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Abstract: Based on the multiplicity evaluation in some real situations, this paper firstly introduces
a single-valued neutrosophic multiset (SVNM) as a subclass of neutrosophic multiset (NM) to
express the multiplicity information and the operational relations of SVNMs. Then, a cosine
measure between SVNMs and weighted cosine measure between SVNMs are presented to measure
the cosine degree between SVNMs, and their properties are investigated. Based on the weighted
cosine measure of SVNMs, a multiple attribute decision-making method under a SVNM
environment is proposed, in which the evaluated values of alternatives are taken in the form of
SVNMs. The ranking order of all alternatives and the best one can be determined by the weighted
cosine measure between every alternative and the ideal alternative. Finally, an actual application
on the selecting problem illustrates the effectiveness and application of the proposed method.

Keywords: single valued neutrosophic set (SVNS); neutrosophic multiset (NM); single valued
neutrosophic multiset (SVNM); cosine measure; multiple attribute decision-making

1. Introduction

In 1965, Zadeh [1] proposed the theory of fuzzy sets (FS), in which every fuzzy element is
expressed by the membership degree T(x) belonging to the scope of [0, 1]. While the fuzzy
membership degree of T(x) is difficult to be determined, or cannot be expressed by an exact real
number, the practicability of FS is limited. In order to avoid the above situation, Turksen [2]
extended a single-value membership to an interval-valued membership. Generally, when the
membership degree T(x) is determined, the non-membership degree can be calculated by 1 - T(x).
Considering the role of the non-membership degree, Atanassov [3] put forward the intuitionistic
fuzzy sets (IFS) and introduced the related theory of IFS. Since then, IFS has been widely used for
solving the decision-making problems. Although the FS theory and IFS theory have been constantly
extended and completed, they are not applicable to all the fuzzy problems. In 1998, Smarandache [4]
added the uncertain degree to the IFS and put forward the theory of the neutrosophic set (NS),
which is a general form of the FS and IFS. NS is composed of the neutrosophic components of truth,
indeterminacy, and falsity denoted by T, I, F, respectively. Since then, many forms of the
neutrosophic set were proposed as extensions of the neutrosophic set. Wang and Smarandache [5,6]
introduced a single-valued neutrosophic set (SVNS) and an interval neutrosophic set (INS).
Smarandache [7] and Smarandache and Ye [8] presented n-value and refined-single valued
neutrosophic sets (R-SVNSs). Fan and Ye [9] presented a refined-interval neutrosophic set (R-INS).
Ye [10] presented a dynamic single-valued neutrosophic multiset (DSVM), and so on.
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Now, more researches have been done on the NS theory by experts and scholars. Ye [11,12]
proposed the correlation coefficient and the weighted coefficient correlation of SVNS and proved
that cosine similarity is a special case of the SVNS correlation coefficient. Broumi and Smarandache
[13] proposed three vector similarity methods to simplify the similarity of SVNS, including Jaccard
similarity, Dice similarity, and cosine similarity. Majumdar and Samanta [14] gave the similarity
formula of SVNSs. Broumi and Smarandache [15] gave the correlation coefficient of INSs. Based on
the Hamming and Euclidean distances, Ye [16] defined the similarity of INSs. For the operation rules
of NSs, Smarandache, Ye, and Chi [4,16,17] gave different operation rules, respectively, where they
all have certain rationality and applicability.

Recently, Smarandache [18] introduced the neutrosophic multiset and the neutrosophic
multiset algebraic structures, in which one or more elements are repeated for some times, keeping
the same or different neutrosophic components. Its concept is different from the concept of
single-valued neutrosophic multiset in [10,19]. Until now, there are few studies and applications of
neutrosophic multisets (NM) in science and engineering fields, so we introduce a single valued
neutrosophic multiset (SVNM) as a subclass of the neutrosophic multiset (NM) to express the
multiplicity information and propose a decision-making method based on the weighted cosine
measures of SVNMs, and then provide a decision-making example to show its application under
SVNM environments.

The remaining sections of this article are organized as follows. Section 2 describes some basic
concepts of SVNS, NM, and the cosine measure of SVNSs. Section 3 presents a SVNM and its basic
operational relations. Section 4 proposes a cosine measure between SVNMs and a weighted cosine
measure between SVNMs and investigates their properties. Section 5 establishes a multiple attribute
decision-making method using the weighted cosine measure of SVNMs under SVNM environment.
Section 6 presents an actual example to demonstrate the application of the proposed methods under
SVNM environment. Section 7 gives a conclusion and further research.

2. Some Concepts of SVNS and NM

Definition 1 [5]. Let X be a space of points (objects), with a generic element x in X. A SVNS R in X can be
characterized by a truth-membership function Tp(x), an indeterminacy-membership function Ig(x), and a
falsity-membership function Fr(x), where Tg(x), Ig(x), Fr(x) € [0,1] for each point x in X. Then, a SVNS R can be
expressed by the following form:

R = {(x, Tp(x), I (x), Fr(x))|x € X}.

Thus, the SVNS R satisfies the condition 0 < Tr(x) + Iz(x) + Fr(x) < 3.

For two SVNSs M and N, the relations of them are defined as follows [5]:

(1) MENifandonlyif Ty(x) <Ty(x), Iy(x) 21Iy(x), Fy(x) 2Fy(x) for any x in X;
(2) M=Nifandonlyif MENand N €M;
(3) M°={{x, Fy (x), 1 — Iy (x), Ty (x))|x € X}.

For writing convenience, an element called single-valued neutrosophic number (SVNN) in the
SVNS R can be denoted by R = (Tr(x), Iz (x), Fr(x)) for any x in X. For two SVNNs M and N, the
operational relations of them can be defined as follows [5]:

(1) MUN = <max(TM(x), Ty (x)), min(IM (), IN(x)), min(FM(x), FN(x)) > for any x in X;
2) MnN-= <min(TM (), TN(x)), max(IM (), IN(x)), max(FM(x), FN(x)) > for any x in X.

For two SVNNs M and N, the operational rules of them can be defined as follows [5]:

M+ N =< Ty(x)+Tyx) — Ty (x)Ty(x), [y () Iy (x), Fyy(x)Fy(x) > for any x in X; D

M XN = <Ty()Ty(x), [y(x) + Iy(x) — Iy () Iy(x), Fy(x) + Fy(x) — Fy(x)Fy(x) )
> for any x in X;

oM = < 1- (1—TM(x))q),(IM(x))q),(FM(x))w > for @ > 0andanyxinX; ®)
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M? = < (TM(x))(p, (1- IM(x))qo, (1- FM(x))(p >,for ¢ > 0and any x in X. @)

Definition 2 [20]. Let X= {x1,x;, ..., x,} be a space of points (objects), L and M be two SVNSs. The cosine
measure between L and M is defined as follows:

p(LM) = 230, cosE (1T, 00) = Ty ()l + () = Ly ()l + 1F () = FuGeODY. (5)

Obviously, the cosine measure between L and M satisfies the following properties [20]:

O 0<p(,M)<1;
® p(L,M)=1ifandonlyif L = M;
® pL,M)=pM,L).

Definition 3 [18]. Let X be a space of points (objects), and a neutrosophic multiset is repeated by one or more
elements with the same or different neutrosophic components.

For example, M = {(m4,(0.7,0.2,0.1)), (m,, (0.6,0.4,0.1)), (in3, (0.8,0.3,0.2))} is a neutrosophic set
rather than a neutrosophic multiset; while K =
{(k4,{0.7,0.2,0.1)), (k4,¢0.7,0.2,0.1)), (k4,¢0.7,0.2,0.1)), (k,,(0.6,0.4,0.1)) } is a neutrosophic multiset,
where the element k; is repeated. Then, we can say that the element k; has neutrosophic
multiplicity 3 with the same neutrosophic components.

Meanwhile, L = {(l},(0.7,0.2,0.1)), (1;,(0.6,0.3,0.1)), ({;,(0.8,0.1,0.1)), (1;,(0.6,0.4,0.1))} is also a
neutrosophic multiset since the element [; is repeated, and then we can say that the element [; has
neutrosophic multiplicity 3 with different neutrosophic components.

If the element [, is repeated times with the same neutrosophic comonents, we say [l; has
multiplicity. If the element [, is repeated times with different neutrosophic comonents, we say [,
has the neutrosophic multiplicity (nm). The nm function can be defined as follows:

nm: X—>N=1{1,2,3, ..., 00} forany r €R
nm(r) = {( pl' (Tli 11! Fl)): ( le (Tz,Iz, FZ))I ey ( pi! <Ti1 Iil Fi)): }/

which means that r is repeated by p; times with the neutrosophic components (Ty, I;, F;); r is
repeated by p, times with the neutrosophic components (T, I, F,); ...; r is repeated by p; times
with the neutrosophic components (T, [;,F;); and so on. py,p,..,p; .. € N, and (T}, [;, F;) #
(Ty, I, Fy), for j # k and j, k € N. Then a neutrosophic multiset R can be written as:

(R,nm(r)) or {(r,nm(r), for r € R)}. (6)

Now, with respect to the previous neutrosophic multisets K, L, we compute the neutrosophic
multiplicity function:

nmg: K - N;

nmg(k,) = {(3,(0.7,0.2,0.1))};

nmg(k,) = {(1,(0.6,0.4,0.1))};

nm;:L - N;

nm, (1) = {(1,(0.7,0.2,0.1)), (1,(0.6,0.3,0.1)), (1, (0.8,0.1,0.1)) };
nm;(l,) = {(1,(0.6,0.4,0.1))}.

3. Single Valued Neutrosophic Multiset

Definition 4. Let X be a space of points (objects) with a generic element x in X and N=1{1, 2, 3, ..., o}. A
SVNM R in X can be defined as follows:

R={x, ((PRL (Tr1 (), Ig1 (x), Fre (0))), (P2, (Tr2 (), Igz (x), Frz (X)), -, (pRjr(TRj(x)rIRj(x)rFRj(x)))) |x € X3},
where  Tgy (x), Ipg (x), Fre(x) express the truth-membership function, the indeterminacy-membership
function,  and  the  falsity-membership  function,  respectively.  Tgri(x), Tro (), ..., Ty (x) €
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[0,1] , Ig1(x), Iz (), o, g (x) € [0,1],  Fri(x), Fra(x), ..., Fri(x) € [0,1] and 0 < Ty, (x) + Iz (x) +
Fri(x) <3, fork=1,2,...j, j €N, Pri,Dr2, -+, Prj € N and pgy + prp + -+ pgj = 2.

For convenience, a SVNM R can be denoted by the following simplified form:
R = {x, @ric, (Trx (), I (%), Fre CON|x € X}, fork = 1,2,..,j.
For example, with a universal set X = {x;,x,}, a SVNM R is given as:
R = {(x;,(2,(0.6,0.2,0.1)),(1,(0.8,0.2,0.2)) ), (x5, (1,(0.7,0.3,0.1)), (2,(0.7,0.2,0.3))) }.

Then
nmg(x;) = {(2,(0.6,0.2,0.1)), (1,(0.8,0.2,0.2))};
nmg(x,) = {(1,(0.7,0.3,0.1)), (2,(0.7,0.2,0.3)) }.

Definition 5. Let X be a space of points (objects) with a generic element x in X, M and L be two SVNMs,
M = {x, Puir (Taare (%), I (), Faie CONx € X}, for k = 1,2, ...,
L = {x, (pui, (T (), I (%), Fe GON) x € X3, for k = 1,2, ...,

Then the relations of them are given as follows:

® M=L, if and only if py, = Prio T () = Tpe(x) , Iy () = I (), Fgie (x) = Fppe(x), for k =

1,2, j;

©@ MUL = {x(®mkVPu) Tai ) V Ty (), Igge (0 Ay (), Fyie () A Fipe () |x € X} for k =
1,2,..,j;

® ML= {x (®ur AP Taie () ATy (%), Ingge () V g (), Fagie () V Fri (X)) |x € X3, for k =
1,2, ..

FOI' Convenience’ we can use r= (( pr1’<Tr1(X)1 lrl(x)’ Frl(x) >)!(pr2'<Tr2 (X), er(X)' Frz(X) >)l'“l(prj’<Trj(X)l lrj(X)l Frj(x) >))

to express a basic element in a SVNM R and call r a single valued neutrosophic multiset element
(SVNME).

For example, with a universal set X = { x4, x,}, then two SVNMs M and L are given as:

M = {(x1,(2,(0.6,0.2,0.1)), (1,(0.4,0.1,0.2))), (x5, (1,(0.7,0.3,0.1)) ) };

L = {(x;,(1,(0.6,0.2,0.1)), (1,(0.8,0.2,0.1))), (x5, (1,(0.9,0.3,0.1)))};

M UL ={(x;,(20.6,0.2,0.1)),(1,(0.4,0.1,0.2)), (1,(0.8,0.2,0.1))),
(x,,(1,(0.7,0.3,0.1)), (1,(0.9,0.3,0.1)))}

ML= {x,(1(0.60201)}

Definition 6. Let X be a space of points (objects) with a generic element x in X and M be a SVNM, we can
change a SVNM M into a SVNS M by using the operational rules of SVNS.

M = {x, @mier {Trare ), Igie (%), Fagre )N |x € X3, for k =1,2,...,j.
Then

M = {(x, 1 = THey (1 = Toae ()™ ey (o 00) ™™ T (Fanic () ™) € X} 7)

Proof.

Set m,, m,, ... m; are basic elements in M.

When k=1, we can get

my = ((Trm1 (%), L1 (), Frpg (GO), (T (%), I (%), Fig (%)), o0, (T3 (%), L1 (), Frp1 (%)), which has
neutrosophic multiplicity py,;.

According to the operational rules of SVNSs, we can get:
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+my = 1= (1= Tpg ()™, (Ina 0))7™, (Fna (0))"™

As the same reason, when k =2, we can get

+mz = 1= (1= Tnp ()™, (11 (00)™™, (Farz ()™

Then
mytm, =1 - (1= Tp (x)"™(1
— T2 ()™, (1 0))™ (i (00)”™, (Fanz (G0)7™ (i (0)) ™
=1 =TT s (1 = Ty )™ Tt (Louac 00) 7™ TTE o (Foae (00)) ™™
Suppose when k = i, the Equation (7) is established, then we can get:
my+my + -+ my =1 -l (1 -

Tonic 00))™ Tl (hie G0))™™  Tliema (Fai G0) ™

Then

mqi+my + -+ m; +miyq
i

—1- 1_[(1 = T 00)"™ + 1 = (1= Ty ()

k=1

) (1 ) g(l - ka(x))pmk> (1 - (1 - Tm(i+1)(X))pm(i+1));

H(lmk (x))pmk (Im(i+1) (x))pm(iﬂ),
k=1

Pm(i+1)

H(ka(x))pmk (Fm(i+1)(x))pm(i+1)
k=1

i Pm i Pm i Pm
=1 = I (1 = T ()™ TS (B ()™ TR (i 000) ™
To sum up, when k =i + 1, Equation (7) is true, and then according to the mathematical
induction, we can get that the aggregation result is also true. [J

Definition 7. Let X = {xy,%,, ... » x,,} be a universe of discourse, and M and N be two SVNMs, and then the
operational rules of SVNMs are defined as follows:

M = {x! (pMk' (TMk(x)lIMk(x)lFMk(x)>)|x € X}, fOT' k= 1’ 2! ]'

N = {x! (ka' (TNk(x)! INk(x)! FNk(x)>)|x € X}, fOT k= 1! 21 ] ;
M@N
={(x,1

- ﬁ(1 — Tope ()M ﬁ(1
k=1 ) k=1

J J J J
= T )™ | [ o)™ | {Cac)™ | [ e @)™ [ [P @)™ 1x € 3
k=1 k=1 k=1 k=1

j j j
M@ N = {(x, <1 - 1_[(1 - TMk(x))pMk> (1 - 1_[(1 - TNk(x))ka> ) H(IMk(x))pMk
k=1 k=1

k=1
J J J J
] )™ =] [ )™ | [acc0)™ .| [(Pue)™
k=1 k=1 k=1 k=1

] J J
] [y =] [Ruco)™ [ [ucco)™ 1x € x3
k=1 k=1 k=1
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j
’ l_l(IMk (x))pMk
k=1

¢ [

j j ®
oM = | 1= { | |1 = T )™ A [Eco)™ | yix
k=1 k=1

€ X}
7]

j
1-(1- H(IMk(x))pMk 1
k=1

j P
M?® = {(X, 1-— 1_[(1 - TMk(x))pMk
k=1
j P
(1= [Ewe)™ | yixex
k=1
4. Cosine Measures of Single-Value Neutrosophic Multisets
Cosine measures are usually used in science and engineering applications. In this section, we

propose a cosine measure of SVNMs and a weighted cosine measure of SVNMs.

Definition 8. Let X = {x4,x,, ..., x,} be a universe of discourse, M and N be two SVNMs,

M =
(i ms Tara ), Ingr (i), Fayr (06))), 0mzs {Twa2 i)y Iz (20, Fagz (60D, ey (P (T (), Iy (20,
X3,
N
= {(xi, @1 T (), Ina (), Fya (D), vz, (T2 (), Inz (30, Fz (X)), <., (owj» <TNj (x), Inj (x), Fy;j (x;))
€ X}

Then, a cosine measure between two SVNMs M and N is defined as follows:

n

Jj Jj
1
p(M,N) = Ez cos % 1_[(1 - TMk(xi))pMk - 1_[(1 - TNk(xi))ka
k=1 k=1

i=1
J J

+ H(IMk(xi))pMk - n(lNk(xi))ka ®)

k=1 k=1

j j
+ H(FMk(xi))pMk - H(szk(xi))plvk
k=1 k=1

Theorem 1. The cosine measure p(M, N) between two SVNMs M and N satisfies the following properties:

®  pM,N) =p(N,M),
@ 0<pMN)<1;
® pM,N)=1,if and onlyif M = N.

Proof.

®:  For |Th_,(1 - 7;Mk(xl->)’f”" s (1 - T Ge)) ™| + |H{;=1(1gk(xi))”_“" ~ ey (I (x;;))ka| +
ITThe= 2 (Faake ()™ = Themy (Fvie )™ = e (1 = T D)™ = Thima (1 = Tane (D)™ +
Ty (e o)) = Ty (i ) ™| + Tz (Fase )™ = Ty (Fasic e))™*| . s0 wee can
getp(M,N) = p(N,M) .

@: For 0 < Tui(x) 1,0 < L) 1,0 < Fryge () < 1,0 < Ty () £ 1,0 < Iy () < 1,0 <
Frye(x) < 1;
Then, we can get

0<1-Ty(x))<land0<1-—-Ty(x) <1,

0 <TT_ (1= Ty )™ < 1and 0 < TTL_, (1 = Ty x))"™ < 1;
So,
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0= |H£=1(1 - TMk(xi))pMk - {c:l(l - TNk(xl-))ka| <1

0.
For the same reason, we can get

J J
[ [y =] [Cccx)™
k=1 k=1

J J
[ )™ = [ucc)™
k=1 k=1

0<

<1 and 0

< <1

Above all, we can get 0< |H{;=1(1 - TMk(xl-))pMk - {{=1(1 - TNk(xl-))ka| +
[Tz (s D)™ = T (e )™ |+ [Tz (Fane e))™ = Mhca (Fai 0))™| <3 and 0<
Sy €05 {2 ey (1 = Tase )™ = e (1 = Tore )™ | + [TTcy (s )™ —

H{;:l(INk(xi))qu + |H£=1(FMk(xi))pMk - Hiz:l(FNk(xi))ka” <1

n Jj Jj
1
p(M,N) = Ez cos {% 1_[(1 - TMk(xi))pMk - 1_[(1 - TNk(xi))ka
k=1 k=1

i=1

J J
+ H(IMk(xi))pMk - n(lNk(xi))ka
k=1 k=1

j j
+ H(FMk(xi))pMk - H(FNk(xi))ka }
k=1 k=1

J J

[ [ =)™ =] [ = ree)™

)

Jj J
+ n(le(x1))pMk - n(lzvk(xﬂ)plvk
k=1 k=1
j j
1_[(1 - TMk(xz))pMk - 1_[(1 - TNk(xz))ka
k=1 k=1

Jj j
+ l_[(FMk (x1))pMk - H(FNR (x1))ka
k=1 k=1

n VA
cos 6

j j
+ n(le(xz))pMk - n(lzvk(xz))plvk
k=1 k=1

J J

+ H(FMk(xz))pMk - H(szk(xz))plvk )} + -
k=1 k=1
j j
+ cos {%( D(l - TMk(xn))pMk - D(l - TNk(xn))ka
j j
+ l_l(IMk(xn))pMk - H(INk(xn))ka‘

k=1 k=1

] J
+ l_[(FMk(xn))pMk - H(FNk(xn))ka
k=1 k=1

)
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Let cos {2 (|MThzy (1 = Tae )™ = They (1 = T Ge))™™™ | + [Ty (e ()™ =
T oy (e o)™ + Ty (Fane o)™ = Ty (Frie )™ )} = @ (1 = 1,2,..m) , then p(M,N) =
~{ay +ay + -+ ay).

According to 0 < cos {%(m{(:l(l - TMk(xl-))pMk -, (1 - TNk(xl-))ka| + |2y (T (xl-))pMk -
I1._, (Ivk (xl-))ka| + |H{{=1(FMk(xi))pMk - H{czl(FNk(xi))kaD} =a; <1, wecanobtain 0 < a; +a, +
~++a,<n and0 S%(al +a,++a,) <1 sowecanget0<p(M,N)<1.
®: IfM=N then Ty (x;) = Ty (x;), Inyr (%) = Iy (x;), and Fp (x;) = Fyg(x;) forany x; € Xand i =

1,2,..n, so we can get p(M,N) = 1,ifand only if M = N.

Now, we consider different weights for each element x;(i = 1,2,..,n) in X. Then, let w =
(W1, Wy, ..., w,)T be the weight vector of each element x;(i = 1,2,...,n) withw; € [0,1], and X]-, w; =

1. Hence, we further extend the cosine measure of Equation (8) to the following weighted cosine

measure of SVNM:
J

n j
pw,N) = > wicos 2 ( || ] = T Ge)™ = | [0 = Twer)™
i=1 k=1

k=1
J J

] [ Ge)™ = [ Ccx)™ ©)

k=1 k=1

J J
+ l_l(FMk (xi))pMk - H(FNk(xi))ka
k=1 k=1

Theorem 2. The cosine measure p,,(M, N) between two SVNMs M and N satisfies the following properties:

©  pw(M,N) = p,(N,M);
@ 0<p,(M,N)<1,
® p,(M,N)=1,if andonlyif M = N.

The proof of Theorem 2 is similar to that of the Theorem 1, so we omitted it here.

5. Cosine Measure of SVNM for Multiple Attribute Decision-Making

In this section, we use the weighted cosine measure of SVNM to deal with the multiple attribute
decision-making problems with SVNM information.

Let G ={g1,92 -, gm} as a set of alternatives and X = {x;,x,, ..., x,} as a set of attributes,
then they can be established in a decision-making problem. However, sometimes x;(i = 1,2, ...,n)
may have multiplicity, and then we can use the form of a SVNM to represent the evaluation value.

Let g, = {x, (Pg,1s (Tgrl(xi)rIgrl(xi)ngrl(xi)>)l (pgTZr(TQTZ(xi)r Ig,z(xi)ngrz(xi)))l e (pgrjl(Tgrj(xi)flgrj(xi)’ Fgrj(xi)))lxi €
x}, forr=1,2,...,mandi=1, 2, ..., n. Then we can establish the SVNM decision matrix D, which is
shown in Table 1.

Table 1. The single-valued neutrosophic multiset (SVNM) decision matrix D.

X1
91 %1 Pg,1(Tg,1(x1), Ig 1 (x1), Fg a (6D, e, (g, o (T, j(X1), Ig, (1), Fg, (1))
92 %1 Pg,1Tg,1(x1), Ig,1 (x1), Fg,1 (XD, vy (g, s (T, (X1), Ig, (1), Fg, (1))

Gm %0 Dot Ty 16D, L1 60D, By 1 GOV, oo, a1 T 10D, L 160D, i 1 GE)D)
Xn
xnr(pgllr(Ybll(xn);Igll(xn)'Fbll(xn)))’"-'(pgljr<7b1j(xn):Iglj(xn)rfblj(xn)>)
xnr(pgzlr(7b21(xn):lgzl(xn)bezl(xn)))'""(pgzj:<7b2j(xn):Igzj(xn):szj(xn)))

X Py 14Ty 1 G Iy 1 G Fy 1oV s oo (Ta o)Ly o) Fy 1 G
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Step 1: By using Equation (7), we change the SVNM decision matrix D into SVNS decision
matrix D, which is shown in Table 2.

Table 2. The single-valued neutrosophic set (SVNS) decision matrix D.

X1
j j j
~ Pgik Pgik Pgik
g 1= [ [ (1= Tyeed)™ T | (o)™ T | (Fowe )™
k=1 k=1 k=1
j j j
~ Pgzk Pgzk Pgzk
92 {xy,1-— 1_[ (1 - ngk(xl)) , (Igzk(xl)) ) (ngk(xl)) )
k=1 k=1 k=1
; ; ;
~ IJ mk mk P mk
Gm {x1,1— 1_[ (1 - Tgmk(xl) ! 1_[ Imk (x1) 1_[ gmk(xl) ! )
k=1 k=1 k=1
xn
j j j
Pgik Pg ik Pgik
(xp, 1 — 1_[ (1 - Tglk(xn)) 9 n (1glk(xn)) g 1_[ (Fglk(xn)) ey
k=1 k=1 k=1
J J J
Pgzk Dgzk Dgyk
(x‘ru 1- 1_[ (1 - ngk(xn)) ’ (Igzk(xn)) ’ (ngk(-xn)) )
k=1 k=1 k=1
J J J
mk mk P mk
(1= [ (1= Ty )" 1_[ loieC)) "] | (o)™
k=1 =1 k=1

Step 2: Setting T ;+(x;) is the maximum truth value in each column x; of the decision matrix D,
I4+(x;) and F g+ (x;) are the minimum indeterminate and falsity values in each column x; of the
decision matrix D, respectively, the ideal solution can be determined as x;.

= (Tg+(x), 1 g (x), F g (x)), fori=1,2,...,n

So, we can get the ideal alternative g* = {x7, x5, .., x;}.

Step 3: When the weight vector of attributes for the different importance of each attribute x;(i =
1,2,..,n) is givenby w = (WLWZ‘ ...,Wn)T with w; > 0 and Y,I-; w; = 1, then we utilize the weighted
cosine measure to deal with multiple attribute decision-making problems with SVNM information.
The weighted cosine measure between an alternative §,(r = 1,2,...,m) and the ideal alternative
g" can be calculated by using the following formula:

pw(grg7) = pw(ﬁr.g*)
Zwlcos = (|75, G) = Ty ()| + 15, G) — T ()| (10)
+ 1y () — F g ()]}

Step 4: According to the values of p,,(§,,g*) for r=1, 2, ..., m, we rank the alternatives and
select the best one.

Step 5: End.

The formalization of the steps is illustrated in Figure 1.

I Establish the SVNM decision matrix

| Chang SVNM decision matrix into SVNS decision matrix
I Get the ideal alternative I

Calculate the weighted cosine measure between

every alternative and the ideal alternative

v

Rank the alternatives and get the best one

Figure 1. Flowchart of the decision steps.
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6. Numerical Example and Comparative Analysis

6.1. Numerical Example

Now, we utilize a practical example for the decision-making problem adapted from the
literature [21] to demonstrate the applications of the proposed method under a SVNM environment.
Now, one customer wants to buy a car, he selects four types of cars and evaluates them according to
four attributes. Then, we build a decision model. There are four possible alternatives (g;, g», g3, 94)
to be considered. The decision should be taken according to four attributes: fuel economy (x;), price
(x3), comfort (x3), and safety (x,). The weight vector of these four attributes is given by w =
(0.5,0.25,0.125,0.125)7. Then, the customer tests the four cars on the road with less obstacles and on
the road with more obstacles, respectively, and after testing, some attributes may have two different
evaluated values or the same value. So, the customer evaluates the four cars (alternatives) under the
four attributes by the form of SVNMs.

Step 1: Establish the SVNM decision matrix D provided by the customer, which is given as the
following SVNM decision matrix D in Table 3.

Table 3. The SVNM decision matrix D.

X1 X2 X3 X4
g1 (1,(0.5,0.7,0.2)),(1,(0.7,0.3,0.6) 1,(0.4,0.4,0.5) (1,¢0.7,0.7.0.5)), (1,(0.8,0.7,0.6))  (1,(0.1,0.5,0.7)), (1,(0.5,0.2,0.8))
g> (1,(0.9,0.7,0.5)),(1,(0.7,0.7,0.1) 1,(0.7,0.6,0.8) 2,(0.9,0.4,0.6) (1,(0.5,0.2,0.7),(1,¢0.5,0.1,0.9))
gs (1,(0.3,0.4,0.2),(1,(0.6,0.3,0.7)) 1,(0.2,0.2,0.2) (1,¢0.9,0.5,0.5),(1,(0.6,0.5,0.2)) (1,(0.7,0.5,0.3), (1,(0.4,0.2,0.2))
g, (1,(0.9,0.7,0.2),(1,(0.8,0.6,0.1)) 1,(0.3,0.5,0.2) (1,(0.5,0.4,0.5), (1,(0.1,0.7,0.2)) 2,(0.4,0.2,0.8)

Step 2: By using Equation (7), we change the SVNM decision matrix D into SVNS decision
matrix D, which is shown in Table 4.

Table 4. The SVNS decision matrix D.

X1 X2 X3 X4
g1 (0.85,0.21,0.12) (0.4,0.4,0.5) (0.94,0.49,0.3) (0.55,0.1,0.56)
G (0.97,0.49,0.05) (0.7,0.6,0.8) (0.99,0.16,0.36) (0.75,0.02,0.63)
Js (0.72,0.12,0.14) (0.2,0.2,0.2) (0.96,0.25,0.1) (0.82,0.1,0.06)
Ja (0.98,0.42,0.02) (0.3,0.5,0.2) (0.55,0.28,0.1) (0.64,0.04,0.64)

Step 3: According to the decision matrix D, we can get the ideal alternative g*:
g =1{(0.98,0.12,0.02)(0.7,0.2,0.2)¢0.99,0.16,0.1){0.82,0.02,0.06)}. (71)

Step 4: By applying the Equation (10), we can obtain the values of the weighted cosine measure
between each alternative and the ideal alternative g* as follows:
pW(gl’g*) = 0'9535’ pW(gZ'g*) = 0'951ll (12)

pw(g3,9") = 0.9813 and p,, (g4, g") = 9616.
Step 5: According to the above values of weighted cosine measure, we can rank the four

alternatives: gs; > g, > g, > g,. Therefore, the alternative g5 is the best choice.

This example clearly indicates that the proposed decision-making method based on the
weighted cosine measure of SVNMs is relatively simple and easy for dealing with multiple attribute
decision-making problems under SVNM environment.

6.2. Comparative Analysis

In what follows, we compare the proposed method for SVNM with other existing related
methods for SVNM; all the results are shown in Table 5.
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Table 5. The ranking orders by utilizing four different methods.

Method Result Ranking Order The Best Alternative
Pw(g1,9") =0.9053,

Method 1 based on
) .. pw(92,9") =0.9017,
correlation coefficient . 93> 91> 92 > Ja 93
in [11] pw(g3 g") = 0.9516,
Pw(gs g") = 0.8816.
Pw(g1,9") =0.8204,
Method 2 based on ,g") =0.8108,
T P (G2 g*)_ 93> 94> 92> 91 9s3
similarity in [16] pw(gs,9") =0.8867,
Pw(gs, g*) = 0.8358.
pw(91,9") = 0.7898,
Method 3 based on (g,,9") =0.7121,
T pwgzg*_ 93 > g1 > 9s > 92 93
similarity in [16] pw(gs, g™) = 0.8125,
Pw(gs, g7) = 0.7553.
pw(91,97) = 0.9535,
,9") =0.9511,
The proposed method Pw(92,:9") > g3 > 94> 91> g g3

pw(gs, g*) =0.9813,
Pw(ga, g*) = 9616.

From Table 5, these four methods have the same best alternative g;. Many methods such as
similarity measure, correlation coefficient, and cosine measure can all be used in SVNM to handle
the multiple attribute decision-making problems and can get the similar results.

The proposed decision-making method can express and handle the multiplicity evaluated data
given by decision makers or experts, while various existing neutrosophic decision-making methods
cannot deal with these problems.

7. Conclusions

Based on the multiplicity evaluation in some real situations, this paper introduced a SVNM as a
subclass of NM to express the multiplicity information and the operational relations of SVNMs. The
SVNM is expressed by its one or more elements, which may have multiplicity. Therefore, SVNM has
the desirable advantages and characteristics of expressing and handling the multiplicity problems,
while existing neutrosophic sets cannot deal with them.

Then, we proposed the cosine measure of SVNMs and weighted cosine measure of SVNMs and
investigated their properties. Based on the weighted cosine measure of SVNMs, the multiple
attribute decision-making methods under SVNM environments was proposed, in which the
evaluated values were taken the form of SVNMEs. Through the weighed cosine measure between
each alternative and the ideal alternative, one can determine the ranking order of all alternatives and
can select the best one. Finally, a practical example adapted from the literature [21] about buying
cars was presented to demonstrate the effectiveness and practicality of the proposed method in this
paper. According to the ranking orders, we can find that the ranking result with weighted cosine
measures is agreement with the ranking results in literature [21]. Then, the proposed method is
suitable for actual applications in multiple attribute decision-making problems with single-value
neutrosophic multiplicity information.

In the future, we shall extend SVNMs to interval neutrosophic multisets and develop the
application of interval neutrosophic multisets for handling the decision-making methods or other
domains.
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the paper together.
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