ISSN 2380-3525 (Print)
ISSN 2380-3517 (Online)

Critical Review

A Publication of Society for Mathematics of Uncertainty

Volume XIII, 2016

Editors:

Paul P. Wang
John N. Mordeson
Mark J. Wierman

Publisher:

Center for Mathematics of Uncertainty
Creighton University



Critical Review

A Publication of Society for Mathematics of Uncertainty
Volume XIII, 2016

Editors:

Paul P. Wang
John N. Mordeson
Mark J. Wierman

Publisher:

Center for Mathematics of Uncertainty
Creighton University



Paul P. Wang

Department of Electrical and Computer Engineering
Pratt School of Engineering

Duke University

Durham, NC 27708-0271

ppw@ee.duke.edu

John N. Mordeson

Department of Mathematics
Creighton University
Omaha, Nebraska 68178
mordes@creighton.edu

Mark J. Wierman

Department of Journalism

Media & Computing Creighton University
Omaha, Nebraska 68178
wierman@creighton.edu



Contents

Ali Hassan, Muhammad Aslam Malik, Florentin Smarandache

5 Regular and Totally Regular Interval Valued Neutrosophic Hypergraphs

Muhammad Aslam Malik, Ali Hassan, Said Broumi, Assia Bakali,
Mohamed Talea, Florentin Smarandache

19 Isomorphism of Single Valued Neutrosophic Hypergraphs
Muhammad Aslam Malik, Ali Hassan, Said Broumi, Assia Bakali,

Mohamed Talea, Florentin Smarandache

41 Isomorphism of Interval Valued Neutrosophic Hypergraphs

Said Broumi, Assia Bakali, Mohamed Talea, Florentin Smarandache
67 An Isolated Interval Valued Neutrosophic Graphs

Muhammad Aslam Malik, Ali Hassan, Said Broumi, Assia
Bakali, Mohamed Talea, Florentin Smarandache
79 Isomorphism of Bipolar Single Valued Neutrosophic Hypergraphs

Florentin Smarandache
103 Subtraction and Division of Neutrosophic Numbers

Kalyan Mondal, Surapati Pramanik, Florentin Smarandache
Rough Neutrosophic Hyper-complex set and its Application to Multi-Attribute
111 Decision Making



Regular and Totally Regular Interval
Valued Neutrosophic Hypergraphs

Ali Hassan', Muhammad Aslam Malik?, Florentin Smarandache®

1 University of Punjab, Lahore, Pakistan
alihassan.iiui.math@gmail.com
2 University of Punjab, Lahore, Pakistan
aslam@math.pu.edu.pk
3 University of New Mexico, Gallup, NM, USA
smarand@unm.edu

Abstract

In this paper, we define the regular and the totally regular interval valued
neutrosophic hypergraphs, and discuss the order and size along with properties of
the regular and the totally regular single valued neutrosophic hypergraphs. We
extend work to completeness of interval valued neutrosophic hypergraphs.

Keywords

interval valued neutrosophic hypergraphs, regular interval valued neutrosophic
hypergraphs, totally regular interval valued neutrosophic hypergraphs.

1 Introduction

Smarandache [8] introduced the notion of neutrosophic sets (NSs) as a
generalization of the fuzzy sets [14], intuitionistic fuzzy sets [12], interval
valued fuzzy set [11] and interval-valued intuitionistic fuzzy sets [13] theories.

The neutrosophic sets are characterized by a truth-membership function (¢),
an indeterminacy-membership function (i) and a falsity membership function
(f) independently, which are within the real standard or non-standard unit
interval ]-0, 1*].

In order to conveniently use NS in real life applications, Smarandache [8] and
Wang et al. [9] introduced the concept of the single-valued neutrosophic set
(SVNS), a subclass of the neutrosophic sets.

The same authors [10] introduced the concept of the interval valued
neutrosophic set (IVNS), which is more precise and flexible than the single
valued neutrosophic set.

The IVNS is a generalization of the single valued neutrosophic set, in which the
three membership functions are independent and their value belong to the
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unit interval [0, 1]. More works on single valued neutrosophic sets, interval
valued neutrosophic sets and their applications can be found on
http://fs.gallup.unm.edu/NSS/.

Hypergraph is a graph in which an edge can connect more than two vertices,
and can be applied to analyse architecture structures and to represent system
partitions. ]. Mordesen and P. S. Nasir gave the definitions for fuzzy
hypergraphs. R. Parvathy and M. G. Karunambigai’s paper introduced the
concept of intuitionistic fuzzy hypergraphs and analysed its components. The
regular intuitionistic fuzzy hypergraphs and the totally regular intuitionistic
fuzzy hypergraphs were introduced by I. Pradeepa and S. Vimala [38].

In this paper, we extend the regularity and the totally regularity on interval
valued neutrosophic hypergraphs.

2 Preliminaries

Definition 2.1.

Let X be a space of points (objects) with generic elements in X denoted by x. A
single valued neutrosophic set A (SVNS A) is characterized by truth member-
ship function T, (x), indeterminacy membership function I, (x) and a falsity
membership function F,(x). For each point x €X; T,(x), I4(x), F4(x) € [0, 1].

Definition 2.2.

Let X be a space of points (objects) with generic elements in X denoted by x. An
interval valued neutrosophic set A (IVNS A) is characterized by truth member-
ship function T, (x), indeterminacy membership function I, (x) and a falsity
membership function F,(x). For each pointx €X; Ty(x) = [ TL4(x), TU4(x)], 14(X)
=[1L4(x), IUy(x)] and F4(x) =[ FL4(x), FU4(x)] are contained in [0, 1].

Definition 2.3.
A hypergraph is an ordered pair H = (X, E), where:
(1) X={x;, x, ..., x,} a finite set of vertices.
(2)E={E, E,, ..., E,;,} a family of subsets of X.
(3) Ej for j=1,2,3,..,m and U;(E;)= X.
The set X is called set of vertices and E is the set of edges (or hyperedges).
Definition 2.4.

An interval valued neutrosophic hypergraph is an ordered pair H = (X, E),
where:

(1) X={x;, x, ..., x,} a finite set of vertices.
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(2)E={E, E,, ..., E, } afamily of IVNSs of X.
(3) E; # 0=([0,0], [0,0], [0,0]) for j=1,2,3,..,m and U ; Supp(E;)=X.

The set X is called set of vertices and E is the set of IVN-edges (or IVN-
hyperedges).
Example 2.5.
Consider an interval valued neutrosophic hypergraphs H = (X, E), where X =
{a,bc d}and E={P, Q R}, defined by:
P ={(qa, [0.8, 0.9] [0.4 0.7], [0.2, 0.7]), (b, [0.7, 0.9], [0.5, 0.8], [0.3,
0.91)},
Q ={(b, [0.9, 1.0], [0.4, 0.5], [0.8, 1.0]), (c, [0.8, 0.9], [0.4, 0.5], [0.2,
0.71)},
R ={(c [0.1, 0.9], [0.5, 0.7], [0.4, 1.0]), (d, [0.1, 1.0], [0.9, 1.0], [0.5,
0.9])}.

Proposition 2.6.

The Interval Valued Neutrosophic Hypergraph (IVNHG) is the generalization
of fuzzy hypergraph, intuitionistic fuzzy hypergraphs, interval valued fuzzy
hypergraph, interval valued intuitionistic fuzzy hypergraph and single valued
neutrosophic hypergraph.

3 Regular and Totally Regular IVNHGs

Definition 3.1.

The open neighbourhood of a vertex x in the interval valued neutrosophic
hypergraphs (IVNHGs) is the set of adjacent vertices of x, excluding that vertex,
and it is denoted by N(x).

Definition 3.2.

The closed neighbourhood of a vertex x in the interval valued neutrosophic
hypergraphs (IVNHGs) is the set of adjacent vertices of x, including that vertex,
and it is denoted by N/x].

Example 3.3.

Consider the interval valued neutrosophic hypergraphs H = (X, E), where X =
{a b cde}and E={P, Q R, S}, defined by:

P = {(a, [0.1, 0.4], [0.2, 0.8], [0.3, 0.9]), (b, [0.4, 0.5], [0.5, 0.6], [0.6,
0.8])},
Q={(c, [0.1,0.7],[0.2,0.8], [0.3,0.9]), (d, [0.4, 0.8], [0.5, 0.9], [0.6, 0.7]),
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(e, [0.7, 0.9], [0.8, 0.9], [0.9, 1.0])},

R = {(b, [0.1, 0.4], [0.2, 0.8], [0.3, 0.9]), (c, [0.4, 0.8], [0.5, 0.9], [0.6,
0.71)},

S = {(a, [0.4, 0.8], [0.5, 0.9], [0.6, 0.7]), (d, [0.1, 0.4], [0.2, 0.8], [0.3,
0.9])}.

Then, the open neighbourhood of a vertex a is b and d.

The closed neigh-bourhood of a vertex b is b, a and c.

Definition 3.4.

Let H = (X, E) be an IVNHG; the open neighbourhood degree of a vertex x is

denoted and defined by:
deg(x) = ([degr.(x), degry(x)], [degy (), degiy (X)), [degr. (%),
degry(x)]), (1)
where:
degr, () = Zxene TLe (X), 2)
degin () = Srence) ILs (%), 3)
degr.(X) = Xxen(x) FLE (), (4)
degry(x) = Xxen(x) TUg (%), (5)
degry(x) = Xxen ) [Up (%), (6)
degry(X) = Xxen(x) FUp(X). (7)
Example 3.5.

Consider the interval valued neutrosophic hypergraphs H = (X, E), where X =
{a,b,c,d e}and E={P, Q R, S}, defined by:

P = {(a, [0.1, 0.2], [0.2, 0.3] [0.3, 0.4]), (b, [0.4, 0.5], [0.5, 0.6], [0.6,
0.71)},

Q={(c [0.1,02],[0.2,0.3],[0.3,0.4]), (d, [0.4, 0.5], [0.5, 0.6], [0.6, 0.7]),
(e, [0.7,0.8], [0.8, 0.9], [0.9, 1.0])},

R={(b,[0.1,0.2],[0.2,0.3],[0.3,0.4]), (c, [0.4, 0.5], [0.5, 0.6], [0.6, 0.7]},
S={(a, [0.1,0.2],[0.2,0.3], [0.3,0.4]), (d, [0.4, 0.5], [0.5, 0.6], [0.6, 0.7]}.

Then, the open neighbourhood of a vertex a is b and d.
Therefore, the open neighbourhood degree of a vertex a is (0.8, 1.0], [1.0, 1.2],

[1.2,1.4]).
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Definition 3.6.

Let H = (X, E) be an IVNHG; the closed neighbourhood degree of a vertex x is
denoted and defined by:

deg[x] = ([degr.[X], degry[X]], [degi [X], degy[x]], [degr.[X],

degry[x]]), (8)
where:
degr.[x] = degry(x) + TLg(x), (9)
deg.[x] = deg.(x) + ILg(x), (10)
degrL[x] = degrL(x) + FLg(x), (11)
degry[x] = degry(x) + TUg(x), (12)
degyl[x] = degiy(x) + IUg(x), (13)
degrylx] = degry(x) + FUg(x). (14)
Example 3.7.

Consider the interval valued neutrosophic hypergraphs H = (X, E), where X =
{a b cde}andE={P Q R S} defined by:

P = {(a, [0.1, 0.2], [0.2, 0.3] [0.3, 0.4]), (b, [0.4, 0.5], [0.5, 0.6], [0.6,
0.71)},

Q=1{(c, [0.1,0.2],[0.2,0.3], [0.3,0.4]), (d, [0.4, 0.5], [0.5, 0.6], [0.6, 0.7]),
(e, [0.7, 0.8], [0.8, 0.9], [0.9, 1.0])},

R={(b, [0.1,0.2],[0.2,0.3], [0.3, 0.4]), (c, [0.4, 0.5], [0.5, 0.6], [0.6, 0.7]},
S={(a, [0.1,0.2],[0.2,0.3], [0.3,0.4]), (d, [0.4, 0.5], [0.5, 0.6], [0.6, 0.7]}.

The closed neighbourhood of a vertex a is a, b and d.

Hence the closed neighbourhood degree of a vertex a is ([0.9, 1.2], [1.2, 1.5],
[1.5,1.8]).

Definition 3.8.

Let H = (X, E) be an IVNHG; then H is said to be a n-regular IVNHG if all the
vertices have the same open neighbourhood degree,

n = ([n1, nz], [n3, n4, [ns, ne). (15)
Definition 3.9.

Let H = (X, E) be an IVNHG; then H is said to be a m-totally regular IVNHG if all
the vertices have the same closed neighbourhood degree,

m = ([m1, mz], [m3, m4], [m5, me]). (16)
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Proposition 3.10.

A regular IVNHG is the generalization of regular fuzzy hypergraphs, regular
intuitionistic fuzzy hypergraphs, regular interval valued fuzzy hypergraphs
and regular interval valued intuitionistic fuzzy hypergraphs.

Proposition 3.11.

A totally regular IVNHG is the generalization of the totally regular fuzzy
hypergraphs, totally regular intuitionistic fuzzy hypergraphs, totally regular
interval valued fuzzy hypergraphs and totally regular interval valued
intuitionistic fuzzy hypergraphs.

Example 3.12.

Consider the interval valued neutrosophic hypergraphs H = (X, E), where X =
{a b cd}and E={P,Q R S} defined by:

P = {(a, [0.8, 0.9], [0.2, 0.3], [0.3, 0.4]), (b, [0.8, 0.9], [0.2, 0.3], [0.3,
0.4])},
Q = {(b, [0.8, 0.9], [0.2, 0.3], [0.3, 0.4]), (¢, [0.8, 0.9], [0.2, 0.3], [0.3,
0.4])},
R = {(c, [0.8, 0.9], [0.2, 0.3], [0.3, 0.4]), (d, [0.8, 0.9], [0.2, 0.3], [0.3,
0.4])},
S = {(d, [0.8, 0.9], [0.2, 0.3], [0.3, 0.4]), (a, [0.8, 0.9], [0.2, 0.3], [0.3,
0.4])}.

Here, the open neighbourhood degree of every vertex is ([1.6, 1.8], [0.4, 0.6],
[0.6, 0.8]), hence H is regular IVNHG and the closed neighbourhood degree of
every vertex is ([2.4, 2.7], [0.6, 0.9], [0.9, 1.2]). Hence H is both a regular and a
totally regular IVNHG.

Theorem 3.13.

Let H= (X, E) be an IVNHG which is both a regular and a totally regular IVNHG;
then E is constant.

Proof.

Suppose H is a n-regular and a m-totally regular IVNHG. Then,
deg(x) =n = ([n1, nz], [n3, n4], [ns, ne]), (17)
deg[x] = m =([m1, mz], [m3, m4], [ms5, mg¢]), (18)
forall x € E;.
Consider
deg[x] = m, (19)
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hence, by definition,

deg(x) + E;(x) = m; (20)
this implies that
Ei(x)=m-n, (21)

forall x € E;.

Hence E is constant.

Remark 3.14.

The converse of above theorem need not to be true in general.

Example 3.15.

Consider the interval valued neutrosophic hypergraphs H = (X, E), where X =
{a, b, c,d} and E = {P, Q, R, S}, defined by:
P={(a [08 009] [0.2 03], [0.3 04]) (b, [0.8 0.9], [0.2, 0.3], [0.3,
0.4]) },
Q={(b [08 009] [02 03] [03, 04]), (d [0.8 0.9], [0.2, 0.3], [0.3,
0.4]) },
R={(c [0.8 0.9] [0.2, 0.3], [0.3, 0.4]), (d, [0.8, 0.9], [0.2, 0.3], [0.3,
0.4]) },
S={(d [08 0.9] [0.2, 03], [0.3, 04]), (d, [0.8 0.9], [0.2, 0.3], [0.3,
0.4]) }.

Here E is constant, but deg(a) = ( [1.6, 1.8], [0.4, 0.6], [0.6, 0.8]) and deg(d) =
([2.4, 2.7], [0.6, 0.9], [0.9, 1.2]), i.e deg(a) and deg(d) are not equals, hence H is
a not regular IVNHG. Next, deg/a] = ([2.4, 2.7], [0.6, 0.9], [0.9, 1.2]) and deg[d]=
([3.2,3.6],[0.8, 1.2], [1.2, 1.6]), hence deg[a] and deg[d] are not equals, hence H
is not a totally regular IVNHG.

We conclude that H is neither a regular and nor a totally regular IVNHG.

Theorem 3.16.

Let H = (X, E) be an IVNHG; then E is constant on X if and only if the following
are equivalent:

(1) His aregular IVNHG;
(2) His atotally regular IVNHG.

Proof.

Suppose H = (X, E) is an IVNHG and E is constant in H, i.e.:
Ei(x) =c=([c1, c2], [c3,c4], [c5, ce]), (22)

forall x € E;.
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Suppose H is a n-regular IVNHG; then

deg(x) =n = ([n1, n2], [n3, n4, [ns, ng|), (23)
forallx € E; .
Consider

deg[x] = deg(x) +E;(x) =n + ¢, (24)

for all x € E;.

Hence, H is a totally regular IVNHG.
Next, suppose that H is a m-totally regular IVNHG; then:

deg[x] =m = ([m1, mz], [m3, m4], [ms, me]), (25)
forallx € Ej.i.e.

deg(x) + E;(x) = m, (26)
forall x € E;.
This implies that

deg(x) =m -c, (27)

forall x € E;.
Thus, H is a regular IVNHG, and consequently (1) and (2) are equivalent.

Conversely.

Assume that (1) and (2) are equivalent, i.e. H is a regular IVNHG if and only if
H is a totally regular IVNHG.

Suppose by contrary that E is not constant, that is E;(x) and E;(y) not equals
for some xand y in X. Let H = (X, E) be a n-regular IVNHG; then

deg(x) =n = ([n1, nz], [n3, n4], [ns, ne[), (28)
forall x € E;.
Consider:
deg[x] = deg(x) + E;(x) = n + E;(x), (29)
degly] = deg(y) + Ei( (y) = n + E;(y), (30)

since E;(x) and E;(y) are not equals for some x and y in X, hence deg[x] and
deg[y] are not equals, thus H is not a totally regular IVNHG, which is a
contradiction to our assumption.

Next, let H be a totally regular IVNHG, then

deg[x] =deg[y]. (31)
Thatis

deg(x) + Ei(x) = deg(y) + E;(y), (32)

deg(x) - deg(y) = Ey(y) - Ei(X), (33)
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since RHS of above equation is nonzero, hence LHS of above equation is also
nonzero, thus deg(x) and deg(y) are not equals, so H is not a regular [IVNHG,
which is again a contradiction to our assumption, thus our supposition was
wrong, hence E must be constant, and this completes the proof.

Definition 3.17.

Let H = (X, E) be a regular IVNHG; then the order of an IVNHG H is denoted and
defined by:

O(H)=([p. ql. [r.s] [t u] ), (34)
where

P =2Xxex TLEi(x): q=Yxex TUEi(x) , T =Xxex ILEi(x): (35)

§ = Xxex U (%), t = Xy ex FLg, (%), u = Yy ex FUg, (), (36)
for every x € X, and the size of a regular IVNHG is denoted and defined by:

S(H) = Z?=1(SEL-)' (37)
where

S(E) = ([a, b], [c, d], [e, f]) (38)
and

a=Yxer, TLg; (X), b =Yy ep, TUg, (X), €= Xxeg, ILg,(x)  (39)

d=%, eg; 1Ug; (%), e= Dix ee; FLg, (%), f=2x eg; FUE; (x). (40)
Example 3.18.

Consider the interval valued neutrosophic hypergraphs H = (X, E), where X =
{a, b, c,d}and E = {P, Q, R, S}, defined by:

P={(a [08 009] [0.2 03], [0.3 04]) (b, [0.8 0.9], [0.2, 0.3], [0.3,
0.4]) },
Q={(b [08 0.9] [0.2 03], [0.3 04]), (c, [0.8 0.9], [0.2, 0.3], [0.3
0.4]) },
R={(c [0.8 0.9] [0.2, 0.3], [0.3, 0.4]), (d, [0.8, 0.9], [0.2, 0.3], [0.3,
0.4]) },
S={(d [0.8 0.9], [0.2, 0.3], [0.3, 0.4]), (a, [0.8, 0.9], [0.2, 0.3], [0.3,
0.4]) }.
Here, the order and the size of H are given, ([3.2, 3.6], [.8, 1.2], [1.2, 1.6]), and
([6.4, 7.2], [1.6,2.4], [2.4,3.2]) respectively.

Proposition 3.19.

The size of a n-regular IVNHG H = (H, E) is n?k where [X[= k.
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Proposition 3.20.

If H = (X, E) is a m-totally regular IVNHG, then 2S(H) + O(H) = mk, where [X] =
k.

Corollary 3.21.

Let H = (X, E) be a n-regular and a m-totally regular IVNHG; then O(H) = k(m -
n), where [X/=k.

Proposition 3.22.

The dual of a n-regular and a m-totally regular IVNHG H = (X, E) is again a n-
regular and a m-totally regular IVNHG.

Definition 3.23.

The interval valued neutrosophic hypergraph (IVNHG) is said to be a complete
IVNHG if for every x in X, N(x) = { x : x in X-{x} }; that is N(x) contains all
remaining vertices of X except x.

Example 3.24.

Consider the interval valued neutrosophic hypergraphs H = (X, E), where X =
{a b cd}and E={P, Q R} defined by:

P = {(a, [0.4, 0.5], [0.6, 0.7], [0.3, 0.4]), (c, [0.8, 0.9], [0.2, 0.3], [0.3,
0.4])}

Q={(a [0.8 1.0],[0.7,0.9],[0.3,0.7]), (b, [0.8,0.9], [0.2,0.3], [0.1, 0.9]),
(d, [0.8,0.9], [0.2,0.5], [0.1, 0.9])}
R={(c [0.4,0.6],[0.9,1.0],[0.9,1.0]), (d, [0.7,0.9],[0.2,0.7], [0.1,0.7]),
(b, [0.4, 0.6], [0.2, 0.7], [0.1, 0.8])}
Here, N(a) ={b, ¢, d}, N(b) ={a, ¢, d}, N(c) ={a, b, d}, N(d) = {a, b, c}. Hence His a
complete [IVNHG.
Remark 3.25.

In a complete IVNHG H = (X, E), the cardinality of N(x) is the same for every
vertex.

Theorem 3.26.

Every complete IVNHG H = ( X, E) is both a regular and a totally regular if E is
constantin H.

Proof.

Let H = (X, E) be a complete IVNHG; suppose E is constant in H.
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Consequently:

E;(x)=c=([c1,cz], [c3,c4] [c5, ce]), (41)

for all x € E;; since IVNHG is complete, then by definition for every vertex x in
X, N(x) ={x:xinX-{x} }, and the open neighbourhood degree of every vertex is
same, that is:

deg(x) =n = ([n1, n2], [n3, n4], [ns, ne]), (42)
forall x € E;.
Hence, a complete IVNHG is a regular IVNHG.
Also,

deg[x] =deg(x) + E;(x) =n +c (43)
for all x € E;.
Hence H is a totally regular IVNHG.

Remark 3.27.

Every complete IVNHG is totally regular even if E is not constant.
Definition 3.28.

An IVNHG is said to be k-uniform if all the hyper-edges have the same
cardinality.

Example 3.29.

Consider an interval valued neutrosophic hypergraphs H = (X, E), where X =
{a b c,d}and E={P, Q R}, defined by:

P = {(a, [0.8 0.9], [0.4,0.7], [0.2, 0.7]), (b, [0.7, 0.9], [0.5, 0.8], [0.3,
0.9])},

Q = {(b, [0.9, 1.0], [0.4, 0.5], [0.8, 1.0]), (c, [0.8, 0.9], [0.4, 0.5], [0.2,
0.71)},

R = {(c, [0.1, 0.9], [0.5, 0.7], [0.4, 1.0]), (d, [0.1, 1.0], [0.9, 1.0], [0.5,
0.9])}.

4 Conclusion

The theoretical concepts of graphs and hypergraphs are highly used in
computer science applications. The interval valued neutrosophic hypergraphs
are more flexible than the fuzzy hypergraphs and the intuitionistic fuzzy
hypergraphs, the interval valued fuzzy hypergraphs and the interval valued
intuitionistic fuzzy hypergraphs. The concept of interval valued neutrosophic
hypergraphs can be applied in various areas of engineering and computer
science.
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In this paper, we defined the regular and the totally regular interval valued
neutrosophic hypergraphs.

We plan to extend our research work to the irregular interval valued
neutrosophic hypergraphs.
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Abstract

In this paper, we introduce the homomorphism, weak isomorphism, co-weak
isomorphism, and isomorphism of single valued neutrosophic hypergraphs. The
properties of order, size and degree of vertices, along with isomorphism, are
included. The isomorphism of single valued neutrosophic hypergraphs equivalence
relation and of weak isomorphism of single valued neutrosophic hypergraphs
partial order relation is also verified.

Keywords

homomorphism, weak-isomorphism, co-weak-isomorphism, isomorphism of single
valued neutrosophic hypergraphs.

1 Introduction

The neutrosophic set (NS) was proposed by Smarandache [8] as a general-
ization of the fuzzy sets [14], intuitionistic fuzzy sets [12], interval valued
fuzzy set [11] and interval-valued intuitionistic fuzzy sets [13] theories, and it
is a powerful mathematical tool for dealing with incomplete, indeterminate
and inconsistent information in the real world. The neutrosophic sets are
characterized by a truth-membership function (t), an indeterminacy-mem-
bership function (i) and a falsity membership function (f) independently,
which are within the real standard or non-standard unit interval ]-0, 1*[. To
conveniently use NS in the real-life applications, Wang et al. [9] introduced
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the single-valued neutrosophic set (SVNS), as a subclass of the neutrosophic
sets. The same authors [10] introduced the interval valued neutrosophic set
(IVNS), which is even more precise and flexible than the single valued
neutrosophic set. The IVNS is a generalization of the single valued
neutrosophic set, in which the three membership functions are independent,
and their values belong to the unit interval [0, 1]. The hypergraph is a graph
in which an edge can connect more than two vertices. Hypergraphs can be
applied to analyse architecture structures and to represent system partitions.
In this paper, we extend the concept into isomorphism of single valued
neutrosophic hypergraphs, and some of their properties are introduced.

2 Preliminaries

Definition 2.1

A hypergraph is an ordered pair H = (X, £), where:

(1) X ={xq, x,, ..., x, }a finite set of vertices;

(2) E={E|, E,, .., Ey}afamily of subsets of X;

3) E; are not-empty for j=1,2,3, .., mand U]-(Ej)z X
The set X is called set of vertices and £ is the set of edges (or hyper-edges).
Definition 2.2

A fuzzy hypergraph H = (X, E) is a pair, where X is a finite set and E is a finite
family of non-trivial fuzzy subsets of X, such thatX =u; Supp(Ej), j=
1,2,3,..,m.

Remark 2.3
The collection E = {E}, E;, E5, ..., E;, } is the collection of edge sets of H.
Definition 2.4

A fuzzy hypergraph with underlying set X is of the form # = (X E R) where
E = {Ey, E;, E3, ..., Ep,} is the collection of fuzzy subsets of X, that is Ej : X —

[0,1],/=1 2 3, .., mandR : E - [0, 1] is a fuzzy relation on fuzzy subsets
Ej, such that:

R(xq, X3, oo, %) < min(E;(xy), .., Ej(x,)), (D
for all { x4, x5, ..., x,-} subsets of X.

Definition 2.5

Let X be a space of points (objects) with generic elements in Xdenoted by x.
A single valued neutrosophic set A (SVNS A) is characterized by truth mem-
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bership function T, (x), indeterminacy membership function I, (x), and a
falsity membership function F4 (x). For each point x €X; T, (x), I4(x), Fa(x) €
[0, 1].

Definition 2.6

A single valued neutrosophic hypergraph (SVNHG) is an ordered pair # = (X,
E), where:

(1) X ={xq, x,, ..., x, } a finite set of vertices.

(2) E={E}, E,, .., E, }afamily of SVNSs of X.

B)E; #0=(0,0 0)forj=1,23, .., mand U; Supp(E;)= X
The set Xis called set of vertices and F'is the set of SVN-edges (or SVN-hyper-
edges).
Proposition 2.7

The SVNHG is the generalization of the fuzzy hypergraphs and of the
intuitionistic fuzzy hypergraphs.

Let be given a SVNHGH = (X E R), with underlying set X, where £ = {E;, E,,
..., E;y }is the collection of non-empty family of SVN subsets of X, and R being
SVN's relation on SVN subsets E; such that:

Rr(xq, X3, e, ) < min([TEj(xl)], o [TEj(xr)]): (2)
Ry (x1, %2, o, %) 2 max([Ig; (x1)], ..., Ug;(x)]), (3)
Rp(xq, X2, 0o Xp) = maX([FEj(xl)], ey [FEj(xr)D' 4)

for all { x4, x5, ..., x,-} subsets of X.

Example 2.8

Consider the SVNHG H = (X E, R) with underlying set X = {a, b, ¢}, where F' =
{4, B}and R, which is defined in the 7ables given below.

H A B

a (0.2,0.3,0.9) (0.5,0.2,0.7)
b (0.5,0.5,0.5) (0.1,0.6,0.4)
c (0.8,0.8,0.3) (0.5,0.9,0.8)
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R R, R, Ry
A 0.2 0.8 0.9
B 0.1 0.9 0.8

By routine calculations, # = (X, E, R)is a SVNHG.

3 Isomorphism of SVNHGs

Definition 3.1

A homomorphism f: H— K between two SVNHGs H= (X, E,R) and K= (Y, F,
S) is a mapping f: X = Y, which satisfies:

min[Tg,(x)] < min[Ty, (f(x))], (5)

max[lg;(x)] = max[Ip,(f ()], (6)

max[Fg, (x)] = max[Fg,(f(x))], )
for all x€ X, and

Ry (xp, Xz, 0 %) < Sp(f () f (), s f (), (®)

Ry (X1, Xz, s %) = Si(f (k1) f 2D, e f(20)), 9)

Re (X1, Xz, s %) = Sp(f(x1) , £ (62), s f (), (10)

for all { x;, x5, ..., x,-} subsets of X.

Example 3.2

Consider the two SVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X
={a, b, c} and Y = {x, y, z}, where E = {A, B}, F = {C, D}, R and S, which are
defined in the Tables given below, and f: X = Y defined by f{a)=x, f(b)=y and
flc)=z.

H A B
a (0.2,0.3,0.9) (0.5,0.2,0.7)
b (0.5,0.5,0.5) (0.1,0.6,0.4)
c (0.8,0.8,0.3) (0.5,0.9,0.8)
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K C D
X (0.3,0.2,0.2) (0.2,0.1,0.3)
y (0.2,0.4,0.2) (0.3,0.2,0.1)
. (0.5,0.8,0.2) (0.9,0.7,0.1)

R Ry R, Rp

A 0.2 0.8 0.9

B 0.1 0.9 0.8

s S, S, S,

C 0.2 0.8 0.3

D 0.1 0.7 0.3

By routine calculations, f: H— K is a homomorphism between H and K.

Definition 3.3

A weak isomorphism f: H— K between two SVNHGs H = (X, E, R) and K= (Y, F,
S) is a bijective mapping f: X — Y, which satisfies f is homomorphism, such
that:

min[T, (x)] = min[Ty,(f ()], an

max[lg, (x)] = max[lr, (f ()], (12)

max([Fg, (x)] = max[Fy, (f ()], (13)
for all x€ X.

Note

The weak isomorphism between two SVNHGs preserves the weights of
vertices.

Example 3.4

Consider the two SVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X
={a, b, c} and Y = {x, y, z}, where E = {A, B}, F = {C, D}, R and S, which are
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defined in the Tables given below, and f: X = Y defined by f{a)=x, f(b)=y and
fle)=z.

H A B
a (0.2,0.3,0.9) (0.5,0.2,0.7)
b (0.5,0.5,0.5) (0.1,0.6,0.4)
c (0.8,0.8,0.3) (0.5,0.9,0.8)
K C D
X (0.2,0.3,0.2) (0.2,0.1,0.8)
y (0.2,0.4,0.2) (0.1,0.6,0.5)
z (0.5,0.8,0.9) (0.9,0.9,0.1)

R R, R, Ry

A 0.2 0.8 0.9

B 0.1 0.9 0.9

S Sy S, Sp

C 0.2 0.8 0.9

D 0.1 0.9 0.8

By routine calculations, f: H = K is a weak isomorphism between H and K.
Definition 3.5

A co-weak isomorphism f: H —» K between two SVNHGs H = (X, E, R) and K = (Y,
F, S) is a bijective mapping f: X = Y which satisfies fis homomorphism, i.e.:

RT(xl'xZI ""xr) = ST(f(xl) lf(x2)r 'f(xr) )' (14)
Ri(x1, %2, s %) = Si(f(x1), f(x2), e, f(2)), (15)
RF(xlﬂxZ' ""xr) = SF(f(xl) 'f(xZ)' ""f(xr) )' (16)

for all { x;, x5, ..., x,-} subsets of X.
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Note

The co-weak isomorphism between two SVNHGs preserves the weights of
edges.

Example 3.6

Consider the two SVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X
={a, b, c} and Y ={x, y, z}, where E = {A, B} ,F ={C, D}, R and S are defined in
the Tables given below, and f: X = Y defined by f(a)=x, f(b)=y and f(c)=z.

A B
(0.2,0.3,0.9) (0.5,0.2,0.7)
(0.5,0.5,0.5) (0.1,0.6,0.4)
(0.8,0.8,0.3) (0.5,0.9,0.8)

C D
(0.3,0.2,0.2) (0.2,0.1,0.3)
(0.2,0.4,0.2) (0.3,0.2,0.1)
(0.5,0.8,0.2) (0.9,0.7,0.1)

R Ry R, Rp

A 0.2 0.8 0.9

B 0.1 0.9 0.8

S Sy S, Sg

C 0.2 0.8 0.9

D 0.1 0.9 0.8

By routine calculations, f: H — K is a co-weak isomorphism between H and K.
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Definition 3.7

An isomorphism f: H— K between two SVNHGs H= (X, E,R) and K= (Y, F, S) is
a bijective mapping f: X = Y, which satisfies:

min([Tg, (x)] = min[Tp (f(x))], (17)

max[lg,(x)] = max[lg,(f(x))], (18)

max[Fy, (x)] = max([F,(f(x))], (19)
for all x€ X, and:

Ry(xp, Xz, 0 %) = Sp(f (1), £ (32), ooe, £ (2)), (20)

R (xg, %z e, %y) = Si(f (1), £ (52, ooe, f(21)), 21)

Rp(xy, %z s %) = Sp(f(xg), f(2), s f (1)), (22)

forall { x;, x5, ..., x,.} subsets of X.

Note

The isomorphism between two SVNHGs preserves both the weights of
vertices and the weights of edges.

Example 3.8

Consider the two SVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X
={a, b, c} and Y = {x, y, z}, where E = {A, B}, F = {C, D}, R and S, which are
defined in the Tables given below, and f: X = Y defined by, f{a)=x, f(b)=y and
flc)=z.

H A B
a (0.2,0.3,0.7) (0.5,0.2,0.7)
b (0.5,0.5,0.5) (0.1,0.6,0.4)
c (0.8,0.8,0.3) (0.5,0.9,0.8)
K C D
X (0.2,0.3,0.2) (0.2,0.1,0.8)
y (0.2,0.4,0.2) (0.1,0.6,0.5)
z (0.5,0.8,0.7) (0.9, 0.9,0.1)
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R| Ry R, R,
A 0.2 0.8 0.9
B 0.0 0.9 0.8
S Sr S Sk
C 0.2 0.8 0.9
D 0.0 0.9 0.8

By routine calculations, f: H— K is an isomorphism between H and K.

Definition 3.9

Let H = (X, E, R) be a SVNHG; then, the order of H is denoted and defined by:

O(H) = minTEj(x),ZmaxIEj(x), (23)
and the size of H is denoted and defined by:
S(H) = (X Rr(E;) L Ri(E;) X Re(E;)). (24)

Theorem 3.10

Let H=(X E, R) and K = (Y, F, S) be two SVNHGs, such that H is isomorphic to
K.

Then:
(1) O(H) = O(K);
(2) S(H) = S(K).
Proof.

Let f: H - K be an isomorphism between H and K with underlying sets X and Y
respectively.

Then, by definition, we have:

min[Ts, ()] = min[Tr, (£ ()], 25)
max(/s, ()] = max{ly, (£ ()], (26)
max[F, (¥)] = max{Fr, (f(0)], @7

for all x € X, and:
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Ry(xp, Xz, s %) = Sp(F(x1) , f(2), woes f(21) ), (28)
Rl(xler' "'rxr) = Sl(f(xl) rf(xZ)' ""f(xr) )' (29)
RF(xI'xZ' "'rxr) = SF(f(xl) 'f(xZ)' ""f(xr) )' (30)

for all { x;, x5, ..., x,.} subsets of X.

Consider:

07(H) = ¥ minTg,(x) = £ min Ty, (£ (x)) = 07(K) (31
Similarly, 0;(H) = 0,(K) and Or(H) = Or(K), hence O(H) = O(K).
Next,

Sr(H) = X Rr(x1, X2, ..., %) = BSp(f(x0), f(x2), o, f () =
Sr(K) (32)

Similarly, S;(H) = S,(K), Sp(H) = Sp(K), hence S(H) = S(K).

Remark 3.11

The converse of the above theorem need not to be true in general.

Example 3.12

Consider the two SVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X
={a, b, c d} and Y={w, x, y, z}, where E = {A, B}, F={C, D}, R and S, which are
defined in the Tables given below, where fis defined by f{a)=w, f(b)=x, f(c)=y,
fld)=z.

H A B
a (0.2,0.5,0.33) (0.16,0.5,0.33)
b (0.0,0.0,0.0) (0.2,0.5,0.33)
c (0.33,0.5,0.33) (0.2,0.5,0.33)
d (0.5,0.5,0.33) (0.0,0.0,0.0)

K C D

w (0.2,0.5,0.33) (0.2,0.5,0.33)

X (0.16,0.5,0.33) (0.33,0.5,0.33)

y (0.33,0.5,0.33) (0.2,0.5,0.33)

z (0.5,0.5,0.33) (0.0,0.0,0.0)
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R Ry R, R,
A 0.2 0.5 0.33
B 0.16 0.5 0.33
S St S; Sp

C 0.16 0.5 0.33
D 0.2 0.5 0.33

Here, O(H) = (1.06, 2.0, 1.32) = O(K) and S(H) = (0.36, 1.0, 0.66) = S(K), but, by

routine calculations, H is not isomorphism to K.

Corollary 3.13

The weak isomorphism between any two SVNHGs preserves the orders.

Remark 3.14

The converse of above corollary need not to be true in general.

Example 3.15

Consider the two SVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X
={a, b, c d} and Y={w, x,y, z}, where E = {A, B}, F={C, D}, R and S, which are
defined in the Tables given below, where fis defined by f{a)=w, f(b)=x, f(c)=y,

fld)=z.
H A B
a (0.2,0.5,0.3) (0.14,0.5,0.3)
b (0.0,0.0,0.0) (0.2,0.5,0.3)
c (0.33,0.5,0.3) (0.16,0.5,0.3)
d (0.5,0.5,0.3) (0.0,0.0,0.0)
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K C D
w (0.14,0.5,0.3) (0.16,0.5,0.3)
X (0.0,0.0,0.0) (0.16,0.5,0.3)
y (0.25,0.5,0.3) (0.2,0.5,0.3)
z (0.5,0.5,0.3) (0.0,0.0,0.0)

Here, O(H)= (1.0, 2.0, 1.2) = O(K), but, by routine calculations, H is not weak
isomorphism to K.

Corollary 3.16

The co-weak isomorphism between any two SVNHGs preserves sizes.
Remark 3.17

The converse of above corollary need not to be true in general.

Example 3.18

Consider the two SVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X
={a, b,c d} and Y={w,x y, z}, where E ={A, B}, F={C, D},R and S are defined
in the Tables given below, where fis defined by f{(a)=w, f(b)=x, f(c)=y, f(d)=z.

H A B
(0.2,0.5,0.3) (0.14,0.5,0.3)

(0.0,0.0,0.0) (0.16,0.5,0.3)

(0.3,0.5,0.3) (0.2,0.5,0.3)

(0.5,0.5,0.3) (0.0,0.0,0.0)

C D

(0.0,0.0,0.0) (0.2,0.5,0.3)
(0.14,0.5,0.3) (0.25,0.5,0.3)

(0.5,0.5,0.3) (0.2,0.5,0.3)

(0.3,0.5,0.3) (0.0,0.0,0.0)
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R Ry R, Ry
A 0.2 0.5 0.3
B 0.14 0.5 0.3
S St S Sk
C 0.14 0.5 0.3
D 0.2 0.5 0.3

Here, S(H) = (0.34,1.0,0.6) = S(K), but, by routine calculations, H is not co-
weak isomorphism to K.

Definition 3.19

Let H = (X, E, R) be a SVNHG; then the degree of vertex x; is denoted and
defined by:

deg(x;) = (degr(x;), deg;(x;), degp(x;)), (33)
where

degr(x;) = X Rr(xy, %2, ., %) (34)

deg;(x;) = X R;(x1, %2, .., xp), (35)

degp(x;) = X Rp(x1, %z, ..., X1), (36)
forx; # x,.

Theorem 3.20

If H and K are two isomorphic SVNHGs, then the degree of their vertices is
preserved.

Proof.

Let f: H— K be an isomorphism between H and K with underlying sets Xand Y
respectively; then, by definition, we have

min[Tg, ()] = min[Ty, (£ ()], 37
maX[IEj(x)] = maX[IFj(f(x))]’ (38)
max(Fy, (x)] = max[Fy,(f ()], (39)

for all x€ X, and:
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Ry(xp, %z, %) = Se(f(xn) . f(x2), oo, f (7)), (40)
Rl(xler' "'rxr) = Sl(f(xl) rf(xZ)' ""f(xr) )' (41)
RF(xlle' "'rxr) = SF(f(xl) 'f(xZ)' ""f(xr) )' (4'2)

for all { x;, x5, ..., x,.} subsets of X.

Consider:

degr(x;) = X Rr(x1, Xz, o, %) = XSr(f(x1), f(x2), e, f (7)) =

degr(f (x;)). (43)
Similarly:

deg;(x;) = deg;(f (x;)), degr(x;) = degp(f (x;)) (44)
Hence:

deg(x;) = deg(f (x)). (45)
Remark 3.21

The converse of the above theorem may not be true in general.

Example 3.22

Consider the two SVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X
={a, b} and Y = {x, y}, where E = {A, B}, F = {C, D}, R and S are defined in the
Tables given below, where f is defined by, f(a)=x, f(b)=y, here deg(a) = ( 0.8,
1.0, 0.6) = deg(x) and deg(b) = (0.45, 1.0, 0.6) = deg(y).

H A B
a (0.5,0.5,0.3) (0.3,0.5,0.3)
b (0.25,0.5,0.3) (0.2,0.5,0.3)

K C D
X (0.3,0.5,0.3) (0.5,0.5,0.3)

y (0.2,0.5,0.3) (0.25,0.5,0.3)

S Sy S, Sk
C 0.2 0.5 0.3
D 0.25 0.5 0.3

Critical Review. Volume XIII, 2016



M, Aslam Malik, Ali Hassan, Said Broumi, Assia Bakali, M. Talea, F. Smarandache 33

Isomorphism of Single Valued Neutrosophic Hypergraphs

R R, R, Rp
A 0.25 0.5 0.3
B 0.2 0.5 0.3

But H is not isomorphic to K, i.e. H is neither weak isomorphic nor co-weak
isomorphic to K.

Theorem 3.23
The isomorphism between SVNHGs is an equivalence relation.

Proof.

Let H=(X E,R), K=(Y,F,S) and M = (Z, G, W) be SVNHGs with underlying sets
X, Y and Z, respectively:

- Reflexive.

Consider the map (identity map) f: X = X defined as follows: f{x) = x for all x€
X, since identity map is always bijective and satisfies the conditions:

min[Tg; (x)] = min[Tg,(f ()], (46)

max[lg;(x)] = max[Ig,(f ()], (47)

max[Fg, (x)] = max[Fg, (f ()], (48)
for all x€ X, and:

Ry (xp, Xz, %) = Rp(f(xp), f (%), o f(20)), (49)

Ry (1, %z, %) = Ri(F(0) , f(x2), s f(20)), (50)

Rp(xp, Xz, e, %) = Rp(f(x1) , f(%2), s f (X)), (51)

for all { x;, x5, ..., x,-} subsets of X.

Hence fis an isomorphism of SVNHG H to itself.

- Symmetric.

Let f: X = Y be an isomorphism of H and K, then fis bijective mapping, defined
as f{x) =y forallxe X

Then, by definition:
min{Ty, ()] = minTp, (f ()], (52)
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max[lg,(x)] = max[Ig;(f (x))], (53)

max[Fg, (x)] = max[Fy,(f ()], (54)
for all x€ X, and:

Ry(xp, X2, s %) = Sp(F (X)), f(x2), oo, f (1)), (55)

Ri(xp, %2, 0, %) = S (f(x1), f(X2), oo, f (X)), (56)

Rp(x1, %z, s %) = Sp(f(x1), f(x2), oo, f (1)), (57)

for all { x;, x5, ..., x,-} subsets of X.

Since fis bijective, then we have f~1(y) = x forally €Y.

Thus, we get:

min[Ty, (/)] = min[Ts, ()], (58)
max(lg, (f 1)1 = max(lr, )] (59)
max(Fg, (f ()] = max[Fr, ()], (60)

for all x€ X, and:
Rr (f_l(%):f_](YZ)» ---:f_l(Yr)) =St(V1, Y2 - V), (61)
RI (f_l(yI)'f_l(yZ)r ""f_l(yr)) = Sl(yl » Y2, ""yr)' (62)

RF (f_l(yl)'f_l(yZ)' -":f_l(yr)) = SF(yl » Y2, ""yr)' (63)

forall { y;,v,, ..., ¥} subsetsofY.

Hence, we have a bijective map f~! : ¥ — X, which is an isomorphism from K
to H.

- Transitive.

Let f:X - Y and g:Y — Z be two isomorphism of SVNHGs of H onto K and K
onto M, respectively. Then gof is a bijective mapping from X to Z, where gof
is defined as (gof)(x) = g(f(x)) forallx € X.

Since fis an isomorphism, then, by definition, f(x) = y forall x € X, which
satisfies:

min[T;, ()] = min{Ty,(f(O)], (64
max{ly,(x)] = max{ly, (£ ()], (65)
max[Fy, ()] = max[Fy, ( ()] (66)

for all x€ X, and:
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Rp(xp, %z, %) = Sp(f(x1), f(x2), o, f (1)), (67)
Ri(xy,xz, %) = S;(f(x1), f(x2), o, f(37)), (68)
Rp(x1, %2, s %) = Sp(f(x1), f(x2), o) f () ), (69)

for all { x;, x5, ..., x,.} subsets of X.

Since g : Y — Zis an isomorphism, then, by definition, g(y) = zforally €Y,
satisfying the conditions:

min[Ty, ()] = min|T5,(90)),
max[IFj(y)] = maX[Ic;j(g(}’))]'

maX[FFj (¥)] = max[F; (g(y))],

for all x€ X, and:

SruYz 0 ¥r) = Wr(g(y1), 9@2) s 9O ),
Sy ¥r) =W @), 902 g ),
Sr1 Y2 0 ¥r) = We(@1), 92), -, 9O) ),

forall { y;, v, ..., y-} subsets of Y.

Thus, from above equations, we conclude that:

min[TEj(x)] = min[TGj(g(f(x)))]:
max[lg, ()] = max[lg,(g(f ()],
max[FEj(x)] = maX[FGj(g(f(x)))]»

for all x€ X, and:

Ry (xy, s %) = Wr(g(f(x0), . g (F (),
R (xp, e, ) = Wi (g(f (xD), ., g (f (D)),
R (xg, %) = We(g(f Ce)), -, g (f (),

for all { x;, x5, ..., x,.} subsets of X.

(70)

(7D
(72)

(73)
(74)
(75)

(76)
(77)

(78)

(79)
(80)
(81

Therefore, gof is an isomorphism between H and M. Hence, the isomorphism
between SVNHGs is an equivalence relation.

Theorem 3.24

The weak isomorphism between SVNHGs satisfies the partial order relation.

Proof.

Let H=(X E,R), K=(Y,F,S) and M = (Z, G, W) be SVNHGs with underlying sets
X, Y and Z, respectively.
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- Reflexive.

Consider the map (identity map) f: X = X, defined as follows f{x)=x for all x €
X, since the identity map is always bijective and satisfies the conditions:

min[Tg, (x)] = min[Tg, (£ ()], (82)

max(l, (x)] = max[lg, (f ()], (83)

max[Fy, ()] = max[Fg, (f ()], (84)
for all x€ X, and:

Rp(xp, %z, o %) < Re(f (1) f (X2, o f (1)), (85)

Ri(x1, %2, ., xr) = Ri(f(xg), f(x2), e, f (1)), (86)

Rp(xp, 2z 0 2p) 2 Re(f (i), £ (), s f (1)), (87)

forall { x;, x5, ..., x,.} subsets of X.

Hence fis a weak isomorphism of SVNHG H to itself.

- Anti-symmetric.

Let fbe a weak isomorphism between H onto K, and g be a weak isomorphic
between K and H, that is f:X — Yis a bijective map defined by f(x) =
y for all x € X, satisfying the conditions:

min[Tg, (x)] = min[Ty, (f ()], (88)

max[lg, (x)] = max[lr,(f ()], (89)

max[Fg, (x)] = max[Fr, (f ()], (90)
for all x€ X, and:

Rr(xy, Xz, 00, 2) < Sp(f(x0)  f (), s f (), oD

Ry(x1, %2, o, %) = Si(f(x), f(x2), e, f (X)), (92)

Rp(x1,2z %) 2 Sp(f(rr) (), s f (1)), (93)

for all { x;, x5, ..., x,-} subsets of X.

Since g is also a bijective map g(y) = x for all y € Y satisfying the conditions:

min[Tp,(y)] = min[Tg,(9(»))], (95)
max{ly, ()] = max{ly, (90))], (96)
max[Fr,(y)] = max[Fg,(g(»)], (97)

forally € Y, and:
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Rr(y,y2 0, ¥r) < Sr(91),9(2), -, g(¥r)), (98)
Rl(ylﬂ Y2 ---'yr) = Sl(f(yl) 'f(yZ)' 'f(yr) )' (99)
Re(y1, ¥z s ¥r) = SE(f o), f2)s e fO) ), (100)

forall { y;, vy, ..., y-} subsets of Y.

The above inequalities hold for finite sets X and Y only when H and K SVNHGs
have same number of edges and the corresponding edge have same weight,
hence H is identical to K.

- Transitive.

Let f:X —» Y and g:Y = Z be two weak isomorphism of SVNHGs of H onto K
and K onto M, respectively. Then gof is a bijective mapping from X to Z,
where gof is defined as (gof)(x) = g(f(x)) forall x € X.

Since f is a weak isomorphism, then, by definition, f(x) = y forallx € X,
which satisfies the conditions:

min[Ty, (x)] = min[Tr (f ()], (101)

max[lp,(x)] = max[lp,(f(x))], (102)

max[Fg, (x)] = max[Fr, (f ()], (103)
for all x€ X, and:

Rp(xy, %z e, %) < Sp(f (), f(22)s s f (), (104)

Ri(xg, %2, e, %) =S (f(x1), f(x2), oo, f()), (105)

Ry (x1, %z, o0, %) = Sp(f (X1) , £ (x2), oo, f(20)), (106)

for all { x;, x5, ..., x,-} subsets of X.

Since g:Y - Z is a weak isomorphism, then, by definition, g(y) =
z forall y €Y satisfying the conditions:

min[Ts,(y)] = min[Tg,(g9()], (107)

max[ls,(y)] = max[lg,(g()], (108)

max[Fp,(y)] = max[Fg(g(»)], (109)
for all x€ X, and:

Srn Y2 w0 ¥) SWr(ge) , 92, s 901 ), (110)

SiVL Y2 o) Z2WigW), 92, -, 90)), (111)

S Y2 0 ¥r) =2 We(@1),9(2), -, 90 ), (112)

forall {y;,y,, ..., -} subsetsofY.
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Thus, from above equations, we conclude that:
min[Tg;(x)] = min[T;, (g(f (x)))],
max[lg, ()] = max[lg,(g(f ()],
max[Fg (x)] = max[Fg;(g(f ()],

for all X€ X, and:
Rp(xy, %) < Wr(g(f(x2)), ., g(f (x))),
Ri(xp, %) 2 Wi(g(f(x2)), o, g(f (X)),
Re(xy, %) 2 Wr(g(f (), ., g(f ()

for all { x;, x5, ..., x,.} subsets of X.

Therefore gofis a weak isomorphism between H and M.

(113)
(114)

(115)

(116)
(117)
(118)

Hence, a weak isomorphism between SVNHGs is a partial order relation.

4 Conclusion

Theoretical concepts of graphs and hypergraphs are highly used by computer

science applications. Single valued neutrosophic hypergraphs are more
flexible than fuzzy hypergraphs and intuitionistic fuzzy hypergraphs. The
concepts of single valued neutrosophic hypergraphs can be applied in various

areas of engineering and computer science.

In this paper, the isomorphism between SVNHGs is proved to be an

equivalence relation and the weak isomorphism to be a partial order relation.
Similarly, it can be proved that a co-weak isomorphism in SVNHGs is a partial

order relation.

5) References

[1] C. Radhamani, C. Radhika. Isomorphism on Fuzzy Hypergraphs, I0SR Journal
of Mathematics (IOSRJM), ISSN: 2278-5728 Volume 2, Issue 6 (Sep-Oct.

2012), 24-31.

[2] A. V. Devadoss, A. Rajkumar & N. J. P. Praveena. A Study on Miracles through
Holy Bible using Neutrosophic Cognitive Maps (NCMS). In: International

Journal of Computer Applications, 69(3) (2013).

[3] A. Nagoorgani and M. B. Ahamed. Order and Size in Fuzzy Graphs. In: Bulletin

of Pure and Applied Sciences, Vol 22E (No. 1) (2003) 145-148.

[4] A. Nagoorgani. A. and S. Shajitha Begum. Degree, Order and Size in
Intuitionistic Fuzzy Graphs. In: Intl. Journal of Algorithms, Computing and

Mathematics, (3)3 (2010).

Critical Review. Volume XIII, 2016



M, Aslam Malik, Ali Hassan, Said Broumi, Assia Bakali, M. Talea, F. Smarandache 39

Isomorphism of Single Valued Neutrosophic Hypergraphs

[5] A. Nagoorgani and S. R Latha. On Irregular Fuzzy Graphs. In: Applied
Mathematical Sciences, Vol. 6, no. 11 (2012) 517-523.

[6] A. Nagoorgani, J. Malarvizhi. Isomorphism Properties on Strong Fuzzy Graphs,
International Journal of Algorithms, Computing and Mathematics, 2009, pp.
39-47.

[7] F. Smarandache. Refined Literal Indeterminacy and the Multiplication Law of
Sub-Indeterminacies. In: Neutrosophic Sets and Systems, Vol. 9 (2015) 58-
63.

[8] F. Smarandache. Types of Neutrosophic Graphs and Neutrosophic Algebraic
Structures together with their Applications in Technology, Seminar,
Universitatea Transilvania din Brasov, Facultatea de Design de Produs si
Mediu, Brasov, Romania, June, 6th, 2015.

[9] F. Smarandache. Symbolic Neutrosophic Theory. Brussels: Europanova, 2015,
195 p.

[10] F. Smarandache. Neutrosophic set - a generalization of the intuitionistic
fuzzy set. In: Granular Computing, 2006 IEEE Intl. Conference, (2006) 38 - 42,
DOI: 10.1109/GRC. 2006.1635754.

[11] H. Wang, F. Smarandache, Y. Zhang, R. Sunderraman. Single Valued
Neutrosophic Sets. In: Multispace and Multistructure, 4 (2010) 410-413.

[12] H. Wang, F. Smarandache, Zhang, Y.-Q., R. Sunderraman. [Interval
Neutrosophic Sets and Logic: Theory and Applications in Computing. Phoenix:
Hexis, 2005.

[13] I. Turksen. Interval valued fuzzy sets based on normal forms. In: Fuzzy Sets
and Systems, vol. 20(1986) 191-210.

[14] K. Atanassov. Intuitionistic fuzzy sets. In: Fuzzy Sets and Systems. vol. 20
(1986) 87-96.

[15] K. Atanassov and G. Gargov. Interval valued intuitionistic fuzzy sets. In:
Fuzzy Sets and Systems, vol. 31 (1989) 343-349.

[16] L. Zadeh. Fuzzy sets. In: Information and Control, 8 (1965) 338-353.

[17] M. Akram and B. Davvaz. Strong intuitionistic fuzzy graphs. In: Filomat, vol.
26,n0.1(2012) 177-196.

[18] M. Akram and W. A. Dudek. Interval-valued fuzzy graphs. In: Computers &
Mathematics with Applications, vol. 61, no. 2 (2011) 289-299.

[19] M. Akram. Interval-valued fuzzy line graphs. In: Neural Comp. and
Applications, vol. 21 (2012) 145-150.

[20] M. Akram. Bipolar fuzzy graphs. In: Information Sciences, vol. 181, no. 24
(2011) 5548-5564.

[21] M. Akram. Bipolar fuzzy graphs with applications. In: Knowledge Based
Systems, vol. 39 (2013) 1-8.

[22] M. Akram and A. Adeel. m-polar fuzzy graphs and m-polar fuzzy line graphs.
In: Journal of Discrete Mathematical Sciences and Cryptography, 2015.

[23] M. Akram, W. A. Dudek. Regular bipolar fuzzy graphs. In: Neural Computing
and Applications, vol. 21, pp. 97-205 (2012).

[24] M. Akram, W.A. Dudek, S. Sarwar. Properties of Bipolar Fuzzy Hypergraphs.
In: Italian Journal of Pure and Applied Mathematics, no. 31 (2013), 141-161

Critical Review. Volume XIII, 2016



40

M, Aslam Malik, Ali Hassan, Said Broumi, Assia Bakali, M. Talea, F. Smarandache

Isomorphism of Single Valued Neutrosophic Hypergraphs

[25] M. Akram, N. O. Alshehri, and W. A. Dudek. Certain Types of Interval-Valued
Fuzzy Graphs. In: Journal of Appl. Mathematics, 2013, 11 pages,
http://dx.doi.org/10.1155/ 2013 /857070.

[26] M. Akram, M. M. Yousaf, W. A. Dudek. Self-centered interval-valued fuzzy
graphs. In: AfrikaMatematika, vol. 26, Issue 5, pp 887-898, 2015.

[27] P. Bhattacharya. Some remarks on fuzzy graphs. In: Pattern Recognition
Letters 6 (1987) 297-302.

[28] R. Parvathi and M. G. Karunambigai. Intuitionistic Fuzzy Graphs. In:
Computational Intelligence. In: Theory and applications, International
Conference in Germany, Sept 18 -20, 2006.

[29] R. A. Borzooei, H. Rashmanlou. More Results on Vague Graphs, U.P.B. Sci.
Bull,, Series A, Vol. 78, Issue 1, 2016, 109-122.

[30] S. Broumi, M. Talea, F. Smarandache and A. Bakali. Single Valued
Neutrosophic Graphs: Degree, Order and Size. IEEE International Conference
on Fuzzy Systems (FUZZ),2016, pp. 2444-2451.

[31] S. Broumi, M. Talea, A. Bakali, F. Smarandache. Single Valued Neutrosophic
Graphs. In: Journal of New Theory, no. 10, 68-101 (2016).

[32] S. Broumi, M. Talea, A. Bakali, F. Smarandache. On Bipolar Single Valued
Neutrosophic Graphs. In: Journal of New Theory, no. 11, 84-102 (2016).

[33] S. Broumi, M. Talea, A. Bakali, F. Smarandache. Interval Valued Neutrosophic
Graphs, SISOM & ACOUSTICS 2016, Bucharest 12-13 May, pp. 79-91.

[34] S. Broumi, F. Smarandache, M. Talea and A. Bakali. An Introduction to
Bipolar Single Valued Neutrosophic Graph Theory. Applied Mechanics and
Materials, vol.841, 2016, pp.184-191.

[35] S. Broumi, M. Talea, A. Bakali, F. Smarandache. Operations on Interval
Valued Neutrosophic Graphs (2016), submitted.

[36] S. Broumi, F. Smarandache, M. Talea and A. Bakali. Decision-Making Method
Based on the Interval Valued Neutrosophic Graph, Future Technologie, 2016,
IEEE, pp 44-50.

[37] S. N. Mishra and A. Pal. Product of Interval Valued Intuitionistic fuzzy graph.
In: Annals of Pure and Applied Mathematics, Vol. 5, No. 1 (2013) 37-46.

[38] S. Rahurikar. On Isolated Fuzzy Graph. In: Intl. Journal of Research in
Engineering Technology and Management, 3 pages.

[39] W. B. Vasantha Kandasamy, K. Ilanthenraland F. Smarandache.
Neutrosophic Graphs: A New Dimension to Graph Theory, EuropaNova,
Belgium, 2016.

Critical Review. Volume XIII, 2016



41

Isomorphism of Interval Valued
Neutrosophic Hypergraphs

Muhammad Aslam Malik', Ali Hassan?, Said Broumi®,
Assia Bakali*, Mohamed Talea’, Florentin Smarandache®

1 Department of Mathematics, University of Punjab, Lahore, Pakistan
aslam@math.pu.edu.pk
Z Department of Mathematics, University of Punjab, Lahore, Pakistan
alihassan.iiui.math@gmail.com
3,5 University Hassan I, Sidi Othman, Casablanca, Morocco
broumisaid78@gmail.com
4 Ecole Royale Navale, Casablanca, Morocco
assiabakali@yahoo.fr
6 University of New Mexico, Gallup, NM, USA
smarand@unm.edu

Abstract

In this paper, we introduce the homomorphism, weak isomorphism, co-weak
isomorphism and isomorphism of interval valued neutrosophic hypergraphs. The
properties of order, size and degree of vertices, along with isomorphism, are included.
The isomorphism of interval valued neutrosophic hypergraphs equivalence relation
and weak isomorphism of interval valued neutrosophic hypergraphs partial order
relation are also verified.

Keywords

homomorphism, weak-isomorphism, co-weak-isomorphism, isomorphism of interval
valued neutrosophic hypergraphs.

1 Introduction

The neutrosophic sets are characterized by a truth-membership function (¢),
an indeterminacy-membership function (i) and a falsity membership function
(f) independently, which are within the real standard or non-standard unit
interval ]-0, 1*].

Smarandache [8] proposed the notion of neutrosophic set (NS) as a
generalization of the fuzzy set [14], intuitionistic fuzzy set [12], interval valued
fuzzy set [11] and interval-valued intuitionistic fuzzy set [13] theories.
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For convenient use of NS in real life applications, Wang et al. [9] introduced
the concept of the single-valued neutrosophic set (SVNS), a subclass of the
neutrosophic sets. The same authors [10] introduced the concept of the
interval valued neutrosophic set (IVNS), which is more precise and flexible
than the single valued neutrosophic set. The IVNS is a generalization of the
single valued neutrosophic set, in which the three membership functions are
independent and their value belong to the unit interval [0, 1].

More works on single valued neutrosophic sets, interval valued neutrosophic
sets and their applications can be found on http://fs.gallup.unm.edu/NSS/.
Hypergraph is a graph in which an edge can connect more than two vertices.
Hypergraphs can be applied to analyze architecture structures and to
represent system partitions. Mordesen and Nasir gave the definitions for fuzzy
hyper graphs. Parvathy R. and M. G. Karunambigai’'s paper introduced the
concepts of intuitionistic fuzzy hypergraphs and analyze its components.
Radhamani and Radhika introduced the concept of Isomorphism on Fuzzy
Hypergraphs.

In this paper, we extend the concept to isomorphism of interval valued
neutrosophic hypergraphs, and some of their important properties are
introduced.

2 Preliminaries

Definition 2.1

A hypergraph is an ordered pair H = (X, E), where:
(1) X ={x4, x5, ..., x,} is a finite set of vertices.
(2) E={E, E;, .., E,;} is a family of subsets of X.
(3) Ej are not-empty forj=1, 2, 3,.., mand U;(E;) = X.

The set X is called set of vertices and E is the set of edges (or hyper-edges).

Definition 2.2

A fuzzy hypergraph H = (X, E) is a pair, where X is a finite set and E is a finite
family of non-trivial fuzzy subsets of X, such that X =u; Supp(Ej), j=
1,2,3,..,m.

Remark 2.3

E ={E; E, E3, ...., E,} is the collection of edge set of H.
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Definition 2.4

A fuzzy hypergraph with underlying set X is of the form H = (X, E, R), where
E ={E E; Es, ..., Ep} is the collection of fuzzy subsets of X, ie. Ej : X -
[0,1],j=1,2,3,..,mandR : E - [0, 1] is a fuzzy relation on fuzzy subsets E;,
such that:

R(x1, X3, ., X)) < min(E;(xq), ., Ej(x,)), (1)

forall { x;, x5, ..., x,.} subsets of X.

Definition 2.5

Let X be a space of points (objects) with generic elements in X, which is
denoted by x. A single valued neutrosophic set A (SVNS A) is characterized by
truth membership function T4 (x), indeterminacy membership function I, (x)
and a falsity membership function F4(x). For each point x €X; T4 (x), I4(x),F4(x)
€ [0, 1].

Definition 2.6

A single valued neutrosophic hypergraph is an ordered pair H = (X, E), where:
(1) X ={x4, x5, ..., x,} is a finite set of vertices.
(2) E={E, E;, .., E,;} is a family of SVNSs of X.
(3)E; #0=(0,0,0)for j=1,2,3,..,mand U; Supp(E;)=X.
The set X is called set of vertices and E is the set of SVN-edges (or SVN-hyper-
edges).
Proposition 2.7
The single valued neutrosophic hypergraph is the generalization of fuzzy
hypergraphs and intuitionistic fuzzy hypergraphs.

Note that a given a SVNHGH = (X, E, R) with underlying set X, where E = {E}, E,,
..., E;} is the collection of non-empty family of SVN subsets of X, and R is SVN
relation on SVN subsets Ej, such that:

Rr(x1, X2, ., %) S min([Tg;(x7)], ..., [Tg; (x,)]), (2)
Ry (x1, %2, .., %) 2 max([Ig, (x )], .., [Ug;(x:)]), (3)
RF(xler' 'xr) > max([FEj(xl)], AR [FEj(xr)])' (4)

for all {x4, x,, ..., x,-} subsets of X.
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Definition 2.8

Let X be a space of points (objects) with generic elements in X denoted by x. An
interval valued neutrosophic set A (IVNS A) is characterized by lower truth
membership function TL, (x), lower indeterminacy membership function
1L, (x), lower falsity membership function FL,(x), upper truth membership
function TU, (x), upper indeterminacy membership function 1Uy, (x), upper
falsity membership function FU, (x), for each point x € X;
[TL4(x),TU,], [IL4(x),1U4(x)], [FL4(x),FU4(x)] subsets of [0, 1].

Definition 2.9
An interval valued neutrosophic hypergraph is an ordered pair H = (X, E),
where:
(1) X={x4, x5, ..., x,} be a finite set of vertices.
(2)E={E, E;, .., E,,} be a family of IVNSs of X.
(3)E; # 0=([0,0],[0,0],[0,0]) forj=1,2,3,.., mand U; Supp(E;)=
X.

The set X is called set of vertices and E is the set of IVN-edges (or IVN-hyper-
edges).

Note that a given IVNHGH = (X, E, R) with underlying set X, where E = {E;, E,,
..., Ep} is the collection of non-empty family of IVN subsets of X, and R is IVN
relation on IVN subsets E; such that:

Ry (X1, X2, e, %) < min([TLEj(xl)]' ey [TLEj(xr)D' (5)

Ry, (%1, %z, -, %) 2 max([ILg, ()], -, [ILg, ()]), (6)
R, (1, Xz, -, %) = max([FLg, (X)), .., [FLg, (x,)]), (7)
Rry (X1, Xz, o, %) < min([TUg, (X1, .., [TUg, (x)]), (8)
Ry (X1, %z, o, %) = max([Ug, (], .., [1Ug, (x,)]), 9)
Rey (X1, %z, v, %) = max([FUg, (2], ., [FUg, (x,)]), (10)

for all {x;, x5, ..., x,-} subsets of X.

Proposition 2.10

The interval valued neutrosophic hypergraph is the generalization of fuzzy
hypergraphs, intuitionistic fuzzy hypergraphs, interval valued fuzzy
hypergraphs and interval valued intuitionistic fuzzy hypergraphs.
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Example 2.11

Consider the IVNHG H = (X, E, R) with underlying set X = {q, b, ¢}, where E = {4,
B} and R, which are defined in the Tables given below:

H A B
a | ([0.5,0.7],[0.2,0.9],[0.508]) | ([0.3,0.5],[0.5,0.6], [0.0,0.1])

b ([0.0,0.0], [0.0,0.0], [0.0,0.0]) ([0.1,0.4],[0.3,0.9],[0.9,1.0])
c ([0.2,0.3], [0.1,0.5], [0.4,0.7]) ([0.5,0.9],[0.2,0.3],[0.5,0.8])

R R, R, Rp
A [0.1,0.2] [0.6, 1.0] [0.5,0.9]
B [0.1, 0.3] [0.9, 0.9] [0.9, 1.0]

By routine calculations, H = (X, E, R) is IVNHG.

2

Definition 3.1

Isomorphism of SVNHGs

A homomorphism f: H— K between two IVNHGs H = (X, E, R) and K= (Y, F, S)
is a mapping f: X = Y which satisfies the conditions:

min[TLEj(x)] < min[Tij(f(x))];

max([IL, (x)] = max[ILg (f(0))],

for all { x;, x5, ..., x,.} subsets of X.

max[FLg,(x)] = max[FLg (f(x))],
min[TUg,(x)] < min[TUx (f ()],

max[IUEj(x)] > max[IUFj(f(x))],

max[FUg,(x)] = max[FUFj(f(x))], forallx € X.

Ry (xg, Xz, o, 0) < S (f(x1) L f(x2), o, £ (1)),
Ry (g, %9, oy %) Z S (f (x1) , f(2), -, (1)),
Rpp(x1, %5, v, %) = Spr(f(x1) , f(32), 0, (7)),
Rey(xg, %3, 0, %) < Spy(F(x1) L f(x2), o, f(3)),
Ry (g, %2, s x0) Z S (f (1), £ (x2), e, (1) ),
Rpy(x1, %2, ., %) 2 Spy(f (1), f(x2), oo, f () ),

(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
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Example 3.2

Consider the two IVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X =
{a, b, c}and Y = {x, y, z}, where E = {A, B}, F = {C, D}, R and S, which are defined

in the Tables given below:

A

B

([0.2,0.3], [0.3,0.4], [0.9,1.0])

([0.5,0.6], [0.2,0.3], [0.7,0.8])

([0.5,0.6], [0.5,0.6], [0.5,0.6])

([0.1,0.2], [0.6,0.7], [0.4,0.5])

([0.8,0.9], [0.8,0.9], [0.3, 0.4])

([0.5,0.6], [0.9,1.0], [0.8,0.9])

C

D

([0.3,0.4], [0.2,0.3], [0.2,0.3])

([0.2,0.3], [0.1,0.2], [0.3,0.4])

([0.2,0.4], [0.4,0.5], [0.2,0.3])

([0.3,0.4], [0.2,0.3], [0.1,0.2])

N < |X|Rlao|lo|w | =

([0.5,0.6], [0.8,0.9], [0.2, 0.3])

([0.9,0.1], [0.7,0.8], [0.1,0.2])

R R, R, Rp
A [0.2,0.3] [0.8,0.9] [0.9,1.0]
B [0.1,0.2] [0.9,1.0] [0.8,0.9]
S Sy S, Sp
C [0.2,0.3] [0.8,0.9] [0.3,0.4]
D [0.1,0.2] [0.7,0.8] [0.3,0.4]

and f: X - Y defined by, f{(a)=x, f(b)=y and f{c)=z. Then, by routine calculations,
f: H— Kis a homomorphism between H and K.

Definition 3.3

A weak isomorphism f: H —» K between two IVNHGs H = (X, E, R) and K = (Y, F,
S) is a bijective mapping f : X — Y which satisfies the condition f is
homomorphism, such that:

min[TLg,(x)] = min[TLg (f(x))], (23)
max([ILg, (x)] = max[ILg (f(x))], (24)
max[FLg,(x)] = max[FLg (f(x))], (25)
min[TUg,(x)] = min[TUg (f(x))], (26)
max[IUg;(x)] = max[IUp,(f(x))], (27)
max[FUg,(x)] = max[FUg,(f ()], (28)

for all x€ X.
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Note
The weak isomorphism between two IVNHGs preserves the weights of vertices.
Example 3.4

Consider the two IVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X =
{a, b, c} and Y={x, y, z}, where E = {A, B}, F = {C, D}, R and §, which are defined in

the Tables given below:

A

B

([0.2,0.3], [0.3,0.4], [0.9,1.0])

([0.5,0.6], [0.2,0.3], [0.7,0.8])

([0.5,0.6], [0.5,0.6], [0.5,0.6])

([0.1,0.2], [0.6,0.7], [0.4,0.5])

([0.8,0.9], [0.8,0.9], [0.3, 0.4])

([0.5,0.6], [0.9,1.0], [0.8,0.9])

C

D

([0.2,0.3], [0.3,0.4], [0.2,0.3])

([0.2,0.3], [0.1,0.2], [0.8,0.9])

([0.2,0.3], [0.4,0.5], [0.2,0.3])

([0.1,0.2], [0.6,0.7], [0.5,0.6])

N < |X|Rlao|lo|v | =

([0.5,0.6], [0.8,0.9], [0.9, 1.0])

([0.9,1.0], [0.9,1.0], [0.1,0.2])

R R; R, Rp
A [0.2,0.3] [0.8,0.9] [0.9,1.0]
B [0.1,0.2] [0.9,1.0] [0.9,1.0]
S Sy S, Sp

C [0.2,0.3] [0.8,0.9] [0.9,1.0]
D [0.1,0.2] [0.9,1.0] [0.8,0.9]

and f: X — Y defined by, f{a)=x, f(b)=y and f{c)=z. Then, by routine calculations,
f: H— Kis a weak isomorphism between H and K.

Definition 3.5

A co-weak isomorphism f: H = K between two IVNHGs H = (X, E, R) and K = (Y,
F, S) is a bijective mapping f : X — Y which satisfies the condition f is
homomorphism, such that:

Ry (x1, X2, s %) = Sep(f (1), £ (x2), o, £ (1)), (29)
Ry (x1, %3, oy %) = S (f (1), f (x2), -0, f (X)), (30)
Rep (x5, %2 ooy %) = Spr(f(X2), £ (x2), ooes f (X)), (31)
Ry (x1, %z, o, %) = Spy(f(x), f(X2), -, £ (%)), (32)
Riy(x1, %z, s %) = Sy (f (1), £ (32D, e £ (1)), (33)
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Rpy (X1, X2, o, %) = Spy(f (x1), f(x2), o, f (X)), (34)

for all {x;, x,, ..., x,-} subsets of X.

Note

The co-weak isomorphism between two IVNHGs preserves the weights of
edges.

Example 3.6

Consider the two IVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X =
{a, b, c} and Y = {x, y, z}, where E = {A, B}, F = {C, D}, R and S, which are defined
in the Tables given below:

H A B
a ([0.2,0.3], [0.3,0.4], [0.9,1.0]) ([0.5,0.6], [0.2,0.3], [0.7,0.8])
b ([0.5,0.6], [0.5,0.6], [0.5,0.6]) ([0.1,0.2], [0.6,0.7], [0.4,0.5])
c | ([0.8,0.9],[0.8,0.9], [0.3, 0.4]) ([0.5,0.6], [0.9,1.0], [0.8,0.9])
K C D
X ([0.3,0.4], [0.2,0.3], [0.2,0.3]) ([0.2,0.3], [0.1,0.2], [0.3,0.4])
y ([0.2,0.3], [0.4,0.5], [0.2,0.3]) ([0.3,0.4], [0.2,0.3], [0.1,0.2])
z | ([0.5,0.6],[0.8,0.9], [0.2, 0.3]) ([0.9,1.0], [0.7,0.8], [0.1,0.2])

R Ry R, Rp

A [0.2,0.3] [0.8,0.9] [0.9,1.0]

B [0.1,0.2] [0.9,1.0] [0.8,0.9]

S Sy S, Sp

C [0.2,0.3] [0.8,0.9] [0.9,1.0]

D [0.1,0.2] [0.9,1.0] [0.8,0.9]

and f: X — Y defined by, f{a)=x, f(b)=y and f{c)=z. Then, by routine calculations,
f:H—- Kis a co-weak isomorphism between H and K.

Definition 3.7

An isomorphism f: H — K between two IVNHGs H= (X, E, R)and K= (Y, F, S) is
a bijective mapping f: X — Y which satisfies the conditions:

min[TLEj(x)] = min[TLFj(f(x))], (35)
maX[ILEj(x)] = maX[ILFj(f(x))], (36)
max[FLg;(x)] = max[FLg,(f(x))], (37)
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min[TUg,(x)] = min[TUg (f ()], (38)
maX[IUEj(x)] = max[IUFj(f(x))], (39)
max[FUg;(x)] = maX[FUFj(f(x))], (40)
forallx € X.
Rrp(x, %2, o %) = Spp(f (x9), f(x2), o, f (1) ), (41)
Ry (e, %2, oy %) = S (f (x1), £ (2), o, £ (1)), (42)
Rpp (x4, %2, s %) = Sp(f (x1), £ (2), oo, f (%)), (43)
Rry(xg, %2, o, xp) = Spu(f(x1), f(x2), -, F (1)), (44)
Riy(x1, %2, oy %) = Sy (f (x1), £ (x2), -, (7)), (45)
Rey(x1, %2, o, %) = Spy(f (x1), £ (x2), oo, f(31) ), (46)

for all {x4, x,, ..., x,-} subsets of X.

Note

The isomorphism between two IVNHGs preserves the both weights of vertices
and weights of edges.

Example 3.8

Consider the two IVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X
={a, b, c}and Y ={x,y, z}, where E = {A, B}, F = {C, D}, R and S, which are
defined in the Tables given below,

H A B
a ([0.2,0.3], [0.3,0.4], [0.7,0.8]) ([0.5,0.6], [0.2,0.3], [0.7,0.8])
b ([0.5,0.6], [0.5,0.6], [0.5,0.6]) ([0.1,0.2], [0.6,0.7], [0.4,0.5])
c | ([0.8,0.9],[0.8,0.9],[0.3,0.4]) ([0.5,0.6], [0.9,1.0], [0.8,0.9])
K C D
X ([0.2,0.3], [0.3,0.4], [0.2,0.3]) ([0.2,0.3], [0.1,0.2], [0.8,0.9])
y ([0.2,0.3], [0.4,0.5], [0.2,0.3]) ([0.1,0.2], [0.6,0.7], [0.5,0.6])
z | ([0.5,0.6], [0.8,0.9], [0.7, 0.8]) ([0.9,1.0], [0.9,1.0], [0.1,0.2])

R Ry R, Rp

A [0.2,0.3] [0.8,0.9] [0.9,1.0]

B [0.0,0.1] [0.9,1.0] [0.8,0.9]

S Sy S, Se

C [0.2,0.3] [0.8,0.9] [0.9,1.0]

D [0.0,0.1] [0.9,1.0] [0.8,0.9]
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and f: X = Y defined by, f(a)=x, f(b)=y and f{c)=z. Then, by routine calculations,
f- H— Kis aisomorphism between H and K.

Definition 3.9

Let H = (X, E, R) be a IVNHG; then, the order of H, which is denoted and defined
by:

O(H)=
([> min TLEj(x) , > min TUEj(x)] , [2 max ILEj(x) , > max IUEj(x)],
[> max FLEj(x) , Y. max FUE].(x)] ) (47)

and the size of H, which is denoted and defined by:
SEH) = (1 Reu(E7), ) Reo (BN 1Y Ru(E)), ) Ru(E))
[2 Rr(E;), X Ry (E)] ) (48)
Theorem 3.10

Let H=(X E, R) and K = (Y, F, S) be two IVNHGs such that H is isomorphic to K;
then:

(1) O(H) = O(K),
(2) S(H) = S(K).
Proof.

Letf: H— Kbe an isomorphism between two IVNHGs H and K with underlying
sets X and Y respectively; then, by definition, we have that:

min[TLg,(x)] = min[TLg (f(x))], (49)
max[ILg (x)] = max[ILg (f(x))], (50)
max[FLg,(x)] = max[FLg(f ()], (51)
min[TUg,(x)] = min[TUg, (f(x))], (52)
max[IUg,(x)] = max[IUg (f(x))], (53)
max[FUg, (x)] = max[FUg (f(x))], (54)
for all xe X.
Ry (1, %z, s %) = Spp(F (1), £ (), s £ (), (55)
Riy (1, X, e ) = Sy (F ), £ (3, e, f(2), (56)
Rpy (%1, %z, e, %) = Spr(f (x1), £ (22), s £ (1)), (57)
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Rry(x1, %2, s %) = Sy (f (x1), f(x2), e, f(27)), (58)
Riy(x1, X2, s %p) = Sy (f (xg), f(x2), e, (X)), (59)
Rpy (X1, X2, ooy %) = Spy(f (x1), £ (x2), wors £ (1)), (60)

for all {x;, x,, ..., x,-} subsets of X.

Consider:
Or,(H) = X min TLEj(x) = ), min TLFj(f(x)) = Or,(K) (61)
Ory(H) = $minTUy, (x) = S minTUp,(f () = Oy (K)  (62)
Similarly:
0,,(H) = 0;,(K)andOg,(H) = O, (K), (63)
Oy (H) = 01y (K)andOpy (H) = Opy (K). (64)
Hence, O(H) = O(K).
Next,
Sr(H) = z Ry (x1, %2, v, Xp)
=2 Sr(f(x2), f(x2), oo, f(37)) = S (KD, (65)

and similarly:

Sry(H) = Z Rry(x1, %2, o) Xp)

=X Sru(f(x0), f(x2), o) f (X)) = Spy(K) (66)
Similarly,

S (H) = S;,(K), Sp,(H) = Sp,(K), (67)

SIU(H) = SIU(K)r SFU(H) = SFU(K): (68)

hence S(H) = S(K).
Remark 3.11
The converse of the above theorem needs not to be true in general.

Example 3.12

Consider the two IVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X =
{a, b, c,d} and Y = {w, x, y, z}, where E = {A, B}, F = {C, D}, R and S, which are
defined in the Tables given below:
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H A B
a | ([0.2,0.3],[0.50.6],[0.33,0.43]) | ([0.16,0.26],[0.5,0.6],[0.33,0.43])
b ([0.0,0.0], [0.0,0.0], [0.0,0.0]) ([0.2,0.3],[0.5,0.6],[0.33,0.43])
c | ([0.33,0.43],[0.5,0.6],[0.33,0.43]) | ([0.2,0.3],[0.5,0.6],[0.33,0.43])
d | ([0.5,0.6],[0.5,0.6],[0.33,0.43]) ([0.0,0.0], [0.0,0.0], [0.0,0.0])
K C D
w | ([0.2,0.3],[0.5,0.6],[0.33,0.43]) | ([0.16,0.26],[0.5,0.6],[0.33,0.43])
X ([0.0,0.0], [0.0,0.0], [0.0,0.0]) ([0.2,0.3],[0.5,0.6],[0.33,0.43])
y | ([0.33,0.43],[0.5,0.6],[0.33,0.43]) | ([0.2,0.3],[0.5,0.6],[0.33,0.43])
z | ([0.5,0.6],[0.5,0.6],[0.33,0.43]) ([0.0,0.0], [0.0,0.0], [0.0,0.0])

R R, R, Rp

A [0.2,0.3] [0.5,0.6] [0.33,0.43]

B | [0.16,0.26] [0.5,0.6] [0.33,0.43]

S Sy S, Se

C | [0.16,0.26] [0.5,0.6] [0.33,0.43]

D [0.2,0.3] [0.5,0.6] [0.33,0.43]

where fis defined by fla)=w, f(b)=x, f(c)=y, f(d)=z.

Here, O(H) = ([1.06, 1.46], [2.0, 2.4], [1.32, 1.72]) = O(K) and S(H) = ([0.36, 0.56],
[1.0, 1.2], [0.66, 0.86]) = S(K).

By routine calculations, H is not isomorphism to K.

Corollary 3.13

The weak isomorphism between any two IVNHGs H and K preserves the orders.

Remark 3.14

The converse of the above corollary need not to be true in general.

Example 3.15

Consider the two IVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X =
{a, b, c,d} and Y = {w, x, y, z}, where E = {4, B}, F = {C, D}, R and S, which are
defined in the Tables given below, where f is defined by f(a)=w, f(b)=x, f(c)=y,
fld)=z.

Here O(H)=([1.0,1.4], [2.0,2.4], [1.2,1.6]) = O(K).

By routine calculations, H is not weak isomorphism to K.
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A

B

([0.2,0.3],[0.5,0.6],[0.3,0.4])

([0.14,0.24],[0.5,0.6],[0.3,0.4])

([0.0,0.0], [0.0,0.0], [0.0,0.0])

([0.2,0.3],[0.5,0.6],[0.3,0.4])

([0.33,0.43],[0.5,0.6],[0.3,0.4])

([0.16,0.26], [0.5,0.6], [0.3,0.4])

([0.5,0.6], [0.5,0.6], [0.3,0.4])

([0.0,0.0], [0.0,0.0], [0.0,0.0])

C

D

([0.14,0.24],[0.5,0.6],[0.3,0.4])

([0.16,0.26],[0.5,0.6],[0.3,0.4])

([0.0,0.0], [0.0,0.0], [0.0,0.0])

([0.16,0.26],[0.5,0.6],[0.3,0.4])

([0.33,0.43],[0.5,0.6],[0.33,0.43])
([0.5,0.6],[0.5,0.6],[0.3,0.4])

([0.2,0.3], [0.5,0.6],[0.3,0.4])
([0.0,0.0], [0.0,0.0], [0.0,0.0])

N (< |X|S|Rlala|lo|w |z

Corollary 3.16

The co-weak isomorphism between any two IVNHGs H and K preserves the
sizes.

Remark 3.17

The converse of the above corollary need not to be true in general.

Example 3.18

Consider the two IVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X =
{a, b, c,d} and Y = {w, x, y, z}, where E = {A, B}, F = {C, D}, R and S, which are
defined in the Tables given below, where fis defined by, f{a)=w, f(b)=x, f(c)=y,
fld)=z. Here S(H)= ([0.34,0.54], [1.0,1.2], [0.6,0.8]) = S(K), but, by routine

calculations, H is not co-weak isomorphism to K.

A B

([0.2,0.3],[0.5,0.6],[0.3,0.4]) ([0.14,0.24],[0.5,0.6],[0.3,0.4])

([0.0,0.0], [0.0,0.0], [0.0,0.0]) ([0.16,0.26],[0.5,0.6],[0.3,0.4])

([0.3,0.4],[0.5,0.6],[0.3,0.4]) ([0.2,0.3], [0.5,0.6], [0.3,0.4])

([0.5,0.6], [0.5,0.6], [0.3,0.4]) ([0.0,0.0], [0.0,0.0], [0.0,0.0])
C D

([0.0,0.0],[0.0,0.0],[0.0,0.0])

([0.2,0.3],[0.5,0.6],[0.3,0.4])

([0.14,0.24], [0.5,0.6], [0.3,0.4])

([0.25,0.35],[0.5,0.6],[0.3,0.4])

([0.5,0.6], [0.5,0.6], [0.3,0.4])

([0.2,0.3], [0.5,0.6],[0.3,0.4])

Nl | X |S|Rla|lo|o|o |T

([0.3,0.4], [0.5,0.6], [0.3,0.4])

([0.0,0.0], [0.0,0.0], [0.0,0.0])
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R R, R, Rp
A [0.2,0.3] [0.5,0.6] [0.3,0.4]
B [0.14,0.24] [0.5,0.6] [0.3,0.4]
S Sy S, Se

C [0.14,0.24] [0.5,0.6] [0.3,0.4]
D [0.2,0.3] [0.5,0.6] [0.3,0.4]

Definition 3.19

Let H = (X, E, R) be aIVNHG; then, the degree of vertex x; is denoted and defined
by:
deg(x;) = ([degr,(x;), degry(x)], [deg;, (x;), degy (x;)],

[degr.(x1), degry (x)]), (69)
where
degry(x;) = X R (X1, %2, .0, %), (70)
degi(x;) = LRy (x1, %z, ..., Xr), (71)
degr,(x;) = X Rpp (X1, %2, ., Xp), (72)
degry(x;)) = X Rry(xg, X2, .., xp) (73)
degiy(x;) = X Riy(xq, %2, .., xp), (74)
degry(x;) = X Rpy(x1, X2, .., X7), (75)
forx; # x,.

Theorem 3.20

If H and K are two isomorphic IVNHGs, then the degree of their vertices are
preserved.

Proof.

Let f: H— K be an isomorphism between two IVNHGs H and K with underlying
sets X and Y, respectively. Then, by definition, we have:

min[TLg,(x)] = min[TLg (f(x))], (75)
max[ILg, (x)] = max[ILg,(f(x))], (77)
max[FLg,(x)] = max[FLg(f ()], (78)
min[TUg,(x)] = min[TUg (f(x))], (79)
max[IUg, (x)] = max[1Ug (f(x))], (80)
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95

max[FUg,(x)] = max[FUg,(f(x))],
forallx € X.

Ry (x1, X2, s %) = Sp(f (1), £ (1), oon, £ (51)),

Ri (x5, %z, o, %) = Sy, (f (x1), £ (2D, wons f (X)),

Rep(x1, %2, oo, %) = Spp(f (x0), f (22D, oo, £ (%1)),
Rry(x1, X2, o, %) = Sry(f (1), f(X2), ooe, £ (x2)),
Riy(x1, %z, s %) = Spy(f (1), f (22D, o f (1)),

Ry (x1, %2, s %7) = Spy(f (x1), f (%2, e, f (7)),

for all {x;, x5, ..., x,} subsets of X.

Consider,

degr,(x;) = X Rry (X1, X2, o, %) =
XSt (f (), f(x2), v, f () = degr (f (x))

and similarly:
degry(x;) = degry(f(x;)),
degy, (x;) = deg;, (f (x;)), degpy,(x;) = degp, (f (x;)),

degy(x;) = degy(f (x;)), degry (x;) = degpy (f (x;)).

Hence,
deg(x;) = deg(f (x)).
Remark 3.21
The converse of the above theorem may not be true in general.

Example 3.22

(81)

(82)
(83)
(84)
(85)
(86)
(87)

(88)
(89)
(90)

(91)

(92)

Consider the two IVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets X =
{a, b} and Y = {x, y}, where E = {A, B}, F = {C, D}, R and S, which are defined in
the Tables given below, where f is defined by f{a)=x, f(b)=y, where deg(a) =
( [0.8,1.0], [1.0,1.2], [0.6,0.8]) = deg(x) and deg(b) = (/0.45,0.65], [1.0,1.2],
[0.6,0.8]) = deg(y). But H is not isomorphic to K, i.e. H is neither weak

isomorphic nor co-weak isomorphic K.

H A B
a ([0.5,0.6], [0.5,0.6], [0.3,0.4]) ([0.3,0.41,[0.5,0.61,[0.3,0.4])
b ([0.25,0.35], [0.5,0.6], [0.3,0.4]) | ([0.2,0.3],[0.5,0.6], [0.3, 0.4])
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C D

X ([0.3,0.4], [0.5,0.6], [0.3,0.4]) ([0.5,0.6],[0.5,0.6],[0.3,0.4])
y ([0.2,0.3], [0.5,0.6], [0.3,0.4]) ([0.25,0.34], [0.5,0.6], [0.3,0.4])

R Ry R, Ry

A [0.25,0.35] [0.5,0.6] [0.3,0.4]

B [0.2,0.3] [0.5,0.6] [0.3,0.4]

S ST SI SF

C [0.2,0.3] [0.5,0.6] [0.3,0.4]

D [0.25,0.35] [0.5,0.6] [0.3,0.4]

Theorem 3.23
The isomorphism between IVNHGs is an equivalence relation.

Proof.

LetH=(X E R), K= (Y, F, §)and M = (Z, G, W) be IVNHGs with underlying sets
X, Y and Z, respectively:

Reflexive.

Consider the map (identity map) f: X — X, defined as follows: f{x) = x for all x €
X, since the identity map is always bijective and satisfies the conditions:

min[TLg,(x)] = min[TLg,(f ()], (93)
max[ILg (x)] = max[ILg,(f(x))], (94)
max([FLg, (x)] = max[FLg,(f(x))], (95)
min[TUg,(x)] = min[TUg, (f(x))], (96)
max[IUg,(x)] = max[IUg (f(x))], (97)
max[FUg, (x)] = max[FUg (f(x))], (98)
for all xe X.
Ry (x1, %z s %) = Ry (F (0, f(x2), oo, £ (), (99)
Ry (%7, %5, 0, ) = Ry (f(x7), f(x2), ..., f(x;)), (100)
Rpy (%1, %2, v %) = Rey (F (), £ (%2), e, £ (21)), (101)
Ryy(x, %2 s %) = Rpy(F(x0), £ (x2), oo £ (X)), (102)
Riy(X1, Xz, s %) = Rpg(F(x0), £ (x2), oo, £ (X)), (103)
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Rpy(x1, %2, s xr) = Rpy(F (1), f(x2), e, f (X)), (104)

for all {x;, x,, ..., x,-} subsets of X.

Hence f is an isomorphism of IVNHG H to itself.

Symmetric.

Let f: X = Y be an isomorphism of H and K, then fis bijective mapping defined
as: f(x) =y for all x € X. Then, by definition:

min[TLg,(x)] = min[TLg (f(x))], (105)
max[ILg,(x)] = max[ILFj(f(x))], (106)
max[FLg,(x)] = max[FLg(f ()], (107)
min[TUg,(x)] = min[TUg,(f(x))], (108)
max[IUg, (x)] = max[1Up, (f ()], (109)
max[FUg, (x)] = max[FUg (f(x))], (110)
for all xe X.
Ry, (x1, %z, e, %) = Sp(F (20, £ (%2), ooe, £ (21)), (111)
Ry (%7, %5, 0, ) = S;.(f(x9), f(x2), ..., f(x;)), (112)
Rpy (%1, %2, o0 %) = Sy (f (1), £ (32, oo, £ (1)), (113)
Ry (X1, %2, oo %) = Spy(F (), £ (62), ooes £ (1)), (114)
Riy(Xp, Xz, s %) = Siy(f (x0), £ (%2), oo £ (), (115)
Ry (X1, %2, 0 %) = Spy(F (1), £ (2), oo, £ (1)), (116)

for all {x;, X, ..., x,} subsets of X. Since fis bijective, then we have f~I(y) =
x forall y €Y. Thus, we get:

min[TLg, (f ()] = min[TLg, ()] (117)
max| ILE( “1(y)] = max[ILg, ()], (118)
max[FLg, (f ()] = max[FLg, ()], (119)
min(TUg, (f~'())] = min[TUp, ()], (120)
max| IUE( l(y)) = max[IUp, ()], (121)
max[FUg, (£~ ()] = max[FUs, ()], (122)

for all x€ X.
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Rey (F'OD F ) s f I O00)) = St Vo o), (123)
R (FOD 102D, o f 100
D T O

) =
) =S,y ¥, (124)
)
Ty f) 1<yr)
)
)

RFL

SFL(yl ;yZ;---:yr); (125)

RTU STU(yZ Y2, "')yr)) (126)

Ry (20D 22 o [ O0)) = Siw o ¥z wu ), (127)

T T e O
for all {y;, v, ..., ¥} subsets of Y.

Rey \f

(s
(s
(s
( =Sru(V1,Y2 ), (128)

Hence we have a bijective map f~! : ¥ — X, which is an isomorphism from K
to H.

Transitive.

Let f:X—>Yandg:Y — Z be two isomorphism of IVNHGs of H onto K and
K onto M respectively. Then gof is bijective mapping from X to Z, where gof
is defined as (gof)(x) = g(f(x)) forallx € X.

Since f is isomorphism, then, by definition, f(x) = y forall x € X, which
satisfies the conditions:

min[TLg, (x)] = min[TLg(f())] (129)
max[ILg,(x)] = max[ILFj(f(x))], (130)
max[FLg,(x)] = max[FLg(f ()], (131)
min[TUg,(x)] = min[TUg, (f(x))], (132)
max[IUg;(x)] = max[IUp,(f(x))], (133)
max[FUg, (x)] = max[FUp (f(x))], (134)
for all x€ X.
Ry, (X1, Xz, 0 %) = Spp(f Ce), £ (x2), oo, £ (D), (135)
Ry (%7, %5, 0, ) = S1.(f(x9), f(x2), ..., f(x;)), (136)
Ry (X, %2, s %) = S (FCer), f(x2), oes £ (), (137)
Ryy (X1, Xz, s %) = Spu(f (1), £ (%2), e, £ (), (138)
Ryy (g, %2, e, %) = Spu(f (), £ (x2), oo, £ (D), (139)
Rpy(xy, %z, s %) = Spy(f(x0), f(x2), s f (1)), (140)
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for all {x;,x,,...,x,} subsets of X. Since g : Y — Z is isomorphism, then by
definition g(y) = zfor all y € Y satisfy the conditions:

min[TLy,(y)] = min|TLg,(9))], (141)
max[ILg, ()] = max[ILg (9(3))], (142)
max[FLp;(y)] = max[FLg,(g(»))], (143)
min[TUr; ()] = min[TUg,(g()], (144)
max[IUp;(y)] = max[1Us,(9(»))], (145)
max[FUp, ()] = max[FUg (g()], (146)
for all x€ X.
SttVo Yz oY) = Wr(g(e), 9v2), -, 9(0r)), (147)
Sup Yz 0 ¥r) =Wi(@(W), 92), .. gr)), (148)
SetVn Y2 ) = We(9n), 9(2), - g(r)), (149)
StV Y o ¥r) = Wrg(@(1), g2), -, g)), (150)
SwWp Yz - ¥) =Ww(@), 9v2), .. g(r)), (151)
Srun Yz w0 ¥r) = Wey(9(y1), 92)s - g)), (152)

for all {y;, >, ..., ¥} subsets of Y. Thus, from the above equations, we conclude
that:

min[TLg, (x)] = min [TLg, (g(f(2))))] (153)
max[/Lg,(x)] = max[ILg,(g(f ()], (154)
max[FLg,(x)] = max[FLg,(g(f(x)))], (155)
min[TUg,(x)] = min|TU, (9(f()))| (156)
max[1Up,(x)] = max[IUq,(g(f )], (157)
max[FUg (x)] = max[FUg,(g(f ()], (158)
for all x€ X.
Rry (X1, s %) = Wrn (9 (f (1), o, g (f (D)), (159)
Ry (xg, e, %) = Wi (g(f (x)), -, g(f (x0))), (160)
Re (X1, oo %) = W (9(f (x1), ., g (f (), (161)
Ry 1, oo, ) = Wry (g (f (1)), ., g (f (), (162)
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Riy(xq, e xp) = WIU(Q(f(xﬁ): ---'g(f(xr))): (163)
Rey (g %) = Wiy ((F ), oo g (F (), (164)

for all {x;, x,, ..., x,-} subsets of X.

Therefore, gof is an isomorphism between H and M. Hence, the isomorphism
between IVNHGs is an equivalence relation.

Theorem 3.24

The weak isomorphism between IVNHGs satisfies the partial order relation.

Proof.

LetH=(X,E R), K=(Y, F,S)and M = (Z, G, W) be IVNHGs with underlying sets
X, Y and Z respectively,

Reflexive.

Consider the map (identity map) f: X — X, defined as follows: f{(x)=x for all x € X,
since identity map is always bijective and satisfies the conditions:

min[TLg,(x)] = min[TLg,(f(x))], (165)
max[ILg,(x)] = max[ILg,(f(x))], (166)
max[FLEj(x)] = max[FLEj(f(x))], (167)
min[TUg ()] = min[TUg, (f(x))], (168)
max[IUg;(x)] = max[IUg,(f(x))], (169)
max[FUg, (x)] = max[FUg (f(x))], (170)
for all xe X.
Ry G, xz, 0, %0) < Rep(F (xg), £ (x2), -, f(26)), (171)
Ry (xq, %z, v xr) = Ry (f (xq), f(x2), ooy f (1)), (172)
RpL(x1, %2, ., %) = Rp(f (x1), f(x2), -, f (1) ), (173)
Rry(xg, %z, s x0) < Ry (f (), f (32D, f(2) ), (174)
Riy(xg, %z, %) 2 Ry (f (x1), f(x2), e, £ (31) ), (175)
Rpy(x1,%2, -, %) = Rpy(f(x1), f(x2), o, f(2)), (176)

for all {x;, x,, ..., x,-} subsets of X.

Hence fis a weak isomorphism of IVNHG H to itself.
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Anti-symmetric.

Let f be a weak isomorphism between H onto K, and g be weak isomorphic
between K and H, i.e. f:X »Y is a bijective map defined by: f(x) =
y for all x € X satisfying the conditions:

min[TLg,(x)] = min[TLg (£ ()], (177)
max[ILg,(x)] = max[ILg (f(x))], (178)
max[FLg,(x)] = max[FLg(f ()], (179)
min[TUg,(x)] = min[TUg, (f(x))], (180)
max[IUg, (x)] = max[1Up,(f ()], (181)
max[FUg, (x)] = max[FUs (f(x))], (182)
for all xe X.
Ry (1, %z e, %) < Spp(f (0, f (22D, ooy f (), (183)
Ry (%7, %5, 00, ) = S (f(x), f(x2), oo, f(X1)), (184)
Rey (61, %2, o %) 2 S (F (21, £ (x2), e, f(20)), (185)
Rry(x1, Xz, %) S Spy(f (1), f(2), e f (), (186)
Riy (X1, Xz, s %) 2= Siy(F (X0, f(%2),s oos f (X)), (187)
Ry (X1, %2, 0 %) 2 Spy(F (1), f (2D, e, f(2) ), (188)

for all {x;, x5, ..., x,.} subsets of X.

Since g is also bijective map g(y) = x for all y € Y satisfying the conditions:

min[TLg;(y)] = min[TLg,(9(»))], (189)
max[ILp;(y)] = max[ILg;(g(»)], (190)
max[FLg,(y)] = max[FLg,(g()], (191)
min[TUg,(y)] = min[TUg,(g(»))], (192)
max[IUr, ()] = max[1Ug, (9)], (193)
max[FUp,(y)] = max[FUg,(9(»))], (194)
forallye Y.
Rrouyz o yr) < St g2), -, 9() ), (195)
RV Yz - ¥r) ZS(@W1), 9(2), - g(r) ), (196)
Ret1,¥2, 0 ¥r) 2 Sp(9(v1), 92), . gr) ), (197)
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Ry, ¥z s %) < Sru(@(1), 92 s g ),
Riyuyz oY) 2 Sw@1), 92, s gOr) ),
Rey (Y1, y20 s V) = Sru(@(1), 92)s s 9O ),

forall {y;,y5, ..., ¥} subsetsofY.

(198)
(199)
(200)

The above inequalities hold for finite sets X and Y only whenever H and K have
the same number of edges, and the corresponding edge have same weights,

hence H is identical to K.

Transitive.

Let f:X - Yandg:Y — Z be two weak isomorphism of IVNHGs of H onto K
and K onto M, respectively. Then gof is bijective mapping from X to Z, where

gof is defined as (gof)(x) = g(f(x)) forallx € X.

Since fis a weak isomorphism, then by definition f(x) = y for all x € X which

satisfies the conditions:
min[TLg,(x)] = min[TLg (f())],
max([ILg, (x)] = max[ILg(f ()],
max[FLg,(x)] = max[FLg(f(x))]
min[TUg, (x)] = min[TUg (f (x))],
max[IUg, (x)] = max[1Up,(f(x))],
max[FUg (x)] = max[FUy (f(x))],

forallx € X.

Ryp(x1, %2, o, ) < Spp(f (x2), £ (x2), -, f (X)),
Ry Gy, %z, 0, %0) 2 S (F (), f(x2), e, (),

Rpp(xp, %2, s 0) = Spu(F (x), f(x2), oo, f(22)),
Rry(x1, %2, %) < Spy(f(xq), f(x2), -, £ (X)),
Ry (xg, %z, o, xp) = Sy (f (1), £ (x2), o, f (1)),
Rpy(x1, %z, o, %) = Spy(f(x1), f(x2), -, f (37)),

for all {x;, x,, ..., x,-} subsets of X.

(201)
(202)
(203)
(204)
(205)

(206)

(207)
(208)
(209)
(210)
(211)
(212)

Since g: Y — Z is a weak isomorphism, then by definition g(y) = zforally €

Y which satisfies the conditions:
min[TLs,(y)] = min[TLg,(9()],

max[ILFj )] = maX[ILGj (g(y))],

(213)

(214)
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max[FLg;(y)] = max[FLg(g()], (215)
min[TUx ()] = min[TUg,(9(»)], (216)
max[IUp,(y)] = max[IUg,(9()], (217)
max[FUp, (y)] = max[FUs(9()] (218)
for all xe X.
StV Yz ¥r) S Wr(g(1), 92), -, 9(vr)), (219)
Sn Yz 0 ¥r) 2 Wi, 9(2), - g(r)), (210)
SeL VY2 ¥r) 2 We(gn), 9(02), - gr)), (211)
St Y2 ¥r) S Wry(@), g2), - 9(0)), (212)
SwnYz - ¥r) 2 W@, 92), -, 9(vr)), (213)
Srun Yz oY) 2 Weg(@(1), 9(02), -, gr)), (214)

for all {y;,y>, ..., ¥} subsets of Y.

Thus, from the above equations, we conclude that,

min[TLg, (x)] = min[TLg,(g(f (x))], (215)
max[ILg,(x)] = max[ILg (g(f(x)))], (216)
max[FLg, (x)] = max[FLg,(g(f ()))], (217)
min[TUg, (x)] = min[TUg (g(f (x)))], (219)
max[1Ug (x)] = max[IUg,(g(f ()], (220)
max[FUg, (x)] = max[FUg, (g(f (x)))], (221)
for all xe X.
Ry (xg, s %) < Wrp(g(f (x1)), -, g(F (), (222)
Ry (xp, s ) 2 Wi(g(f (), s g(f (20)), (223)
Rpy (x1, s %) 2 Wr(9(f(x1)), -, g(f (x0))), (224)
Ryy(xg, s ) < Wiy (9(f (), -, g(f (), (225)
Riy(xg, s %) 2 Wiy (g(f (), -, g(f (D)), (226)
Rpy(xy, s %) 2 Wry(g(f(x1)), -, g(F (X)), (227)

for all {x4, x,, ..., x,-} subsets of X.

Therefore, gof is a weak isomorphism between H and M. Hence, the weak
isomorphism between IVNHGs is a partial order relation.
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4 Conclusion

The concepts of interval valued neutrosophic hypergraphs can be applied in
various areas of engineering and computer science. In this paper, the
isomorphism between IVNHGs is proved to be an equivalence relation and the
weak isomorphism is proved to be a partial order relation. Similarly, it can be
proved that the co-weak isomorphism in [IVNHGs is a partial order relation.

5) References

[1] A. V. Devadoss, A. Rajkumar & N. |. P. Praveena. A Study on Miracles through
Holy Bible using Neutrosophic Cognitive Maps (NCMS). In: International Journal
of Computer Applications, 69(3) (2013).

[2] A. Nagoor Gani and M. B. Ahamed. Order and Size in Fuzzy Graphs. In: Bulletin
of Pure and Applied Sciences, Vol 22E (No.1) (2003) 145-148.

[3] A. N. Gani. A. and S. Shajitha Begum. Degree, Order and Size in Intuitionistic
Fuzzy Graphs. In: Intl. Journal of Algorithms, Computing and Mathematics,
(3)3 (2010).

[4] A. Nagoor Gani, J. Malarvizhi. Isomorphism Properties on Strong Fuzzy Graphs,
In: International Journal of Algorithms, Computing and Mathematics, 2009,
pp. 39-47.

[5] A. Nagoor Gani and S.R Latha. On Irregular Fuzzy Graphs. In: Applied
Mathematical Sciences, Vol. 6, no. 11 (2012) 517-523.

[6] C.Radhamani, C. Radhika. Isomorphism on Fuzzy Hypergraphs, IOSR Journal of
Mathematics (IOSRJM), ISSN: 2278-5728 Volume 2, Issue 6 (2012), pp. 24-31.

[7] F. Smarandache. Refined Literal Indeterminacy and the Multiplication Law of
Sub-Indeterminacies. In: Neutrosophic Sets and Systems, Vol. 9 (2015) 58- 63.

[8] F. Smarandache. Types of Neutrosophic Graphs and Neutrosophic Algebraic
Structures together with their Applications in Technology, Seminar,
Universitatea Transilvania din Brasov, Facultatea de Design de Produs si
Mediu, Brasov, Romania, 6 June 2015.

[9] F. Smarandache. Symbolic Neutrosophic Theory. Brussels: Europanova, 2015,
195 p.

[10] F. Smarandache. Neutrosophic set - a generalization of the intuitionistic fuzzy
set. In: Granular Computing, 2006 IEEE Intl. Conference, (2006) 38 - 42, DOI:
10.1109/GRC. 2006.1635754.

[11] H. Wang, F. Smarandache, Y. Zhang, R. Sunderraman. Single Valued
Neutrosophic Sets. In: Multispace and Multistructure, 4 (2010) 410-413.

[12] H. Wang, F. Smarandache, Zhang, Y.-Q., R. Sunderraman. Interval
Neutrosophic Sets and Logic: Theory and Applications in Computing. Phoenix:
Hexis, 2005.

[13] L Turksen. Interval valued fuzzy sets based on normal forms. In: Fuzzy Sets
and Systems, vol. 20(1986) 191-210.

Critical Review. Volume XIII, 2016



M. A. Malik, Ali Hassan, S. Broumi, Assia Bakali, Mohamed Talea, F. Smarandache 65
Isomorphism of interval Valued Neutrosophic Hypergraphs

[14] K. Atanassov. Intuitionistic fuzzy sets. In: Fuzzy Sets and Systems. vol. 20
(1986) 87-96.

[15] K. Atanassov and G. Gargov. Interval valued intuitionistic fuzzy sets. In: Fuzzy
Sets and Systems, vol. 31 (1989) 343-349.

[16] L. Zadeh. Fuzzy sets. In: Information and Control, 8 (1965) 338-353.

[17] M. Akram and B. Davvaz. Strong intuitionistic fuzzy graphs. In: Filomat, vol.
26,n0.1(2012) 177-196.

[18] M. Akram and W. A. Dudek. Interval-valued fuzzy graphs. In: Computers &
Mathematics with Applications, vol. 61, no. 2 (2011) 289-299.

[19] M. Akram. Interval-valued fuzzy line graphs. In: Neural Comp. and
Applications, vol. 21 (2012) 145-150.

[20] M. Akram. Bipolar fuzzy graphs. In: Information Sciences, vol. 181, no. 24
(2011) 5548-5564.

[21] M. Akram. Bipolar fuzzy graphs with applications. In: Knowledge Based
Systems, vol. 39 (2013) 1-8.

[22] M. Akram and A. Adeel. m-polar fuzzy graphs and m-polar fuzzy line graphs.
In: Journal of Discrete Mathematical Sciences and Cryptography, 2015.

[23] M. Akram, W. A. Dudek. Regular bipolar fuzzy graphs. In: Neural Computing
and Applications, vol. 21, pp. 97-205 (2012).

[24] M. Akram, W. A. Dudek, S. Sarwar. Properties of Bipolar Fuzzy Hypergraphs.
In: Italian Journal of Pure and Applied Mathematics, no. 31 (2013), 141-161

[25] M. Akram, N. O. Alshehri, and W. A. Dudek. Certain Types of Interval-Valued
Fuzzy Graphs. In: Journal of Appl. Mathematics, 2013, 11 pages,
http://dx.doi.org/10.1155/ 2013 /857070.

[26] M. Akram, M. M. Yousaf, W. A. Dudek. Self centered interval-valued fuzzy
graphs. In: Afrika Matematika, vol. 26, Issue 5, pp 887-898, 2015.

[27] P. Bhattacharya. Some remarks on fuzzy graphs. In: Pattern Recognition
Letters 6 (1987) 297-302.

[28] R. Parvathi and M. G. Karunambigai. Intuitionistic Fuzzy Graphs. In:
Computational Intelligence. In: Theory and applications, International
Conference in Germany, Sept 18 -20, 2006.

[29] R. A. Borzooei, H. Rashmanlou. More Results on Vague Graphs, U.P.B. Sci. Bull,
Series A, Vol. 78, Issue 1, 2016, 109-122.

[30] S. Broumi, M. Talea, F. Smarandache, A. Bakali. Single Valued Neutrosophic
Graphs: Degree, Order and Size. IEEE International Conference on Fuzzy
Systems (FUZZ), 2016, pp. 2444-2451.

[31] S. Broumi, M. Talea, A. Bakali, F. Smarandache. Single Valued Neutrosophic
Graphs. In: Journal of New Theory, no. 10, 68-101 (2016).

[32] S. Broumi, M. Talea, A. Bakali, F. Smarandache. On Bipolar Single Valued
Neutrosophic Graphs. In: Journal of New Theory, no. 11, 84-102 (2016).

[33] S. Broumi, M. Talea, A. Bakali, F. Smarandache. Interval Valued Neutrosophic
Graphs. In: SISOM & ACOUSTICS 2016, Bucharest 12-13 May, pp. 79-91.

[34] S. Broumi, F. Smarandache, M. Talea and A. Bakali. An Introduction to Bipolar
Single Valued Neutrosophic Graph Theory. Applied Mechanics and Materials,
vol.841, 2016, pp.184-191.

Critical Review. Volume XIII, 2016



66 M. A. Malik, Ali Hassan, S. Broumi, Assia Bakali, Mohamed Talea, F. Smarandache
Isomorphism of Interval Valued Neutrosophic Hypergraphs

[35] S. Broumi, M. Talea, A. Bakali, F. Smarandache. Operations on Interval Valued
Neutrosophic Graphs (2016), submitted.

[36] S. Broumi, F. Smarandache, M. Talea and A. Bakali. Decision-Making Method
Based on the Interval Valued Neutrosophic Graph. In: Future Technologie,
2016, IEEE, pp. 44-50.

[37] S. N. Mishra and A. Pal. Product Of Interval Valued Intuitionistic Fuzzy Graph.
In: Annals of Pure and Applied Mathematics, Vol. 5, No. 1 (2013) 37-46.

[38] S. Rahurikar. On Isolated Fuzzy Graph. In: Intl. Journal of Research in
Engineering Technology and Management, Volume 2, Issue, November 2014.

[39] W. B. Vasantha Kandasamy, K. Ilanthenral, F. Smarandache. Neutrosophic
Graphs: A New Dimension to Graph Theory. EuropaNova, Bruxelles, Belgium,
2015.

[40] A. A. Talebi, H. Rashmanlou. Isomorphism on interval-valued fuzzy graphs. In:
Annals of Fuzzy Mathematics and Informatics, in press.
http://www.afmi.or.kr/articles_in_%20press/AFMI-J-120101R2 /AFMI-]-

120101R2.pdf

Critical Review. Volume XIII, 2016



67

An [solated Interval Valued
Neutrosophic Graph

Said Broumi', Assia Bakali’, Mohamed Talea?,

Florentin Smarandache®

1 University Hassan II, Sidi Othman, Casablanca, Morocco
broumisaid78@gmail.com

2 University Hassan I, Sidi Othman, Casablanca, Morocco
taleamohamed@yahoo.fr

3 Ecole Royale Navale, Casablanca, Morocco
assiabakali@yahoo.fr
4 University of New Mexico, Gallup, USA

fsmarandache@gmail.com

Abstract

The interval valued neutrosophic graphs are generalizations of the fuzzy graphs,
interval fuzzy graphs, interval valued intuitionstic fuzzy graphs, and single valued
neutrosophic graphs. Previously, several results have been proved on the isolated
graphs and the complete graphs. In this paper, a necessary and sufficient condition
for an interval valued neutrosophic graph to be an isolated interval valued
neutrosophic graph is proved.

Keyword

interval valued neutrosophic graphs, complete interval valued neutrosophic graphs,
isolated interval valued neutrosophic graphs.

1 Introduction

To express indeterminate and inconsistent information which exists in real
world, Smarandache [9] originally proposed the concept of the neutrosophic
set from a philosophical point of view. The concept of the neutrosophic set
(NS) is a generalization of the theories of fuzzy sets [14], intuitionistic fuzzy
sets [15], interval valued fuzzy set [12] and interval-valued intuitionistic fuzzy
sets [14].

The neutrosophic sets are characterized by a truth-membership function (t),
an indeterminacy-membership function (i) and a falsity-membership function
(f) independently, which are within the real standard or nonstandard unit
interval ]-0, 1*].
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Further on, Wang et al. [10] introduced the concept of a single-valued
neutrosophic sets (SVNS), a subclass of the neutrosophic sets. The same
authors [11] introduced the interval valued neutrosophic sets (IVNS), as a
generalization of the single valued neutrosophic sets, in which three
membership functions are independent and their value belong to the unit
interval [0, 1]. Some more work on single valued neutrosophic sets, interval
valued neutrosophic sets, and their applications, may be found in [1, 5, 7,8, 29,
30, 31, 37, 38].

Graph theory has become a major branch of applied mathematics, and it is
generally regarded as a branch of combinatorics. Graph is a widely-used tool
for solving combinatorial problems in different areas, such as geometry,
algebra, number theory, topology, optimization and computer science. Most
important thing which is to be noted is that, when we have uncertainty
regarding either the set of vertices, or edges, or both, the model becomes a
fuzzy graph.

In the literature, many extensions of fuzzy graphs have been deeply studied by
several researchers, such as intuitionistic fuzzy graphs, interval valued fuzzy
graphs, interval valued intuitionistic fuzzy graphs [2, 3, 16, 17, 18, 19, 20, 21,
22, 34].

But, when the relations between nodes (or vertices) in problems are
indeterminate and inconsistent, the fuzzy graphs and their extensions fail. To
overcome this issue Smarandache [5, 6, 7, 37] have defined four main
categories of neutrosophic graphs: two are based on literal indeterminacy (1),
(the I-edge neutrosophic graph and the I-vertex neutrosophic graph, [6, 36]),
and the two others graphs are based on (t, i, f) components (the (t, i, f)-edge
neutrosophic graph and the (t, i, f)-vertex neutrosophic graph, not developed
yet).

Later, Broumi et al. [23] presented the concept of single valued neutrosophic
graphs by combining the single valued neutrosophic set theory and the graph
theory, and defined different types of single valued neutrosophic graphs
(SVNG) including the strong single valued neutrosophic graph, the constant
single valued neutrosophic graph, the complete single valued neutrosophic
graph, and investigated some of their properties with proofs and suitable
illustrations.

Concepts like size, order, degree, total degree, neighborhood degree and
closed neighborhood degree of vertex in a single valued neutrosophic graph
are introduced, along with theoretical analysis and examples, by Broumi al. in
[24]. In addition, Broumi et al. [25] introduced the concept of isolated single
valued neutrosophic graphs. Using the concepts of bipolar neutrosophic sets,
Broumi et al. [32] also introduced the concept of bipolar single neutrosophic
graph, as the generalization of the bipolar fuzzy graphs, N-graphs,
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intuitionistic fuzzy graph, single valued neutrosophic graphs and bipolar
intuitionistic fuzzy graphs. Same authors [33] proposed different types of
bipolar single valued neutrosophic graphs, such as bipolar single valued
neutrosophic graphs, complete bipolar single valued neutrosophic graphs,
regular bipolar single valued neutrosophic graphs, studying some of their
related properties. Moreover, in [26, 27, 28], the authors introduced the
concept of interval valued neutrosophic graph as a generalization of fuzzy
graph, intuitionistic fuzzy graph and single valued neutrosophic graph, and
discussed some of their properties with examples.

The aim of this paper is to prove a necessary and sufficient condition for an
interval valued neutrosophic graph to be an isolated interval valued
neutrosophic graph.

2 Preliminaries

In this section, we mainly recall some notions related to neutrosophic sets,
single valued neutrosophic sets, fuzzy graph, intuitionistic fuzzy graph, single
valued neutrosophic graphs and interval valued neutrosophic graph, relevant
to the present work. See especially [2, 9, 10, 22, 23, 26] for further details and
background.

Definition 2.1 [9]

Let X be a space of points (objects) with generic elements in X denoted by x;
then the neutrosophic set A (NS A) is an object having the form A = {< x: Tp(x),
[5(%), Fao(x)>, x € X}, where the functions T, I, F: X—]-0,1+[ define respectively
the a truth-membership function, an indeterminacy-membership function,
and a falsity-membership function of the element x € X to the set A with the
condition:

-0< TA(X)+ IA(X)+ FA(X)S 3+ (1)
The functions T, (x), [5(X) and F4 (x) are real standard or nonstandard subsets
of 170,177.
Since it is difficult to apply NSs to practical problems, Wang et al. [10]

introduced the concept of a SVNS, which is an instance of a NS, and can be used
in real scientific and engineering applications.

Definition 2.2 [10]

Let X be a space of points (objects) with generic elements in X denoted by x. A
single valued neutrosophic set A (SVNS A) is characterized by the truth-
membership function T, (x), an indeterminacy-membership function [, (x),
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and a falsity-membership function F, (x). For each point x in X, Ty (x), [5(%),
Fao(x) € [0, 1]. ASVNS A can be written as

A= {<x: TA(9, Ia(x), FA(x)>, X € X} 2)
Definition 2.3 [2]

A fuzzy graph is a pair of functions G = (o, ) where o is a fuzzy subset of a non-
empty set Vand p is a symmetric fuzzy relation on o,i.e. 6:V—[0,1] and p:
VxV —[0,1] such that p(uv) < o(u) A o(v), for all u, v € V, where uv denotes
the edge between u and v and o(u) A o(v) denotes the minimum of o(u) and
o(v). o is called the fuzzy vertex set of V and p is called the fuzzy edge set of E.

0.1 0.3
E 0.1 E
- -
c c
0.1 0.2

0.4

Figure 1. Fuzzy Graph.
Definition 2.4 [2]

The fuzzy subgraph H = (1, p) is called a fuzzy subgraph of G = (o, p) if 7(u) < o(u)
for allu € Vand p(u, v) < p(u, v) forallu,veV.

Definition 2.5 [22]

An intuitionistic fuzzy graph is of the form G = (V, E), where:

1. V={vy, V,,...., v} such that u;: V- [0,1] and y;: V — [0,1] denote the
degree of membership and nonmembership of the element v; € V,
respectively, and 0 < py(v;) + y1(v;)) < 1 foreveryv; €V, (i=1, 2, ...,

n);

1. E < VxVwhere u,: VxV-[0,1] and y,: VxV—- [0,1] are such that
U2 (Vi, V) < min [, (vy), p1(v5)] and y, (v, vj) = max [y1(vy), ¥1(vj)] and
0< “Z(Via V]) + ]/Z(Viﬂ V]) <1 for every (Viv V]) € E: ( 19_] = 1: 29 ooy n)'
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(0.1, 0.4)

V1(0.1,0.4) V5(0.3, 0.3)
< (0.3. 0.6) h
- -
S S
V,4(0.4, 0.6) 3(0.2, 0.4)
0.1, 0.6)

Figure 2. Intuitionistic Fuzzy Graph.

Definition 2.5 [23]

Let A =(Ty, I, F4) and B = (T, Ig, Fp) be two single valued neutrosophic sets on
aset X. If 4 = (Ty, 1y, F4) is a single valued neutrosophic relation on a set X, then
A= (Ty, Iy, Fy) is called a single valued neutrosophic relation on B = (Tg, Ig, Fg)
if

Tg(x, y) < min(Ty (x), Ta(¥)), (3)
Ig(x, y) =2 max(I5(x), Ia(y)), (4)
FB(Xa Y) 2 maX(FAX)e FA(Y))a (5)

forall x,y € X.

A single valued neutrosophic relation 4 on X is called symmetric if T4(x, y) = T4(y,

x), [(x, ¥) = 14, x), Fa(x, y) = F4(v, x) and Tg(x, y) = Tg(y, x), Ig(x, y) = Iz(y, x)
and Fp(x, y) = Fg(y, x), for all x, y € X.

Definition 2.6 [23]

A single valued neutrosophic graph (SVN-graph) with underlying set V is defined
to be a pair G = (A, B), where:

1. The functions T,:V—[0, 1], I4:V—[0, 1] and F,:V—-[0, 1] denote the degree of
truth-membership, degree of indeterminacy-membership and falsity-membership
of the element v; € V, respectively, and:

0= Ty (vy) + 14 (vy) +Fp(v;) <3 (6)
forall v, €V (i=1,2,...,n).

2. The functions Tz: EC VXV -=[0,1], [;:ESVxXxV -[0,1]and Fz: EC Vx
V —[0, 1] are defined by:

Ts({vi, v;}) < min [Ty (vy), Ta(v))], (7)
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Ig({vi, v;}) = max [I,(v;), 14(v)], (8)
Fg({vi, v;}) = max [Fy(v;), F4(v))], 9
denoting the degree of truth-membership, indeterminacy-membership and falsity-
membership of the edge (v;, v;) € E respectively, where:
0< TB({vl’, v]}) + IB({vl', vj})+ FB({vir U]}) <3 for all {vi, 17]} €EE (1,
j=12,...,n) (10)
We have A - the single valued neutrosophic vertex set of V, and B - the single

valued neutrosophic edge set of E, respectively. Note that B is a symmetric single
valued neutrosophic relation on A. We use the notation (v;, v;) for an element of E.

Thus, G = (A, B) is a single valued neutrosophic graph of G*= (V, E) if:

T (v, vj) < min [Ty (v;), T4(v))], (11)
Ig(v;, v;) = max [I4(v;), 14 (v))], (12)
Fg(vi, vj) = max [Fy(v;), Fa(vj)], (13)

forall (v;,v;) €E.

(0.5,0.1,0.4)

(0.6,0.3,0.2)
(0.5,0.4,0.5)
) 53
E3 1
e} 0
o o
< ~
e e
(0.2,0.4,0.5)
(0.40.2,0.5) (0.2,0.3,0.4)

Figure 3. Single valued neutrosophic graph.

Definition 2.7 [23]

A single valued neutrosophic graph G= (A, B) is called complete if:

Tg(vi, vj) = min [T (v;), Ta(vj)] (14)
Ig(vi, vj)) = max [I5(vy), 1a(vj)] (15)
Fg(vj, vj) = max [Fa(v;), Fa(vj)] (16)

for all v;, vj € V.
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Definition 2.8 [23]

The complement of a single valued neutrosophic graph G (A, B) on G*is a
single valued neutrosophic graph G on G*, where:

1.A=A (17)

2. Ta(vi)= Ta(v1), Ta(vi)=1a(V1), Fa(vi) = Fa(vy), (18)
forallv; €V.

3. Tg(vy, vj)=min [Ta(vi), Ta(v;)] — Te(vi, vj), (19)

Ig(vi, vi)= max [Ia(vi), 1a(v;)] —Ia(vi,vj), (20)

Fp(vi, vj)= max [Fa(v}),Fa(vj)] —Fs(vi,vj), (21)

for all (v;, vj) € E.
Definition 2.9 [26]

By an interval-valued neutrosophic graph of a graph G* = (V, E) we mean a pair
G = (A, B), where A = < [Tay, Taul, [IaL, Iaul, [FaL, Fay]> is an interval-valued
neutrosophic set on V and B =< [Ty, Tgyl, [Ig, Igul, [FeL, Fgy]> is an interval
valued neutrosophic relation on E, satisfying the following condition:

1. V = {vy, vy ,.., vy} such that Ty :V—=[0, 1], Tay:V—=10, 1], [4:V—=[0,
1], [ay:V=[0, 1] and F4;:V—>[0, 1], Foy:V—[0, 1], denoting the degree of truth-
membership, the degree of indeterminacy-membership and falsity-member-
ship of the element y € V, respectively, and:

0< Ta(vy) + a(vi) +Fa(vy) <3, (22)
forall v; €V (i=1, 2, ...n)

2. The functions Tg:VxV =[0, 1], Tgy:VxV =[0, 1], [g:VxV =[0, 1], Igy:Vx
V —-[0,1] and Fg;:VxV —[0,1], Fgy:VxV —[0, 1] are such that:

TeL({vi, vj}) < min [Ty, (vi), TaL(vj)], (23)
Tey({vy, vj}) < min [Tay(vi), Tau(vj], (24)
IgL({vi, vj}) = max([lgy, (v;), IgL(vj)], (25)
Igu({vi, vj}) =2 max(lgy(vi), Igy (vj)], (26)
FpL({vi, vj}) =2 max[Fg(v;), Fpr(vj)], (27)
Fgu({vi, vj}) = max[Fgy(vi), Fgy(vj)], (28)

denoting the degree of truth-membership, indeterminacy-membership and
falsity-membership of the edge (v;, v;) € E respectively, where:
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0< Tg({vi, vj}) + Is({vi, viD+ Fg({v;, vj}) <3,
forall {v;,v;} €E(ij=1,2,..,n).

We have A - the interval valued neutrosophic vertex set of V, and B - the
interval valued neutrosophic edge set of E, respectively. Note that B is a
symmetric interval valued neutrosophic relation on A. We use the notation
(vj, v;) for an element of E. Thus, G = (A, B) is an interval valued neutrosophic

graph of G*= (V, E), if:
Tgr,(vi, vj) < min [Tay,(vi), TarL(vj)],
Ty (vi, vj) < min [Tay(vy), Tau(vj)],
IpL(Vi, vj) = max [Igg, (vy), gL (Vj)],
Igy (v, vj) = max [Igy(vy), Igy(vj)],
FpL (v, vj) = max [Fgy,(vy), Fpr(vj)],
Fgy(vi, vj) = max [Fgy(vi), Fgy(v))],

for all (Vi,Vj) €E.

<[0.2,0.3],[ 0.2, 0.3],[0.1, 0.4]>
<[0.3, 0.51,[ 0.2, 0.31,[0.3, 0.4]>

<[0.1, 0.2],[ 0.3, 0.41,[0.4, 0.5]>

<[0.1,0.2],[ 0.3, 0.5],[0.4, 0.6]> <[0.1,0.31,[ 0.4, 0.51,[0.4, 0.5]>

<[0.1, 0.31,[ 0.2, 0.41,[0.3, 0.5]>

Figure 4. Interval valued neutrosophic graph.

Definition 2.10 [26]

The complement of a complete interval valued neutrosophic graph G = (A, B)
of G*= (V, E) is a complete interval valued neutrosophic graph G= (A, B) =

(A, B) on G*= (V, E), where:
1.V=V
2. Tap(vi)= TaL(vp),
Tau (V)= Tau Vi),
TaL (V)= Tan (),

E(Vi): Lau(vi),

(29)

(30)
(31)
(32)
(33)
(34)
(35)

(36)
(37)
(38)
(39)
(40)
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FaL(vi) = FaL(vi), (41)
Fau(vi) = Fau(vi), (42)
forall v; € V.
3. T (vi, vj)= min [Tap, (v)), Tar(vi)] — Tor(vi, v5), (43)
Teu(vi, vj)= min [Tay(vi), Tau (v;)] — Teu(vi, vj), (44)
Tgp. (vi, vi)= max [IaL (vi), Iar(v;)] — Isw(vi, vj), (45)
Ty (vi, vi)= max [Iay (vp), Iau(vj)] — Igu(vi vj), (46)
FpL(vi, vj))= max [Fap(vi), FaL(v;)] — FaL(vi,vj), (47)
Feu(vi, v))= max [Fau(vi), Fau(vj)] — Feu(vi, vj), (48)

for all (v;, v;) € E.

Definition 2.11 [26]

An interval valued neutrosophic graph G= (A, B) is called complete, if:

TgL (v, vj) = min(Tay, (vi), Tar(v)), (49)
Ty (vi, vj) = min(Tay(v;), Tau(v)), (50)
Igr (vi, vj) = max (I (vy), [a(v})), (51)
Igy (vi, vj) = max (Iay (vi), lau(v))), (52)
FpL(vi, vj) = max (Fa(vy), Fa(v))), (53)
Fgy (vi, Vj) =max (Fay(vi), FAU(Vj))' (54)

for all v;, v; EV.

3 Main Result

Theorem 3.1:

An interval valued neutrosophic graph G = (A, B) is an isolated interval valued
neutrosophic graph if and only if its complement is a complete interval valued
neutrosophic graph.

Proof

Let G= (A, B) be a complete interval valued neutrosophic graph.

Therefore:
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Tgr(vi, vj) = min(Tar, (vi), Tar(vj)),

Ty (vi, vj) = min(Tay(vi), Tau (v)),

Igr(vi, vj) = max (Ia,(vi), [aL(v)),

Igy(vi, vj) = max (Iay(vi), Lau(v))),

FpL (v, vj) = max (Far(vy), Far(v))),

Fgy(vi, vj) = max (Fay(vi), Fau(v))),
for all v;, vj V.
Hence in G,

Ter (Vi, vi)= min(Tap, (vi), TaL(v})) — Ter (i, v)
foralli,j, .., n.

= min(Tay, (vi), Tar(vj)) — min(TaL (), Tar(vj))

for alli,j, .., n.

foralli,j, .., n.

Ty (vi, vj)= min(Tay (vi), Tay (v)) — Teu (v, v;)
foralli,j, .., n.

= min(Tay (v;), Tay(vj)) — min(Tay (i), Tay(¥j))

foralli,j, .., n.

for alli, j, ..., n.
And:

Tp,(vi, vj)= max(Ia;, (vi), Ia (V) — Ipr(Vi, v;)
for alli, j, ..., n.

= max(IaL(vi), Ian(v)) — max(Ia;(vi), IAL(Vj))
foralli,j, .., n.

=0
foralli,j, .., n.

Ty (vi, v))= max(Iay (vi), Iau (v§)) — Igu (Vi, V)
for alli, j, ..., n.

= max(Iay(vi), lay(vj)) — max(Iay(vi), lay(vj))

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)
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foralli,j, .., n.

=0 (72)
foralli,j, .., n.
Also:

Fpp.(vi, vj)= max(Far,(vy), Far(v})) — FpL (v, v;) (73)
foralli,j, .., n.

= max(Fa(vi), FaL(vj)) — max(FaL(vi), Far(v})) (74)
foralli,j, .., n.

=0 (75)
foralli,j, .., n.

Fpy(vi, vi)= max(Fay (vi), Fay (vj)) — Fey(vi, vj) (76)
foralli,j, .., n.

=max(Fay(vi), Fay(vj)) — max(Fay(vi), Fau(v))) (77)
foralli,j, .., n.

=0 (78)
foralli,j, .., n.
Thus,
(i TBL(Vir Vj)' TBU(Vi» Vj)]' [TBL(Vi» Vj)' TBU(Vi' Vj)]» [ FBL(Vi' Vj)' FBU(Vi' Vj)]) =

= ([0, 0], [0, 0], [0, OD). (79)

Hence, G = (4, B) is an isolated interval valued neutrosophic graph.

4 Conclusions

In this paper, we extended the concept of isolated single valued neutrosophic
graph to an isolated interval valued neutrosophic graph. In future works, we plan
to study the concept of isolated bipolar single valued neutrosophic graph.
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Abstract

In this paper, we introduce the homomorphism, the weak isomorphism, the co-weak
isomorphism, and the isomorphism of the bipolar single valued neutrosophic hyper-
graphs. The properties of order, size and degree of vertices are discussed. The
equivalence relation of the isomorphism of the bipolar single valued neutrosophic
hypergraphs and the weak isomorphism of bipolar single valued neutrosophic
hypergraphs, together with their partial order relation, is also verified.

Keywords

homomorphism, weak-isomorphism, co-weak-isomorphism, isomorphism, bipolar
single valued neutrosophic hypergraphs.

1 Introduction

The neutrosophic set - proposed by Smarandache [8] as a generalization of
the fuzzy set [14], intuitionistic fuzzy set [12], interval valued fuzzy set [11]
and interval-valued intuitionistic fuzzy set [13] theories - is a mathematical
tool created to deal with incomplete, indeterminate and inconsistent
information in the real world. The characteristics of the neutrosophic set are
the truth-membership function (t), the indeterminacy-membership function
(1), and the falsity membership function (f), which take values within the real
standard or non-standard unit interval ]-0, 1*[.
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A subclass of the neutrosophic set, the single-valued neutrosophic set (SVNS),
was intoduced by Wang et al. [9]. The same authors [10] also introduced a
generalization of the single valued neutrosophic set, namely the interval
valued neutrosophic set (IVNS), in which the three membership functions are
independent, and their values belong to the unit interval [0, 1]. The IVNS is
more precise and flexible than the single valued neutrosophic set.

More works on single valued neutrosophic sets, interval valued neutrosophic
sets and their applications can be found on http://fs.gallup.unm.edu/NSS/.

In this paper, we extend the isomorphism of the bipolar single valued
neutrosophic hypergraphs, and introduce some of their relevant properties.

1 Preliminaries

Definition 2.1

A hypergraph is an ordered pair H = (X, E), where:
(1) X= {xq, x4, ..., X, } 1s a finite set of vertices.
(2)E={E{,E,, ..., E,} 1s a family of subsets of X.
(3) Ej are non-void forj=1, 2, 3, ..., m, and Uj(Ej) = X.

The set X is called 'set of vertices', and E is denominated as the 'set of edges' (or
'"hyper-edges').

Definition 2.2

A fuzzy hypergraph H = (X, E) is a pair, where X is a finite set and E is a finite
family of non-trivial fuzzy subsets of X, such that X =U; Supp(Ej), Jj=
1,2,3,..,m.

Remark 2.3
The collection E = {E, E,, E5, ...., E;;, } 1s a collection of edge set of H.
Definition 2.4

A fuzzy hypergraph with underlying set X is of the form H = (X, E, R), where
E = {Ey,E;, E3, ..., Ep,} is the collection of fuzzy subsets of X, that is Ej : X —

[0,1],j=1,2,3, .., m and R: E - [0,1] is the fuzzy relation of the fuzzy
subsets Ej, such that:

R(xq, X2, oo, %) < min(E;(xy), ..., Ej(x;)), (D

for all { xq, x5, ..., x,} subsets of X.

Critical Review. Volume XIII, 2016



M. A. Malik, Ali Hassan, Said Broumi, Assia Bakali, Mohamed Talea, F. Smarandache 81
Isomorphism of Bipolar Single Valued Neutrosophic Hypergraphs

Definition 2.5

Let X be a space of points (objects) with generic elements in X denoted by x. A
single valued neutrosophic set A (SVNS A) is characterized by its truth member-
ship function T4(x), its indeterminacy membership function I4(x), and its falsity
membership function F,(x). For each point, x € X; T4(x), I4(x), F4(x) € [0, 1].

Definition 2.6

A single valued neutrosophic hypergraph is an ordered pair H = (X, E), where:
(1) X ={x4, x5, ..., x,} is a finite set of vertices.
(2)E={E} E;, .., E;;,} is a family of SVNSs of X.
(3)E; #0=(0,0,0)forj=1,2,3,.., m and U; Supp(E;) = X.
The set X is called set of vertices and E is the set of SVN-edges (or SVN-hyper-
edges).
Proposition 2.7

The single valued neutrosophic hypergraph is the generalization of fuzzy
hypergraphs and intuitionistic fuzzy hypergraphs.

Note that a given SVNHGH = (X, E, R), with underlying set X, where E = {E;, E;,
..., E;}, is the collection of the non-empty family of SVN subsets of X, and R is
the SVN relation of the SVN subsets Ej, such that:

RT(xl'xZJ 'xr) < min([TEj(xl)]' e [TEj(xr)DJ (2)
Ry (x1, %2, oo, %) = max([Ig, (x )], .., [Ig, (x)]), (3)
RF(xlle' 'xr) = max([FEj(xl)], ) [FEj(xr)D) (4‘)

for all {x;, x5, ..., x,-} subsets of X.
Definition 2.8

Let X be a space of points (objects) with generic elements in X denoted by x.

A bipolar single valued neutrosophic set A (BSVNS A) is characterized by the
positive truth membership function PT,(x), the positive indeterminacy
membership function P, (x), the positive falsity membership function PF,(x),
the negative truth membership function NT,(x), the negative indeterminacy
membership function NIj(x), and the negative falsity membership function
NF,(x).

For each point x €X; PTy(x), P1,4(x),PF4(x) € [0, 1], and NT,(x), Niy(x), NF4(x)
€ [-1,0].
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Definition 2.9

A bipolar single valued neutrosophic hypergraph is an ordered pair H = (X, E),
where:

(1) X ={xy, x5, ..., x,} is a finite set of vertices.

(2)E={E E,, .., E,;} is a family of BSVNSs of X.

(3) E;#0-= ([0,0],[0,0],[0,0])forj=1,2,3,.., m, and

U; Supp(E;)= X.
The set X is called the 'set of vertices' and E is called the 'set of BSVN-edges'
(or 'IVN-hyper-edges'). Note that a given BSVNHGH = (X, E, R), with

underlying set X, where E = { E;, E,, .., Ep,} is the collection of non-empty
family of BSVN subsets of X, and R is the BSVN relation of BSVN subsets E;

such that:

Rer (1, Xz, .. , %) < min([PTg,(x)], ..., [PTg, (x)]), (5)
Rpi (X1, 2z, .., %) 2 max([Plg, (X)), .., [Plg, (x)]), (6)

Rpp (X1, Xz, o, %) 2 max([PFg, ()], ..., [PFg, (x.)]), (7)
Ryr (X1, Xz, o, %) = max([NTg, (X)), o, [NT (x)]),  (8)
Ryi (x1, Xz, oo, %) < min((NIg, (x)], ..., [NIg, (,)]), (9)
Ryp (X1, %z, o , %) < min([NFg, (x))], ..., [NFg, (x,)]), (10)

for all {x;, x,, ..., x,-} subsets of X.

Proposition 2.10

The bipolar single valued neutrosophic hypergraph is the generalization of
the fuzzy hypergraph, intuitionistic fuzzy hypergraph, bipolar fuzzy hyper-
graph and intuitionistic fuzzy hypergraph.

Example 2.11

Consider the BSVNHG H = (X, E, R), with underlying set X = {a, b, c}, where E =
{A, B}, and R defined in Tables below:

H A B
a (0.2,0.3,0.9,-0.2,-0.2, -0.3) (0.5,0.2,0.7,-0.4,-0.2, -0.3)
b (0.5,0.5,0.5,-0.4, -0.3,-0.3) (0.1, 0.6, 0.4, -0.9, -0.3,-0.4)
c (0.8,0.8,0.3,-0.9,-0.2, -0.3) (0.5,0.9,0.8,-0.1, -0.2, -0.3)
R Rpr Rpy Rpr Ryt Ry Ryr
A 0.2 0.8 0.9 -0.1 -0.4 -0.5
B 0.1 0.9 0.8 -0.1 -0.5 -0.6
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By routine calculations, H = (X, E, R) is BSVNHG.
3 Isomorphism of BSVNHGs

Definition 3.1

A homomorphism f: H —»K between two BSVNHGs H = (X E, R) and K= (Y, F, S)
is a mapping f: X = Y which satisfies the conditions:

min[PTg,(x)] < min[PT,(f ()], (11)
max[Plg,(x)] = max[Pls (f(x))], (12)
max[PFg,(x)] = max[PFr,(f ()], (13)
max[NTg,(x)] = max[NTg, (f(x))], (14)
min[Nlg,(x)] < min[NIp,(f(x))], (15)
min[NFg;(x)] < min[NFy,(f ()], (16)
for all x€ X.
Rpr(x1, %z, 0 %) < Spr(f (1), f (62), s £ (1)), (17)
Rp1 (%1, X, o0y %) 2 Spi (f (1), £ (62, s £ (), (18)
Rpp(x1, %z, oo %) 2 Spp(f (1), f (x2), o f (), (19)
Ryr (X1, Xz, -, %) 2 Syr(f (1), f (62, s £ (62)), (20)
Ry (%1, %z, e, %) < Syi(f (1), f (62, e, £ (52)), (21)

Ryp(xy, Xz, s 20) < Syp(f (1), £ (x2), oo, f (7)), (22)
for all {xq, x5, ..., x,-} subsets of X.

Example 3.2

Consider the two BSVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets
X={a b, c}and Y = {x, y, z}, where E = {4, B}, F = {C, D}, RandS, which are
defined in Tables given below:

H A B
a (0.2, 0.3,0.9,-0.2,-0.2,-0.3) (0.5,0.2,0.7,-0.4,-0.2,-0.3)
b (0.5, 0.5, 0.5,-0.4,-0.3,-0.3) (0.1, 0.6, 0.4,-0.9,-0.3,-0.4)
c (0.8, 0.8, 0.3,-0.9,-0.2,-0.3) (0.5,0.9, 0.8,-0.1,-0.2,-0.3)

C

D

(0.3,0.2,0.2,-0.9,-0.2,-0.3)

(0.2, 0.1, 0.3,-0.6,-0.1,-0.2)

(0.2,0.4, 0.2,-0.4,-0.2,-0.3)

(0.3,0.2,0.1,-0.7,-0.2,-0.1)

N <[> [N

(0.5,0.8,0.2,-0.2,-0.1,-0.3)

(0.9,0.7,0.1,-0.2,-0.1,-0.3)
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R Rpr Rp; Rpr | Ryt | Rni | Rar
A 0.2 0.8 09 | -0.1 | -04 | -0.5
B 0.1 0.9 0.8 -0.1 | -0.5 | -0.6
S Spr Spi Spr_| Snt | Sni | Snr
C 0.2 0.8 03 | -0.1 | -0.2 | -0.3
D 0.1 0.7 03 | -0.1 | -0.2 ] -0.3

and /- X = Y defined by: f(a)=x, f(b)=y and f(c)=z. Then, by routine calculations,
f: H— K is a homomorphism between H and K.

Definition 3.3

A weak isomorphism /- H — K between two BSVNHGs H = (X, E, R) and K =

(Y, F, S) is a bijective mapping /- X — Y which satisfies f'is homomorphism, such
that:

min[PTg,(x)] < min[PTg (f ()], (23)
max[Pl;(x)] = max[Plg (f(x))], (24)
max([PFg,(x)] = max[PFy (f(x))], (25)
max[NTg, (x)] = max[NTg, (f(x))], (26)
min[Nlg,(x)] < min[NIp (f(x))], (27)
min[NFg(x)] < min[NFs,(f(x))], (28)

for all x€ X.

Note

The weak isomorphism between two BSVNHGS preserves the weights of vertices.

Example 3.4

Consider the two BSVNHGs H = (X, E, R) and K = (7, F, S) with underlying sets
X={a b c}and Y = {x, y, z}, where E = {4, B}, F = {C, D}, R and S, which are
defined by Tables given below, and f: X = Y defined by: f(a)=x, f(b)=y and f(c)=z.
Then, by routine calculations, /* H — K is a weak isomorphism between H and K.

H A B

a (0.2, 0.3,0.9,-0.2,-0.2,-0.3) (0.5,0.2,0.7,-0.4,-0.2,-0.3)
b (0.5, 0.5, 0.5,-0.4,-0.3,-0.3) (0.1, 0.6, 0.4,-0.9,-0.3,-0.4)
c (0.8, 0.8, 0.3,-0.9,-0.2,-0.3) (0.5,0.9, 0.8,-0.1,-0.2,-0.3)
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K C D
X (0.2,0.3,0.2,-0.9,-0.2,-0.3) (0.2, 0.1, 0.8,-0.6,-0.1,-0.4)
y (0.2,0.4,0.2,-0.4,-0.3,-0.3) (0.1,0.6, 0.5,-0.6,-0.2,-0.3)
v4 (0.5, 0.8, 0.9,-0.2,-0.2,-0.3) (0.9, 0.9, 0.1,-0.1,-0.3,-0.3)

R Rpr Rp; Rpp Ryt Ry Ry

A 0.2 0.8 0.9 -0.1 -0.4 -0.3

B 0.1 0.9 0.9 -0.1 -0.3 -0.5

S Spr Spi Spr SNT SNI SNF

C 0.2 0.8 0.9 -0.1 -0.3 -0.2

D 0.1 0.9 0.8 -0.1 -0.3 -0.4

Definition 3.5

A co-weak isomorphism f: H = K between two BSVNHGs H = (X, E, R) and K =
(Y, F, S) is a bijective mapping /> X = Y which satisfies f'is homomorphism, such
that:

Rpr(xy, X, vy %) = Spr(f(x1) , f(x2), -, f (1)), (29)
Rpi(x1, %2, ., %) = Spi(f (1), f(x2), -, f (%)), (30)
Rpp(x1, X3, oy %) = Spp(f(x1), f(x2), -, f (1)), (31)
Ryr(xy, %2, o, %) = Syr(f (1), f(x2), -, (1)), (32)
Ryi Gy, x5 0, x0) = Syi(f (1), f (32, -, £ (27)), (33)
Ryp(xq, x5, o, x0) = Syp(f (x1) , £ (2), woos f(31))s (34)

for all {x;, x5, ..., x,-} subsets of X.
Note

The co-weak isomorphism between two BSVNHGs preserves the weights of
edges.

Example 3.6

Consider the two BSVNHGs H = (X, E, R) and K = (7, F, S) with underlying sets
X={a b c}and Y = {x, y, z}, where E = {4, B}, F = {C, D}, R and S, which are
defined in Tables given below, and f - X = Y defined by: f(a)=x , f(b)=y and
f(c)=z. Then, by routine calculations, /- H = K is a co-weak isomorphism between
Hand K.

A B

(0.2,0.3, 0.9,-0.4,-0.2,-0.3)

(0.5,0.2,0.7,-0.1,-0.2,-0.3)

(0.5, 0.5, 0.5,-0.4,-0.2,-0.3)

(0.1, 0.6, 0.4,-0.4,-0.2,-0.3)

o |o|e | o

(0.8, 0.8, 0.3,-0.1,-0.2,-0.3)

(0.5, 0.9, 0.8,-0.4,-0.2,-0.3)
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K C D
X (0.3, 0.2, 0.2,-0.9,-0.2,-0.3) (0.2, 0.1, 0.3,-0.4,-0.2,-0.3)
y (0.2, 0.4, 0.2,-0.4,-0.2,-0.3) (0.3, 0.2,0.1,-0.9,-0.2,-0.3)
z (0.5, 0.8, 0.2,-0.1,-0.2,-0.3) (0.9, 0.7, 0.1,-0.1,-0.2,-0.3)
R Rpr Rp; Rpp Ryt Ry; Ryr
A 0.2 0.8 0.9 0.1 | 02 | -03
B 0.1 0.9 0.8 0.1 | 02 | -03
S SPT SPI SPF SNT SNI SNF
C 0.2 0.8 09 | 01 | 02 | -03
D 0.1 0.9 08 | -01 | 02 | -03

Definition 3.7

An isomorphism f: H — K between two BSVNHGs H = (X, E, R) and K = (Y, F,
S) 1s a bijective mapping /- X = Y which satisfies the conditions:

min[PTg;(x)] = min[PTFj(f(x))], (35)
max[Plg (x)] = max[PIFj(f(x))], (36)
max[PFEj(x)] = max[PFFj(f(x))], (37)
max[NTg;(x)] = max[NTFj(f(x))], (38)
rnin[NIEj(x)] = min[NIFj(f(x))], (39)
rnin[NFEj(x)] = min[NFFj(f(x))], (40)
for all x€ X.
Rpr (X1, %z, ., %) = Spr(f(x1) , f(x2), e, f (X)), (41)
Rpi(x1, X2, e, %) = Spi(f (1), f(X2), oo, £ (%)), (42)
Rpp(xy, %2, o, %) = Spp(f(x1), f(x2), o, f (31)), (43)
Ryr(x1, X2, o0, %) = Snr(f (1), f(x2), o, f (1)), (44)
Ryi(xq, X2, o, %) = Syi(f (1), f(x2), -, £ (X)), (45)
Ryp(x1, %2, oo, %) = Syp(f (x1) , f (%2), -, £ (1)), (46)

for all {xq, x5, ..., x,-} subsets of X.
Note

The isomorphism between two BSVNHGSs preserves the both weights of vertices
and weights of edges.
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Example 3.8

Consider the two BSVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets
X={a b c}and Y = {x, y, z}, where E = {4, B}, F = {C, D}, R and S, which are
defined by Tables given below:

H A B
a (0.2, 0.3, 0.7,-0.2,-0.2,-0.3) (0.5,0.2,0.7,-0.6,-0.6,-0.6)
b (0.5, 0.5, 0.5,-0.4,-0.3,-0.3) (0.1, 0.6, 0.4,-0.1,-0.2,-0.7)
c (0.8, 0.8, 0.3,-0.9,-0.2,-0.4) (0.5,0.9, 0.8,-0.7,-0.2,-0.3)

K C D

X (0.2, 0.3, 0.2,-0.2,-0.2,-0.4) (0.2, 0.1, 0.8,-0.3,-0.2,-0.3)

y (0.2, 0.4, 0.2,-0.6,-0.2,-0.3) (0.1, 0.6, 0.5,-0.1,-0.2,-0.7)
z (0.5, 0.8, 0.7,-0.4,-0.3,-0.3) (0.9, 0.9, 0.1,-0.9,-0.6,-0.3)
R RPT RPI RPF RNT RNI RNF
Al 02 0.8 0.9 -0.1 0.3 -0.4
B| 00 0.9 0.8 0.1 -0.7 0.8
S Spr Spi SpF SNT SNI SNF
c| 02 0.8 0.9 0.1 -0.3 0.4
D| 00 0.9 0.8 0.1 -0.7 0.8

and /' X = Y defined by: f(a)=x, f(b)=y and f(c)=z. Then, by routine calculations,
f: H— K is an isomorphism between H and K.

Definition 3.9

Let H = (X, E, R) be a BSVNHG, then the order of H is denoted and defined by as
follows:

H
Z((i min (PTE]. (x)) , Z max (PIEj (x)) , Z max (PFE]. (x)),
S max (NTE]. (x)) S min (NIE]. (x)) Y min (NFE]. (x))) (47)
The size of H is denoted and defined by:
S(H) = (z Rpr(E;), z Rpi(Ep), Z Rpr(Ej), Z Ryr (),
Y Ry (E;), X Rur (Ej)) (48)
Theorem 3.10

Let H= (X E, R) and K = (Y, F, S) be two BSVNHGSs such that H is isomorphic
to K, then:
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(1) O(H) = O(K),
(2) S(H) = S(K).

Proof

Let /- H - K be an isomorphism between two BSVNHGs H and K with
underlying sets X and Y respectively; then, by definition:

min[PTg,(x)] = min[PTs (f (x))], (49)
maX[PIEj(x)] = max[PIFj(f(x))], (50)
max[PFg, (x)] = maX[PFFj(f(x))], (51)
maX[NTEj(x)] = maX[NTFj(f(x))], (52)
min[Nlz, ()] = min[NIy, (fCO)L, (53)
min[NFEj(x)] = min[NFFj(f(x))], (54)
for all x€ X.
Rpr (X1, %z, o, %) = Spr(f(x1) , f(x2), e, f (1)), (55)
Rp1(x1, X2, o0, %) = Spi(f (1), f(X2), ooes £ (%)), (56)
Rpr(x1, %, ooy %) = Spr(f(x1) , £ (x2), -, f (1)), (57)
Ryr(x1, X2, e, %) = Snr(f (1), f(x2), -, f (), (58)
Ryy (1, %, v %) = Snp(f (1) 5 f (x2)s oo, f(201)), (59)
Ryp(x1, X2, oo, %) = Syp(f (X1) , f (%2), oo, £ (21)), (60)

for all { xq, x5, ..., x,} subsets of X.

Consider:
Opr(H) = X min PTy (x) = X min PTy (F(x)) = 0pr(K)  (61)
Onr(H) = X max NTE]-(X) = ). max NTFj(f(x)) = Onr(K) (62)

Similarly, Op;(H) = Op;(K) and Opr(H) = Opp(K) , Oyn;/(H) = Op;(K) and
Onp(H) = Onp(K), hence O(H) = O(K).

Next:

Ser(H) = ) Ror(ta, %, -, %)

=X Spr(f (1), f(x2), o, f (%)) = Spr(K). (63)
Similarly,

Sur(H) = ) Ryr ey, g, %)

= X Snr(f(x1), f(x2), e, f () = Syr(K). (64)
and Sp;(H) = Sp;(K), Spr(H) = Spp(K), Syi(H) = Sy (K), Syr(H) = Syr(K),
hence S(H) = S(K).
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Remark 3.11
The converse of the above theorem need not to be true in general.
Example 3.12

Consider the two BSVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets
X=1{a b c,d}and Y ={w, x, y, z}, where E = {4, B}, F = {C, D}, R and S are
defined in Tables given below:

H A B
a (0.2,0.5,0.3,-0.1,-0.2,-0.3) | (0.14,0.5,0.3,-0.1,-0.2,-0.3)
b (0.0,0.0,0.0, 0.0, 0.0, 0.0) (0.2, 0.5, 0.3, -0.4, -0.2, -0.3)
c (0.33,0.5,0.3,-0.4,-0.2,-0.3) | (0.16,0.5,0.3,-0.1, -0.2, -0.3)
d (0.5, 0.5, 0.3, -0.1, -0.2, -0.3) (0.0,0.0,0.0, 0.0, 0.0, 0.0)
K C D
w (0.14,0.5,0.3,-0.1, -0.2, -0.3) (0.2, 0.5, 0.33,-0.4, -0.2, -0.3)
X (0.16,0.5,0.3,-0.1, -0.2, -0.3) (0.33,0.5, 0.33, -0.1, -0.2, -0.3)
y (0.25,0.5,0.3,-0.1,-0.2, -0.3) (0.2, 0.5, 0.33,-0.1,-0.2, -0.3)
z (0.5, 0.5, 0.3, -0.4, -0.2, -0.3) (0.0, 0.0, 0.0, 0.0, 0.0, 0.0)
R Rpr Rp; Rpp Ryt Ryj Ryr
A 0.2 0.5 0.3 0.1 | 02 | -03
B 0.14 0.5 0.3 0.1 | 02 | -03
S Spr Spi Spr SNT SN SNF
C 0.14 0.5 03 | -01 | -02 | -03
D 0.2 0.5 03 | -01 | -02 | -03

where f'is defined by: f(a)=w, f(b)=x, f(c)=y, f(d)=z.
Here, O(H) = (1.0,2.0, 1.2,-0.7,-0.8,-1.2) = O(K) and S(H)=(0.34, 1.0, 0.9, -0.2, -
0.4, -0.9)=S(K), but, by routine calculations, H is not an isomorphism to K.

Corollary 3.13

The weak isomorphism between any two BSVNHGs H and K preserves the orders.
Remark 3.14

The converse of the above corollary need not to be true in general.

Example 3.15

Consider the two BSVNHGs H = (X, E, R) and K = (7, F, S) with underlying sets
X={a b c,d}and Y = {w, x, y, z}, where E = {4, B}, F = {C, D}, R and § are
defined in Tables given below, where f is defined by: fla)=w, f(b)=x, f(c)=y,
fd)=z:
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H A B
a (0.2,0.5, 0.3,-0.1,-0.2,-0.3) (0.14, 0.5, 0.3,-0.4,-0.2,-0.3)
b (0.0,0.0,0.0,0.0,0.0,0.0) (0.2,0.5, 0.3,-0.1,-0.2,-0.3)
c (0.33, 0.5, 0.3,-0.4,-0.2,-0.3) (0.16, 0.5, 0.3,-0.1,-0.2,-0.3)
d (0.5,0.5, 0.3,-0.1,-0.2,-0.3) (0.0,0.0,0.0,0.0,0.0,0.0)
K C D
w (0.14, 0.5, 0.3,-0.1,-0.2,-0.3) (0.16, 0.5, 0.3,-0.1,-0.2,-0.3)
X (0.0, 0.0, 0.0,0.0,0.0,0.0) (0.16, 0.5, 0.3,-0.1,-0.2,-0.3)
y (0.25, 0.5, 0.3,-0.1,-0.2,-0.3) (0.2,0.5, 0.3,-0.4,-0.2,-0.3)
z (0.5,0.5, 0.3,-0.1,-0.2,-0.3) (0.0, 0.0, 0.0,0.0,0.0,0.0)

Here, O(H)= (1.0, 2.0, 1.2, -0.4, -0.8, -1.2) = O(K), but, by routine calculations, H
is not a weak isomorphism to K.

Corollary 3.16

The co-weak isomorphism between any two BSVNHGs H and K preserves sizes.
Remark 3.17

The converse of the above corollary need not to be true in general.

Example 3.18

Consider the two BSVNHGs H = (X, E, R) and K = (7, F, S) with underlying sets
X={a b, c, d} and Y = {w, x, y, z}, where E = {4, B}, F = {C, D},R and § are
defined in Tables given below,

H A B
a (0.2, 0.5, 0.3,-0.1,-0.2,-0.3) (0.14, 0.5, 0.3, -0.1,-0.2,-0.3)
b (0.0,0.0,0.0,0.0,0.0,0.0) (0.16, 0.5, 0.3, -0.1,-0.2,-0.3)
c (0.3,0.5,0.3, -0.1,-0.2,-0.3) (0.2, 0.5, 0.3,-0.4,-0.2,-0.3)
d (0.5, 0.5, 0.3, -0.1,-0.2,-0.3) (0.0,0.0,0.0,0.0,0.0,0.0)
K C D
w (0.0, 0.0, 0.0, 0.0, 0.0, 0.0) (0.2, 0.5, 0.3, -0.1,-0.2,-0.3)
X (0.14,0.5,0.3, -0.1,-0.2,-0.3) (0.25, 0.5, 0.3, -0.1,-0.2,-0.3)
y (0.5,0.5, 0.3, -0.1,-0.2,-0.3) (0.2, 0.5, 0.3,-0.4,-0.2,-0.3)
z (0.3, 0.5, 0.3,-0.1,-0.2,-0.3) (0.0,0.0,0.0,0.0,0.0,0.0)
R RPT RPI RPF RNT RNI RNF
A 0.2 0.5 03 | 0.1 | 02 | -03
B 0.14 0.5 03 | -01 | 02 | -03
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S SPT SPI SPF SNT SNI SNF
C 0.14 0.5 0.3 -0.1 02 | -03
D 0.2 0.5 0.3 -0.1 02 | -03

where fis defined by: f(a)=w, f(b)=x, f(c)=y, f(d)=z.
Here S(H)= (0.34, 1.0, 0.6, -0.2, -0.4, -0.6) = S(K), but, by routine calculations, H
1s not a co-weak isomorphism to K.

Definition 3.19

Let H = (X, E, R) be a BSVNHG, then the degree of vertex x;, which is denoted
and defined by:

deg(x;) =

(degpr(x;), degp;(x;), degpr (x;),

degnr(x;), degn (x), degnr(x;) (65)
where:

degpr(x;) = X Rpr(xy, x5, ..., X7), (66)

degp;(x;) = X Rp;(x1, %3, .., X)), (67)

degpr(x;) = X Rpp(xy, X3, -0, X7), (68)

degnr(x;) = X Ryr(Xy, X3, -0, X)), (69)

degni(x;) = X Ry (xy, x5, -0, 1), (70)

degnr(x;) = X Ryp(x1, X2, e, X)), (71)
for x; # x,.

Theorem 3.20

If H and K be two isomorphic BSVNHGs, then the degree of their vertices are
preserved.

Proof

Let /- H - K be an isomorphism between two BSVNHGs H and K with
underlying sets X and Y respectively, then, by definition, we have:

min[PTy, (x)] = min[PT (f(x))], (72)
max[Plg,(x)] = max[PI (f(x))], (73)
max[PFy,(x)] = max[PFy (f(x))], (74)
max[NTg, (x)] = max[NT, (f ()1, (75)
min[Nlg,(x)] = min[NIz (f(0)], (76)
min[NFg,(x)] = min[NFz (f(x))], (77)
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for all x€ X.
Rpr(xy, X3, oy %) = Spr(f(x1) , f(x2), -, f (1)), (78)
Rpi(x1, %2, ., %) = Spi(f (1), f(x2), -, f (%)), (79)
Rpp(xy, %2, o, %) = Spp(f(x1), f(x2), o) f(31)), (80)
Ryr(xy, %2, %) = Syr(f(x1), f(52), oo, £ (1)), (81)
Ry (xy, x5, 0y %) = Sy (f (x1) , f (2), e, £ (22)), (82)
Ryp(xq, x5, oy %) = Syp(f (x1) , £ (2), woes f (31))s (83)

for all { x4, x5, ..., x,-} subsets of X.

Consider:
degpr(x;) = 2 Rpr(xq, X, v, Xy)
= Ser(F G, F@D, o f ()

= degpr (f (x)), (84)
and similarly:

degnr(x;) = degnr (f (x:)), (85)
degp;(x;) = degp;(f (x;)), degpr(x;) = degpr(f(x;)) (86)

degn;(x;) = degy;(f (x;)), degnr(x;) = degyr(f (x)) (87)
Hence:

deg(x;) = deg(f (x;)). (88)
Remark 3.21
The converse of the above theorem may not be true in general.

Example 3.22

Consider the two BSVNHGs H = (X, E, R) and K = (7, F, S) with underlying sets
X={a b}and Y = {x, y}, where E = {4, B}, F = {C, D}, R and S are defined by
Tables given below:

H A B
a (0.5, 0.5, 0.3,-0.1, -0.2, -0.3) (0.3,0.5,0.3,-0.1,-0.2, -0.3)
b (0.25,0.5,0.3,-0.1,-0.2,-0.3) | (0.2,0.5,0.3,-0.1,-0.2, -0.3)

K C D

X (0.3,0.5,0.3,-0.1, -0.2, -0.3) (0.5,0.5,0.3, -0.1, -0.2, -0.3)

y (0.2, 0.5, 0.3, -0.1, -0.2, -0.3) (0.25,0.5,0.3,-0.1, -0.2, -0.3)

S Spr Spi Spr SNT SN SNF
C 0.2 0.5 03 | -0.1 | -02 | -03
D 0.25 0.5 03 | -01 | -02 | -03
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R RPT RPI RPF RNT RNI RNF
A 0.25 0.5 03 | 01 | -02 | -03
B 0.2 0.5 03 | 01 | -02 | -03

where f'is defined by: f(a)=x, f(b)=y, here deg(a) = ( 0.8, 1.0, 0.6, -0.2, -0.4, -0.6)
=deg(x) and deg(b) = (0.45, 1.0, 0.6, -0.2, -0.4, -0.6) = deg(y).

But H is not isomorphic to K, i.e. H is neither weak isomorphic, nor co-weak
isomorphic to K.

Theorem 3.23
The isomorphism between BSVNHGS is an equivalence relation.
Proof

LetH=(X E, R), K= (Y, F,S) and M = (Z, G, W) be BSVNHGs with underlying
sets X, Y and Z, respectively:

Reflexive

Consider the map (identity map) /- X — X defined as follows: f(x) = x for all x €
X, since the identity map is always bijective and satisfies the conditions:

min[PTg,(x)] = min[PTg,(f(x))], (89)
max([Plg;(x)] = max[Plg(f(x))], (90)
max([PFg,;(x)] = max[PFg,(f(x))], (91)
max[NTEj(x)] = max [NTEj(f(x))], (92)
min[Nlg (x)] = min[NIg (f(x))], (93)
min[NFE].(x)] = min[NFEj(f(x))], (94)
for all x€ X.
Rpr(x1, %z, ., %) = Rpr(f(x1), f(x2), -, f (7)), (95)
Rpi(x1, X2, o0, %) = Rpy (f (1), f(X2), oo, £ (22)), (96)
Rpp(x1, X2, s %r) = Rpp(f(x1), f(x2), -, f (X)), (97)
Ryr(x1, X2, o, %) = Ryr(f(x1), f(x2), o, £ (x1)), (98)
Ryi (%1, %, ooy %) = Ry (f (1), f (X2), e, £ (22)), (99)
Ryr(x1,%2, 0, %) = Rye(f (1), f(X2), oo, f (x1)), (100)

for all { x4, x5, ..., x,-} subsets of X.

Hence f'is an isomorphism of BSVNHG H to itself.
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Symmetric

Let /> X — Y be an isomorphism of H and K, then f'is a bijective mapping defined
as f(x) =y forall x € X

Then, by definition:
min[PTg,(x)] = min[PTg (f(x))], (101)
max[Plg,(x)] = max[PI(f(x))], (102)
max[PFg,(x)] = max[PFp(f(x))], (103)
maX[NTEj(x)] = max[NTFj(f(x))], (104)
min[NIg,(x)] = min[NIg (f ()], (105)
min[NFg, (x)] = min[NFs (f(x))], (106)

for all x€ X.
Rpr(xy, X2, o, %) = Spr(f (1), f(x2), oo, f (1)), (107)
Rp;(x1, %3, ., %) = Spi(f (1), f(x2), o, f(2)), (108)
Rpp(x1, %5, o, %) = Spp(f (1), f(x2), o, f (1)), (109)
Ryr(x1, %3, -, %) = Snyr(f (1), f(32), -, £ (x1)), (101)
Ry;(x, x5, %) = Syi(f (x1) , f (2), -, £ (X)), (111)
Ryp(x1, %2, o, %) = Syp(f (x1) , f (32), -, £ (X)), (112)

for all {x;, x5, ..., x,-} subsets of X.
Since fis bijective, then we have:

f~Y(y) =x forally €Y.
Thus, we get:

min[PTg, (1 ()] = min[PTy, ()], (113)

max[Plg,(f )] = max[Pls, )], (114)

max[PFg, (f ()] = max[PFs, ()], (115)

max[NTg,(f ()] = max[NTg, (y)], (116)

min[Nlg, (f )] = min[NIz, ()], (117)

min[NFg, (f ()] = min[NFg, ()], (118)
for all x€ X.

RPT(f_l(yl)'f_l(.VZ)' ---:f_l(Yr)) =Spr(y1,¥y2 - ¥r),  (119)
RPI(f_l(Jﬁ)»f_l(J’z); ---’f_l(J’r)) = Sp1 (Y1, Y20 s ¥r)s (120)
RPF(f_l(%)'f_l(J’z)' ---»f_l()’r)) = Spr(V1, Y20 s Vi) (121)
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RNT(f_l(yl)'f_l(yZ)' ---'f_l()’r)) = Snr (V1 Y25 oo Vi), (122)
Ry (f 7 ) 2D oo f7200)) = Sni(a» Y2 o Vi) (123)
Rye(f 2 f202) o fTH00)) = Swr 1, Y2 oY) (124)
for all {y;, V3, ..., ¥} subsets of Y.
Hence, we have a bijective map f~! : Y — X which is an isomorphism from X to
H.

Transitive

Letf:X —>Yandg:Y — Z be two isomorphism of BSVNHGs of H onto K and
K onto M, respectively. Then g o f is bijective mapping from X to Z, where g o f
is defined as (g o f)(x) = g(f(x)) forall x € X.

Since f is an isomorphism, then by definition f(x) = y forall x € X, which
satisfies the conditions:

min[PTg,(x)] = min[PTFj(f(x))], (125)
max[Plg, (x)] = max[PI(f(x))], (126)
maX[PFEj(x)] = max[PFFj(f(x))], (127)
max[NTg, ()] = max[NT, (f(x))] (128)
min[NIz,(x)] = min [Nz, (£ ()] (129)
min[NFg,(x)] = min[NFs (f(x))], (130)
for all x€ X.
Rpr(x1, X2, s %) = Spr(f(x1), f(x2), o, f (1)), (131)
Rp;(x, %2, oy xp) = Spi(f (x1) , f (x2), +oe) [ (1)), (132)
Rpp(x1, %, ., %) = Spp(f (1), f(x2), o, f (1)), (133)
Ryr (1, %2, oy xr) = Syr(f (1), f (x2), e, (1)), (134)
Ryy Gy, %2, %) = Syi(f (1), £ (2, e, £ (31)), (135)
Ryp(x, X2, oy %) = Syp(f (1), £ (2), oo, f(31)), (136)

for all {x;, x5, ..., x,-} subsets of X.

Since g : Y —» Z is an isomorphism, then by definition g(y) = zforally €
Y satisfying the conditions:

min[PTy,(¥)] = min[PT;,(9()], (137)

max[Plr, (y)] = max[Pls,(g(»))], (138)
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max[PFp,(y)] = max[PFg,(g(»)], (139)
max[NTr,(y)] = max [NTs,(9»))] (140)
min[NIp,(y)] = min[Nig,(g()], (141)
min[NFy,(¥)] = min [NF; ()], (142)
for all x€ X.
Seru Y2 w0 ¥r) = Wpr(g(r1), 9(2)s o, 94 ), (143)
Spr(V1, Y2 e ) = Wpi (1) , 92)s s g) s (144)
Ser(V1 Y2 s ¥r) = Wep(@(r1),92)s - 9) ), (145)
StV Y2 oY) = Wynr(@(1) , 9(2), -, gr) ), (146)
SniV1 Y2 v ¥r) = Wi (@(1) , 92)s - g ), (147)
S Yo oY) = Whr(@(1) , 902), - 9O4) ), (148)

for all {y;,V,, ..., ¥} subsetsof Y.

Thus, from above equations we conclude that:

min[PTy,(x)] = min[PTg (g(f (X)), (149)
max [Pl (x)] = max[Plg (9(f(x)))], (150)
max[PFy (x)] = max[PF; (g(f ()))], (151)
max[NT;, (x)] = max [NT;, (g(F()))] (152)
min[Nlg,(x)] = min[Nl; (g(f ()))], (153)
min[NFg;(x)] = min[NFg,(g(f ()], (154)
for all x€ X.
Rer(xy, e %) = Wpr(g(f (x1), ., g (f (), (155)
Rer(x1, e, %) = Wi (g (f (x)), -, g (F 6D, (156)
Rep(xy, ey %) = Wpp(g(f (1)), -, g(f (), (157)
Ryr (X1, -, %) = Wyr (9 (f (1)), - g (f 6D, (158)
Ryt (s %) = Wi (g(f (x0), e, g (f (2))), (159)
Ryp(x1, e, %) = Wyp(g(f (x1)), ., g(f Ge))), (160)

for all {x;, x5, ..., x,} subsets of X.

Therefore g o f is an isomorphism between H and M.
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Hence, the isomorphism between BSVNHGS is an equivalence relation.

Theorem 3.24

The weak isomorphism between BSVNHGS satisfies the partial order relation.

Proof

LetH=(X E, R), K= (Y, F,S) and M = (Z, G, W) be BSVNHGs with underlying
sets X, Y and Z, respectively:

Reflexive

Consider the map (identity map) /- X = X defined as follows: f{x)=x for all x € X,

since the identity map is always bijective and satisfies the conditions:

min[PTg, (x)] = min[PTg,(f ()],
max[Pl;,(x)] = max[Pl (f(x))],
max[PFg,(x)] = max[PFg,(f(x))],
max[NTg,(f(x))],
min[Nlg, (x)] = min[NIg,(f (x))],
min[NFg (x)] = min[NFg,(f ()],

max[NTg; (x)]

for all x€ X.

Rpr(xy, x5, oy %) < Rpp(f (1), f(x2), -, f () ),
Rpi(xy, %2, s %) 2 Rpi(f (1), f(x2), e, f () ),
Rpp(x1, %3, oy %) 2 Rpp(f(x1), f(x2), o, f(37)),
Ryr(x1, %3, o, %) = Ryp(f(x1) , f(32), o, (7)),
Ryi(xy, %2, %) < Ry (F (x1) , £ (x2), oo, f(21) ),
Ryp(xy, x5, o, %r) < Ryp(f (1), f(x2), o, f (1)),

for all {x;, x5, ..., x,-} subsets of X.
Hence, fis a weak isomorphism of BSVNHG H to itself.

Anti-symmetric

(161)
(162)
(163)
(164)
(165)
(166)

(167)
(168)
(169)
(170)
(171)
(172)

Let /' be a weak isomorphism between H onto K, and g be a weak isomorphic
between K and H, that is f:X — Y is a bijective map defined by: f(x) =
y for all x € X satisfying the conditions:

min[PTEj(x)] = min[PTFj(f(x))],
max[Plg;(x)] = maX[Plpj(f(x))],
max[PFg (x)] = maX[PFFj(f(x))],

(173)
(174)
(175)
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max[NTg;(x)] = max[NT,(f (x))], (176)
min[Nlg,(x)] = min[NIz (f(x))], (177)
min[NFg,(x)] = min[NFs (f ()], (178)
for all x€ X.
Rpr(xy, X3, oy %) = Spr(f(x1) , f(x2), o, (1) ), (179)
Rpi(xy, %2, o ) = Spi(f (x1) , f(x2), o, f () ), (180)
Rpp(x1, %3, oy %) = Spp(f(x1), f(x2), -, f (1) ), (181)
Ryt (x1, %9, o, %p) = Syr(f (x1), f(x2), on f (37 ), (182)
Ry (x1, %2, s %) = Sni(f (1), f(32), e, f () ), (183)
Ryp(xy, x5, o, %) = Syp(f (x1) , f(x2), oo, f(31) ), (184)

for all {x;, x5, ..., x,} subsets of X.

Since g is also bijective map g(y) = x for all y € Y satisfying the conditions:

min[PTy,(y)] = min[PTg,(9())], (185)
max[Plp;(y)] = max[PIz,(g(»)], (186)
max[PF;(y)] = max[PFg,(g()], (187)
max[NTz,(y)] = max[NTg,(g(»))], (188)
min[Nlp, ()] = min[NI5,(g())], (189)
min[NFz (y)] = min[NFg (g(»))], (190)
forall ye Y.
Rpr (0, y2, -, %) < Spr(9(v1), 9(¥2), -, 904 ), (191)
Rp1 (Y1, Y2s s ¥r) 2 Spi(fF (1), fF(2)s s fF () ), (192)
Rpr(Y1, Y2 0 ¥r) = Spr(f (1), f(2)s wes f OB ) (193)
Ryr (v, 2, -, %) = Snr(@1) , 92), -, 9(0r) )s (194)
Ryiu vz w0 ¥r) < Sui(f @), f2), s f O3 ), (195)
Ryve 1, Y2 0 0r) < Sve(F ) f(02), - f ) ), (196)

for all {y;, V3, ..., ¥} subsets of Y.

The above inequalities hold for finite sets X and Y only whenever H and K have
same number of edges and corresponding edge have same weights, hence H is
identical to K.

Transitive

Let f: X —» Y and g:Y — Z be two weak isomorphism of BSVNHGs of H onto K
and K onto M, respectively. Then g o f is bijective mapping from X to Z, where
go fisdefinedas (go f)(x) = g(f(x)) forallx € X.
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Since f'is a weak isomorphism, then by definition f(x) = y for allx € X which

satisfies the conditions:

min[PTg,(x)] = min[PTs (f (x))], (197)
max[Plg,(x)] = max[PI(f(x))], (198)
maX[PFEj(x)] = max[PFFj(f(x))], (199)
maX[NTEj(x)] = max[NTFj(f(x))], (200)
min[NIg,(x)] = min[NIg (f(x))], (201)
min[NFg, (x)] = min[NFs (f(x))], (202)
for all x€ X.
Rpr(xy, X2, ey %) < Spr(f(x1), f(x2), oo, f () ), (203)
Rpy(x1, %, o, %) 2 Sp(f (x1), f(x2), o, f(2) ), (204)
Rpp(x1, %5, s %) Z Spr(f (1), f(x2), o, £ (1) ), (205)
Ryr(x1, %3, o, %) 2 Snr(f (%), f(x2), o, f (37 ), (206)
Ry;(xy, %2, %) < Syp(f (1), f(2), -, (1) ), (207)
Ryp(x1, %2, oy %) < Syp(f(x1) , f(2), o, f (1) ), (208)

for all {xq, x5, ..., x,-} subsets of X.

Since g : Y — Z is a weak isomorphism, then by definition g(y) = zforally €
Y, satisfying the conditions:

min[PTy,(y)] = min[PT; (9()], (209)
max[Plr,(y)] = max[Pls;(g(»))], (210)
max[PFp,(y)] = max[PFg,(g(»)], (211)
max[NT, ()] = max[NTg,(g()], (212)
min[NIp,(y)] = min[Nig,(g()], (213)
min[NFz (y)] = min[NFg (g())], (214)
for all x€ X.
Spr Y2, oY) < Wer(gn) , 92), -, 9(0r) ), (215)
Sp(V1 Y2, - ¥r) Z Wpi(g(v1), 9(2), -, gO) ), (216)
Spr (V1 Y2, s ¥r) = Wpp(g(v1) . 9(2), -, 9 ) ), (217)
Snt (V1 Y2 0 V) 2 Wi (1) , 9 (02), -, 90 ), (218)
StV Yo 0 ¥r) < Whi(@(v1) , 9(v2), -, 90 ), (219)
SneYL Y2 0 ¥r) S Wip(g(v1) , 9(v2), - 90 ), (220)

for all {y;, V3, ..., ¥} subsetsof Y.
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Thus, from above equations, we conclude that:

maX[PIEj(x)] = maX[PIGj(g(f(x)))]>
max[PFg;(x)] = max[PFs;(g(f(x)))],
max[NTg, (x)] = max[NT; (g(f )],

min[NIg,(x)] = min[Nlg,(g(f )],
min[NFy, (x)] = min[NFg,(g(f )],
for all x€ X.

Rpr(xy, o, %) < Wpr(g(f (x1)), -, g(f (x))),
Rpy (1, s %) = Wpy(g(f (1), - g(f (6D,

Rpp (X1, oo, %) = Wpr(g(f(x1)), ., g(f (&),
Ryr ey, o %) = Wyr((f (o)), 0 g (f (X)),
Ry (g, s %) < Wiy (9(f (1)), o, g (£ (D)),
Ryp (1, s %) < Wyp(g(f (x0)), s g(f (D)),

for all {x;, x5, ..., x,-} subsets of X.

Therefore g o f is a weak isomorphism between H and M.

(221)
(222)
(223)
(224)
(225)
(226)

(227)
(228)
(229)
(230)
(231)
(232)

Hence, the weak isomorphism between BSVNHGS is a partial order relation.

4 Conclusion

The bipolar single valued neutrosophic hypergraph can be applied in various
areas of engineering and computer science. In this paper, the isomorphism
between BSVNHGs is proved to be an equivalence relation and the weak
isomorphism is proved to be a partial order relation. Similarly, it can be
proved that co-weak isomorphism in BSVNHGs is a partial order relation.
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Abstract

In this paper, we define the subtraction and the division of neutrosophic single-valued
numbers. The restrictions for these operations are presented for neutrosophic single-
valued numbers and neutrosophic single-valued overnumbers / undernumbers /
offnumbers. Afterwards, several numeral examples are presented.
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1 Introduction

Let A= (t;,i1,f1) and B = (t,i,,f,) be two single-valued neutrosophic
numbers, where t;,ij, f1,t5, 05, f, €[0,1] , and 0 <ty,i;,f; <3 and 0<
ty,in, fo < 3.

The following operational relations have been defined and mostly used in the
neutrosophic scientific literature:

1.1 Neutrosophic Summation

A® B = (ty +t; — tity, iyly, f1f3) (1)
1.2 Neutrosophic Multiplication

AQ B = (t1ty, iy + iy —igly, f1 + fo — f1f2) (2)
1.3 Neutrosophic Scalar Multiplication

>\A:(1_(1_t1)>\,i]>_\,f1>\ ), (3)
where X€ R, and x> 0.
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1.4 Neutrosophic Power

A =0r1-0-i)n1-A-f)™), (4)

where € R, and x> 0.

2 Remarks

Actually, the neutrosophic scalar multiplication is an extension of
neutrosophic summation; in the last, one has x= 2.

Similarly, the neutrosophic power is an extension of neutrosophic
multiplication; in the last, one has x= 2.

Neutrosophic summation of numbers is equivalent to neutrosophic union of
sets, and neutrosophic multiplication of numbers is equivalent to neutrosophic
intersection of sets.

That's why, both the neutrosophic summation and neutrosophic
multiplication (and implicitly their extensions neutrosophic scalar
multiplication and neutrosophic power) can be defined in many ways, i.e.
equivalently to their neutrosophic union operators and respectively
neutrosophic intersection operators.

In general:

A@ B = (t, Viy iy Ny, fi A f2), (5)
or

ADB=(t;VtyiyViyfiVf), (6)
and analogously:

AQB=(t; Nty i1 Viy fiVf2) (7)
or

ARB = (t; ANty i1 ANiy, 1V [2), (8)

where "V" is the fuzzy OR (fuzzy union) operator, defined, for a, 8 € [0, 1], in
three different ways, as:

a,B=a+p—ap (9)
or

a? B = max{a, B}, (10)
or

aiﬁ =min{x +y,1}, (11)
etc.
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While "A" is the fuzzy AND (fuzzy intersection) operator, defined, for o, 5 €
[0, 1], in three different ways, as:

aiB =ap, (12)
or

a, B = min{a, B}, (13)
or

alB =max{x+y—1,0}, (14)
etc.

Into the definitions of A @ B and 4 & B it's better if one associates \1/ with 7,
. 1. A 2 . A 3 : A

since |, is opposed to v and y with y and v with 3 for the same reason. But other

associations can also be considered.

For examples:

A® B = (t; +t, — tyty, iy + iy — i1y, f1f2), (15)
or

A @ B = (max{ty, t,}, min{iy, i}, min{fy, f2}), (16)
or

A @ B = (max{ty, t,}, max{iy, i}, min{fy, f>}), (17)
or

A @ B = (min{t; + t,, 1}, max{i; + i, — 1,0}, max{f; + 5 —
1,0}). (18)

where we have associated \1/ with 7, and \2/ with 7, and \3/ with 7.

Let's associate them in different ways:

A EB B = (tl + t2 - t1t2»min{i1' iZ}r min{fli fZ}): (19)
where \1/ was associated with /2\ and /3\; or:
A @ B = (max{ty, t,}, iy, i, max{f; + f, — 1,0}), (20)

where \2/ was associated with /1\ and /3\; and so on.
Similar examples can be constructed for A & B.
3 Neutrosophic Subtraction

We define now, for the first time, the subtraction of neutrosophic number:

A e B = (tl' il'fl) e (tZ'iZ'fZ) = (%'%'%) = C' (21)
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for all t, iy, fi,ts, s, f> € [0, 1], with the restrictions that: t, # 1, i, # 0, and
fa # 0.

So, the neutrosophic subtraction only partially works, i.e. when t, # 1,i, # 0,
and f, # 0.

The restriction that

(2=2,2,8) e (10,1}, [0, 11, [0, 1]) )

1—t2 ! iz 2

is set when the classical case when the neutrosophic number components
t,i, f are in the interval [0, 1].

But, for the general case, when dealing with neutrosophic overset / underset
/offset [1], or the neutrosophic number components are in the interval [¥, Q],
where VW is called underlimit and Q) is called overlimit, with ¥ <0 <1 < (), i.e.
one has neutrosophic overnumbers / undernumbers / offnumbers, then the
restriction (22) becomes:

(ﬂ 1_1;_:) € (¥, QL [V, ], [V, ). (23)

1-t, i,
3.1 Proof

The formula for the subtraction was obtained from the attempt to be
consistent with the neutrosophic addition.

One considers the most used neutrosophic addition:
(a1, b1, ¢1) @ (az, by, c2) = (ag + a; — a1a,, biby, ¢163), (24)

We consider the © neutrosophic operation the opposite of the @ neutro-
sophic operation, as in the set of real numbers the classical subtraction — is
the opposite of the classical addition +.

Therefore, let's consider:
(t1, i1, f1) © (t2, 02, f2) = (%, ¥, 2), (25)
D (t2, 12, f2) D (t2, 12 f2)
where x,y,z € R.

We neutrosophically add @ (t,, i,, f,) on both sides of the equation. We get:
(ty, i1, f1) = (0, 3,2) @ (L, i3, f2) = (x + t; — xt3, Y15, 2f3). (26)

Or,
tl_tl
{tl =X +t; — xt;, whence x = ——;
—t2
12
k fl:Zfz;Whencez:ﬁ_

2
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3.2 Checking the Subtraction

1-t; "iy" )’
where ty, iy, fi,t2, 12, f> € [0,1],and t, # 1,i, # 0, and f, # 0, we have:
AOB=C. (28)
Then:
t —t ti—t
B@C—(tz,lztfz)@(l 2 ll fl)z(tz‘l‘ L Z—tz'
" f 1-t;
ti—t, . l_1 é) _ (tz—t2+t1—t2—t1t2+t2 . ) _
1-t, ll21- 'fZ) - 1-t, 'llifl -
ti(1-t,) .
(%, 1;f1) = (ty,11, f1)- (29)
t t1—-tp
, ti—t, iy f 1T iy f
AOSC =(t,i, f1) © ( — 2,.—1,—1) =\—/== 7%=
1-t; "2 f2 1_E o 7
t1—t1tp—t1+to
1-t . tit,+t, .
<erzifz> = (e g, iz, f2) =
1-ty
ty(—t1+1) .
( 2 1— i ) Zle) - (tZ'lZIfZ) (30)
4 Division of Neutrosophic Numbers

We define for the first time the division of neutrosophic numbers:

AQ@ B = (ty,i1,f1) @ (ty, i3, f2) = (t1 A 12 f11 ;2) =D, (31)

where ty, iy, fi, t5, 05, f> € [0, 1], with the restriction that t, # 0, i, # 1, and
fo # 1.
Similarly, the division of neutrosophic numbers only partially works, i.e. when

t, #0,i, # L,and f, # 1.
In the same way, the restriction that

(t1 ii—iz f1 fz) E([O 1], [0, 1], [0, 1]) (32)

tz 112 lf

is set when the traditional case occurs, when the neutrosophic number
components t, i, f are in the interval [0, 1].

But, for the case when dealing with neutrosophic overset / underset /offset
[1], when the neutrosophic number components are in the interval [, (1],
where ¥ is called underlimit and (1 is called overlimit, withW <0< 1<, i.e.
one has neutrosophic overnumbers / undernumbers / offnumbers, then the
restriction (31) becomes:
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(&=, Ay € (qw, a, [w, 0], [, Q). (33)

4.1 Proof

In the same way, the formula for division (/) of neutrosophic numbers was
obtained from the attempt to be consistent with the neutrosophic
multiplication.

We consider the (@ neutrosophic operation the opposite of the &
neutrosophic operation, as in the set of real numbers the classical division +
is the opposite of the classical multiplication X.

One considers the most used neutrosophic multiplication:
(a1, b1, ¢1) ® (az, by, c3)
= (ayay,b; + by, — biby, ¢y + ¢, — €1C3), (34)
Thus, let's consider:
(t1,01, /1) @ (t2, 12, f2) = (%, ¥, 2), (35)
Q(tz, iz, f2) Q(t2, iz, f2)

where x,y,z € R.
We neutrosophically multiply ® both sides by (t,, i5, f;). We get
(tlf ilr fl) = (X, Y, Z)®(t2, iZ' fZ)

= (xtp, ¥y + iy —yiz, 2 + f2 — 2f3). (36)
Or,

( t; = xt,, whence x = Z—:,

4i1 =y + i, —yi,,whencey = % ; (37)

lfl =z+ f, —zf,,whence z = % .

4.2 Checking the Division

. . . ty i1—i -
WlthA = (tll ll'fl)lB = (tz, lz,fz), andD = (é,%,%),

where ty,iq, fi,t5, 05, f, €[0,1],and t, # 0,i, # 1,and f, # 1, one has:

A*B=0D. (38)
Then:
ty i1—ip f1 fz) ( =iy .
= (tz»erfz)X( 5, 1S, ty - —, iy + =, b2
11 12 f1 fz _ it fz) —
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(t ip—i5+iy—ip—iqip+i3 fz—f22+f1—f2—f1f2+f22) _
1 -

1-i, ’ 1-1;
i1(1-i3) f1(1-f2)\ _ . _
(t1: 1 1o = (t1,iy, f1) = A (39)
2 f2
Also:
. i i1—ip i fi-r2
é — (tlllllfl) _ <t_1 17— iz 1-fo _
D (tah-iz fi—f2\ — \ ta’ ,_a-i2’ ,_fi-f2 | —
(tz’l—iz ! 1-fo ) ty 1 1-ip 1 1-fo
i1—iqip—ia+ia fi—faf2-f1+/2 i2(=i1+1) fa(=f1t+1)
<t 1—iy 1-fo > _ <t 1—ip 1-f2 > —
2r 1-ip-ig+ip » 1-fa=f1tf2 —\*2 1-ip 0 1-f1 -
1—ip 1-f2 1-ip 1-f3
I,(1-i1) f2(1-f1) ,
(tz, PR e ) = (t2,i2, f2) = B. (40)
=1 1-f1
5 Conclusion

We have obtained the formula for the subtraction of neutrosophic numbers ©
going backwords from the formula of addition of neutrosophic numbers .

Similarly, we have defined the formula for division of neutrosophic numbers
@ and we obtained it backwords from the neutrosophic multiplication .

We also have taken into account the case when one deals with classical
neutrosophic numbers (i.e. the neutrosophic components t, i, f belong to [0, 1])
as well as the general case when ¢, i, f belong to [¥, 2], where the underlimit
¥ < 0and the overlimit2 > 1.

6
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Abstract

This paper presents multi-attribute decision making based on rough neutrosophic
hyper-complex sets with rough neutrosophic hyper-complex attribute values. The
concept of neutrosophic hyper-complex set is a powerful mathematical tool to deal
with incomplete, indeterminate and inconsistent information. We extend the
concept of neutrosophic hyper-complex set to rough neutrosophic hyper-complex
environ-ment. The ratings of all alternatives are expressed in terms of the upper /
lower approximations and pairs of neutrosophic hyper-complex sets, which are
characterized by two hyper-complex functions and an indeterminacy component.
We also define cosine function based on rough neutrosophic hyper-complex set to
determine the degree of similarity between rough neutrosophic hyper-complex sets.
We establish a new decision making approach based on rough neutrosphic hyper-
complex set. Finally, a numerical example is provided to prove the applicability of
the proposed approach.

Keywords

neutrosophic set, rough neutrosophic set, rough neutrosophic hyper-complex set,
cosine function, decision making.

1 Introduction

The concept of rough neutrosophic set has been introduced by Broumi et al.
[1, 2]. It has been derived as a combination of the concepts of rough set
proposed by Z. Pawlak [3] and of neutrosophic set introduced by F.
Smarandache [4, 5]. The rough sets and the neutrosophic sets and are both
capable of dealing with partial information and uncertainty.
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To deal with real world problems, Wang et al. [6] introduced the single
valued netrosophic sets (SVNSs).

Recently, Mondal and Pramanik proposed a few decision making models in
rough neutrosophic environment.

Mondal and Pramanik [7] applied the concept of grey relational analysis
based rough neutrosophic set in multi-attribute decision making.

Mondal and Pramanik [8] also studied the cosine similarity measure of rough
neutrosophic sets and its application in medical diagnosis.

The same authors [9] proposed the multi-attribute decision making using
rough accuracy and score function.

The same authors [10] also proposed the cotangent similarity measure under
rough neutrosophic sets.

The same authors [11] further studied some similarity measures, namely
Dice similarity measure [12] and Jaccard similarity measure [12] in rough
neutrosophic sets.

The rough neutrosophic hyper-complex set is the generalization of rough
neutrosophic set and of neutrosophic hyper-complex set [13].

S. Olariu [14] introduced the concept of hyper-complex number, and studied
some of its properties.

Mandal and Basu [15] studied hyper-complex similarity measure for SVNS
and its application in decision making.

Mondal and Pramanik [16] studied tri-complex rough neutrosophic similarity
measure and presented an application in multi-attribute decision making.

In this paper, we have defined the rough neutrosophic hyper-complex set and
the rough neutrosophic hyper-complex cosine function (RNHCF).

We have also proposed a multi-attribute decision making process in rough
neutrosophic hyper-complex environment.

The paper is organized in the following way: Section 2 presents preliminaries
of neutrosophic sets and of single valued neutrosophic sets, and some basic
ideas of hyper-complex sets. Section 3 gives the definition of the rough
neutro-sophic hyper-complex sets. Section 4 gives the definition of the rough
neutrosophic hyper-complex cosine function. Section 5 introduces the multi-
attribute decision-making method based on rough neutrosophic hyper-
complex cosine function. Section 6 offers a numerical example of the
proposed approach. Finally, Section 7 produces the concluding remarks and
some aims of future research.
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2 Neutrosophic Preliminaries
Neutrosophic set is derived from neutrosophy [4].

2.1 Neutrosophic Set

Definition 2.1 [4, 5]

Let U be a universe of discourse. Then a neutrosophic set A can be presented
in the form:

A ={<x:Ta(x), Ia(x), Fa(x)>, x € U}, (D

where the functions T, I, F: U- ]-0,1*[ represent respectively the degree of
membership, the degree of indeterminacy, and the degree of non-
membership of the element xe U to the set Asatisfying the following the
condition.

-0< supTa(x)+ supla( x)+ supFa(x) < 3+ (2)

Wang et al. [6] mentioned that the neutrosophic set assumes the values from
the real standard or non-standard subsets of ]-0, 1*[ based on philosophical
point of view. So instead of |-0, 1*[ Wang et al. [6] consider the interval [0, 1]
for technical applications, because ]-0, 1*[ is difficult to apply in the real
applications such as scientific and engineering problems. For two
netrosophic sets (NSs),

Ans= {<x: Ta(x ), Ia(x ), Fa(x)> | x € X} (3)
and
Bns={<x, Ts(x), Is(x ), FB(x)> | x e X}, (4)
the two relations are defined as follows:
(1) AnscBrs ifand only if Ta(x ) < Ts(x ), Ia(x ) > Is(x ), Fa(x) > F5(x)

(2) Ans=Bnsifand only if Ta(x) = Ts(x), la(x) = Is(x), Fa(x ) = Fs(x).
2.2 Single valued neutrosophic sets (SVNS)
Definition 2.2 [6]

Assume that X is a space of points (objects) with generic elements in X
denoted by x. A SVNS A in X is characterized by a truth-membership function
Ta(x), an indeterminacy-membership function Ia(x), and a falsity
membership function Fa(x), and for each point x in X, Ta(x), 1a(x), Fa(x) < [O,
1]. When X is continuous, a SVNS A can be written as:
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A:I<TA(X),IA)EX)’FA(X)>:XEX. (5)

When X is discrete, a SVNS A can be written as:

<Ta(x)),Ia (X)), Fa(x;)> -

A=Y, " €X. (6)
For two SVNSs,

Asvns = {<x: Ta(x ), [a(x), Fa(x )> | x € X} (7)
and

Bsvns = {<x, Ts(x), Is(x), Fs(x)> | xe X }, (8)

the two relations are defined as follows:

(i) Asvnsc Bsvns if and only if Ta(x) < Ts(x), 1a(x)21Is(x), Fa(x )=
Fs( x);

(ii) Asvns= Bsyns if and only if Ta(x) = Tq(x), [a(x) = Is(x), Fa(x) =
Fp(x),

for any x e X.

2.3 Basic concept of Hyper-complex number of dimension n [12]
The hyper-complex number of dimension n (or n-complex number) was
defined by S. Olariu [13] as a number of the form:

u = Xo +hix1 + h2xz + ... + hn-1xn-1, (9

where n = 2, and the variables xo, X1, X2, ..., Xn-1 are real numbers, while h1, hz,
... hn-1 are the complex units, ho = 1, and they are multiplied as follows:

hjhk = hj+k if 0 < j+k < n-1, and hjhk = hj+knif n < j+k < 2n-2. (10)

The above complex unit multiplication formulas can be written in a simpler
form as:

hjhk = hj+k (mod n) (11)
where mod n means modulo n. For example, if n = 5, then:
hshs= h3+4(mod 5) = h7 (mod 5) = ha. (12)

The formula above allows us to multiply many complex units at once, as
follows:

hjihjz...hjp = hj1+j2+..+jp (Mmod n), (13)
forp=1.
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The Neutrosophic hyper-complex number of dimension n [12] which is a
number and it can be written of the form:

u+vl, (14)

where u and v are n-complex numbers, and [ is the indeterminacy.

3 Rough Neutrosophic Hyper-complex Set in Dimension n

Definition 3.1

Let Z be a non-null set and R be an equivalence relation on Z. Let A be a
neutrosophic hyper-complex set of dimension n (or neutrosophic n-complex
number), and its elements of the form u+vl, where u and v are n-complex
numbers and [ is the indeterminacy.

The lower and the upper approximations of A in the approximation space (Z,
R) denoted by N(A)and N(a) are respectively defined as follows:

N(A)= (< x Ju+vilya) 0 /2 €K x € 2) (15)

N(A)= << x o+ vl 0> /2 €[ x z> , (16)
where

[u+ Vi) 00 =/, € x| [u+ VIl @), (17)

[u+vilg 0=V, E [kl [u+vilL @, (18)

So, [u+vIly,)(x) and [u+v1]ﬁ(A)(x) are neutrosophic hyper-complex number of
dimension n.

Here vand A denote ‘max’ and ‘min’ operators respectively.[u+vi],(z) and
[u+vI],(z) are the neutrosophic hyper-complex sets of dimension n of z with
respect to A.N(A)and N(A) are two neutrosophic hyper-complex sets of
dimension n in Z.

Thus, NS mappingsN, N: N(Z)—> N(Z) are respectively referred to as the

lower and upper rough neutrosophic hyper-complex approximation
operators, and the pair (N(A),N(A))is called the rough neutrosophic hyper-

complex setin (Z, R).
Based on the above mentioned definition, it is observed that N(A)and N(a)
have constant membership on the equivalence clases of R, if N(A)=N(A); i.e.

[u + VI]E(A)(X) = [u + VI]E(A)(X) .
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Definition 3.2

Let N(A) = (N(A),N(A)) is a rough neutrosophic hyper-complex set in (Z, R).
The rough complement of N(A) is denoted by ~N(A)=(N(A), N(A)), where
N)‘andN(a)°are the complements of neutrosophic hyper-complex set of

N(A)and N(A)respectively.

N(AY = (< xfu+ v -D]yu) ) >/, x £2), (19)
and

N(A)= << % v(i =1 (0 >/ x € z> (20)
Definition 3.3

Let N(A)and N(B) be two rough neutrosophic hyper-complex sets,

respectively in Z, then the following definitions holds:

N(A)=N(B) ¢ N(A)= N(B) A N(A)=N(B) (21)
N(A)S N(B) © N(A)SN(B) A N(A)S N(B) (22)
N(A)UN(B) =< N(A)UN(B), N(A)UN(B) > (23)
N(A)NN(B) =< N(A)NIN(B), N(A)N(B) > (24)

If A, B, C are the rough neutrosophic hyper-complex set in (Z, R), then the
following propositions are stated from definitions:

Proposition 1

I ~A(~A) = A (25)
IL. N(A)= N(B) (26)
I <~ (N(A) UNB)) = ~ (N(&)) N~ (N(B) (27)
IV. <~ (N(A&) NN(B) =~ (N(A)) U~ (N(B)) (28)
V. <~(ﬁ(A)U N(B)) =~(N(A))ﬂ~(ﬁ(B)) (29)
VI <~ (RN M) = (New))u- () (30)

Proof 1

If N(A) = [N(A),N(A)] is a rough neutrosophic hyper-complex set in (Z, R), the
complement of N(A) is the rough neutrosophic hyper-complex set defined as
follows:

Critical Review. Volume XIII, 2016



Kalyan Mondal, Surapati Pramanik, Florentin Smarandache

Rough Neutrosophic Hyper-complex Set and its Application to Multi-attribute 117

Decision Making

and

E(A)Cz << x,[u + V(l - I)]E(A)(x) >/,x € Z>,

N(A)= << X [u+v(1 - I)]E(A)(X) >/,x € Z>

From this definition, we can write:

Proof 11

~A(~A) = A.

(31)

(32)

(33)

The lower and the upper approximations of A in the approximation (Z, R)
denoted by N(A) and N(A) are respectively defined as follows:

and

where

So,

Proof II1

Consider:

N(A)Cz << x,[u + V(l - I)]H(A)(x) >/,x € Z>,

N(A)= << X u+v(l _I)]E(A)(X) >/,x € Z>,

[u + VI]E(A)(X) =N,E [X]R [u + VI]A (2),

[u + VI]N(A)(X) =V,E [X]R [u + VI]A (z).

X e ~(N(A) UN(B))
=X e ~NA)and X « ~N(B)
= X e ~(NA)N~(N®B))

= X e ~(N@)N~(N(B))

= ~(N(A) UN(B)) < ~ (N(a)) N~ (N(B))).

Again, consider:

Y e ~(N&)N~(NB)))
=Y e ~NA)Ory e ~N(B)

=y e = ~(NA)UN®B))

= ~(N(A) UN®B)) 2 ~ (N(A) N~ (N(B))).

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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Hence,
~(N(A) UNB)) = ~ (Na)) N~ (N(B))).
Proof IV

Consider:

X e ~(N(A)NN(B))

=X e ~N(A)OrX e ~N(B)

= X e ~(N(A) U~ (N®B))

= X < ~(N(A)U~(N®B))

= ~(NA) NNB)) = ~ (N)) U~ (N®B)))
Again, consider:

y <« ~(Na) U~ (N®B))

=Yy e~N@A)andy < ~N(B)

=y < ~(N(A)NN®B)

= ~(N(A) NNB)) 2~ (N(A)) U~ (N(B))).
Hence,

~(N(A) NNB)) =~ (N)) U~ (N®B))).-
Proof V

Consider:

X ~(1TI(A) UE(B))

=X e ~NA)and X < ~ N(B)

= X < ~[N)n-~(N®)

= X < ~ (NN~ ®)

= ~ (N UN®) < ~ (Fea)n -~ (N))).
Again, consider:

y < -(Nw)n-&m))

=Y e ~N(A)OI'Yy e ~N(B)

=y <~ [Ny uN®s)

= ~ (ﬁ(A) U N(B)) o~ ((E(A)) N~ (N(B))).

(41)

(42)

(43)

(44)

(45)

(46)
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Hence,

~ (N(A) U KI(B)) =~ ((E(A)) N~ (ﬁ(B))). (47)
Proof VI

Consider:

X e ~(N(A) HN(B))

=X e ~N(A)Or X e ~ N(B)

= X < ~[N))u-~ ([ N®)

= X < ~(N))u-~ ([ N®)

= ~ [Ny NN®B)) < ~ (Na))u -~ [N®)). (48)
Again, consider:

y e ~(Nw)u-Nm))

=y e~NA)andy e ~N(B)

=y e ~Na)n-Nm)

= ~ [N NNB)) = ~ (N u~ N®))). (49)
Hence,

~ (ﬁ(A) N ﬁ(B)) =~ ((ﬁ(A)) U~ (ﬁ(B))) (50)

Proposition 2

L.~ [N(A) U N(B)] = (~ N(A))n (~N(B)); (51)

IL. ~ [N(A) n N(B)] = (~ N(A)) U (~N(B)). (52)
Proof 1

~[N(A) u N(B)]

= ~ < N(A)UN(B), N(A)UN(B) >

= <~ (NP)NNQ). ~[NPNN©Q)>

=(~N(A)n (~N(B)) (53)
Proof II

~[N(A) n N(B)]

= ~ < N(A)NN(B), N(A)N(B) >
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= < (N(AUN®B)), ~ (N UNB))>
= (~N(A)) U (~N(B)) (54)

4 Rough neutrosophic hyper-complex
cosine function (RNHCF)

The cosine similarity measure is calculated as the inner product of two
vectors divided by the product of their lengths. It is the cosine of the angle
between the vector representations of two rough neutrosophic sets. The
cosine similarity measure is a fundamental measure used in information
technology. Now, a new cosine function between rough neutrosophic hyper-
complex sets has been proposed as follows.

Definition 4.1
Assume that there are two rough neutrosophic hyper-complex sets

A= <[u Ty (0, [u+ vl]m)(x)> , (55)
and

B= <[u vy (), [u+ VI]MB)(X)> (56)

in X = {x1, X2, ..., Xn).
Then rough neutrosophic hyper-complex cosine function between two sets A
and B is proposed as follows:

Crnuc(A,B) =

lz-"ﬂ Au, (X;).-Aug(x;)+ AV, (X;).Av(x;) + AL, (x;).Al5(X;) (57)

n \/(AuA (x; ))2 +(AVA(Xi))2 +(AIA (x; ))2 \/(AUB(Xi))Z +(AVB (Xi))z +(AIB(Xi))2

where
Au,(x;)=0.5. uN(A)(Xi)+uN(A)(Xi) R (58)
Aug(x;)= 0.5. uN(B)(Xi)+uﬁ(B)(Xi) R (59)
Av,(x;)=0.5. VE(A)(Xi)-I-Vﬁ(A)(Xi) , (60)
Avg(x;)= 0.5. VE(B)(Xi)-’_Vﬁ(B)(Xi) , (61)
NIRRT E (62)
Al()= 05T+ lyool (63)
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Proposition 3

Let A and B be rough neutrosophic sets; then:

L 0<CrauciA,B)<1 (64)
L Cpapc(AB) =Crypci(B,A) (65)
III. Crnucr(A,B) =1, ifand only if A=B (66)
IV. If Cis a RNHCF in Y and A =Bccthen, Crnucr(A, C) < Crnucr(A,
B), and Crnucr(A, C) < Crnucr(B,C). (67)

Proofs

[. It is obvious because all positive values of cosine function are within 0 and
1

II. It is obvious that the proposition is true.

[II. When A = B, then obviously Crnucr(A, B) = 1. On the other hand if Crnucr(A,
B) =1 then, AT A (x;) = ATg(x;), Al (x5) = Alg(x;), AF,(x;) = AFB(X,' )

This implies that A = B.

IV. If AcB<=cthen we can write:

Un(a) (%) Sun) (%) Sun(e)(x0) (68)
UR(a) (X)) SUg () (K5 SUge) (X)) (69)
V() (X)) S V) (%) SVne)(Xi) (70)
Vi () SV () V(1) (71)
In(a) (i) 2 Ine) (X0 2 In(e)(%1) 5 (72)
) () 2T (%) 2Ly () (73)

The cosine function is decreasing function within the interval LO, gJ Hence we
can write Crnucr(A, C) < Crnucr(A, B) , and Crucr(4, C) < Crnnucr(B, C).

If we consider the weights of each element xi, a weighted rough neutrosophic
hyper-complex cosine function (WRNHCF) between two sets A and B can be
defined as follows:

CwrnucdA,B) =

Au , (X;)-Aug(X;)+Av, (X;)-Avg(X;)+Al, (x;)-Alp(X;) (74)

2 Wi 2 2 2 2 2 2
\/(AuA(Xi)) +(AVA(Xi)) +(AIA(Xi)) \/(AuB(Xi)) +(AVB(Xi)) +(AIB(Xi))

where

AL (%)= 0.5. (75)

i

()0 a9

Critical Review. Volume XIII, 2016



Kalyan Mondal, Surapati Pramanik, Florentin Smarandache
122 Rough Neutrosophic Hyper-complex Set and its Application to Multi-attribute

Decision Making

Aug(x;)= 0:5.1u 3y Uy 60 (76)
AV, (x;) = 0.5. V()0 Va0 (77)
AVB(G) = 051V o)+ Vol (78)
AL = 051 a0+ L oo (79)
Alg(x;)= 0.5. (e ot (80)
w;el0,1],i=1, 2,..,nand 3, w, =1. If we take Wi:%, i=1,2,..,n,then:
CwrnHcF(A, B) = Crnucr(A, B) (81)

The weighted rough neutrosophic hyper-complex cosine function (WRNHCF)
between two rough sets A and B also satisfies the following properties:

L 0<CygrauciA,B)<1 (82)
L CyrnckAB) = Cymncd B A) (83)
III. Cwrnucr(A, B) =1, ifand only if A=B (84)
[V. If Cisa WRNHCF in Y and a =B<=cthen, Cwrnucr(A, C) <
CwrnHcr(A, B) , and Cwrnncr(A, C) < Cwrnacr(B, C) (85)

5 Decision making procedure based on rough hyper-complex

neutrosophic function

In this section, we apply rough neutrosophic hyper-complex cosine function
between RNHSs to the multi-attribute decision making problem. Let Ay, Az, ...,
Am be a set of alternatives and Ci, C2, .., Cn be a set of attributes. The
proposed decision making method is described using the following steps.

Stepl: Construction of the decision matrix with rough neutrosophic hyper-

complex number

The decision maker considers a decision matrix with respect to m
alternatives and n attributes in terms of rough neutrosophic hyper-complex
numbers, as follows:

DM :<dLnij’d_Inij>m><n =

¢, C G,
Al <dLnll’d_mll> <dLn12’dTnlz> <dLn1n’dTnln>
A, <d£121,£121> <danza£122> <dLn2n’$nZn> (86)

A | (000,87} (00,1} (00

m 2 ml» 2 mn>

Table 1. Rough neutrosophic hyper-complex decision matrix.
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Here <d£1ij,d?1ij>is the rough neutrosophic hyper-complex number according

to the i-th alternative and the j-th attribute.

Step2: Determination of the weights of attribute

Assume that the weight of the attributes C (j = 1, 2, ..., n) considered by the
decision-maker be wj (j =1, 2, ..., n) such that vw; €[0,1] (j=1, 2, ..., n) and
Z}L] Wj =1.

Step 3: Determination of the benefit type attribute and cost type attribute

Generally, the evaluation attribute can be categorized into two types: benefit
attribute and cost attribute. Let K be a set of benefit attribute and M be a set
of cost attribute. In the proposed decision-making method, an ideal
alternative can be identified by using a maximum operator for the benefit
attribute and a minimum operator for the cost attribute to determine the best
value of each criterion among all alternatives. Therefore, we define an ideal
alternative as follows:

A* = {C1* C2*%, ..., Cm™}, (87)
Benefit attribute:
c}‘:{miax ucj(An,miaX VCJ_(An’miinICj(Ao J ] (88)
Cost attribute:
C}‘:hi“ch(Ai),“}i“IcJ-(A”am?Xch(A‘) J (89)
where
u M= 0.5.(ucj )\i(Ai)Jr(qu );(Ai) , (90)
vo M = 0~5-(ch }j(Ai)Jr(ch )ﬁ(Ai) 2 (91)
and
ch(Ai)= 0-5~‘(ch)ﬁ(Ai)Jr(ch)ﬁ(Ai)‘- (92)

Step4: Determination of the over all weighted rough hyper-complex

neutrosophic cosine function (WRNHCF)of the alternatives

Weighted rough neutrosophic hyper-complex cosine function is given as
follows:

CwrnHcr(A, B) =28, W;iCwraicr(A, B) (93)
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Step5: Ranking the alternatives

Using the weighted rough hyper-complex neutrosophic cosine function
between each alternative and the ideal alternative, the ranking order of all
alternatives can be determined and the best alternative can be easily selected
with the highest similarity value.

Step 6: End

6 Numerical Example

Assume that a decision maker (an adult man/woman who is eligible to
marry) intends to select the most suitable life partner for marriage from the
three initially chosen candidates (S1, Sz, S3) by considering five attributes,
namely: physical and mental health Ci, education and job Cz, management
power Cs3, family background Cs, risk factor Cs.

Based on the proposed approach discussed in section 5, the considered
problem has been solved using the following steps:

Stepl: Construction of the decision matrix with rough neutrosophic hyper-

complex numbers

The decision maker considers a decision matrix with respect to three
alternatives and five attributes in terms of rough neutrosophic hyper-
complex numbers shown in the Table 2.

DM :<d£11j ’dmij >3><5 =

C1 CZ C3 C4 CS
(i+0.6(1+1)), ((A+1)+0.6521)), \ [(1+1)+0.42+1)), (4i+0.55(1+1)), (3i+0.78(2 + 30)),
! <(2i +04Q2+ i))> <((1 +20) + 0.55(3i))> <((1 +20)+0.2(2 + 31))> <((4 +1)+0.452 + i))> <((1 +3i)+0.72G3 + 3i))>
A <(i +0.6(1+20)), > <((1 +1) +0.55(i)), > <(2i +0.3(2 +1)), > <(i +0.52(2 +3i)), > <((1 +1)+0.82(2 +1)), > (94)
2I\Gi+0.51+31)/  \((1+ 2i) +0.45(3i) ((2+1)+0.2(1+30)) (21 +0.48(4 + 30)) (2i+0.78(4 +30))
Qi+0.50+1),\ [(2+1)+0.69(51)), (i +0.6(1+1)), ((1+1) +0.48(3 + 4i)), ((1+1) +0.9()),
: <(3i +0.4(1+ 3i))> <((2 +1) +0.51(61)) > <(2i +043+ 2i))> <((1 +2i)+0.42(5+ 3i))> <((1 +20)+0.72+ 31))>

where, i=\/1

Table 2. Decision matrix with rough neutrosophic hyper-complex number.

Step 2: Determination of the weights of the attributes

The weight vectors considered by the decision maker are 0.25, 0.20, 0.25,
0.10, and 0.20 respectively.
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Step 3: Determination of the benefit attribute and cost attribute

Here four benefit types attributes Ci, C2, C3, C4and one cost type attribute Cs.
Using equations (12) and (13) we calculate A as follows:

A" =[(5.00, 2.69, 0.45), (4.47, 5.50, 0.50), (3.60, 2.83, 0.25),
(6.40, 5.30, 0.45), (3.16, 2.24, 0.80)]

Step 4: Determination of the over all weighted rough hyper-complex

neutrosophic similarity function (WRHNSF)of the alternatives

We calculate weighted rough neutrosophic hyper-complex similarity values
as follows:

SwrHcr(A1, A") = 0.9622;
SwrHcr(Az, A¥) = 0.9404;
SwrHcr(As, A¥) = 0.9942.

Step 5: Ranking the alternatives

Ranking the alternatives is prepared based on the descending order of
similarity measures. Highest value reflects the best alternative.
Here,

SwrHcrF(A3, A*) < Swrucr(A1, A*) < Swracr(Az, A"). (95)

Hence, the decision maker must choose the candidate Az as the best
alternative for marriage.

Step 6: End

7 Conclusion

In this paper, we have proposed the rough neutrosophic hyper-complex set
and the rough neutrosophic hyper-complex cosine function, and proved some
of their basic properties.

We have also proposed the rough neutrosophic hyper-complex similarity
measure based multi-attribute decision making.

We have presented an application, namely selection of best candidate for
marriage for Indian context.

The concept presented in this paper can be applied for other multiple
attribute decision making problems in rough neutrosophic hyper-complex
environments.
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