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Abstract:

The Pseudo- Smarandache Function is part of number theory. The function comes from the
Smarandache Function. The Pseudo- Smarandache Function is represented by Z(n) where n
represents any naturd number. The vaue for agiven Z(n) isthe smalest integer such that
1+2+3+ ... + Z(n) isdivisble by n. Within the Pseudo- Smarandache Function, there are severd
formulas which make it easier to find the Z(n) vaues.

Formulas have been developed for most numbers including:
a) p, where p equas aprime number grester than two;
b) b, where p equas a prime number, x equas anatura number, and b=p*;
C) X, wherex equasanatural number, if x/2 equas an odd number gregter than two;
d) x, wherex equasanatura number, if x/3 equals aprime number greater than three.

Therefore, formulas exigt in the Pseudo- Smarandache Function for al vaues of b except for the
following:
a) X, wherex =anaurad number, if x/3 = anonprime number whose factorization is not
3
b) multiples of four that are not powers of two.

All of these formulas are proven, and their use gresatly reduces the effort needed to find Z(n)
values.
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Introduction.

The Smarandache (sma-ran-da-ke) Functions, Sequences, Numbers, Series, Constants,
Factors, Continued Fractions, Infinite Products are a branch of number theory. There arevery
interesting patterns within these functions, many worth sudying sequences.  The name * Pseudo-
Smarandache Function” comes from the Smarandache function. [2] The Smarandache Function
was named after a Romanian mathematician and poet, FHorentin Smarandache. [1] The
Smarandache Function is represented as S(n) where n is any naturad number. S(n) is defined asthe
amdlest m, where m represents any natura number, such that ml isdivishble by n.

To be put smply, the Smarandache Function differs from the Pseudo- Smarandache Functionin
that in the Smarandache Function, multiplication is used in the form of factorids; in the Pseudo
-Smarandache Function, addition is used in the place of the multiplication. The

Pseudo- Smarandache Function is represented by Z(n) where nrepresents dl naturd numbers. The
vadue for agiven Z(n) isthe smalest integer such that 1+2+3+ . . . + Z(n) isdivisbleby n.
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Background

As previoudy dated, the vdue for agiven Z(n) isthe smdlest
integer such that 1+2+3+ . . . + Z(n) isdivisbleby n. Because
consecutive numbers are being added, the sum of 1+2+3+ ...+ Z(n) is
atriangle number. Triangle numbers are numbersthat can be writtenin
theform [d(d+1)]/2 where d equals any natural number. When written
in thisform, two consecutive numbers must be present in the
numerator. In order to better explain the Z(n) function, the g(d)
function has been introduced where g(d)=[d(d+1)]/2.

Figure 1. Thefird ten g(d) vaues.



Z(n) 9Z(n)] g Z(n)] values are defined as g(d) vadues whered
equals Z(n). Because of this, it isimportant to note that dl
1 1 1 g Z(n)] values are g(d) values but specia ones because they
2 3 5] correspond to aparticular nvalue. Since g(d)=[d(d+1)]/2,
3 5 3 dzZn]=[Z(n)[Z(n)+1]/2]. Because g(d) isevenly divisble by
n, and dl g[Z(n)] are dso g(d) vaues, g[Z(n)] isevenly
4 7 28 divisbleby n. Therefore, the expression [Z(n)[Z(n)+1]/2] can
5 4 10 be shortened to n*k (where k is any natura number). If k=x/2
6 3 6 (where x isany natura number) then
[Z(N)[Z(n)+1]/2]=(r*x)/2, and the “genera form” for a
7 6 21 dZ(n)] vaueis (n*x)/2. Again, since (n*x)/2 represents a
) 15 120 g(d) vaue, it must contain dl of the characterigtics of g(d)
vaues. Assad before, dl g(d) vaues, when written in the
9 3 36 form [d(d+1)]/2, must be able to have two consecutive
10 4 10 numbersin their numerator. Therefore, in the expresson
11 10 55 (n*x)/2, nand x must be consecutive, or they must be able to
be factored and rearranged to yield two consecutive numbers.
12 8 36 For some values of n, g[Z(n)]=(r*x)/2 where x is much less
13 12 78 than n (and they aren’t consecutive). Thisis possible because
for certain number combinations n and x can be factored and
14 / 28 rearranged in away that makes them consecutive. For
15 5 15 example, Z(r=12) is 8, and g[Z(12)] is 36. Thisworks
16 31 496 because the original equation was (12*6)/2=36, but after
factoring and rearranging 12 and 6, the equation can be
17 16 136 rewritten as (8*9)/2=36.
18 8 36 The Pseudo- Smarandache Function specifiesthat only
19 18 171 positive numbers are used. However, what if both d and n
were less than zero? g(d) would then represent the sum of the
20 15 120 numbers from d to —1. Under these circumstances, Z(n)
vaues are the same as the Z(n) vauesin the “regula™ system
Figure 2: Thefirgt 20 Z(n) (where al numbers are greater than one) except they are
and g[Z(n)] negated. Thismeansthat Z(-n)=-[Z(n)]. This occurs because
values between the positive system and the negative system, the g(d)

values are dso the same, just negated. For example,
0(4)=4+3+2+1=10 and g(-4)= -4+ -3+ -2+ -1=-10. Therefore,
the firgt g(d) vaue which isevenly divisble by agivenvdue

of nwon't change between the pogitive system and the

negetive system.



Theorem 1

If ‘p’ isaprime number greater than two, then Z(p)=p-1

Example:
p Z(p)
3 2
5 4
7 6
11 10
13 12
17 16
19 18
23 22
27 26
29 28

Fgure 3: Thefirst 10 Z(p)
values.

Proof:

Since we are dedling with specific p vaues, rather than
saying g[Z(n)]=(1X)/2, we can now say gfj(p)]=(p*x)/2.
Therefore, dl that must be found is the lowest vaue of x thet is
consecutive to p, or the lowest value of x that can be factored
and rearranged to be consecutiveto p. Since p is prime, it has
no natura factors other than one and itsdf. Therefore, the
lowest value of x that is consecutiveto pisp-1. Therefore

Z(p)=p-1.

Theorem 2

If x equas any natura number, p equals a prime number greater than two, and b equas p*, then

Example:
b Z(b)
3 2
9 8
27 26
81 80
243 242
729 728

Z(b)=b-1
b Z(b) b Z(b)

5 4 7 6

25 24 49 48

125 124 343 342

625 624 2401] 2400

3125 3124 16807 16806

15625 15624 117649 117648

Figure 4: thefirgt Z(b) valuesfor different primes.



Proof:

The proof for this theorem is Smilar to the proof of theorem 2. Again, the g(d) function is
made up of the product of two consecutive numbers divided by two. Since b’ sroots are the same,
it isimpossible for something other than one less than b itself to produce to consecutive natural
numbers (even when factored and rearranged). For example, g Z(25)]=(25*x)/2. When trying to
find numbers less than 24 which can be rearranged to make two consecutive naturd numbersthis
becomes g[ Z(25)]=(5*5*x)/2. Thereisno possble vaue of x (that is lessthan 24) that can be
factored and multiplied into 5*5 to make two consecutive natural numbers. Thisisbecause 5 and
5 are prime and equal. They can't be factored as is because the have no divisors. Also, thereis no
vaue of x that can be multiplied and rearranged into 5*5, again, because they are prime and equal.

Theorem 3

If x equalstwo to any natura power, then Z(x)=2x-1.

Fgure 5: Thefirg 9x Z(x)
values.

Example:
Proof:
X Z(X)
> 3 According to past logic, it may seem like Z(x) would equa
x-1. However, the logic changes when dedling with even numbers.
4 7 Thereason Z(x) x-1is because (x-1)/2 can not be an integral vaue
8 15 because x-1isodd (any odd number divided by two yields a number
16 31 with adecimd). Therefore, [x(x-1)]/2 isnot an even multiple of x. In
order to solve this problem, the numerator has to be multiplied by two.
32 63 In asense, an extratwo is multiplied into the equation so that when the
64 127 whole equation is divided by two, the two that was multiplied in isthe
two that isdivided out. That way, it won't effect the “important” part
128 255 of the equation, the numerator, containing the factor of x. Therefore,
256 511 the new equation becomes 2[x(x-1)]/2, or [2x(x-1)]/2. The only
510 1023 numbers consecutive to 2x are 2x-1 and 2x+1. Therefore, the smallest
two consecutive numbers are 2x-1 and 2x.
1024] 2047 Therefore, Z(x)=2x-1.
2048 4095
4096 8191
8192 16383
16384 32767
32768 65535



Theorem 4

If )" isany naturd number where /2 equals an odd number greater than two then

Example:
] Z(G) |12 |(/2-1

6 3 3 2
10 4 5 4
14 7 7 6
18 8 9 8
220 111 11 10
260 12 13 12
300 15 15 14
34 16| 17 16
38 190 19 18
420 200 21 20
46/ 23 23 22
500 24/ 25 24
54/ 27 27 26
58 28 29 28
62 31 31 30
66] 32| 33 32
Figure 6: Thefirgt
twenty j(z) vaues.
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Proof:

When finding the smallest two consecutive numbers that
can be made from aj value, art by writing the genera form but
ingead of writing n subgtitutej inits place. That means
oZ()]=(j*x)/2. The next step isto factor j asfar as possible
making it eeser to see what X must be. This means that
alZ()]=(2*j/2*x)/2. Since the equation is divided by two, if left
adone as g[Z(j)]=(2* j/2*x)/2, the boldface 2 would get divided out.
Thisfdsdy indicates that j/2*x (what isremaning after the
boldface 2 is divided out) is evenly divisble by j for every natura
number vaue of x. However, j/2*x isn't dways evenly divisble
by j for every naturd number value of x. The two that was just
divided out must be kept in the equation so that one of the factors
of the g(d) value being madeisj. In order to fix thisthe whole
equation must be multiplied by two so that every vaue of x is
evenly divisbleby j. Inasense, an extratwo is multiplied into the
equation o that so that when the whole equation is divided by two,
the two that was multiplied in is the two that gets divided out.

That way, it won't effect the “important” part of the equation
containing the factor of two. Therefore it becomes

o[Z(j)]=(2* 2*j/2*f)/2 where f represents any naturd number. This
is done s0 that even when divided by two thereis ill one factor of
J. Atthispoint, it looks as though the lowest consecutive integers
that can be made from g[ Z(j)]=(2* 2*j/2*f) are (j/2) and(j/2)- 1.
However, thisis only sometimesthe case. Thisiswhere the
formula changes for every other vaue of j. If (j/2)-1isevenly
divisbleby the*2*2' (4), then Z(j)=(j/2)-1. However, if (j/2)-1is
not evenly divisible by 4, then the next lowest integer consecutive
t0j/2is(j/2)+1. (Note: If (j/2)-1isnot evenly divisble by 4,

then the next lowest integer consecutive to j/2 is (j/2)+1. (Note: If (j/2)-1 is not evenly divisble by
four, then (j/2)+1 must be evenly divishble by 4 because 4 is evenly divishble by every other multiple of
two.) Therefore, if (j/2)-1isnot evenly divisble by 4 then g[Z(D]=[(/2)[(i/2)+1]]/2 or Z(j)=j/2.

Theorem 5

If ‘p’ isany natura number where p/3 equas a prime number greater than 3 then

i% 1, g-JSisevenlydivisible by 3
Z(p) = |
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Example:

P |ZP) (P8 |(p/3)1
15 5 5 4
21l 6 7 6
33 11 11 10
390 120 13 12
51 17] 17 16
571 18 19 18
69 23 23 22
87] 28 29 28
93] 31 31 30

111] 3¢ 37 36

Figure 7: Thefird ten
Z(p) vaues.

Proof:

The proof for this theorem is very smilar to the proof for
theorem 4. Since p values are being dedlt with, p must be
substituted into the generd form. Therefore, g[ Z(p)]=(p*x)/2.
Since what made p is dready known, p can be factored further so
that g[Z(p)]=(3*p/3*x)/2. At this point it looks like the
consecutive numbers that will be made out of (the numerator)
3*p/3*x are p/3 and (p/3)-1 (this is because the greatest value
dready in the numerator isp/3). However, thisis only sometimes
the case. When p/3-1isdivisble by 3, the consecutive integersin
the numerator are p/3 and (p/3)-1. Thismeansthat Z(p)=p/3-1if
p/3-1isevenly divisble by 3. However, if p/3-1isnot divisble by
three, the next smadlest number that is consecutiveto p/3is
(p/3)+1. If (p/3)-1isnot divisible by 3 then (p/3)+1 must be
divisbleby 3 (see*1 for proof of this satement). Therefore, the
consecutive numbers in the numerator are p/3 and (p/3)+1. This
means that Z(p) = p/3if (p/3)-1isnot evenly divisble by three.

Note: Although thereisasmilar formulafor some multiples of the firgt two primes, thisformula
does not exist for the next prime number, 5.
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Proof:

Figure 10

*1—"“If (p/3)-1isnot divigble by 3, then (p/3)+1 must be divisble by 3.”

In the table to the | eft, the underlined vaues are those that are divisible by
three. The bold numbers are those that are divisble by two (even). Sincep/3is
prime it cannot be divisble by three. Therefore, the p/3 vaues must fall
somewhere between the underlined numbers.  This leaves numberslike4, 5, 7, 8,
10, 11, etc. Out of these numbers, the only numbers where the number before (or
(p/3)-1) isnat divisble by three are the numbers that precede the multiples of
three. This meansthat the p/3 values must be the numberslike 5, 8, 11, etc.

Since dl of these p/3 values precede multiples of 3, (p/3)+1 must be divisble by 3

if (p/3)-1isnot divisble by 3.

Theorem 6

If ‘' equals any naturd number, Z(n) n.

Theorem 6; Part A

6



If risany natura odd number, Z(r) r-1
Proof:

When r is subgtituted into the generd form, g[Z(r)=[r*(r-1)]/2. Sincerisoddr-1iseven.
Therefore, when r-1 is divided by two, an integrd vaueis produced. Therefore, (r*r-1)/2isan

even multipleof r and itisaso ag(d) value. Because of this, Z(r) r-1. SinceZ(r) r-1, Z(r) r.
Theorem 6: Part B
If visan naturd even number, Z(v) V.
Proof:

If Z(v) = v, the generd form would gppear asthe following: g[Z(v)]=[v(v+1)]/2. Thisis
not possible because if v iseven then v+1isodd. When v+1 isdivided by two, a non-integra
vaueis produced. Therefore, (v*v+1)/2 isnot an integral multiple of v. Therefore, Z(v) v.

Theorem 7

If wisany natural number except for numbers whose prime factorization equas 2 to any power,
Z(wW)<w.

Proof

Asin severd other proofs, this proof can be broken down into two separate parts, a part for
r vaues (r isany natural odd number) and onefor v vaues (v isany natural even number). As

proven in Theorem 6: Part A, Z(r) r-1. Thisprovesthat Z(r) islessthanr.

For v vaues, v must be subgtituted into the generd form in order to be able to see patterns.
Therefore, g[Z(v)]=(v*x)/2. Sincev iseven it must be divisble by two. Therefore, v can be
factored making g[Z(v)]=[2* (v/2)*x]/2. Since the numerator is being divided by two, when done
with the divison, one whole factor of v will not dways be left. Therefore, an extratwo must be
multiplied into the equation so that even when divided by two, thereis sill one whaole factor of v

left. Therefore, g[Z(v)] [4*(v/2)*x]/2. At this point, the equation can be amplified to

gZ(v)] v*x. Therefore, x=v-1, and Z(v)<v-1. Z(V) islessthan v-1 rather than less than or equal
to v-1 because as proven intheorem 4, Z(v) v-1.



Conclusion

n Z(n) n/3 |n Z(n)
12 8 9 27 8
20 15 15 45 9
24 15 21 63 27
28 7 25 75 24
36 8 33 99 44
40 15 35 105 14
44 32 45 135 54
48 32 49 147 48
52 39 55 165 44
56 48 65 195 39
Figure 8 Figure9

Through researching the relationships between different groups of natura numbers, patterns and
formulas have been developed to find Z(n) values for most numbers. Formulas have been developed for
most numbersincluding:

a) p, where p equds a prime number grester than two

b) b, where p equas a prime number, x equas anatura number, and b=p*

C) X, wherex equals anaturd number, if x/2 equas an odd number greater than two

d) x, wherex equasanatura number, if x/3 equals a prime number greater than three

In fact there are only two remaining groups of numbers for which there are no formulas or
shortcuts. Formulas exist in the Pseudo- Smarandache Function for al values of b except for the
fallowing:

a) multiples of four that that are not powers of two (figure 8)

b) X, wherex = anatura number, if x/3 = a nonprime number whose factorization is not 3*

(figure9)

If p equals a prime number greater than two then Z(p)=p-1. If p equas a prime number grester than two,
x equals anatura number, and b=p* then Z(b)=b-1. However, if p=2 then Z(b)=2b-1. If x equasa
natural number, and x/2 equals an odd number greater than two then if (x/2)-1 is evenly divisble by four
then Z(X)=(x/2)-1. Otherwise, if x/2-1isnot evenly divisble by four then Z(x)=z/2. If x equasa

natural number, and x/3 equals a prime number greater than three then if (x/3)-1 isevenly divisble by
threethen Z(x)=(x/3)-1. Otherwise, if x/3-1isnot evenly divisble by three then Z(x)=x/3. All of these
formulas are proven, and their use grestly reduces the effort needed to find Z(n) values.
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