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PREFACE

Authors in this book introduce a new class of intervals
called the natural class of intervals, also known as the
special class of intervals or as natural intervals. These
intervals are built using increasing intervals, decreasing
intervals and degenerate intervals. We say an interval [a,
b] is an increasing interval if a <b for any a, b in the field
of reals R.

An interval [a, b] is a decreasing interval if a > b and
the interval [a, b] is a degenerate interval ifa=>b for a, b in
the field of reals R. The natural class of intervals consists
of the collection of increasing intervals, decreasing
intervals and the degenerate intervals.

Clearly R is contained in the natural class of intervals.
If R is replaced by the set of modulo integers Z,, n finite
then we take the natural class of intervals as [a, b] where a,
b are in Z, and we do not say a < b or a > b for such
ordering does not exist on Z,,.

The authors extend all the arithmetic operations
without any modifications on the natural class of intervals.
The natural class of intervals is closed under the operations
addition, multiplication, subtraction and division.



In this book we build algebraic structures using this
natural intervals. This book has eleven chapters. Chapter
one describes all types of natural class of intervals and the
arithmetic operations on them. Chapter two introduces the
semigroup of natural class of intervals using R or Z, and
study the properties associated with them.

Chapter three studies the notion of rings constructed
using the natural class of intervals. Matrix theory using the
special class of intervals is analyzed in chapter four of this
book.

Chapter five deals with polynomials using interval
coefficients. New types of rings of natural intervals are
introduced and studied in chapter six. The notion of vector
space using natural class of intervals is built in chapter
seven. In chapter eight fuzzy natural class of intervals are
introduced and algebraic structures on them is built and
described. Algebraic structures using natural class of
neutrosophic intervals are developed in chapter nine.
Chapter ten suggests some possible applications. The final
chapter proposes over 200 problems of which some are at
research level and some difficult and others are simple.

One of the features of this book is it gives over 330
examples to make the book interesting. We thank Dr.
K.Kandasamy for proof reading.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION TO INCREASING AND
DECREASING INTERVALS

In this chapter we for the first time introduce the notion of
decreasing and increasing intervals and discuss the properties
enjoyed by them. These notions given in this chapter will be
used in the following chapters of this book.

Notation: Z the set of positive and negative, integers with zero.
Q the set of rationals, R the set of reals and C the complex
numbers.

We first define the notion of increasing intervals.

DEFINITION 1.1: Let [x, y] be an interval from Q or R or Z
which is a closed interval and if x < y (that is x is strictly less
than y) then we define [x, y] to be a closed increasing interval
or increasing closed interval. That is both x and y are included.
On the other hand (x, y) if x < y is the increasing open
interval or open increasing interval. [x, y) x < y is the half



closed and half open increasing interval and (x, y] x < y is the
half open and half closed increasing interval.

We will first illustrate this situation by an example.

Example 1.1: [3, 8], [-8, 0], [-5, -2] and [0, 12] are closed
increasing intervals. (9, 12), (-7, 4), (-5, 0) and (0, 2) are open
increasing intervals or increasing open intervals. [3, 7), (0, 5], (-
7, -2], (-3, 0] and [-3, 8) are half open-closed (closed-open)
increasing intervals.

Now we proceed onto describe decreasing intervals.

DEFINITION 1.2: Let [x, y] be an interval where x, y belongs to
Z or Q or R with x > y (x is strictly greater than y) then we
define [x, y] to be a decreasing closed interval or closed
decreasing interval.

If (x, y) is considered with x > y then we say (x, y) is a
decreasing open interval. Similarly [x, y) and (x, y], x > y are
decreasing half open intervals.

We will illustrate this situation by an example.

Example 1.2: (3, 0), (-7, -15), (0, -2) and (15, 9) are decreasing
open intervals. [7, 0], [5, 2], [8, O], [-1, -8] and [0, -4] are
examples of decreasing closed intervals. (5, 3], (12, 0], [0, -7),
[5, 2) and (-1, -7) are examples of half open or half closed
decreasing intervals.

We define an interval to be a degenerate one if that interval
is not an increasing one or a decreasing one. That is all intervals
[X, y], (or (x,y) or [X,y) or (X, y)) in which x =y. Thus by using
the concept of degenerate intervals we accept the totality of all
numbers; Z or Q or R to be in the collection of intervals.

Let us call the collection of all increasing intervals,
decreasing intervals and degenerate intervals as natural class of
intervals.

But N, (Z,) = {[a, b] | a, b € Z,} denotes the collection of
all closed natural intervals as we can not order Z,. Hence we
have Z, < N. (Z,).



N, (Z,) = {(a, b) | a, b € Z,} denotes the collection of all
open intervals which forms the subclass of natural intervals.
Clearly Z, = N, (Z,) Noc (Zy) = {(a, b] | a, b € Z,} denotes the
collection of all open-closed intervals forming the subclass of
natural intervals.

Neo (Zn) = {[a, b) | a = b} denotes the class of closed open
intervals forming a subclass of natural intervals.

We will denote the increasing interval [a, b] (or (a, b) or (a,
b] or [a, b)) by [a, b] T ((a, b) T, (a, b] T or [a, b) T) and
decreasing interval [a, b] (or (a, b) or (a, b] or [a, b)) by [a, b]
(or (a, b) ¥ or (a, b] ¥ or [a, b) ). If a = b we just denote it by
‘a’ or ‘b’ as the degenerate intervals. Now we can on similar
lines define No. (Z), Noc (Q), Noc (R) and N, (Z), No(Q), No(R)
and No(Z), Ne(Q), Ne (R) and N, (R), Neo(Z) and Neo(Q). Now
we proceed to give operations on them.

a[x, y] T =[ax, ay] T ifa > 0, x and y are greater than zero
or less than zero.

Ifa <0 and x, y both less than zero than a[x, y] T = [ax, ay] 4.
For ifa = -5; [-3, -2] T then -5[-3, -2] =[15, 10] J.

Thus if y > x than a > 0; ay > ax; if a < 0 then ay < ax. Now [X,
y] ¥ that is x >y if a > 0 than ax > ay so [ax, ay] ¥ if a < 0 than
ax < ay so [ax, ay] T.

Thus if we consider only increasing (or decreasing)
intervals then compatibility does not exist with respect to
multiplication by degenerate intervals. So we take in the natural
class of intervals increasing intervals decreasing intervals, and
degenerate intervals. Now we show multiplication of intervals
which are not in general degenerate.

Let [x, y] T and [a, b] T be two increasing intervals such
that 0 <x <y and 0 <a <b, then [x, y] Ta,b]T= [xa, yb] T,

Clearly [a, b] T [x, y] T =[ax, by] T =[xa, yb] T =[x, y] T
[a,b] T.

Since if 0 <x <y and 0 <a<b then

xa<yaifa>0
xb<ybas0O<a<b
a<bsoifx>0

xa < xb.



Hence xa<xb<yb, so[xa, yb] Tify>x>0and b>a>0.

On the other hand [-3, 8] T and [-10, -2] T but their product [-3,
81T [-10, -2] T =30, -16] 4

So the assumption b > a > 0 and y > x > 0 is necessary for [ax,
by] T. Also [-3, 8] T and [-10, 2] T but [-3, 8] T [-10, 2] T =[30,
16] 4. So our first theorem is stated below.

THEOREM 1.1: Let [a, b] T and [c, d] T be two intervals. In
general the product [a, b] T [c, d] T is not an increasing
interval.

Corollary 1.1: If [a, b] T and [c, d] T such thatb>a >0 and d >
¢ >0 then [a, b] T [c, d] T = [ac, bd] T.

The proof is direct and hence is left as an exercise for the reader
to prove.

This is true in case of open increasing intervals and half
open and half closed increasing intervals.

Now we proceed onto study the decreasing closed intervals.

Let [x, y] J that is x > y if a > 0 then a[x, y] d = [ax, ay] J.
Suppose a < 0 and [x, y] ¥, X >y be a decreasing interval than
a[x, y] ¥ = [ax, ay] T. For instance a = 7 and [3, 0] ¥; 7[3, 0] ¥
=21, 0] V. Ifa=-7 then -7 [3, 0] ¥ = [-21, 0] T. If [-7, -8] {
interval and a = 2 then 2[-7, -8] ¥ = [-14, -16] ..

Ifa=-1then-1[-7,-8]4=[7, 8]T.

If [4, -2] 4 and a = 3 then 3 [4, -2] ¥ = [12, -6] {, suppose a
= -4 then -4[4, -2]1 4 [-16, 8]T.

Now we proceed onto see how interval product of two
decreasing interval looks like.

Let [-3, 0] 4 and [7, 2] ¥ be two decreasing intervals then [-
3,014 7,214 =[-21, O. [-3, -7] ¥ and [-10, -12]{ be two
decreasing intervals. Now [-3, -7] ¥ [-10, -12] 4 = [30, 84] 1.

In view of this we have the following theorem.
THEOREM 1.2: Let [a, b]¥ and [c, d]¥ be two decreasing

intervals, their product in general is not a decreasing interval.

10



The proof is direct and hence is left as an exercise to the
reader.

Also [-3, -7] ¥ and [7, 2]} are decreasing intervals, we see [-3, -
71417, 28 =[-21, -14] T. Also if [0, -3] { and [8, 0] ¥ then we
see [0, -3] 4 [8, 0] ¥ = [0, 0] = 0 a degenerate interval.

Thus we see the product of two increasing intervals or two
decreasing intervals can also be a degenerate interval. Consider
[0, 7] T and [-2, 0] T are two increasing intervals.

Now [0, 7] T [-2, 0] T =10, 0] a degenerate interval.

We also consider the general resultant of an increasing
interval with a decreasing interval.

Consider [8, 2] ¥ and [-3, -10] T, the product is [8, 2] ¥ [-3,
-10] ¥ = [-24, 20]T. Suppose [8, 2] ¥ and [6, 9] T be two
intervals [8, 2] ¥ [6, 9] T =48, 18] {. Consider [-2, 0]T and [2,
-2\ be two intervals.

[-2,0] T2, -2]14 =[4,0]T.

Thus we see the product of an increasing and decreasing
intervals can be a increasing interval or a decreasing interval.

Interested reader can put conditions on a, b, ¢ and d where
[a, b[¥ and [c, d]T so that the product is increasing interval or a
decreasing interval.

Now we can derive all the results in case of open decreasing
intervals and half open and half closed decreasing intervals.

Now we can add two increasing intervals, open or closed or
half open or half closed.

Consider [a, b] T and [x, y] T where b > a and y > x be are
two increasing intervals their sum [a, b] T + [x, y] T = [a+x,
b+y]T as a < b and x <y then a+x < b+y. On the same lines if
[a, b] ¥ and [c, d]¥ then [a, b]¥ +[c, d[ = [a+c, b+d] { evident
from the fact a>b and c>d then a+c>b+d hence the claim.

However we cannot say anything about the sum of a
decreasing and an increasing interval.

For consider [-3, 7] T and [3, -7]{ intervals, their sum [-3,
71T+ 3, -714 =[0, 0] = 0 is a degenerate.

Consider [-3, 7]T and [2-5] intervals; their sum [-3, 7]T +
[2, -5 =[-3+2,

11



7-5] = [-1, 2]T is an increasing interval. However their product
[-3, 7] ) [2, SN =
[-6, -35 is a decreasing interval.

Consider [1, 31T and [3, 1] { intervals; their sum [1, 3] T +
[3, 1\ =4 =[4, 4] is the degenerate interval.

Now consider [1, -3\ and [2, 20]T intervals then sum [1, -
3N + [2, 2017 = [1+2, -3+20] = [3, 17]T is an increasing
interval.

Thus it is an interesting task to find conditions when a sum
of an increasing and a decreasing interval is an increasing
interval (and a decreasing interval).

THEOREM 1.3: Let [a, b] T'be an increasing interval (a>b) then
[b, a]¥ is a decreasing interval (b>a). Now their sum is a
degenerate interval a+b.

The proof is straight forward and hence is left as an exercise to
the reader.

Now all the results discussed in case of closed intervals are
true in case of open increasing and decreasing intervals and half
open and half closed intervals.

However (a, b) 4 < [a, b] ¥, (a, b)T < [a, b]T, (a, b]T = [a,
b]T (a, b)T = [a, b] T (a, bl¥ = [a, bV, [a, b) T = [a, b]T and [a,
b) ¥ < [a, b\. Thus [a, b] {, the closed interval is the largest
interval for any given a and b for all the other three types of
intervals are properly contained in [a, b].

Now a natural question would be subtraction of natural
intervals.

It is pertinent to mention here that we are all the time
talking of intervals got from Z or Q or R. For the case of Z,
happens to be an entirely different one which will be discussed
separately.

Let [a, b]T and [c, d]T be two increasing closed intervals a
<bandc<d,thena—-c<b-dorc—-a<d-Db one of them is
true and other does not hold good.

Consider [-3, 7]T and [8, 10]T two intervals.
[-3, 71T - [8, 10]T =[-3 -8, 7-10] = [-11 -3] T
But

12



[8,10]T - [-3, 71T =[8+3, 10-7] =[11, 3{
Thus the difference of two increasing intervals can be an
increasing interval or a decreasing interval or a degenerate.

For consider [3, 14]T and [2, 3]T two intervals [3, 4]T- [2,
31T =[1, 1]1=1 and [2, 3]T - [3, 4]T [-1, -1] = -1 a degenerate
interval.

Further we see [a, b]T - [c, d] T # [c, d]T - [a, b]T.

Now the same / similar results hold good in case of open
increasing intervals and half open half closed open closed
intervals which are increasing.

We will now discuss about decreasing intervals.

Consider [-3, -20[¥ and [3, 0] ¥ intervals, [-3, -20] ¥ - [3,
0N =[-6, 204

But [3, ON - [-3, -20[4 = [6, 20]T. Thus we see the
operation ‘-’ on intervals is non commutative further the
difference can give either a decreasing interval or an increasing
interval.

We see the difference can also be a degenerate interval.

Thus we see the difference of two decreasing intervals can
be a decreasing interval or a degenerate interval or an increasing
interval.

We have discussed only with the closed decreasing intervals
however the result is true in case of open decreasing intervals or
open-closed interval or closed-open decreasing intervals.

In view of the we have the following theorem.

THEOREM 1.4: Let [a, b] T and [c, d] T be any two increasing
intervals. Their difference can be a increasing interval or a
decreasing interval or a degenerate interval.

The proof is direct and hence the reader is left with the task
of proving it.

Now the closed increasing interval in the theorem 1.4 can
be replaced by open increasing interval or half open — closed
increasing interval or half closed-open increasing interval, and
the result or conclusion of the theorem remains true.

13



THEOREM 1.5: Let [a, b]¥ and [c, d]¥ be two decreasing
intervals, their difference can be a decreasing interval or an
increasing interval or a degenerate interval.

The proof is left as an exercise to the reader.

We can replace the closed decreasing interval in theorem
1.5 by a open decreasing interval or half open-closed decreasing
interval and half closed — open interval the result of theorem
continues to hold good.

Now we discuss about the degenerate intervals.

THEOREM 1.6: Let [x, x] and [y, y] be any two degenerate
intervals their difference is always a degenerate interval.

The reader is expected to supply the proof.

Now we will proceed onto find the sum and difference of a
decreasing interval with an increasing interval or with a
generate interval.

Consider [9, -7]¥ and [8, 12]T be a decreasing and an
increasing interval respectively. Then sum [9, -7]¥ + [8, 12]T =
[17, 5]¥ is a decreasing interval.

Now we find the difference [9, -7] ¥ - [8, 12]T =[1, -19]¥
is a decreasing interval [8, 12]T - [9, -7 = [-1, 19]T is an
increasing interval.

Consider [2, 7]T and [13, 84 two increasing and decreasing
intervals respectively.

Their sum [2, 7] T + [13, 84 = [15, 15] is a degenerate
interval.

Their difference [2, 7]T - [13, 8] 4 = -[11, -1]T is an
increasing interval.

Now [13, 8 - [2, 7] T =[11, 14 is a decreasing interval.

Thus we see the sum of an increasing interval with that of a
decreasing interval can be a increasing interval or a decreasing
interval or a degenerate interval. Likewise their difference
consider [-13, -17] ¥ and [-13, -2]T be two intervals. Their sum
[-13,-17] 4 + [-13, -2]T = [-26, -19]7 is an increasing interval.

14



Their difference [-13, -17]¥ - [-13, -2]T = [0, -15]¥ is a
decreasing interval [-13, -2] T -[-13, -17]4 = [0, 15]T is an
increasing interval.

10 = [10, 10], -[3, -7]T be two intervals. 10 + [3, 9]T = [13,
1717 and 10 =13, 71T +[7, 3] 4.

We can have several interesting properties in this direction.

Now we will define the division of increasing / decreasing
intervals. In case of degenerate interval we have division
defined provided the denominator is not ‘0’ = [0, 0].

Let [a, b]T and [c, d]T be two increasing intervals where a #
O0bz0c=0andd=0.

Now

[a,b]T [a b
[c,d]T - {c’d}

it may be an increasing interval or a decreasing interval or a
degenerate interval.

Also

[c,d]T [cd
[a,b] T a'b

may be a decreasing interval or a degenerate interval or an
increasing interval. We will illustrate this situation by some
examples.

Let [7, 13]T and [-3, 2]T be two increasing intervals.

Now
[7,131T [—_7 E} 2
-3,21T [ 372
is an increasing interval.
Consider [-2, 3]T and [-7, 4211 any two increasing intervals
[-2.3]T _ [g i}i
[-7,42]1T | 7742
is a decreasing interval.
Consider [3, 5] T and [3, 5]T clearly
3,517 _ 1]
13,517

is a degenerate interval. That is in [a, b]T then

15



.51 Ty 1y,
[a,b] T
a # 0 bz 0. Consider [0, 5]T and [2, 4]T be two intervals. We

N1+
[0,517 ={0,§}T
2,41 4
Clearly
2,411
[0,517

is not defined. Now consider [-5, 0]T and [-7, 9] intervals
[-5,0] T ZF’OP
7,917 |7
1s defined, where as
7,911
[-5,0] T

is not defined.

Now we will work with decreasing intervals.
Let [a, bl and [c, d]¥ be decreasing intervals
[a,b]{
[c,d]{

is defined if and only if c # 0 and d # 0.
We will give examples of them. Let [-5, -12]¥ and [-2, -
10]¥ is decreasing intervals.

Consider

w = [2,2} { is a decreasing interval.
[-2,-10]4 [2°10

Consider
[-2,-10] _[g EP
[-5,-12]4 | 5712
interval. Take [3, 0¥ and [7, 2]¥ intervals

16



(3,014 :F’O}i
(7,214 |7
is a decreasing interval, however
(7,214
[3,0]4

is not defined.
Now consider [8, 2[{ and [10, 54 two decreasing

intervals
[8,2]4 _[ 8 2%
10,514 [10°5

is a decreasing interval.

But

[10,5]% [10 5} 2
(8,214 82
is an increasing interval. Thus we can say if a quotient x/y is an
increasing interval then the y/x is a decreasing interval, where x
=la,b]landy=][c,d];a#0,b#0,c#0andd=0.
Consider [3, 1|4 and [-7, -10]{ intervals.

[3.114 {—_3 —_1%
[-7,-10]14 | 7710

is an increasing interval.

Consider
[-7,-10]4 _ —_7’10 .
[3,1]4 3
is a decreasing interval. Thus if [a, b]T interval b > a then
L)
[a,b]T [a’b

is a decreasing interval.
Also if [x, y[ is a decreasing interval that is x >y then

1 11
=1
[x,y]{ L y}

is a increasing interval.

17



All the results we have discussed for closed increasing or
decreasing intervals are true in case of open increasing or
decreasing intervals and degenerate intervals.

Now we will see whether the different types of operations
are distributive, associative etc. We see if [x, y]T, [a, b]T and [c,
d]T are increasing intervals then is [x, y]T + ([a, b] T+ [c, d]D)
=([x,y] T +[a,b] " +[c, dIT.

As operation addition is associative on reals so is the
addition of these intervals which are defined as natural intervals
are associative under addition.

Consider [-7, 3]T, [-2, O]T and [8, 12]T be these increasing
intervals

([-7, 31T +[-2, 01D + [8, 12]T
=[-9,3]1T+[8,12]1 T
=[-1, 1517 (1)

Take

[-7, 31T+ ([-2, 0] T +[8, 1211

[-7,31 T +[6,12]1 1

[-1,15] 1 )

(1) and (2) are identical. Thus the three intervals are associative
under the operation ‘+’. The same result holds good in case of
degenerate intervals and decreasing intervals. Further the same
is true in case of open and half open closed intervals.

Consider [-7, -191, [3, 0¥ and [8, O]V decreasing intervals ([-
7, -191 + [3, O) + [8, O = [-4, -194 + [8, 0] 4 =[4, -19¥..
Now [-7, -19 + ([3, O + [8, O = [-7, -19\ + [11, O = [4,
-19]}. Hence “+’ is associative on decreasing intervals.

Since degenerate is nothing but reals or rationals or integers
we see the operation ‘+’ is trivially associative.

The subtraction operation ‘-> need not in general be
associative in case of natural intervals. Consider [-7, 2]T, [8,
1017 and [-9, -20]4 increasing and decreasing intervals; ([-7,
21T+ 18, 1011 + [-9, 2014 =[1, 12] T+ [-9, 20 =[-8, -8] is
degenerate interval [-7, 2]T + ([8, 10]T + [-9, -20[¥) = [-7, 2] +
[-1, -10]4 =[-8, -8] is non degenerate. Hence “+ is associative
on all types of intervals.

18



Consider [3, 71T, [8, 9] T 0 and [-3, 0]T intervals.

13, 71T - (18, 91T - [-3, 011 = [3, 71 T - [11, 91T =[-8, -2]T.
Now ([3, 71T - [8, 911 — [-3, 01T =[-5, -2]1 - [-3, 0] T = [-2, -2]
degenerate.

Thus the operation ¢ —’ on natural intervals is non associative.
We see as in case of reals the product of natural intervals is
associative. We will just give a few examples as we have for [a,
b]T [c, d]T and [e, f] T ([a, b] T [c, d]T) [e, £] T = [ac, bd]T [,
f]T or 4 = [(ac)e, (bd)f] T or 4.

Likewise [a, b]T ([c, d]T [e, f]T) = [a, b]T ([ce, df] T or ¥)
= [a (ce), b(df)] T or {.

Since (ac) e = a(ce) and (bd) = b(df) in reals the product of
natural interval is associative. The only problem lies in
determining whether it is increasing or decreasing or
degenerative interval.

Consider

b

-

[3,8] T, [-2, 01T and [7, 1.
(13, 81T [-2, 01D [7, 114 =[-42, 0|4
and

[3, 817 ([-2, 01T [7, 14) = [-42, O]\

Thus the product happens to be a decreasing one. Another
natural question would be does the product distributes over sum.
The answer is yes
[a, b ([c, d] T+ [e, fl¥ = [ac + ae, bd + bf] (¥ or T)
= [ac, bd] (¥ or T) + [ae, bf] (L or T).

Now we will work with N(Z,) = {[a, b] | a, b € Z,}.

We see the working is little different.

Consider Zy», [7, 5], 2[7, 5] =[2, 10]. 3[7, 5] =[21, 15] =9,
3]. Also for 3 € Z;, we see 3[3, 4] = [9, 0]. Now let [3, 4] and
[6, 3] intervals. Consider [3, 4], [6, 3] = [6, 0].

Now [3, 4] + [6, 3] = [9, 7]. We see since we have no
negative integers we have only modulo numbers. Only this
collection is finite and we can have closed intervals N, [Z,] =
{[a,b]|a,b e Z,}.
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For example N.(Z,) = {0, 1, [0, 1], [1, 0]}, No(Z>) = {0, 1,
(0, 1), (1, 0)}; Noc (Z2) = {0, 1, (0, 11, (1, 0]} and Neo = {0, 1, [0,
1), [1, 0)}. Thus we see the cardinality of all the collection is
just four. N. (Z3)= {0, 1, 2, [0, 1], [0, 2], [1, 2], [2, 1], [2, O], [1,
0]} and so on and [N.(Z5)| = 3.

It is easily verified that o(N.(Z,)) = o(N, (Z,)) = o((No(Z,))
= 0(Neo(Zy)) =1’ 5122,

Consider [3, 7], [5, 2] and [8, 1] intervals from N¢(Zo). [3, 7]
([5,2] 18, 1D =13, 71 ([4, 2]) =3, 5]

Also ([3, 7] [5, 2] ([8, 1]) = [6, 5] [8, 1] = [3, 5]. It is easy
to verify that associative law with respect to multiplication is
true in case of N.(Z,) and other types of intervals.

It is further interesting to note that Z, = Nu«(Z,), Z, < N, (Z,)
and Z, < No(Z,). Further we see always [a, b]covers all open,
half closed half open and half open half closed intervals.

Throughout this book we shall call these special type of
intervals as a Natural class of intervals for ordering is not
possible in Z,.

Increasing, decreasing are meaningful only in case Z or Q
or R and not in case of Z,,.
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Chapter Two

SEMIGROUPS OF NATURAL CLASS OF
INTERVALS

In this chapter we discuss those natural intervals which have
semigroup structure and also at the same time construct
semigroups using this natural class of intervals. We give
illustrations of them.

N(Z) = {[a, b]»L, [a, b]T, a|a, b e Z} be the natural class of
closed intervals (N.(Z), +) is a semigroup (N.(Z), +) is a
commutative semigroup [a, b +c=[a, b +[c,c]=[a+c,b
+¢] 4.0 = [0, 0] acts as the additive identity. In fact N((Z) is an
infinite commutative semigroup with identity or is an infinite
commutative monoid known as the natural class of closed
intervals monoid.

Further Z < N¢(Z). Thus the semigroup of integers is a
subsemigroup of N.(Z). In view of this the following theorems
are left as an exercise for the reader.

THEOREM 2.1: N.(Z) is a semigroup of natural class of closed
intervals under addition (a commutative monoid).
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THEOREM 2.2: (N,(Z), +) is a commutative monoid of infinite
order.

THEOREM 2.3: (N,.(Z), +) is a commutative monoid.
THEOREM 2.4: (N,,(Z), +) is a commutative monoid.

If Z in Theorems 2.1 to 2.4 is replaced by Z, or Q or R, these
results continue to be true.

Example 2.1: Let N(Zs) = {0, 1,2,3,4,(0, 1), ..., (0,4) ... (4,
3)} be the natural class of open intervals. We see (No(Zs), +),
addition modulo 5 is a semigroup with identity 0. Clearly
o(No(Zs)) = 5°.

Note I: Since from the very context one can understand or
know whether the given interval is a decreasing one or an
increasing one we shall not make a specific mention of it.

Note 2: Since by very observation we know whether the interval
is an open interval closed interval or half open half closed
interval or half closed half open interval we will not make a
specific mention of it. Our intervals can be increasing or
decreasing or degenerate in Z or Q or R only.

Example 2.2: Let (N, (Q), +) be the semigroup of half open
half closed intervals under addition. N,(Q) is of infinite order.
In fact No(Q) is a commutative monoid. Clearly Q < (No. (Q))
is a subsemigroup of (N, (Q), +).

Example 2.3: Let N(Z,) = {0, 1, 2, 3, [0, 1] [0, 2], [0, 3] [1, 2]
[1,3]12,3]13,0][2,0][1,0]1[2,1],[3,1][3, 2] be a semigroup
under addition modulo 4.

Consider P = {0, 2, [0, 2], [2, 0]} < N«(Zy), P is a
subsemigroup of N.(Z,).

DEFINITION 2.1: Let N .(Z) (or Ny(Z) or N,. (Z) or N, (Z)) be a
semigroup under addition, Z < (N.(Z) is a sub-semigroup under
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addition known as the inherited or natural subsemigroup of
N.(2).

All structures Ny(Z), Noo(Z) and N¢o(Z) have inherited or
natural subsemigroup.

Consider N,(2Z)c Ny(Z), clearly Ny(2Z) is only a
subsemigroup of N,(Z) and is not an inherited subsemigroup of
No(2).

We see the definition 2.1 is true if we replace Z by Q or R
or Z,; n <oo,

Example 2.4: Let (N, (R), +) be a semigroup of natural class of
open intervals. (Ny(Q), +) < Ny(R) is a subsemigroup and R
(No(R), +) is an inherited subsemigroup Z < (No(R), +), is also
an inherited subsemigroup of (Ny(R), +). Infact (N,(R), +) has
infinitely many inherited subsemigroups and subsemigroups.

Example 2.5: Let (No(Zis), +) be a semigroup. Clearly
(No(Z15)) = 15°. Consider Z;s < Ny(Z;s) is an inherited
subsemigroup. In fact N, (Z;s) has only 3 inherited
subsemigroups given by Z;s, H = {0, 3, 6, 9, 12} < N (Z;5)
and P = {0, 5, 10} < Nqc (Z;5). Also (Ny(Z;5), +) has only finite
number of subsemigroups. (No.(P), +) = {0, 5, 10, (0, 5], (0, 10],
(5, 0], (10, 5], (5, 10] (10, O]} < Noc (Zis). Here o(N(P)) |
0(Noe(Z15)).

Similarly N..(H) = {0, 3, 6, 9, 12, (0, 3], (0, 6], (0, 9], (0,
12], (3, 0], (6, 0], (9, 0] (12, 0], (3, 6], (6, 3], (3, 9], (9, 3], (3,
12], (12, 3], (6, 9], (9, 6], (6, 12], (12, 6], (9, 12], (12, 9]} <
(No(Z5) is a subsemigroup of N, (Zis5). Clearly o(No.(H)) |
O(Noc(ZIS))-

Now we will proceed onto define semigroup under
multiplication on natural class of intervals Ny(Z), (N.(Z) and
Noc(2)).

DEFINITION 2.2: Let N.(Q) be the set of increasing, decreasing
and degenerate closed intervals with entries from Q. (N.(Q), x)
is a semigroup called the multiplicative semigroup of natural
closed intervals.
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Clearly Ny(Q), Noc(Q), Nco(Q) are all multiplicative
semigroups of natural respective intervals.

If we replace Q by Z or R or Z,, n < o still we get them to
be a multiplicative semigroup of natural intervals.

We will first illustrate them by some examples.

Example 2.6: Let {N,(Z3), x} =S ={0, 1, 2, (0, 1), (0, 2), (1, 2)
(1, 0) (2, 0), (2, 1), x} be a semigroup of open intervals under
multiplication modulo three. S has zero divisors. 1 acts as the
identity; for 1. (0, 1) = (0, 1)- (1, 2) (1-22) = (1, 1) =1; (2, 1)
2-1)=(,1)=1and (1-2) (2-1) =2 and so on.

Example 2.7 Let {N(Zs), x} =S =10, 1, 2, 4, 3, [0, 1], [0, 2],
[0, 3], [0, 4], [1, 21, [1, 3], [1, 4], ..., [3, 4], [4, 3]} is a
semigroup of order 25, we have zero divisors and units. Infact S
is a monoid under multiplication modulo 5.

Example 2.8: Let S = {N, (Z), x} be a semigroup under
multiplication 1 € S is the identity element of S. S has zero
divisors.

We now proceed onto define subsemigroups and ideals.

DEFINITION 2.3: Let S be a semigroup of natural intervals
under multiplication. P < S is said to be a subsemigroup of
natural intervals under product, if P itself is a semigroup under
the operations of S.

If in addition for every p € P and s € S ps and sp € P then
we define P to be an ideal of S.

We will illustrate this situation by some examples.
Example 2.9: Let S = {N/(Z), x} be a semigroup of special
intervals under multiplication. Consider P = {N (3Z2), x} < S, P

is a subsemigroup of special intervals of S. Infact P is an ideal
of S. In fact S has infinite number of ideals.
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Example 2.10: Let S = {No(Z1,), x} be a semigroup of special
open intervals. Consider W = {(N, ({0, 2, 4, 6, 8, 10}), x} <
{No(Z12) x}, W is a subsemigroup of S; in fact an ideal of S.

Take T = {N, ({0, 3, 6, 9}), x} = {0, 3, 6,9, (0, 3), (0, 6), (0,
9), (3, 0) (6, 0), (9, 0), (3, 6), (6,3) (3,9) (9, 3), (6,9), (9, 6), x}
c S, T is an ideal of S.

We see Z;, < S is only a subsemigroup of S and is not an
ideal of S. For (1, 1) =1 € Z, <cSsoS-1=ScZpa
contradiction so Z, cannot be an ideal of S.

Example 2.11: Let S = (N, (Z), x) be a semigroup under
multiplication. Z < S; Z is only a subsemigroup which is the
inherited subsemigroup of S. We see Z is not an ideal of S for
(0,9) e Sand 2 € Z we see 2(0, 9) = (0, 18)¢ Z.

In view of this we have the following theorem.

THEOREM 2.5: Let S = (N, (Z), ) (or N(Z) or Noe(Z) or Neo(Z)
or Z replaced by Q or R or Z,) be a special class of open
intervals. S is a semigroup under multiplication. No inherited
subsemigroup of S is an ideal of S.

Proof is direct and hence is left as an exercise for the reader to
prove.

Now having seen examples of ideals we can see every
semigroup of this type have ideals. To this effect we give the
following example.

Example 2.12: Let S {N, (Z;), x} be a semigroup under
multiplication. S = {0, 1, 2, (0, 1), (0, 2), (1, 0) (2, 0), (1, 2), (2,
D)}.

Clearly {0, 1, 2} < S is an inherited subsemigroup of S. P =
{(0, 1), (0, 2)} < S is a subsemigroup of S.

T={(1,0),(2,0)} < S is also a subsemigroup of S.

M = {0, (0, 1), (0, 2) (2, 0), (1, 0)} < S is also a
subsemigroup of S. None of P or T or Z; are ideals of S as (1, 2)
¢75,0 € Por T so P and T are not ideals 0(0, 1) =0 ¢ P; 0(2,
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0)=0 ¢ T. M is an ideal of S. V = {0, (0, 1), (0, 2)} < S is also
an ideal of S.

W ={0, (1, 0), (2,0)} < Sisalso an ideal of S. We see o(V) =3
= o(W) and o(V)/o(S) and o(W) / o(S). But as subsemigroup
oP) / ofS) ofT) X,S). Also oM) = 5 and
o(M) / o(S) thatis 5 /9. We see S has ideals and subsemigroups
which are not ideals.

In view of this we have the following theorem.

THEOREM 2.6: Let S be a natural class of decreasing,
increasing and degenerate intervals. Every ideal of S is a
subsemigroup but a subsemigroup need not in general be an
ideal.

This theorem is direct hence left as an exercise to the
reader.

Example 2.13: Let S = (N, (Q), x) = {(a, b), the collection of all
increasing or decreasing or degenerate intervals with a, b € Q
under multiplication} be a commutative semigroup.

Consider H = {(0, a), (a, 0), 0] a € Q} < S is a
subsemigroup of S also H is an ideal of S. All subsemigroups
are not ideals. For take P = {(a, b) where a, b € Z} < S,Pisa
subsemigroup and not an ideal of S.

Example 2.14: Let S = {No. (Z11), x} = {all intervals of the
form (a, b] where a, b € Z;,} be a semigroup.

S has ideals and subsemigroup. Further S has zero divisors

and units and no idempotents.

Now we have seen that these intervals form a semigroup

under ‘+’ or under x; or used in the mutually exclusive sense.

The following observations are important.

1) Semigroups of natural class of intervals are
commutative with identity be it under addition or be it
under multiplication.

2) All natural class of semigroups under multiplication
have zero divisors.

3) All natural class of semigroups under multiplication has
subsemigroups which are not ideals.
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4) All natural class of semigroups under multiplication
have ideals.

5) All natural class of semigroups have the inherited
subsemigroups.

6) All natural class of semigroups built using Z, are of
finite order.

7) Natural class of semigroups built using Z, (n not a
prime) have nontrivial idempotents.

8) Natural class of semigroups built using Z or R or Q or
Z, (p a prime) have no nilpotents but have zero divisors.

9) If we take only intervals of the form [0, a] (or (0, a) or
[0,a] or [0,a]a € Z,or Q" U {0} or R" U {0} or Z"
w{0} still they form a semigroup.

We will just give examples before we proceed to define more
structures.

Example 2.15: Let S = {N, (Z), x} be a semigroup of natural
class of open increasing and decreasing intervals under
multiplication.

Consider H = {0, (0, 1), (0, 2), (0, 3), (0, 4)} = (N, (Zs), x)
= S; H is a subsemigroup of S.

Also P = {0, (1, 0), (2, 0), (3, 0), (4, 0)} = (N, (Zs), x) =S
is a subsemigroup of S.

Example 2.16: Let S = {N. (Z), x} be a semigroup of natural
class of open increasing and decreasing intervals under
multiplication.

Consider H = {0, [0, a] | a € Z" U{0} < S; H is a
subsemigroup of S. Also P={0,[a,0] |ae Z U {0}} cSisa
subsemigroup of S. However H and P are not ideals of S.

Now we proceed onto study stronger structure on the
special class of intervals. In the first place none of these special
class of intervals can be a group under multiplication. We can
only study group structure under addition.

DEFINITION 2.4: Let {N, (Z), x} (or {N/(Z), or N,. (Z) or N,

(Z)} be a collection of natural class of intervals. For (a, b) be
an increasing interval or decreasing interval or a degenerate
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(N, (Z), +) is a group 0 = (0, 0) acts as the additive identity.
Forevery (a, b) € N,(Z) we take (-a, -b) € N,(Z) then (a, b) + (-
a, -b) = (0, 0).

Thus {N, (Z), +} is a group. Clearly (N, (Z), +} is an
abelian group of infinite order.

It is important to mention here all these groups of infinite
order and is torsion free.

We can in the definition 2.4 replace Z by Q or R or Z, and
still the results hold good. (In Z, the concept of increasing or
decreasing has no meaning).

Example 2.17: Let S = {N, (Z1»), +} be the group of natural
class of intervals and o(S) = 122

Example 2.18: Let P = {N. (Z), +} be group of infinite order
and is commutative.

Example 2.19: Let B = {N,. (R), +} be an infinite commutative

group.
Now the task of defining a subgroup is left to the reader.
However we will illustrate this concept by some examples.

Example 2.20: Let S = {N, (Z), +} be the group. Consider P =
{N, (32), +} < S; P is a subgroup of S.

Example 2.21: Let P = {N,. (R), +} be the group. Consider B =
{Noc(2), +} < P. B is a subgroup of P.

Example 2.22: Let M = {N, (Q), +} be the group. W =
{N.o(5Z), +} = M is subgroup of M.

Example 2.23: Let T = {N, (Zy), +} be a group. Consider M =
{Ne ({0, 3, 6}), + } = {0, 3, 6, [0, 3], [0, 6], [3, 6], [3, 0], [6, 0],
[6, 3]} = T is a subgroup of T.

Now we have the concept of subsemigroups in groups. Thus

we can find weaker substructures in these strong structure. Thus
we find subsemigroup in natural interval groups under addition.
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Example 2.24: Let W = {N, (Z), +} be a natural class of
intervals. W is a group.
Consider S = {N, (Z" U{0}), +} < W, S is a semigroup of W.

Example 2.25: Let T = {N, (Q), +} be a group. Take M = {N,
(Q" U {0} +} c T is a semigroup of T.

Now these are given special Smarandache algebraic
structures.

DEFINITION 2.5: Let M = {N. (Z), x} be a semigroup under
multiplication. If M has a proper subset P such that P under x is
a group, we define M to be a Smarandache semigroup.

The result continues to work even if Z is replaced by Q or R or
Z, (n < o). We will give some examples of them.

Example 2.26: Let W = {N, (Z), x} be a semigroup. Consider T
= {1, -1, (-1, 1), (1, 1), (-1, -1), } < W is a group under x,
evident from the following table.

|, |, -D]EnL D] -
(LD @D [A-D[LD][EL-D
L-D]A-D A D |¢L-D] L1
(LDJCLDICL-DI A, D | d,-1)
('1"1) ('15'1) ('171) (1"1) (la 1)

Thus W is a Smarandache semigroup. M = {(1, 1), (-1, -1)}
< W is also a group of W.

Example 2.27: Let T = {N. (2Z), x} be a semigroup. Clearly T
is not a Smarandache semigroup.

Thus a natural interval semigroup may be a Smarandache
semigrioup or may not be a Smarandache semigroup.

Example 2.28: Let M = {N, (Q), x} be a semigroup under
multiplication. P = {(0, a) |a € Q"} < M is a group with (0, 1)
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acting as multiplicative identity. Thus M is a Smarandache
semigroup (S-semigroup).

Example 2.29: Let T = {N,. (R), x} be a semigroup under
multiplication. W = {(0, a] |a € Q"} < T is a group. So T is also
a Smarandache semigroup.

Example 2.30: Let T = {N, (Q), x} be a semigroup. It is easily
verified that T is a S-semigorup.

None of the semigroups described in the above three
examples is a group as they have many zero divisors.

Example 2.31: Consider S = {N, (Z,) \ {0}, x}, S is a group.

Example 2.32: Let S = {N, (Z;) \ {0}), x} = {(1,2), 1, (2 1), 2}
is a group.

Example 2.33: Let P = {N, (Zs5) \ {0}, x} = {(1,2) (1,3) (1, 4),
“4,1),4,2)4,3),2,1H)(3,1),(2,3)(3,2)1,2,3,4, (3, 4), (4,
3)} be a group of order 16. Clearly S is an abelian group.

If we replace the N, (Zs\ {0}) by N, (Zs \ {0}) or Ny (Zs \
{0}) or N, (Zs \ {0}) the result that it is a multiplicative group
of order 16 remains true with 1 as its identity.

In view of this we have the following theorem.

THEOREM 2.7 : Let {N, (Z, | {0}), x} = G (or Ny (Z, \ {0}) or
N (Z,\ {0}) or N, (Z, | {0})) be a group where p is a prime.
o(G) = (p-1)°.

The proof is direct and hence left as an exercise to the reader.

THEOREM 2.8: Let G ={N, (Z,), x} be collection of natural
open intervals. G is not a group only a S-semigroup (n a
composite number).

This proof is also direct and hence left as an exercise to the

reader.
We will illustrate this by some simple examples.
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Example 2.34: Let G = {N, (Z1»), x} be the semigroup of order
122 Consider H= {[1, 11], [11, 1], [1, 1], [11, 11]} c G; His a
subgroup of G.

So G is a S-semigroup.

In view of this we give the following theorem.

THEOREM 2.9: Let{N. (Z,), x} = G be a semigroup. H = {[1, n-
1], [n-1, 1], [1, 1], [n-1, n-1]} < G is a group and thus G is a S-
semigroup.

The proof is direct and hence left as an exercise to the reader.

It is clear if N (Z,) is replaced by N, (Z,) or Ny (Z,) or N,
(Z,) still the theorem holds good.

We will recall that a group (G, *) is said to be a
Smarandache special definite group if G has nonempty of subset
H < G such that (H, *) is a semigroup.

We will illustrate this situation by some examples.

Example 2.35: Let G = {N, (Z), +} be a group. Consider S =
{(N. (Z" U{0}), +} < G is a semigroup. Hence G is a
Smarandache special definite group.

Example 2.36: Let G = {N,. (Q), +} be a group. Consider P =
{Noe (Z" U{0}), +} = G, P is a semigroup. So G is a S-special
definite group.

Example 2.37: Let T = {N, (2Z), +} be a group M = {N, (Z" U
{0}), +} < T is a semigroup. Hence T is a S-special definite
group.

Let G be a group of natural intervals under addition.

Let (H, +) be a subgroup of G. If, (H, +) is itself a
Smarandache special definite group then we call (H, +) to be a
S-special definite subgroup of G.

Example 2.38: Let G = {N.(Q), +} be a group consider H = {N,
(Z), +} be a subgroup of G. Now P = {N, (Z" U{0}), +} is a
semigroup under addition +. Thus H is a Smarandache special
definite subgroup of G.
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In view of this we have the following theorems.

THEOREM 2.10 : Let (G, +) be a group of natural class of
intervals under addition. Suppose (H, +) be a subgroup of (G,
+) which is a Smarandache special definite subgroup of G.
Then (G, +) is a S-special definite group.

This proof is also direct and hence left as an exercise to the
reader.

THEOREM 2.11: Let G = {N. (R), +} (Q or Z) be a group. G is a
S-special definite group.

If N. (R) is replaced by Ny(R)or N, (R) or N, (R) still the
results hold good. Also R can be replaced by Q or Z still the
result is true.
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Chapter Three

RINGS OF NATURAL CLASS OF INTERVALS

Now in this chapter we proceed onto give a ring structure to the
class of natural intervals obtained using Z or Q or R or Z,, n <o
and study the special properties enjoyed by them.

DEFINITION 3.1: Let S = {N,(Z), +, x} be the collection of open
decreasing and open increasing intervals together with the
degenerate intervals on Z. Clearly (N,(Z), +) is an abelian
group and (N, (Z), x} is a semigroup with identity 1 = (1, 1).
Further (a, b) x [(c, d) + (e, f)] = (ac + ae, bd + bf) = (a, b) x
(c,d) + (a, b) x(e, f) = (ac, bd) + (ae, bf) = (ac + ae, bd + bf).

That is multiplication distributes over addition S = (N,(Z),
+, x} is defined as the ring of the class of natural open
intervals.

It is important to note that if Z in definition 3.1 is replaced by R
or Q still we have the ring structure.

Also if the open intervals is replaced by closed intervals or
half open-half closed intervals or half closed-half open intervals
still the structure is a ring.
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We will illustrate it by some simple examples.

Example 3.1: Let S = {N(R), +, x} be a ring. Clearly S is a
commutative ring with unit. S has infinitely many zero divisors
but has no idempotents or nilpotents in it. S has also infinite
number of elements which are units.

Example 3.2: Let S = {N, (Z), +, x} be a ring. S is a
commutative ring with unit of infinite order S has no
idempotents or nilpotent elements in it, however S has infinite
number of zero divisors. S has no units.

Example 3.3: Let S = {N (Q), +, x} be the ring. S is a
commutative ring with unit. S has zero divisors but S does not
contain nilpotent elements or idempotent elements. In fact
infinite number of elements in S are invertible.

Example 3.4: Let S = {Ny(Z2), +, x} be a ring. S is of finite
order S has units, idempotents, nilpotents and zero divisors. S is
a commutative ring with unit. [0, 4] x [0, 4] = [0, 4] is an
idempotent in S.

[0, 6] x [0, 6] =[0, 0] = 0 is a nilpotent element in S.

[3, 4] x [4, 3] =0, 0] is a zero divisor in S.

[1, 11][1, 11]=11, 1]=1 unit.

[11, 11][11, 11]=[1, 1] =1 is the degenerate unit.
Also [11, 1] x [11, 1]=[1, 1]is aunitand [0, 8] x [5,0]=01is a
zero divisor. Clearly o(S) = 127 = 144.

Example 3.5: Let S = {N, (Z;), + x} be a ring of order 7*
elements in it. S has zero divisors but has no idempotents or
nilpotents in it. However S has units.

Now we have seen finite and infinite rings of natural
intervals, for any given Z, we have 4 different rings of order n’;
all of them are commutative with identity 1 = (1, 1). We can as
in case of rings define in case of natural class of interval rings
also the notion of ideals and subrings. We will only illustrate
this situation and leave the task of defining these concepts to the
reader.
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Example 3.6: Let S = {N, (Z), +, x} be aring. W = {N, (32), +,
x} < S is a subring of S. In fact W is an ideal of S.

Example 3.7: Let S = {N. (Q), +, x} be aring. T = {N(2), +,
x} is a subring of S. Clearly T is not an ideal of S.

Example 3.8: Let S = {N, (Zy), +, x} be aring. T = {N, (0, 2,
4,6, ...,20,22}), +, x} < S is a subring of S as well as ideal of
S.

Example 3.9: Let S = {N,. (R), +, x} be aring. T = {(N,(Q), +,
x} is a subring and not an ideal of S.

Example 3.10: Let S = {N, (Z;), x, +} be aring.

T = {[0, 1], [0, 2], [0, 3], [0, 4], [0, 5], [0, 6], 0} = S is a
subring of S and also an ideal of S.

P=1{0,1,2,3,4,5, 6} < S is the inherited subring of S. But
P is not an ideal of S.

In fact no inherited subring of natural class of intervals is an
ideal.

THEOREM 3.1: Let S be a natural class of interval of rings.
Every ideal of S is a subring of S but subring of S in general
need not be an ideal of S.

The proof is direct and hence is left as an exercise for the
reader.

THEOREM 3.2: Let S be ring of natural intervals (open or
closed or open closed or closed open). Let P be the inherited
subring of S. P is not an ideal of S.

This proof'is also a left as an exercise to the reader.

Example 3.11: Let S = {N, (Z), +, x} be aring.
P=(Z, +, x} < S is the inherited subring of S.
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T={(0,a)} aeZ + x} cSisasubring S, which is also
an ideal of S.

M= {(a,0)|a e Z,+, x} < Sisasubring of S which is also
an ideal of S.

In fact T is isomorphic to P and P is isomorphic to M and T
is isomorphic to M are isomorphic as subrings.

THEOREM 3.3: Let S = {N,(Z), +, x} (No(R) or N(Z,) or N,(Q))
be a ring S has nontrivial ideals.

We just give hint of the proof.

T={(0,a)}aeZ} ({(0,a) } ae R}or{(0,a)|aeZ,} or
{(0,a) } a € Q}) < Sis anontrivial ideal of S - P = {(a, 0)| a €
Z} ({(a,0)|ae Qor {(a,0)]|aeR} {(a,0)| aeZ,} are non
trivial ideals of S.

Thus these structures are rich as substructures. They are not
simple structures.

None of them are integral domains but these substructures
contain subrings.

Example 3.12: Let S = {N(Z2), +, x} be aring, T= {0, (0, a) | a
€ Z,+,x} < S; Tis an integral domain of S. P= {(a,0) } a € Z,
+, x} < S is again an integral domain of S. W= {a € Z, +, x}
S is an integral domain. The integral domains T and P are also
ideals of S. M = {(0, a) | a < nZ, +, x} < S is an integral
domain of S as well as an ideal of S.

Now we proceed onto give examples of maximal ideals and
minimal ideals in S, the ring of natural intervals using Z or Q or
RorZ, n<oo.

Example 3.13: Let S = {N.(Z), +, x} be a ring. Consider P =
{[0, a] |a € Z} < S, is an ideal of S infact the maximal ideal of
S.T={[a,0]|a e Z} < Sisan ideal of S which is a maximal
ideal of S. M = {[0, a] | a € 2Z} < S is not a maximal ideal of S
asMcPcS. W= {[a,0]|ae3Z} < S is not a maximal ideal
of SasWcTcS.

Clearly {0} is the only minimal ideal of S.
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Example 3.14: Let S = {N. (Z3)), %, + } be the ring. Consider I
={N. ({0, 10, 20}), x, } = S; I is an ideal of S. J = {N.({0, 15}),
x, +} < S is an ideal of S. Both I and J are minimal ideals of S.

Consider K = {N. ({0, 2, 4, ..., 28}), +, x} < S; K is a
maximal ideal of S. Take P = {N. ({0, 3, 6, ..., 27}), +, x} < S,
P is a maximal ideal of S.

Thus we have seen the concept of minimal and maximal
ideals of the ring S of finite order.

Example 3.15: Let M = {Ny(Zyy), +, x} be a ring.

Consider P = {0, 1, 2, ..., 18} < M, P is only the inherited
subring of M. Take V = {(0, 1), (0, 2), ..., (0, 18), 0} = M; V is
a subring of M as well as ideal of M.

Take T = {(0, 0), (1, 0), (2, 0), ..., (18, 0)} = M, T is a
subring of M as well as ideal of M. The ideals T and V are both
maximal and minimal ideals of S.

In view of this we have the following theorem.

THEOREM 3.4: Let S = {N,(Z,), +, x} (or N, (Z,) or N,. (Z,) or
Neo (Z,); p a prime) be a ring. S has only two ideals I; and I,
both are both maximal and minimal given by
I1={0,a)|aeZ} cSand
L={@ 0)|aecZ}CS.

The proof is direct and hence is left as an exercise to the reader.

The ideals which we have discussed are only principal
ideals of S. Now as in case of usual rings, we can define in case
of natural class of interval rings also the concept of
Smarandache rings.

Clearly the natural class of interval rings can never be fields
as they contain zero divisors for we include intervals of the form
(0, a) and (a, 0) is always a zero divisor. Thus only the inherited
subring contained in the ring of natural class of intervals can be
a field.

We will first illustrate this situation by some examples.

Example 3.16: Let S = (N,(Q), x, +) be aring. Clearly S is not a
field as it has infinite number of zero divisors. Consider P = {(0,
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a)|a € Q} < S; Pis a field called the natural interval of field of
rationals.

Take V= {(a,0) } a € Q} < S; V is also an integral domain
we see V and P are isomorphisic as integral domain however V
contains decreasing intervals of a special form and P increasing
intervals of the special form.

However the natural subsemigroup Q < S is the prime field
of characteristic zero. Thus S is a Smarandache ring.

Example 3.17: Let R = {N.(Z) +, x} be the ring. Clearly R has
no subring which is field. Hence R is not a Smarandache ring.

Thus we have rings of natural intervals which are not
Smarandache rings (S-rings).

Example 3.18: Let S = {N,(3Z), +, x} be a ring which is not a
S-ring.

Example 3.19: Let V = {N,. (172), +, x} be a ring which is not
a S-ring.

Example 3.20: Consider P = {N(8Z), +, x}, P is ring which is
not a S-ring.

Example 3.21: Let W = {N, (nZ), +, x} (n < ) be a ring. W is
not a S-ring.

Thus we have an infinite collection of natural interval rings
which are not S-rings.

Example 3.22: Let S = {N.(Z,), +, x}, p a prime be a ring.
Clearly S is a S-ring.

Example 3.23: Let V= {N.(Z,), +, x} be aring. V is a S-ring.

Example 3.24: Let V = {Ny(Z19), +, X} be aring. V is a S-ring.
In view of this we have the following theorems.

THEOREM 3.5: Every natural interval ring need not in general
be a S-ring.
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The proof is direct and hence is left as an exercise for the
reader.

THEOREM 3.6: Let V = {(N,(Z,), +, x} (or N,(Z,) or N,. (Z,) or
Neo ()} (p a prime) V is a S-ring.

Proof is simple hence the task of proving it is left for the
reader as an exercise.

We see we have infinite number of ring of natural intervals
which are S-rings. Now we proceed onto give more examples of
S-rings.

Example 3.25: Let V = {Ny(Z12), +, x} be a ring. Consider H =
{0, 4, 8} < V, H is a field in which 4 is the multiplicative
identity of H. So V is a S-ring. Consider P = {0, (0, 4), (0, 8)} <
V, P is a field. Also T = {0, (4, 0), (8, 0)} = V, T is a field.

Thus even in Z, if p is not a prime still the natural class of
interval rings can be a S-ring.

We have just shown rings which are S-rings we can also
have the notion of Smarandache zero divisors and Smarandache
idempotents of these rings. For the definition refer [16], where
the elements are replaced by intervals.

This is a matter of routine however we will illustrate it by
some examples.

Example 3.26: Let S = {N, (Zy) +, x} be a ring.
Consider [0, 10], [0, 16] € S we see
[0, 5] x [0, 16] = 0 (mod 20)
[0, 6] x [0, 20] = 0 (mod 20)
[0, 6] x [0, 5] # 0 (mod 20).
Thus [0, 10], [0, 16] is a S-zero divisor of S.

Example 3.27: Let S = {(N. (Z30) +, x} be the ring [0, 6], [O,
10], [0, 15], [0, 16] [0, 21] and [0, 25] are nontrivial
idempotents of S. [0, 6] and [6, 0] are S-idempotents of S as [0,
6] x [0, 6] =[O0, 6] are S-idempotents of S as [0, 6] x [0, 6] =[O,
6] (mod 30) and [6, 0] [6, 0] = [6, 0] (mod 30). [0, 24] [0, 24]
[0, 6] (mod 30) and [0, 6] [0, 24] = [0, 24] (mod 30). Similarly
[24, 0] [24, 0] = [24, 0] mod 30.
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Interested reader can find any number of examples and also
prove related results [16].

We can define as in case of ring for these natural class of
interval rings also the quotient ring. We will illustrate this by
some simple examples.

Example 3.28: Let S = {N, (Z3), x, +} be a ring [ = {0, (0, 1),
(0,2)} cSbeanideal of S. S/I={, 1 + L, (1,0)+ 1, (2,0) + 1,
2, H)+L2+1L(1,2)+1} is the quotient ring. (1, 0) + I + (1, 2)
+1=(2,2)+1=2+1 Further ((1,0)+ 1) (1,2)+D)=(1,0) +
L

Thus we see S/I has seven elements and is a ring of
characteristic three. Also by taking the ideal J = {0, (1, 0), (2,
0)} < S we the get the quotient S/J={J, 1 +J,2+ 1], (0, 1) + ],
0,2)+171,(2,1)+1, (1, 2) + J} is again a ring of characteristic
three.

Example 3.29: Let S = {N. (Z), %, +} be aring. S = {0, 1, 2,
e 5,

[0, 1], [0, 2], [0, 3], [0, 4], [0, 5],
[1,5], 1, 2], [1, 3], [1, 4], [1, 0],
(2,01, [2, 1], [2, 3], [2, 4], [2, 5],
(3, 0], [3, 1], [3, 2], [3, 4], [3, 5],

[4,0], [4, 1], [4, 2], [4, 3], [4, 5],

[5, 11, [5, 2], [5, 31, [5, 4], [5, O]}.
P={[0,a]|a € Z¢} < Sis an ideal of S.
SP={P,1+P,2+P,3+P,4+P,5+P,[1,2]+P, ..., [5, 4]
+ P} is the ring with 31 elements in it. Clearly S/P is also a ring
of characteristic six.

Example 3.30: Let {N.. (Z4), x, +} be a ring. Consider I = {0,
(0, 11, (0, 21, (0, 3]} < S, Iis an ideal of S.
Now SA={L 1+L2+L3+1L(1,0]+1,(2,0]+1,(3,0]+1,
1,21+ L2, 1]+ L(L,3]+L, 3, 11+L 2,31+ L (3,2]+ 1} is
a ring with 13 elements in it but its characteristic is four and has
zero divisors.

Thus by the quotient rings we can get several special
interval rings of prime order but characteristic prime or
nonprime. However all Z, does not yield a field.
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Consider the following examples.

Example 3.31: Let S = {N, (Zs), %, +} is the ring of order 25.
Consider I = {0, (0, 1), (0, 2) (0, 3), (0, 4)} < S, I is an ideal of
S.

Now SI={L 1 +L2+L3+L4+1(1,0)+1(2,0)+1,
GO+, 4 0)+L 2, DH+L(1,2)+L 3, H+1(1,3)+1, (1,
H+1,2+3)+1, 4 H+1,3,2)+1,(4,2)+1, (2,4 +1, (4, 3)
+ I, (3, 4 + I} is the quotient ring and o(S/I). 21 of
characteristic five.

Example 3.32: Let S = {N, (Z¢), +, x}be the ring. J = {0, (0, a)
|a € Zyo} < S be an ideal of S. Now S/J = {J, (a, 0) + ], (a, b) +
J,a,b e Zjp\ {0}} is a ring of characteristic 10. We see o(S/J) =
10> + 1 — 10 = 91. Clearly S/J has both zero divisors and
idempotents. Consider ((5, 0) +J) (2,0)+J))=0+J=1Jisa
zero divisor. Also ((5, 0) +J) ((5,0) +J) =(5, 0) + J is an
idempotent in S/J.

We can get rings of prime order but with different non
prime characteristic.

Example 3.33: Let S = {N. (Zy), +, x} be a ring with 81
elements in it. Let P = {0, [0, a] | a € Zo\ {0}} < S be an ideal.
Consider the quotient ring S/P=V =1{0,1,2,...,8,[a,b]+] | a
€ Zo \ {0} and b € Zo}. Clearly o(S/P) = 73. V is a ring of
characteristic 9. V has zero divisors and units in it [6, 3] +J € V
is a zero divisor of V for ([6, 3] +J) ([6,3]+))=([0,0]+J)=1]
(8, 11+ T (8, 1]+ N [1,1]+J=1+Jis aunit of V. However
V has no idempotents in it.

Example 3.34: Let M = {N, (Z;), +, x} be a ring of
characteristic 7 and order 49. Let J = {(0, a) | a € Z,| be an ideal
of MMM/J=V={a+], (a0)+],(x,y)+]Jwherea e Z;\ {0}
and X, y € Z;\ {0}} is the quotient ring of characteristic 7. V is
of order 43.

V has no zero divisors but has units and is commutative. We
see (a, 0) +J in V are non invertible elements but also are not
zero divisors. We see any (0, a) for a € Z;\ {0} is not invertible
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or has no inverse but it does not also contribute to idempotents
or zero divisors. Further we see V is of characteristic seven.

Example 3.35: Let M = {N. (Z)), +, x} be aring. ] = {[0, a] | a
€ Zy1} < M be an ideal of M. Now let V =M/J = {[a, 0] +J, [a,
b]+J,a+Jwherea, b € Z;\ {0}} where M/J is a ring of order
12— 11+ 1=111.

Thus we see when we use the field Z; we get a ring D of
order 3° — 3 + 1 = 7 and characteristic of D is 3. However D is
not a field when Z, is used we get for the ideal J = {0, (0, 1), (0,
2), (0, 3) € {N, (Z4), +, x} =S the quotient ring S/J = D to be
only a ring and not an integral domain of order 4> —4 + 1 = 13
of characteristic four.

When {N; (Zs), +, x} = P is used as a ring we using the
ideal I = {[0, a], a € Zs} we get P/I to be an integral domain of
order 5> — 5 + 1 = 21 of characteristic five. When {Noc (Z¢), +,
x} = M is used as the ring for the idea J = {(0, a] | a € Zs}, M/J
= D is a ring of order 6> — 6 + 1 = 31 of characteristic 6. This
has zero divisors and also subring of order 6. When we use the
ring K = {{N, (Z7), +, x} and the ideal W = {[0, a) | a € Z;} <
K. The quotient ring K/W is of order 7 — 7 + 1 = 43 and of
characteristic 7.

Clearly K/W is ring. When P = {N; (Zg), +, x} is used as the
ring, for the ideal M = {[0, a] | a € Zg} we get the quotient ring
P/M to be a ring with zero divisors and o(P/M) = 8> — 8 + 1 =
57.

For S = {N, (Z), x, +} we get a ring of order 9* = 81 and
using the ideal J = {(0, a) | a € Zy} < S we have the quotient
ring to be of order 73 of characteristic nine and has zero
divisors. Further we have elements in {N. (Z;,), +, x} = S such
that 2"® = a.

For instance [0, 5] € N, (Z;) we see [0, 5]° = [0, 5]. [0, 3]°
= [0, 3] and so on. Now consider J = {[0, a] |a € Z;;} < S, J is
an ideal of S. Consider the quotient ring S/J = D = {[a, 0] + ],
[b,a] +J/a, b e Z}. Disring order 111. Clearly D has no
zero divisors further D is characteristic 11 and every element d
in D is of the form d"? = d for a suitable integer n(d) > 0.
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Example 3.36: Let V = {N, (Z13), x, +} be a ring. Consider J =
{(0,a)| a e Z;3} <V be the ideal of V. Let D = V/] = {J (a, 0)
+J,(a b)+Ja b e Z;\ {0}} be the quotient ring of
characteristic thirteen. o(D) = 13> — 13 + 1 = 157. D is ring with
157 elements and has no zero divisor and is of characteristic
thirteen. Consider (9, 0) € D (9, 0)* = (9, 0). Consider (12, 0) €
D (12, 0)’ = (12, 0) (11, 0)"* = (11, 0). Consider (3, 0)* = (3, 0)
and so on.

Example 3.37: Let S = {N, (Z,), +, x} be a ring of natural open
intervals with entries from Z;. S is a commutative ring with unit
1 =(1, 1) of finite order. o(S) = 49.

S=1{0,1,2,...,6,(0, 1), (0,2), ..., (0,06), (1, 0), (2, 0), ...,
(6, 0),(1,2),(2,1),(1,3),...,(6, 1), ... (5,6), (6, 5)}.

We see {(0,a)|a € Z;} =Jis an ideal of S. Also {(a, 0) | a
€ Z;} =l is an ideal of S. Further (0, a) and (b, 0), a, b € Z;\
{0} are non invertible elements of Z. They are not units of S.
Consider the quotient ring S/I=D={J,a+J, 1,+J (a, 0) +1J,
(a,b)+J/a,be Z;\{0}}. It is easily verified S/J = D has only
43 elements. D is commutative ring and has no zero divisors. (a,
0) + J are non invertible but are such that [(a, 0) + J]" = (a, 0) +J
where n is an integer.

Further each (a, b) + J with a, b €Z;\ {0} has inverse (c, d)
+ Jsuch that ((a,b) + ) ((c, )+ D) =(1, H+I=1+1.

Example 3.38: Let S = {N, (Zs), +, x} be the ring. S = {0, 1, 2,
3,4,(1,0),(2,0),(3,0), (4, 0), (0, 1), (0, 2), (0, 3), (0, 4) (1, 2),
(1,3),(1,4),(2,3), (2,4),(3,4), (4, 1), (4, 2), (4,3), 2, 1), (3,
2), (3, 1)} is a commutative ring with (1, 1) = 1 as unit and of
order 25.

Consider J = {(0, 1), (0, 2), (0, 3), (0, 4), 0} < S is an ideal
of . S/I=D={1,1+J,(1,0)+J,(2,0)+7J,(3,0)+J,(4,0) +
LA,2)+1,1,3)+), 0, H+1, 2, 1)+1,(2,3)+],(2,4)+1],
G,H+1, G, D+, 4 1H+1,(3,2)+),4,2)+1,(4,3)+], +
J,3+J,4+ ]} is a commutative ring with 21 elements in it and
of characteristic 5. J acts as the additive identity and 1 + J acts
as the multiplicative identity.

(1, 0) +J is such that
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(1,00 + 1) ((1,0)+ )= (1,0) +1J.
((2,0)+1)°=(2,0)+1J,
((3,0)+1)Y=(3,0)+17,
((4,0)+1)°=(4,0)+1,

Q+)Y=2+1,3+1’=3+],
@+’ =4+71,(1,2)+1)’=(1,2)+1,((1,3)+J)
=(1,3)+],
(1L, A+ =1, 4)+71,(2, 1)+,
=2, D)+1, (3, H)+I)y
=3, 1)+17,
(4, DH+IyY =4, 1)+],
((2,3)+1)Y°=(2,3)+1].
((3,2)+1Y’=(3,2)+17,
(2, 9)+1)°=(4,2)+1,
((3,4)+1)°=(3,4)+Jand
((4,3)+1)’°=(4,3)+1.

Example 3.39: Let R = {N, (Z3), +, x} be aring R = {0, 1, 2, [0,
1], [0, 2], [1, O], [2, O], [1, 2], [2, 1] is a ring with nine elements
and characteristic of R is three.

R is a finite commutative ring with unit and has nontrivial
zero divisors given by [0, 1] [2, 0] =0, [0, 2] [2, 0] =0, [0, 1]
[1,0]=0and [1, 0] [0, 2] = 0. Consider P = {0, [0, 1], [0, 2]} <
R P is an ideal of R. Take the quotient ring of R with the ideal
P.

R/P =D = {0, 1+P, 2+P, [1, 0] + P, [2, 0] + P, [1, 2] + P, [2,
1] + P}; D is a commutative ring of order seven and of
characteristic three. Clearly D is ring such that (2+P)’ = 2 + |
([2,0]+P)*=[2,0]+P, ([1,2] +P) ([2, 1]+ P) =2 + P. ([1, 2]
+P)y=[1,1]+P=1+P.

([2,11+ Py =[1,1]+P=1+P.

([1,2]1 + P’ =[1,2]+Pand ([2, 1] + P’ = [2, 1] + P.
Clearly D is not a field as [1, 0] + P and [2, 0] + P have no
inverse. Here also D is a only a ring of characteristic three and
is not a field.

We have the following theorems.
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THEOREM 3.7: Let S = {N, (Z,), +, x} (or N. (Z,) or N, (Z,) or
Neo(Z)), p a prime;

(1) S is a commutative ring with unit of order p’.

(2) S has zero divisors.

(3)J={(0,a)l a € Z,} cSis an ideal of S.

(4) K={(a, 0)|aeZ, cSisan ideal of S.

(5) S/J =D and V = S/K are finite ring of order p° —p + 1
and of characteristic p.

(6) Every element in D and V are of the form x"” = x, n(x)
> 1. n(x)> 1.

The proof is direct and hence left for the reader as an exercise.

THEOREM 3.8 Let S = {N. (Z,), +, x} (or N, (Z,) +, x} (or N,
(Z,) or N,. (Z,) or N., (Z,)), n a composite number, S is a
commutative ring with zero divisors, units and idempotents and
o(S) = n’.

(1) J=1{[0,a] |a € Z,}) cSisanideal of S.

(2)K={[a, 0] |a €Z,} cSisan ideal of S.

(3) D = S/J and V = S/K are quotient rings of order n’-n + 1.

(4) D and V have zero divisors, units, nilpotents and
idempotents.

The proof is also direct and hence is left as an exercise for
the reader to prove.

Example 3.40: Let S = {N, (Z1,), +, x} be aring. Clearly S is a
ring with unit and is commutative having zero divisors, units,
idempotents and nilpotents. Order of S is 12* = 144. Consider
the ideal J = {(0, a) /a € Zy,} < S, L is an ideal of S. Now let D
=S/J={J,a+J,(a,0)+J,(a,b)+J]|a,beZ;\{0}} be the
quotient ring. D has zero divisors, nilpotents and idempotents in
it.

Consider (3, 4) + ], (4, 3) + J in D is such that ((3, 4) + J)
(4, 3) + J) =17, J is the zero of D. Consider (4, 4) + J in D;
clearly ((4,4)+1J) ((4,4) +]J)=(4,4)+ J is an idempotent of D.
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Consider (6, 0) + Jin D ((6, 0) +J) ((6, 0) +J) =1J is a
nilpotent element of D. (4, 0) +J in D is an idempotent of D.
(11, 11) + J is a unit in D. Thus D has idempotents, units,
nilpotents and zero divisors. Clearly D is not an integral domain
but a ring of order 12> — 12 + 1.

Example 3.41: Let W = {N. (Zs3), +, X} be a ring of order 532
Clearly S is a commutative ring with unit and with zero
divisors.

Consider J = {(0,a) |a € Zs3) = S. Jis an ideal of S. S/J=D
is a ring of order 53> — 53 + 1. Clearly D is not a field for (a, 0)
+ J has no inverse for all a € Zs3 \ {0}. Every element (a, b) +J
has inverse. Thus D is a ring of order 53* — 53 + 1 and of
characteristic 53.

Thus we have infinite number of finite rings of order p* — p
+ 1 for every prime p and of characteristic p. We call a ring to

be a Smarandache ring if D contains a proper subset P < D with
P a field.

Example 3.42: Let S = {N, (Z,), +, x} be a ring. Consider J =
{(0,a) | a € Z;} be an ideal of S. D =S/J = {J, a+J, (a, 0) + J, (a,
b)+J|a,b e Z;\ {0}} be the quotient ring. Clearly D is a ring
{a+J} | ae Z;} is a field contained in D, hence D is a
Smarandache ring.

In view of this we have the following theorem.

THEOREM 3.9: Let § = {N. (Z,), x, +} be a ring, p a prime. J =
{[0, a] | a € Z,} be an ideal. S/J = D is a Smarandache ring.
Proof is easy hence left for the reader as an exercise.

Example 3.43: Let S = {N. (Zy0), +, x} be aring. J = {[a, 0] | a
€ Zyo} < S be an ideal of S. Consider the quotient ring S/J = D
={a+1J,J,[0,a]+],[a,b]+J]|a,bel}.

Example 3.44: Let S = {N, (Z), +, x} be aring. Let ] = {(0, a) |

aeZ}cSbeanideal of S.S/J={J,a+J,(a,0)+J,(a,b)+ ]|
a € Z\{0}} is a quotient ring. S/J is a ring.
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Example 3.45: Let S = {N, (Z), +, x} be a ring. Let J = {N,
(32), +, x} be anideal of S. S/T={J, 1 +1J, 2 +J, (1, 0) + J, (O,
D+1,2,00+7,0,2)+7J,(1,2)+T(2,1) +J} isaring S/T is
isomorphic with {N, (Z;), +, x} = {0, 1, 2, (0, 1), (1, 0), (1, 0),
(2,0),(0,2),(1,2), (2, 1}.

Example 3.46: Let S = {N, (Z), +, x} be a ring. Let J = {N,
(42), +, x} < S; J is an ideal of S. Consider S/J={J, 1 +J,2 +
1L3+7J,0,1)+7,00,2)+7,(0,3)+ 1, (1,0)+ 71, (2,0)+ 1, (3,
0O+ (1,2)+L 2, D+ (1,3)+TGB, 1)+71,2,3)+71,(3,2)
+ J} is a ring which is commutative of order sixteen and has
zero divisors.

Clearly S/J is isomorphic with {N, (Z4), +, x} is isomorphic
with {0, 1, 2, 3, (0, 1), (0, 2), (0, 3), (1, 0), (1, 2), (2, 1), (2, 0)
3,0)(1,3) (3, 1), (2, 3), (3, 1)}. Thus we can say as in case of
Z we have

like wise
{N(2), +,%} _ .
—{NO(nZ),+,>< = {N(Zy)}, +, x}.

This is true even if the open intervals are replaced by closed
intervals or half open-closed of half or closed-open intervals.

Example 3.47: Let S = {N,. (Z), +, x} be a ring. Consider J =
{Noc (112), +, x} < S be an ideal of S. S/J = {N,. (Z11), +, x}.

Thus we have the following theorem the proof of which is left
for the reader.

THEOREM 3.10: Let S = {N,. (Z), +, x} be a ring. J = {N,. (nZ),
+, x}c S (n < ) is an ideal of S. Clearly S/J is the quotient
ring and S/J is isomorphic to {N,. (Z,), +, x} =T forall I <n <
oo, Thus we see the ring S = {N,. (Z), +, x} is a commutative
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ring with unit S has zero divisors and elements in S are torsion
free and S is of infinite order.

We have set of elements which are not units for ([0, a]” # [0, a]
for any n.

Now having seen the concept of rings using special

intervals we proceed onto built polynomials and matrices using
these special intervals in the following chapter.
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Chapter Four

MATRIX THEORY USING SPECIAL CLASS
OF INTERVALS

In this chapter we build algebraic structures using the matrix of
natural class of intervals and describe a few of their associated
properties.

DEFINITION 4.1: Let A = {(ay, ..., a,) such that a; € N.(Z) (or
No(Z) or Ny (Z) or No(Z)} be a set of row interval matrix. A is
known as the collection of natural closed intervals from Z. (Z
can be replaced by Q or R or Z,, n < o).

We will illustrate this situation by some examples.

Example 4.1: Let A = {(a;, a5, a3) | a; € Noc (Z) 1 £1<3} be the
collection of natural open closed intervals. Thus x = ((0, 5], (7,
2], (3,5]) € Aandy =((-7, 2], (8, 10], (-9, 0]) € A.

(o, 71, 19, 21, I7, 31, I8, 4], [-2, -7], [10, 8]) is a closed
natural 1 x 6 row interval.
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a
DEFINITION 4.2: Let A = | | where a; € N,(Z); 1 <i <n. We

al’l

call A the column natural open interval vector with entries from
Z. (a; € NJ(Z) or a; € Ny (Z) or a; € Ne, (Z) 1 <i <n), Z can
also be replaced by Q or Z,, or R (n < o).

Example 4.2: Let

[0,8)

[9,2)

[7,-1)

B= [8,0)

[-11,-14)
[0,16)
[18,3)

is a 7 x 1 natural column closed-open interval from N,(R).

Example 4.3: Let
8.1 ]
[-2,0]

D= B’O}
[-3,-5]
[20,4/3]

8,471 |

is a 6 x 1 column natural closed interval N¢(R).
Now having seen the column and row natural intervals we
now proceed onto define natural interval matrix.

DEFINITION 4.3: Let A = (ay); a; € N(Z); 1 <i <n, 1 <j <m
be a n x m natural class of closed intervals (or from N,(Z) or
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Noo(Z) or N.(Z)). A is defined as the n x m natural closed
interval matrix.
We will illustrate this by some examples.

Example 4.4: Let

[0,51 [3,0] [9,2]
A=|[-1,-3] [-L5] [6,3]
[7,-2] [0,7]1 [3,1]

be a 3 x 3 natural closed interval matrix.

Example 4.5: Let

(0,3) (2,6)
(0,-2) (6,1)
7D  (-7,-10)
P=1 &9 (0,55
10,1y  (6,-4)
-2y (7,0)
(5,-3) (8,2)

be a 7 x 2 natural open interval matrix where entries of P are
from Ny(Z).

Example 4.6: Let

[0,3) [52) [3,0)
[7.)  [3,4) [0,~1)
15,-2) [9.1)  [0,8)
[9,10) [L,=1) [-8,—10)

be a 4 x 3 natural closed open interval matrix with entries from
Neo(2).

Now we can define operations addition / multiplication
whenever there is compatibility of them.

To this end we show by examples as usual intervals are
replaced by natural intervals that is intervals which can be
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decreasing (a, b); a > b, increasing (¢, d) ¢ < d and degenerate
(a,b)a=h.

Let A = {([a}, by), [ay, b2), [a3, b3) [a4, bs)) | @i b; € Z, or [a;,
b)) € Ne (Z2), 1 <1 <4} be the collection of half closed open
natural row intervals we add two half closed open row intervals
componentwise in A; i.e. if x = ([3, 1), [0, -2), [7, 3), [5, 5)) and
y=2,[3,-1),[-2,5) [-7, ))arein A, x +y=([3, 1) +[2,2),
[0, -2) +[3, -1), [7, 3) + [-2, 5) + [5,5) + [-7, 1)) = ([5, 3)
[3, -3) [5, 8) [-2, 6)) € A. Thus (A, +) is a semigroup under
addition (in fact A is group under addition) called the semigroup
of natural closed open row interval matrices.

Example 4.7: Let S = {([ai, bi], [a2, b2], ..., [a20, b2o) | bi, ai € Q;
1 <1 <20} be the natural row matrix closed intervals semigroup
under addition.

Example 4.8: Let
[a;,b;]
[a,,b,]

[a;,b,]

b, a, € Z7, 1 £1<7; [a, bj] € Nc (Z7)} be a natural column
closed interval semigroup under addition.

Example 4.9: Let
[a;,b;]

W= [azibz]

[a5,b)5]
[a;, bi] € N.(R)} be the semigroup under addition.
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Example 4.10: Let
[a;,b;]

p= [aza‘bz]

[a;1,by]

[a;, bi] € N; (Z4s5)} be a finite commutative semigroup under
addition.

Example 4.11: Consider S = {([a;, b;]) | be a 3 x 2 closed natural
interval matrix from the collection N.(Zs)}. S is a semigroup
under addition. If A = ([a;, b;]) and B =([c¢;d;]) arein S, A+ B =
[(a;, b)] + ([ci, di]) = ([aitc; (mod 4), (b; + d;) mod 4]) is in S.
Further A + B =B + A, so S is a commutative semigroup of
finite order. We get semigroup if N, (Z,) is replaced by Ny(Z,)
or Noc (Z4) or No(Z4). All semigroups got are commutative and
are of same order.

One can use them according to the situations and apply
them. Thus we can get both finite and infinite semigroups built
using N(Z) or N, (Z,) or N¢(R) or N.(Q) (closed intervals can
be replaced by open intervals, half open-closed intervals and
half closed open intervals).

Thus using these natural class of intervals we have more
choices to our solutions and so that we can choose the
appropriate one. We see one can define product in case of
natural class of intervals of matrices m x n when m = 1 and n
any positive integer or when m = n a positive integer.

Now we give the class of natural semigroup matrices.

DEFINITION 4.4: Let S = {([a,, b/, ..., [a,, b,]) | a;, b; € N.(Z);
1 <i <n} be a natural class of row interval matrices. We define
product on S as follows.

If A =([a,, b,], ..., [a, b,]) and B = ([c), d,], ..., [cn, d,]) are in
S. Then A x B = ([a;, b 1], ..., [a, b,]) x ([c1, di], ..., [cn, d,]) =
([a1, b 1] x [c1, di]), ..., ([an, Di] % [cn, di])= ([a; 1, by di], ...,
[a, ¢, b, d,]) is in S. (S, x) is a semigroup of natural class of
closed intervals matrices. N.(Z) can be replaced by N,.(Z) or
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N.o(Z) or N,(Z) and the definition continues to be true. Also if Z
is replaced by Q or R or Z, the definition is true.

We will now describe this by a few examples.

Example 4.12: Let S = {((a;, by), ..., (a4, bs)) | (a;, b)) € Neo(Q);
1 <1 < 4} be a semigroup of row interval matrices under
multiplication.

If A=(0,3),[7,2),[5,1),4)and B = (7, [-2, 1), [0, -7), [-
4,2)) are in S. Then AB = ([0, 3) x [7, 7), [7,2) x [-2, 1), [5, 1)
x [0, -7), [4, 4) x [4, 2)) = ([0, 21), [-14, 2), [0, -7), [-16, 8)) €
S. Clearly (S, x) is a commutative semigroup of infinite order.

Example 4.13: Let W = {((a;, b)), (a3, by), ..., (a7, b7)) | (a;, b)) €
No (Z12); 1 £1 <7} be a semigroup of row natural open interval
matrices under multiplication ‘x’. (W, x) is a semigroup of
finite order and is commutative.

Example 4.14: Let T = {([a}, by), [az, b)) | [ai, bi) € Neo(Z7)} be
a semigroup under multiplication. T is a commutative
semigroup of finite order.

Now in case of multiplicative semigroups with row interval
matrices we can define zero divisors, units, idempotents and
nilpotents.

Also we can define substructures like ideals and
subsemigroup. All these can be done as a matter of routine and
we expect the interested reader to do this exercise.

However we will illustrate all these situations by some
examples.

Example 4.15: Let S = {([a}, b)), [az, b), ..., [as, be)) | [ai, bi) €
Neo(Z)}; 1 <1 < 6} be the semigroup under multiplication.
Consider V = {([0, a;), [0, a5) , ..., | [0, a)) |2, € Z; 1 <1< 6}
< S V is a subsemigroup of S. In fact V is an ideal of S.
Consider W = {([a;, by), [a2, b2), ..., [as Ds)) | [ai, b)) € Neo.
(2Z2)}; 1 <1 <6} < S W is a subsemigroup of S which is also an
ideal of S. Take M = {([a;, by), [a2, b), ..., [as, bs)) | [ai, bi] €
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Neo(nZ)} ;1 <i< o0, 1 <i<6} < Sis a subsemigroup as well as
ideal of S. Infact S has infinite number of ideals and
subsemigroup.

Example 4.16: Let G = {([a}, b)), [a, b2), [a3, b3)) | [a;, bi) €
Neo(Q)} 5 1 £1 < 3} be the semigroup under component wise
multiplication. Clearly G is an infinite semigroup which is
commutative.

Take W = {([al, bl), [az, bz), [33, b3)) | [ai, bl) S NOC(Z)} N 1<
1 <3} < G. W is only subsemigroup of G and is not an ideal of
G. Thus all subsemigroup of a semigroup in general are not
ideals of G.

Consider P = {([a;, by), 0, 0) | [a;, b;) € Ne (Q)} < G; Pis
an ideal of G. Thus the semigroup. If V = {([a;, b;), 0, 0) such
that [a;, b;) € N (3Z)} < G, V is only a subsemigroup and is
not an ideal of G.

Example 4.17: Let T = {([a;, b], [az, b2] , ..., | [a9, bo]) [ai, bi] €
Ne(Z2)} 5 1 <1< 9} be the semigroup under multiplication. T is
a commutative semigroup of finite order. Consider W = {([a,
bil, [a2, b2] 0, ..., 0) | [a, bi] e N(Zy) ; 1 €12} cT,Wisa
subsemigroup of T as well as an ideal of T. Thus has finitely
many ideals and subsemigroups.

Now we proceed onto give examples of zero divisors units
idempotents and S-zero divisors, S-units and S-idempotents in
semigroups under multiplication.

Example 4.18: Let W = {([aj, bi], [a2, by], [as, b3]) | [a;, bi] € N
(Q)} ; 1 <1 <3} be a semigroup under multiplication. Clearly
W is of infinite order and has both subsemigroups and ideals in
it.

Consider H = {([ala bl]a Oa [aZ: bZ]) | [aia bl] € NC(Q)} 5 1<i
<2} < W, H is a subsemigroup as well as an ideal of W.

Example 4.19: Let M= {([by, a1], [ba, a2] , ..., [biz, ar2]) | [by, aj]

€ Nu(Z12)} ; 1 £1<12} is a semigroup under multiplication (0,
0,0, ..., [bi, aj1], [bi2, aj2]) in M is a zero divisor. Also if X =
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{(O 0 O, ceey [b11 , 311] [b12, 312]} where b11, al, b12, app € Nc
(Z12)} = M is a zero divisor. y = ([0,4] [0,4] ... [0,4]) and x =
([0,3110,3]...[03D)in M. xy=yx=(00... 0).

Thus M has several zero divisors. Consider x = {([0,4] [0,4] ...
[0,4]) € M, then x* = x.

Example 4.20: Let S = {([a}, b)), [ay, b)), [a3, b3), [a4,b4)) | [ai,
bi) € N, (R); 1 £1<4} be a commutative semigroup of natural
intervals under multiplication. S has zero divisors, ideals,
subsemigroups which are not ideals but has no idempotents but
has units.
Next we proceed onto analyse the notion of Smarandache
semigroups built using these natural class of intervals.

We define a semigroup to be a Smarandache semigroup if it
has a proper subset which is a group [ ].

We will illustrate this situation by some examples.

Example 4.21: Let W= {([al, b]], [.':12, bz], [33, b3], [3.4, b4]) | [ai,
b;] € N¢ (Z19); 1 <1 <4} be a semigroup. Consider H = {([a,,
bi], [a2, bo], [a3,b3], [a4,bs]) | [a;, bi] € Ne (1, 18) = N (Z1g);1 <1i
< 4} < W; H is a group under multiplication. So W is a
Smarandache semigroup.

Example 4.22: Let M = {([a;, bi], [a2, b2]) | [ai, bi] € N (Zap); 1
<1< 2} be a semigroup of finite order. Consider P = {([1, 19],
[1, 19]), (1, 1), (19, 19), ([19, 1], [19,1]), (1, [1, 19]), (19, [1,
19]), ([1, 19], 1), ([1,19], 19), ([19, 1], 1), ([19, 1], 19), (19, [19,
1), (1, [19, 1], (1, 191, [19, 1]}, ([19, 11, 1, 19]) (1,19),
(19,1)} < M. P is a group with (1,1) = 1 as its multiplicative
identity so M is a S-semigroup.

Example 4.23: Let G = {((al, bl], (az, bz], (33, b3], (34, b4],
(as,bs], (ag, be]) | (ai, bi] € Ny (240); 1 <1< 6} be a semigroup of
finite order. Consider H = {((a;, b], (az, by], (a3, bs], ..., (as,
be]) | (a;, bi] € Nee (1, 239); 1 <1 <6} < G is a group of order
6*. Hence G is a S-semigroup.

In view of this we have the following theorem.
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THEOREM 4.1: Let G = {([a;, b)] , ..., [am b,]) / [a;, b] € N.
(Z,); (n <c); 1 <i <m} be a semigroup. G is a Smarandache
semigroup.

We just give the hint of the proof.

Consider H = {([a}, b1], ..., [am, bm]) | [@i, bi] € N¢ (1, n-1);
1 <i<m} < G; H is a group. This is true if N, (Z,) is replaced
by N, (Z,) or N (Zy,) or Neo(Zy) (n < o0).

Thus we have a large class of semigroups built using natural
class of intervals which are Smarandache semigroup.

We can as in case of finite semigroups study all the related
properties like S-Lagrange theorem, S-Sylow theorem, S-
Cauchy element and so on. For more refer [17].

Example 4.24: Let V = {([a;, bi], ..., [as, bs]) / [a;, bi] € N; (Z);
1 <i<5} be a semigroup.

Consider T = {([a;, bi] [a2, b2], -, [as, bs]) /[ai, bi] € N (1,
-1),1<i1<5} c V; Tisagroup. So V is a Smarandache group.

Example 4.25: Let V = {([a}, b1], [az, b2], [a3, b3]) / [a;, bi] € N
(Q); 1 £1< 3} be a semigroup. Take W = {([ay, by], [az, bz], [a3,
bs])/[a;, bi] e N.(1,-1); 1 <i<3} cV.Wisagroupso Visa
S-semigroup.

W= {([15 1] [1: 1] [17 1])a (['1, -1] [-1’ '1] [-15 -1])3
([1, 1] 1, 17 [-1, -1]), ([-1, -1] [1, 1] [1, 1]),
(11, 11 -1, -17 01, 1], (-1, -1T [-1, -1 1, 1]),
(-1, -1 0L, 1] [-1, -1]), (1, 1T [-1, -1] [-1, -1]),
([-1’ 1] [-1’ 1] [-15 1])9 ([1’ '1] [19 '1] [1’ '1]) > }

we have W is a finite order.

In view of this we have the following theorem.

57



THEOREM 4.2: Let S = {([a;, b,/ , ..., [a,, b,]) / [a;, bj] € N, (Z)
(or (N, (Q) or (N(R)); 1 <i < n} be a semigroup. S is a
Smarandache semigroup.

Proof is direct and hence left as an exercise to the reader.
We can place N, (Z) by N, (Z), No. (Z) or N, (Z) still the
conclusion of the theorem holds good. Further if Z is replaced
by R or Q then also the theorem is true.

Now having seen we have a class of S-semigroup we now
proceed onto prove that there exists semigroups built using the
class of natural intervals which are not Smarandache
semigroups.

Example 4.26: Let A = {([a, b2].[a3, a4] , --., [An1, an]) / [@4, Qis1]
€ N: (2Z); 1 <1 < n-1} be a semigroup under componentwise
multiplication. Clearly A is not a Smarandache semigroup.

Example 4.27: Let P = {([a;, by), [az, bo), [a3, b3)) / [ai, bi) € N
(5Z); 1 <1 £ 3} be a semigroup. P is not a Smarandache
semigroup under componentwise multiplication.

Example 4.28: Let V = {((a;, by), (a2, by) , ..., (as, be)) / [a;, b;] €
N, (7Z); 1 £1 <6} be a semigroup under multiplication. Clearly
V is not a Smarandache semigroup.

Example 4.29: Let T = {((a;, b1]. (a2, bs], (as, bs], (as, bs]) / (a;,
bi] € Ny (4Z); 1 <1 <4} be a semigroup under multiplication. T
is not a Smarandache semigroup.

In view of these examples we have the following theorem.

THEOREM 4.3: Let V = {((a;, b/, (ay, by] , ..., (a,, b.]) / (a;, bi]
€ Noe (t2); 1 <t < ooy 1 <i < n} be semigroups under
multiplication (as t varies in (1, o) we get an infinite class of
semigroups. V is not a Smarandache semigroup.
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The above theorem is true even if N, (tZ) is replaced by Ny(tZ)
or N (tZ) or N, (t2), 1 <t < oo,

Now having seen examples of both Smarandache semigroups
and semigroups which are not Smarandache we now proceed
onto study about natural class of column intervals.

In the first place on the set of natural class of column
intervals we cannot define multiplication. However we can
study them as they form a Smarandache semigroup under
addition.

Example 4.30: Let
[a;,b]
[a,,b,]

b

[a19,by0]

where [a;, b;] € N, (Z7); 1 <1 <10} be a semigroup. In fact P is
a group under addition and has subsemigroups which are groups
under addition.

So P is a S-semigroup.
Take

[a1, by] [az, b2] € N (Z7)} < P; M is a group, hence P is a S-
semigroup.
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Example 4.31: Let

_[al’bl)_
[a,,b,)
[a;,b3)
[a,,by)
[as,bs)

_[asabs)_

[a;, b)) € N, (Z); 1 <1< 6} be a semigroup under ‘+’.

Clearly S is a S-semigroup.

We cannot define the operation of multiplication on column
matrix intervals.

Likewise we cannot define product on m x n (m # n)
interval matrices. Only when m = n we can define product.

We will illustrate this situation by some examples.

Choose

(19,101 [0,3] [-2.1]
A=|[L2] [0,0] [2,-1]
L1 [3.1] [-1,-4]

and

[0,3] [0,0] [-2,-1]
B=|[L,-1] [3,1] [-3,-9]
| [8,0] [5,7] [L-5]

be two 3 x 3 natural intervals. Now we define the product AB as
follows:

[9,10] [0,3] [-2.1]
AxB =| [,2] [0,0] [2,-1] | x
L] [3,1] [-1-4]
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[0,3] [0,0] [-2,-1]
[,-11 [3,1] [-3,-9]
[8,0]1 [5,71 [1,-5]

[-16,27] [-10,10] [-20,-42]
=| [6,6] [10,-7]  [0,3]
[-5,2]  [4,-27] [-12,10]

Example 4.32: Let

~ || [a;,b] [as,bs] L -
e {[az,bz] [a4,b4]” [ai, bi] € Ne (Z12); 1 i< 4]}

be a semigroup under matrix multiplication.

Example 4.33: Let W = {6 x 6 natural interval matrices with
entries from Ny(Z)} be a semigroup under matrix multiplication.

Example 4.34: Let V = {8 x 8 interval matrices with entries
from N,.(Q)} be a semigroup under matrix multiplication.

These semigroups have zero divisors, units and
idempotents. Also ideals can be defined in this case.

Further these semigroups are non commutative and have
identity given by

L] 0 .. ©
- (3 [1,:1] (:)
0 0 .. [LI]

nxn

Only [1, 1]=1 on the main diagonal.
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The interval collection can be open intervals or closed intervals
or half-open-closed interval or half closed-open interval.

Thus we can have S-semigroups also in case of semigroups
of n x n interval matrices.

When the semigroup is built using N.(Z,) or Ny(Z,) or
Noo(Zy) or Neo(Zy), n < oo; we see they are of finite order.
However in all other cases they are of infinite order.

Substructures definition is a matter of routine and interested
reader can study define and give examples of them.
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Chapter Five

POLYNOMIAL INTERVALS

In this chapter we build semigroups of polynomials with
coefficients from the natural class of intervals and study the
properties about them.

Let p(x) = Z aixi where a; € N, (Z) (or No(Z) or Ny(2)
i=0
or No(2)), is defined as the polynomial with coefficients from
the natural class of intervals in the variable x. We can add two
polynomials by adding the coefficients.

These polynomials will be known as the natural interval
polynomials. The polynomials can have coefficients also from
N, (Zy) 0f Noc (Z) of Neo (Zy) or Ne (Zy) or No(R) or N, (Q) and
S0 on.

We will illustrate by some examples how multiplication or
addition is carried out.

Let p(x) = (0, 5) x*+ (-7,-9) x° + (8, 0) x” + (-3, 2) x* + (2,
-4)x + (8, 3) and q(x) = (6, 3) x* + (-3, 2)x’ + (7, 1) X* + (-3, 2)
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be two natural open interval polynomials. Their sum p(x) + q(x)
=(0,5) x>+ (-7,-9x+(6,3) x* +(5,2) X’ + (4, 3) x> + (2, -
4)x + (5, 5).

Now we just show how product can also be defined. p(x) =
[3, 4)x°+ [2, -3)x” + [-1, 2) x* + [8, 1) and q(x) = [2, -4) x* + [-
3,0) x> + [0, -7) x + [8, 0) be polynomials with coefficients
from N¢o(Z).

p(x) . q(x) =[6, -16)x’ + [4, +12)x" + [-2, -8) x* +
[16, -4) x* +[-9, 0)x® + [-6, 0) x° + [3, 0) X’ +[-24, 0)x’ + [0, -
28) x° + [0, 21)x* + [0, -14) x> + [0, -7) x + [24, 0) x* + [16, 0)
X’ +[-8, 0) x* + [64, 0)
=6, -16) x’ + [-9, 0)x® + [4, 12)x” + [-8, -36) x° + [27, 0)x’ +
[16, 17) x* + [-8, -14) x* + [-8, 0)x* + [0, -7) x + [64, 0).

Polynomial semigroups can be defined with respect to
addition or with respect to multiplication.

We will illustrate these situations by some examples.

Example 5.1: Let S ={Z [ai,bi]xi‘ [ai, bi] € N (Q)} be a
i=0
semigroup under addition.
Note S is also a semigroup under multiplication.

8
Example 5.2: Let Tz{z (ai,bi]xi‘ (ai, bj] € Noe (Z)} be a
i=0

semigroup under addition. T is commutative infinite semigroup.
We see T is not a semigroup under multiplication.

20
Example 5.3: Let W ={ Z (ai,bi)xzo‘ (ai, b)) € N, (Z1»)} be
i=0
the semigroup under addition W is a finite commutative
semigroup with identity.
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Example 5.4: Let M ={Z [ai,bi]xi‘ [a;, bi] € N (Zo)! be a
i=0
semigroup under multiplication.
1. Prove M has zero divisors.
Find ideals in M.
Can M have subsemigroups which are not ideals?
Can M have idempotents?
Is M a S-semigroup?
Does M contain S-ideals?
7. Can M have S-semigroups which are not S-ideals?
By answering these questions the reader becomes familiar
with properties of these semigroups.

SANNANE ol

8
Example 5.5: Let M :{ Z (ai,bi]xi‘ (ai, bi] € Noc (Z2)} be a
i=0

semigroup under addition.
1. Find the order of M.
Can M have S-ideals?
Is M a S-semigroup?
Find subsemigroups which are not ideals in M.
Can M have S-Cauchy elements?
6. Can M have atleast one subsemigroup H such that o(H)
/ o(M)?

wbkw

By studying these questions the reader can in general
understand the properties of polynomial semigroup built using
intervals from modulo integers.

Example 5.6: Let P ={z [a.,b, ]xi‘ [a;, bi] € N. (Z3)! be a
i=0
semigroup under multiplication.
Clearly T = {[1, 1], [1, 2], [2, 1], [2, 2]} < P is a group so P
is a S-semigroup.

In view of this example we give few more examples.
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Example 5.7: Let S ={ > [ai,bi)xi‘ [a;, b)) € Neo (Zs)} be a
i=0

semigroup under multiplication. Take P = {[1, 1), [7, 7), [7, 1),

[1,7)} = S; Pisagroup.

Hence S is a S-semigroup.

I :{ 3 [ai,bi)xi‘ [a;, b)) € No (0, 2, 4, 6) = Neo (Zg)} = S
i=0
is an ideal of S. Clearly I is not an S-ideal of S.

Example 5.8: Let V :{ Z(ai,bi]xi/ (a, bi] € Noe (Z12)} be a
i=0

semigroup. V is a S-semigroup for take G = {(1, 1], (1, 11], (11,
1], (11, 11]} < V is a group under multiplication.

Consider T:{z (ai,bi]xi‘ (a, b] € Noe (0, 6) = N
i=0
(Z12)} < V; T is an ideal of V which is not a S-ideal.

Consider M :{Z (ai,bi]XZi‘ (a, bi] € N (0, 6) < Ny
i=0

(Z12)} < V; M is a subsemigroup of V and not an ideal of V.

However M is not a S-subsemigroup.

Consider H :{ z (aiabi]XZi‘ (aia bl] € Noc (ZIZ)} c V, H
i=0
is a S-subsemigroup of V and is not an ideal of V.

In view of these we have the following theorem.

THEOREM 5.1: Let S ={ > [a.b ]xi‘ [a, b] €N, (Z,); n <
i=0

oo} be a semigroup under multiplication
i) SisaS-semigroup.
ii) S has S-subsemigroups.
iii) S has subsemigroups which are not S-subsemigroups.
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iv) S has ideals which are not S-ideals.
v) S has subsemigroups which are not S-ideals.

9
Example 5.9: Let V ={ > (ai,bi)xi‘ (a, b) € N, (Zs); 0<i <
i=0
9; x' = 1} be a semigroup under multiplication. V has
subsemigroups, V is commutative and is of finite order.

Example 5.10: Let M ={ Z [ai,bi]xi‘ [a;, bi] € N¢ (Zgo)} be a

i=0

semigroup under product. Take T ={Z [ai,bi]xi where [a;,
i=0
bi] € N. {0, 2, ..., 78} = N. (Zgo)} < M; T is a subsemigroup as

well as ideal of M. Consider W ={ Z [ai,bi]xi‘ [a;, bi] € N,
i=0

(1, 79)} = M, W is only a subsemigroup and is not an ideal of
M.

Example 5.11: Let T ={ z [ai,bi)xi where [a;, b)) € N
i=0
(Z120)} be a semigroup under product. M ={ Z [ai,bi)xi‘ [ai,
i=0
b)) € N {0, 2, ..., 118} < N (Z129)}} < T is a subsemigroup
as well as ideal of T.

o0

Take V={Z [ai,bi)xi‘ [a, b)e N {1, 119} < N,
i=0
(Z120)} < T; V is a subsemigroup and not an ideal of T.

In view of this we have the following theorem.
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THEOREM 5.2: Let S :{ > [a.b, ]x"\ [a; b] € N. (2)} be a
=0
semigroup under multiplication.

i) SisaS-semigroup

ii) S has ideals

iii) S has subsemigroups which are not ideals

iv) S has zero divisors

v) S has no nontrivial idempotents.

The proof is direct and hence left as an exercise to the

reader.

Example 5.12: Let S ={ Z [ai,bi)xi‘ [ai, b)) € N (Q)} be a
i=0

semigroup under multiplication. Consider P = {[1, 1), [-1, -1),

[1, -1), [-1, D)} < S. P is a group given by the following table

under multiplication.

X (LD |[-L-1) |[1,-1) |[-1,1)
(L, |1, 11 ([-1,-1) |[1,-1) |[-1,1)
-1,-D) |[-1,-D) |[1, 1) |[-1,1) |[1,-1)
(L,-1) |(1,-D) |[[-I,D |[LLD |[-1,-1)
-1,1) |[-LLD) |[1,-1) |[-1,-1) |[1, 1)

Hence S is a S-semigroup. Consider H ={Z [ai,bi)xi‘
i=0
[a;, b)) € N, (Z)} < S. H is only a subsemigorup and is not an

ideal of H. S has zero divisors for take p(x) =Z [O,ai)xi and

i=0

q(x) :i [ai,O)xi in S. Clearly p(x) q(x) = [0, 0). Take

i=0

1:{2 [O,ai)xi‘ [0, a) € Ne (Q)} < S is an ideal of S.

i=0
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Clearly I:{Z[O, ai)xi} is of infinite order where [0, a;) € N,
i=0
(Q). Consider W ={Z [O,ai)xi‘ [0, ai) € Neo (Z) < Neo (Q)5
i=0
< S; W is only a subsemigroup and is not an ideal of S.
S has units for take [3, '2) in S; [1/3, 2) in S is such that
[1/3,2),[3, %) =[1, 1) =1 the multiplicative identity of S.
Clearly [1, 0) and [0, 1) are nontrivial idempotents in S for
[0, 1) [0, 1) =[O0, 1) and [1, 0) [1, 0) =1, 0).

;

Example 5.13: Let S :{Z [ai,bi]x“ [a;, bi] € N, (Z); x* =1}
i=0

be a semigroup under multiplication. S is a S-semigroup. S has

ideals and subsemigroups. Further S has zero divisors.

3
Example 5.14: Let S :{Z [ai,bi)xl‘ [a;, b)) € Neo (R) where
i=0
x*=1} be a semigroup of infinite order, S has zero divisors. S is
a S-semigroup and S has subrings which are not ideals of S.

Example 5.15: Let S ={Z [ai,bi]xi‘ [a;, bi] € N (Z" U {0})}
i=0

be a semigroup under multiplication. S has zero divisors and S

is not a S-semigroup.

5
Example 5.16: Let T ={z [ai,bi)xi‘ [a;, b)) € Ne (R™U {0})
i=0
with x® = 1} be a semigroup under multiplication, S is not a S-
5
semigroup. P:{Z [ai,O)x“ x®=1} < T is an ideal of S. A =

i=0
5
W= {Z [ai,bi)xi‘ [a;, b)) € Neo (Z"U {0} withx’ =1} T
i=0

is a subsemigroup of S which is not an ideal of S.
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However S has zero divisors and units but no idempotents
other than [1, 0) and [0, 1). Clearly S has no nilpotent elements
in it. T is a commutative semigroup of infinite order.

Study of S-weakly Lagrange semigroup, S-Lagrange
semigroup, S-p-Sylow semigroup etc. can be carried out in case

of semigroup, T ={Z [ai,bi]xi‘ n < oo; [a;, b;] € N, (Z,) with
i=0

x" = 1; m < oo} as a matter of routine. For all these semigroups

are of finite order which has ideals, subsemigroups and are S-

subsemigroup with zero divisors and units. However

idempotents and nilpotents exist if m is a composite number.

4

Example 5.17: Let T:{z [ai,bi)x“xs =1, [a;, b)) € Ngo (Z4)}
i=0

be a semigroup. T is a S-semigroup for W = {[1, 1), [1, 3), [3,

1), [3, 3)} < T is a group under multiplication. Consider p(x) =
4 4

[a,,0)x' and q(x) = [0,a,)x" in T p(x) . q(x)=0.S0 T

i=0 i=0

4

has zero divisors. Take Gz{z [ai,O)xl‘ [a;, 0) € N (Z4); X =

i=0
2 .

1} < T. Gis an ideal of G. Now M = {Z [ai,bi)XZ“ [a;, b)) €
i=0

Neo (Z4)} < T is only subsemigroup and is not an ideal of T. In

fact M is a S-subsemigroup of T.

2

Example 5.18: Let G ={Z [ai,bi]xi‘ [a;, bi] € Ne (Z») with x°
i=0

=1} be a semigroup of finite order.

G = {0, 1, [0, 1], [1, 0], x, [0, 1] %, [1, 0] x, x%, [0, 1] X, [1, 0]

x5, 1+x,1+4[0,1]x, 1 +[1,0]x 1 +x* 1+][0, 1]x% 1 +[L, 0]
x* [1, 0]+ x [1, 0] + [1, O]x, [1, 0] + x*[1, 0] + [0, 1] x [1, 0] +
[1,01x% [1, 0] + [0, 1]x%, [0, 1] +x, [0, 1]+ x7, [0, 1]+ [1, 0]x,
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[0, 1]+ [1, 0] x*, [0, 1]+ [0, 1] x, [0, 1] + [1, 0]x*, x + x*, x +
[0, 1]x% x +[1, 0]x%, [1, 0] x + x% [1, 0] x + [1, 0] x*, [1, 0] x +
[0, 17 x%, [0, 1] x + x* [0, 1] x + [0, 1] X%, [0, 1] x + [1, 0]x°, 1 +
[0, 1]x +x% 1+[0, 1]+[0, 1]x% 1+ [0, 17+ [1, 0]x*, 1 + x +
x5, 1+x+[0,1]x% 1 +x+[1,0]x% 1 +[1,0] x +x% 1 +[L, 0]
x+[1,0]x% 1+[1,0]x+[0, 1]x% [0, 1]+ x + x7, [0, 1]+ [0, 1]
x + [0, 11x*, [0, 17+ x + [0, 1]x%, [0, 1]+ [1, 0] x + [0, 1]x*, [O,
11+ [0, 1]x + x% [0, 1]+ [0, 1] x + [1, 0] X%, [0, 1]+ [1, 0] x +
[1,0]x% [0, 11+ [1,0] x +x*, [0, 1]+ x + [1, 0] x*[1, 0] + x +
x5, [1,0]+[1,0] x+x*[1,0] +x +[1,0]x% [1,0] +[1,0] x +
[1,0]x% [1,0]+[1,0]x + [0, 1]1x*, [1, 0] + [0, 1] x +[1, 0] x*,
[1,0]+[0, 1] x +[0, 1]x*, [1, 0] + [0, 1] x + X3, [1, 0] + x + [0,
11x*}

Clearly G has 64 elements in it. G has zero divisors.

G is a S-semigroup as {1, x, X’} = H is a group in G.

T={0,1,x, xz} c G is a S-subsemigroup.

We see under addition the interval polynomials are groups.

However under multiplication they do not enjoy the group
structure.

Example 5.19: Let G ={z [ai,bi)xi‘ [a, b)) € Ne (Z2)} be a

i=0

infinite abelian group under addition. Clearly Z[x] = {Z aixi‘
i=0
a; € Z} < G is a subgroup of G.

Z [x]= {Z aixi‘ a; € Z'} is a semigroup in G. Thus G is
i=0
a Smarandache special definite group. We can study subgroups
in these groups.

Next we proceed onto study matrix interval groups.
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Example 5.20: LetP = {([als bl]’ [a25 bZ] 5 ey [ag, bS]) | [ai’ bl] €
N. (Z7)}, P is a group under component wise addition. Clearly P
is commutative group of finite order. P has subgroups.

Example 5.21: Let M = {((a, by), (az, by) (a3, bs)) where (a;, b;)
€ N, (Z2); 1 £1< 3} be a group under addition of infinite order,
M has many subgroups.

Example 5.22: Let M = {([a,, by), [a, b2) , ..., [as, bs)) | [a;, by)
€ Neo (Zao) ; 1 £1 <5} be an abelian finite group. Clearly M has
subgroups.

Example 5.23: Let T= {((al, bl], (az, bz] g eees (am, bl()]) | (ai, bl]
€ Noc (R); 1 £1<10}. T is an additive abelian group of infinite
order. T has infinitely many subgroups.

We need these concepts to built natural interval
Smarandache vector spaces of a special type in later chapters.
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Chapter Six

NEW TYPES OF RINGS OF NATURAL
INTERVALS

In this chapter we introduce the notion of rings and
Smarandache rings using interval polynomials and interval
matrices. We describe some essential properties and illustrate
them by examples.

DEFINITION 6.1: Let S = {([a;, b)], ..., [a, b,]) / [a; b] € N,
(R) ; 1 <i <n} be a commutative abelian group under addition
and a commutative semigroup under multiplication. Thus (S, +,
x) is ring with unit (1, 1, ..., 1) known as the natural class of
matrix interval ring.

If we replace N, (R) by N,(R) or N,. (R) or N.(R) or N.(Z)
or N.(Q) or N.(Z,) (n < o) or by closed open interval or open
intervals or open closed intervals we see S is a ring.

We will first illustrate this situation by some examples.
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Example 6.1: Let M = {((a;, b;]. (az, b2], (a3, bs], (as, bs]) | (ai,
bi] € No (R) ; 1 £1<4} be aring. This ring is commutative and
is of infinite order.

Example 6.2: Let R = {([a}, b)), [a, by) , ..., [as, bg)) | [a;, b)) €
Neo (Zs) ; 1 £1< 8} be a commutative ring of finite order.

Example 6.3: Let T = {((ai, b1), (a2, b2), (a3, b3), (as, ba), (as, bs))
| (a;, bi)) € No(Z); 1 <1 <5} be a ring of infinite order which is
commutative with unit.

Example 6.4: Let W = {((a;, by}, (a2, b2] , ..., (as, bs]) | (a;, bi] €
Noc (Z12) ; 1 £1< 6} be a finite commutative ring with unit.

The substructures like subrings and ideals can be taken as a
work which is simple and direct.

We will illustrate these concepts by some examples.

Example 6.5: Let S = {([a}, bi] [az, b2] , ..., [36, bs]) | [ai, bi] €
N: (Z); 1 £1<6} be aring. Consider T = {([a;, b] [a, b2], ...,
[as, be]) | [a, bi] € No 32) ; 1 <1 < 6} < §;
T is a subring of S. T does not contain the identity. T is infact an
ideal of S. Take W = {([a;, bi], [a2, b:], 0, 0, 0, 0) | [a;, by], [z,
b,] € N. (Z)} = S W too is a subring as well as ideal of S.

Example 6.6: Let R = {([a;, b)), [a2, by), [a3, b3)) | [a;, bi) € Ngo
(Zo); 1 £1 <3} bearing. T = {(0, [a;, by), 0) | [a;, b)) € Neo
(Zo)} < R is a subring as well as ideal of R.

M = {([0, a;) [0, a;) [0, a3)) | & € Zo; 1 £1<3} c Risa
subring as well as ideal of R.

Thus R has both ideals and subrings.

Consider V = {([a;, by), [a,, b,) [a3, b3)) where [a;, b;) € N,
{0, 3, 6} = N, (Z9)} < R is an subring as well as a ideal of R.

Example 6.7: Let R = {([a;, bi] [a,, b2]) where [a;, bi] € N, (R) ;

1 <1< 2} be aring. Consider H = {([a;, b;], [az, b2]) | [a;, bi] €
N: (Z); 1 £1<2} < R; H is a subring of R and is not an ideal of
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R. However R has ideals. Consider T = {([a;, b;], 0) | [a}, bi] €
N. (R)} < R; T is a subring as well as an ideal of R.

Thus in these rings also every subring in general is not an
ideal, however every ideal is a subring.

Now we can define the notion of zero divisors, units and
idempotents in these rings which is a matter of routine and is
left as an exercise to the reader.

We will illustrate them with examples.

Example 6.8: Let R = {([a, b)), [a2, by) , ..., [a10, b10)) | [ai, b3)
€ Ne (Z) ; 1 £1 <10} be aring. R has zero divisors for take x =
([0, ay), ..., [0, ajp)) and y = ([a;, 0), ..., [a10, 0)) in R.

Clearly x-y = 0. In fact R has several other zero divisors.
However R has no units or idempotents except idempotents of
the formx = (1,0, ..., )ory=(111,0...0)orz=(00111
00110)and so on.

Example 6.9: Let P = {((a;, b)), (a2, by), (a3, b3)) | (a;, b;) € N,
(R); 1 £1 <3} be aring. R has zero divisors and units but has no
idempotents. x = (0, (a;, by), 0) and y = ((a;, by), 0, 0) in P is
such that x-y = (0, 0, 0). Take x = ((1/2, 8), (7/3, 4), (2, 1/8)) and
y =((2, 1/8), (3/7, Y4), (1/2, 8)) in P we see xy = (1 1 1) is the
unit in P. Consider x = ((0, a,), (0, a,), (a3, 0)) and y = ((a;, 0),
(a2, 0), (0, a3)) in P. xy = (0, 0, 0).

Example 6.10: Let P = {([al, bl], [az, bz] 5 ey [8.12, b]z]) | [ai, bl]
eN:(R);1<i<12} bearing. PisaS-ringasI={(a, 0, ..., 0)
| a € R < N:(R)} is a field. However P has zero divisors, units
but has no idempoents. P also has ideals which are S-ideals. P
has subrings which are S-subrings.

Example 6.11: Let M = {((a;, b;]. (a2, b2] , ..., (as, bg]) | (ai, bi]
€ Noc (Z7) ;1 £1<6} be aring. M is a S-ring. For T = {(0, a, 0,
0,0,0)|a € Z; = Ny (Z7)} =M s a field. Hence M is a S-ring,
M has zero divisors and units but has no proper idempotents.

It has idempotents of the form (1001 10), (01101 1), (1
1110 1)and so on. M has both S-ideals and S-subrings.
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Example 6.12: Let W = {((a;, by), (a2, by), (a3, b)) | (ai, b)) € N,
(Z2)} be a ring. Clearly W is not a S-ring. But has zero divisors
no units or idempotents. However W has ideals and subrings. W
is of infinite order.

Several subrings of infinite order which are ideals can be
obtained. Now the property of quotient rings can be studied as
in case of rings N.(Z) or N,(R) and so on. The reader is left with
this task.

Now we will give only one example before we proceed to
study square matrix rings using natural class of intervals.

Example 6.13: M = {([a, b] [c, d]) | [a.b], [c, d] € N.(Z>)} be a
ring.
M = {([1, 0], [1, 0]), (1, 1), (0, 0), (0, 1), (1, 0), ([0, 1], 0),
(0, [0, 1), ([0, 1], [0, 1]), ([1, 01, 0), (0, [1, O]), ([1, 0, [0, 1]),
([0, 11, [1, 0D), (1, [0, 1]), ([0, 1], 1), ([1, O, 1), (1, [1, O])}

is a ring of order 16.

M is a S-ring as T = {[0, 0], [1, 1]} < M is a field
isomorphic to Z,.

Consider V = {0, (0, [0, 1]), (0, 1), (0, [1, 0])} < M is an
ideal of M. Consider
M/V={V,(1,1)+V,(1,0)+V,(1,0],0)+V,(1,0],[1,0]

+V,(1,0], )+ V,(1,[0, 1D+ V, ([1,0], [0, 1D+ V, (1, [1,
op+Vv, (0,1, )+ V,(0,1],[1,0D) + V, ([0, 1], [0, 1] + V,
([1, 0], [1, 0] + V}.

M/V has thirteen elements. Clearly M/V has no zero
divisors. Thus M/V is a semifield with 13 elements and is of
characteristic two.

So using this method we can get several semifields of
different orders with varying characteristics. This answers an
open problem [15, 18, 19] of existence of semifields of different
characteristic other than zero. Now these quotient rings using
the natural class of row matrices yields semifields.

Now we proceed onto recall that a n x n interval matrix with
natural intervals defines a ring of both finite or infinite order.

We will illustrate this by some examples.
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Example 6.14: Let

[a,b,] [a;bs] .
M= is bi I\Ic Z 5 1<i<4 B
{Lazbz] [a4b4]” L2 b1} < @ 1 }

M is a ring with interval matrix addition and multiplication.
Clearly M is an infinite ring which is non commutative.

Example 6.15: Let V = {All 3 x 3 matrices with intervals from
Noc (Z10)}. V is a ring of finite order which is non commutative.
V has zero divisors, idempotents and units;

@] o0 0
0 (IL1] 0 |=Ih
0 0 (L]

is the identity element of V.

Example 6.16: Let T = {All 5 x 5 interval matrices with
elements from N(Q)}, T is a ring infact a S-ring of infinite
order and is non commutative.

Example 6.17: Let W = {All 10 x 10 interval matrices with
elements form Ny(Z;)}, W is a finite non commutative ring
which is a S-ring.

THEOREM 6.1: Let M = {All n x n interval matrices with
intervals from N,.(Z,) or N,(R) or N.(Q) or N.(Z,) or N, (Z,) or
No(Z,) or N.(R) or N,(Q) and so on} be a ring. M is a S-ring (p-

a prime).

Proof: Obvious from the fact that
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a € N¢ (Z,) or No(Q) or N(R), p a prime} < M is field of
characteristic p, Z, or field Q or field R. Hence the claim.

However certain rings with interval entries from N.(Z,) when Z,
is a S-ring will be a S-ring.

THEOREM 6.2: Let V = {all m x m interval matrices with
entries form N, (Z,) or N, (Z,) or N,. (Z,) or N, (Z,) where Z, is
a S-ring}, then V is a S-ring.

We just give the hint of the proof.

Take P={a;,...,a /a € T < Z, where T is a field in Z,
and 1 <i<r<n-1}.
Consider
... 0
0 0
W= .
00 .. 0

interval matrices with intervals from N, (PcZ,) or N, (P < Z,)
or Noc (PcZ,) orN, (P Z,)} < V; Wis afield. Thus Vis a S-
ring.

We will illustrate this situation by some examples.

Example 6.18: Let V = {All 7 x 7 interval matrices with entries
from N.(Z3)}, V is a ring. V is a S-ring for take
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00 ..0 L] 0 ... 0
0 0 O 0
P= . s .
0 0 O7><7 O 0 07><7
[2,2] 0 0
0 O 0
: cV,
0 O 0

P is a field. Hence V is a S-ring.

Example 6.19: Let M = {All 3 x 3 interval matrices with entries
from Ny(Z¢)} be a ring.

Consider
[0,0] 0 0)([3,3] 0 O
P= 0 00, 0 O O|pcM
0 00 0 00

P is a field isomorphic with Z, as3+3 =6 =0 (mod 6) and 3 - 3
=3 (mod 6). Thus M is a S-ring.

Example 6.20: Let R = {all 5 x 5 interval matrices with
intervals from N, (Z19)} be a ring.

Consider
00 00O 50000
00000 O 00 0O0O0
T=4/0 0 0 0 0 ,/0 0 0 0 0y <R,
00000 O 000O0OO0
000O0O s 000O0O0O0
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T is a field and hence R is a S-ring.

In view of this we have the following theorem.

THEOREM 6.3: Let T = {all n x n interval matrices with
intervals from N, (Z5,) or N, (Z3,) or Noc (Z3) or Ny (Z2), p a

prime} be a ring; T is a S-ring.

Hint: Consider

1s a field.
Hence the claim.
Example 6.21: Let
R = |:[albl] [a,b, ]}
[a3b3] [a4b4]

where [a;, bj] € N; (Z1,)} be a ring.

Consider
0 0Y(4 0Y(8 O
W = , , c R.

W is a field with 4 as its unit.
Hence R is a S-ring.

Example 6.22: Let M = {all 3 x 3 interval matrices with entries

from N(Z30)} be a ring.
Consider
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FU
Il
S O O
S O O
oS O O
oS O
S O O
S O
S O O
S O O
n

is a field so M is a S-ring.

Example 6.23: Let M = {all 4 x 4 interval matrices with entries
from No(Z40)} be a ring.

0 00 0)(8 0 0 0)(16 0 0 0
T:00000000 0 000

00000 O0O0OT 0[O 00O

000 0)/lOOOO/{lO 0O O

24 0 0 0) (32 0 0 0

0 0 00 0 000

0 000f|o oo ofS™

0 000 0 000

is a field. So M is a S-ring.

Example 6.24: Let R = {All 10 x 10 interval matrices with
entries from N¢(Zg)} be a ring.

a 0 ... 0

. 00 ... 0
Consider M = o .|| a=[a, a] € {0, 12, 24, 36,

00 ... 0

48} < Zgo} < R; M is a field isomorphic to Zs with 36 acting as
identity. So R is a S-ring.

It is left for the reader to discuss about zero divisors, units,

idempotents and nilpotents in these ring. Also interested reader
can study S-units, S-zero divisors and S-idempotents of these

81



rings. Further these rings by using Z, we can get finite division
which are not fields.

This task is also left for the reader to describe and illustrate
with examples.

Now we proceed onto study polynomial rings using these
natural interval coefficients.

DEFINITION 6.2: Let Rz{z [a,b]x' ‘ [a, bj] € N. (Z) (or
i=0
(N.(R) or N.(Q) or N, (Z,))}; R under polynomial addition and
multiplication is a ring infact a commutative ring with unit of
infinite order.

We will give examples of them.

Example 6.25: Let R ={Z (ai,bi]xi‘ (a, bi] € Nee (Z5)} be a
i=0
ring. Clearly R is of infinite order and R is a S-ring.

Example 6.26: Let W ={z [ai,bi)xi‘ [a;, b)) € N (Zg)} be a
i=0
ring, W is of infinite order and is commutative. W is a S-ring as

T ={z a, xi‘ a; € {0,4,8,12, 16} < Zy! < W is a subring.
i=0

Infact G = {0, 4, 8, 12, 16} < Zy is a field isomorphic to Zs.
So W is a S-ring.

Example 6.27: Let M ={Z [ai,bi)xi‘ [a;, b)) € N (Z)} be a
i=0
ring. M is not a S-ring. M has subrings and ideals.
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1

Example 6.28: Let R ={ [ai,bi]xi‘ [a, b;] € N. (Q)} be a
-0

ring. R is a S-ring.

Example 6.29: Let P ={Z (ai,bi)xi‘ (ai, b)) € N, (Z15)} is a
i=0
ring.

Now we can find rings of finite order.

3

Example 6.30: Let M ={z [ai,bi)x“ [a:, b)) € Neo (Z3); 0 < i
i=0

<3; x* =1} be a ring of finite order. M has subrings and M is a

S-ring. M = {0, 1, 2, x, 2x, 2x%, x%, x°, 2x°, [0, 1)x, [0, 1)2x [0,

Dx?, [0, 1)2x%, [0, DX, [0, 1)2x°, ..., [0, 1) X’ + [1, 2)x* + [2,

Dx +[1, 0)}.

3
Take I:{z [O,ai)xl‘ a; € Z3} < M. 1 is an ideal of M.
i=0

We can find M/I.

Example 6.31: Let W:{i [ai,bi]xi‘ [a;, b] € N, (Q); x° =
1} bearing; Wisa S-ring:’if has ideals and subrings.

Consider T ={i [a,,b, ]xi\ [a, bi] € N (Z); x°=1} < W;
T is only a subring :Eld is not an ideal of W. Infact T is not a S-
subring of infinite order.

2
Example 6.32: Let W ={Z [ai,bi)xi‘ [a;, b) € N (Z2); X° =
i=0
1} be a ring, W is a S-ring. W has ideals and subrings. W has
units and zero divisors.
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8
Example 6.33: Let R ={z (ai,bi)xi‘ (a, b) € Ny (Zio); 0 < i
i=0
<8;x” =1} bearing, R is a S-ring. R has ideals and subrings. R
is of finite order. R has idempotents, units and zero divisors.
5 .
Example 6.34: Let N:{z (ai,bi]xl‘ (ai, bi] € Noe (Zg); x° =
i=0

1} be a ring. N has zero divisors units and idempotents. N is of
finite order. N has subrings and ideals.

3
Example 6.35: Let P ={Z (ai,bi)x“ (a, by) € Ny (Zy); 0<i <
i=0

3; x* = 1} be a ring, P is finite order has nontrivial units and

zero divisors.

Several properties associated with rings can be studied in
this case of interval coefficient polynomial rings also.

Now we now proceed onto define Smarandache vector
spaces of type I using the natural class of intervals.
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Chapter Seven

VECTOR SPACES USING NATURAL
INTERVALS

In this chapter we introduce the notion of vector spaces using
natural intervals and Smarandache vector spaces of type II and
modified Smarandache vector space of type Il which we call as
quasi module Smarandache vector space of type Il and illustrate
them by examples.

Also we study the special properties associated with them.

DEFINITION 7.1: Let V be an additive abelian group of natural
class of intervals. F be a field. If V is a vector space over F we
call V a natural class of interval vector space over F.

We will first illustrate this situation by some examples.

Example 7.1: Let V = {N.(Q)} is an abelian group with respect
to addition. Q be a field. V is a natural class of interval vector
space over Q.

The basis for V is {[0, 1], [1, 0]} over Q; for any [a, b] = a
[1,0]+b][0, 1]=[a, b].
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So dimension of V is two.

Example 7.2: Let V = {N,(R)} be a vector space over Q. V is of
infinite dimension over Q.

Just like usual vector spaces V can be of dimension finite or
infinite.

Example 7.3: Let V = (N (Z;)) be a vector space over Z;, {(0,
1], (1, 0]} < V is a basis of V over Z;. Thus dimension of V
over Z; 1s two.

Example 7.4: Let M = (N.o(Z1,)) be a vector space over Z;; of
dimension two over Z;;.

Example 7.5: Let V= {N.(R)} be a vector space over R.
Dimension of V over R is two given by {[0, 1], [1, 0]}.
If R is replaced by Q then dimension of V over Q is infinite.
We see if V = {(N.(Q)} be an abelian group V is not a
vector space over R, V is a vector space only over Q.

Example 7.6: Let V = (Ny(R)), V is a vector space over Q of
infinite dimension.

Example 7.7: Let V = {([a;, a], [by, b2], [c1, 2]) | [a1, @2], [b1,
b,] and [cy, c2] € N.(Q)} be a vector space over Q.

Now B = {([1, 0], 0, 0), ([0, 1], 0, 0), (0, [1, 0], 0), (0, [0, 1],
0), (0, 0,0, 1], (0,0, [1, 0])} < V is a basis of V over Q. Take

x = ([a;, bi], [az, by] [a3, bs])
=a; ([1, 0], 0,0)+ by ([0, 1], 0, 0) + a, (0, [1, 0], 0) + b, (O, [O,
1],0)+ a3 (0,0, [1,0]) + b3 (0,0, [0, 1])
=([a, 0], 0, 0) + ([0, by], 0, 0) + (0, [ay, 0], 0) + (0O, [0, by], 0) +
(0, 0, [as, 0]) + (0, 0, [0, bs])
= ([als bl]a 0’ 0) + (Oa [3.2, bZ]a O) + (Oa 09 [8.3, b3])
= ([a1, bi], [z, by] [a3, bs]).

Thus V is of dimension six over Q.
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[a,b;]
[a,b,]
[a;,b5]
[a,,b,]

be a vector space over Z,. V has only finite number of elements.
V is generated by eight elements given by

Example 7.8: Let V = [a, b] € Ne (Z7) ;1 £1<4}

11,017 [10,177 [ 0 0
0 0 | [11,0]]|[0.,1]
oo/l ol o]
0 0 0 0

0 0 0 0
0 0 0 0
> , , c V.
[1,0]] [[0,1] 0 0
0 0 [1,0]] [[0,1]

Example 7.9: Let V = {((a, ay), (b, by), ..., (as, by)) | (a;, by) €
No(Z11); 1 £1 < n} be a vector space over Z;;. Dimension of V
over Z;; 1s 2n.

However V has only finitely many elements. The basis B of
V over Z,; is given by B = {((1, 0), 0, ..., 0), ((0, 1) 0, 0, ..., 0),
o, d, 0, 0 .., 0, (O (O D, 0 .. 0

, ..., (0,0, ...,0,(1,0)), (0,0, ..., 0, (0, 1))} <V is a basis
having exactly 2n elements in it.

[a;b,]
. _ [a,b, ] ] .
Example 7.10: Let V = : [a, bl e N (R); 1 <1<
[a5,b),]

12} be a vector space over Q.
Dimension of V over Q is infinite.
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(a;b;]

) _ ] (ayb,] ) .
Example 7.11: Let V = : (a, bj] € Noc (R); 1 L1 <
(a;,b,]
7} be a vector space over R.
(1,011 | (0,1] 0 0 0 0

0 0 1,0 0,1 :
B = . b . 9 ( ’- ] b ( -j ] 9 b g V

: : : : 0 0

0 0 0 0 (1,011 | (0,1]

is a basis of V and dimension of V over R is 14.

Thus as in case of usual vector spaces we see in case of
natural class of intervals, the dimension depends on the field
over which they are defined.

Example 7.12: Let

[a;,b;] [a,,b,] [a;,b;] [a)5,by]
V=1lla,,b,] [as,bs] [ag,bg] [a;;,b;]
[a;,b;] [ag,bg] [ag,be] [a}5,by,]

[a;, bi] € N (Z3) ; 1 <1< 12} be a vector space over the field Zs.
Number of elements in V is finite. The dimension of V over Z;
is 24.

[,0] 0 0 0][[0,]] 0 0 0
B={0 000, 0 00 0.,
0 00 O0||] 0 000
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000 07000 0
000 O1f0O00O0 O0]lcV
0 0 0 [LO][|0 O O [L0]

is a basis of V over Zs.

Example 7.13: Let V = {3 x 3 interval matrices with entries
from N,(Zs)} be the vector space over the field Zs. Clearly
number of elements in V is finite. Dimension of V over Zs is 2 x
3% = 18. The basis

1,01 0 0] [1 0 0
B=4{ 0 0 0/,] 0 0 0,
0 0 0[] 0 00

0 (0,11 01[0 (1,0] 0]
0o 0 o0[Jo 0o of..
0 0 o|lo 0o o0

00 07[0o0 o
00 01/00 0llcv
00 (0,1]/]0 0 (1,0]

over Zs.

Example 7.14: Let V = {7 x 2 interval matrices with intervals
from N, (Q)} be a vector space over field Q. V is of dimension
28 over Q.

Example 7.15: Let V be a collection of 2 x 3 interval matrices

with intervals from N (R) over the field R. Dimension of V over
R is 12. The basis B of V over R is given by
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[1,0] 0 0] [[0,1] 0 0] [0 [0,1] O[O0 [1,0] ©

0 000 0O0[0 0 o]0 0 of
[0 0 [Lo]][0 O [01]]] O O O] 0 00
00 0 [0 0 0 ['[[01] 0 0 [[LO] O O

‘o o o][o o o]fo 0 o] ][00 o0
0 [1,0] 0|0 [0,1] 0|0 0 [LO]] |0 O [0,1]

c V is a basis of V over R with 12 elements in it.

However if R in example 7.15 is replaced by Q then
dimension of V over Q is infinite. Thus V will become an
infinite dimensional vector space over Q.

Now if in a vector space V a special type of product can be
defined then V becomes a linear algebra.

Example 7.16: Let V = {N.(R)} be a vector space over the field
R. Vis a linear algebra over R.

Example 7.17: Let V = {N,(Q)} be a vector space over the field
Q. V is a linear algebra over the field Q.

Example 7.18: Let V = {N,. (Z7)} be a vector space over the
field Z;. V is a linear algebra over Z.

[a,,b;]
. _ [a2’b2] . .
Example 7.19: Let V = [a;, bl e Nc(R); 1 <i<4}
[a;,b;]
[a47b4]

be a vector space over the field R. V is not a linear algebra over
R.
In view of all these we have the following theorem.
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THEOREM 7.1: Let V be a linear algebra over a field F then V
is a vector space over F. However if V is a vector space over F,
V'in general is not linear algebra over F.

The later part is evident from example 7.19.

Example 7.20: Let V = {([al,bl), [az, bz), [.':13, b3)) | [ai, bl) € Nco
(Z19) ; 1 <1< 3} be a vector space over the field F = Zy5. Vis a
linear algebra over Z 9.

Example 7.21: Let V = {3 x 3 interval matrices with intervals
from Ny(R)} be a vector space over the field R. V is a linear
algebra over R.

Example 7.22: Let V be a collection of 10 x 5 interval matrices
with intervals from N, (Z43). V is only a vector space over the
field Z4; and is never a linear algebra over V.

Example 7.23: Let V = {3 x 7 interval matrices with intervals
from N.(Z;3)} be a vector space over the field Z;5. V is not a
linear algebra over Zs.

Example 7.24: Let V be a collection of n x n interval matrices
with intervals from N,.(Z,9) over the field Zy. V is a linear
algebra over Z,9. V has a basis of 2 x n® elements and dimension
of V is finite over Z,9. However the number of elements in V is
also finite.

Now we can define as in case of vector space linear
transformation of two interval vector spaces provided they are
defined over the same field F.

Example 7.25: Let V= Ny(Z;;) and W = N(Z1,) be two vector
spaces defined over the field F=Z;,. T: V —> W defined by T
([a;, bi]) = [a;, by) is a linear transformation of V to W.

Example 7.26: Let V = Ny(R) and W = {([a, b(] [a2, b2]) | [a;,
b;] € N (R); i =1, 2} be two vector spaces defined over the
field R. Let T : V — W be a map such that T((a;, b;)) = ([a;, b],
[a1, bi]). T is a linear transformation of V to W.

91



Example 7.27: Let
[a;,b]
a,,b
V _ [ 2: 2]

[a6,bg]

where [a;, bi] € N; (Z11); 1 <1< 6} be a vector space over the
field F = Z,,. Consider

[a;,b] [a,,b,]
W= 4|[a,,b,] [as,bs]
[as,b;] [a4,b4]

where [a;, b;j] € N: (Z11) ; 1 £1< 6} be a vector space over Z,;.
Le¢ T : V. —> W be a map such that

[a;,b,]

[a,,b,] [a;,b,] [a,,b,]

= |[a,,b,] [as,bs]].
[a5,b;] [ag,bg]

T
[as 5 bs]
T is a linear transformation of V to W.

Example 7.28: Let V = {([a;, by), [a2, b)) ..., [as, b)) | [}, b)) €
Neo (Z3); 1 £1 <6} be a vector space over the field Z;. T: V —
V is the linear operator on V.

T = ([a1, by),[a2,b2) , ..., [as, bs)) = ([ae, be), [as, bs), ..., [az,
b,), [a1, by)) is a linear operator on V.

Now we can define as in case of linear transformation of
usual vectors the kernel in case of linear transformation of
natural class of interval vector spaces.

Soif T: V — W is a linear transformation of the two vector
spaces built using natural class of intervals over the same field F
then kernel T=ker T={x € V| T(x) =(0)} < V.
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We will just give some examples first and then prove ker T
is also a subspace of V.

Example 7.29: V = {((a;, by), (a2, by), (a3, b3)) | (a;, b)) € N,
(Zs); 1 <1 <3} and W = {([a}, by], [a2, by]) where [a;, b;] € N,
(Zs); 1 £1 <2} be two vector spaces over the field Zs.

LetT:V->W

T(((a1,by), (a2, by), (a3, bs))) = ([a1, bi], [as, b3]). Now kernel
T=A{T ((a1, by), (a2, b2), (a3, b3)) = ([0, 0], [0, 0]) = (0, 0)}

=T (07 (a27 b2)a O) = (09 0)

It is easily verified ker T is a proper subspace of V.

Example 7.30: Let P = {z [a; bi] X' | [a;, bi] € N(Q)} be a
i=0

vector space over the field Q. Clearly P is of infinite dimension

over Q.

Next we proceed onto define the notion of Smarandache
double interval vector space of type Il and doubly Smarandache
interval vector space of type II. Even if we do not mention the
term double from the context one can easily understand the
situation.

Let V be an additive abelian group built using the natural
class of intervals, F be a S-ring of natural class of intervals. If V
is a vector space over the field P contained in the S-ring or V is
a module over the S-ring then we call V to be a doubly
Smarandache interval vector space of type II. The terms doubly
and interval can be left out for from the context one can easily
understand them.

We will illustrate this by examples.

Example 7.31: Let V = {N; (Q) x N (Q) x N¢ (Q)) = {([a1, bi],
[az, bz], [33, b3]) | [ai, bl] € NC (Q), 1 <1< 3} be a dOUbly
Smarandache vector interval space over the S-ring F = N.(Q).

It is both interesting and important to note that V contains a
normal or usual vector space over a field. Consider P = (Q x Q

x Q)= {(a, b, c)} < {N:(Q) x N.(Q) x N.(Q)} is a vector space
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over Q of dimension 3. We call these vector spaces as inherited
vector space of the S-vector space over the S-ring.

[alabl) [33,b3)
[a,,b,) [ay,b,)
Neo (Z12), 1 £1 < 4} be a S-vector space over the S-ring N,

Example 7.32: Let V = {[ }Where [a;, b)) €

b
(Z1,). Take P = {{“ (J where a, b, ¢, d € {0,4,8} € Zi) €V
C

is a vector space over the field F = {0, 4, 8} < N, (Z12). Thus P
is the inherited vector space of V.

Example 7.33: Let
[alabl] [aS’b6]
b ;b '
p= [a,,b,] [ag,bs] [a;, b] € N. (R), 1 <i<8}
[3-3:]33] [a7ab7]

[a,,by] [ag,bgl

be a S-vector space over the S-ring N.(R).

a;  a;
a4, ag .
V= a,eR;1<i<8}cP
a; a,
a, ag

is an inherited vector space of P over the field R < N.(R). Also

a4 a;
a4, dg .
W= 2,€Q; 118} cP
a; A
a, ag

is an inherited vector space of P over the field Q < N¢(R).
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In view of this we have the following theorem.

THEOREM 7.2: Let V be a doubly Smarandache interval vector
space over the interval S-ring S. Then V has a proper subset P,
P < V; such that P is the inherited vector subspace of V over the
field F; F cS.
Proofis direct from the definition and properties of S-rings.
We will give some more examples before we proceed to
define other properties.

Example 7.34: Let V = {((a, by), (a2, by), (a3, b3), (a4, b)) | (a;,
b)) € N, (Z13); 1 £1 < 4} be an interval Smarandache double
vector space over the S-ring Ny(Z,3). Take P = {(a;, a,, a3, a4) | a;

€ Zy3; 1 £1<4} c V is the inherited vector space of V over the
field Z;s.

Example 7.35: Let V = {all 5 x 5 interval matrices with entries
from N, (Z43)} be a double Smarandache interval vector space
over the S-ring N¢o(Z43).

Consider M = {all 5 x 5 matrices with entries from Z,;} <
V; is the inherited vector space over the field Z43 < Neo(Z43) of
V.

THEOREM 7.3: Let V be any double Smarandache interval
vector space over N.(Z,)
(or No(Z,) or N, (Z,) or Ne, (Z,); p a prime) over the S-ring
N.(Z,) (or N, (Z,) so on respectively).

Then M c V (where M is the inherited algebraic structure
of V) is an inherited vector subspace over Z,.

The proof follows from the fact every set No(Z,) (or No(Z,)
or N, (Z,) or Ny (Z,)) contains Z,. The same holds good for V
hence the claim.

Example 7.36: Let V = {([a1, b)), [a2, 1), [a3, b3)) | [a;, bi) € Neo
(Z19); 1 £1 < 3} be a interval vector space over the interval S-
I’il’lg Nco (219)'

Consider M = {(a, a5, a3) |a; € Z19;); 1 £1<3} cV;Misa
vector subspace over the field Z .
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[a;,b;]
' || [az,b,] .
Example 7.37: Let V = [a, bi] € N. (Z5), | €1 <
[a;,b;]
[ay,b,]
4} be a double interval vector space over the S-ring N¢(Z;s5). V
4
a
is a S-vector space for take P = 2| a e {0, 5, 10} < Z;5}
a3
ay
is a vector subspace over the field F = {0, 5, 10} < Zs.
Clearly V is not a linear algebra.

Example 7.38: Let

V:{[(aptﬁ) (a3,b;) (as,bs) (37,b7)J
(a,,by) (ay,by) (ag,bg) (ag,by)

1 <1<8, (a, b)) € N; (Zy1)} be a doubly interval vector space
over the S-ring N(Z,)).
Consider

a, a, a; a
W 1 2 3 4
a; ag a; ag

is a vector space over the field S = {0, 7, 14} < Z,;.

ae{0,7,14},1<i<8} cV

Example 7.39: Let
M = ([alabl) [a3,b3)]
[a,,b,) [a,,b,)
where [a;, b)) € N, (Z35); 1<1 < 4} be a doubly interval linear

b
algebra over the S-ring N, (Z35). Consider H = {(a J a, b,

c d
c,d e {0,7, 14, 21, 28} < Z35} < M is a usual linear algebra
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over the field F = {0, 7, 14, 21, 28} < Z35. Thus M is a doubly
S-interval linear algebra.
Now having seen examples of them we can define linear
transformation provided they are defined over the same S-ring.
We will illustrate this situation as the definition is direct.

Example 7.40: Let

V= [[al’bl] [a3,b;] [35>b5]j
[a,,b,] [a,.b,] [a4,bg]

[a;, bi] € N (Z;5); 11 < 6} be a double interval vector space
over the S-ring N¢(Z;5).

Consider W = {([a;, by], [a2, b2] , ..., [a¢, bs]) Where [a;, b;]
€ N. (Zy5); 1£1 < 6} be a double interval vector space over
NC(ZIS)'

a, a, a
1 2 43

Now V, = [ J
a, as ag

6} < W is a vector space over the field, F = {0, 5, 10} < Z,5s and
W, ={(a}, a, ..., ag) | a; € {0, 5, 10} < Z;5; 1<1 < 6} a vector
space over the field F = {0, 5, 10} < Zs5. Define T: V;, > W, a
linear transformation from V; to W,. T is defined as the linear
transformation of V to W.

Study in this direction is interesting and the reader is
expected to develop and work in this direction. On same lines
linear operator of interval S-linear algebras and S-vector spaces
are defined.

We will however illustrate these by some examples.

a; € {0,5,10} € Z5}; 11 <

Example 7.41: Let V = {6 x 6 natural interval matrices with
intervals of the form (a, b] € Ny (Z10)} be a doubly interval
vector space over the S-ring N, (Z1o).

Suppose W = {6 x 6 matrices with entries from {0, 5} <
Z10} < V be a vector subspace over the field, F = {0, 5} < Zo.
Define T : V — V such that T (M) = upper triangular 6 x 6
matrices with entries from {0, 5}. T is a S-linear operator on V.
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Thus we can for any double Smarandache vector space V
over the S-ring define the notion of normal operator,
diagonalizable normal operator and so on. To this end we will
proceed onto define some properties in case of double
Smarandache vector space.

We cannot define inner product space on usual interval
vector spaces for double S-interval vector spaces as they are
defined over S-rings.

We can easily with simple appropriate modifications derive
the properties related with interval vector spaces and double
Smarandache interval vector spaces.

We will illustrate the results in case of these two types of
interval vector spaces.

Let V = {([a1, bi], [a, b2]) | [ai, bi] € N(Q)} be a vector
space over the field Q.

Now {([1, 0], 0), ([0, 1], 0), (0, [1, 0]), (O, [0, 1])} is a basis
of V over Q.

For
(I3, 21, [5, 7] = 3([1, 0], 0) + 2([0, 1], 0) + 5 (0, [1, O]) + 7(0,
[0, 17)

=([3, 0], 0) + ([0, 2] + 0) + (0, [5, 0]) + (0, [0, 7])
=([3,2], 00+ (0, [5, 7D = (I3, 2], [5, 7).

Thus dimension of V over Q is four.

We can as in case of usual vector spaces find the collection
of linear transformations (linear operators) and study them. This
task is simple when the interval vector spaces or linear algebras
are defined over Q or R or Z, (p a prime). All results follow
simply without any complications.

The little problem that arises when these interval linear
algebras or interval vector spaces are over interval S-rings viz.
Ni(Q) or Ne(R) or Nu(Z,) or Nu(Zy).

This problem is also over come very easily by considering
the appropriate Smarandache vector spaces and obtaining the
analogous results [15, 18-9].

Already polynomial with interval coefficients have been
introduced so forming characteristic interval polynomial
equations are a matter of routine. Also all techniques used in
case of polynomials with real coefficients can be imitated.

Further every interval polynomial

98



p(x) = [ao, bo] + [a1, by]x + ... + [a,, b,] X" with [a;, bj] €
N¢(R) be a realized as [ag+a; x + ... +a, X", by +b;x + ... + b,
x"] where a;, b; € R; 0 <i<n.

So solving the usual equations and then putting back into
intervals makes the problem easy as we have in our collection of
N:(R) degenerate interval R, increasing interval [a, b]; a <b and
decreasing interval [a, b], a > b. So all algebraic operations on R
can be easily extended to N (R) (or Ny(R) or N, (R) or N, (R))
and solutions got in a very easy way.

Next to make the study of algebraic structures complete in
the following chapter we introduce the notion of natural class of
interval semirings and natural class of interval near ring.

DEFINITION 7.2: Let S be the collection of natural intervals
from Z" U {0} or R"U {0} or Q" U {0). S under usual addition
and multiplication is an interval semiring.

That is if S = {N. (R" {0}) or N, (Q" U {0}) or N. (Z" U
{0})} then S is an interval semiring or a natural class of interval
semiring.

Even if closed intervals are replaced by open intervals or
closed-open intervals or closed-open intervals S will continue to
be a semiring.

We will illustrate this situation by some examples.

Example 7.42: Let S = {N,. (Z" U {0}} be the natural class of
open-closed intervals. S is a semiring S = {(a, b] |a,b € Z" U

{035

Example 7.43: Let P = {(a,b) |a,b e Q" U {0}} =N, (Q" U
{0}) be a natural class of interval semiring.

Example 7.44: Let W = {N. (R" U {0})! be the interval
semirings.

All the interval semirings given in the above examples are
of infinite order.

We see all these interval semirings are strict semirings for a
+b=0in them implya=0or b=0.
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Further all these interval semirings are of infinite order and
commutative. Also these semirings are not semifields as they
contain infinite number of interval zero divisors.

For if (0, 3) and (19, 0) are elements the interval semiring S
= {N,(Z" U {0})} we see (0, 3) (19, 0) = (0, 0) = 0 is a zero
divisor in S. Infact S has infinitely many zero divisors for if x =
(0,n)and y = (m, 0) where m,n € Z" U {0} then x - y = (0, 0).

Thus S has infinitely many zero divisors.

But all these semirings are S-semirings for they contain
interval semifields.

Consider S = {N, (R" U {0}} be an interval semiring. Take
V ={[a,a]|aeR U {0} <S. Vis an interval semifield
where each interval is a degenerate interval and V = R" U {0}.
Thus S contains a field so S is a S-semiring.

If we take R = N, (Z" U {0}) to be an interval semiring,
clearly R is a S-semiring as T= {(a,a) |a € Z"U {0}} cRisa
degenerate interval semifield.

Similarly P = {N,. (Q" U {0}} is a S-semiring as W = {(a,
a]|a e Q U {0}} c P is a semifield of P. Thus we have the
following theorem.

THEOREM 7.4: Let S = {N, (Z" U {0}) (or N. (R" U {0} or N,
(0" U{0})}, Sis a S-semiring.
Proof is direct and hence is left as an exercise to the reader.
Further if the closed interval is replaced by open intervals or
closed-open intervals or open-closed intervals the results
continue to be true.
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Chapter Eight

ALGEBRAIC STRUCTURES USING Fuzzy
NATURAL CLASS OF INTERVALS

In this chapter we introduce two types of fuzzy algebraic
structures using natural class fuzzy intervals and other using
maps. We will discuss both types and give examples of them.

DEFINITION 8.1: Let N, ([0, 1]) = {collection of all closed fuzzy
intervals [a, b] where a, b € [0, 1] (a < b, b <a ora = b} (N,
(10, 1]) will be the natural class of open fuzzy intervals, N,.([0,
1]) fuzzy natural class of half open-closed intervals and N,.([0,
1]) the fuzzy natural class of half closed-open intervals).

We will give examples of them.

Example 8.1: Let V = {[0.5, 0.2], 0.9, [0, 0.3], [0, &, 0.1], [0.7,
0]} be the set of closed natural fuzzy intervals, we see some of
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them increasing, some decreasing and 0.9 = [0.9, 0.9] is a
degenerate fuzzy interval to a fuzzy number.

Example 8.2: Let S = {(0.3, 0.1), (0, 0.7), (0.5, 0) (1, 0.3), (0.9,
1), 0.8, 1, (1 0)} be the class of natural fuzzy open intervals.
Some of them are increasing, some decreasing and some
degenerate.

Likewise we can have fuzzy half open-closed natural class
of intervals and half closed-open natural class of intervals.

Consider P = {[0, 0.3), [1, 0.2), [0.8, 0.8), [0.2, 1), [0.9,
0.4), [0.6, 0.9)} P is the half closed-open natural class of fuzzy
intervals.

T = {(0.8, 0.2], (0, 0.9], (1, 0.3], (0.2, 0.1], (0.5, 0.5], (0.3,
0.3]} is the half open-closed fuzzy intervals.

Now we proceed onto define operations on them. Let x = [0.1,
0.9] and y = [0.6, 0.2]. The product xy = [0.06, 0.18], this
product is defined as the natural product and always under this
product N([0, 1]) is a closed set.

Similarly No([0, 1]), Neo([0, 1]) and N ([0, 1]) are closed
under product.

Now consider Ny([0, 1]) for any x = (0.3, 0.7) and y = (1,
0.4) in N, ([0, 1]) define min (X, y) = min {(0.3, 0.7), (1, 0.4)} =
(min {0.3, 1}, min {0.7,0.4}) = (0.3, 0.4).

We say Ny([0, 1]) under min operation is closed.

Now we can define max operation on Ny([0, 1]). For x =
(0.7, 0.3) and y = (0.5, 0.8) be in N,([0, 1]) max {x, y} = {max
{0.7, 0.5}, max {0.3, 0.8}) = (0.7, 0.8) is in N, ([0, 1]).

Hence N, ([0, 1]) is also closed under max operation.

We will define now the natural fuzzy semigroups of intervals
from N, ([0, 1]) or Noc([0, 1] or Neo([0, 11) or Ne ([0, 1]).

DEFINITION 8.2: Let S = N, ([0, 1]) be the collection of natural

fuzzy intervals. N,([0, 1]) under the min operation is a
commutative fuzzy natural interval semigroup of infinite order.
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Example 8.3: Let S = {N, ([0, 1]), min} be a fuzzy interval
semigroup of infinite order and commutative.

Infact ‘0’ acts as the identity for min {(0, 0], (a, b]} = (0, 0]
=0.

Now if in the definition 8.2 min operation is replaced by
max operation then Ny([0, 1]) is a commutative fuzzy
semigroup with identity. Infact 1 = (1, 1) acts as the identity for
max {(1, 1), (a,b)} =(1, 1)=1.

Now if in the definition 8.2 min is replaced by the usual
product x (multiplication) we get the fuzzy interval semigroup
of infinite order which is commutative.

Clearly fuzzy semigroup under product is distinct different
from the fuzzy semigroup under max or min operation for
consider x = [0.3, 0.7] and y =[0.5, 0.2] in N.([0, 1]). Then x - y
=1[0.3, 0.7] [0.5, 0.2] = [0.15, 0.14] but min (x, y) = [0.3, 0.2]
and max (x, y) = [0.5, 0.7]. Thus we see all the three operations
are distinctly different.

Now having seen the examples of natural fuzzy semigroup
we define fuzzy semigroups using the semigroups No(R) or

N(Q) or Ne, (2).

We will just give the definition and illustrate them by some
examples.

DEFINITION 8.3: Let S = {N,. (R)} be a semigroup under

product the map n : S = [0, 1] with n (x, y) = min (n(x), n(y)),
(S, n) is the fuzzy natural class of interval semigroups.

Interested reader can give examples of them.

Thus we have two ways of defining fuzzy interval
semigroups.

The development of these concepts can be considered as a
matter of routine. For every algebraic structure V using intervals
(V, n) the corresponding fuzzy structure can be defined.

We can also define the natural class of neutrosophic
intervals. Just in N¢(Z) or N¢(R) or N.(Q) replace Z or R or Q by
ZI or RI or QI then we obtain the natural class of pure
neutrosophic intervals and all operations done in case of Z or Q
or R can be verbatim carried out in case of ZI or QI or RI.
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Now if we replace in N.(R) or Ny(R) or Ny(R) or N.o(R) R
by <ZuI> or <RUI> or >QUI> (< > means generates the
elements of Q and I or R and I or Z and I and any elements is of
the form a + bl; a, b are reals and I the neutrosophic number
such that I* = I). Then also we can have algebraic structures
built using them [9-11].
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Chapter Nine

ALGEBRAIC STRUCTURES USING
NEUTROSOPHIC INTERVALS

In this chapter we define different types of algebraic structures
using the natural class of pure neutrosophic intervals and
neutrosophic intervals [13].

Ne(ZD={[a,b] |la=xland b=yl; x,y € Z} = {[xI, yI] |
xI, yl € ZI}. This will be known as pure neutrosophic integer
closed intervals.

No(QI) = {(al, bl) | al, bl € QI} will be known as the natural
class of pure neutrosophic rational open intervals. N, (RI) =
{(al, bI] | al, bl € RI} will denote the pure neutrosophic open-
closed intervals of reals.

N(Z,I) = {[al, bl] | al, bl € Z,1} denotes the natural class of
pure neutrosophic closed modulo integer intervals.

Now N, (<Z U I»)={(a+bl,c+d)|a b,c,de Z}
denotes the natural class of integer neutrosophic open intervals.

Likewise N, (<QUI>) denotes the natural class of open
closed neutrosophic rational intervals and N, (<Z,UI>) denotes
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the natural class of closed modulo integer intervals which are
neutrosophic.

Now we proceed onto define algebraic structures using
them.

DEFINITION 9.1: Let S = {N. (ZI), +} be the natural class of
neutrosophic interval semigroups of closed intervals under
addition of infinite order.

N(ZI) can be replaced by No(ZI), Noo(ZI) or N, (Z1). Further Z1
can be replaced by QI or RI or Z,I and the definition holds
good.

Example 9.1: Let S = {N, (ZI), +} be a semigroup of infinite
order which pure neutrosophic interval semigroup.

Example 9.2: Let M = {N,. (Zs] )} be the pure neutrosophic
open-closed interval semigroup of finite order.

Example 9.3: Let T = {N. (QD}, T is a pure neutrosophic
interval semigroup of infinite order under multiplication. Infact
T has infinitely many zero divisors and units but has no
neutrosophic idempotents except of the form [I, I], [L, 0], [0, I].

Example 9.4: Let W = {N, (Z, I)} be the pure neutrosophic
interval semigroup under multiplication of finite order.
W has neutrosophic units, neutrosophic zero divisors,

neutrosophic idempotents and neutrosophic nilpotents.

[0, 41] is such that [0, 4I]* = [0, 41] is an idempotents.

[0,3] [0,4] = 0 is a zero divisor. [6], 0]* = 0 is a nilpotent
element of W.

[0, 111]* =[O0, 1] is only a semiunit.

[1 1L, 1] x [1 II, I] = L is the unit [I, 111] [1, 11] = I is the unit
in W,

Now we give examples of neutrosophic semigroups which
are not pure neutrosophic.
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Example 9.5: Let M = {N. (<ZUl>)} be the neutrosophic
interval semigroup under multiplication. M is of infinite order
and M has zero divisors.

Clearly P = {N, (Z])} < M, P is a subsemigroup of M which
is pure neutrosophic. Also T = {N. (Z)} < M is a subsemigroup
of M which is not neutrosophic. Infact M as many
subsemigroups which are not neutrosophic.

Also M has many pure neutrosophic subsemigroups.
Further M, = {N. (<nZUI>)} < M is a neutrosophic
subsemigroup; forn=1, 2, ....

Example 9.6: Let P = {N,. (<QuUI>)} be the semigroup under
addition. P has subsemigroups. P is a neutrosophic interval
semigroup. T = {N,. (Q)} < P is an interval subsemigroup
which is not neutrosophic.

Likewise W = {N,. (Q)} < P is a pure neutrosophic
subsemigroup.

Example 9.7: Let M = {N, (<Z;suI>)} be a neutrosophic
semigroup under multiplication. M has subsemigroups which
are pure neutrosophic neutrosophic as well as which are not
neutrosophic.

Clearly M is of finite order.

Now we can define ideals in neutrosophic semigroups which is
considered as a matter of routine. So we just give examples of
them.

Example 9.8: Let W = {N, (<ZUI>)} be a neutrosophic interval
semigroup under multiplication.

T ={N. (Z)} < W is an ideal of W. However V =N, (Z) c
W is only a subsemigroup of W and is not an ideal of W.
Further M = {N. (<nZuUl>)} < W is a neutrosophic interval
subsemigroup of W which is also an ideal of W.

However N, (nZ) < W are only neutrosophic subsemigroups
which are not ideals (2 < n < o).
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Now we just give an example of a Smarandache neutrosophic
natural interval semigroup.

Example 9.9: Let M = {N, (<ZUI>)} be a semigroup under
multiplication of neutrosophic intervals. Consider P = {[1, 1], [-
1, -1] [1, -1], [-1, 1]} < M, M is a Smarandache neutrosophic
interval semigroup as P is a group given by the following table.

X (1,11 |[-1,-1]]| [1,-1] | [-1,1]
[L,17 | [L,1] |[-1,-17] [1,-17 |[-1,1]
[-1,-17] [-1,-1] | [1,1] | [-1,1] | [1,-1]
[1,-17 1 [1,-1] |[-1,1]| [1,11 |[-1,-1]
-1,17| [-1,1] | [1,-1] | [-1,-1] | [1,1]

Example 9.10: Let T = {N, (<QuUI>)} be a neutrosophic
interval semigroup under multiplication. T is a S-neutrosophic
interval semigroup.

All neutrosophic interval semigroups in general are not S-
neutrosophic interval semigroup.

This is illustrated by examples.

Example 9.11: Consider S = {N,. (3ZUl)} be a neutrosophic
interval semigroup under multiplication. S is not a S-semigroup
for S has no proper subset which is a group under
multiplication.

Example 9.12: Let R = {N., (<5ZuUl>)} be a neutrosophic
interval semigroup. Clearly R is not a S-semigroup.

Example 9.13: Let M = {N, (<ZsUI>)} be a semigroup of
neutrosophic intervals under multiplication. H = N, (<1, 4, I>)
< M is a group (neutrosophic) so M is a S-semigroup. Clearly
M is of finite order.

We can define neutrosophic interval semigroup of
polynomials and matrices as in case of interval semigroups.
Here only neutrosophic intervals take the place of intervals.

We will only illustrate this situation by some examples.
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Example 9.14: Let V = {3 x 3 neutrosophic intervals with
entries from N, (ZI)} V is a neutrosophic interval semigroup
under multiplication of infinite order. Clearly V is non
commutative.

Example 9.15: Let M = {2 x 7 pure neutrosophic intervals with
entries from N,(QI)}. M is a pure neutrosophic semigroup of
infinite order under addition.

Example 9.16: Let R = {5 x 3 pure neutrosophic interval
matrices with entries from N.(Z;,I)} be a pure neutrosophic
semigroup. R is of finite order. As the operation in R is addition
modulo 12, R is commutative.

Example 9.17: Let P = {2 x 2 interval pure neutrosophic
matrices with entries from Ny(Z¢l)} under multiplication be a
semigroup. P is non commutative and is of finite order. P has
zero divisors units and idempotents in it.

Example 9.18: Let M = {8 x8 interval neutrosophic matrices
with entries from N(<ZUI>)} be a semigroup under
multiplication. M has zero divisors and is of infinite order and
M is a S-semigroup.

Example 9.19: Let S = {All 1 x 18 interval neutrosophic row
matrices with entries from N,. (<QUI>)} be a semigroup under
multiplication. S has zero divisors and units. S is a S-semigroup.

Example 9.20: Let T = a; € Ne (QUI>); 1 <1<6} be

an additive semigroup of neutrosophic interval matrices with
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entries from N, (<QuI>). T is a S-semigroup, T has
subsemigroups and S-subsemigroups. T is of infinite order and
is commutative.

Example 9.21: Let P = {all 5 x 5 neutrosophic interval matrices
with entries from N, (<Z;(UI>)} be a semigroup under
multiplication P is of finite order. P is non-commutative and has
zero divisors and idempotents. P is a S-semigroup. Now P has
pure neutrosophic subsemigroup as well as subsemigroups
which are not neutrosophic.

T = {all 5 x 5 interval matrices with entries from N (Z0)}
c P is a subsemigroup of P.

W = {all 5 x 5 interval matrices with entries from No.(Z0])}
c P is a pure neutrosophic interval subsemigroup.

Now we can define neutrosophic interval groups and pure
neutrosophic interval groups the definition is a matter of
routine.

We will illustrate this by some examples.

Example 9.22: Let V = {all 3 x 3 neutrosophic intervals from
No(ZI)} be a neutrosophic interval group under addition.

Example 9.23: Let P = {N.(QI)} be an interval neutrosophic
group under addition.

Example 9.24: W = {N,(<ZUI>)} be an interval neutrosophic
group under addition.

Example 9.25: M = {All 3 x 8 neutrosophic interval matrices
with intervals N.(<QuUI>)} be a neutrosophic interval group
under addition.

Example 9.26: Let F = {NJ(QI \ {0})} be an interval
neutrosophic S-semigroup.

Example 9.27: Let M = {all 3 x 9 neutrosophic intervals with

entries from Ny(<RUI>)} be a neutrosophic interval group
under addition, M is of infinite order.
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Example 9.28: Let W = {1 x 9 neutrosophic intervals with
entries from N, (<QUI>)}. W under addition is a group of
infinite order.

Example 9.29: M = {9 x 1 neutrosophic interval matrices with
entries from N, (<ZUI>)} be a neutrosophic interval group
under addition.

We can define subgroups and Smarandache neutrosophic
special definite groups as in case of usual interval groups.

This task is also left as an exercise to the reader.

Example 9.30: Let V = {N.(Z,])} be a group under addition. V
is of finite order and has subgroups.

Example 9.31: Let T = {all 3 x 4 neutrosophic interval matrices
with entries from N,. (<Z;5I>)} be a neutrosophic interval
group under addition. T is of finite order. T has subgroups T is
abelian.

Example 9.32: Let M = {N,. (ZI)} be a pure neutrosophic
interval group under addition.

Take T = {N(Z'T U {0})} = M, T is a pure neutrosophic
Smarandache special definite group.

Next we proceed on to define the notion of pure
neutrosophic semirings and neutrosophic semirings of infinite
order.

We can also define neutrosophic interval matrix semirings
and neutrosophic interval polynomial semirings of infinite
order. We give the properties related with them. However most
of the properties can be proved by the interested reader.

DEFINITION 9.2: Let S = {N.(Z'I U {0})} be the set of natural
class of closed neutrosophic intervals;, (S, + x) is a pure
neutrosophic semiring of integers.

Infact S is a strict semiring with zero divisors.

So Z'T U {0} is not a semifield.

Clearly Z'T can be replaced by Q'I or R, still the results
continue to be true.
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We will just give examples of semirings built using the
natural class of neutrosophic intervals (closed, open or open-
closed or closed-open).

Example 9.33: Let S = {Ny(5Z'T U {0})} S be a pure
neutrosophic semiring of open intervals.

Clearly S is commutative but has no multiplicative unit. S is
of infinite order, S has zero divisors.

Example 9.34: Let P = {N,. (Q'T U {0})} be a neutrosophic
semiring of rationals built using open closed intervals of infinite
order. P is commutative.

Example 9.35: Let T = {N, (RT U {0}), +, x} be a
neutrosophic real semiring of infinite order.

Now having seen some direct examples we now proceed
onto give other examples of pure neutrosophic semirings.

Example 9.36: Let S = {z [a; b] X' | [a;, bi] € N(Q'T L
i=0

{0})} be a pure neutrosophic polynomial semiring of infinite

order.

Example 9.37: Let R = {Z [a; bi] x' | [a;, b] € NJ(R'T U
i=0

{0})} be a pure neutrosophic polynomial semiring of infinite

order.

Example 9.38: Let M = {Z [ai b) X' | [a;, by) € Neo(QT U
=0

{0})} be the pure neutrosophic polynomial ring of infinite order
which has zero divisors so is not a semifield.

Now as a matter of routine interested reader can define
semiring of polynomial matrices. However we give examples of
them.
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a4 + .
Example 9.39: Let S = {{ J 3 € No(Z'Tu {0}),1 i<

a, a,

4} be a matrix pure neutrosophic semiring. Clearly S is not a
semifield.

Example 9.40: Let T = {all 3 x 3 pure neutrosophic interval
matrices with entries from No(Z'T U{0})}. T is a semiring with
usual matrix addition and multiplication; T is not a semifield. T
has zero divisors. T is non commutative and of infinite order.

Example 9.41: Let S = {all 5 x 5 upper triangular matrices with
intervals from No(Q'T U {0})}, S is a semiring of infinite order
and is noncommutative.

Now we will define semiring which are neutrosophic but
not pure neutrosophic. Consider S = {[a;, bi] | [a;, bj]] € N(Z'T U
{0})}; S under usual addition and multiplication is a semiring
called the neutrosophic interval semiring. We can replace <Z" U
I>U {0} by <Q U I>U {0} or <R" U I> U {0}.

We will only illustrate these situations by some
examples.

Example 9.42: Let S = (N, (SKR" U I>) U {0}) = {(a+bl, c+
dl]|a, b, c,d, € (R'U{0}} S is a neutrosophic semiring under
usual addition and multiplication.

We will show how the addition and multiplication are
carried out on S.

Takex=(3-4L,2+5[landy=(2+ 5,3 +1]in S. Now x -
y=0B-4Ix2+50,2+5Ix3+1I]=(6-8+15I-20I, 6+ 151
+21 + 51]= (6 — 131, 6 + 221].

Example 9.43: Let S = (N, (<Z" U I> U 0)), S is a neutrosophic
semiring of natural class of intervals. That is S = {(a + bl, ¢ +
dl)|a, b,c,d e Z"U {0}} is neutrosophic semiring with + and
x as the operations.

Example 9.44: Let M = {N, (<Q" U I> U {0})} be a
neutrosophic interval semiring.
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Now having seen natural class of interval neutrosophic
semiring we can proceed onto give examples of substructures in
them. However the definition of them is direct and hence is left
as an exercise to the reader.

Example 9.45: Let S = {N, (KR" U I> U {0})} be a
neutrosophic semiring. Consider P = {N,. (<Q" U I> U {0})} <
S; P is a neutrosphic subsemiring. Clearly the neutrosophic
interval semiring has zero divisors but is a strict neutrosophic
interval semiring.

Infact S has several neutrosophic interval subsemirings.

Example 9.46: Let S = {N. (<Z'T U {0}>)} be a pure
neutrosophic semiring. Consider P = {N, 3Z'Tu {0})} = S; P
is a neutrosophic subsemiring of S. Infact S has infinitely many
neutrosophic subsemirings.

Example 9.47: Let S = {N, (<Q" U I> U {0})} be a
neutrosophic semiring. We see P = {N,, (Q" U {0})} < S is also
an interval semiring but P is not a neutrosophic semiring. Thus
we call subsemirings in S which are not neutrosophic
subsemirings as pseudo neutrosophic interval subsemirings.

The following theorems are direct and is left as an exercise
to the reader.

THEOREM 9.1 : Let S = {N, (Z'I U {0})} be a semiring (N.(Z'I
U {0}) can be replaced by N.(Q'I U {0}) or N.(R'I U {0}) also
closed intervals by open intervals or half open-closed intervals
or half closed-open intervals). S is a pure neutrosophic interval
semiring and has no pseudo neutrosophic interval subsemirings.

THEOREM 9.2: Let S = {N. (R" v I> U {0})} be a
neutrosophic interval semiring. S has pseudo neutrosphic
interval subsemirings.

Proof'is direct.

Clearly (No(<R" U I> U {0}) can be replaced by N(<Q" U
I> U {0}) or N(<Z" U I> U {0}) and still the conclusion of the
theorem holds good. Further closed interval is replaced by open
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or open-closed or closed-open intervals still the conclusion of
the theorem holds good.

Example 9.48: S = {N,((<Q" U I>) U {0}} be an interval
neutrosophic semiring.

Clearly {Q" U {0}} = P corresponds to the degenerate
intervals of the form (a, a) where a € Q" U {0} is a strict
subsemiring which is semifield and is not a neutrosophic
semifield. Thus S is a pseudo neutrosophic S-ring.

Also T = {Q'T U {0}} = S; and Q "I is a neutrosophic
semifield and a pure neutrosophic subsemiring of S. So S is a
neutrosophic S-ring.

Inview if this we have the following theorem.

THEOREM 9.3: Let S = {N.(<Z" wI> U {0}) be a neutrosophic
interval semiring.
1. S has S-ideals.

2. S has zero divisors.

If Z" is replaced by Q" or R” still the conclusions of the theorem
hold good.

Example 9.49: Let S = {N. (Z'T U (0))} be a pure neutrosophic
interval semiring. S contains the degenerate pure neutrosophic
set P = {[a, a] | a € ZT U {0}} and P is a neutrosophic
semifield.

Thus S is a S-ring. Hence we can say all interval semirings
built using Z" U {0} or Q" U {0} or R" U {0} are S-semirings.

However we have a class of interval semirings which are
not S-semirings.

We will illustrate this situation by an example.

Example 9.50: Let S = {N. (3Z'T U {0})! be an interval
neutrosophic semiring. S is not a S-semiring.

Example 9.51: Let T = {N, (12Z'T U {0})} be an interval

neutrosophic semiring.
T is not a S-semiring.
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THEOREM 9.4: Let S = {N. nZ'I U {0}) | 2 <n € Z'} be a
neutrosophic interval semiring. S is not a S-semiring.

Proof is direct (if closed interval is replaced by open interval or
open-closed interval or closed-open interval then also the
conclusions of the theorem holds good).

Example 9.52: Let S = {N, (<5Z" U I> U {0})} be a
neutrosophic interval semiring. S is not a S-semiring.

Example 9.53: Let S = {N, (<6Z" U I> U {0})} be a
neutrosophic interval semiring S is not a S-semiring.

In view of these two examples we proceed onto state the
following theorem. The proof of which is direct.

THEOREM 9.5: Let T = (N, (<nZ' U I> U {0})} be a
neutrosophic interval semiring, 2 <n < co. T is not a S-semiring.

Thus we have an infinite class of neutrosophic interval
semirings and pure neutrosophic interval semirings which are
not S-semirings. But all these classes of neutrosophic interval
semirings be them S-semirings or not have zero divisors but
have no idempotent or nilpotent.

Now we will give other type of interval semirings and
neutrosophic interval semirings.

Example 9.54: Let S = {([a), bi] [az, by] [a3, b3]) | [a;, bi] € Ne
(Z" U {0})} be a interval semiring under usual addition and
multiplication.

[a;,b,] [a,,b,]
[a37b3] [a4ab4]
N(Q" U {0}} be a natural class of interval semiring under usual
matrix addition and multiplication.

If we replace N, (Q" L {0}) by N. (Q" T U {0}) or N, (<Q"
v > U {0}) we get the neutrosophic interval semirings.

Example 9.55: Let S = {[ } where [a;, bj] €
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Example 9.56: Let W = {7 x 7 interval matrices with entries
from N, (Zs;)} be the matrix interval semiring of finite order.
W is a S-semiring.

Example 9.57: Let M = {all n x n interval matrices from N (Z"
U {0})} be a interval matrix semiring.

Clearly M is of infinite order commutative, have zero
divisors and is a S-semiring.

If we replace in these examples the intervals by
neutrosophic intervals and pure neutrosophic intervals the
results and examples are true. Interested reader can develop
these concepts and give examples of them which is a matter of
routine. Now we proceed onto give examples of interval
polynomial semirings.

Example 9.58: Let S = {z [aibi]x' | [, bi] € N(Z" U {0})}
i=0
be the polynomial interval semiring of infinite order.

Example 9.59: Let R = {Z (anbix' | (a, bi] € Noo( Q" U {0})}
i=0
is an interval polynomial semiring which is a S-semiring.

Example 9.60: Let S = {Z (a,b)x' | (ai, b)) € No(Zy)} is an
i=0
interval polynomial semiring.
Now in these semirings if Z* U {0} is replaced by Z'T U
{0} or<Z" UI>U {0} or QT U {0} or RTU {0} or <R"UI> U
{0} we get the interval neutrosophic polynomial semiring.

Example 9.61: Let T = {z [a,bi]x' | [a;, bi] € NJ(Z'TU {0})}
i=0

is a neutrosophic interval polynomial semiring of infinite order

which is commutative.
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Example 9.62: Let R = {Z (a,b)x' | (a, b)) € N, (<Z, U I>)}
i=0

be a neutrosophic interval polynomial semiring R is a S-
semiring.

All polynomial semirings built using intervals No(<Z" U I>
U {0}) No(<Q" U I> U {0}) and Noo(<R" U I> U {0}) are all S-
semirings.

As in case of polynomial interval semirings we can in case
of polynomial interval neutrosophic semirings also derive all
related properties as a matter of routine.

We can have all substructures and special elements like
units, zero divisors, idempotents and their Smarandache
analogue.

Neutrosophic interval semirings also follow all the
properties with appropriate simple modifications [13].

Now we proceed onto define neutrosophic interval rings
using N¢(Z) or N, (R) or Ny(Q) and so on.

DEFINITION 9.3 : Let S = {N. (ZI)} be the collection of all
closed intervals.

1. Sis a group under addition (S is a commutative group).

2. Sis a semigroup under multiplication.

3. The operation on S distributes that is a (b + ¢) = ab +

acand (a + b) c =ac + bc forall a, b, c in N.(Z).

Thus S is a ring defined as the pure neutrosophic interval ring
of integers.

If Z1 is replaced by <Z U I> we just get the neutrosophic
ring of integers.

If ZI is replaced by QI (or <Q U I>) in definition 9.3 we get
the pure neutrosophic interval ring of rationals (or neutrosophic
ring of rationals).

If ZI is replaced by RI (or <RUI>) in definition 9.3 we get
the pure neutrosophic interval ring of reals (or neutrosophic ring
of reals).

If ZI1 is replaced by Z,I (or <Z,UI) in the definition we
get the pure neutrosophic ring of modulo integers (or
neutrosophic ring of modulo integers).

118



We see the closed interval in the definition can be replaced by
open intervals, open-closed intervals or closed-open intervals
and the definition continues to hold good.

We now proceed onto give some examples.

Example 9.63: Let R = {N.. (Z)} = {(a;, b;] | a;, b; € ZI} be a
pure neutrosophic ring which is commutative and is of infinite
order.

Example 9.64: Let W = {N.(QD} = {[a;, b;] / a;, b; € QI} be the
pure neutrosophic commutative ring of infinite order.

Example 9.65: Let M = {N,, (RD)} = {[a;, b;) / a;, b; € RI} be
the pure neutrosophic commutative ring of infinite order.

Example 9.66: Let P = {N, (Zyl)} = {(a, b) | a, b, € Zyl} be a
pure neutrosophic commutative ring of finite order.

Example 9.67: Let R = {N, (SRUI>)} = {[a, b] | a, b € <RUI>}
be the neutrosophic ring of reals of closed neutrosophic
intervals.

We will just show how addition and multiplication are
performed in R.

Consider x =[5+ 2I,-7+ 5] and y = [-3 + 81, -I] in R.

x+y=[2+10L -7 +4[]isinR.

x-y=[5+2L -7+ 5I] x[-3+ 8L, -I]

=[-15- 61 + 401+ 16l, 71 - 5I]

=[-15+ 501, 2] is in R.

Example 9.68: Let R = {N,. (<Z; U I>)} be a ring of finite
order. R is a neutrosophic interval ring.

Example 9.69: Let M = {N, (<Zy U [>)} be a commutative
neutrosophic interval ring with unit of finite order.

Example 9.70: Let W = {N,. (<3Z" U I>)} be a neutrosophic
interval ring of finite order and has no unit.
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Example 9.71: Let M = {N, (PI) | P = {0, 2, 4, 6, 8§, 10, 12, 14,
16, 18} < Z,} be a finite neutrosophic interval ring with no unit
and M is commutative.

We can define substructures and special elements as in case
of ring.

We will illustrate these by examples and leave the task of
defining them to the reader as it is a matter of routine.

Example 9.72: Let R = {N, (ZI)} be the neutrosophic interval
ring, T = {N; (8ZI)} < R be a subring as well as an ideal of R.
Clearly T is not a maximal ideal.

Consider M = {N. (3Z])} < R is a subring as well as an
ideal of M but is a maximal ideal of R.

In fact R has infinitely many maximal ideals and subrings.

Example 9.73: Let W = {N, (<RUI>)} be a neutrosophic
interval ring. Take M = {(0,a) | a € <RUI>} < W is again a
subring as well as ideal of W.

Infact T= {(a, 0) /a € Rl c <R U >} < W is again a
subring as well as ideal of W.

But V.= {(0, a) | a € N, (R) € N, (<RUI>)} is only a
subring and not an ideal of V.

Thus we have subrings which are not ideals of W in case of
neutrosophic rings also.

We cannot in general define neutrosophic interval fields.

We have only S-neutrosophic interval rings that too not all
interval rings are S-neutrosophic rings. We see in general
neutrosophic ring Ny(<nZ" U I> U {0}) are not S-neutrosophic
forn=1,2,....

Further we do not have interval fields or neutrosophic fields
using these natural class of intervals. We can use only S-interval
rings. Likewise we do not have interval semifield or
neutrosophic interval semifields we only use S-semirings in
building the S-interval semivector spaces and S-neutrosophic
interval semivector spaces. Also use S-rings to study S-linear
algebra and S-neutrosophic linear algebra.
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Now the concept of substructures zero divisors, idempotents
etc. can be derived as in case of usual rings [16]. The definition
of neutrosophic interval vector space can be defined on three
types of S-rings viz., and over fields and neutrosophic fields.

We will just briefly give the definition of these concepts.

Let No(ZI) (or N(<ZUI>) or No(QI) or N(RI) or Ngc
(<QuUI>) or No(<RUI>) be S-neutrosophic interval S-rings.

Q or R or Z, be usual fields. QI or RI or Z,I be pure
neutrosophic fields (p a prime).

DEFINITION 9.4: Let V be a interval neutrosophic abelian
group under addition with entries from N,(ZI) (or N,(<ZUI>)
or N(QI) or Ny (SQUI>) or N.o(RI) or Ny(<RUI>), here they
can be open intervals or closed intervals or half open-closed or
half closed open intervals). Suppose F'is a real field Q or R then
we define V to be a neutrosophic interval vector space of type I
over Fifforallv e Vanda € F, va and av € V and

1. (vitvy)a=va+va

2. (atb)v;=av;+ by,

3 0-v=0

4. 1 -v=vforallv,v,voinVanda b €F.

We will give an example of this.

Example 9.74. Let V = Ny(QI) be an additive group of
neutrosophic intervals. Let F = Q be the field. V is a
neutrosophic interval vector space over Q.

Example 9.75: Let V = N, (<QUI>) be a neutrosophic interval
vector space over Q. Infact V is a linear algebra.
We see V is not a neutrosophic interval vector space over R.

Example 9.76: Let V = N, (RI) be neutrosophic interval vector
space over Q (or over R).

Clearly V is a pure neutrosophic interval linear algebra over
Q (or over R).

Example 9.77: Let S = {N,. (SRUI>)} be a neutrosophic vector
space over R of type 1.
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Now finding subspaces, basis and linear transformations in
case of neutrosophic interval vector spaces of type I is a matter
of routine and is left as an exercise to the reader.

Now we proceed onto give one example of a finite
neutrosophic interval vector spaces of type L.

Example 9.78: Let V = {N. (Zs])} be a neutrosophic interval
vector space of type I over the field Zs.

We now define type II neutrosophic interval vector spaces.

DEFINITION 9.5: Let V = N, (QI) (or N. (<QuUI>)) be the
collection of all neutrosophic intervals. Consider the
neutrosophic field QI. V is a vector space over QI; defined as
the neutrosophic interval vector space of type I1.

We can replace QI by RI or <RUI> and the result will be true.
We will give examples of them.

Example 9.79: Let V = {N,. (QI)} be a neutrosophic interval
vector space of over the neutrosophic field QI = F of type II.

Clearly dimension of V over F is 2. The basis of V over F is
{(1, 0], (0, I]}. For any x = (al, bI] = a(I, 0] + b(0, I].

Example 9.80: Let V = {N. (<RUI>)} be a neutrosophic
interval vector space over the neutrosophic field RI of type II.

V is also a neutrosophic interval linear algebra of type II.
Example 9.81: Let V = {(a;, a5, ..., ag) | a; € N, (QI); 1 i< 8}
be a neutrosophic interval vector space over the field Q of type

L

Example 9.82: Let

W= a; € Ny (RI); 1<i<4)
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be a neutrosophic interval vector space over Q of type I. W is
infinite dimensional and W is not a neutrosophic interval linear
algebra over Q.

Example 9.83: Let M = {all 3 x 5 neutrosophic interval
matrices with entries from N, (QI)} be a neutrosophic interval
vector space over the field Q of type 1. Clearly M is not a
neutrosophic interval linear algebra over Q.

Note: If we define V or W or M over the neutrosophic field QI
we would get neutrosophic interval vector space of type II.

Example 9.84: Let

V= {Z (a:, b)) X'| (i, by) € N (RI)}
i=0
be a neutrosophic interval vector space of type I over Q (or R).
(If V is defined on the field QI (or RI) then V is a neutrosophic
interval vector space of type II).

Clearly this V is a neutrosophic interval linear algebra over
Q (or R) of type I (or type II when defined over QI or RI).

Example 9.85: Let V = {9 x 9 neutrosophic interval matrices
with entries from N (<QuUI>)} be the neutrosophic interval
vector space over the field Q of type I (or over the field QI of
type II). Clearly V is a neutrosophic interval linear algebra of
type I over Q (or type II over QI).

We see as in case of usual interval vector spaces in case of
neutrosophic interval vector spaces of type I and II also we see
every neutrosophic linear algebra is a neutrosophic vector space
and not conversely.

Next we proceed onto define type III and type IV neutrosophic
interval vector spaces.
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DEFINITION 9.6: Let V = {N. (QI)} (or N, (Ql) or N,. (RI) or
N., (<QuUI>) or N, (KRUI>) and so on) be a Smarandache
neutrosophic interval vector space over the interval S-ring
Ne(Z) (or N Q) or N.(R)). We call V a S-neutrosophic interval
vector space of type Ill over the interval S-ring N.(Q) (or
N.(Z)). It is to be noted if V contains closed intervals then the
interval S-ring must also be closed intervals.

It cannot be defined over open intervals or half open-closed
intervals or half closed-open intervals.

Likewise if V contains open intervals the interval S-ring
must also be a open interval S-ring of type III.

Further if V is the collection of half open-closed neutrosophic
intervals then V can only be defined over the half open-closed
interval S-ring. We will give examples of them.

Example 9.86: Let T = {N,. (QI)} be the S-neutrosophic
interval vector space over the interval S-ring F = N,(Q) (or F =

Noc (2)).

Example 9.87: Let V = Ny(RI)} be a S-neutrosophic interval
vector space over the interval S-ring F = N,(Q).

Example 9.88: Let W = {N, (QI)} be a S-neutrosophic interval
vector space over the interval S-ring F = N, (Q).

Example 9.89: Let P = {all 3 x 2 neutrosophic interval matrices
with entries from
N (SRUI>) be a S-neutrosophic vector space of type III over
the interval S-ring F = N,(Q).

Example 9.90: Let

V= {i (ai, by) xi| (a;, b;] € Ny (KQUI>)}
i=0

124



be a S-neutrosophic interval linear algebra of type III over the
interval S-ring F = N, (Q).

Example 9.91: Let S = {all 10 x 10 neutrosophic interval
matrices with entries from N (<QuUI>)} be a S-neutrosophic
interval linear algebra of type III over the interval S-ring W =
N (Q).

Now having seen the definition and some examples all the
notions related to vector spaces can be derived as a matter of
routine without any difficulty.

Now we proceed onto define type IV S-neutrosophic interval
vector spaces defined over the neutrosophic interval S-rings.

DEFINITION 9.7: Let V = N, (SRUI>) be an additive abelian
group of neutrosophic real intervals. V is a Smarandache
neutrosophic interval vector space of type IV over the
Smarandache neutrosophic interval S-ring F = N.(QI) (or N,
(<QuUI>) or N. (SRUI>) or N.RI) if the vector space
postulates are true or equivalently we can say in the definition
of type III vector spaces replace the interval S-ring by
neutrosophic interval S-ring.

We will illustrate this situation by some examples.

Example 9.92: Let M = {(a,, a,, a3, a4) | a; € N, (KQUI>)} be a
S-neutrosophic interval vector space of type IV over the
neutrosophic interval S-ring T = N, (QI).

Example 9.93: Let B = {all 5 x 2 neutrosophic interval matrices
with entries from N, (QI)} be a S-neutrosophic interval vector
space of type IV over the S neutrosophic interval S-ring F = N,
(QI). Clearly B is not a S-neutrosophic interval linear algebra
over F of type IV.

Example 9.94: Let M = {8 x 8 neutrosophic interval matrices
with entries from N, (<RUI>)} be a S-neutrosophic interval

linear algebra of type IV over the neutrosophic interval S-ring F
= N(RD).
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Example 9.95: Let P = {2 x 9 neutrosophic interval matrices
with entries from N, (QI)} be a S-neutrosophic interval vector
space over the neutrosophic interval S-ring F = N, (QI). Clearly
P is not a S-neutrosophic interval linear algebra of type IV.
Other related properties for these structures can also be derived
as a matter of routine.

Now we proceed onto define four types of neutrosophic interval
semivector spaces.

DEFINITION 9.8: Let V be a semigroup under addition with zero
built using the natural class of neutrosophic — intervals. If Vis a
semivector space over a real semifield. We define V to be a
neutrosophic semivector space of intervals of type 1.

We will illustrate this situation by some examples.

Example 9.96: Let

V= a, e Ny (Z'Tu {0}); 1<i< 4}

be a semivector space of neutrosophic intervals or neutrosophic
interval semivector space over the semifield S = Z" U {0} of

type L.

Example 9.97: Let V=N, (Q'TuU {0}) be a semivector space of
neutrosophic intervals of type I over the semifield S =Z" U {0}.

Example 9.98: Let M = {all 2 x 2 neutrosophic interval
matrices with entries from N, (<Z" U I> U {0})} be a
semivector space of neutrosophic interval matrices over the
semifield S = Z" U {0} of type L. Infact M is a semilinear
algebra of type I.
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Example 9.99: Let

V= {i [a;, b;) X' where [a;, b)) € N, (Q'TU {0})}

i=0

be a neutrosophic interval polynomial semivector space of type
I over the semifield F = Q" U {0}. Infact V is a linear algebra of
type L over F.

Example 9.100: Let V = {3 x 7 neutrosophic interval matrices
with entries from (a;, b;] € N, (KR" U I> U {0})! be a
neutrosophic interval polynomial semivector space of type I
over the semifield S = Q" U {0}. Clearly V is not a semilinear
algebra over S of type L.

We can as in case of semivector spaces define substructures,
transformations and so on for type I semivector spaces. This
task is easy and it can be taken as a matter of routine.

Now if in the definition replace the real semifield by
neutrosophic semifield we define these neutrosophic interval
semivector as type Il semivector space.

We will illustrate this situation by some examples.

Example 9.101: Let V = {N,. (Z" 1 U {0})} be a neutrosophic
interval semivector space of type Il over the neutrosophic
semifield F=ZTu {0}.

Clearly V is not a neutrosophic interval semivector space of
type II over the neutrosophic semifield QI U {0}.

Example 9.102: Let M = {2 x 2 neutrosophic interval matrices
with entries from N, (Q'T U {0})} be a neutrosophic interval
semivector space of type Il over the neutrosophic semifield S =

QTu {0}.

Example 9.103: Let T = {all 3 x 2 neutrosophic interval
matrices with entries from N; (Z;5])} be a neutrosophic interval
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semivector space over the neutrosophic semifield S = Zol.
Clearly T is not a neutrosophic interval semi linear algebra.

Example 9.104: Let P = {all 6 x 6 neutrosophic interval
matrices with entries from N, (SR"UI> U {0})} be the interval
neutrosophic semivector space of type Il over the neutrosophic
semifield S=R'TU {0}.

The notion of defining and analyzing the properties of basis,
substructures and transformations or operations is a matter of
routine.

Next if in the definition the semifield is replaced by the
natural class of real intervals we get the S-neutrosophic interval
semivector space of type IIL.

We will illustrate this situation by some examples.

Example 9.105: Let S = {N,. (Z'T U {0})} be a Smarandache
neutrosophic interval semivector space of type III over the real
interval S-semiring F =N, (Z" U {0}).

Example 9.106: Let V = {N. (R'T U {0})} be the Smarandache
neutrosophic interval semivector space of type III over the real
interval S-semiring F = N (Z" U {0}).

Example 9.107: Let V = {N,. (Q'T U {0})} be the Smarandache
neutrosophic interval semivector space of type III over the
interval semiring F = N, (Q" L {0}).

Now all properties related with these S-neutrosophic
interval semivector spaces can be derived in case of type III S-
semivector spaces also with appropriate modifications without
any difficulty.

Next in the definition if we replace the semifield by the
neutrosophic interval S-semiring then we get type IV interval
neutrosophic S-semivector spaces or S-interval neutrosophic

semivector spaces.

We will illustrate this situation by some examples.
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Example 9.108: Let V = N, (Z'T U {0}) be a Smarandache
neutrosophic interval semivector space of type IV over the
Smarandache neutrosophic semiring F = N(Z'Tu {0}).

Example 9.109: Let S = {N,. (Q'T U {0})} be a Smarandache
neutrosophic interval semivector space of type IV over the
neutrosophic interval S-semiring. Noo(Z'T U {0}).

Example 9.110: Let W = {all 2 x 2 neutrosophic interval
matrices with entries from N(<R™ U I> U {0})} be a S-
neutrosophic interval semivector space of type IV over the
neutrosophic interval S-semiring NJ(Z'T U {0}).

All properties can be derived for these type IV neutrosophic
interval S-semivector spaces also.

Finally we just indicate how all these results can be carried
out if we replace neutrosophic real intervals N (<RUI>) built
using by N (<[0,1] v [0,I]>) where N, (<[0,1] U [0,I]>) = {[a,
b] where a = a, + a,l and b =b; + b,I with a,, ay, by, b, € [0,1]}.

These intervals will be known as fuzzy neutrosophic
intervals. Ny (<[0,1] U [0,I]>), Ne(<[0,1] U [0, I]>) and N,
(<[0, 1] v [0, I]>) can also be defined. All results so far studied
and defined for real neutrosophic intervals hold good for fuzzy
neutrosophic intervals also.

By default of notations we accept [a,b] or (a, b) or [a, b) or
(a, b] as an interval even if a and b are not comparable.

Thus (0.5 + 0.81, 0.9 + 0.31) (0, 0.I) (0., 0.03), (0.0031, 0.2)
are all neutrosophic fuzzy intervals. Thus we at this stage
relinquish the comparison of the components of the interval.
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Chapter Ten

APPLICATIONS OF THE ALGEBRAIC
STRUCTURES BUILT USING NATURAL
CLASS OF INTERVALS

These natural class of intervals are basically introduced by the
authors so that all classical arithmetic operations of reals can be
easily extended to N.(Q) or N.(R) or N.Z) without any
difficulty. We see clearly N.(Z) = N.(Q) < N¢(R).

If the closed intervals are replaced by class of open intervals
or open-closed intervals or by closed-open intervals, still the
containment relation hold good. However we do not mix up
open interval Ny(Z) with the closed intervals N, (Z) or open-
closed intervals N, (Z) or closed-open intervals No(Z).

These structures will find applications in stiffness matrices
and in all places where finite element methods are used.

Further by approximating to an interval in place of a fixed
value we have more flexibility in choosing the needed values.

These algebraic structures are quite new and in due course
of time they will find applications. Also these structures will be
more useful than the usual interval used so far, as we do not use
any max-min or other operations only usual classical operations
will be used. We have built algebraic structures using these
natural class of intervals N¢(Z) or so on. Also we have intervals
constructed using neutrosophic intervals, fuzzy intervals and
fuzzy neutrosophic intervals. These intervals will also find their
applications in due course of time.
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Chapter Eleven

SUGGESTED PROBLEMS

In this chapter we suggest around 202 problems some of which
are research level some simple some just difficult. Interested
reader can solve them for it will improve the understanding of
this notions in thic book .

Is S = {[a, b] | [a,b] € N. (Z5)} a semigroup under
multiplication?

Does a semigroup of natural intervals of order 27 exist?
IsP={(a, b) | (a, b) € N,(Z,)} a semigroup under addition?

Obtain some interesting properties about the semigroup S =
{(a, b]/ (a, b] € Noe(Z)} under multiplication.

Let G = {(a, b] | (a, b] € Ny (Zg)} be a semigroup under

multiplication.
1. Find zero divisors in G.
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ii.  Can G have S-zero divisors?
iii.  Find idempotents in G.
iv.  Can G have S-idempotents?
v.  Does G have S-units?
vi.  Find the order of G.
vii.  Can G have ideals?
viii.  Can G have subsemigroups which are not ideals of G.?

Let W = {[a, b] | [a, b] € N (Z)} be a group under addition.
i.  Find subgroups in W.
ii.  Give a nontrivial automorphism on W.
iii.  Let P={[a, b]|[a, b] € N.(3Z)} — W. Find W/P. What

1.
iii.
1v.

11.
iii.
1v.

1.
11i.
1v.

vi.
Vil.

could be the algebraic structure on W/P = {[a, b] + P |
[a,b] € Nc(2)}.

1v. Is W/P of finite order?

Let S= {[a,b) | [a, b) € N.o(Q)} be the semigroup.

Find ideals in S.

Find a subsemigroup of S which is not an ideal of S.
Prove S has zero divisors.

Can S have nontrivial units?

Prove S cannot have nontrivial idempotents or nilpotents.

Let S = {[a, b] | [a, b] € N.(Z},)} be a semigroup.
Find the order of S.

Can S have ideals?

Can S have idemoptents?

Give some examples of idempotents and units in S.

Let P = {(a, b] | (a, b] € N (Z19)} be a semigroup under
multiplication

Find the order of P.

Does P have ideals?

Does P have subsemigroups which are not ideals?

Can P have zero divisors?

Does P contain S-idempotents?

Can P have S-units?

Find subsemigroups in P whose order does not divide order
of P.
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10.

11.
1ii.
1v.

V1.

11.

1.
iii.
1v.
Vi.

Vil.
Viil.

12.

1i.
111.
1v.

V1.

13.

1l.

ii.
1v.

Let G = {[a;, b)) | [a;, b)) € Neo(Z49)} be the group under
addition.

Find order of G.

Find subgroups of G.

Is Lagrange’s theorem true in G?

Does G have Sylow subgroups?

Find the order of at least 10 elements in G and verify
Cauchy theorem for them.

H be a subgroup of G. Find G/H.

Let G = {[a;, b;] | [a;, bi] € No(Z4o)} be a semigroup under
multiplication.

What is the order of G?

Find zero divisors in G.

Is G a S-semigroup?

Does G have S-subsemigroups?

Does G satisfy S-weak Lagrange theorem?

Can G have S-zero divisors?

Enumerate any other property related with G.

Does G contain S-Cauchy elements?

Let S = {[a}, a], [by, b2]) | [a1,a2], [b1, ba] € N (Zg)} be a
semigroup under multiplication.

Find the order of S.

Can S have zero divisors?

Give example of idempotents if any in S.

Find S-ideals if any in S.

Find S-subsemigroups if any in S.

Does S satisty S-weakly Lagrange theorem?

Let G= {(a, b) | (a, b) € Ny(Z5)} be a group under addition.
Find the order of G.

Prove Lagrange theorem for finite groups is true in case of
G.

Find atleast three subgroups of G.

Find Cauchy elements in G.

Does G have p-Sylow subgroup?
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vi.

14.

11.
ii.

15.

1.
ii.

16.

1.
iii.
1v.

17.

1.
ii.
1v.
Vi.

Vil.
Viil.

18.

1.
ii.

Find two subgroups H;, H, in G H; # H, and find G/H, and
G/H2 so that G/Hl = G/H2

Let V={(a,b)|(a, b) € N,(Z)} be a group under addition;
Find subgroups of V.

Can G have an element of finite order?

Is V = Z (Z a group under addition of positive and negative
integers)?

Let M = {(a, b] | (a, b], € Noc (Zs)} be a semigroup under
multiplication?

What is the order of M?

Is M a S-semigroup?

Find S-ideals of M.

Let T = {(a, b) | (a, b) € N, (R)} be a semigroup under
multiplication.

Find subsemigroups which are not ideals.

Is T a S-semigroup?

Find ideals in T.

Can T have S-ideals?

Is {(1, -1), (-1,1), (1,1), (-1,-1)} < T a group under
multiplication?

LetP = {([8.1, bl), [8.2, bz), [3.3,b3)) | [ai, bl) S Nco (le); 1 Sl
< 3} be a semigroup under product.

Find order of P.

Can P have ideals?

Is P a S-semigroup?

Can P have S-subsemigroups?

Can P have S-ideals?

Does P have S-zero divisors?

Can P have S-idempotents?

Does P have S-Cauchy elements?

Let P in problem (17) be under addition ;

Is P a group?

Verify Lagrange’s theorem for P, if P is a group.
Find the order of P.
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19.

1.

20.

1i.
111.
1v.

21.

1i.
111.
1v.

22.

1i.
111.
1v.

23.

1.

[by,a]

_ [b,,a,] . .
Let V = [bi, ai] € Ne (Z1g) ; 1 £1<4} be a
[bs,a,]
[b,.a,]
semigroup under addition.
Find order of V.

Find subsemigroups of V.

5

Let S = {z [ai,bi]xi‘ x® =1, [a, b] € N; (Z7)} be a
i=0

semigroup under multiplication.

What is the order of S?

Find ideals in S.

Is S a S-semigroup?

Find some subsemigroups of S which are not S-

subsemigroups.

Let S = N¢ (Zyg) = {[a, b] | [a, b] € N(10)} be the
semigroup under multiplication.

Find order of S.

Is S a S-semigroup?

Find S-ideals if any in S.

Find idempotents in S.

Can S have S-semigroups which are not S-ideals?

Let S = {[a, b] | [a, b] € Nc(Z;3)} be a semigroup under
addition.

Can S have ideals?

What is the order of S?

Find subsemigroups of S.

Is S a S-semigroup?

Find S-subsemigroups if any in S.

Let S = {(a, b] | (a, b] € Noe(3Z)} be a semigroup.

Can S be a S-semigroup?
Does S have ideals?
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iii.

24.

1.
111.
1v.

Vi.
Vii.

25.

1.
iii.
1v.

26.

ii.

iii.
1v.

27.

11.
iii.
1v.

V1.

Find subsemigroups of S which are not ideals of S.

Let M = {(a, b) | (a, b) € Ny(R)} be a semigroup under
multiplication.

Is M a S-semigroup?

Find ideals in M.

Find subsemigroups in M which are not ideals.

Find S-subsemigroups on M which are not S-ideals.

Can M have zero divisors?

Can M have idempotents?

Can M have S-units?

Let G = {(a, b] | (a, b] € Ny (Z19)} be a group under
addition.

What is the order of G?

Is G a Smarandache special definite group?

Find subgroups of G.

Find for some subgroup H the quotient group G/H.

Let W= {[a, b] | [a, b] € N(Z;5)} and V = {[a, b] | [a, b] €
Nc(Z50)} be groups under addition.

Find orders of W and V.

Find a homomorphism in ¢ from W to V which has non
trivial kernel.

Prove Cauchy theorem for V and W.

If on V and W the operation ‘+’ is replaced by x can V and
W be groups?; justify your answer.

Does there exist a homomorphism ¢ from V and W so that
V/ker ¢ = W?

Let M = {([a, b], [c, d]) | [a, b], [c, d] € N¢ (Zy)} be a
semigroup under multiplication.

Find order of M.

Prove M has zero divisors.

Is M a S-semigroup?

Can M have S-zero divisors?

Will M be a S-weakly Lagrange semigroup?

Find ideals in M.
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28.

29.

30.

31.

32.

11.
1.
1v.

V1.

33.

1.
11i.
1v.

V1.

34.

1i.
iii.
1v.

V1.

Let (G, +) be a S-special definite group of natural class of
intervals built using N, (Z). Determine some interesting
properties about G. Is Z embeddable in G?

Obtain some interesting properties enjoyed by (N¢ (Z12), x).

Enumerate the special properties enjoyed by (Noc (Z10), +)
and compare it with (N (Z10), x). What are the algebraic
structures that can be associated with them?

Find some interesting properties about the rings {N,.(R), +,

x}.

Let R = {N.(Z4), +, x} be a ring.

Find order of R.

Find ideals in R.

Is R a S-ring?

Find subrings in R which are not ideals.
Does R contain S-zero divisors?

Find S-idempotents if any in R.

Let S = {N¢o(Z5), +, x} be a ring of finite order.

Find the order of S.

Find S-ideals if any in S.

Does S have S-zero divisors?

Find an ideal I in S, and what is the algebraic structure
enjoyed by S/I?

Can S have S-units?

Is S a S-ring?

Let S = {Ne(2), +, x} be a ring. Enumerate all properties
associated with S.

Is S a S-ring?

Can ever S be an integral domain?

Can S have subrings which are not ideals?

Can S have S-ideals?

Find an ideal I and find S/I.

Can S have S-zero divisors?
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35.

1.
1ii.
1v.

V1.

36.

11.
iii.
1v.

Vi.
Vii.

37.

11.
iii.
1v.
Vi.

Vil.
Viil.

[a;,b,)

[a,,b,)

Let V= [ai, b)) € Neo (Zy9) ;1 <1<10} be a

[a19,b10)

semigroup.

Prove V is finite and find its order.

Is V a S-semigroup?

Can V have zero divisors?

Find S-subsemigroup if any in V.

Can V have S-ideals?

Does V satisfy S-Lagrange theorem for subgroups?

Let V = {([a}, b1), [a, b2), ..., [as,bs)) | [ai, bi)€ Neo (Z3) 5 1
<1< 8} be a semigroup under multiplication.

What is the order of V?

Is V a S-semigroup?

Find S-zero divisors if any in V.

Find S-ideals if any in V.

Can V have ideals which are not S-ideals?

Can V have S-Cauchy elements?

Prove V cannot be a group.

[b,a,] [by.a,]
Let S = <|[b,,a,] [bs,as] || [bi,a] € Ne(Zo); 1<1<6}
[by,a;] [bg,a4]

be a semigroup under addition.

Find the order of S.

Can S have S-zero divisors?

Find zero divisors in S.

Find S-ideals if any in S.

Find subsemigroups of S.

Is S a S-semigorup?

Does S satisfy S-weakly Lagrange subsemigroup condition?
Can S have idempotents?
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38.

1i.
1.
1v.

Vi.
Vii.

39.

11.
iii.
1v.

Vi.
Vii.

40.

11.
ii.

41.

11.
iii.
1v.

Vi.
Vii.

7

LetS= {Z [a;, b)) x'[ [a,b;) € Ngo (Z11)} be a semigroup.
i=0

Find order of S.

Does S satisfy S-weakly Lagrange theorem?

Does S have S-Cauchy elements?

Is S a S-semigroup?

Can S have S-ideals?

Can S have subsemigroups which are not S-subsemigroups?

Can S have zero divisors?

7
Let S = {Z [a,,b.]x'| [a, bi] € N; (Zs), x* =1} be a
i=0
semigroup under multiplication.
Find the order of S.
Can S have S-ideals?
Can S have zero divisors?
Does S contain subsemigroups which are not ideals?
Can S have S-subsemigroups which are not S-ideals?
Can S have idempotents?
Does S satisfy S-Lagrange theorem?

12
LetG= {Z [a,,b,) x'| [a;, b)) € Ne, (Z3)} be a semigroup

i=0

under addition.

Find order of G.

Find subsemigroups of G.
Is G a S-semigroup?

Let S = {N, (Zs), +, x} be a ring.

Is S a S-ring?

Find order of S.

If1={(0, a) | a € Zs} < S be an ideal. Find S/I.
Is S/I an integral domain or a semifield?

What is the order of S/I?

Does S have S-zero divisors?

Find all ideals in S.
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Viii.

42.

11.
1.
1v.

vi.
Vii.
Viii.

43.

1.

iii.
1v.
Vi.
Vii.

44,

11.
1.
1v.

45.

46.

47.

11.

Can S have S-ideals?

Let R = {N¢, (Z5), x, +} be aring.

Is R a S-ring?

Find S-ideals if any in R.

Does R have S-units?

Find order of R.

IfI={[a,0)][a, 0) € Ne (Z13)} < R is an ideal of R find
R/

Is R/ an integral domain or a semifield?

What is the order of R/1?

Find S-idempotents of any in R.

Let R ={N.(Z1), +, x} and S = {N.(Z}), +, x} be rings.
Find the similarities and dissimilarities between S and R.
Define a ring homomorphism ¢ from R to S with nontrivial
kernel.

If kernel ¢ is M; is M an ideal of R?

CanR = S?

Are these rings S-rings?

Can R and S have S-ideals?

Can R and S have S-zero divisors?

Let R =(N,(3Z), +, x) be a ring.

Is R a S-ring?

Can R have S-ideals?

Can R have S-zero divisors?

IsI={(0,a)|a e 3Z} R be an ideal of R?
Find R/I.

Obtain some nice properties enjoyed by R = (N, (Z,), +, x),
p a prime.

Does there exist a semifield of natural intervals of order 53?

Let S = ([31,131] [a3,b3]]
[a,,b,] [a,,b,]

Is S a S-ring?

Find subrings in S.

[a;,b;] € N, (Zs)} be aring.
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1ii.
1v.
V1.
Vii.
Viii.

48.

11.
ii.

1v.

Vi.
Vii.

49.

11.
iii.
1v.

V1.

50.

11.

Does S have S-ideals?

Does S contain S-subrings which are not ideals of S?
Find zero divisors in S?

Can S have S-zero divisors?

What is the order of S?

Find units in S.

3

Let V= {Z [a.,b.] xi‘ [anbi] € Ne (Zs)}, X' = 1,0 <i <3}
i-0

be a ring.

Is V a S-ring?

Can V have S-subrings?

Can V have S-ideals?

3
Find for I = {Z [0,a,] xi‘ x'=1,0<i<3;a e Zs), the
i-0
ideal V/I.

Find order of V.

Can V have S-zero divisors?

Find whether V/I is an integral domain or a semifield or a
semiring.

LetR = {Z (a,,b.] xi\ (a,bi] € Nye (Z)! be a ring.
i-0

Is R a S-ring?

Can R have S-subring?
Find subrings of R.

Prove R has zero divisors.
Find ideals of R.

IfS= {z (0,a,] xi\ (0,a] € Noc (2Z)} < R; prove S is an
i-0

ideal of R. Is S a S-ideal of R? Justify your answer.

Let S = {3 x 5 open natural interval matrices with entries
from Ny(Zs)} be a semigroup under addition.

Find order of S.

Is S a S-semigroup?
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iii.

S1.

1i.
111.
1v.

Vi.
Vii.

52.

11.
ii.

53.

1i.
111.
1v.

V1.

54.

55.

56.

57.

Find subsemigroups and S-subsemigroups if any in S.

Let S = {5 x 5 closed interval matrices with entries from N,
(Z,)} be a semigroup.

Find order of S.

Is S commutative?

Find ideals in S.

Can S have S-ideals?

Find S-subsemigroups in S which are not ideals.

Does S have S-zero divisors?

Find S-idempotents if any in S.

Let T = {3 x 3 interval matrices from N, (Z7)} be a
semigroup.

Find order of T.

Is T a S-semigroup?

Is every subsemigroup of S a S-subsemigroup?

Let V= {N. (Z4)} be aring.

What is the order of V?

Is V a S-ring?

Find subrings of V which are not S-subrings.

Find ideals in V.

What is the order of V/I = {[0,a]+]1} where I is the ideal of
the form {[0,a]/a € Z4}?

Is V/I an integral domain? Justify!

Obtain some interesting properties enjoyed by interval ring
constructed using natural class of intervals.

Prove or disprove all classical results cannot be true in S =
{Nc (Z43)}, aring.

Find the special properties enjoyed by R = N (Z4), the
ring of finite order.

Let S = Ny (Z4s) and R = N, (Zs4) be two rings. Find a
homomorphism which has a nontrivial kernel.
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S8.

59.

60.

61.

11.
1ii.
1v.

V1.

62.

11.
iii.
1v.

63.

11.
iii.
1v.

V1.

64.

11.

Prove we can find semifields of finite order which are not
fields in the ring S = {Ny. (Z17)}.

Obtain some striking properties enjoyed by the ring R =
{N(2), +, x}.

How does vector space V = {N. (Q)} over the field Q differ
from the vector space Q over Q?

Let V= {N, (Z;)} be a vector space over the field Z;.

What is the dimension of V over Z;?

Find a basis of V.

Does V have subspaces over Z;?

Find a linear operator on V.

If T = {collection of all linear operators on V}, what is the
algebraic property enjoyed by T.

Is T a vector space over the field Z,?

Let V= {([al, 8.2], [az, bz]) | [ai, bl] S NC (Zlg) 5 1<i1< 2} be
a vector space over the field F = Z .

What is the dimension of V over F?

Find the number of elements in V.

Find subvector spaces of V.

Find a linear operator T on V with nontrivial kernel.

Find a basis of V.

Let V = {all 2 x 2 open interval matrices with entries from
No(Ze1)}, be a vector space over Zg.

Is V a linear algebra?

Find basis of V.

Is V finite dimensional?

Find the number of elements in V.

Find subspaces of V.

Find a linear operator T on V so that T ' exists.

Let R = {2 x 2 closed interval matrices with entries from
N.(Z3)}, be aring.

Is R commutative? (Prove your claim)

Find the order of R.
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1ii.
1v.
V1.
Vii.

65.

66.

11.
iii.
1v.

67.

11.
ii.

68.

69.

70.

71.

72.

73.

74.

Does R have right ideals?

Can R have left ideals only?

Does R contain ideals?

Is R a S-ring?

Does R contain a S-subring which is not an ideal?

Obtain some nice applications of interval groups N.(Z;)
under addition.

Let G = {N,(Zs)} be a group under addition.

Find order of G.

Does G contain subgroups?

Is G simple?

Verify Lagrange’s theorem for G by finding all subgroups
of R.

Is G a Smarandache strong group?

Let G = {[a, b] | a, b € Z;; \ {0}} be a group under
multiplication.

Find order of G.

Find subgroups of G.

Find automorphism group of G.

Prove G = {[a, b] | a, b € Z;;} is not a group under
multiplication.

Find some nice applications of rings using natural class of
intervals from N.(Z).

Is No(Z) a principal ideal domain?

Can N, (Z) be a unique factorization domain? Justify your
claim.

Can N,(R) be a principal ideal domain?
Determine some nice properties enjoyed by Ny.(Q).

Distinguish the rings Z and Ny(Z).
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75.

76.

7.

78.

11.
iii.
1v.

79.

80.

81.

82.

&3.

&4.

11.
ii.

What is the basic difference between the rings Z; and
No(Z7)?

Show N.(Z) has zero divisors.

Is R = N.(Z,) x No(Z3) = {([a, b], (a’, b)) | a, b, € Z, and a’
b' € Z3} aring? (direct product of rings (N.(Z,) and No(Z3)).

LetP= {([31, b]], [az, bz] [33, b3]) | a;, bi (S NC (Zg), 1<i< 3}
be a ring.

Find order of P.

Find ideals of P.

Find subrings of P.

Is P a S-ring?

Can interval rings constructed using natural class of
intervals be a principal ideal domain?

Can a ring of order 43 exists using natural class of
intervals?

Does every ring S = {N.(Z,)} (n < o) contain minimal and
maximal ideals?

Prove or disprove ring using natural class of intervals has
ideals!

Does there exists vector spaces of finite dimension built
using intervals which are not linear algebras?

(ar,by)
Is V.= <[(a,,b,) || (a, b)) € No(Z13); 1 <1< 3} a vector
(a;3,bs)

space over the field Z,; a linear algebra?
Find number of elements in V.

Is V finite dimensional?

Find a basis of V.

145



1v.

85.

86.

11.
iii.
1v.

Vi.
Vii.

87.

1i.
1.
1v.

Vi.
Vil.
viii.
1X.

88.

&9.

1l.

Find atleast 2 subspaces of V.

Let V = {all 4 x 4 interval matrices with entries from
N(Z7)} be a vector space over Z;. W = {all 2 x 8 interval
matrices with entries from Ny.(Z7)} be a vector space over
Z,. Let M = {all linear transformation of V to W}. Is M a
vector space over Z;? What is the order of M? (That is
number of elements in M).

Let V = {3 x 3 interval matrices from N.(Z;)} be a vector
space over Z;, the field.

Find a basis of V.

Is V a linear algebra?

Find subspace of V.

What is order of V? (No. of elements in V).

Find a linear operator on V which is one to one.

Find a linear operator on V which is not invertible.

If T = {all linear operators on V}. Is T a vector space over
Z5?

Let V={N,(Zy)} bearing, [ = {[0,a] | a € Z»5} = V be an
ideal of V.

Find V/I.

What is the order of V/I?

What is the order of V?

Find zero divisors in V.

Can V have S-zero divisors?

Can V have S-idempotents?

Can V have subrings which are not ideals?
Is V a S-ring?

Can V have S-ideals?

Let S = {Ny(Z43)} be aring, [ = {(a, 0) | a € Z43} be an ideal
of S. Answer all the questions (i) to (ix) proposed in
problem (87).

Let G = {Ny(Z41)} be a group under addition.

Find order of G.
Can G have subgroup?

146



iii.

1v.

90.

11.
ii.

1v.

91.

92.

93.

94.

95.

11.

ii.
1v.

V1.

96.

Find the order of (7, 8) and (13, 16), (11, 2) and (14, 3) in
G.

Find automorphism of G.

IsH={(0,a)|a e Z4} asubgroup of G?

Determine some special properties enjoyed by the group (G,
+) = Gl X Gz X G3 where Gl = NO(Z3), G2 = NC(Z5) and G3 =
Noc (ZIZ);

What is the order G?

Find atleast 5 subgroups of G.

Find the order of x = {((0,2), [4,2], (6,10])} and y = {((1,2),
[3,4], (10,3])} in G.

Find a nontrivial automorphism on G with nontrivial kernel.

Give an example of a ring S using natural class of intervals
which has S-zero divisors.

Give an example of a ring S using natural class of intervals
which has no S-zero divisors.

Can the ring S = {Ny(Z240)} have S-idempotents?
What is the order of the ring R = Ny(Z15) x N(Z5)?

Let R = R; x R, x R; x Ry where Ry = {N«(Z3)}; R, =
{No(Z10)}, R3 = {Noe(Z7)} and Ry = {N.o(Z¢)} are rings.
Find the order of R.

Define a homomorphism from R to R with nontrivial
kernel.

Can R have subrings which are not ideals?

Can R have S-ideals?

What is the condition for R to be a S-ring?

Obtain zero divisors and S-zero divisors if any in R.

Find the eigen values, eigen vectors and the characteristic
equation of the matrix;
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97.

98.

1.
ii.

99.

100.

11.
1ii.
1v.

101.

11.

0,8 (5,1) (G, (2,9

= 4D (6.2 (L5 (6.9 , where the entries are
8,-4) (7,0) (8,3) (4,0)
(5,0) (0,2) (3,5 (0,8

from Ny(R).

(0,2) (_791) (3’0)
Let P = 0 (1,2) (4,2) | be a matrix with entries
0 (0,00 G

from N,(R). Find eigen values and eigen vectors associated
with P.

[0,8] [0,2] © 0 0
[6,9] 0 [7,1] [&1] 9
Let M = | [7,0] [1,4] O 7 0| bealSx5
[1,2] 0 [8,2] [3,1] -6
[-3,6] [9,1] 4 1 0
matrix from N(R).
Find eigen values and eigen vectors of M.

Is M invertible?
Is M diagonalizable?

Prove any of the classical theorems in linear algebra for the
linear algebra’s built using natural class of intervals.

Let V= {N.(Z7)} be a vector space over Z,.
Find dimension of V.

Find the number of elements in V.

Give a basis of V.

Find subspaces of V.

Find a nontrivial linear operator on V.

Let V = (N,(Q)) be a vector space over the field Q.

Give a basis of V.
What is the dimension of V?
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iii.

102.

i.
1.
1v.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

11.
1.
1v.

Can V have proper subspaces?

Let V = {Nu«(Z3)} x {No(Z3)} x {Neo(Z3)} be a vector space
over the field Z;.

Find the number of elements in V.

Find a basis for V.

What is dimension of V?

Give some subspaces of V over Z.

Define an invertible linear operator on V.

Prove No(Z" U {0}) is a semiring and not a ring.
Is No(Q" U {0}) a semifield? Justify.
Can N,(3Z" U {0}) be a semifield? Justify.

Give some interesting properties about semirings built using
intervals.

Why S =N, (5Z" U {0}) is not a semifield?
IsS={N.(2Z" U {0})} x {N. (52" U {0})} a semiring?

Can the semiring S = N(R" U {0}) have zero divisors?
Justify! Is S a semifield?

Is S = {N¢(Z20)} a semiring? Justify your claim.
Can R = {N¢(Z49)} be a semifield?
Can we have a semifield using the class of natural intervals?

Let P = {([a;, &), [a2, bs], ..., [ag,bs]) | [a;, bi] € Ne (R™ L
{0}), 1 <i< 8} be a semiring.

Find subsemiring of P.

Is P a semifield?

Is P a strict semiring?

Can P have ideals?
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114.

1.
iii.
1v.

Vi.
Vil.

115.

116.

1i.
1.
1v.

117.

1.
iii.
1v.

V1.

118.

[alabl] [a45b4] [37,b7]
Let S = {|[a,,b,] [a5.bs] [agbg]|| [a bi] € Ne (Z' U

[a;,b;] [ag,bs] [ag,bq]

{0})} be a interval semiring.
Is S a strict semiring?

Can S have subsemiring?
Can S have zero divisors?

Is S a S-semiring?

Can S be a semifield?

Is S a commutative semiring?
Can S have S-subsemirings?

Obtain some interesting applications of interval semirings
built using the natural class of intervals.

Lav{im@ﬂﬂmwemuwuwmb“
i=0

semiring.

Is V a strict semiring?

Can V have zero divisors?
Can V be a semifield?

In V a S-semiring?

Can V have anti zero divisors?

Let V = {5 x 5 interval matrices with intervals from N(Z"
v {0})} be a semiring.

Find ideals if any, in V.

Prove V is noncommutative.

Can V have zero divisors and antizero divisors?

Can V have left ideals which are not right ideals?

Is V a S-semiring?

Find right ideals which are not left ideals in V.

Let V ={Z [a;,b;) x" [a;, b)) € N (Zs)} be a vector
i=0
space over the field Zs.
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1.
ii.

119.

11.
1ii.
1v.

120.

1.
iii.
1v.

Vi.
Vii.

121.

11.
iii.
1v.

122.

Find a basis of V.
Find subvector spaces of V
Is V a linear algebra over V?

8
Let V = {Z (a;,b,) x“ (ai, b)) € N, (Z13)} be a vector
i=0

space over the field Z3.

Find a basis of V.

Find the number of elements in V.
Can V be a linear algebra?

Find subvector spaces of V.

i=0
over the field R.

Prove V is finite dimensional.

Find a basis for V.

Prove V is of infinite order.

Find a linear operator T on V which is invertible.

Can V be a linear algebra?

Find atleast 3 vector subspaces of V.

Find a projection of a vector subspace W of V onto V.

3
LetV= {z [a;,b,] x“ [ai, bi] € N, (R)} be a vector space

7
Can V = {z (a;,b;] x! ‘ (a,bi] € Ny (Z2)} be a vector
i=0
space over the field Z,?

Find the number of elements in V.

Find a basis of V over Z,.

What is the dimension of V over Z,?

Can V have subvector spaces?

17
Let W = {Z (a;,b,) x“ (ai, b)) € N, (Z17)} be a vector
i=0

space over the field Z;. V = {all 3 x 2 interval matrices

with intervals (a;, b;)) € No(Z17)} be a vector space over the
field Zl7.
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1.

iii.

1v.

V1.

123.

1.
iii.
1v.

V1.

124.

1l.
iii.

125.

11.

126.

127.

128.

Find subspaces of V and W.

Define a linear transformation T from V to W so that T is
invertible.

Define a linear transformation T from W to V so that T is
not invertible.

Find a basis of V over Z,-.

Find a basis of W over Z;.

Can V as a vector spaces be embedded in the vector space
Ww?

Let V = {all 5 x 5 interval matrices with entries from
N(Z3)} be a linear algebra over the field Z;.

Find the number of elements in V.

Find a basis for V over Z;

Find sublinear algebras of V.

Find an invertible linear operator on V.

Can V be written as a direct sum of subspaces?

Find a linear operator on V which is non invertible.

Suppose V = {N, (Z,,)} be a Smarandache vector space of
type Il over the S-ring Z,.

Find a basis of V.

Find the number of elements in V.

Find subspaces if any in V.

Let W = {N. (Z;5)} be a Smarandache vector space of type
IT over the S-ring Z;s.

Find an invertible linear operator on W.

What is the dimension of W over Z5?

Give an example of a module over a ring R which is not a
Smarandache vector space over the ring R.

Obtain some interesting properties enjoyed by the
Smarandache vector spaces of type 1.

Is V=(N, (Q) x Ns(Q)) a Smarandache vector space of type
IT over the S-ring Q x Q?
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129.

130.

1.
ii.

131.

1.
iii.
1v.

132.

1i.
1.
1v.

133.

1i.
iii.
1v.

Can V = (Nu(Z12) x Ne(Z12) x Ne(Z12)) be a Smarandache
vector space of type Il over the S-ring N.(Z,)?

Can V = (N.(Z9)) be a Smarandache vector space of type 11
over the S-ring F = N(Z,0)?

If so what is the dimension of V over F.

Is V a S-linear algebra?

Find a basis for V over F.

Let V = {3 x 5 interval matrices with intervals of the form
[a;, bi] € Nc(Zy1)} be a S-vector space of type II over the S-
ring No(Zy1).

Find a basis of V.

Find the number of elements in V.

Find atleast 3 subspaces of V over N.(Z;)).

Find an invertible linear operator on V.

If V; is a vector space over the S-ring Z,;, find the
similarities and differences between V and V.

8
Let {Z (a,,b.] X“ (a, bi] € Noe (Z15)}; 0<i < 8} be a S-
i=0

vector space of type Il over the S-ring Nyo(Z15).

Find a basis of V over Ny (Z;5).

Find the number of elements in V.

Can V have subspaces?

If V is made into a S-vector space of type Il over Z;s study
questions (i), (ii) and (iii).

Is V a vector space over the field F = {0, 5, 10} < Z;5?

Let V = {all 10 x 5 interval matrices with entries from
N.(Z7)} be a S-vector space of type II over the S-ring N.(Z7)
and W = {all 5 x 5 interval matrices with entries from
No(Z7)} be a S-vector space of type Il over Ny(Z;) the S-
ring.

Find a basis of V and W over N, (Z,).

Find the number of elements in V.

What is the dimension of V over N(Z,)?

Find a basis of W over N.(Z).
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V1.

Vii.

134.

135.

136.

137.

i.
1.
1v.

138.

1.
1ii.
1v.

Vi.
Vii.

139.

Find a linear transformation from V to W.

If T = {set of all linear transformations from V to W}; Is T
a vector space over N.(Z7)?

Suppose V is a vector space over Z; and W a vector space
over Z find a linear transformation from V to W.

Let V = {All 3 x 3 interval matrices with entries from
Ne(Z49)}. Is V a S-vector space of type II over N.(Z49)?
Justify your claim.

Determine any nice property enjoyed by these special types
of S-vector spaces.

Suppose V be a linear algebra of interval matrices over a
field F and V be treated only as a vector space over F. Is
there a difference between the number of base elements in
general. Justify your claim by examples.

Let V= ([al’bl] [azabz]j
[a;,b;] [a,,b,]

a S-vector space of type Il over N.(Z,).
Find a basis of V over N(Z,).

What is dimension of V over N.(Z,)?
Find subspaces of V.

Is V a S-linear algebra?

[a, bi] € N.(Zy); 1 £1<4} be

Suppose S={(ab)|0<a, b<1} = {@a b)|(a,b) e N,
([0,1]) be natural fuzzy a semigroup under multiplication.
Find ideals of S.

Can S have subsemigroups which are not ideals?

Can S have zero divisors?

Can S have idempotents?

Can S be a S-semigroup?

Can S hae S-subsemigroup?

Prove S is of infinite order.

Let S = {[a, b] | [a, b] € N, ([0,1]} be a fuzzy semigroup
under min operation.
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11.
iii.
1v.

140.

11.
iii.
1v.

Vi.
Vii.

141.

1i.
1.
1v.

142.

143.

11.
1ii.
1v.

V1.

Find fuzzy subsemigroups in S.

Can S have S-ideals?

Can we have the concept of zero divisors in S?
Is S a S-semigroup?

Obtain any interesting property enjoyed by S.

Let S = {([a;, bi1], [a2, b2], [a3, b3]) | [ai, bi] € N ([0,1])} be a
fuzzy semigroup with multiplication as the operation on it.
Find zero divisors in S.

Can S have S-zero divisors?

Is S a S-semigroup?

What is order of S?

Can S have fuzzy subsemigroups which are not ideals?

Can S have S-idempotents?

Is S a free semigroup?

Let V = {Z (a;,b;) xi‘ (a, b)) € N, (Q)} be a linear
i=0

algebra over Q.

Find a basis of V over Q?

Find subspaces of V over Q.

Find a linear operator on V which is noninvertible.

If T = {collection of all linear operators on V}, is T a linear
algebra over Q?

Suppose V in problem (141) is a S-vector space of type 11
over Ny(Q) study problems (i) to (iv) in problem (141).

Let M = {all 3 x 2 interval matrices with entries from
Nc(Zs)}, be a vector space over Zs.

Find a basis of M.

Find the order of M.

Find subspaces of M.

Find a non invertible linear operator of M.

Is M better than V = {all 3 x 2 matrices with entries from
Zs} over Zs?

IsVcM?
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144.

1.
1.
1v.

145.

11.
1.
1v.

146.

147.

148.

149.

150.

Let V= {N. (Z4)}, a S-vector space of type Il over Zy,.
What is dimension of V over Z,?

Can V be a S-linear algebra over Z4,?

Can V have subspaces?

Give a nontrivial linear operator on V with nontrivial
kernel.

Can V be written as a direct sum of subspaces?

8 (3,0 OnH o
L2) 0 @& 2
0 G, 0 (12
3,9 0 7 0
with entries from N,(R)?
Find eigen interval values of M.
Find the associated interval vectors of M.
Can M be diagonalizable?

Is M invertible?
Find det M.

Let M = be a interval matrix

Suppose V = {N, (Z19)} be a vector space over Z;9. Can on
V be defined a normal operator?

Can Spectral theorem be extended for linear algebras built
using intervals defined over a field Q?

Can the notion of inner product space be extended to
interval linear algebras?

Prove for every finite interval linear algebra (vector space)
we have a sublinear algebra (subvector space) which
satisfies the Generalized Cayley Hamilton Theorem.

On similar lines prove every interval linear algebra has a

sublinear algebra of finite dimension which satisfies cyclic
decomposition theorem.

156



151.

11.
1.
1v.

152.

il.
ii.
1v.

153.

154.

155.

11.
ii.

156.

157.

158.

159.

Let V = {N(R)} be a vector space over the field R of reals.
Clearly W = R < N.(R) so R is a vector space of dimension
one over R.

Find a basis of V.

Is V finite dimensional?

Find subspaces of V.

Find linear operator T on V which preserves the subspace
W.

Let V= (N(Q) x Ne(Q) x N.(Q) x N(Q)) be a vector space
over Q.

Does W = (QxQxQxQ) < V satisfy restricted primary
decomposition theorem?

Does W satisfy cyclic decomposition theorem?

Does W satisfy Generalized Cayley Hamilton Theorem?
Can on W a diagonalizable operator be determined?

Obtain some interesting results on fuzzy rings defined using
N([0,1]).

Can a fuzzy group be constructed using N,([0,1])?

Let V = {([a}, by), [a2, by), ..., [as, bg)) where [a;, b;)) € N,
([0,1]); 1 <i<8}.

Can V be a fuzzy semigroup under usual product?

Can V be a fuzzy semigroup under max operation?

Can V be a fuzzy group under max operation?

Define fuzzy semigroup using N, (0,1).
Let R = (N¢(Z), +, x) be a ring. Define a map n : R — [0,1]
by n (0 0) = (1, 1), n(a,b) =(1/a, 1/b) ifa# 0, b = 0. Is (R,

1) a fuzzy ring with suitable operations?

Obtain some interesting properties about neutrosophic
natural interval semigroups N(<ZUI>).

Let W = {No(ZsI)} be a pure neutrosophic semigroup under
multiplication;
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11.
iii.
1v.
Vi.

Vil.
Viil.

160.

161.

162.

163.

11.
ii.
1v.
Vi.

Vil.
Viil.

1X.

X1.

164.

11.
ii.

Find order of W.

Find ideals if any in W.

Can W have subsemigroups which are not ideals?
Find zero divisors in W.

Can W have S-zero divisors?

Determine units of W.

Are these units S-units?

Prove W cannot have idempotents or S-idempotents.

Let S = {N.(Zsl)} be a pure neutrosophic semigroup under
multiplication modulo 8. Study the questions (i) to (viii)
given in problem (159).

Let M = {N. (ZI)} be a group under addition. Find some
interesting related properties enjoyed by M.

Let P = {Ny(RI)} be a group under addition. Compare this
group with M in problem 161 and determine the difference
between them.

Let T = {N(<ZyUI>)} be a semigroup under multiplication,
elements of N, are of the form [a + bl, ¢ + dI] where a, b, c,
deZywith P =1.

Find the order of T.

Find subsemigroups of T.

Can T have subsemigroup which are not ideals?

Can T have S-ideals?

Prove T has zero divisors.

Can T have S-idempotents?

Can T have S-semigroups?

Is T a S-semigroups?

Can T have S-units?

Can T have S-antizero divisors?

Prove order of every element is of finite order.

Let S = {Ny(<Z; U I>)} be semigroup under multiplication.
What is the order of S?

Find ideals in S.

Is every ideal in S a S-ideal?
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1v.
Vi.
Vii.

Viil.

IX.

165.

11.
iii.
1v.

V1.

166.

167.

168.

169.

170.

171.

Does S have subsemigroups which are not S-ideals?

Can S have S-zero divisors?

Find S-units in S.

What is the neutrosophic order of (2 + 5[, 1+ 1) in S?

Does the order or neutrosophic order of every element
divide the order of S?

Does the order of ideals of the semigroup S divide the order
of S?

Let V = {N.(Z¢l)} be a semigroup under multiplication.
What is the order of V?

Find subsemigroups in V.

Is V a S-semigroup?

Does V have S-ideal?

Can V have S-zero divisors?

Can V have idempotents which are not S-idempotents?

Let M = {N.(<Z¢UI>)} be a semigroup (a) study questions
(i) to (vi) mentioned in problem (165). (b) Compare V and
M.

Let R = {N.(Z2), +, x) be a ring. Define a map n : R — [0,1]
so that (R, 1) is a fuzzy interval ring.

Let P = {Ny(Q), +, x} be a ring. Find n: P — [0,1] so that
(P, m) is a fuzzy ring. How many fuzzy rings can be
constructed using P?

Let R = {all 5 x 5 interval matrices with entries from N.(Z)}
be a ring under matrix addition and multiplication. Define n
: R — [0,1] so that (R, 1) is a fuzzy ring.

1) Find fuzzy subrings of R. Can R have fuzzy ideals?

Let S ={N.(Z" U {0}), +, x} be a semiring. Definen : S —
[0,1] so that (S, 1) is a fuzzy semiring.

Let S = {N.(R"U {0}), +, x} be a semiring. Definen : S —
[0,1] to make (S, 1) is a fuzzy semiring.
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172.

173.

174.

175.

176.

177.

178.

179.

180.

181.

11.

182.

1) How many fuzzy semirings can be constructed using S?
Does every map n : S — [0,1] make (S, n) a fuzzy
semiring?

Let G = {N. (Z0)} be a group under addition. Define n : G
— [0,1] so that (G, 1) is a fuzzy group.

Let G = {NJ(R")} be a group under multiplication. 1 : G —
[0,1] be a map such that (G, 1) is a fuzzy group.

Let W = {N,.(Q")} be a group under multiplication. 1 : W
— [0,1] be a map such that (W, n) is a fuzzy group.

Let T = {N¢(Z)} be a group under addition. Definen : T —
[0,1], be a map, then (T, n) is a fuzzy group.

Let T = {N.(Zs)} be a group under addition. Define n: T —
[0,1] so that (T, n) is a fuzzy group.

Let G = {N(Z;; \ {0})} be a group under multiplication.
Define 1 : G — [0,1] so that (G, 1) is a fuzzy group.

Let W = {Ny(Zy; \ {0})} be a group under multiplication.
Define n: W — [0,1] so that (W, n) is a fuzzy group.

Let M = {N.(Zy \ {0})} be a group under multiplication.
Define n : M —[0,1] so that (M, n) is a fuzzy group.

Let G = {N.(Zs)} be a group under addition. Define 1 so
that (G, n) is a fuzzy group.

Let G = N¢(<Zs;uUI>) be a neutrosophic group under
addition.

Find the order of G.

Find subgroup of G.

Let G = N¢(ZI) be a semigroup under multiplication.
Find ideals of G.
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ii.
iii.

183.

184.

185.

186.

11.
iii.
1v.

V1.

187.

11.
1.
1v.

188.

ii.
iil.

Is G a S-semigroup?
Does S contain S-ideals?

Obtain some interesting properties enjoyed by pure
neutrosophic algebraic structures.

Obtain some interesting properties associated with N¢(ZI).

Prove using No(<R" U I> U {0}), S-semirings can be built.
Determine some striking properties enjoyed by these S-
semirings.

Let V = {all 3 x 3 interval matrices with entries from
Nc(ZSI)} .

Prove V is a group under addition modulo 5.

Prove V under multiplication is only a semigroup.

Prove V is a non commutative ring.

What is order of V?

Can V as a ring have S-ideals?

Can V have subrings which are not ideals?

Let V = {all 3 x 2 neutrosophic interval matrices with
entries from N, (<QUI>)} be a vector space of neutrosophic
interval matrices over the field Q.

Find a basis for V.

Is V finite dimensional?

Find a linear operator on V which is invertible.

Can V have subspaces?

Can V = UW,, (W;’s are subspaces of V)?

Let V = {all 2 x 2 neutrosophic interval matrices with
entries from Ny (<Z;ouI>)} be a vector space of
neutrosophic interval matrices over Z;9 = F, the field of
characteristic 19.

i. Find a basis of V.
Find the number of elements in V.
Prove V is a linear algebra of neutrosophic interval matrices
over Zo.
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1v.

V1.

189.

11.
iii.
1v.

190.

191.

192.

11.
ii.

193.

Find T = {set of all linear operators from V to V}. Is T a
linear algebra over F = Z,4?

Does V have subspaces?

Can V be written as a direct sum of subvector spaces?

Let M = {set of all 2 x 7 interval matrices with entries from
N (SZ'UI> U {0})} be a semivector space of neutrosophic
interval matrices over the semifield F =Z" U {0} of type L.
Find a basis of M.

Is M finite dimensional?

Prove M is not a semilinear algebra.

Find subvector spaces of M.

What is the dimension of M over F?

If in the problem (188) the field Z,9 is replaced by Zol;
study the problem (i) to (vi) what are the differences by
replacing Z 9 by Z;51?

Describe some interesting properties enjoyed by the class of
fuzzy neutrosophic open intervals.

Let V = {all 2 x 2 interval matrices built using N.(<[0, I] U
[0, 1]»)} be a collection of fuzzy neutrosophic closed
intervals.

Define algebraic operations on V so that V is a semigroup.
Can V be made into a semivector space?

What is the richest algebraic structure that can be
constructed using V?

Let W= a3, € N (Zg);1=1,2,3,4, 5, 6} be a group

under addition.
1. Find order of W.
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ii.
iii.
1v.

194.

11.
iii.
1v.
Vi.

Vil.
Viil.

195.

11.
ii.
1v.
Vi.

Vil.
Viil.

196.

1.
111.
1v.

V1.

Find subgroups of W.

Find the quotient group using any subgroup of your choice.
Find the automorphism group of W.

Define a homomorphism from W to W so that kernel is
nontrivial.

Let M = {set of all 5 x 5 neutrosophic interval matrices with
entries from Ny(ZsI)} be a semigroup.

Find order of M.

Is M commutative?

Is M a S-semigroup?

Can M have S-ideals?

Does M have subsemigroups which are not ideals?

Can M have S-zero divisors?

Can M have idempotents?

Is every zero divisors in M a S-zero divisors?

Let P = {set of all 4 x 4 neutrosophic interval matrices with
entries from No.(<Z4UI>)} be a ring.

Find the order of P.

Is P commutative?

Find ideals in P.

Is every subring of P an ideal of P? Justify.

Is P a S-ring?

Find zero divisors and S-zero divisors of P.

Does P have idempotents which are not S-idempotents?
Find a homomorphism on P with a non-trivial kernel.

LetM = {z (a,,b,]1x' | (a;, b] € N (<Z6UI>)} be a ring.
i=0

Find ideals in M.

Is every ideal on M a principal ideal?

Can M have minimal ideals?

Can M have subrings which are not ideals?

Is M a S-ring?

Can M have zero divisors?
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197.  Derive some interesting properties enjoyed by neutrosophic
polynomial ring with coefficients from N, (<ZUI>).

198.  Find maximal ideals in N,(<QUI>).
199.  Can Ny (RI) have ideals?
200.  Can N¢(<RuUI>) have ideals?

201. Let M = {Ny(<R'UI>) U {0}} be a semiring. Is M a S-
semiring? Prove M is not a semifield.

202.  Let R=Ny(<QuI>) be aring. | = {(0,a] | a € <QuUI>} < R.
i. IsTanideal of R.
ii. Find R/L
iii. Can R have ideal?
iv. Is R a S-ring?
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Fuzzy natural class of interval semigroups, 102-3
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Ideal of increasing or decreasing intervals, 24
Ideal of natural intervals of a ring, 33-6
Increasing closed interval, 7-8

Increasing half closed-open interval, 7-8
Increasing half open-closed interval, 7-8
Increasing open interval, 7-8

Interval semiring, 111-6

M
Multiplicative semigroup of natural intervals, 23-4
N

Natural class of column open interval vector, 84-6
Natural class of interval ring, 73-7

Natural class of interval vector space, 85

Natural class of interval vector space, 85-7
Natural class of intervals, 9

Natural class of maximal ideal, 36-39

Natural class of minimal ideal, 36-39

Natural class of neutrosophic interval semigroups, 102-3
Natural class of row open interval vector,

Natural interval group, 27-8

Natural subsemigroup of closed intervals, 22-3
Neutrosophic interval ring, 115-9

Neutrosophic interval semigroups, 106-7

0]

Open decreasing interval, 8
Open increasing interval, 7-8

R

Ring of natural interval, 33
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S

Semigroup (monoid) of natural class of open intervals, 21-3
Semigroup of natural class of closed intervals, 21
S-idempotent of natural intervals, 39-40
S-interval matrix ring, 73-6

Smarandache semigroup of natural intervals, 29
Smarandache vector space of type II, 91-3
S-rings of natural intervals, 38-40

S-semigroup of open intervals, 29-32

S-semiring of natural class of interval, 111
S-special definite group, 29-32

Subring of natural intervals, 33-5
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