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Abstract

The single-valued neutrosophic set plays a crucial role to handle indeterminant and inconsistent information during decision
making process. In recent research, a development in neutrosophic theory is emerged, called single-valued neutrosophic
matrices, are used to address uncertainties. The beauty of single-valued neutrosophic matrices is that the utilizing of several
fruitful operations in decision making. In this paper, some novel operations on neutrosophic matrices of are introduced,
that is, type-1 product (®), type-2 product (®) and minus (&) between two single-valued neutrosophic matrices. Also, we
introduced complement, transpose, upper and lower o —level matrices of single-valued neutrosophic matrices and discussed
related properties. Furthermore, we propose a multi-criteria group decision making method based on these new operations,
and give an application of the proposed method in a real life problem. Finally, we compare proposed method in this paper
with proposed methods previously.

Keywords Single-valued neutrosophic set - Single-valued neutrosophic matrix - Product operation - Complement matrix -

a—level of matrices - Decision making

1 Introduction

To describe situations mathematically which are indetermi-
nant or inconsistent in nature, Smarandache introduced the
theory of neutrosophic sets based on neutrosophy which
is branch of philosopy. A neutrosophic set is characterized
by three membership functions called truth- membership
function (T), indeterminacy-membership function (I) and
falsity-membership function (F). Range of all of the mem-
bership functions is real and non-real interval ]~0, 17[. In
some areas such as engineering and real scientific fields,
modeling of problems by using real standard or nonstan-
dard subsets of 170, 17[ may not be easy sometimes. To
cope with this issue concepts of single-valued neutrosophic
set (SVN-set) and interval neutrosophic set (IN-set) were
defined by Wang et al. in [23] and [24], respectively. Ye [41]

P4 Faruk Karaaslan
fkaraaslan @karatekin.edu.tr

Department of Mathematics, Faculty and Sciences,
Cankir1 Karatekin University, 18100 Cankiri, Turkey

School of Mathematics and Information Sciences,
Guangzhou University, 510000 Guangzhou, China

Published online: 12 July 2018

defined concept of simplified neutrosophic sets (SNSs), and
proposed a multi-criteria decision making method using
aggregating operators of SNSs. Peng et al. [27] pointed out
some problems in operations of SNSs defined by [41], and
defined novel operations between simplified neutrosophic
numbers(SNNs).

In many areas such as science, engineering, social sci-
ences we encounter data, and need to stand for and com-
puterize with matrix structures. From this aspect matrices
have very important role. However, in the modeling of some
problems involving uncertain data classical matrix theory
may not be sufficient. Therefore, many researcher studied
on matrix structures under fuzzy environment [16, 29, 32],
intuitionistic fuzzy environment [13, 24, 25], soft environ-
ment [4], fuzzy soft environment [5] and intuitionistic fuzzy
soft environment [9, 22]. As we know, fuzzy set and intu-
itionistic fuzzy sets are important tools for dealing with
problems containing uncertainty and incomplete informa-
tion. However, sometimes fuzzy sets and intuitionistic fuzzy
sets may not suffice to model indeterminate and incon-
sistent information encountered in real world. Also men-
tioned failing are available fuzzy and intuitionistic fuzzy
matrices. Therefore, concept of the neutrosophic matrix
and square neutrosophic fuzzy matrices of which elements
are belong to a neutrosophic field K (), was defined by
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Kandasamy and Smarandache [12], and they investigated
some properties of them. They also for first time intro-
duced notions of super neutrosophic matrices and quasi
super neutrosophic matrices, and studied on their proper-
ties [11]. Dhar et al. [8] defined operations of addition
and multiplication between two neutrosophic fuzzy matrices
based on definitions given by Kandasamy and Smaran-
dache, and obtained some properties of these operations. In
2014, Arockiarani and Sumathi [1] defined notion of fuzzy
neutrosophic soft matrices. They also developed an deci-
sion making technique by defining a new score function
which allows to evaluate proper of the alternatives. Deli and
Broumi [6] introduced concept of neutrosophic soft matri-
ces and operations between two neutrosophic soft matrices,
and they also proposed a decision making method called
NSM-decision making based on neutrosophic soft matri-
ces. Determinants of neutrosophic matrices were studied in
[14, 35]. Neutrosophic set is useful tool in multi-criteria
decision making in terms of modeling of indeterminate and
inconsistent information. Up to now, a lot of multi-criteria
decision making (MCDM) and multi-criteria group deci-
sion making (MCGDM) method have been developed under
neutrosophic environment. For example, Ye [39] introduced
correlation and correlation coefficient of single-valued neu-
trosophic sets (SVNSs) and proposed a decision making
method based on weighted correlation coefficient or the
weighted cosine similarity measure of SVNSs. Ye [40]
defined single valued neutrosophic cross entropy, and pro-
posed a multi-criteria decision-making method based on the
proposed single valued neutrosophic cross entropy. Ye [41]
introduced concept of simplified neutrosophic set and pro-
posed a simplified neutrosophic weighted arithmetic aver-
age operator and a simplified neutrosophic weighted geo-
metric average operator, and then utilized two aggregation
operators to develop a method for multi-criteria decision
making problems under simplified neutrosophic environ-
ments. Peng et al. [26] developed some new operations of
simplified neutrosophic set and proposed a novel outranking
approach for multi-criteria decision-making (MCDM) prob-
lems. Peng et al. [27] pointed out certain problems regarding
the existing operations of simplified neutrosophic numbers,
their aggregation operators and the comparison method, and
defined the new operations of simplified neutrosophic num-
bers. They also developed a multi-criteria decision making
method and comparison method. Liu et al. [19] combined
Hamacher operations and generalized aggregation operators
to neutrosophic sets, and proposed some new operational
rules for neutrosophic numbers (NNs) based on Hamacher
operations. They also proposed some new operators such as
generalized neutrosophic number Hamacher weighted aver-
aging (GNNHWA) operator, generalized neutrosophic num-
ber Hamacher ordered weighted averaging (GNNHOWA)
operator and generalized neutrosophic number Hamacher
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hybrid averaging (GNNHHA) operator, and they obtained
some properties of them. Furthermore they proposed a multi
attributive group decision making method based on these
new operations. Other works on aggregating operators and
multi-criteria (group) decision making under neutrosophic
environment made by Liu et al. can be refer to [18, 20, 21].
Zhan and Wu [46] developed a new multi-criteria decision
making with incomplete weight information under single-
valued neutrosophic environment and applied a proposed
method to a best global supplier selection problem. Tian
et al. [34] proposed a MCDM method to solve problems
including criteria that have different priority levels in form
of simplified neutrosophic uncertain linguistic elements.
In [33], in order to solve green product design selection
problems using neutrosophic linguistic information they
proposed a multi-criteria decision making method. Ji et al.
[10] defined some new concepts such as Frank operations of
SVNNs and Frank normalized prioritized Bonferroni mean
(SVNFNPBM) operator for SVN-sets. Then developed a
method for selecting TPL providers based on the proposed
operator. Wu et al. [37] defined prioritized weighted average
operator and prioritized weighted geometric operator for
simplified neutrosophic numbers and proposed a new cross-
entropy measures for simplified neutrosophic sets. Then
they proposed a MCDM method based on these operators
and cross-entropy measure. Biswas et al. [2] proposed a
multi-attribute group decision-making by extending TOP-
SIS under single-valued neutrosophic environment. Peng et
al. [28] suggested a multi-valued neutrosophic multi-criteria
decision-making method based on extension of Elimina-
tion and Choice Translating Reality (ELECTRE) method,
and supported this method by the comparison analysis with
other existing methods. Some works related to multi-criteria
decision making method under neutrosophic ( single-valued
neutrosophic, simplified neutrosophic etc.) in literature can
be found in [17, 31, 38, 47].

Aim of this paper is to define some new operations
between single-valued neutrosophic matrices, to investigate
some of their properties and to propose a multi-criteria
group decision making method based on these new matrix
operations. The remaining part of this paper is organized
as follows: In Section 2, some definitions and operations
related to single-valued neutrosophic set, single-valued
neutrosophic matrices are recalled. In Section 3, some
new operations of single-valued neutrosophic matrices
called type-1 product (&), type-2 product (®), minus
(&), complement and transpose, based on single-valued
neutrosophic number operations, and is obtained some
results related to defined operations. In Section 4, a
multi-criteria group decision making (MCGDM) method
is proposed. In Section 5, an application of the proposed
method is given to choose optimum alternative among firms
considered to invest. In Section 6, it is given comparison
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proposed method with other methods developed previously.
In Section 7, the concluding remarks are presented.

2 Preliminaries

In this section, we present the basic definitions of single-
valued neutrosophic sets and single-valued neutrosophic
matrices, which would be useful for subsequent discussions.

2.1 Single-valued neutrosophic sets

A neutrosophic set A on the universe of discourse X is
defined as

A={(x,Ta(x), Is(x), Fa(x)) : x € X}

where Ta, Ia, F4 © X —]170,1T[ and ~0 < Tx(x) +
Ip(x) + Fa(x) < 3% [30]. From a philosophical point
of view, the neutrosophic set takes the value from real
standard or non-standard subsets of ]~0, 17[. But in real
life application in scientific and engineering problems it
is difficult to use neutrosophic set with value from real
standard or non-standard subset of ]70, 1T[. Hence we
consider the neutrosophic set which takes the value from
the subset of [0, 1]. In some real life applications, modeling
of problems by using real standard or nonstandard subsets
of 170, 17[ may not be easy sometimes. Therefore concept
of single valued neutrosophic set (SVN-set) was defined by
Wang et al. [36].

Let X # (J, with a generic element in X denoted
by x. A single-valued neutrosophic set (SV N-set) A is
characterized by three functions called truth membership
function T4 (x), indeterminacy membership function 74 (x)
and falsity membership function F4(x) such that T4 (x),
I4(x), Fa(x) € [0, 1] forall x € X.

If X is continuous, a SV N-set A can be written as
follows:

A:/ (Ta(x), Ig(x), Fa(x)) /x, forallx € X.
X

If X is crisp set, a SV N-set A can be written as follows:

A= Z (Ta(x), Ia(x), Fa(x)) /x, forall x € X.

Here 0 < Ta(x) + Ia(x) + Fs(x) <3 forall x € X. Also,
we can denote SVN-set A over X by separating three parts
as follows:

Tp = {(x, Ta(x)) : x € X}, Ip = {(x, [a(x)) : x € X},
Fpo = {(x, Fa(x)) : x € X}.

Operations and relations between two SVN-sets are defined
in [36]. Let A = {{x, Ta(x), [a(x), Fa(x)) : x € X} and

B = {{x, Tp(x), Ig(x), Fp(x)) : x € X} be two SVN-sets.
Then,

1. A € B if and only if T4(x) < Tp(x),
Ip(x), Fa(x) > Fp(x) forall x € X,

2. A=Bifandonlyif AC Band B C Aforallx € X,

A={{x, Fa(x), I — I4(x), Ta(x)) : x € X},

4. AUB={{x, (Ta(x)VTg(x)), {a(x)NIp(x)), (Fa(x)A
Fp(x))) 1 x € X},

5. ANB={{x, Ta(X)ATp(x)), Ua(x)VIp(x)), (Falx)V
Fp(x))):x € X}.

Ta(x) >

bt

Operations between two SVN-numbers are defined by
Liu and Wang [20]. Let u(x) = (us(x), i (x), pr(x))
and u(y) = (e (y), 1i (), g (y)) be two SVN-numbers.
Then,

Lopu@) @ u(@y) = () + w(y) — wexu(y),
i )i (¥)s g () p(y))s

2. u(x)@uy) = (e (¥), i (x) + i (y) — i (x) +
wi(y), ppx) +pup(y) — ) +pmry),

30 () = (1= (1 — e G, i (0, wp)*), A >0,

4. p)* = (e, 1= (1= DA, T=(A = p(x)™),
A > 0.

Let u; = (M}M}M{) (j = 1,2, ...,n) be a collection
of SNNs, SNNWA : SNN" — SNN

n
j=1

the SNNWA operator is called the simplified neutrosophic
number weighted averaging operator of dimension n, where
w = (wi, w2, .., w,) is the weight vector of w;(j =
1,2,..,n),withw; >0(j =1,2,..,n) and Z’}:l wj=1
(see [27]). Here if it is taken all of w; (j = 1,2,...,n) as
equal, then (1) can be written as follows:

n
SNNWA(1, 12, oo ttn) = CD 1. @
j=1

Similarly, neutrosophic number weighted geometric
operator of dimension n can be defined as follows:

n
SNNWG (i1, 12, ooy n) = Q) 1. (3)
j=1

[27]
Equations (2) and (3) can be written as more explicit,
respectively, as follows:

n n n n
D= (1= 10 - [T T17)
j=I j=1 j=1  j=l
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and

®u,-=<m;-,1—na—uw—ﬂﬂ—“f))
j=1 j=l1

j=1 j=1

Let I3 = [0,1] x [0,1] x [0,1] and N(I?) =
{(1, @2, @3) : a1, a2, a3 € [0,1]}. Then, (N(I?) is a
lattice together with partial ordered relation <, where order
relation < on N (/ 3) can be defined by

0,1, 1) = (a1, a2, a3) < (B1, B2, B3)
< (1,0,0) & a1 < B1,a2 = o, a3 > B3

for (a1, a2, @3), (B, P2, B3) € N(I?) (see [15]).

Definition 1 Let My, (1) = (A = [(1tg g i) lmscm :
(MM, 1y u,,q) e I3)}, where I3 = [0, 1] x [0, 1] x [0, 1]
is Cartesian product of unit intervals of the real line. Any
matrix A in M, (I*) is called a single-valued neutrosophic
matrix (SVN-matrix).

3 Some new operations on SVN-matrices

In this section, we present some new operations on SVN-
matrices based on the operations of SVNs. The type-
1 product and type-2 product are introduced as in the
following:

Definition 2 Let 1 = [(i,. fthy. Whg)luxr and v =
[ v

pq> Vpg» qu)],,xr be two SVN-matrices. Then, type-1
product operation between SVN-matrices u and v, denoted
by u®v, is defined as follows:

t ot i i i f f ff
KoV = [(“pq”pq’ Wpg+Vpg = HpgVpg» pg+Vpg =g VP‘I>LX,

Definition 3- Let o = [(,U«qu, Mi,q, M,f;q)]nx", and
;q, v;q, vlj,cq)]nxr. Then, type-2 product operation
between SVN-matrices u and v, u®uv, is defined as follows:

v = [{(v

M@v = [(Ctpqa c;qv C£q>]an7

1_[? I(M;s +

wherecpq =TT (= (b vt ), chy = [

Vg = HipsV vq) and ng = H?:l(ﬂf;s + vsj; upsvsq) for all
l<p<nandl<g<r.

Now the addition operation on SVN-matrices is pre-
sented as follow:
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Definition 4 Let u = [(Mtpqvﬂi;qa//“;q)]an’ and v =
[(v;q, v;q, v,{q)]nxr be two SVN-matrices. Then, addition
operation between SVN-matrices p and v, u&v, is defined
as follows:

20, — )t t i ;o
uev = [(/,qu T Vg = HpgVpgr MpgVpg: WpgVpg)lnxr-
Transpose of SVN-matrix v is defined as follows:

/ t S
v = [(qu, Vap> qu)]nxm~

Definition 5 Let ©
SVN-matrix. If

= [(phy Wy [thaVluxn be a square

. s (0.0 p=g
/,L—(Mpq?l’qu"upq>_{(07131)’ p;éq 7

then u is called SVN-unit matrix, and especially denoted by

Tp = ULy Iy I lnscn
Here
=T 14
M = n-[( pq’ pq’ pq)]nxn'

If (g /,L;)q, /L{,q) =< (Vg v;,q, vgq) foralll < p <
n,and 1 < g < r, then SVN-matrix p is smaller than
SVN-matrix v, and denoted by u=v (see [14, 35]).

Now we define some new operations related to SVN-
matrices.

Definition 6 Let © = [(M;q’“;qaulqu>]mxm and v =

(Vg Vg
operation between SVN-matrices u and v, denoted by v,

is defined as follows:

v},"([)]mxm be two SVN-matrices. Then, minus

uev = [(M;q S v;q, /Li,q S} V;,q, M;J:q © Vlj:q)]mxmy

Wy

' o ra> Hpg pq _

where Wpg © Vpg = {O, Mpq < pq , ,upq © qu =
1’ i 1 f > f

{ Mpq P éjq and /\qu © qu = ’f Mpg = qu
“pq’ Hpg < Vpg Hpgs Mpg < Vpq

Deﬁni.tion. 7 Let u = [{ihy, M;q, u}fq)]mm and ¢ =
(o', @', ). Then upper a—level matrix of SVN-matrix s,
denoted by ,u("‘), is defined as follows:

‘ ; i f
W = LG ) () Ve
where o
‘ 1w
t - g =
(//qu)a - { 0, Mp <al

of _ 1, ,uﬁq > af,
(n pq)

(ivq)a = {1 ,U«pq>05 s
0, tpg =o',

0, p_iq < al.



Some new operations on SVN-matrices

— it
ﬂzj

Hij

3

_—

Column

Row

Fig. 1 Single-valued neutrosophic matrix p

Definition 8 Let pt = [{i). iy WhVlmxn and @ =
(o', &', ). Then lower «—level matrix of SVN-matrix j,
denoted by (g, is defined as follows:

I’L(a) = [<(M;q)a[’ (I’Ll})q)(xiv (ng)af)]mxna

where
t t t
(Mt ) . — Mpqa l‘(’pq 205 )
pgre 0, <af,
i i
{ 1, g > oti, ’

Whgs Wpg =0,

) (MlI)q)a’ =
Hpq

f f

1, > o/,

Whpdar =1 7 P07
Hpg> Mpg =o'

Definition 9 Let 1 = [(1},. Mi,q, /qu)]mxn be a SVN-
matrix. Then, complement of SVN-matrices u denoted by
u<, is defined as follows:

MC = [(M[]:q, 1 - M;q’ M;q)]mxn

In order to demonstrate these operation an example is
presented and results are shown in images (Figs. 1, 2, 3, 4,
5,6,7,8and9).

Column

Fig.2 Single-valued neutrosophic matrix v

Fig.3 Single-valued neutrosophic matrix ©®v

Example I Let us consider SVN-matrices ¢ and v given as
follows:

(0.5,0.1,0.5) (0.6,0.4,0.7) (0.3,0.2,0.4)
n=| (04,05,06) (0.1,0.6,0.8) (0.2,0.4,0.3) |,
(0.8,0.3,0.2) (0.7,0.9,0.8) (0.9,0.8,0.7)

(0.4,0.6,0.5) (0.5,0.7,0.4) (0.6,0.4,0.8)
v=| (0.8,05,0.4) (0.9,0.3,0.5) (0.1,0.8,0.9)
(0.3,0.4,0.7) (0.5,0.1,0.6) (0.2,0.5,0.5)

Type-1 product on x and v:

(0.32,0.75,0.76) (0.09,0.72,0.9) (0.02, 0.88, 0.93)

~ ( (0.2,0.64,0.75) (0.3,0.82,0.82) (0.18,0.52, 0.88))
HOV =
(0.24, 0.58,0.76) (0.35,0.91,0.92) (0.18,0.9, 0.85)

Type-2 product on p and v:

(0.27,0.41,0.56) (0.34,0.28, 0.49) (0.28, 0.45, 0.54)

) ( (0.62,0.23,0.50) (0.71,0.12,0.45) (0.38,0.24,0.54) )
nev =
(0.78, 0.60, 0.48) (0.88,0.60, 0.41) (0.60,0.51,0.57)

Column

Fig.4 Single-valued neutrosophic matrix ©®v
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Fig.5 Single-valued neutrosophic matrix u&v

The addition operation on x and v:

(0.88,0.25,0.24) (0.91,0.18, 0.40) (0.28, 0.32,0.27)

i (0.7,0.06,0.25) (0.8, 0.28,0.28) (0.72,0.08, 0.32)
lu@v - < )

(0.86,0.12,0.14) (0.85,0.09, 0.48) (0.92, 0.40, 0.35)

The minus operation on y and v:

(0.5,0.1, 1.0) (0.6,0.4, 1.0) (0.0,0.2,0.4)
1w&v = | (0.0,1.0, 1.0) (0.0, 1.0, 1.0) (0.2,0.4,0.3)
(0.8,0.3,0.2) (0.7,1.0, 1.0) (0.9, 1.0, 1.0)

Now, suppose ¢ = (0.4,0.5,0.3). Then upper and

lower o — level of p are calculated as in the following:

(0.5,0.1,1) (0.6,0.4,1) (0,0.2,1)
mew=| (04,1,1)  (0,1,1) (0,0.4,03)
(0.8,0.3,0.2) (0.7,1,1) (0.9,1,1)

Fig.6 Single-valued neutrosophic matrix ©Sv
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Column

Column

Row

Fig.7 Single-valued neutrosophic matrix ()

Next, the complement of w is calculated as follows:

(0.5,0.9,0.5) (0.7,0.6,0.6) (0.4,0.8,0.3)
1 = | (0.6,0.5,0.4) (0.8,0.4,0.1) (0.3,0.6,02) |,
(0.2,0.7,0.8) (0.8,0.1,0.7) (0.7,0.2,0.9)

Proposition 1 Let i, v and y be three m x n SVN-matrices.
Then,

udv = vdu
(ndV)®y = n®&(vdy)
nOV =vOu
(LOV)OY = nOWOY)

L=

Proof The proofs are obvious from definition of operations.
O

Proposition 2 Let  and v be two m X n and n X p
SVN-matrices. Then,

(L)Y = u®(WRy)

Column

Fig.8 Single-valued neutrosophic matrix f¢(q)
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Fig.9 Single-valued neutrosophic matrix p¢

Note that u®v # v®u. Let us explain this situation with
an example.

Example 2 Let us consider SVN-matrices 1 and v given in
Example 1. We know that

(0.27,0.41, 0.56) (0.34,0.28, 0.49) (0.28, 0.45, 0.54)

~ ((0,62, 0.23,0.50) (0.71,0.12,0.45) (0.38,0.24, O.54)>
nQV =
(0.78, 0.60, 0.48) (0.88, 0.60, 0.41) (0.60, 0.51, 0.57)

and

(0.65,0.31, 0.52) (0.56,0.49,0.72) (0.43,0.33, 0.40)

~ ((0.67,0.32, 0.39) (0.58,0.63,0.69) (0.64,0.49, 0.36))
vRu
(0.43,0.16, 0.43) (0.33,0.39,0.75) (0.33,0.22, 0.50)

UV £ vRu.

Proposition 3 Let i, v and y be three n x n SVN-matrices.
Then,

L. udvzuldv,

2. ubuzu,

3. uOuu,

4. pdv=udv,

5. u®woy)=(udv)S(udy),

6. uSWdY)(uv)d(udy),

7. If p=Xv, then u®y=vdy, udyvdy, uRy vy
and nSy<vdy.

Proof See Appendix A.1 O

Proposition 4 Let u, v and y be three n x n SVN-matrices.

Then

. udv=vdu

2. (udv)®y = ud(vdy)
3. uOvV =vou

4. (OV)Oy = uOMWOY)
5. u®L=pn

6. (LOVQY = uR(Wy)

Proof The proofs are obvious from definitions of opera-
tions. O

Note that u@®Z # u and uOI # u. Let us consider
SVN-matrices p and v given in Example 1. Then,

6,0.4,0.7) (0.3,0.2,0.4)
8) (0.2,0.4,0.3)
8) (0.

9,0.8,0.7)

udT

I
—
S3S3
% = O
oo
N W W =
T O O O
Dow
333

=

O

O\

=]

OO

O
2

(0.6,0.4,0.7
(1,0,0)
(0.7,0.9, 1)

(0.2,0.4,0.3)

) (0.3,0.2,0.4)
(1,0.8,0)

= 0405 06
(0.8, 0.3,0.2)
n

joYA (

.5) (0.6,0.4,0.7) (0.3,0.2,0.4)
.6) (0.1,0.6,0.8) (0.2,0.4,0.3)
2) (0.7,0.9,0.8) (0.9,0.8,0.7)

S5 (0,1, 1)
(1,0.6,0.8)

(0,1,1) (0.9,0.8,0.7)

Il
Y

0,1, 1)
0,1, 1)

Proposition 5 Let i and v be two n xn SVN-matrices. Then

L (udv) = p'ev
2. (uOV)Y = pu'ov
3. (u®v) =v'eu
4. (uv) = p'ev

Proof See Appendix A.2 O
Proposition 6 Let v and v be two n xn SVN-matrices. Then
1. (udv) = pudve

2. (uOV)© = pu e

3. (ubv)Eucér.

Proof See Appendix A.3 O

Proposition 7 Let ;v be a n x n SVN-matrix and let a be a
SVN-value. Then,

Moy 2.

Proof The proof is clear from definitions of gy and u®. O
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Proposition 8 Let v and v be two n x n SVN-matrices and
let o be a SVN-value. If,u,iv, then

1@ 2@
Proposition 9 Let i be an x n SVN-matrix and let o, 8 be
two SVN-values such that o« < B. Then,

CENC
2. w2

Proof See Appendix A.4 O

Proposition 10 Let i and v be two n x n SVN-matrices and
let o« be a SVN-value. Then,

1. (Mév)(a)éﬂ(a)év(a)'
2. (ué\J)(a)%M(a)@V(a)-

Proof See Appendix A.5 O

Proposition 11 Let u and v be two n x n SVN-matrices and
let a be a SVN-value. Then,

L (b @Eu@&p@,
2. (uéV)(a)EM(a)é‘)(a)-

Proof See Appendix A.6 O

Proposition 12 Let u and v be two n x n SVN-matrices and
let o be a SVN-value. Then,

Lo OV @2 ov®,
2. (ué\J)(a)iﬂ(a)@V(a)~

Proof See Appendix A.7 O

4 Multi-criteria group decision making
method

Let D = {Dy, D, ..., Dg} be set of decision makers,
Ay, Az, ..., A, be possible alternatives among which deci-
sion makers have to choose an optimal alternative and
Ci1, Cy, ..., C, be criteria which alternatives performance
are measured. The procedure of the proposed method as
follows:

4.1 Constructing of decision matrices
Dk(l =1, 2, coey S)

Suppose that c?fj = (dl.kj(t), a’fj(l.), dl.kj(f)) is the evaluation

value of the criteria C; with respect to alternative A; which

@ Springer

is made by decision maker Dy. Then, decision matrix for
decision maker D; can be write as follows:
5o
po=| B o)
&, &,
4.2 Constructing of reference matrix R

Let C™T be a criteria set for positive ideal solution and C~
be a criteria set for negative ideal solution. Then, reference
matrix R is constructed as follows:

i1 T2 - Fip
Fa1 P - P

R = Q)
Fol Fpa o For

where

1 1 k1 Tk .
(3 2k iy n Yo dijiy n Iy dij ) ifCj e c*
Fij= (6)
1 Tk 1 Tk 1 Gk -
G 2=t iy w 2kt (A=) 3 Xgmy dij)» 1 Cje €

4.3 Construction of minus matrices
Mk =1,2,..,5)
Let Pk = [(dl.’f/(t), d;fj(i), d{(‘/(f)”pxr be a deci.sion makfar
matrix related to decision maker Dy. Then, minus matrix
related to Dy, denoted by M} is constructed as follows:

~k ~k ~k

nf]p 111]1(2 ’illr

~ My My =+ Ny
M =D;SR= . . r k=1,2,..,8) (D

oo

mp, mp2 R
where K. = (d. S Fiipy, d5 . O Fiiy, db o ©Fiip)
1 ijn) S0 4jiy D Tij@)y 4ijpy S TijHI-

4.4 Finding of addition matrix A

Addition matrix, denoted by A, is calculated by using
Definition 4 as follows:

K] ~ s ~k s ~k

@1;:1"}11 @lsc:l "jlg Galsc:lnf]l(r

u Di=1 5 Diei sy - Doy 3,

A:@Mkz
k=1

(®)
o S P
@i:lmpl eai:lmpZ "'Gai:lm][{:r

4.5 Constructing of score matrix based on addition
matrix

We use following formula given in [27].
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Definition 10 [27] Let u = (us, ui, uys) be a SVN-
number. Then, the score function of SVN-number pu,
denoted by s(u), is defined as follows:

e+l —py

s(w) 3

®

Let us consider addition matrix A. Then, score matrix
is a matrix constructed by calculating scores of elements
of addition matrix A, and score matrix of A is denoted by

S(A) = [5ij]1pxr, Where §;; = s(Py_, ﬁifj).
4.6 Calculating of decision values of the alternatives

Let us consider score matrix S(A). Then decision value of
alternative A;, denoted by DV (4;), is calculated by

DV (A;) = Zgij.

J=1

(10)

4.7 Determining of optimum alternative

We determine the addition matrix by summing the elements
of minus matrix and we calculate decision values of
alternatives according to scores of elements of addition
matrix. Therefore, we rank the decision values of the
alternatives and choose alternative which has minimum
decision value as an optimum element.

The procedures of the proposed method is shown as an
algorithm as follows:

0.467, 0.700, 0.600
0.767, 0.533, 0.367

0.400, 0.533, 0.400)
0.633, 0.367, 0.467)
)
)

~ e~~~
T
~ e~~~
~ o~~~

0.367, 0.567, 0.333
0.533, 0.367, 0.533

5 lllustrative case study

In this section, a case study has been demonstrated to reveal
the success of proposed method.

5.1 Firm selection problem

Let us consider numerical example in [18] where one
investment company intends to select an firm from the
following four alternatives to invest. The four firms are
marked by A;(i 1,2,3,4), and they are measured
by the three criteria: (1) C; (the risk index); (2) Ca(the
growth index); (3) Cs(environmental impact index). Also
there are three investment specialist as decision maker in the
company. We denote these decision makers by Dy, D, and
Ds.

The problem has been solved with proposed group
decision making method as in the following steps:

Step 1: Construct decision matrix based on SVN-values
of firms provided by DMs.

The SVN-values of the four firms provided by DMs as in
Table 1, 2 and 3:

Step 2: Obtain reference matrix R based on decision

matrix:

Let C* = {Cy,C3} and C~ = {C;}. Then, reference
matrix R is obtained by using (6) as follows:

= = - -

k= 0.300, 0.533, 0.633) (0.567, 0.433, 0.500) (0.567, 0.567, 0.500
0.400, 0.467, 0.533) (0.667, 0.400, 0.333) (0.800, 0.433, 0.500
Step 3: Find minus matrix: Minus matrices for each of

decision makers are obtained by using Eq. 7 as follows:

(0.600, 0.700, 1.000
(0.000, 0.533, 1.000
(0.900, 0.533, 0.633
(0.000, 1.000, 0.533

0.000, 1.000, 0.400)
0.000, 0.367, 1.000)
0.800, 1.000, 1.000)
0.000, 1.000, 0.333)

~ — = =
o~ e~~~

(0.000, 0.700, 0.600) (0.500, 1.000, 1.000
~ (0.000, 0.533, 1.000) (0.000, 1.000, 0.467
(0.700, 1.000, 0.633.) (0.000, 0.433, 0.500
(0.000, 0.467, 0.533) (0.800, 0.400, 1.000

(0.700, 0.700, 0.600) (0.000, 0.533, 1.000)
DiOR (0.000, 0.533, 1.000) (0.900, 0.367, 1.000)

(0.000, 0.533, 0.633) (0.000, 0.433, 0.500)
(0.800, 0.467, 0.533) (0.700, 1.000, 0.333)

0.000, 1.000, 0.333)
0.000, 1.000, 0.533)
0.700, 0.567, 0.500) |’
0.000, 1.000, 0.500)

o~ e~~~

) (0.000, 1.000, 0.333)
) (0.600, 0.367, 0.533)
) (0.900, 1.000, 0.500)
) (0.000, 0.433, 1.000)

(0.500, 0.567, 1.000)
(0.600, 1.000, 1.000)
(0.000, 0.567, 1.000)
(0.900, 0.433, 1.000)
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Step 4: Calculate addition matrix: Addition matrix A is
calculated by using (8) as follows:

0.880, 0.343, 0.360
0.000, 0.152, 1.000
0.970, 0.284, 0.254
0.800, 0.218, 0.152

0.500, 0.533, 0.400
0.900, 0.134, 0.467

o~ o~~~
—_———_ =

0.940, 0.400, 0.111

( ) (0.500,0.567,0.111)
( ) (0.840, 0.367, 0.284)
(0.800, 0.188, 0.250) (0.970, 0.321, 0.250)
( ) (0.900, 0.188, 0.500)

Step 5:  Construct score matrix: Score matrix S(A) is
constructed by using (9) as follows:

0.726 0.522 0.607
0.283 0.766 0.730

S =1 0,811 0787 0.800
0.810 0.810 0.737
Step 6: Find decision values of alternatives: Decision

values of alternatives are found by using (10) as follows:

DV(A)) = 1855, DV(A)) = 1779 DV(A3) =
2.398 DV (A4) = 2.357.

Step 7: Rank decision values of the alternatives and select
optimum element:

Ranking of decision values of the alternatives is
DV(Ay) < DV(A1) < DV(As) < DV(A3). Then,
optimum element is Aj.

6 Comparison and discussion

In section, we compare our multi-criteria decision making
procedure with the methods presented by Mukherjee et al.

[23], Broumi et al. [7], Ye [42, 43, 45] and Ye and Fu [44].
Firstly, we modify similarity measure methods according to
the proposed MCGDM method and then in Table 4 we give
ranking orders of alternatives obtained by using existing
methods and proposed method

1. Hamming Distance [23]:

1 - k ~ k
Ly (Di(A)), R) = g Z {|dij(,)_rij(t)|+|dij(i)
j=1

= Fijy |1 ) =i l]- (D)
2. Normalized Hamming distance [23]:

r

1 K= k
Lyu(Dir(A), R) = o Z{|dij(t)_rij(l)|+|dij(i)

j=1

- fij(i)|+|d{cj(f)_fij(f)|} -(12)

3. Euclidean distance [23]:

r

1 - - ~
Le(Di(A)), Ry = | =) {(d,-kj(,) = Fij)? + (@) = Fiji)? + (d ) — rij(f‘))2}~ 13)

6=

4. Normalized Euclidean distance [23]:

r

1 N - -
Lye(Dr(Aj),R) = | — Z {(dfj(,) —Fije)* + (dl-kj(i) —Fij@)* + (d,-kj(f) - Vij(f))z}- (14)

6r
j=1

5. Extended(Normalized) Hausdorff Distance [7]:

¢ k N k
L (Di(Ai), R) = - X}maxhdij(t)_rij(l‘)lv 9 i)
j:

= Fijrls Vb ) =T 1]-(15)
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We also modified Extended (normalized) Euclidean Haus-
dorff distance given in [3].

6. Extended (normalized) Euclidean Hausdorff distance

[3]:
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Lepu(Di(A)), R) =

1 r
k ~ k ~ k ~
= > max {14, = Figo P 1 o, = Fiso Pl ) = Fuycp 2} (16)

Similarity measure is defined by Mukherjee et al. [23] as
follows:
1
1+ L(Dg, R)
Based on this similarity measure formula, we define
similarity score functions of alternatives, denoted by S(A;),
and similarity measures, denoted by SM (A;, R), as follows:

S(Dy) =

1 N
S(A) == > L(Dk(AD, R) (17)
k=1
and
1
SM(A;, R) = 754 (18)

7. Jaccard similarity measure [42]:

S;(Dr(Ai), R) =

:l»—a

~ k ~ k ~
Z dfs i + dij(i)rij(i) +djj f)rij(f)
= ( @y + d5y +d5 )+ T+ ) )

19)

k
(dz;(z)ru(t) +dj; ) Tiji) T A Tion)

8. Dice similarity measure [42]:

n

1 2%\ Fijay +d5 g Fijay + dEnFiion)
Sp(De(Ap). R) = Z ij(t)'ij@) ij (i) (@) l/(f) ij(f)

ks ks I
(i Tijo) + 4 Tijo) +dij pTijon)

1 n
Sc(Dk(AD, Ry =~} ——— e
j=1 \/ dijoy T dijoy T dijipy \/ Tiio Trjo Tijo

L @+ e T g o+ o + o) @D
(20)

9. Cosine similarity measure [42]: 10. Improved cosine similarity measure [43]:

1 <& x(d5, . = Fiol vV IdE = Fii | VAR o —FiicnD
SC(Dx(Ai), R) = ;Zcos( o~ OT T B 5 VO T i T 22)

j=l1

1 7 (dfs o = Fijw| + o) = Fij | + 1d5 ) = i)
SC2DL(AD, R) =~ 3 cos ( i@~ VO TG — O S — Y 23)
11. Tangent similarity measure [44]: 12. Cotangent similarity measure [45]:

1< T -
STi(Dy(A)), R) = 1 —— Ztan( max(|d1,(t) —TFijwl, |d,](l) SCTi(Di(Ai), R) = " Zwt(Z"_Zmax(ld{(j(f) —Tijnls |dikj(i)
j=1
_;ij(i)|s|dij(f)_;ij(f)|)> 24) _Fij(i)|7|d,'kj(f)_’~‘ij(f)|)) (26)

ST2(Di(Ai). R) = 1—72mn( (djj = Fis] +1dij
j_

= Fijiy| + ) — 7ij<f>|)> (25)

1 & T b1 -
SCT2(D(A), R) = —~ ZCOt (Z + E(Idikj(f) — Fijol + 1df5 )
=1

= Fijo| + 145 = FijenD) @7
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Table 1 The evaluations of

firms by decision maker 1 (D7) C (&) C3
for Firm Selection Problem
Ay (0.6,0.5,0.7) (0.4,0.7,0.2) (0.3,0.6,0.1)
Ar (0.3,0.5,0.8) (0.6,0.2,0.7) (04,04, 0.4)
Az (0.9,0.2,0.5) (0.8, 0.6, 0.9) (0.7,0.5,0.4)
Ay (0.4,0.7,0.4) (0.5,0.4,0.3) (0.8,0.9,0.1)
Table2 The evaluations of
firms by decision maker 2 (D7) Ci &) G
for Firm Selection Problem
A (0.3,0.3,0.5) (0.5, 0.6, 0.6) (0.3,0.6,0.1)
Ay (0.3,0.5,0.8) (0.4,0.7,0.1) (0.6,0.3,0.5)
Az (0.7,0.7,0.3) (0.5,0.3,0.2) (0.9,0.7,0.2)
Ay (0.4,0.1,0.5) (0.8,0.3,0.4) (0.7,0.2, 0.6)
Table 3 The evaluations of
firms by decision maker 3 (D3) C (6)) C3
for Firm Selection Problem
Aq (0.7,0.1,0.2) (0.3,0.3,0.4) (0.5,0.5,0.8)
Ar (0.6,0.4,0.7) (0.9,0.2, 0.6) (0.6,0.4,0.7)
Az (0.3,0.5,0.1) (0.4,0.4,0.4) (0.1,0.5,0.9)
Ay (0.8,0.2,0.2) (0.7,0.5,0.3) (0.9,0.2,0.8)
Table 4 Ranking orders by our method and existing methods
Ranking order methods Al Ar Az Ay Ranking order
Based on Hamming Distance [23] 0.745 0.844 0.776 0.812 Ay = Ay > Az = A
Based on Normalized Hamming Distance [23] 0.950 0.956 0.933 0.945 Ay = Al = Ay = A3
Based on Euclidean Distance [23] 0.735 0.778 0.687 0.727 Ay = Al = Ay > A3
Based on Normalized Euclidean Distance [23] 0.847 0.875 0.814 0.842 Ay > A1 = Ay > A3
Base on Hausdorff distance [7] 0.796 0.846 0.774 0.799 Ay = Ay > A = A3
Extended Euclidean Hausdorff distance [3] 0.693 0.761 0.664 0.696 Ay = Ay > A = A3
Jaccard similarity measure [42] 0.886 0918 0.844 0.896 Ay = Ay = A = A3
Dice similarity measure [42] 0.946 0.939 0.907 0.966 Ay = A1 = Ay = A3
Cosine similarity measure [42] 0.9552 0.9617 0.9498 0.9615 Ay = Ay > A = A3
Improved cosine similarity measure-1 [43] 0914 0.950 0.885 0.909 Ay = A1 = Ay > A3
Improved cosine similarity measure-2 [43] 0.9732 0.9739 0.9477 0.9650 Ay = Al = Ay = A3
Based on tangent function-1 [44] 0.796 0.856 0.765 0.798 Ay = Ay > A = A3
Based on tangent function-2 [44] 0.889 0.902 0.847 0.878 Ay > A1 = Ay > A3
Based on cotangent function-1 [45] 0.665 0.755 0.626 0.673 Ay = Ay > A = A3
Based on cotangent function-2 [45] 0.802 0.828 0.740 0.787 Ay = Al = Ay > A3
Proposed group decision making method 1.855 1.779 2.398 2.357 Ay = A1 = Ay > A3
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Table 5 Obtained results by using (12)-(27) and proposed method

Case 1 Case 2 Case 3 Case 4
X (0,0,0) (0.2,0.3,0.4) (1,0,0) (1,0,0)
Y 0,0,0) (0.2,0.3,0.4) (0,0,0) 0,1,1)
Based on Hamming Distance [23] 1 1 0.857 0.667
Based on Normalized Hamming Distance [23] 1 1 0.960 0.889
Based on Euclidean Distance [23] 1 1 0.710 0.586
Based on Normalized Euclidean Distance [23] 1 1 0.830 0.739
Base on Hausdorff distance [7] 1 1 0.750 0.750
Extended Euclidean Hausdorff distance [3] 1 1 0.634 0.634
Jaccard similarity measure [42] null 1 0 0
Dice similarity measure [42] null 1 0 0
Cosine similarity measure [42] null 1 null 0
Improved cosine similarity measure-1 [43] 1 1 0 0
Improved cosine similarity measure-2 [43] 1 1 0.866 0
Based on tangent function-1 [44] 1 1 0 0
Based on tangent function-2 [44] 1 1 0.732 0
Based on cotangent function-1 [45] 1 1 0 0
Based on cotangent function-2 [45] 1 1 0.577 0
Proposed decision making method 1 1 0.667 0

We see that the proposed method in this paper is consistent
with the other methods proposed previously.

For the comparison of the ranking order methods based
on the proposed method with existing methods based on
distance measures and similarity measures methods [7, 23,
42-45] in single-valued neutrosophic setting, a numerical
example is presented to demonstrate the effectiveness
and rationality of the proposed ranking order method
of SVNSs. Let us consider two SVNSs X and Y in
A = {a} and compare the proposed method with
the existing methods based on similarity measures and
distance similarity measures in [7, 23, 42-45] for pattern
recognitions. By applying (12)-(27), the similarity measure
results for the pattern recognitions are indicated by the
numerical example,as shown in Table 5.

By the Table 5:

1. InCase 1, values of Jaccard, Dice and Cosine similarity
measures are undefined or unmeaningful.

2. In Case 3, similarity value based on improved cosine
similarity-2 is equal 0, but similarity value based on
improved cosine similarity-2 is equal 0.866. Hence the
similarity measures are not suitable for some applica-
tions handling ranking order of alternatives and pattern
recognition. Similar situations valid for similarity mea-
sures based on tangent function-1 and tangent function-
2 and cotangent function-1 and cotangent function-2.

3. Incase 4, since complement of (1,0,0) is (0,1,1), values
of similarity measures based on Hamming distance,
normalized Hamming distance, Euclidean distance,

normalized Euclidean distance, Hausdorff distance
and extended Euclidean Hausdorff distance are not
meaningful.

As a result, we can say that proposed decision making
method is more suitable for ranking order than other
methods. Also, in the other methods many operations such
as extraction, absolute value, e.i. are used. In our method,
we use minus operation instead of distance measure, thus
we obtain the results for ranking order easier.

7 Conclusion

In this paper, we defined some new operations on
SVN-matrices, an investigated some properties of them.
Especially, type-1 product operation of the SVN-matrices
is similar Hadamard product of matrices. Therefore, type-
1 product allows to make some applications related to
Hadamard product under SVN environment. Also, in future
it may be derived some properties of these operations
under determinant function. Furthermore researchers may
study on inverses of SVN-matrices and may propose a
new decision making methods based on upper and lover
(a)—level SVN-matrices.
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Appendix A

A1

Leta = udvand B = ,u@v Then apq = Mpq +qu
WgVpg and B, = ', vi,.. The proof will be made
for membership, indeterminacy and non-membership

degrees of elements of SVN-matrices.

(@) Suppose that “pq + Vg — “pq ba = “pq pa:
Since 0 < /1, <land0 < qu <1, M,,q(l
vt )—i—v;q(l - ;,qu) > 0. Henceapq > /3

(b) Suppose that /,qu pq < /L[,q + v
Since 0 < [,qu < land 0 < qu

“pq(l ”pq)+qu(1 “pq) Hence O‘pq =< Bpg-
(c) Itcanbe shown that o If,q < /3 pg With similar way

to proof of o, < ﬂ

v
'“pq Pa-
< 1,0 <

t
HpgVpg:

“i?q ;q, ngv;;q) Since each of yl,,, ““i?q’ y,gq, Vs
and v}:q are in interval [0 1], it is clear that u pg T

— — t t
Let « = u®u. Then o = (Upg + Vpg —

[’q

t fo~
— WpgVpg Z Hipg: “pq pg = “pq and “qul”! =

M;q. Therefore u®u > (.
_ ~ _ t t i i _
Lf"t « = ’;QM' ihen O‘f _f(““pq'““pq’ Hpg T Hpg
Mlpqﬂlpqa Wpgq + Wpg — Kpgliipg)- Since M;q‘);;q = lii;q,
Wpq t Wpg = Kpghpg = Hpg and MIJ;(I + “?/:q -
M;q:u[]:q = ng» nou < W.
_ t t tot i i . f
Letapg = (Upg + Vpg — “pqqu’“;?q%q’ IpqVpq)
be an element of SVN-matrix n®v. From definition
of u&v, we know that for truth-membership values

U

of elements of SVN-matrix Mév if /L;)q > v

“’pq O vy = “jvq and if ph, < Vi My ©
_ : r

Vpg = 0. 8ince pi, + vy — mhpevpy = My

and Wpg + Vo = KipgVpq !
values of elements of SVN-matrix pu@v are always
greater than or equal to truth-membership values of
elements of SVN-matrix uSv. From definition of /tév
if “pq = iq’ “ltﬂq = V;q = 1, and l_f “pq < Vpgs
“Pq O vy = v}

0, truth-membership

Mpg. Since 1 > ,upq g and ,upq >
WipgVpg» indeterminacy-membership values of elements
of SVN-matrix u@v are always smaller than or equal
to indeterminacy-membership values of elements of
SVN-matrix #&v. Also, it can be shown that falsity-
membership values of elements of SVN-matrix u®v
are always smaller than or equal to falsity-membership
values of elements of SVN-matrix u&v. It is concluded

that u®v=udv.

@ Springer

5. Let ap, and By, be the pqgth elements of the SVN-

matrices u®(8y) and (udv)S(udy), respectively.
The proof will be made for three cases.

Case 1: For truth-membership values of the SVN-
matrices. From Definition 6,

t t t
o = {“M +Vhg = KpgVbg: pa = Vpg»
pPq <
Hig» Ypa = Vpq-
. _ t tr
Since 1y + Vg = KipgVipg > Hipg T Vpg = Wpg Vg

Vt < t +

t t t t
for v,y > ¥pgs and pig + Vg = IpgVpg = Kipg

t ot
Vg = KpgVpq TOT Vpg = Vpgs
t r_ t t
- {'“pq Vg = HpgVpg ”pq > qu’
pa
0, Vog < Vpg-

Hence afDq > ,3;,(1
Case 2: For indeterminacy-membership values of the
SVN-matrices. From Definition 6,

i
e
HpgVpqa:

io i
Ypg = Vpg>
1 1
Vpg < Vpq-:

: N A S > i
Slt‘lce.upqqu > Mpqy(pq for qu > Vpgo and

l l l 1 l
WogVpg < HpgVpg TOr Vg < Vg
i i
i { Lo Vg Z Vg
Pq iy i i
HpgVpgr Vpg = Vpg-:

Thus a;q < ,Bﬁ,q
Case 3: For falsity-membership values of the SVN-
matrices. From Definition 6,

f
0‘1];&1 = { ng, f
HpqVpgs Ypg < Vpq-

Since ng "I{q z ngVI{q

£ f f f
WpqVpg < MpgVpg TOr vpg < ¥pys

B _{lf f Ui Zy’%’
pqg =
HpgVpg> Ypg < Vpq-

f .
Vg Z Vpq>

for v,{q > y,,fq, and

Thus oz,],cq < ,3,’;1 and apg > Bpg.
From Case 1,2 and 3, it is concluded that
udWdy)=(udv)S(udy).

The proof can be made with similar way to proof of
statement 1.

Let  apg, Bpg, pqsapqv‘qu’fpmppq and €p4 be

pgth  elements of udy, vdy, udy, vOy, ,u®)/,
V®y and uéy, vey, respectively. Since u=v,
M;q < q,upq > pq and Mﬁq z v,{q Itis clear that
ol =
Pq “’pq +Vpg ~ , 'upq Ypg < _pq + Ypg — P;I Ypg =
l —_ 1 l —
e %pg HpqVpqg = Vpg¥pg = Ppg and

O‘IJ;q ng szq z ";;q szq = ﬂz{q' Therefore apq < Bpq

and udy vdy.
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By given COIldlthIlQPq = ,upqypq < quq o]t)q,
Opg = “pq,+ Vpg — WogVpg = Vpg T+ Ypg ~ VpgVpg =
0}, and 91{(1 = :“{7(1 + Vpqg = MpgVYpg = Vpg + Vpg —
v‘lfqypfq = a,‘,fq, 0pq =< 0pg. Therefore uOy Oy .

By given condition &, = 1 — [[;_;
Wi N= 1 =TT (U= Vv = Thge 8, =
[Ti= ('upkykq > [Tz 1(Vpk"kq) = 1, and 5'1];4 =

f f
nk=1(ﬂpk3’kq) > [Tz l(vpkvkq) = Tpg» Opg = Tpg-
Therefore u®@y vy .

Since
t t t t t t
0, Hpg <7Vpq 0, vpg <Vpg
and u;q < v, from hypothesis, p;,q < e;,q. Also

since

i i
“Pq = qu & = { Lo vpg =7y
v €p

17
Ppg = { i i i
H’P‘]’ Hpq < Vpq Vpgr Vpg < Vpq

and yl,, > vt from hypothesis, pi,, > €, .
f f
.. 1, >
Similarly, p[{q = { ¢ M?q = yl}q , 6[{,1 =
Mpg> Mpg < VYpq

: f

>

{ 1’f Vpg = y’}q and ng > vgq from hypothesis,
Vpg> ”M < Vpq

p,{q > epq Therefore ppy < €54 and so uSy vy .

A.2
1. Suppose that ap, = (ab,,« ;q,a,];q) and B,, =
(Bhgs Bpgs ﬂpq) are ijth elements of u@v and u'&v/,

respectively. Then 0,; = «agp is the pgth element of
(u®v) and

f
pg = (o pq’o‘ﬂq)
ff
= (Hpg + Vpg — Mg pq’“pq pq’“l’q”l’q>
13 <’3P(1’ ﬁpq’ ﬂpq)

_ t i o f
= <'U“qp + qu - “qpvqp’ HapVaps KapVap)

— (ot i f
Opg = (Qyp: Ay Xgp)

_ t

= (Ugp + v

= Ppq-

f.f
= Igp qﬁ’“qp qW“‘IPV‘IP>

Thus, 0y = Bpq forall p, g. Hence (;LEBU)’ =u'dv.
2. Suppos§ that @y, = (a ;,q,olpq,()lpq) and B, =

( ;,q, ;)q, ﬁ}:q) are pgth elements of u®v and ' OV,

respectively. Suppose that ), = (a;q,a;q,a,fq) and

Bra = (Bhy pq’:BPq> are pqth elements of uGOv

and p/OV’, respectively. Then o),y = oy is the pgth
element of (w®v)’ and
%pg = (a;q,a;q,a}{Q

= (Mg Vpg- '“qu + ”Lq - “jqu;q’ “i):‘i + ‘)IJ;‘I - “iéqvbfq)
Brg = (Bhg- Bog- Bha)

= (gpVip- Map + Vgp — HapVap- Wap + Vip — HigpVip)
Opq = <0Z7q70;7qv“i7fq>

ot it i i i f f . r
= {HgpVaps Kgp + Vgp = HapVaps Kap + Vap = HapVap)

Thus, 64 = Bpq forall p, g. Hence (u®v) = pn'Ov'.
Suppose that ap, = (ot ., aly) and B,, =
(Bhy ﬂﬁ,q, ,B,J,Cq) are pgth elements of u®v and V'@,
respectively. Su.ppose that ap, = (a;q, a;,q, otlj,cq) and
,BM = (Bhy: Bhy ,3'}’;1) are ijth elements of u®v and
V'@, respectively. Then 0,; = ogp is the pgth
element of (u®v)’ and

i f
Upg = (g Ay apg) = (1= [T = wiyviy).
k=1

n n
[T+ vig = g TTCtha + vig = mhgvig)
k=1 k=1

n
Bpg = (Bhy. Bhg- Big) = (1= [ [0 = vl p1a,).
k=1
n n
l_[(”clik + iy = VgrHip)» l_[(vz{k + “1{17 - vt{k“{p»
k=1 k=1

n
i S
Opg = (Thys Ohgr opg) = (1= [ [(1 = v,
k=1

n n
[T+ viiy = igevip): T TGy + v, = vl
k=1 k=1
= Bpg-

Thus, 0,y = Bpq forall p, g. Hence (u®v) = v'@u'.
Suppose that apy = (ab,,ab,, apy) and Bpy =
( ;q, pg ﬂpq) are pgth elements of u&v and /&,

respectively. Suppose that ), = (o) apq, a};q) and

pq
Bpg = (ﬂ;q,ﬂ;q,ﬂ;q) are pqth elements of u&v
and p/&V’, respectively. Then o), = o is the pgth
element of (1&v)’ and

ot i fy_y,t ' i i S f
Upg = (o X pg> ;,q7apq)—(ﬂpqequ,llll,qe\};,q,ﬂquequ)v

_ t t i i f f
Bra = (Bpg> Bpg- ﬂM) (Kgp © Vaps Hgp © Vps Kap © Vap),

ot fy_ gt t i i f f
Opg = (94 qu’ Tpg) = (Igp © Vyp» Igp © Vgp» ap © Vip)

= Brg-
Thus, 0,y = Bpq forall p, g. Hence (u&v)’ = u'év'.
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A3

Bra = By B Bla) =(ithas 1=t 1) © (v 110 b, )

f : o
1. Letay, = (apq,apq,apq)and ﬂpq = (B ,,q,/gp(ﬂ - </L;f7qv;{q,1—M',,qv},q,/t'pq+v;q—M',,qvi,q>~
be pgth elements of u@®v and uOve, respectively, and
letoyy = o, Then < . X ¢
Thus, 0, = Bpq. Hence (u@v)¢ = uove.
The proof can be proved by similar way to proof of 1
%pg = (a;q’am O‘Ifﬂl> (“pq""’pq HpgVhg- pgVpg- "‘5‘1”1];‘1> L P L p,- f Y d _y P
_ . [ f 1 i t \_ [, f f 1 i t etapq_(apq,apq,ezpq)an 'B[jq_<pq’ pq’ﬂpq>
Opa = %pg = <a/"1 % ’“Pq> = (“ PaVpa> E T HpqVpg> Fpg be pgth elements of u&v and uSve, respectively, and
+ v, = ph v, let opy —oz Then
— oyt 1 f
Upg = (Xpgs Upgs Upg)
t t i i f f
= {'U“P(I’ Hpq = ”fq { l’i Hpq = Vpa L “?q = Vz}q
’ t P .
0, Mg =Vpg " L Rpg> Hpg < Vig Wpgs Mpg < Vg
f f i t
Opg = a, = L Hra z Vra {0’ “pq = pq g Hpq = ”qu
e Ihgs Bpg <Vpg L1— Hog Hpg < Vpg "1 00 By S vy
f i t \a [, t
Brg = <Mpqv 1 —u;q,upq>e<qu, 1—vl,. qu>
f f f i i i t t
— Mpgs M?q = V;}q { 1— /'Linqa /'Llpq > v;)q { Lt szq = U,;’q
’ 1 1 ’ .
0, Hpg <vpg Ul Kpg =Vpg | Hpg> Kpg < Vpg
f f f _ f f .
For ppg > vpg, since upg < 1,1 Mpq >0,1> Mpq Let p, > B7. Then, there are two cases;
and 0 < phy. 1> 1— b, pub > 0,05 = Bpg. Thus ; ;o
(WEV)E e, Ca?e 1:fIf Upg = af > B/, then (pg)* =
(pg)?" = 1. |
A.4 Caseszf af > ;qu > B/, then (,upq)"‘f —f 0 <
_ _ (uh )P = 1. Alsoif ul, < Bf, then (ul,)#’ =o0.
l. Leta < B.Thena! < p',a' > Bl and &/ > B/. e pq P

The proof will be made each of uﬁ i u;q and uéq.
Let p!,, > p'. Then (u!, )% = 1. Since ' > o',

13 P ;
“tpq > o, (M;q)“ = 1. Therefore (M;q)ﬂt - (prq)’g )
If !, < B, there are two cases.

Case 1: If uf,, < o < p', then (M;q)ﬁt =0 =
(1)

pq’
Case 2: If o' < pf,
(') . Thus, (u', )P

< p'.then (u!,)f =0 < 1=
t t
= (W)™ -

Let ,ui,q > ﬂi . Then, there are two cases;

Case I: If ph, = o = B, then (uh)* =
(uh )P =1 |

Case2: If o' > pf,, > B, then (b ) =0 <
(uh)F = 1. Also if pt,, < B, then_(mpq)ﬂ’ = 0.
Since ,6’ < o', /_Llpq < o', (u’pq)“' = 0. Thus,
(b )P = (uh )%

@ Springer

Since B < af, u,’:q < af, (upq)“f = 0. Thus,
f f
(:U«pq)'B = (l/qu)a .

It is concluded that u® <@,

2. The proof can be made by similar way to proof of

statement 1.

A.5

The proof will be made for truth, indeterminacy and
falsity membership values of elements of SVN-
matrices:

Case 1: For truth-membership values:

Sltlbcase }: Let M;q,tv;q > ott’. Then, ,;,L;q ® v;q =
;Lptq + v[,tq - /qulqu > /Lplq and lqu. Therefore
(/qu ® qu) > «a' and so (upq ® qu) = 1. Also,
since E,ﬁpq)“ = 1 and (v, ) = 1, (’4’")“2

(v;,q)“ = 1. Thus, (y,pq @ qu)" = (,u,;,q)“ @

t ya!
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Subcase 2: Let u;q, 1t711 < «'. Then, there are two Subcase 4: Let upq > ot and qu <ol If v =0,

cases: i, ® V), <o’ orul,, vy, >a. Then ,upq ®v, ;rpq pq =0<d Therefore
t t to,t t ol _ : (u, @®v )"‘ —O Smce(M )"‘ = land (V! )“

1. If Wpg ® vy < o, (Mpq &) qu) = 0. Since Parq rq

()™ = 0and (v)) = 0. (415,))" @ ()" = 0. () ® () = 0. Thus, (jyy & v},))* =

0. Hence (Mpq @ qu)c( (Mtpq)a’ ® (V;,q)at- (Mpq)."‘ ® (qu)"‘ If qu # 0, then /qu @ qu =
2. 0f why, ® v, > of, (uh, @ v;q)“[ = 1. Since Wpg ;,q < o' and so (I’qu @ qu)"‘. = 0. Since
(uh)* = 0and (u;,q)a’ =0, (u,)¥ @& () = (uh,)* =0and (v,,q)"‘ =1, (u,,q)"‘ ® (v,,q)“ =
0. Thus (i, @ V) = ()" @ (V)" 0. Thus, (1hy ® V)™ = (1hg)® & ()"

Subcase 3: Let Mpq < «' and v, > o'. Then Case 3: For indeterminacy-membership values: The

M;,q 2] qu = ,u pg T V;,q - Mtpq V;,q > o Therefore proof can be made by similar way to proof of case 2.
o — 1. Also, since (u' )* = 0
(g EtB Ué’," ) o ) a(,'upq) When it is considered all of the cases, it is concluded
and (V)" = 1 ()" & (vp)* = 1. Thus, that (u@v) @ Ep @@,
: =

(M;q S V;q)a = (M;q)a S (Vf;q)a . 2. The proof can be made by similar way to proof of
Subcase 4: Let I’Ltpq > o' and v;,q < o', Then statement 1.

t t gt t l
Hpg ®Vpg = Hpq Vg = WpgVpg = @' Therefore

t t o _ o
(Wpg @ vp)* = 1. Also, since (,upq) =1 A6

and (v),)* = 0, ()" & (Vh,)* = 1. Thus,

: : i 1. Th f will b de for truth, indetermi
(lu’tpq®v;)q)a = (e Ga(v;q)“. e proof will be made for truth, indeterminacy

and falsity-memberships values of elements of SVN-

Case 2: For indeterminacy-membership values: matrices.

Subcase 1: Let pL g V i > «'. Then, there are two

cases: /L, v, “pq Vpg = @' O [y ®Vpy =
WpgVpg > o
_ Vi i i
1 If “pq D Vg = MgV pg = o then (“pq ®
C{ C{ a J—
pq) = 0. Slnce (/rpq) = 1 and (qu) =1,
of i o' o

(N«pq)“ ® (V,,q)a '

2. Ifupqgavp ;qu Vig > ol (,upq@qu)a =1.
Si1.1ce (uqu)a 0 and (qu)o: = 0, (Mpq)a D
(v;,q)a_ = 1. Thus (u}, & v,,q)“ = (uh,)" @
(Wp)* -

Subcase 2: Ler s Vo = o Then, uiyq v, =
Mpq Pq < o' and so (/"Llpq ® v, )al = 0. Since
(Mpq)"‘ =0and (qu)“ =0, (Mpq)a @ (qu)a =
0. Thus (upq <) qu)a (Mpq)a &) (qu)"‘ .
Subcase 3: Let ,ui,q <qf and v > o, If /"Liyq =0,

Then ph, ® vi, = pb vh, = O < «a'. Therefore

(,upqévaq)"‘ —O Since (,upq)“‘ = 0and (qu)“
1, (MM)“ @ (qu)"‘ = 0. Thus, (upq @ upq)"‘
(Mpq)“ @ (qu)"‘ If ut,, # 0, then ,upq OV, =

i o
gV Pq = o' and so (“pq D vpy) _

(Mpq)a - Oand (qu)a - 1 (Mpq)a @ (qu)a =
0. Thus, (12}, & qu)a (“pq)a ® (qu)a :

= 0. Since

1. For truth- membership values: There are four cases,
Case 1: MM, pq > of

Subcase 1: Let upq > v ;- Then ,upq S) v u;q.
Since ,upq > o, (upq 9 qu)"‘ = 1. Also since
(1h)* = Land (V5 ) =1, (uj,q)“: e (v;,q)at’ =
0. Therefore (,u;,q [s) v;q)“ > (u;q)“ (v;,q)“ )
Subcase 2: Let ,upq < v . Then ;qu e v = 0.
Since 0 < of, (,upq S qu)“ =0orl. Also since
()™ = Land (v))" = 1, 415,))" © ()" =
0. Therefore (,upq [S) qu)"‘ (M’pq)“ e) (v;,q)“ )
Case 2: /qu, ’q <«

Subcase 1: Let upq > v Then ,upq o qu = upq
Since ;qu > of, (/qu @ qu)“ = 1. Also since
()™ = 0and (v;,q)“’ =0, (b)) © W) =
0. Therefore (,upq o v )"‘t (Mpq)"‘t O (qu)"‘t.
Subcase 2: Let ;qu 5 v . Then Mpq e v = 0.
Since 0 < o, (Mpq o qu)“ = 0orl. Also since
(1) = 0and (v1,)* =0, (u;,q)“’ o (v;,q)“’ =
0. Therefore, (pcpq o qu)“ > (,upq)“ o (!
Case3 Let /qu < o' and V!

)0{
pa;
pg = a!. Then, p,pq

— ; t r_
pq and (,upq o qu)"‘ = 0. Also, since (;qu)"‘ =0
t ol t o' t ol _
and (v,) = 1, (4" & ()" =061 =0.
Therefore (/qu S) qu)“ = (Wp)* © (W)™
Case 4: Let u > o and v;,q < o!. Then, /,L;q >
v;q and (/ﬂpq 6 v;,q) = jth,. Since ,u;,q > o,
(;ﬁpq S) v;,q)“l = 1. Also, since (/ﬁpq)“/ =1 and
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e t ol N —
()" = 0. ()" & ()" = 160 = 1.
Therefore (u!,, © v}, )* = (1},)* © (v, )% .

For indeterminacy-membership values: There are
four cases,

Case 1: u;q, vio> ol
Subcase 1: Let ,upq > v . Then upq S) v = 1.
Since 1 > o, (,upq o qu)“ 1orO0. Also since

(1) = Tand @))% =1, (45" © ()" =
1. Therefore (,upq S) qu)"‘ (Mpq)"‘ 2] (qu)"‘
Subcase 2: Let upq < v Then ,upq o qu = upq
Since Mpq > o, (,upq 9 qu)“ = 1. Also since
(Mpq)a _1and (qu)a _1 (Mpq)a e(qu)a =
1. Therefore (,upq O qu)"‘ (,upq)"‘ O (qu)“ .

Case 2: upq, ;,q 505
Subcase 1: Let ,upq > v . Then upq e v = 1.
Since ,u < af (upq e qu)"‘ 0. Also since

(1pg)® =0 and (qu)a =0, (“pq)a © (”pq)a =
1. Hence, (Mpq o qu)"‘ < (Mpq)a (qu)a

Subcase 2: Let upq < Vpg- Then Mpq OV, = Mpq
Since ,upq < af (/qu o qu)“ 0. Also since
(1) = 0and (v ) =0, ('“pq)a © (qu)a =
1. Therefore (;qu e vl,q)“ < (Mpq)a o (v,
Case 3: Let ,upq < «' and vp

)O{

prq

. q > o'. Then, upq .
v;q and ,u,pq e qu = upq Since ,u,m < o,
(g © Vh)* = 0. Also, since (uh)* = 0 and
W) =1, (MM)“ e(upq)a =061 =0. Thus,

(g © V)% = (u,,m S (h).

Case 4: Let upq > o' and v[,q < o'. Then, /L?,q >

and (,upq S) v[,q) = 1. Since 1 > a’, (pe;,q S)

i
Vpq

pq)“ = 1 or 0. Also, since (,upq)"‘ = 1 and
Wh)" = 0, (b)) © ()" = 160 = 1.
Therefore (p,pq o qu)“ < (,u,pq)"‘ o (qu)"‘

For falsity-membership values: The proof can
be made in similar way to the proof made
for indeterminacy-membership values. When it
is considered all of cases, it is concluded that
1SV @ =(W)@EM).

The proof will be made for truth, indeterminacy
and falsity-memberships values of elements of SVN-
matrices.

1. For truth-membership values: There are four cases,

Case 1: u’;,q, ;,q > ol

Subcase 1: Let upq > v . Then ,u,pq o v =
g Since ph,, > o, (/,L bg © Vpgat = upq.
Also since (U),g)et = M?]q and (V, )t = Mg

(Mipq)ar =) (V%q)a’ = 0. Therefore, (1},, © Vi)t =
(:u’pq)ot[ e (qu)()tl'
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Subcase 2: Let ;qu < v . Then “’pq e v =
0. Slnee 0 St al (,upq t@ qu)ar t: 0 or /Linq.
Also since (Mpq)af = Uy and (qu)af = Upg>
(/Ltpq)ar © (Vy)ar = 0. Therefore, (1}, © Vi, )ar =
(I’prq)()t[ e (v;;q)()tl'

Case 2: M;q, ;q <ol

Subcase 1: Let ,upq > v Then Mpq equ = upq
Since upq > aof, (,upq e qu)ar = Mp . Also since
(M;q)at = 0 and (V;)q)a’ = 07 (I"l‘tpq)ai e (v;q)a’ =
0. Therefore (,u;q 2) U;)q)at > (u;q)ar =) (U;’q)at.
Subcase 2: Let u},, < v},. Then ;qu o vy, = 0.
Since 0 < o', (u),, OV}, )at = 0o0r ph,. Also since
(prq)()t’ = 0 and (v;)q)ot’ = O’ (/’Ltpq)ot’ e (v;)q)otl =
0. Therefore (i), © Vi, )at = (Wpylat © (V)
Case 3: Let thqu < o! and v;,q > . Then, u;,q <
v, and (b, © v, ) = 0.Since 0 < o, (ut, ©
Vogdat = 0 or ul . Also, since (u},,)et = 0 and
Whgdat = Vigs (et © (W)t = 0O v}, = 0.
Therefore (u;q S) v;,q)a; > (/,L;q)ar =) (v;q)ar.
Case 4: Let puf,, > o' and v}, < o. Then, u},, >
Vg and (i, ©v},) = pi,. Since w),, > o,
(g © Vit = Wy Also, since (W), )ar = i,
ar:d (U;)q)()([ = 0’ I(Mtpq)att e (v;q)()[’t = I’Ltpq eto =
Wpg- Therefore (Wpg © Vgt = (hg)at © (Vg )ar-

2. For indeterminacy-membership values: There are four
cases,

Case 1: /Lf,,q, vio> al.
Subcase 1: Let ,upq > v . Then Mpq e v = 1.

Since 1 > o (Mpq ev 1or ,upq. Also since

pq)a’
(Hhgdat =1 and (0o = L ()i © (Vh ot =
1. Therefore (,u’pq S) U;,q)ai < (qu)ai S) (U;)q)ai
Subcase 2: Let Mpq < v Then ,upq o qu = Mpq
Since Mpq > o, (,upq 9 qu) i = 1. Also since
(Hhgdoi = L and (V)i = L (ot © (Vhy)oi =
1. Therefore (,upq o qu)az (Wpg)ai © (Vpg)yi-
Case 2: upq, i <a

Subcase 1: Let /qu > v . Then /qu o v =

1. Since 1 > o' (,upq 6 qu)a, = 1or /’l’pq
Also since (;L[,q)a, = /qu and (qu)al = qu,
(upq)al e (qu)a, ,u,pq S v = 1. Therefore

(“pq o ”pq)a’ = (“pq)a’ S (”pq)a‘
Subcase 2: Let ,upq < v . Then ,upq < v =
Hpg- Since “pq < o (“pq © qu)a’ = “pq‘

Also since (Mpq)a' = Mpq and (qu)a, = qu,

(M.P‘i)“' 9 (qu)ai = ,upq © qu = ,upq. Therefore
(Wpg © Vpglai = (“lpq)a’ (qu)a’

Cese3 Let Mpq < o' and qu > «'. Then, /qu
Vpq and '“pq © qu = M- Since up, < Of’
(g © Vhgdai = Hpg- Also, since (i )gi = iipg
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A7

1.

and (v;q)ai =1, (u;,q)aie(v;)q)ai = u’pqel =1lor
upq Therefore (pcpq 9 qu)at < (/J,pq)at S (qu)ur
Case 4: Let ,up > o' and qu < «o'. Then, uyq

1. Since 1 > o', (1}, ©

V;q and (1}, © ‘qu) = .
vqu o = l.or “jvq‘ Also, sipce (,u;,q)ai = 1 and
(Wpgdoi = v;q, (,u;,q)ai < (v;,q)ai =1 9 vy, = L
Therefore (upq e qu)a, (u;,q)a,- e (v;,q)ai.

3. For falsity-membership values: The proof can
be made in similar way to the proof made for
indeterminacy-membership values.

When it is considered all of cases, it is concluded that

(V) (@)= (W) (@) O (V) (@)-

The proof will be made for truth, indeterminacy and
falsity membership values of elements of SVN-
matrices:

Case 1: For truth- membership values:
Subcase 1: Let upq, pq > o', Then, upq 4> v =
t

f
>
HipgV ra > ol or vy, > o

t
If 44,4V = o', then ('““;q O vp)" =

(u')* = 1and (v;,q)a’ =1, ()Y © W) =
1. Thus (4}, © ”pq)a ('“;q)a[ © (V;q)a['

If p V4, < of then (uf, © Vi, )@ = 0. Since
()™ = Land ()" = 1, ()" © (v),)* =
1. Hence (u!,, © v;q)“’ < (uh)" © (W)
Subcase 2: Let ,u;q, < of. Then, pl, v, =
© Vg pq)a
oy =0, ()™ Ol ) = (1) (1) = 0.
Therefore (1!, © v;,,,>“’ = (u'pq)“’ © w;qw’
Subcase 3: Let ,u,pq < a! and qu > of. Then ,u,pq ©)

Vhg = WpgVpg = . Therefore (uf,, © qu)“ =0.
Since (/Lf,,q)“' =0, (/L’pq)"" 0] (v;)q)‘)‘l = 0. Hence,
(g © vpg)*' = ()" © ().

Subcase 4: Let ul,, > o' and v}, < . Then u;q ®
< o!. Therefore (Mpq © v )“ =0.

= (. Thus,

1. Since

< o' and so (:vaq Ov = 0. Since

t
Hpq

t — t
Vpg = HpqVpq

. oo
Since (v},,)* = 0, (Mpq)"‘ O] (qu)“

t t t_ ot ! t !

(M[)q Q qu).a - (l’l“lqu)a Q (qu)a . .
Case 2: For indeterminacy-membership values:
Subcase 1: Let u),, v}, > o'. Then, u',, © v’ =
g+ Vg = “pq +”pq > o and so (i), vaq)a_ =
Sinc 1 and (qu)“ =1, (/qu)“.
Wi )* =1+1—1= 1 Thus (u}, © !
(Wpg)” O(vj,q)“.-
Subcase 2: Let ,u,’pq, v
cases:

C)

1. Since (upq)“
)(X
Pq

; g = a'. Then, there are two

2.

LI plpg © Vg = g + Vhy — Mg ;q < o,
then (,upq ©) qu)“ 0. Since (Mpq)“ 0 and
Wi )™ =0, (Mpq)“ © i)™ = 0. Therefore
(1pg © qu)a (MM)“ (qu)a _
2.1f plpy © qu = Mg + Vg — MP‘] ba
(,u,,qQUM)“ = 1. Since (,upq)"‘ —Oand(qu)“ =
0, (u,,q>“ © (v,,q>“ '
(Mpq)“ ©) (v,,q)a
Subcase 3: Let p. Pq

o', then

= 0. Hence (:vaq O} qu)"‘

< o' and vp > o!. Then

q
> «' and so

g © Vig = g T Vp '“pq Vhg

(/qu(Dqu)"‘ = 1. Since (,upq)“‘ _Oand(qu)“ =
L, ()™ © (qu)“ =0+ 1—-0 = 1. Thus,

(Hpg © ”pq)a (MM)“ © (qu)a _

Subcase 4: Let upq > o' and qu < o'. Then

Wpg © Vpy = “pq + Vpg = HpgVpg > @ and

SO (upq O] qu)" = 1. Since (,upq)"‘ = 1 and

(qu)"‘ =0, (;qu)“ ®© (qu)“ = 1+0 0. Thus,
(g © Vpg)® = (i)™ © (”pq)a

Case 3: For falsity-membership values: The proof
can be made by similar way to proof of case 2.
When it is considered all of the cases, it is concluded
that (LOv)@ @ Sp@,

The proof can be made by similar way to proof of
statement 1.
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