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On the Smarandache LCM Sequence
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Abstract: For any positive integer n, let L(n) = [1,2,-- ,n] be the least common multiple
of the integers from 1 to n. Let k be any positive integer. The main purpose of this paper
is to study the asymptotic property of L(n*), and give some interesting relevant results.
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§1. Introduction and Results

For any positive integer n, let L(n) denote the least common multiple of the natural numbers
from 1 through n. That is
L(n)=[1,2,--- ,n)].

The Smarandache LCM sequence is defined by(see [1]):
L(l)’ L(2)a L(3)) Tt L(n)’

The first few numbers of Smarandache LCM sequence are: 1, 2, 6, 12, 60, 60, 420, 840,
2520, 2520, ---.

About some simple arithmetical properties of the least common multiply, there are many
results in elementary number theory text books. For example, for any positive integers a, b and

¢, we have ; be- (a,b.c)
a abc- (a,b,c
L= Gy > =G50
where (a;, a3, - ,ax) denotes the greatest common divisor of @i, az, -+, ax—1 and a.
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In [2], Xu Zhefeng defined a multiplicative function g(n) by using the least common multiple
of n and a fixed positive integer m as g(n) = [m,n]/m, then he proved
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where 04(n) = Z d®, d(n) is the Dirichlet divisor function, ¢(n) the Euler function and C the
din
Euler constant.
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But about the deeply arithmetical properties of L(n), it seems that none has been studied
before. For any positive integer k, the main purpose of this paper is to study the asymptotic
property of L(n*), and give an interesting limit theorem for it. That is, we shall prove the
following:

Theorem For any positive integers n and k, we have the asymptotic formula

n_g
L(nk) _ —c(k lnn)i
H P =e+0 (exp ((lnk—ln2+lnlnn)* ’
pSnt

where H denotes the production over all primes p < n.
p<n*

From this theorem we may immediately deduce the following:

Corollary  For any positive integer k, we have

n'k
k
lim £(n__)_ =e.
n—o00 H p
p<nk

§2. Proof of the Theorem

In this section, we shall complete the proof of our theorem. First we need the following
simple lemma.
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Lemma For any z > 0, we have the asymptotic formula

- t
0(z) = Zlnp=x+0 (:L‘exp <?l§(%:z))_§)) )

p<z

where ¢ > 0 is a constant, Z denotes the summation over all primes p < z.
p<z

Proof See [3].
Now we complete the proof of the theorem.

Let

L(nk) = [lv 21 e ’ n2] = P?lpga o 'Pg' (21)

be the factorization of L(n¥) into prime powers. It is clear that o; := a(p;) is the highest power
of p; in the factorization of 1, 2, 3, - - -, n*.

First we write
n- 9

Ii(il:)) = exp n%mn L—ﬁlk—; = exp (n“} (ln L(n*) —In pg,. p)) . (2.2)

p<n? p<n*

Now we calculate the inner term in (2). From (1) we can write

mZmn*)-ln [ p=In(p{ps?---p) -l [] p

psnt p<n*

= Z a(p)lnp - E Inp

pSnk p<nk
=Y (a(p)-1)lnp

p<nk

k

= Y @»-Dmp+d, 3 (ap)-Lhp

pSnﬂ’T =1 n"’h <p5n‘-‘

k

=My + ZM" (2.3)

Noting that a(p) =i if

n#t < p<at,
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we have from the Lemma

M;=(i-1) > Inp
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Hence,
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On the other hand, we know that

_ k 2 _ k 2 nfh _
My=0| 5h’n Y 1 _0( In®n— )_o(nrfcrlnn). (2.5)
p<n

Now combining (3), (4) and (5) we may get

§
_ - % % —C (E lnn)
InL{n*) - In H p=n3+0 (n exp ((lnk—-ln22+lnlnn)§ . (2.6)

p<nt

So from (2), (6) and ndting that
e =1+0(z) (= 0),

we immediately obtain

L(n¥)
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—c(5mnn)f
=e|140 |exp ¢(3lnn)
(lnk—In2+Inlnn)}
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This completes the proof of our Theorem.
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