=1

Stepl: Utilized the IVNHFULWBM operator and IVNHFULWGBM operator to derive the
overall assessment values N; (i =1,2,...,n) of the alternatives A (i =1,2,...,n).
Step2: Calculate the score values of the overall assessment values N; (i =1.2,...,m) by the Eq.(33).

Step3: Rank all the alternatives {Al,AZ,...,An} by score values S(N;), and select the best

alternative.

Step4: End.

5. A numerical example

In this section, we give a numerical example to demonstrate the MADM methods based on
IVNHFULWBM and IVNHFULWGBM operators.

Suppose that there is a company, which wants to invest a sum of money to an industry. There are
four companies as alternatives to be chosen, including: (1) A, is a car company; (2) A, is a food
company; (3) A; is a computer company; (4) A, is an arms company. There are three evaluation
attributes, including: (1) C; is the risk; (2) C, is the growth; (3) C; is the environment. We can
know the attributes C, and C, are benefit criteria, and the type of C3 is cost criteria. The weight
vector of the attribute is w=9{0.25,0.35,0.4} .The final evaluation values are expressed by the
IVNHFULEs, and shown in Table 1.

Table 1 Interval-valued neutrosophic hesitant fuzzy uncertain linguistic decision matrix

c1 c2 c3
Al <[S4Ss],([0.3,0.4],[0.4,0.4]),( <[S3:Ss],([0.4,0.5],[0.5,0.6]),([0  <[Sa,S5],([0.2,0.3]),([0.1,0.2]
[0.1,0.2]),([0.3,0.4])> 2,0.31,[0.3,0.3]),([0.3,04])> ,[0.4,0.5]),([0.5,0.6])>
A2 <[S3Ss],([0.6,0.7]),([0.1,0.2]  <[S5S.],([0.6,0.7]),([0.1,0.1]),(  <[Ss,S5],([0.6.0.71),([0.1,0.2]
),([0.1,0.21,[0.2,0.3])> 0.2,0.3])> ),([0.1,0.2])>
A3 <[S,,S4],([0.3,0.4],[0.5,0.6]),  <[S2Sa],([0.5,0.6]),([0.2,0.3]).,( <[Ss,S5],([0.5.0.61),([0.1,0.2]
([0.2,0.4]),([0.2,0.3])> 0.3,0.4])> ,[0.2,0.3]),([0.2,0.3])>
A4 <[S1,S4],([0.7,0.8]),([0.2,0.3]  <[S»S:],([0.6,0.7]),([0.3,0.3]),  <[S2Ss],([0.3,0.5],[0.2,0.3]),
),([0.1,0.2])> ([0.2,0.2])> ([0.1,0.2]),([0.3,0.3])>

5.1 Procedure of decision making method based on the IVNHFULWBM operator
Stepl: Utilized the IVNHFULWBM operator to derive the overall assessment values

N;(i=12,...,n) of the alternatives A; (i =1,2,...,n) . We can get
N;=<[S;.90,S4.61],([0.2853,0.3869],[0.3088,0.4118],[0.3175,0.3869],[0.3429,0.4118]),([0.1255

,0.2268],[0.2393,0.3431],[0.1482,0.2268],[0.2689,0.3431]),([0.3768,0.4783])>
N,=<[S;71,S472],([0.6000,0.7000]),([0.1000,0.1714]),([0.1255,0.2268],[0.1623,0.2629])>
N3=<[S;.34,S3.07],([0.4258,0.5274],[0.5000,0.6000]),([0.1623,0.2988],[0.2000,0.3352]),([0.22

68,0.3273])>
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N4=<[S1.61,5424],([0.5107,0.6569],[0.4644,0.5743]),([0.1882,0.2692]),([0.2021,0.2373])>

Step2: Calculate the score values of the overall assessment values N; (i =12,...,m), which are
shown as follows (for convenience, we can use the subscript):

S(N1)=2.1135, S(N,)=2.8716, S(N3)=2.0908, S(N,)= 2.0554

Step3: Rank all the alternatives {A;, A,,..., A,} by score values S(N;), and select the best
alternative.

So, A, = A > A; > A,, and the best alternative is A, .

Step4: End.
5.2 Procedure of decision making method based on the IVNHFULWGBM
operator

Stepl: Utilized the IVNHFULWGBM operator to derive the overall evaluation values
N;(i=12,...,n) of the alternatives A; (i =1,2,...,n) . We can get

N;=<[S;.¢5,S4.62],([0.2900,0.3911],[0.3164,0.4189],[0.3276,0.3911],[0.3557,0.4189]),([0.1246
,0.2260],[0.2174,0.3249],[0.1452,0.2260],[0.2496,0.3249]),([0.3678,0.4697])>

N,=<[S;71,54.72],([0.6000,0.7000]),([0.1000,0.1704]),([0.1246,0.2260],[0.1583,0.2601])>

N3=<[S2.36,S4.01],([0.4330,0.5343],[0.5000,0.6000]),([0.1583,0.2904],[0.2000,0.3333]),([0.22
60,0.3266])>

N4=<[S1.64,54.28],([0.5411,0.6751],[0.5128,0.6223]),([0.1822,0.2601]),([0.1914,0.2346])>

Step2: Calculate the score values of the overall assessment values N;(i=12,...,m), which are
shown as follows (for convenience, we can use the subscript):

S(N1)=2.1648, S(N,)=2.8975, S(N3)=2.1183, S(N,)=2.1222

Step3: Rank all the alternatives {A;, A,,..,A,} by score values S(N;),and select the best
alternative.

So, A, = A > A, > Ag, and the best alternative is A, .

Step4: End.

In this section, we propose two methods based on IVNHFULWBM operator and
IVNHFULWGBM operator to solve the multiple attribute decision making problems in interval-valued
neutrosophic hesitant fuzzy uncertain linguistic environment. Finally, we get the same best alternative.
At the same time, we can find that the main advantages of the developed methaods in this paper are that
not only accommodating the interval-valued hesitant uncertain linguistic environment but also
considering the interrelationship of the input arguments.

5.3 Analysis of the influence of the parameters p and q

In order to demonstrate the influence of the parameters pand g on decision making results, we
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use the different values pand qin IVNHFULWBM operator and IVNHFULWGBM operator to rank
the alternatives. The ranking results are shown in Table 2 and Table 3.

Table 2 Ordering of the alternatives by utilizing the different p,qin IVNHFULWBM operator

p.q Score function S(N;) Ranking

1 S(N;)=2.0983,5(N)=2.8630, A= A=A - A,
P77 §(N:)=2.0805.5(N.,)=2.0286

p=g=1 S(N;)=2.1135, S(N)=2.87186, Ay - A - A= A,
S(N3)=2.0908, S(N,)=2.0554

p=Lq=0 S(N;)=2.1706, S(N,)=2.9115, A= A=A - A
S(N3)=2.1564, S(N,)=2.1570

p=0,g=1  S(N;)=2.2300, S(N2)=2.8692, A= A=A - A
S(N3)=2.1141, S(N,)=2.1670

p=Lq=2 S(N;)=2.1601, S(N,)=2.8801, A= A=A - A
S(N3)=2.1084, S(N,)=2.1095

P=2,0=1  S(N;)=2.1435, S(N;)=2.8922, Ay - A - A=A,
S(N3)=2.1239, S(N,)=2.1081

P=20=2  S(N;)=2.1473, S(N,)=2.8886, A= A=A - A
S(N3)=2.1115, S(N,)=2.1149

P=50=5  S(N;)=2.2531, S(N2)=2.9360, A= A= A - A
S(N3)=2.1694, S(N,)=2.2846

p=10,g=0  S(N;)=2.6175, S(N,)=3.0393, A= A=A - A
S(N3)=2.4994, S(N,)=2.5667

p=0,0=10  S(N,)=2.6442, S(N,)=3.0184, A= A=A - A
S(N3)=2.4619, S(N,)=2.5649

p=150=15 S(N;)=2.4632, S(N2)=3.0276, A=A - A - A

S(N3)=2.2789, S(N,)=2.5187

Table 3 Ordering of the alternatives by utilizing the different

p,gin IVNHFULWGBM operator

p,q Score function S(N;) Ranking

1 S(N1)=2.1727,5(N,)=2.9003, A= A=A - A
P07y S(N)=2.1208,5(N,)=2.1310

p=q=1 S(N;)=2.1648, S(N,)=2.8975, A= A=A - A
S(N3)=2.1183, S(N,)=2.1222

p=Lq=0 S(N;)=2.0379, S(N,)=2.8962, A=A - A - A,
S(N3)=2.0850, S(N,)=1.1963

p=0,g=1  S(N,)=2.0995, S(N,)=2.8501, A=A - Ay - A
S(N3)=2.0462, S(N,)=1.9921

p=19=2  $(N,)=2.1492, S(N,)=2.8819, A=A - A=Ay
S(N3)=2.1009, S(N,)=2.0921

p=20=1  S(N;)=2.1283, S(N,)=2.8979, A=A - A=Ay
S(N3)=2.1139, S(N,)=2.0855

P=20=2  $(N,)=2.1477, S(N,)=2.8915, Ay - A=A - A

S(Ng)=2.1125, S(N4)=2.1028
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pP=509=5  S(N,)=2.1072, S(N,)=2.8783, Py = A=A - Ay
S(N3)=2.0961, S(N,)=2.0574

p=10,g=0  S(N;)=1.8177, S(N,)=2.8326, A=Ay - Ay - A
S(N3)=1.9907, S(N,)=1.8845

p=0,g=10  S(N;)=1.8639, S(N2)=2.7869, A=Ay A - A
S(N3)=1.9555, S(N,)=1.8948

p=15q=15 S(N,)=2.2248, S(N,)=3.4678, A - A=A - A

S(N2)=2.3038, S(N,)=2.4967

As we can see from Table 2 and Table 3, the ranking of the alternatives may be different for the

different values p,q in IVNHFULWBM operator and IVNHFULWGBM operator. But the best
alternative is the same although the different values p,q. Thus, the organization can properly select

the desirable alternative according to his interest and the actual needs. In general, we can getp=q=1
orp=q= 1
>

6. Conclusions

Interval-valued neutrosophic hesitant fuzzy uncertain linguistic set (IVNHFULS) can be as an
important tool of describing the decision maker’s preference and handling the hesitant, uncertain,
incomplete information, which plays a vital role in decision making. Bonferroni mean (BM) can
replace the simple averaging of other mean type operators because of the excellent modeling capability.
In real decision making, how to flexibly and rationally deal with input arguments is a vital problem. In
order to have the advantages of both IVNHFULS and BM, we extend BM operator to interval-valued
neutrosophic hesitant fuzzy uncertain linguistic environment. Hence, we finally give some
interval-valued neutrosophic hesitant fuzzy uncertain linguistic BM aggregation operators, such as
interval-valued neutrosophic hesitant fuzzy uncertain linguistic Bonferroni mean (IVNHFULBM)
operator, interval-valued neutrosophic hesitant fuzzy uncertain linguistic weighted Bonferroni mean
(IVNHFULWBM) operator, interval-valued neutrosophic hesitant fuzzy uncertain linguistic geometric
Bonferroni mean (IVNHFULGBM) operator, interval-valued neutrosophic hesitant fuzzy uncertain
linguistic weighted geometric Bonferroni mean (IVNHFULWGBM) operator. It is essential to verify
the effectiveness of IVNHFULWBM operator and IVNHFULWGBM operator, so we apply the two
operators to deal with a numerical example. To get the desirable alternative decision maker wanted, we
change the values of p,q according to their interest and actual need.

In the further research, we should dug deeper into the applications of the proposed methods and
constantly improve the multiple attribute decision making method.
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