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A Limit Involving the F Smarandache Square

Complementary Number
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Abstract: The main purpose of this paper is using the analytic methods to study a limit
problem involving the F Smarandache square complementary number Ssc(n), and obtain its
limit value.
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§1. Introduction and Results

For any positive integer n, we call Ssc(n) as the square complementary number of n, if
Ssc(n) is the smallest positive integer such that nSsc(n) is a perfect square. That is,

Ssc(n) = min{m: mn =42, u€ N}.

For example, Ssc(1) = 1, Ssc(2) = 2, Ssc(3) = 3, Ssc(4) = 1, Ssc(5) = 5, Ssc(6) = 6,
Ssc(7) =7, Ssc(8) = 2---. In reference [1], Professor F.Smarandache asked us to study the
properties of the sequence {Ssc(n)}. About this problem, some authors had studied it, and
obtained some interesting results. For example, Liu Hongyan and Gou Sul?! used the elementary
method to study the mean value properties of Ssc(n) and g;2ry, and obtained two interesting
asymptotic formulas. Zhang Hongli and Wang Yangl®] studied the mean value of 7(Ssc(n)),
and obtained an asymptotic formula by the analytic method. Yi Yuan!*! studied the mean value
Z d(n + Ssc(n)), and proved that

n<z

Z d(n + Ssc(n)) = %zlnz z+Aizlnz + Az + O (x4’+5) ,

n<z
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where A; and A, are computable constants, € is any fixed positive number.

On the other hand, Professor Felice Russol®! asked us to calculate the limit Jim So(c(;')
where 8(n) = Zln(S’sc(n)). In fact, this problem very simple, we can easily prove that
n<k
. Ssc(n)
nllbnclyo 8(n) 0

The main purpose of this paper is to study another limit problem involving square comple-
mentary number, and obtain an interesting limit theorem. That is, we shall prove the following
conclusion:

Theorem Let d(n) denotes the Dirichlet divisor function, then we have the limit formula

Y d(Sse(n))
lim lq——— 8 H (1 - -—1——)
""°°Zln (Ssc(n o p (p+1)2)°
n<k

where H denotes the product over all primes p.
P

§2. Proof of the Theorem

In this section, we shall complete the proof of theorem. First we need the following two
lemmas:

Lemma 1 Let Ssc(n) denotes the square complement number of n, then for any integer
k > 1, we have the asymptotic formula:

h(1) h(1) (o . 2('(2) o3
gd(Ssc(n))— 4(2)1;1 nk+——= @ (2 1+ ) )k+0(ﬁ1 k),

where d(n) is the Dirichlet divisor function, {(s) denotes the Riemann zeta-function, 2(1) =

1
denotes th duct all €s p, the Euler’s constant.
H(l Py ) H enotes the product over all primes p, 7 is uler

Proof See reference [3].

Lemma 2 For any real number k > 1, we have the asymptotic formula:

¢(2)+2

2
@ k+O0(WkInk

Y " In(Ssc(n)) = klnk -

n<k

Proof By the definition of the square complement and the properties of Mobius function
we can get

Y In(Sse(n)) = 3 In(Sse(m}))|u(l)|

n<k m2i<k
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=Y Il u(d)
mi<k 42|l
= Y. p(d)In(d*h)
m2d*h<k
=2 Y pdin@d+ Y u(d)nh) (1)
m2d?h<k m2d2h<k
Noting that:
1 1
> L=@+o(3),
n<z
p(n) 1 ( 1 )
—_— + -—
e (¢
and =
u(n) 1
Fim)=) ——=—,
m= 2 % = m
we have
3 p(n)lnn _ ({'(m)
n ¢3(m)
From this formula we may immediately get
$5 utn)lnn _ ¢/m)
2 am T m)
From the above we have
Y u(d)ind ()
m3d3h<k
= Z p(d)Ind Z z 1
d2<k m<-‘g-i h<+!

=d§kp )Ind Z (m2d2 )

d<vk

¢'(2)
= (@5 +0 (\/E In? k)

CC((22))k+0(\/—ln k)

From (1) and Euler’s summation formulal®! we have

> udnh

m2d2h<k

= Y pd Y Ink

d<vk

g onof) o 2

|

3)
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=3 (d)(Tnfd2 mfd, mw t—[t])%dt+ln;z-%([z]—z))

md<vk

p(d) p(d) Inm’d?
=klnk ) 2d2 -k Y g -r Yy £ m2d2
md<vk md<vk md<vk

+o( Y |p(d)|ln1—nf—d2).

md<vk

=2<(2)(Z"(‘3,1“"+0(%)) ( Z'"(d)““d)

d<f

(6)

(7)
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Combining (4), (5) and (6) we can easily get the asymptotic formula:

2+2¢'(2) +¢(2)

m2§5k p(d)In(h) = klnk - @ k+O(WkIn®k). (8)
Combining (1) and (7) we have
n;_kln(Ssc(n)) =klnk - 4(224)’ 2k 4 O(VkIn?k).

This proves Lemma 2.

Now we can easily complete the proof of theorem. In fact, from Lemma 1 and Lemma 2 we
have

d(Ssc(n)) g 3
- g _%—g;-klnk+%{%(2r—l+ 2“ )k+0(\/Eln k)=h(1)
ko0 Z In(Ssc(n)) klnk - ﬁgg)ﬁk +O(VkIn® k) ()
n<k
Note that ¢(2) = ’;.—2 and k(1) = H <1 - (pTll)E)’ from the above we have
P
z d(Ssc(n))
. n<k 6 ( 1 )
m =— = — 1-———1.
k200§ In(Sse(n) T 1;1 (p+1)2
n<k
This completes the proof of theorem.
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