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Abstract: A refined single-valued/interval neutrosophic set is very suitable for the expression
and application of decision-making problems with both attributes and sub-attributes since it is
described by its refined truth, indeterminacy, and falsity degrees. However, existing refined
single-valued/interval neutrosophic similarity measures and their decision-making methods are
scarcely studied in existing literature and cannot deal with this decision-making problem with the
weights of both attributes and sub-attributes in a refined interval and/or single-valued neutrosophic
setting. To solve the issue, this paper firstly introduces a refined simplified neutrosophic set (RSNS),
which contains the refined single-valued neutrosophic set (RSVNS) and refined interval neutrosophic
set (RINS), and then proposes vector similarity measures of RSNSs based on the Jaccard, Dice, and
cosine measures of simplified neutrosophic sets in vector space, and the weighted Jaccard, Dice,
and cosine measures of RSNSs by considering weights of both basic elements and sub-elements in
RSNS. Further, a decision-making method with the weights of both attributes and sub-attributes is
developed based on the weighted Jaccard, Dice, and cosine measures of RSNSs under RSNS (RINS
and/or RSVNS) environments. The ranking order of all the alternatives and the best one can be
determined by one of weighted vector similarity measures between each alternative and the ideal
solution (ideal alternative). Finally, an actual example on the selecting problem of construction
projects illustrates the application and effectiveness of the proposed method.

Keywords: refined simplified neutrosophic set; refined single-valued neutrosophic set; refined
interval neutrosophic set; vector similarity measure; decision-making

1. Introduction

Since fuzzy set theory was introduced by Zadeh [1] in 1965, it has been successfully applied
to decision-making areas, and fuzzy decision-making has become a research focal point since then.
With the increasing complexity of decision-making problems in actual applications, the fuzzy set
is not suitable for fuzzy expression, which involves the membership degree and non-membership
degree. Hence, an intuitionistic fuzzy set (IFS) [2] and an interval-valued IFS [3] were introduced as
the generalization of fuzzy set and applied to decision-making problems. However, the incomplete,
indeterminate, and inconsistent problems in real life cannot be explained by means of the IFS and
interval-valued IFS. Therefore, Smarandache [4] proposed the concept of a neutrosophic set from
a philosophical point of view, which consists of the truth, indeterminacy, and falsity memership
functions, denoted by T, I, F, to represent incomplete, indeterminate, and inconsistent information
in the real world. Since the truth, indeterminacy, and falsity membership degrees of T, I, F
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in the neutrosophic set lie in the real standard/nonstandard interval ]~0, 1*[, Smarandache [4],
Wang et al. [5,6], and Ye [7,8] constrained the three membership degrees in the neutrosophic set
to the single-valued membership degrees and the interval membership degrees. These become
a single-valued neutrosophic set (SVNS), an interval neutrosophic set (INS), and a simplified
neutrosophic set (SNS) (including SVNS and INS), respectively. Obviously, they are subclasses
of the neutrosophic set for convenient applications in science and engineering fields, such as
decision-making [7-13] and fault diagnosis [14]. However, because there are both arguments and
sub-arguments/refined arguments in the truth, indeterminacy, and falsity membership degrees of
T, 1, F in the neutrosophic set to express complex problems of the real world in detail, one needs to
refine truth, indeterminacy, and falsity information. Hence, Smarandache [15] further extended
the neutrosophic logic to n-valued refined neutrosophic logic, where he refined/split the truth,
indeterminacy, and falsity functions T, I, F into Ty, T, ..., Ty, I1, I, ..., Is, and Fy, F», ..., Fy, respectively,
and constructed them as a n-valued refined neutrosophic set. Moreover, some researchers extended the
neutrosophic set to multi-valued neutrosophic set/neutrosophic multiset/neutrosophic refined sets
and applied them to medical diagnoses [16-18] and decision-making [19-21]. In fact, the multi-valued
neutrosophic sets/neutrosophic refined sets are neutrosophic multisets in their expressed forms [22,23].
Hence, these multi-valued neutrosophic sets/neutrosophic refined sets, that is, neutrosophic multisets,
and their decision-making methods cannot express and deal with decision-making problems with
both attributes and sub-attributes. To solve the issue, Ye and Smarandache [22] proposed a refined
single-valued neutrosophic set (RSVNS), where the neutrosophic set {T, I, F} was refined into the
RSVNS ((T1, Ty, ..., Tr), (11, Lo, ..., It), (F1, Fa, ..., F})}, and proposed the similarity measures based on
union and intersection operations of RSVNSs to solve decision-making problems with both attributes
and sub-attributes. Then, Fan and Ye [23] further presented the cosine measures of RSVNSs and refined
interval neutrosophic sets (RINSs) based the distance and cosine function and applied them to the
decision-making problems with both attributes and sub-attributes under refined single-value/interval
neutrosophic environments. However, these cosine measures cannot handle such a decision-making
problem with the weights of both attributes and sub-attributes.

In fact, RINSs and /or RSVNSs are scarcely studied and applied in science and engineering fields.
Therefore, it is necessary to develop new similarity measures and their decision-making method in
refined interval and/or single-value neutrosophic environments. However, in existing literature [22,23],
the similarity measures of RSVNSs and RINSs and their decision-making methods only took into
account the basic element (single-valued/interval neutrosophic number in RSVNS/RINS)/attribute
weights rather than sub-element/sub-attribute weights (weights of refined elements/refined attributes)
in the measures of RSVNSs and RINSs and their decision-making methods. To overcome these
drawbacks, this paper firstly introduces a refined simplified neutrosophic set (RSNS), which includes
the concepts of RSVNS and RINS, and proposes the vector similarity measures of RSNSs based on
the Jaccard, Dice, and cosine measures between SNSs in vector space [8]. Further, a decision-making
method is established based on the Jaccard/Dice/cosine measures between RSNSs to solve multiple
attribute decision-making problems with both attribute weights and sub-attribute weights under
refined simplified (interval and/or single-value) neutrosophic environments. The main advantages
of the proposed approach are that it can solve decision-making problems with the weights of both
attributes and sub-attributes and extend existing similarity measures and decision-making methods
in [22,23], because the existing similarity measures and decision-making methods cannot deal with
such a decision-making problem with the weights of both attributes and sub-attributes under RSNS
(RINS and/or RSVNS) environments.

The rest of the paper is structured as follows. Section 2 reviews basic concepts of SNSs and
vector similarity measures of SNSs. In Section 3, we introduces a RSNS concept, including RSVNS
and RINS. Section 4 proposes the Jaccard, Dice, and cosine similarity measures (three vector similarity
measures) between RSNSs by considering weights of elements and sub-elements/refined elements in
RSNSs. Section 5 develops a multiple attribute decision-making method with both attribute weights and
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sub-attribute weights based on one of three vector similarity measures under refined simplified (interval
and/or single-value) neutrosophic environments. In Section 6, an actual example on the selection
problem of construction projects is provided as the multiple attribute decision-making problem with
both attribute weights and sub-attribute weights to illustrate the application and effectiveness of the
proposed method. Finally, conclusions and future research are contained in Section 7.

2. Basic Concepts of SNSs and Vector Similarity Measures of SNSs

In 1995, Smarandache [4] proposed a concept of neutrosophic sets from a philosophical point
of view, which is a part of neutrosophy and extends the concepts of fuzzy sets, interval valued
fuzzy sets, IFSs, and interval valued IFSs. A neutrosophic set is characterized independently by the
truth, indeterminacy and falsity membership functions, which lie in a real standard interval [0, 1]
or a nonstandard interval |0, 1*[. For convenient science and engineering applications, we need to
constrain them in the real standard interval [0, 1] from a science and engineering point of view. Thus,
Ye [7,8] introduced the concept of SNS as a simplified form/subclass of the neutrosophic set.

A SNS A in a universe of discourse X is characterized by its truth, indeterminacy, and falsity
membership functions T4(x), I4(x), and F4(x), which is denoted as A = {(x, T4(x), [4(x), Fa(x))|x € X},
where T4 (x), [4(x) and F(x) are singleton subintervals/subsets in the real standard [0, 1], such that T4 (x):
X — [0, 1], Is(x): X — [0, 1], and Fs(x): X — [0, 1]. Then, the SNS A contains SVNS for T4 (x), L4(x), Fa(x)
€ [0, 1] and INS for T 4(x), I4(x), Fa(x) C [0, 1].

For convenient expression, a basic element (x, T4 (x), [4(x), Fa(x)) in A is simply denoted as a
simplified neutrosophic number (SNN) a = <T,, I, F,>, where a contains a single-value neutrosophic
number (SVNN) for T, I, F; € [0, 1] and an interval neutrosophic number (INN) for T, I, F, € [0, 1].

Assume that two SNSs are A ={a1,ay, ... ,a,} and B ={by, by, ..., b,;}, where a; = <Tpj, Loj, Foj> and
bj = <Tyj, Iyj, Fyj> forj=1,2,...,nare two collections of SNNs. Based on the Jaccard, Dice, and cosine
measures between two vectors, Ye [8] presented the their similarity measures between SNSs (SVNSs
and INSs) A and B in vector space, respectively, as follows:

(1) Three vector similarity measures between A and B for SVNSs:

M] (A, B) _ li Ta]‘Tb]' + Ia]'Ib]' + Fa]'Pb]' (1)
n?e 2 2 2 2 2 2 T . T, . .E, .
]ﬂK%+%+%%«%+%+%%«%%+%%+%%ﬂ

4%%+%%+%%)

1 n
Mb(4,B) = EZ’ 2 L2 .2 2 L1242 @
ST ) + (T B+ 1)
14 T,i Ty + 1Ly + EuiFpi
MC(A’B):HZ 2 . 2] Z] ] 2 . 2] 2 ®)
jﬂ¢%+%+%¢%+%+%
(2) Three vector similarity measures between A and B for INSs:
M (A B) _ 1 i <il‘1fTa]'il‘lfTbj + supTa]-suprj + inflajinflb/» + supla]-suplbj + iana]‘iIlbe]‘ + supFajsuprj> (4)
T nj=1 (infTﬂj)2 + (ianaj)2 + (inflfuj)2 + (supTuj)2 + (supluj)2 + (supFﬂj)2
—i—(infTb].)2 + (inflbj)2 + (ianb]-)2 + (supThj)2 + (suplb].)2 + (suprj)2
7(infTﬂjinfTb]‘ + inf[ajinflbj + ianujianhj)
—(supTyjsupTy; + suplyjsuply; + supFysupFy;)
Mp(A,B) = 1 i Z(infTujinfTbj + inflyjintly; + infFyjintFy; + supTysupTy; + suplysuply +supFa]'supr]-> 5)
p(A,B) = —

nj= (infTa]»)2 + (inflgj)2 + (ianﬂj)2 + (supTaj)2 + (suplﬂj)2 + (supl—"a].)2
—0—(infTbj)2 + (inf[bj)2 + (infl—"bj)2 + (suprj)2 + (suprj)2 + (suprj)2
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Mc(A B) 1 )E (infTa]-infTbj + inflyjinfly; + infF,infFy; + supTysupTy; + suplysuply; + supFa]-suprj)

c\4, = -

nj=1 \/(infTaj)z + (infl,)? + (infF,)* + (supT,)* + (supl,;)’ + (supF, )’
\/(infThj)2 + (inflb]-)2 + (infl-"b].)2 + (supr]-)2 + (supIh].)2 + (supl-"b/.)2

(6)

Clearly, Equations (1)—(3) are special cases of Equations (4)-(6) when the upper and lower limits
of the interval numbers for T; = [inf T,, sup T,;] I; = [inf I;, sup I;], Fj = [inf Fyj, sup Fyl, Ty = [inf
Tbj/ sup Tbj]/ Ib] = [H‘lf Ihjr sup Ihj]r and Fb] = [ll’lf Fbj/ sup Fb]] are equal.

Then, the Jaccard, Dice, and cosine measures My(A, B) (k = J, D, C) contains the following
properties [8]:

(P1) 0 < Mi(A, B) < 1;
(P2) Mi(A, B) = Mi(B, A);
(P3) Mk(A, B) =1ifA= B, i.e., Ta]', = Tbjr Ia]' = ij/ and Faj = Fb] fOI'j = 1, 2, R (X

3. Refined Simplified Neutrosophic Sets

As the concept of SNS [7,8], a SNS A in a universe of discourse X is denoted as
A= {(x,Ty(x),14(x),Fa(x))|x € X}, where the values of its truth, indeterminacy, and falsity
membership functions T(x), I4(x) and Fa(x) for x€ X are single-value and/or interval values in
[0, 1]. Then, SNS contain INS and/or SVNS.

If the components T4 (x), [4(x), F4(x) in SNS are refined (split) into Ta(x1), Ta(x2), ..., Ta(xr), La(x1),
Ia(x2), ..., Ia(xr), and F4(x1), FA(x2), ..., Fa(x;), respectively, for xe X, x = {x1, xp, ..., x;}, and a positive
integer 7, then they can be constructed as RSNS by the refinement of SNS, which is defined below.

Definition 1. Let X be a universe of discourse, then a RSNS A in X can be defined as
A= {(x,(Ta(x1), Ta(x2), ..., Ta(xy)), (Ia(x1), Ia(x2), ..., 1a(xr)), (Fa(x1), Fa(x2), ..., Fa(xr)))|x € X, xj € x},

where Ta(x1), Ta(x2), ..., Ta(xy), Ia(x1), 1a(x2), ..., 1a(xr), Fa(x1), FaA(x2), ..., Fa(x,) for x€ X, x; € x = {x1,
X2, .., Xed (j=1,2,..., 1), and a positive integer r are subintervals/subsets in the real standard interval [0, 1],
such that Ta(x1), Ta(xz), ..., Ta(xy): X — [0, 1], 14(x71), 1a(x2), ..., [o(xy): X — [0, 1], and Fa(x71), Fa(x2), ...,
Fa(x.): X —[0,1].

Then, the RSNS A contains the following two concepts:

(1) I Ta(x1), Ta(x2), ..., Talx) € [0, 1], 1a(x1), La(x2), ..., La(xr) € [0, 1], and Fa(x1), Fa(x2), ..., Fa(xy)
€[0,1]in A for x€ Xand x; € x (j =1, 2, ... , r) are considered as single/exact values in [0, 1],
then A reduces to RSVNS [22], which satisfies the condition 0 < T4 (xj) + I4(x;) + Fa(x;) <3
forj=1,2,... ,1;

(2) I Ta(x1), Ta(x2), ..., Talxy) € [0, 1], La(x1), La(x2), ..., La(xr) € [0, 1], and Fa(x1), Fa(x2), .., Fa(xr) C
[0,1]in A for x€ X and Xj € x (j=1,2,...,r) are considered as interval values in [0, 1], then A
reduces to RINS [23], which satisfies the condition 0 < supT4(x;) + supla(x;j) + supFa(xj) <3
forj=1,2,...,r

Particularly when the lower and upper limits of T4(x;) = [inf Ta(x;), sup Ta(x})], La(x}) = [inf La(x;),
sup Ia(xj)] and Fa(x;) = [inf Fa(x;), sup Fa(xj)] in Aforx € Xand x; € x(j=1,2,...,r) are equal, the
RINS A reduces to the RSVNS A. Clearly, RSVNS is a special case of RINS. If some lower and upper
limits of Ta(x;) = [inf Ta(x;), sup Ta(xj)]/1a(x;) = [inf L4 (x;), sup La(xj)]/Fa(x;) = [inf Fa(x;), sup Fa(x;)]
in RINS are equal, then it can be denoted as a special interval (equal interval of the lower and upper
limits) T4 (x;) = [Ta(x;), Ta(x;)1/1a(xj) = [La(x}), La(x})]1/Fa(x}) = [Fa(x;), Fa(x;)]. Hence, RINS can contain
RINS and/or SVNS information (hybrid information of both).
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For convenient expression, a basic element <x, (T 4(x1), Ta(x2), ..., Ta(xr)), Ta(x1), La(x2), ..., La(xy)),
(Fa(x1), Fa(x2), ..., Fa(xy))> in A is simply denoted as a = <(Tya1, Taz, ... , Tar), (La1, Loz, - -, Lar), (a1, Fa2,
..., Far)>, which is called a refined simplified neutrosophic number (RSNN).

Lettwo RSNNsbea = <(T41, Tan, ..., Tar), a1, Lao, - .. , Iay), (Fa1, Fan, ..., Far)> and b = <(Tyq, Tyo,
ey Tb,), (Iblr IbZ/ ey Ibr)r (Fhlr sz, ceey Fbr)> for Taj/ Tb]', Iajr ij, Fujr th € [O, 1] (] =1,2,..., I’). Then,
there are the following relations between a4 and b:

(1) Containment: a C b, if and only if Taj < Tyj, Laj > Iy, Foj > Fyyj forj=1,2,...,1;
(2) Equality:a=b,ifandonlyifa Cbandb Ca,ie., Tyj = Tyj, Loj = Ipj, Foj = Fyj forj=1,2,...,%
(3)  Union:

aUb = <(Ta1 \ TberzIZ \ Tb2/~ o Ty Vv Tbr)/ (Iul A IblrIHZ A Ib2/-~ R P Ibr)/ (Ful /\FbllFaZ /\FbZI-- ~/Far/\Fbr)>/'
(4) Intersection:

anNb = <(Ta1 AN Tbl/ T,;z A sz,. v, Tar N Tbr)r(lal V IblrIEZ V Ib2/~- gV Ih‘/)/ (Fal \/Fhl,sz \/sz,.. R \/Fbr)>~

Let two RSNNs be a = ((Ty1, Ta, -+, Tar), (Lot Loz, - Lar), (Fa1, Fa, - .., Far)) and b =
<(Tb1/ Tb2/ sy Tbr)/ (Ibll IhZ/ ceey Ibr)/ (Fbll FbZ/ s /Fbr)> for Tﬂjl Tbj/ Iaj/ Ib]'/ Fuj/ Fb] - [O/ 1] (] =12,..., 7’).
Then, there are the following relations of a and b:

(1) Containment: a C b, if and only if inf T, < inf Ty, sup Ty < sup Ty;, inf Lj > inf Iyj, sup I; > sup
Ly, inf Fpi > inf Fyj, and sup Faj > sup Fy; forj=1,2,...,7;

(2) Equality: a=b,ifand onlyifa Cband b C g, i.e., inf Ty = inf Ty, sup Tyj = sup Ty, inf Lj= inf Ly,
sup I;; = sup ly;, inf F; = inf Fyj, and sup Fyj =sup Fyjforj=1,2,...,1;

(3) Union:
([infTy V infTyy, supTy V supTyy), [infTyo V infTyy, supTy V supTyy), . . ., [infTy V infTy,, supTar V supTy,]),
aUb= < ([infI;1 Ainflyy, suply Asuply], [inflp Ainflyy, suplp Asuply,), ..., [inflyy Ainfly,, suply Asuply,]), >
([infF;1 A infFyy, supFy A supFy], [infFp A infFyy, supFap A supFyy), .. ., [infF A infFy,, supFyy A supF,])

(4) Intersection:

([infly1 Vinfly, suply V suply ], [inflp V inflyy, suply V suplyy), . . ., [infly V infly,, supls, V suply,]),

([infTy A infTyy, supTyy A supTy), [infTp A infTyy, supTon AsupTyy), ..., [infTa A infTy,, supTa A supTy,]),
anb= < >
([infF;1 V infFyy, supFy V supFy], [infFap V infFyy, supFap V supFy,), . . ., [infF,, V infFy,, supFy, V supFy,])

4. Vector Similarity Measures of RSNSs

Based on the Jaccard, Dice, and cosine measures between SNSs in vector space [8], this section
proposes the three vector similarity measures between RSNSs.

Definition 2. Let two RSNSs be A ={a;, ay, ..., ay} and B ={b;, by, ., by},
Where aj = <(Tu]1/ Tﬂ]‘Z/' "/Tujrj)/(lujlflaer- "/Iﬂji’]’)/ (Fﬂjl/FﬂjZI‘ /Fa]rj)> and b] =
<(Tbj1, Tbjz, .. .,Tbj,],), (ijl,lbjz, ey Ihjrj), (Fbjl,Fbjz, . ,Fbj,j)> forj=1,2,..., nare two collections of
RSNNS for Ta e, Lajkes Faer Toer Toer Fok € [0, 11 07 Tage, Lages Faer Togges Iy Fpx € 10,11 G =1, 2, ..., ik =1,
2,..., rj). Then, the Jaccard, Dice, and cosine measures between A and B are defined, respectively, as follows:

(1)  Three vector similarity measures between A and B for RSVNSs:

n 7']' T, ,ka,kJrI 'klb'k+F »ka~k
1 1 a a a
I( ’ ) =T 2 g2 2 ; ]2 ]2] —
=1 Tk=1 [(Tﬂjk+lﬂjk+Fﬂjk>+<Tbjk+1bjk+Fbjk> (TﬂjkTbjk+1ajk1b],k+Fﬂ],kajk)}

@)
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-
Rp(A,B) = lf, 1¢ Z(Tajkajk + Loy + Fa]-kajk) @
’ n&=r 2 2 2 2 2 2
r
Re(A,B) — li li Tax Tk + Lo ok + FajrFp i )
! n&=r; 2 2 2 2 2
=1 k=1 \/T Lt Fajk\/Tbjk L+ By
(2)  Three vector similarity measures between A and B for RINSs:
infTa].kiIIfTb].k + supTujksuprjk + ian,z/.kinflb].k
Ri(A,B) = f i N rj +suplajksup1bjk + iana kianh k=t supFa ksupF;, K (10)
A "iZ1"k=1 [ (infT, k) + (infI, k)z + (ianajk) (sup k) + (suplu k) + (supF, ) ’
(meb]_k) + (mflbl_k)2 + (ianb,-k) (suprjk) (suplbik) + (suprr_k)
— (infTajkinfTbjk + inflajkinflbjk + ianajkianbjk)
—(supT,ksupTyk + suplyxsuply x + supF, ksupFy i)
) ( infTa,.kil’lfTb/k + il’lf[a].kil’lflb].k + ianajkianb/-k )
Rp(A,B) = 1 i 1 g +supTa].ksuprjk + supIajksuprjk + supF,;jksupr/k (11)
"j=1 k51 (infT, ) + (infl, ) + (infF, )* + (supT, )* + (supl, ) + (supF, ) )’
(meb/_k) (mflbl_k)2 + (ianbl_k)2 + (suprjk)2 + (suplb,_k)2 + (suprl_k)2
( infT, inf Ty + infl kinfly + infF, infF )
Re(A,B) = 1 i 1 rz’ +SUPTu kSUPTb K+ SUPIa kSUPIb k + SUPFa kSupFy (12)
c(AB)=uL7

=1 Tk=1 ( \/(mea]k)z (mfI ) (mfF ) + (supT, ) (suplajk) (supFﬂjk)2 )
\/(nfT, )

(meb]k ‘4 (infT, k) + (infF, k) + (supTh k) (suprjk)2 + (suprjk)2

Clearly, Equations (7)-(9) are special cases of Equations (10)—(12) when the upper and lower limits
of the interval numbers for T,Z],k, Iu],k, Fu/k/Tbjk/ Ib/-kr Fbjk cl011(G=12...,mk=12,...,7;) are equal.
Especially when k = 1, Equations (7)—(12) are reduced to Equations (1)—(6).

Based on the properties of the Jaccard, Dice, and cosine measures of SNSs [8], it is obvious that
the Jaccard, Dice, and cosine measures of RSNSs for Rs(A, B) (s =], D, C) also contain the following
properties (P1)—(P3):

(P10 <RsA B <1;
(P2) Rs(A, B) = Rs(B, A);
(P3) RS(A, B) =1ifA= B, i.e., Ta]-k = Tbjkr Iajk = ijkr Fa]-k = Fbjk fOI'j = 1, 2, oo, n and k = 1, 2, ceey 7’]

When we consider the weights of different elements and sub-elements in RSNS, the weight
of elements a and b' G =1, 2 ..., n) in the RSNSs A and B is given as w; € [0, 1]
with 2 qwp =1 and the weight of the refined components (sub-elements) Ta ks Ia K Fu  and

Tb ks Ib ks Fbk(k 1,2,. )ln ﬂ] <(Ta]'1/ Ta]-Zr"'/Tﬂ]'Tj)/ (Iﬂjlr IujZ/---rIa]-r]-)r (Fal'll Fu]vZ/u-rFa]-rj)> and
b = <(Tbj1, Ty - .,Tbjr],), (o1 Ty D), (o, P F,,j,],)> (i=1,2, ..., n)is considered as wy

€ [0, 1] with Z;j:l wy = 1, the weighted Jaccard, Dice, and cosine measures between A and B are
presented, respectively, as follows:

(1) Three weighted vector similarity measures between A and B for RSVNSs:

T xTy.c+ 1,01y k+F, .1 Fp.
ajk bjk+ ajk b]kJF koK

EREN(C

T2 +J? F2 (T2 412, +F2, )= (T, 4 Tp.k+L 1 Ip.k+Eq i Fp.
P k+ b]-k+ bjk+ bk ( ajk Dot ajilp it Fak b,k)
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2<T W Tox + Lglps + F _ka.k)
Rwp (A, B) = ZwJZw S e e

T (T2+ B+ B2 )+ (T + B+ ) (14)

no i Ty + Lol + Fo i F
kbk ajkbjk a;kbk
Rwe(A/B) =} ]E
2 2 2
prt \/T + 17y ajk\/Tbijbijerjk

(2) Three weighted vector similarity measures between A and B for RINSs:

(15)

( infTuikinfTb]k + sup T,Z/.ksup Tb]k + il‘lfla].kjnflbjk )

-I-supIu ksuplh k=t ianu kianb x+ supFﬂjksuprjk (16)

n Tj
Rwj(A,B) = ¥ w; ¥ wi——r 5
=1 ) (meajk)2 + (mfIajk) (infF, k) + (supT, ) + (suplajk)2 + (sul:)FH/k)2

. 2, g 2 2 2
+(1nfTbjk) + (mﬂbjk) (mbejk) (suprjk) + (suplhjk) + (suthjk)
— (infTﬂjkinfTb],k + inHajkithjk + ianujkianbjk)

—(supT, ksupTyk + suplyrsuply  + supFy supFy.x)

2( infT, kinf Ty k +infl, kinfly . + infFy kinfF ¢ )

R +sup Ty ksupTy i 4 suplyksuply + supFy gsupFy

i ( (infTa/k)2 + (influjk)2 + (infl-"a]_k)2 + (supTa]k)2 + (suplajk)2 + (supl—"a]k)2 ) ’
—Q—(infTbjk)2 + (inflbjk)2 + (infl—"bl_k)2 + (supThjk)2 + (suplbjk)2 + (suplfbjk)2

(17)

+SuPTa kSUPTh Kt SuPIa ksuPIb k + SuPFa kSupFp

\/(me " 24 (mf[a/_ ¥+ (mfFﬂj )’ + (supT ok ) (sulez k)
\/(meb ‘

( infT, inf Ty + infl, infly i + infF, kinfF )
-
) (supF, ¢)
)+ (me]k)z + (inflfb/_k)2 + (suprjk)2 + (supr k) (supr k)

Clearly, Equations (13)—(15) are special cases of Equations (16)-(18) when the upper and lower
limits of the interval numbers for Tajk/ Iajk/ Fajk/Tbjkr ijk/ thk c01G=12...,mk=12,...,1)are
equal. Especially wheneachw; =1/nand wy =1/7;(j=1,2,... ,m;k=1,2,...,rj), Equations (13)-(18)
are reduced to Equations (7)—(12).

Obviously, the weighted Jaccard, Dice, and cosine measures of RSNSs for Ryys(A, B) (s =], D, C)
also satisfies the following properties (P1)—(P3):

(P1)0 < Rws(A, B) < 1;
(P2) Rws(A, B) = Rws(B, A);
(P3) RWS(A, B) =1ifA= B,ie., Tu]-k = Tb]-k/ Iﬂ].k = Ib]-k/ Fa]-k = Fb]-k fOI‘j =1,2,...,nand k=1,2, .., 7’]

5. Decision-Making Method Using the Vector Similarity Measures

In a decision-making problem with multiple attributes and sub-attributes, assume that A = {A;,
Ay, ..., Ay} is a set of m alternatives, which needs to satisfies a set of n attributes B = {b, by, ..., by},
where bj (G=1,2,...,n) may be refined/split into a set of rj sub-attributes bj = {bjl,bjz, .. .,bj,]}
G =12, ..., n). If the decision-maker provides the suitability evaluation values of attributes
bj = {bﬂ,bjz,. . .,bj,].} (j =1, 2, ..., n) on the alternative A; (i =1, 2, ..., m) by using RSNS: A; =

{<bj, (Ta, (0), T, B2, Tay(bi ), (L, (03, La,(6) -, 1, (03.), (B, (50), Ea (B, ., Fa, (b]-r].))> (bj €Bby e b]}.
For convenient expression, each basic element in the RSNS 4; is represented by RSNN: 4;; =
<(Tal,j1, T s Tagr ) Uyt a2 Jagr) (ot B - .,Fai].r].)> fori=1,2,...,mandj=1,2,...,n
Hence, we can construct the refined simplified neutrosophic decision matrix M(aij)m «1, as shown
in Table 1.
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Table 1. Refined simplified neutrosophic decision matrix M(ui]-)m “n-

b1 by b,

{b11,b12,...,b1,}  {b21, b2, ..., b2} {bu1,bu2, ..., bur, }
Aq an arp . a1y
Ay a1 az ay
Am am1 am2 Amn

When the weights of each attribute b]- (G=1,2,...,n) and its sub-attributes are considered as
having different importance, the weight vector of the attributes is given by W = (wq, w», ... , wy) with

wj € [0, 1] and 2;1:1 w; = 1 and the weight vector for each sub-attribute set {bjl, b, ..., b]-r].} is given

as wj = {wjl,wjz, . ..,wjrj} G=1,2,...,n) with Wik € [0, 1] and Zgzl Wik = 1. Thus, the decision
steps are described as follows:

Step 1: We determine the ideal solution (ideal RSNN) from the refined simplified neutrosophic decision
matrix M(a;;)m xn as follows:

(max(Tj ), max(Tj), ..., max(T;.)), (min(I; ), min(I;
]

2),
. . . . for RSVNN 19
.. .,miln(ljr],)), (mim(Fj ),rnlm(F]«z),. : .,mim(Fjr],)) > (19)

([ml_ax(infTﬂ ),miax(supTﬂ)}, [ml_ax(inijz),miax(suijz)],. . [miax(inij,/),rniax(supT/,/.)]),
orai = ([Qin(inf1j1),ﬂin(5upljl)], [Inl_in(inﬂjz),m’,in(suPIjz)] ----- [m’in(iﬂfljr,),m,,in(supljr,)})/ > for RINN, (20)
([min(infF;y), min(supF; )] [min(infFy), min(supF)], ..., (min(intF;, ), min(supF;, )]

which is constructed as the ideal alternative A* = { aj, az,...,a, }

Step 2: The similarity measure between each alternative A; (i=1, 2, ... , m) and the ideal alternative
A" can be calculated by using one of Equations (13)—(15) or Equations (16)—(18), and obtained
as the values of Ryys(A;, A') fori=1,2,... ,mand s =] or Dor C.

Step 3: According to the values of Rys(4;, ANfori=1,2,...,mands =] or D or C, the alternatives
are ranked in a descending order. The greater value of Ryys(A;, A") means the best alternative.

Step4: End.

6. Illustrative Example on the Selection of Construction Projects

In this section, we apply the proposed decision-making method to the selection of construction
projects adapted from [23].

Some construction company wants to select one of potential construction projects. The company
provides four potential construction projects as their set A = {A1, A, A3, As}. To select the best one of
them, experts or decision-makers need to make a decision of these construction projects corresponding
to three attributes and their seven sub-attributes, which are described as follows:

(1) Financial state (b1) contains two sub-attributes: budget control (b17) and risk/return ratio (b17);

(2) Environmental protection (bp) contains three sub-attributes: public relation (by1), geographical
location (by7), and health and safety (by3);

(3) Technology (b3) contains tow sub-attributes: technical know-how (b31), technological
capability (bsp).

Then, the weight vector of the three attributes is given by W = (0.4, 0.3, 0.3) and the weight
vectors of the three sub-attribute sets {b11, b12}, {021, 22, b3}, and {b31, b3y} are given, respectively, by
w1 =(0.6,0.4), w, =(0.25, 0.4, 0.35), and w3 = (0.45, 0.55).
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In the following, we use the proposed decision-making method for solving the decision-making
problem of construction projects under RSVNN and/or RINN environments to show the applications
and effectiveness of the proposed decision-making method.

Under RSVNN environment, experts or decision-makers are required to evaluate
the four possible alternatives under the above three attributes including seven
sub-attributes by suitability judgments, which are described by RSVNN ajj =
<(Tl,,.].1, Tuzre-os Tagr)s gt T2 ag, ), (Fagt, Fay - Fﬂijr],)> for Tyt Tozr- . Toyr, € 10, 1],
Lo Tag2, - Loy € 10, 1], and Fy 1, Foyo, - Fayry € 10,11 (1=1,2,3,4;j=1,2,3; 11 = 2,1, = 3,13 = 2).
Thus, we can construct the following refined simplified neutrosophic decision matrix M(4;;)1 x3, which
is shown in Table 2.

Table 2. Defined simplified neutrosophic decision matrix M(a;j)sx3 under refined single-valued
neutrosophic set (RSVNS) environment.

b1 bZ b3
{b11, b12} {b21, b2y, baz} {b31, b3z}
A <(0.6,07), (02,0.1),(0.2,03)>  <(0.9,0.7,0.8), (0.1,03,0.2), (0.2,0.2,0.1)>  <(0.6,0.8), (0.3,0.2), (0.3, 0.4)>
Ay <(0.8,07), (0.1,0.2), (0.3,02)>  <(0.7,0.8,0.7), (0.2,04,0.3), (0.1,02,0.1)>  <(0.8,0.8), (0.1,0.2), (0.1, 0.2)>
As <(0.6,0.8), (0.1,0.3), (0.3,04)>  <(0.8,0.6,0.7), (0.3,0.1,0.1), (0.2,0.1,02)>  <(0.8,0.7), (0.4,03), (0.2, 0.1)>
Ay <(0.7,0.6), (0.1,0.2), (0.2,03)>  <(0.7,0.8,0.7), (0.2,02,0.1), (0.1,02,02)>  <(0.7,0.7),(0.2,03), (0.2, 0.3)>

Under RSVNS environment, the proposed decision-making method is applied to the selection
problem of the construction projects. The decision steps are described as follows:

Step 1: By Equation (19), the ideal solution (ideal RSVNS) can be determined as the following ideal
alternative: A" = {<(0.8, 0.8), (0.1, 0.1), (0.2, 0.2)>, <(0.9, 0.8, 0.8), (0.1, 0.1, 0.1), (0.1, 0.1, 0.1)>,
<(0.8,0.8), (0.1, 0.2), (0.1, 0.1)>}.

Step 2: According to one of Equations (13)—(15), the weighted similarity measure values between each
alternative A; (i = 1, 2, 3, 4) and the ideal alternative A" can be obtained and all the results are
shown in Table 3.

Step 3: In Table 3, since all the measure values are Ryys(Ap, A") > Ryys(Ag, A) > Ryys(Az, A”) > Ryys(A1,
A fors=],D,C,all the ranking orders of the four alternatives are A, >A4>A3>A1. Hence,
the alternative Aj; is the best choice among all the construction projects.

Table 3. All the measure values between A; (i =1, 2, 3,4) and A" for RSVNSs and ranking orders of the
four alternatives.

Measure Method Measure Value Ranking Order The Best Choice
W(A1, A") =0.9848, W(Ay, A”) = 0.9938,

WA, 4) 123] W(A3, A") = 0.9858, W(A4, A”) = 0.9879 Ag-Ag-As-Ay 4
. Ryyj(A1, A) = 0.9187, Ryj(Az, A”) = 0.9610,
Ry(A;, A . . Ap-Ag-Ay-A A
Wi 4) Ryj(As, A”) = 0.9249, Ryyj(Ag, A”) = 0.9320 2 famdiam i 2
A Rwp(A1, A") =0.9568, Rwp(Az, A7) =0.9797,
Rwp(A;, 4) Ryp(As, AY) = 09607, Rwp(As, A”) = 0.9646 Aa-Au- A=Ay 42
Ruvcy A%) Rigc(dr, A7) = 09646, Rc(dy, A) = 09832, 0\ "

Rwe(Asz, A" = 0.9731, Ryyc(Ayg, A") = 0.9780

Under RINS environment, on the other hand, experts or decision-makers are required
to evaluate the four possible alternatives under the above three attributes including
seven sub-attributes by suitability judgments, which are described by RINN a; =
<(Ta,'jl/ T{ZUZI .. Tﬂ,]r]) (1111]11 I{ll]2/ . I{ZUT’]) (Faijl/ Fa,-]-ZI vy Fa,-]-rj)> fOI' Taljl/ T{Zl]ZI ey Tlll']'i’]' g [0/ 1]/
Iu,'jl/ Iai]-Zr* . Ial]r]_ [0 1]/ and Fu l/ a,]21 . /Pa,'j'fjg [01 1] (l =123 4 ] =123 r = 2, rp = 3,
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r3 = 2). Thus, we can construct the following refined simplified neutrosophic decision matrix M(a;j)4x3,
which is shown in Table 4.

Table 4. Defined simplified neutrosophic decision matrix M(a;;)4 «3 under refined interval neutrosophic

set (RINS) environment.

by

b,

bs

{b11, b1z}

{b21, b2a, b23}

{b31, b3z}

<([0.6,0.7],[ 0.7,0.8]),([0.2,0.3],

<([0.8,0.91,[0.7,0.81,[0.8,0.9]),

<([0.6,0.71,[0.8,0.9]),([0.3,0.4],

A ([0.1,0.2],[0.3,0.41,[0.2,0.3]),
1 [0.102)([02031[0304D> 10000505101 00pe  [0203DA103,041[0.405])>
<([0.7,0.8],[0.8,0.91,[0.7,0.81),
o (0a0an0s0a 0205y (02031040510304n,  TEOSR RSN
DDA A A TS ([0.1,0.2],[0.2,0.31,[0.1,0.2])> RS AR LA SL RS
<([0.8,0.91,[0.6,0.71,[0.7,0.81),
A (3o 0s0aloosy (0304010210102, SRS eTIIR BTk
P2 DAS B SR ([0.2,0.3],00.1,0.21,[0.2,0.3])> A EAR S SL LA
<([0.7,0.8],[0.8,0.91,[0.7,0.81),
AL <(0.7,08110.607),10.102], 0 i0 50t 0oy, <U0.7.08110.7,08D,(10.2,03],

[0.2,0.3]),([0.2,0.3],[0.3,0.4])>

[0.3,0.4]),([0.2,0.3],[0.3,0.4])>

([0.1,0.2],[0.2,0.3],[0.2,0.3])>

Under RINS environment, the proposed decision-making method is applied to the selection
problem of the construction projects. The decision steps are described as follows:

Step 1: By Equation (20), the ideal solution (ideal RINS) can be determined as the following
ideal alternative:

A" = {<([0.8, 0.9], [0.8, 0.9]), ([0.1, 0.2], [0.1, 0.2]), ([0.2, 0.3], [0.2, 0.3])>, <([0.8, 0.9], [0.8, 0.9],
[0.8,0.9]), ([0.1,0.2], [0.1,0.2], [0.1, 0.2]), ([0.1, 0.2], [0.1, 0.2], [0.1, 0.2])>, <([0.8, 0.9], [0.8, 0.9]),
(10.1,0.2], [0.2, 0.3]), ([0.1, 0.2], [0.1, 0.2])>}.

Step 2: By using one of Equations (16)—(18), the weighted similarity measure values between each
alternative A; (i = 1, 2, 3, 4) and the ideal alternative A* can be calculated, and then all the
results are shown in Table 5.

Step 3: In Table 5, since all the measure values are Ryy(Ay, A*) > Ryys(As, A*) > Ryys(Asz, A*) > Ryys(A1,
A" fors=],D,C,all the ranking orders of the four alternatives are Ay >~A4>A3>A;. Hence,
the alternative A; is the best choice among all the construction projects.

Table 5. All the measure values between A; (i=1, 2, 3, 4) and A" for RINSs and ranking orders of the
four alternatives.

Measure Method Measure Value Ranking Order The Best Choice
o W(A;, A") = 0.9848, W(A,, A") = 0.9932,
WA, A) [23] W(As, A%) = 0.9868, W(Ay, A") = 0.9886 Ax-Ag-As-Ay A2
. Ryyj(A1, A') = 0.9314, Ryyj(A,, A7) = 0.9693,
i . K Ap-Ag-Az-A A
R4z A) Ruj(As, A') = 09369, Ryyj(Ag, A”) = 0.9430 2mamfsm i 2
e Rwp(Aq, A" =0.9639, Rwp(A,, A*) = 0.9841,
Rwp (A, A) Ruwp(As, A') =0.9672, Ryp(Aq, A') = 09705 Ax-Ag-As-A A2
Ruc(A;, A% Rwc(A1, A') =0.9697, Rwc(Az, A') = 0.9860, ApAgsAgAg Ay

Ryc(Az, A = 0.9775, Ryyc(Ag, A") = 0.9805

For convenient comparison with existing related method [23], the decision results based on the
cosine function without considering sub-attribute weights in the literature [23] are also indicated
in Tables 3 and 5. Obviously, all the ranking orders are identical, which indicate the feasibility and
effectiveness of the developed decision-making method based on the proposed measures Ry for
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s =], D, C. However, the existing related decision-making methods with RSVNSs and RINSs [22,23]
cannot deal with such a decision-making problem with both attribute weights and sub-attribute
weights in this paper. Although the same computational complexity in decision-making algorithms is
shown by comparison of the method of this study with the related methods introduced in [22,23], the
developed method in this study extends the methods in [22,23] and is more feasible and more general
than the existing related decision-making methods [22,23]. It is obvious that the new developed
decision-making method in a RSNS (RINS and/or SVNS) setting is superior to the existing related
methods in a RINS or SVNS setting [22,23].

Compared with traditional decision-making approaches without sub-attributes [7-13,19-21], the
decision-making approach proposed in this study can deal with decision-making problems with both
attributes and sub-attributes; while traditional decision-making approaches [7-13,19-21] cannot deal
with such a decision-making problem with both attributes and sub-attributes. Hence, the proposed
decision-making approach is superior to traditional ones [7-13,19-21].

However, the study in this paper provides new three vector measures and their decision-making
method as the main contributions due to no study of existing literature on the vector similarity
measures and decision-making methods with RSNSs (RSVNSs and/or RINSs). Clearly, the main
advantages of this study are that it can solve decision-making problems with the weights of both
attributes and sub-attributes, which all existing methods cannot deal with, and extend existing
similarity measures and decision-making methods.

To analyze the sensitivities of the proposed approach, let us change the RINS of the alternative A4
into the RSNS Ay = {<([0.7,0.7], [0.6,0.6]), ([0.2,0.2], [0.2,0.2]), ([0.3,0.3], [0.3,0.3])>, <([0.7,0.8], [0.8,0.9],
[0.7,0.8]), ([0.2,0.3], [0.2,0.3], [0.1,0.2]), ([0.1,0.2], [0.2,0.3], [0.2,0.3])>, <([0.7,0.8], [0.7,0.8]), ([0.2,0.3],
[0.3,0.4]), ([0.2,0.3], [0.3,0.4])> with hybrid information of both RSVNNs and RINNSs. Then, by above
similar computation steps, we can obtain all the measure values, which are shown in Table 6.

Table 6. All the measure values between A; (i =1, 2, 3,4’) and A" for RSNSs and ranking orders of the
four alternatives.

Measure Method Measure Value Ranking Order The Best Choice
‘ Ryyj(A1, A+) = 0.9314, Ryyj(A,, A+) = 0.9693,
Rwy (A, A+) Rygj(As, As) = 0.9369, Ryyj(Ay, As) = 0.9356 Ax-As-Ag- 4
A Rip(Ar, As) = 0.9639, Rwp(Aa, A«) = 0.9841,
Rwp(4, 4+) Rwp(As, As) = 0.9672, Ryyp(Ag, A+) = 0.9665 Ag-As-Ag- 4
Ruc(Ay, A<) Rwc (A1, A+) =0.9697, Ry (A, A+) = 0.9860, Ap Ay Az Ay Ay

Rwc(As, As) = 0.9775, Ry (Aa, As) = 0.9780

The results of Table 6 demonstrate the ranking orders based on Ryyj(A4;, A" and Ryp(4;, A"
are the same, but their decision-making method can change the previous ranking orders and show
some difference between two alternatives A3z and A4; while the best one is still A,. Clearly, the
decision-making approach based on the Jaccard and Dice measures shows some sensitivity in this case.
However, the ranking order based on Ryyc(A;, A") still keeps the previous ranking order, and then
the decision-making approach based on the cosine measure shows some robustness/insensitivity in
this case.

In actual decision-making problems, decision-makers can select one of three vector measures
of RSNSs to apply it to multiple attribute decision-making problems with weights of attributes and
sub-attributes according to their preference and actual requirements.

7. Conclusions

This paper introduced RSNSs, including the concepts of RSVNSs and RINSs, and proposed
the vector similarity measures of RSNSs, including the Jaccard, Dice, and cosine measures between
RSNSs (RSVNSs and RINSs) in vector space. It then presented the weighted Jaccard, Dice, and cosine
measures between RSNSs (RSVNSs and RINSs) by considering the weights of basic elements in
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RSNSs and the weights of sub-elements (the refined weights) in each RSNN. Further, we established a
decision-making method based on the weighted Jaccard /Dice/cosine measures of RSNSs (RSVNSs
and RINSs) to deal with multiple attribute decision-making problems with both attribute weights
and sub-attribute weights under RSNS (RINS and /or RSVNS) environments. In the decision-making
process, through the Jaccard /Dice/cosine measures between each alternative and the ideal alternative,
the ranking order of all alternatives and the best one can be determined based on the measure values.
Finally, an actual example on the decision-making problem of construction projects with RSNS (RSVNS
and/or RINS) information is provided to demonstrate the application and effectiveness of the proposed
method. The proposed approach is very suitable for actual applications in decision-making problems
with weights of both attributes and sub-attributes under RSNS (RINS and/or RSVNS) environments,
and provides a new decision-making method. In the future, we shall further extend the proposed
method to group decision-making, clustering analysis, medical diagnosis, fault diagnosis, and so forth.
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