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Abstract:Foranypositiveintegern, letS(n)denotetheSmarandachefunction.Themain

purposeisusingtheelementarymethodstostudythesolutionsoftwoequationsinvolvingthe

Smarandachefunction, andprovethattheequationshavepositiveintegersolutions.
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1　Introductionandresults
Foranypositiveintegern, theSmarandachefunctionS(n)isdefinedasthesmallestpositiveintegerm

suchthatn m!.FromthedefinitionandthepropertiesofS(n), see[ 1 -2] , onecaneasilyderivethatifn

=p
α
1
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α
2

2 …p
α
k
k istheprimepowersfactorizationofn, then

S(n)=max
1≤i≤k
{S(p

αi
i)}.

AboutthearithmeticalpropertiesofS(n), manypeoplehadstudieditbefore, seereferences[ 3] and[ 4] .

Inthispaper, weshallusetheelementarymethodstostudythesolutionsoftheequationS(1
2
)+S(2

2
)+

… +S(n
2
)=Sn(n+1)(2n+1)

6
, andgiveallpositiveintegersolutionsforit.Thatis, weshallprovethe

followingtheorems:

Theorem 1　Foranypositiveintegern, theequation

S(1
2
)+S(2

2
)+… +S(n

2
)=S

n(n+1)(2n+1)
6

hasonly2 positiveintegersolutions, namely, n=1, 2.

Theorem 2　Foranypositiveintegerk, theequation

S(m1)+S(m2)+… +S(mk)=S(m1 +m2 +… +mk)

hasatleastonepositiveintegersolution.

Weconjecturethatforanypositiveintegerk, theequation

S(m1)+S(m2)+… +S(mk)=S(m1 +m2 +… +mk)

hasinfinitelymanypositiveintegersolutions.Thisisanopenproblem.

2　ProofofTheorem1
Inthissection, weshallcompletetheproofofTheorem1.Letn=p

α
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k denotethefactorizationof

nintoprimepowers, andlet

S(n)=max
1≤i≤k
{S(pi

αi)}=S(p
α
),
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whereS(p
αi
i)=S(p

α
), 1≤i≤k.

Fortheequation

S(1
2
)+S(2

2
)+… +S(n

2
)=Sn(n+1)(2n+1)

6
,

itisclearthatn=1isasolutionoftheequation.Ifn>1, thenwewilldiscusstheproblemintwocases:

(I)Ifn=2, thenS(1
2
)+S(2

2
)=S(1)+S(4)=5andSn(n+1)(2n+1)

6
=S(5)=5, son=

2 isasolutionoftheequation.

(II)Ifn≥ 3, thenS(n
2
)≥ 3.FromthepropertiesofS(n)wecanget

S(1
2
)+S(2

2
)+… +S(n

2
)≥ 1 +4 +3(n-2)=3n-1.

Wealsoknow

(n, n+1)=1, (n, 2n+1)=1, (2n+1, n+1)=1.

Sowehave

Sn(n+1)(2n+1)
6

≤max{S(n), S(n+1), S(2n+1)}≤ 2n+1.

Fortheequation, wemayget3n-1≤ 2n+1.Thatisn≤ 2.Sothistime, theequationhasnosolution.

Nowcombiningtheabovetwocases, wemayimmediatelygetthattheequationS(1
2
)+S(2

2
)+… +

S(n
2
)=Sn(n+1)(2n+1)

6
hasonlytwopositiveintegersolutions, namely, n=1, 2.

ThiscompletestheproofofTheorem1.

3　ProofofTheorem2
Foranypositiveintegerk, weshalldiscusstheequation

S(m1)+S(m2)+… +S(mk)=S(m1 +m2 +… +mk)

inthreecases:

(I)Ifk=1, thenitisclearthattheequationhasinfinitelymanypositiveintegersolutions.

(II)Ifk=p, aprime, thenwetakingm1 =m2 =… =mk =1, thenwehaveS(1)=1, andS(m1)+

S(m2)+… +S(mk)=p=S(p)=S(m1 +m2 +… +mk), andthustheequationissatisfied.

(III)Ifk>1anditisnotaprime, thenfromtheresultinelementarynumbertheoryweknowthatthere

mustexistsaprimepbetweenkand2k.Letp-k=l, where1≤l≤k.Nowwetakem1 =m2 =… =ml=

2, ml+1 =ml+2 =… =mk =1andnotethatS(1)=1 andS(2)=2, wehave

S(m1)+S(m2)+… +S(mk)=2l+(k-l)=l+k=p

and

S(m1 +m2 +… +mk)=S(k+l)=S(p)=p=S(m1)+S(m2)+… +S(mk).

Som1 =m2 =… =ml=2 andml+1 =ml+2 =… =mk =1, satisfytheequation.

Nowcombiningtheabovethreecases, wemayimmediatelygetthatthereisatleastonesolutionsatisfying

theequation.

ThiscompletestheproofofTheorem2.

Conjecture　Foranypositiveintegerk, weconjecturethattheequation

S(m1)+S(m2)+… +S(mk)=S(m1 +m2 +… +mk)

hasinfinitelymanypositiveintegersolutions.
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Abstract:Thegeneratorsoftheinfinite-dimensionalspecialmodularLiesuperalgebraSisfirstgiven, and

thenthederivationspaceoftheinfinite-dimensionalspecialmodularLiesuperalgebraStothegeneralized

WittmodularLiesuperalgebraisdetermined.Furthermore, thederivationalgebraofSisdetermined.
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两个包含 Smarandache函数的方程及其解

刘燕妮 , 　潘晓玮
(西北大学数学系 ,陕西 西安 710069)

摘 　要:利用初等方法研究两个包含 Smarandache函数的方程的解 ,并且证明了这两个方程有正整数

解.
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