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PREFACE

In this book authors name the interval [0, m); 2 < m < oo as
mod interval. We have studied several properties about them but
only here on wards in this book and forthcoming books the
interval [0, m) will be termed as the mod real interval, [0, m)I as
mod neutrosophic interval, [0,m)g; g2 = 0 as mod dual number
interval, [0, m)h; h’ = h as mod special dual like number
interval and [0, m)k, K = (m — 1) k as mod special quasi dual
number interval. However there is only one real interval (co, o)
but there are infinitely many mod real intervals [0, m); 2 <m <
oo. The mod complex modulo finite integer interval (0, m) ig;
ir’= (m — 1) does not satisfy any nice properly as that interval is
not closed under product .

Here we define mod transformations and discuss several
interesting features about them. So chapter one of this book

serves the purpose of only recalling these properties. Various



properties of mod interval transformation of varying types are
discussed. Next the mod planes are introduced mainly to make
this book a self contained one. Finally the new notion of higher
and mixed multidimensional mod planes are introduced and
their properties analysed. Several problems are discussed some

of which are open conjectures.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this

book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE



Chapter One

RENAMING OF CERTAIN MATHEMATICAL
STRUCTURES AS MOD STRUCTURES

The main aim of this book is to define small sets which
more or less depicts the real line or natural number line or any
other as MOD. So by MOD mathematical structure we mean they
are relatively very small in comparison with the existing one.

When these structures somewhat represent the larger one we
call them as semiMOD structures or deficit MOD structures or
demi MOD structures.

We will proceed onto describe and develop them.

We know Z, the set of modulo integer, 2 < n < oo has
several nice algebraic structures.

Z,’s are defined as the semiMOD pseudo intervals.
The map from n, : Z — Z, is such that
N =1,M2)=2, ..n0-D=n-1,

N.(n) = 0 and so on.
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Thus N,(m) =mif 0 <m<n-1 and if m =n then n,(m) =0

. m r
if m>nthen — =t+ — thenm,(m)=r.
n n

Thus we have infinite number of elements in Z mapped on
to single point.

Further 1n,(—t) = m — tif t < m and if t > m then

—t r
— =—-s— — sothatm,(t) =m-—r.
m m

We will first illustrate this situation by an example or two.
Example 1.1: Let Z,; be the ring of modulo integers.

M. : Z — Z; be a MOD transformation

n.(x)=xifxe {0, 1,2, ...,6};

N9 =2=n,T+2)=0+2asn,(7)=0.

N.(-3) =4, M.(-15) = 6 and so on.

We call the map 1, of the semi pseudo MOD interval map or
semi MOD pseudo interval or demi MOD pseudo interval map or
deficit MOD pseudo interval map.

1. is a semi pseudo MOD interval transformation.

M. : Z — Z;5 be a demi pseudo MOD interval transformation.

N,(m)=mif; 0 <m < 15.

N.(t) =N(15n + s) = s where 1 <s < e if t is negative,

N =n(15n-s)=15s.
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Now Z, is called the demi MOD pseudo interval. n, is the
demi MOD pseudo interval transformation.

Clearly we have a T, : Z, — Z is such that T, is a pseudo
mapping.

T,xX)=nt+x; 0<t<oo,

T, is not even a map under the standard definition of the
map or function from the domain space Z, to range space Z.
Hence T, is a MOD pseudo transformation.

This is the first time we map one to many elements. Infact
one can define or make Z into n equivalence classes and say
map 0 <t < n into the corresponding equivalence classes of Z

but not into Z; or one has to divide Z into equivalence classes
and then define

T,:Z,—> 7.

Thus this is not a usual function/map. Such functions or
maps are in abundant.

This will be proved soon in the following chapters.
We call Z, the MOD dual special pseudo interval.

Infact (Z,, +) is the semi MOD group and {Z,, X} is the semi
MOD semigroup.

Finally {Z,, +, X} is a semi MOD ring. {Z,, +, X} is semi
MOD field if n = p is a prime.

Here we are not interested to study in this direction.

For the limitations of this book is to introduce certain MOD
notions of intervals, planes and spaces.
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However the term MOD is used to represent the study is
made on minimized or reduced or made small the existing big
structures with maximum care taken to see that the properties of
the big structure are not changed to large extent.

Now 1n, : Z — Z, is a MOD transformation of integers to the
semi MOD pseudo structures (interval).

We see for some sake of uniformity and to derive a sort of
link we define these well known structures also as MOD
structure for they are derived from the infinite line or the integer
set Z.

While trying to get from Q this MOD collection we call it as
MOD interval.

For we shall denote the MOD rational interval by [0, m),
where the suffix q distinguishes it from the semi open interval
[0, m) of R reals defined in chapter II of this book.

Mg : Q — [0, m)y; a MOD transformation of rationals to semi
MOD pseudo rational interval does not exist or cannot be defined
as s/t where t divides m is not defined in [0, m),.

Let us for concreteness take [0, 9)4 and let ng : Q — [0, 9),

(Recall [0, m), contains all rationals lying between 0 and 9 of
course 9 is not included).

42
Forif x = % € Q then nq(?gj = ﬁ € [0, 9)q

5
—608 22
ﬂq(—j =— € 0.9,

45\ 45
Zl=2=¢€10,9
"{13) I
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Ny (?_;j = f_; € [0, 9),. nq(gj is not defined.

This is the way the pseudo semi MOD rational
transformation takes place but is not well defined as it is only
selective.

Letng: Q = [0, 12)4

[0, 12)4 = {all elements from the rational between 0 and 12;

12 not included in [0, 12),}. Let % €qQ

254 2
— | == ¢ [0, 12),.
nq( 3 j 3 [ )

N4(—483) =9 € [0, 12),.

427 9
— | == €10, 12),.
nq[ 11 j Th (0. 12,

Thus we also have MOD rational intervals.

We plan to work with MOD real intervals in chapter II of
this book.

Now Zip= {aig|a€ Zn); 112: =m-1.

We call Z,ir = {air | a € Z,} and is defined as the MOD
integer semi complex number.

We will illustrate this by some examples.
Example 1.2: Let Z,yir = {air | a € Z;o} be the MOD integer

semi complex number. Thus Z,jir = {iF, 2if, 3iF, 4if, Sif, 6ig, 7if,
8if, 9if, 0}.
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We see Zjir is an abelian group under +.

{Z10ir, X} is not even closed. So {Zoir, +} is an abelian
group.

We can map from Zi = {ai | a € Z}; i? = -1 into Zig,
-2
I, =9.

We can have a MOD pseudo map from Zi to Zoir in the
following way.

Nai : Z1 = Zyoig;

N2(491) = 9i first N,(i) = ip,
N.i(-931) = Tig, M4(281) = iF,
N.(90) = 0, M,(-90) = 0.

Let us take the semi MOD complex modulo integer interval
Z i

Consider M, : Zi = Zyig; we show how the MOD demi
integer complex interval transformation takes place.

N.i(1671) = 11ig, N,(—4271) = 151, N4(221) = 22i,
N.i(—161) = 10ir and N,;(178i) = 22i.

Let N, : Zi — Z;ir is defined as follows.

N(121) = 12ig, N(271) = i, N(-121) = ip, N(-251) = ip.

Thus we see 271, —12i and —251 € Zi are mapped on to the
same element in Z;3ig.

Infact we have infinitely many elements in Zi which are
mapped on to a single element of Z;3ig. This is true for all Z,ig.
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We will show by some more examples.
Let us consider Z;sig.

Nui @ Zi = Z;sip is such that M,(n x 15ig) =0 for alln e Z".

N2i(16ip) = M,(3lip) = N,i(46ip) = M(65ip) = Mu(76iF) =
T]Zl(gllp) =...= IF

In general M,(nl5ig + ip) = ip foralln e Z".

Thus infinitely many points in Zi are mapped on to a single
point in Zig.

Infact we can say all those points which are mapped to a
single point are periodic.

This is shown in the above example.
N2i(171) = Ma(21) =M2(321) = M4(471) = ...
=MNu(nl5i + 2i) = 2ig forne Z".

Another natural question would be what happens when
elements in Zi are negative.

We will illustrate the situation before we generalize.
nli(_14i) =1, T]Zl(—291) =i, 1]z1(—441) =1ig and so on.
Nu(=15ni — 14i) =ip forn € Z".

Thus all these elements are periodic and are mapped on to
the single element ig.

Consider 1n,(—131) = 2ig = N4(-281) = N,(—431) and so on.
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Thus for negative values in Zi is an infinite number of
periodic elements and are mapped on to a single element in Z,ig.

Hence the mapping is a nice mapping done in a regular
periodic and in a systematic way.

Now having seen the properties enjoyed by Z,ir and its
relation to Zi the integer imaginary line we now proceed on to
study can we get back Zi given Z,ir in a unique way.

The answer is yes.

First this is illustrated by some examples.

Example 1.3: Let Zjir be the complex modulo integers
{0, ig, 2ig, 3ig, ..., 6ip}.

Can we get back Zi? The answer is yes.

For all elements mapped in this way by n, ; : Z7ip — Z are.

We shall denote them by [0], [ig], [2ig], ..., [6ig].

N, (0D =1{0,n7,ne Z}.
N, (i) ={0,n7i+i,n7i-6i,n€ Z ,ne VAN
N, (2i]) = {n7i+2i,0,n,7i - 5i,n; € Z',n e Z')

likewise for other terms in Zsig.

Thus the map is visualized in a different way further this is
not a function in the usual sense.

This way of mapping is mainly done for in case of [0, m)giF;
x € [0, m)q are only rationals is a subcollection from Q and [0,
m),ip; X € [0, m)q and x € R are to be defined and they cannot
be conveniently put into this form as in case of Zi.
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Now having seen a special pseudo transformation which by
all means is not a function in the usual form.

We now proceed on to define functions 1 qi, - Q — [0, m)4ir
F

and its corresponding pseudo maps which are not usual
functions also known as MOD interval transformation and
pseudo interval transformation respectively.

Example 1.4: Let [0, 9)4ir be the MOD rational complex modulo

integer interval with iy = 8.

Now mg; : Qi = [0, 9)iir; 5i € Qi is such that

Ngi, (51) = Sir. gy () =ir. M (7/81) = /8i.

4261
nti ( 61} =2 %iF and so on.

5

Clearly the interval [0, m)4ir contains all rationals of the
form p/q; q # 0 and p and q integers q < m.

4781 5.
Let nti (— p j =3;1F.

—ﬂ —ii and so on
Nair (T13) 713 F '

But for %i € Qi is not defined in [0, 9)4r. All elements

ti/s where s = 3 or 6 is also not defined in [0, 9),iF.

Thus, this way of operation of MOD transformation from Qi
to [0, m)4ir is not well extended.
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Example 1.5: Let [0, 18)4ir be the MOD complex finite modulo
integer interval.

nti: Qi — [0, 18)4ir is the MOD complex interval

transformation.
Ngi, ) =i, Ny; (50) = Sir, ng; (100 = 8ir,
Ngi, (486i) = 0, Ngi, (-216i) =0,

49 .
Ngi, (-2191) = 15ip, Ngi, (?lj is not defined as 2

divides 18 and so on.

Infact the MOD rational complex modulo integer

. . 1. .
transformation is not possible as El has no element in

[0, 18)4if or li where t-divides 18.
t

Example 1.6: Let [0, 11)4ir be the MOD rational complex

4

483.) _ (3.
Mai, (T 1) =30

—587. 1.
nti (le = 711Fand SO on.

3.y 3
number interval 1 ai, (—1) = ZiF, n ai, (1) = i,

Now what is the algebraic structure enjoyed by [0, m),ig ?
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Clearly [0, m),ir is a group under + and it is not even closed
under the product operation.

We will illustrate this situation by an example or two.

Example 1.7: G = [0, 6),ir is a MOD complex rational number
group.0e GandO+a=a+0foral ae G.

Let x =0.85ir€ Gtheny=5.15ir€ Gissuchthaty +x =x
+y=0.

Letx = o2y andy = T ¢ Gas
100 10

(100, 6) # 1 and (10, 6) # 1.

In general 1 or L is not even defined in G.
100 10

However for all practicalities we assume [0, m)qir contains
p/q q#0, 0<q<m, pand q integers and if pi and qi € Qi yet
pi X gi = —pq is not in Qi so product is not defined even in Qi.

Thus if x = %i € Qi then we know M;i(x) is in [0, 6)4iF.

Hence our study reveals the interval [0, m), or [0, m)ir has
no proper transformation.

So at this juncture it is left as a open conjecture how [0, m),
or [0, m)yr can have at least a partially defined MOD
transformation.

Thus from now onwards we can have MOD intervals [0, m)
c [0, o0); only reals and we do not in this book venture to study
[0, m), or [0, m)4if.
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However this study is left open for any researcher.

Let us consider [0, m) m < oo, X € [0, m) are reals from the
real line [0, m). Then we can map R — [0, m), in a nice way.

For all elements have decimal representation so one need
not go for the concept p/q; q # 0, ¢ # m. p/q = some real

decimal, here [0, m), is also denoted by [0, m).

For 1/3 in R is 0.3333...3 and is defined in [0, 3) whereas
1/3 is not defined in [0, 3),.

Let us consider [0, m) — [0, o0), real interval and any
x € [0, m) is in [0, =) and vice versa.

Forif x =m - aja,...a, € [0, o) then O - a,a,...a, € [0, m).

Thus there exists a MOD real interval transformation unlike
the improperly defined MOD rational interval transformation
[0, m),.

We will first illustrate this by some examples.
Example 1.8: Let [0,12) be the MOD real interval.

We define the MOD real transformation from

R = (=00, ) — [0, 12).

Mt (=00, 00) — [0, 12) as follows:

1n9.870813) =9.870813,

N{(-1.301152) = 10.698848 € [0, 12),

N:(13.0925) = 1.0925 € [0, 12),

N:(6.3815) =5.6185 € [0, 12),
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N:(—46.072) = 1.928 € [0, 12) and

N:(-18.4) =5.6 € [0, 12).

This is the way the real MOD transformation from the real
line (—o0, o) to [0, 12) is carried out.
Example 1.9: Let [0, 7) be the real MOD interval.

M @ (=00, 00) — [0, 7) is defined by

N:(6.31048) = 6.31048 € [0, 7)

N:(10.481) = 3.481€ [0, 7)

N«(-16.5)=4.5€ [0,7)

N:{(-14.00681) = 6.99319 € [0, 7)

N/35.483) =0.483 € [0, 7) and so on.

Example 1.10: Let [0, 16) be the real MOD interval.
M & (=00, 00) = [0, 16)
N:(48) =0,
N:(-64) =0,
N:(32.092) = 0.092,
N«(-32.092) = 31.908,
N:(43.48973) = 11.48973 and

N:(—43.48973) = 4.51027 are all in [0, 16).
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Thus the MOD real interval transformation is well defined.

Now we proceed on to define for the complex interval
(—oei, ooi) to [0, m)ip where 0 < m < oo and if: =m - 1 is defined
as the MOD complex finite interval.

We will illustrate this situation by some examples.
[0, 5)iE, i12: = 4 is the complex finite interval.
[0, 17)iE, i§= 16 is again the complex finite interval.

We will describe the MOD complex transformation.

This is illustrated by the following example.

Example 1.11: Let [0, 15)ip, i;‘;: 14 be the MOD complex
interval.

Define M : (—oei, i) — [0, 15)ig as follows:
N(8i) = 8ig, N(211) = 6if, N(12i) = 12if, N(-10i) = 5ir and
N(-161) = 14ig, N(30.378i) = 0.378ir and so on.

Now we will describe some more examples.

Example 1.12: Let [0, 10)ir is the MOD complex interval.
M : (—ooi, o0i) — [0, 10)ig
N(3.5851) = 3.585ix

1n(0.345908i) = 0.345908iE
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1N(-3.5851) = 6.415i¢
1N(-0.3459081) = 9.654092iF.
This is the way the MOD complex interval transformation.

Clearly [0, m)ir; O < m < 1 is a group under addition;
however [0, m)ir is not even closed under product.

We will illustrate this by some examples.
Example 1.13: Let [0, 12)ir be the MOD complex interval.
M : (—ooi, o0i) — [0, 12)ig
N(250) = ir,
1N(—43i) = Sip,
1N(50i) = 10iE,
N(=501) = 2ip,
Mn(-25i) = 11ir and so on.
However 0 acts as the additive identity of [0, 12)i.
Forever x € [0, 12)ir we have a unique
y € [0, 12)ir such that x + y = 0.
Let x =83irand y =4.7ir € [0, 12)ig. X + y = ip.
Let x =9.3iz € [0, 12)if there exists a

y = 2.7ig such that 9.3if + 2.7ir = 0.
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Example 1.14: Let [0, 7)ir be the complex interval; i12: =6.
Let x =27.8i € (—ooi, ooi).
N(x) = 6.8ig;
Let x = 0.8806i € (—oei, ooi)
N(x) = 0.8806:i.
Let x =-27.8i € (—ooi, o0i); N(X) = 0.2iF,
1(-0.88061) = 6.1194ir and so on.

This is the way MOD complex interval transformation are
carried out.

Next we study the MOD dual number interval [0, m)g,
2
g =0.

(—oog, cog) = {ag | a € (—oo, o), g° = 0} is the dual number
interval.

When [0, m)g = {ag | a € [0, m), g2 = 0} is the MOD dual
number interval.

Now we give some examples.

Example 1.15: Let [0, 10)g = {ag | a € [0, 10), g° = 0} be the
MOD dual number interval.

Consider M : (—oog, oog) — [0, 10)g, is defined as follows :
N(108g) = 8g
Ny(—108g) = 2g

N(0.258g) = 0.258g
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N(=0.258g) = 9.742g

N.(22.483g) = 2.483¢g and so on.

Example 1.16: Let 1, : (—oog, oog) — [0, 9)g be defined by
N(148.3g) = 4.3¢,
N(-148.3g) = 4.7g,
N(5.318g) =5.318¢g
N(-5.318g) = 3.682¢

N.(0.748g) = 0.748g and so on.

Example 1.17: Let [0, 4)g be the MOD dual number interval.
M @ (—oog, cog) — [0, 4)g is defined by
Ne(4282) =0,
Ne(408g) =0,
Ny(—4g) =0,
ny(-13g) = 3g,
N(—23g) = g and so on.
Similarly 14(0.8994¢g) = 0.8994¢g and

N4(~0.8994¢) = 3.1006g.
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Example 1.18: Let [0, 9)g be the MOD dual number interval.
M @ (—oog, cog) — [0, 9)g is defined as follows:
N.(4.8732g) = 4.8732g
Ne(—4.8732g) = 4.1268¢g
Ne(12.37g) =3.37¢g
Ne(-12.37g) = 5.63g and so on.

Infact ny(n9g + tg) =tg where 0 <t <9
Ne(-n9g —tg) =9g —tg foralln e Z".
n4.5g) =4.5g n(—4.5g) =4.5g and so on.

Example 1.19: Let [0, 42)g be the MOD dual number interval.

The MOD dual number interval transformation;

Mg @ (—oog, oog) — [0, 42)g is defined by Nn,(43g) = g,
Ny(-10g) = 32g, N(15g) = 15g, N,(2.74g) = 2.74g,
Ne(-2.74g) = 39.26g and so on.

Here also infinitely elements which are periodic are mapped
on to same element of [0, m)g.

Infact though [0, m)g itself is infinite still infinite number

of elements in (—oog, cog) are mapped on to a single element in
[0, m)g.

Example 1.20: Let G = [0, 8)g be a MOD group under addition.
For 0 € G serves as the additive identity.
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Infact for every x € G there exists a unique y € G such that
x+y=0.

Let x =3.1592g and y = 7.5384g € G. x + y = 3.1592¢g +
7.5384g =2.6976g € [0, 8)g.

Further 0.348g + 6.12g = 6.468g € [0, 8)g.
Now {[0, 8)g, +} is a MOD abelian group of infinite order.

Example 1.21: Let G = {[0, 5)g, +} be the MOD dual number
interval group of infinite order.

Let x = 3.0075892g € G, y = 1.9924108g in G is such that
x+y=0.

Thus G, is an abelian MOD group of infinite order under
addition modulo 5.

This MOD dual number group has MOD subgroups of both
finite and infinite order.

Example 1.22: Let S = {[0, 24)g, g2 =0, +} be the MOD dual
number group under addition module 24.

We see B = {Zxg, +} is a MOD subgroup of G of finite
order.

B, = {0, 2g, 4g, 6g, 22g} < S is also a MOD subgroup of
finite order under +.

B; = {0, 12g} is a MOD subgroup of order two.
B, = {0, 6g, 12g, 18g} is a MOD subgroup of order four.
Bs = {0, 8g, 16g} < S is again a MOD subgroup of order 3.

Bs ={0, 4¢g, 8g, 12g, 16g and 20g} is again a MOD
subgroup of order 6.



26 | Multidimensional MOD Planes

B, ={0, 3g, 6g, 9¢g, 12g, 15g, 18g, 21g} < S is a MOD
subgroup of order eight.

Thus S has several MOD subgroups of finite order.

Example 1.23: Let S = {[0, 7)g, ¢’ = 0, +} be a MOD group of
infinite order. {0, 3.5g} < S is a MOD subgroup of order two.

{0, 1.75g, 3.50g, 5.25g} is a MOD subgroup of order four
and so on.

So [0, m)g has MOD subgroups of finite order even though
m may be prime or a non prime.

Always [0, m)g has a MOD subgroup of order two, four,
five, eight, ten and so on. Depending on m it will have MOD
subgroups of order 3, 6,9, 11, 13 and so on.

If in [0, m), m is a multiple of 3 then it will have MOD
subgroups of order 3 and 6.

Likewise one can find conditions for the MOD dual number
group [0, m)g to have finite MOD subgroups of desired order.

Next we find [0, m)g the MOD dual number interval is
closed under the product X and the operation X is associative on
[0, m)g as g° = 0.

DEFINITION 1.1: Let

S ={[0, m)g /g2 =0, 0 < m < oo X} be the MOD dual number
semigroup. Since ag x bg = 0 for all ag, bg € [0, m)g. S is
defined as the MOD zero square dual number semigroup of
infinite order.

Examples of this situation is given in the following.



Renaming of Certain Mathematical Structures... | 27

Example 1.24: Let S = {[0, 7)g, g" = 0, x} is the MOD zero
square dual number semigroup which is commutative and is of
infinite order.

For a = rg and b = sg; rg, sg € [0, 7)g we have ab = 0 as
2
g =0.

Infact S has MOD dual number subsemigroups of order two,
three, four and so on. Further any subset of S is a MOD dual
number subsemigroup of S.

A = {0, 5.02g, 2.7981g} < S is such that A is a MOD dual
number subsemigroup of order three.

B = {0, 0.3389102g} < S is a MOD subsemigroup of order
two and so on.

Study in this direction is interesting for every subset with
zero of S is also an ideal of S. Thus every dual number MOD
subsemigroup finite or infinite order is also a MOD dual number
ideal of S.

THEOREM 1.1: Let S = {[0, m)g, g2 = 0, x} be a MOD zero
square dual number semigroup.

i) Every subset together with zero of S finite or infinite
order is a dual number MOD subsemigroup of S.
ii) Every subset of S with zero finite or infinite order is a
dual number MOD ideal of S.
Proof. Directly follows from the fact for x,y € S. x Xy =0.
Hence the claim.

Example 1.25: Let S = {[0, 12)g, g2 = 0, X} be the MOD dual
number semigroup.



28 | Multidimensional MOD Planes

Every pair A = {0, x | x € [0, 12)g \ {0}} is a MOD dual
number subsemigroup of order two.

Every MOD dual subsemigroup of S must contain zero as
x Xy=0forevery x,y € [0, 12)g.

Example 1.26: Let S = {[0, 15)g, g* = 0, X} be the MOD dual
number semigroup.

Every subset A of S with 0 € A is a MOD dual number
subsemigroup as well as an ideal an of S.

Clearly a subset of S which does not contain the zero
element is not a dual number subsemigroup.

Let A = {0.778g, 4.238g, 11.5g, 14.006g} < S; clearly A is
only a subset of S and not a dual number subsemigroup of S as
0¢ A.

Now having defined the notion of MOD dual number
semigroup we proceed on to define MOD dual number ring.

In the first place we wish to keep on record that these MOD
dual number semigroups are never monoids as

le S={[0,m)g, g"=0,x},0<m< oo,
DEFINITION 1.2: Let S = {[0, m)g, +, X, & = 0} be a MOD dual
number ring which has no unit. Infact S is a dual number ring of
infinite order which is commutative.

We will first illustrate this situation by some examples.

Example 1.27: LetR = {[0, 9)g, g° = 0, +, X} be the MOD dual
number ring of infinite order. Every subset with zero of R is not
a MOD dual number subring of R.

For if x = 8.312g and y = 4.095g then xy = 0 = x* = y°.
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Byx+y=3.407ge¢ {x,y,0} =A.

Hence the claim.

Further x + x = 8.312g + 8.312g =7.624g ¢ A.
Similarly y + y =4.095g + 4.095g =8.19g ¢ A.

Thus we are forced to find under what condition a subset
{A, +, x} will be a subring of MOD dual numbers.

If {A, +} is a MOD dual number subgroup then {A, +, X} is
a MOD dual number subring.

We will give examples of them.

Si = {Zog, +, X} is a zero square MOD dual number ring.
Clearly S, is associative.

Infact R is itself an associative ring that is a X (b X ¢) = (a X
b) x c =0 for every a, b, c € R; as R is a zero square ring.

S, = {0, 4.5g} < R is again a zero square MOD dual number
subring. Clearly both S, and S, are also ideals of R.

Thus every finite MOD dual subring of R is also a MOD ideal
of R.

S; = {0, 3g, 6g} < R is a MOD subring of dual numbers as
well as ideal of R.

Thus these class of zero square rings of infinite order
behaves in a very different and interesting way.
Example 1.28: Let R = {[0, 18)g, g° = 0, +, X} be the MOD dual

number ring. Consider

S1= {0, 9g},
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S, = {0, 6g, 12¢},

S;={0, 3g, 6g, 9¢g, 12g, 15¢g},

S, ={0, 2g, 4g, 6g, 8g, 10g, 12g, 14g, 16g},
Ss = {0, 4.50g, 9g, 13.50g},

Se = {0, 2.25¢g, 4.50g, 6.75g, 9g, 11.25g,
13.50g, 15.75g}

are all subgroups of R which are also MOD subrings of dual
numbers. These are also MOD ideals of R.

S, =10, 1.8g, 3.6g, 5.4g, 9g, 7.2g, 10.8g, 12.6¢,
14.4g,16.2g} cR
is a MOD dual number subgroup as well as MOD ideal of R.

Sg = {0, 1.5¢g, 3g, 4.5¢g, 6g, 7.5g, 9g, 10.5g, 12¢,
13.5g, 15g, 16.5g} R.

Se = {0, 1.125g, 2.250g, 3.375g, 4.500g, 5.625¢,
6.750g, 7.875g, 9g, 10.125g, 11.250g,
12.375g, 13.5g, 14.625g, 15.750¢g,
16.875g} c R

is again an ideal of order 16 however R is of infinite order.
Infact R has infinite number of finite order MOD dual

number subrings which are ideals.

Example 1.29: Let R = {[0, 10)g, g2 =0, +, X} be the MOD dual

number ring which is a zero square ring of infinite order.

Sl = {O’ Sg}’

S, = {0, 2g, 4¢g, 6g, 8g},
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S; = {0, 2.5¢g, 5g, 7.50g},

S4={0, 1.25g, 2.5¢g, 3.75g, 5g, 6.25g, 7.5g, 8.75¢g},

Ss=1{Zg},

S¢ = {0, 0.5¢g, 1g, 1.5¢g, 2g, 2.5g, 3g, 3.5g, 4g, 4.5¢,

5g, 5.5g, 6g, 6.5g, 7g, 7.5g, 8g,
8.5g, 9g, 9.5g},

S; = {0, 0.625¢g, 1.25g, 1.875g, 2.5g, 3.125g,
3.750g, 4.375g, 5g, 5.625g, 6.25g,
6.875g, 7.5g, 8.125¢, 8.750g,
9.375g}

are all subrings of R which are also MOD ideals of finite order in
R.

Infact R has infinitely many finite MOD dual number
subrings which are zero square subrings of R.
Example 1.30: Let R = {[0, 7)g, +, X} be the MOD dual number
Zero square ring.
Let S, = {0, 3.5g},
S, =10, 1.75g, 3.50g, 5.25g},
S;={0, 1.4g, 2.8g, 4.2g, 5.6g},
S, =10, 0.875g, 1.750g, 2.625g, 3.500g,
4.375g,5.250, 6.125g}
are some of the finite order MOD dual number subgroups which

are also ideals of R.

Now having seen both MOD dual number ideals of MOD dual
number rings and MOD dual number semigroups we proceed on
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to define, describe and develop the notion of MOD special dual
like number interval

[0, m)h = {ah | a € [0, m) and h’= h} is defined as the MOD
special dual like number interval.

Clearly [0, m)h is of infinite order.

x € 8.7h and y = 7h € [0, m)h then 60.9h (mod m) €
[0, m)h.

We will illustrate this by some examples.

Let [0, 8)h be the MOD special dual like interval.
Let4h e [0, 8)h; (4h)*=0.

Let 0.9h and 4h € [0, 8)h, 3.6h € [0, 8)h.

4h + 4h =0. 4h + 0.9h = 4.9h.

This is the way both the operations + and X are performed
on this MOD special dual like number interval.

Now we see if (—eoh, ooh) is the infinite real special dual like
number interval where h> = h then we have the MOD special dual
like number interval transformations.

Mh ¢ (—ooh, eoh) — [0, 8)h as follows:

Nn(83.5h) = 3.5h, ny(h) = h, Nu(-10.5h) = 5.5h,

Nu(8h) = 0 = Np(16h) = Mu(—8h) = My(-16h)

=Mn(-24h) =Np(-32h) = ... =My(n8h); n e Z.

Thus we see infinite number of points of (—ech, och) are
mapped on to a single point in [0, 8)h.
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Let us consider x = —48.5h € (—ooh, ooh); Nu(x) = (7.5h) and
SO on.
MNn(n8h + th) = th for all t € [0, m).

MNn(n8h — th) = mh — th for all th € [0, m)h. t is positive
value. Only —t is negative.

Thus we see M, maps infinitely many periodic elements on
to a single element. This is the way 1M, the MOD special dual like
number interval transformation functions.

Now My, : (=eoh, eoh) — [0, m)h. h* =h, | <m < oo

This map is unique depending only on them.

Once the m is fixed ny, : (—eoh, eoh) — [0, m)h is unique.

Example 1.31: Let n,: (—och, coch) — [0, 9)h be the MOD special
dual like number transformation.

M(27h) = 0,
N(49h) = 4h,
Mu(%h) =0,
Nw(=25h) = 2h.

Example 1.32: Let 1, : (—ooh, oh) — [0, 12)h be the MOD
special dual like number transformation.

Ns(27h) = 3h,
Nn(49h) = h,

Mu(%h) = 9h,
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Mu(=25h) = 2h.

We see 1, is dependent on [0, m)h clear from the above two
examples.

Now we see the algebraic structure enjoyed by [0, m)h.
DEFINITION 1.3: Let [0, m)h = {ah [a € [0, m), W= h} be the
MOD special dual like number interval G = {[0, m)h, +} is
defined as a MOD special dual like number interval group of
infinite order.

DEFINITION 14: S = [0, m)h = {a € [0, m), I® = h} is a
semigroup under X and it is defined as a MOD special dual like
number interval semigroup.

We will give examples of this situation.

Example 1.33: Let M = {[0, 10)h, h* = h, +} be MOD special
dual number interval group of infinite order.

M has MOD special dual like number interval subgroups of
finite order.

Si = {Zoh, +},

S, = {0, 5h, +},

S; = {0, 2h, 4h, 6h, 8h, +},

S, = {0, 2.5h, 5h, 7.5h},

S5 = {0, 1.25h, 2.5h, 3.75h, 5h, 6.25h, 7.50h, 8.75h}

and so on are all finite MOD dual like number finite subgroups
of M.

Now we see some more example.
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Example 1.34: Let M = {[0, 11)h, h®=h, +} be the MOD special
dual like number interval group of infinite order.
Si ={Zh, +},
S, = {0, 5.5h},
S; = {0, 2.75h, 5.50h, 8.75h},

S4 = {0, 1.375h, 2.750h, 4.125h, 5.500h,
6.875h, 8.250h, 9.625h},

S5 = {0, 1.1h, 2.2h, 3.3h, 4.4h, 5.5h, 6.6h, 7.7h,
8.8h, 9.9h}

are some of MOD special dual like number interval finite
subgroups of M.
Example 1.35: Let S = {[0, 12)h, h* = h, +} be the MOD special
dual like number group.

Py ={Zph},

P, = {0, 6h},

P; = {0, 4h, 8h},

P, = {0, 3h, 6h, %h},

Ps = {0, 2h, 4h, 6h, 8h, 10h},

Ps = {0, 2.4h, 4.8h, 7.2h, 9.6h}

and so on are all MOD special dual like number subgroups of S
of finite order.

Next we proceed on to study the notion of MOD special dual
like number semigroups.
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Example 1.36: Let B = {[0, 9)h, h’=h, x} be the MOD special
dual like number semigroup.

Let x =0.72h and y = 0.5h € B.

X Xy =0.72h x 0.5h = 0.36h € B.
x> =0.5184h

y>=0.25h € B.

This is the way product is performed on B. Clearly h € B
acts as the multiplicative identity;

forif a = xh then xh x h=xh=aas h>=h.
Now B is a commutative monoid of infinite order.

Next we proceed on to show B = {[0, m)h, X} can have zero
divisors.

For if B = {[0, 24)h, h*=h, %} be the semigroup.
Letx=12handy=2he B,xxy=0.

Thus B has several zero divisors.

x =3h, y = 8h € B is such that xy = 0 and so on.
Can B have ideals? the answer is yes.

For take P, = {0, 12h} < B is only a subsemigroup and not
an ideal of B.

P, = {0, 4h, 12h, 8h, 16h, 20h} < B is only a subsemigroup
and not an ideal.
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For if x = 1.1h then x X 4h = 4.4h ¢ P, hence the claim.
Letx=09he€ Bandy=20he P,thenxxy=18h ¢ P,.
Let P; = {0, 2h, 4h, ..., 22h} be the subsemigroup of B.
Letx=05he Bandy=2hinPs;thenyxx=h ¢ Ps.
Thus P; is not an ideal of B.

Let P, = {0, 3h, 6h, 9h, 12h, 15h, 18h, 21h} is only a
subsemigroup and not an ideal of B.

Take x=3he P,,y=15he B,xxy=4.5h¢ P,.
Thus P, is not an ideal of B.

Now having seen subsemigroups which are not ideals it
remains as a challenging problem to find ideals in B.

Will they be only of infinite order or of finite order and so

on?

Example 1.37: Let B = {[0, 9)h, h* = h, x} be the MOD special
dual like number monoid of infinite order. B has several
subsemirings of finite order.

However we are not able to find any ideals of B.

In view of this the following is left as an open conjecture.

Conjecture 1.1: Let B = {[0, m)h, h* = h, x} be the MOD
special dual like number commutative monoid of infinite order.

i. Find nontrivial ideals of B.
1i. Can ideals of B be of finite order?

| 37
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Example 1.38: Let B = {[0, 3)h, h* = h, X} be the MOD special
dual like number monoid of infinite order.
Let P, = {0, 1.5h} be a subsemigroup and not an ideal.

P, = {0, 0.75h, 1.50h, 2.25h} is again a MOD subsemigroup
and not an ideal of B.

Now having seen examples of MOD special dual like
number we proceed onto define MOD special dual like number

interval pseudo rings.

DEFINITION 1.5: Let R = {[0, m)h, +, x, b’ = h}; R is defined as
the pseudo MOD special dual like number interval pseudo ring.

Clearly h serves as the multiplicative identity of R. We call
R as a pseudo ring as the distributive law is not true.

For a, b, c € R we have a X (b + ¢c) Za Xb + a Xc in
general.

We will illustrate this situation by some examples.

Example 1.39: Let R = {[0, 5)h, h® = h, +, X} be the MOD
special dual like number interval pseudo ring.

Consider x = 0.35h, y =4.15h and z = 0.85h € R.
XX (y+2z) =xX(4.15h + 0.85h)
=xx0
=0 I
Consider X Xy + X X z
=0.35h x 4.15h + 0.35h x 0.85h

= 1.4525h + 0.2975h II
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I and II are distinct so the distributive law is not true in R
general.

Example 1.40: Let R = {[0, 6)h | h?* = h, +, X} be the MOD
special dual like number interval pseudo ring. x = 0.3h, y = 4.8h

and z = 1.2h € R is such that

xX(y+z)=0(asy+z=0) I

xXy+xXz =0.3hx4.8h+0.3hx1.2h
= 1.44h + 0.36h
=1.8h I

Clearly I and II are distinct so the ring is only pseudo and does
not satisfy the distributive law.

Infact R has nontrivial zero divisors. h is the unit of R.
X = 5h is such that x> =h

x =3h and y = 2h in R is such that

x Xy =0,x=3hand y =4hinR is such that
xXy=3hx4h=0.

Now {Z¢h, +, X} is a subring which is not an ideal of R.
Similarly R has several subrings which are not ideals.

Example 1.41: Let M = {[0, 7)h, h* = h, +, x} be the MOD
special dual like number interval pseudo ring.

M has zero divisors. M has subring however we are not in
position to find ideals in these pseudo ring.
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We leave it as a open problem to find MOD ideals of special
dual like number intervals.

Conjecture 1.2: Let R = {[0, m)h, h® = h, +, X} be the MOD
special dual like number interval pseudo ring.

i. Can R have ideals of finite order?
ii. Find nontrivial ideals of R.

Now having seen pseudo ring of special dual like number
intervals we next proceed on to discuss about the special quasi

dual number intervals (—ook, cok) where k* = —k.

Now [0, m)k = {ak | a € [0, m), k* = (m — 1)k} is defined as
the MOD special quasi dual number interval.

We define MOD special quasi dual number interval and the
MOD special quasi dual number interval transformation.

Let My : (—ook, ook) — [0, m)k where k* = —k in (—ook, ook)
and k* = (m — 1)k; in case of interval [0, m)k. (k) =k.

We will illustrate this by some examples.

Example 1.42: Let (—ook, ook) be the real special quasi dual
numbers. [0, 5)k be the special quasi dual number interval.

Define nj : (—ook, ook) — [0, 5)k
Nk(4.8222k) = 4.8222k
Nk(—4.8222k) = 0.1778k
Nk(15.889352k) = 0.889352k
Nk(-15.889352k) = 4.11065k

nk(108.3k) = 3.3k
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Nk(-108.3k) = 1.7k.

N(Sk) = M(10k) = M(15k) = M (45k) = O thus several;
infact infinitely many elements are mapped onto a single
element.

Nk(Sk + 0.3k) = N (10k + 0.3k) = Ny (15.3k) = Nk(20.3k) =
M(25.3k) = Ni(30.3k) = Ni(35.3k) = Mi(40.3k) = Ny (45.3k) = ...
= Mk(Snk + 0.3k) = 0.3k.

Thus infinitely many numbers (—ook, ook) is mapped on to a
single element.

Nk(6.35k) = 1.35Kk,
MNk(—6.35k) = 3.65k and so on.
Example 1.43: Let 1, : (—ook, k) — [0, 11)k, k> = —k in real
and k* = 10k in [0, 11)k.
MNk(—ook, ook) — [0, 11)k.
Nk(10k) = 10k,
Nk(—48k) = 3k,
MNk(48k) = 8Kk,
Nk(=110k) = 0, N (49k) = 5k and so on.

Now as in case of all other MOD interval transformations
this My is the same as that of other MOD transformation.

Now we proceed on to define algebraic structures on
[0, m)k, k* = (m — Dk.
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DEFINITION 1.6: Let B = {[0, m)k [ k* = (m — 1)k, +] be the
group under addition modulo m. B is an infinite commutative
MOD special quasi dual number interval group.

We will give examples of them.
Example 1.44: Let G = {[0, 8)k, k> = 7k, +} be the MOD special
quasi dual like number interval group. G has several subgroups
of finite order.

B, = {0, 2k, 4k, 6k},

B, = {0, 4k},

B; = {0, 0.8k, 1.6k, 2.4k, 3.2k, 4k, 4.8k, 5.6k, 6.4k, 7.2k},

B4 = {0, 1.6k, 3.2k, 4.8k, 6.4k},

Bs= {k, 2k, ..., 7k, 0},

Bs = {0, 0.5k, 1k, 1.5k, 2k, 2.5k, 3k, 3.5k, 4k, 4.5k, 5k,
5.5k, 6k, 6.5k, 7k, 7.5k},

B, = {0, 0.25k, 0.5k, 0.75k, k, 1.25k, 1.50k, 1.75k, 2Kk,
2.25k, 2.5k, 2.75k, 3k, 3.25k, 3.5k,
3.75k, ..., 7k, 7.25k, 7.5k, 7.75k}

and so on are all MOD subgroups of finite order.

We can have several such MOD subgroups of finite order.

Example 1.45: Let G = {[0, 15)k, k* = 14k, +} be the MOD
special quasi dual number interval group.

Let P1 = lek,

P, = {0, 3k, 6k, 9k, 12k},
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P, = {0, 5k, 10k},

P, = {0, 7.5k},

Ps = {0, 3.75k, 7.50k, 11.25k},

Py = {0, 2.5k, 5k, 7.5k, 10k, 12.5k},

P; = {0, 1.875k, 3.750k, 5.625k, 7.5k, 9.375k,
11.250k, 13.125k},

Ps = {0, 1.5k, 3k, 4.5k, 6k, 7.5k, 9k, 10.5k,
12k, 13.5k},

Py = {0, 1.25k, 2.5k, 3.75k, 5k, 6.25k, 7.5k, 8.75k,
10k, 11.25k, 12.5k, 13.75k} and

Pyo = {0, 0.9375k, 1.8750k, 2.8125k, 3.7500k,
4.6875k, 5.6250k, 6.5625k, 7.500Kk,
8.4375k, 9.3750k, 10.3125k, 11.2500k,
12.1875, 13.1250, 14.0625k }

are all some of the MOD subgroups of infinite order.
Infact G has infinite number of finite MOD subgroups.
Example 1.46: Let G = {[0, 24)k, k> = 23k, +} be the MOD

special quasi dual number interval group of infinite order. G has
several finite order MOD subgroups.

Infact H; = (0.1k) is a MOD subgroup of G generated by
0.1k.

Likewise H, = (0.01k) is again a MOD subgroup of G.
H; = {{0.001k)} is again a MOD subgroup of G.

Likewise we can have several MOD subgroups of finite
order in G.
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Next we proceed on to describe and define the notion of
MOD special quasi dual number interval semigroup of infinite
order under product X.

DEFINITION 1.7: Let S = {[0, m)k, K’ = (m — 1)k, X} be the MOD
special quasi dual number interval semigroup of infinite order.

However S is a commutative MOD semigroup or to be more
precise S is a MOD special quasi dual number interval
semigroup of infinite order.

We will illustrate this situation by some examples.

Example 1.47: Let S = {[0, 5)k, K* = 4k, x} be the MOD special
quasi dual number interval semigroup.

P, = {Zsk, x} is a subsemigroup of finite order.
Can S have any other subsemigroup of finite order?

Let P, = (0.1k); clearly P, is an infinite order MOD
subsemigroup of S.

P; =(0.01k) is again an infinite order MOD subsemigroup of
S.

Study in this direction is innovative and interesting.

The following is left as an open problem.
Problem 1.1: Let S = {[0, m)k, kK’ = (m=1)k, x} be the MOD
special quasi dual number interval semigroup. If m is a prime

can S has more than one finite order subsemigroup got from S.

Example 1.48: Let S = {[0, 11)k, k¥* = 10k, x} be the MOD
special quasi dual number interval semigroup.

P, =7,k is a MOD subsemigroup of order 11.
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P, = {10k} is a MOD subsemigroup of S.
P; = {10k, k} is also a MOD subsemigroup of S.
P, = {0, 10k} is a MOD subsemigroup of order two.

Interested reader can study both finite and infinite order
MOD subsemigroups of S.

Clearly the MOD special quasi dual number interval
semigroup has zero divisors.

THEOREM 1.2: Let S = {[0, m)k, k> = (m — 1)k, X} be the MOD
special quasi dual number semigroup. If m is a composite
number and 7,k has large number of subsemigroups then S has
many MOD special quasi dual number subsemigroups of finite
order.

Proof of the theorem is direct and hence left as an exercise
to the reader. Finding idempotents of S is a challenging

problem.

Next we proceed on to define the notion of MOD special
quasi dual number interval pseudo rings.

DEFINITION 1.8: R = {0, m)k, k* = (m — 1)k, +, X} is defined
as the MOD special quasi dual number interval pseudo ring as
the operation of + over X is not distributive.

Thatisa x(b + c) #a xXb + a X c in general for a, b, c € R.
We will illustrate this by some examples.

Example 1.49: Let R = {[0, 9)k, K> = 8k, +, X} be the MOD
special quasi dual number pseudo ring.

Let x =8.3k, y=6.107k and z = 0.5k € R;
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x X (y+z) =8.3k(6.107k + 0.5k)
= 8.3k X 6.607k
=0.8381k x 8
= 6.7048k
Consider
xXy+xxz =8.3kx6.107k + 8.3k x 0.5k
=5.6881 x 8k + 4.15 x 8k
=0.5048k + 6.2k
= 6.7048k
For this triple the distributive law is true.
Consider x =8.012k, y=4.03k and z=4.97k € R
x X (y+2z) =8.012k x (4.03k + 4.97k)
=8.012kx 0
=0
Consider
xXy+xxz =8.012kx4.03k + 8.012k x 4.97k
=5.28836 x 8k + 3.81964 x 8k
=6.30688k + 3.55712k

=0.864k

I

I



Renaming of Certain Mathematical Structures... | 47

I and II are distinct so for this triple the distributive law is
not true. Infact there are infinitely many such triples such that
the distributive law is not true.

Now we have seen the pseudo rings of MOD special quasi
dual number are non distributive but is of infinite order.

Certainly this MOD pseudo rings have zero divisors, units
and idempotents solely depending on the m of the MOD interval
[0, m)k.

Thus we have six types of MOD intervals, reals [0, m),
complex modulo integer [0, m)ir, neutrosophic MOD interval
[0, m)I, dual number MOD interval [0, m)g, g2 = 0, special dual
like number MOD interval [0, m)h, h*>=h special quasi dual
number MOD interval [0, m)k, k* = (m — D)k.

On all these structures MOD groups, MOD semigroups and
MOD pseudo rings is defined and developed.

Only in case of MOD special dual number interval [0, m)g,
g’ = 0 we see both the semigroups and rings are zero square
semigroups and rings respectively.

Only in this case the distributive law is also true.

We will illustrate matrices and supermatrices built using
these structures by examples.

Example 1.50: Let A = {(X1, X2, X3, X4) | X; € [0, 6); +, 1 <1< 4}
be the collection of all row matrices.

We can define on A two types of operations + and X.

Under + A is a group defined as the MOD real row matrix
group.

A 1s commutative and is of infinite order.
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Example 1.51: Let
B = {(Xl’ X2, X3, X4, X5, Xg, X7) | X € [0’ 17); +’ 1 S 1 S 7}
be the collection of all 1 X 7 row matrices.

B is a MOD real row matrix group.

Example 1.52: Let

N

a;€ [0,15);1<i<6, +}

N

@
l

T T R
W (95}

(=2

be a MOD real column matrix interval group.

Example 1.53: Let

M=!la, || ae0,23),1<i<10,+)

L2y

be the MOD real interval column matrix group of infinite order.
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Example 1.54: Let

V={la,||ae[0,43),1<i<7, +}

be the MOD real interval column matrix group of infinite order.

Example 1.55: Let

al a2 a3
a4 a5 a6 .

V= a e [0,45):1<i<12, +)
a a a

be the MOD real interval square matrix group of infinite order.

Example 1.56: Let

S
a, a,

M=% % |lael0,15:1<i<12, +}
a, a,
ay  Qy
all a’l2

be the MOD real matrix interval group of infinite order.

| 49
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Example 1.57: Let

a4, a5 3
4, 3 .
W= a,€ [0,14); 1<i<12; +}
a3 3 3,
a a a

be the MOD real number interval group of infinite order.
This has subgroups of both finite order and infinite order.

Example 1.58: Let

2

w

N
w
=N

a a
a a
a a

& &

8

95}
1l
-
o

a;€ [0,47); 1<i< 18, +}

1

o

1

IS

w
w

a
a
a

o o

a
13 al4
a

16 17

be the MOD real interval matrix group.

This has at least 3C; + ;3C, + ... + ;3C;s number of finite
subgroups.

Study of using other MOD intervals is considered as a matter
of routine and left as an exercise to the reader however one or

two examples to illustrate this is given.

Example 1.59: Let
W= {(Xb X2y sy X7) | Xi € [07 9)1F; I< 1 < 77 112: = 89 +}

be the MOD complex modulo integer row matrix group.
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W is of infinite order has subgroups of finite and infinite
order.

Example 1.60: Let

V= {£X1 X, X3J

X, X5 X4

be the MOD complex modulo integer matrix group. V has
subgroups of both finite and infinite order.

xi€ [0, 1D)ig; i; =10, 1 <i<6, +}

Example 1.61: Let

I al aZ 33
a, a5 ag
X=1la, a, a ||acl0,43)ipii=42,1<i<15,+)
alO all 312
_313 al4 alSJ

be the MOD complex modulo integer interval group. X is of
infinite order.

Example 1.62: Let

a, a, ... a
a a e a
7 8 12 . .
Y = a; € [0, 15)ig; ip= 14,
A3 Ay ... Agg
a19 a2() M a24

1<i<24, +}
be the MOD complex modulo integer interval group.

Y is of infinite order.
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Example 1.63: Let

a4, 4,
a;  ay .o .

M= . : a; € [0, 25)ip; i =24, 1 <1<20; +}
a, a

be the MOD complex modulo integer interval group of infinite
order.

Example 1.64: Let

W= a; € [0, 43)ig, iy = 42,

1<i<16, +)

be the MOD complex modulo integer interval group of infinite
order.

Example 1.65: Let
M= {(aj, a, ..., a) |ae [0, I P =L 1<i<9, +)
be the MOD neutrosophic modulo integer group.

Example 1.66: Let

a a a
1 o e 9
|: :|
d, Ay ... Apg

be the MOD neutrosophic modulo integer interval group.

a e [0,9)L =1 1<i<18,+)}
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Example 1.67: Let

a,  a,
a, a,
a; A 2 .
M= e [0, 1L I =11<i<12,+}
a, ag
ay Ay
La 3y

be the MOD modulo integer neutrosophic matrix group.

Example 1.68: Let

al a2 a3
A=1<la, a; a,||ae[0,3DLP=11<i<9;+)}
a, ag a,

be the MOD modulo integer neutrosophic matrix group.

Example 1.69: Let

ae [0, 1L FP=L1<i<15,+)

be the MOD modulo integer neutrosophic interval matrix group.
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Example 1.70: Let

a4, a5 4y
a a a
S=4 2 ° llae[0,10LP=L1<i<12,+}
a a; a;
a a a

be the MOD modulo integer neutrosophic interval group.

Example 1.71: Let

M = |:a1 a, 33}
a, a, a,

be the MOD modulo integer dual number interval matrix group.

ae[0,17)g, g =0,1<i<6,+)}

Example 1.72: Let

ae[0,18)g, g°=0,1<i<6,+)}

be the MOD dual number interval matrix group.
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Example 1.73: Let

1

8]
W

4

W
=N

a
a
a

I -V

o
[ =

©

M=’

1

a e [0,17)g, g =0; 1<i<18, +)}

(=}
8]

13

w
=
[

a
a
a

[ -
[N -C I <}

16

be the MOD dual number interval matrix group.

Example 1.74: Let

al a2 a9
V={la, a, .. a,|l ae[0,29g g =0;1<i<27,+)}
A Ay ... Ay

be the MOD dual number group under +.
Example 1.75: Let
M= {[a; ... ap] |a;€ [0, 19)h; h* =h, 1 <i< 10; +)}

be the MOD special dual like number interval matrix group
under +.

Example 1.76: Let
T={(a ... an) |ae [0,43)h, h*=h; 1 <i< 19, +)}

be the MOD special dual like number interval matrix group
under +.
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Example 1.77: Let

a a a a
5 6 g 8
M= a; € [0, 14)h; h* = h;
a 3y a; ap
Q3 ), A5 A,
1<i<16,+)

be the MOD special dual like number interval matrix group.

Example 1.78: Let

T=1{|a, || ae[0,178)h h’=h;1<i<15, +}

be the MOD special dual like number interval matrix group.
Example 1.79: Let

S=1{(a; ... a9) | a; € [0, 43)k; K> =42k; 1 <i<09; +}
be the MOD special quasi dual number interval matrix group.

Example 1.80: Let

al a2 a3
M=1la, a, a,||ael0,18)kk =17k, 1 <i<9,+)}
a, ag a,

be the MOD special quasi dual number interval matrix group.
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M is infinite and has subgroups of finite order.

Example 1.81: Let

a;e [0, 11)k,

K> =10k, 1 £1<24, +}
be the MOD special quasi dual number interval matrix group.

M has at least n(,4C; + 24C, + ... + 2Cy) number of
subgroups where n is the number of finite subgroups of T.

Next we proceed on to give examples of MOD matrix
interval semigroups using these 6 types of MOD intervals.

Example 1.82: Let
B={(x1, X5, X3) | X;€ [0,24); 1 <i<3; X}
be the MOD real interval matrix semigroup.
B is commutative and is of infinite order.
B has infinite number of zero divisors.

B has also idempotents and (1, 1, 1) acts as the
multiplicative identity.
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Example 1.83: Let

M=<la, || a€[0,23); 1<i<5,%,}

be the MOD real interval matrix semigroup.

M has infinite number of zero divisors, units and
idempotents.

Example 1.84: Let

a, a, as
P=<la, a, ag||ae[0,108);1<i<9,x,}
a; a3 4

be the MOD real interval matrix commutative semigroup.

P has infinitely many zero divisors and several
subsemigroups.

If in the above example X, is replaced by X the usual matrix
product then P is not a commutative semigroup.

P is only a MOD real interval matrix non commutative
monoid of infinite order.
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Example 1.85: Let

2 a,]
a;  ay
as 3¢
W=<la, ag||aecl0,17);1<i1<14,X%,}
a5 Ay
ay Ay
|33 Ay

be the MOD real matrix interval semigroup.
W has infinite number of zero divisors.

However W has only finite number of idempotents and
units.

Next we proceed on to give examples to show MOD interval
matrix finite complex modulo integer semigroups does not
exist.

Example 1.86: Let
W = {(ay, as, a3, as, as) | & € [0, Nig; if =6; 1 <15, %}

be the MOD interval matrix finite complex modulo integer, W is
not even closed under X.
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Example 1.87: Let

N

a € [0, 8)ig; if =7, 1 <16, %,}

N

1l
LI T - B R - B -
W (95}

=N

cannot be the MOD complex modulo integer interval semigroup
as it is not defined.

Example 1.88: Let

a'l a2 a'3
V=4la, a; a;||aec(0,19i ii=18;1<i<9,X,}
a, ag a,

be the MOD complex modulo integer interval which is not
closed.

Example 1.89: Let
M = {(aj, a, ..., a) where a; € [0, 15)[; 1 <i<9,x; * =1}
be the MOD neutrosophic interval semigroup of infinite order.
(IITII...T) acts as the identity.

So M is a commutative monoid of infinite order.
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Example 1.90: Let
ae [0,4);1<i<13, P =1, x,}

be the MOD neutrosophic interval monoid of infinite order.
I

= Id is the identity element of W; [W| = co.

Example 1.91: Let

a, a
V - 1 2
a, a,
be the MOD neutrosophic interval matrix semigroup. V is the
commutative monoid.

ae [0,45) L P=11<i<4,x,)

I 1
Id= [I I] is the identity element of V.

If in V the natural product X, is replaced by X then V is a
1
non commutative monoid and (0 J = L, «» is the identity of

V.

In both cases V has zero divisors, units and idempotents.
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Example 1.92: Let

a, a,
a, a,
as  ag 2 .
B= ae [0,15LI'=11<i<12, %,}
a7 a8
a9 alO
_all a12_

be the MOD neutrosophic interval commutative semigroup
(infact monoid) of infinite order.

I 1
I 1
I 1. : .
Id= - is the identity of B.
I 1
_I I_
Example 1.93: Let
[a, a, a, a,|
a5 a6 a7 a8
a, a, a, a
T=4"° 7 " "R e 0, 1)L P=L1<i<24, x,}
a13 a14 alS a16
a17 a18 a19 a20
_a21 a22 a23 a24_

be the MOD neutrosophic interval semigroup (monoid) of T.

T is of infinite order and is commutative.
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Id= is the identity of T.

L B B I |

o I T T I ]
o I T T I ]
o I T T I ]

T has infinite number of zero divisors, finite number of units
and idempotents.

T has many subsemigroups of finite order as well as of
infinite order.

Example 1.94: Let
B=1| .| a€[0,20)g, g’ =0; 1<i<9,x,}

be the MOD dual number interval semigroup.

B is not a monoid. Infact B is a zero square semigroup. B
has both finite and infinite subsemigroups.

Example 1.95: Let
W = {(a;, a, a3, a4, as, a, a7, ag) | a; € [0, 11)g, g =0;
1<i<8, x}
be the MOD dual number interval semigroup of infinite order.

W is commutative and W is a zero square semigroup. Infact
every subsemigroup is also an ideal of W.
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Example 1.96: Let

al a2 a3
S=4la, a, a,||aec[0,15g g =0;1<i<9,x,}
a, ag a,

be the MOD dual number interval semigroup of infinite order. S
is a zero square semigroup and has no unit. S is commutative.

If x,, the natural product is replaced by X then also S is
commutative as S is a zero square semigroup.

Example 1.97: Let
P = {(a), a, a3, a4, s, 2, 37) | 4 € [0, Dh; h* =h; 1 <1< 7, x)

be the MOD special dual like number semigroup of infinite
order.

Id = (h, h, h, h, h, h) € P acts as the identity. So P is infact a
commutative monoid of infinite order.

Example 1.98: Let

a

a,

ae [0, 15h, h*=h, x,; 1 <i< 10}

I

10

be the MOD special dual like number interval semigroup.
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Id = . | is the identity element of M for and X € M,

XxJd=1Id x, X = X.

Infact M is an infinite interval commutative monoid.
We will give a few more examples of this structure.

Example 1.99: Let

_al aﬂ
a, a,
M={la, a, [lae[0,18)h;h*=h; 1<i<10,x%,}
a, ag
L3y 3]

be the MOD special dual like number interval semigroup of
infinite order.

Infact M is only a monoid Id = € M is the identity

s =5 =5 B B
sos 5B B

element of M.
Example 1.100: Let

P= {(ala A, A3, A4, As, Ag, A7, Ag, a9) | a; € [0’ 19)1(’ k2 =18ka
X 1£1£9}
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be the MOD special quasi dual number interval semigroup of
infinite order.

Id = (18k, 18k, ..., 18k) acts as the identity of P. So P is the
monoid of infinite order.

Example 1.101: Let

N

w

N

W

Il
» oo o om o»

(=2

ae [0,48)k, kK> =47k, 1 <1<6, X,}

be the MOD special quasi dual number interval semigroup of
infinite order.

Id=

Let A

47k ]

47k

47k | € M acts as the identity of M.

47k
47k

k]
10k
=| 46k

11k |

e M.
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[ 8k | 47k | [ 8k |
10k 47k 10k
Ax,Id= |46k | x, | 47k | =| 46k | = A.
0 47k 0
| 11k | |47k | | 11k |
Example 1.102: Let
a, a, a, a, ay; a
M _ a7 a8 a9 al() all a12 a e [0 12)1(

a, a, 4. a, 4, a ' ’ ’

K =11k, 1<i1<24, x,}

be the MOD special quasi dual number interval semigroup of
infinite order. M is infact a commutative monoid.

11k 11k 11k 11k 11k 11k
11k 11k 11k 11k 11k 11k

Id= is the identity of M.
11k 11k 11k 11k 11k 11k

11k 11k 11k 11k 11k 11k

AXx,Id=Idx, A=A forall Ae M.

Example 1.103: Let

D=1{la, a, a,||ae[0,24)k k’=23k, 1<i<9,X,}
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be the MOD commutative special quasi dual number interval
semigroup (monoid).

23k 23k 23k
Id=| 23k 23k 23k | is the identity of D.
23k 23k 23k

If in D we replace by X then D is a non commutative monoid

23k 0 0
with 13 x3 = 0 23k 0
0 0 23k

Thus forall Ae D,AX L3 3=Lys X A=A.

Example 1.104: Let

a, a,
a, a,
3.5 3.6 2 .
B= a, € [0,6)k, k" =5k, 1 <i<12; X, }
a; ag
4 3
a; ap

be a MOD commutative special quasi dual number interval

semigroup.

5k 5k]
5k 5k
5k 5k

Infact Id = is the identity element of B.

Sk 5k
5k 5k

| Sk 5k |
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So B is a commutative monoid of infinite order.

Next we just give examples of MOD interval pseudo rings
using all the 6 MOD intervals.

Example 1.105: Let
M= {(Xh X2, X3, X4, X5, X6, X7) | Xj € [Oa 8)’ 1 < 1 < 77 +, X}
be a MOD real interval pseudo ring.

M is commutative and is of infinite order. Id = (1,1, 1, 1, 1,
1, 1) in M acts as the identity element of M.

M has several pseudo subring of infinite order which are
ideals.

Infact M has subrings of finite order which are not ideals of
M.

Example 1.106: Let
2]

T=1|a, | ae[0,17); 1<i<5,+ %)

Las |

be the MOD real interval commutative pseudo ring with identity;

Id = e T.

S G G GG —y
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This T has pseudo ideals of infinite order and all subrings of
finite order are not ideals of T.

Example 1.107: Let

Mzﬂal az}
a, a,

be the MOD real interval pseudo ring which is commutative and

a;€ [0,144); 1 <14, +, X}

11
has Id = (1 J is the identity M is of infinite order.

Now if in M X, is replaced by x; then M is a MOD real
interval pseudo ring which is non commutative.

1 0
Ly, = (O 1) € M is the identity of M under the usual
product X.

Example 1.108: Let

T= a e [0,45); 1 <i<24, +, x,}
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be the MOD real interval pseudo ring. T has infinite number of
zero divisors.

This ring has only infinite order subrings to be ideals.

However all infinite order subrings of T are not ideals of T.

For
i al a'2 a3 1
0O 0 O
a, a5 a,
0O 0 O
P= ay, ay, a3 € Zys, a; € [0, 45),
a, ag a
0O 0 O
al() all a12
L 0 0 .

4<i<12}
is an infinite order pseudo subring which is not an ideal of T.

However none of the finite subrings are ideal of T.

_al a2 a3_
0O 0 O
0 0 O

L= 0 00 aj, a, a3 € [0, 45), +, X, }

0O 0 O
0 0 O
0O 0 O

10 0 0]

is a MOD interval pseudo subring of T.
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L is an ideal and |L| is infinite.

Example 1.109: Let

a, a, a, a,
a5 a6 a7 a8 .

W= a;e [0,16); 1<i1<16, +, X,}
a, a a, a

be the MOD real interval pseudo ring.

W is commutative and is of infinite order.

€ W acts as the identity of W.

—_— = e
—_— = = =
—_— = = =
e S -

W is pseudo ring with identity. W has ideal of infinite order.

None of the pseudo subrings of finite order of W is an ideal
of W.

Now if X, the natural product is replaced by the usual
product then W is a non commutative MOD real interval pseudo

ring.
1 0 0 O
01 00 ) .
Iyxa= acts as the identity of W.
0 010
0 0 0 1
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Example 1.110: Let
M = {(ay, a, a3, a4, a5, a¢) | a; € [0, 16); 1 <i<6, +, ¥}
be the MOD real modulo integer interval pseudo ring.

M is a commutative pseudo ring with Id = (1, 1, 1, 1, 1, 1).
M has zero divisors.

M has ideals all of which are of infinite order. M has
subrings of finite order which are not ideals of M.

All ideals of M are of infinite order.

Example 1.111: Let

a, € [0,43); 1 <i<6; +, X,}

be the MOD real integer interval pseudo ring which is
commutative and has no identity.

V has pseudo ideals of infinite order.

a,

a; € [0,43),+,%, } c Visanideal of V.

S O O O O
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V is of infinite order. V has ¢C; + ¢C, + ¢Cs + ¢C4 + ¢Cs are
all ideals of V.

Similarly V has ¢C; + ¢C; + ¢Cs + ¢C4 + ¢Cs + 6Cs number of
subrings.

Example 1.112: Let

a, a, a;
M=<la, a; a,||ae]l0, 13);+ X,}
a; 3z 4

be the MOD real interval pseudo ring. M has infinite number of
zero divisors.

Only M has finite MOD subrings which are not ideals. M has
ideals of infinite order given by

a, 00

P,=3/0 0 0}|a el0,13);+ X,},
0 00
0 a, O

P,=4/0 0 a, € [0, 13), +, X, }
0 0

and so on all are pseudo ideals of M.

oo
w

az € [0, 13), +, X,}, ...,

)

(98]

|
oS O O
oS O O
o O
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0

P9 = 0

a,

P, . .s=1|a,

Ky

and so on.

1 a,
PZ, L,9= a, as
a; ag

0 O

0 O || aye [0,13),+ X,}, ...,

0 a,

a, a,

a; ag || € [0,13); 1<i<8, +,X%,}

a || ae [0,13);2<1<9, 4, X,}

a9

are all pseudo ideals of M.

Thus M has ¢C; + ¢C, + ¢C5 + ... + ¢Cg number of pseudo
ideals all of them are of infinite order.

Example 1.113: Let

L={(a,a,...,a0) | ae [0, 15 P=11<i<6, +, x}

be the MOD neutrosophic interval pseudo ring of infinite order.

L has infinite number of zero divisors.

L has finite subrings and they are not ideals. L has infinite
order pseudo subrings which are ideals.

M, = {(a,, 0, ...

M, = {(0, a,, 0,

;0)la; € [0, I5)L, +, X},

L] 0) | Q€ [07 IS)L +, X}7

M3 = {(09 07 as, 07 09 O) | a3 € [07 15)17 +, X}, sy
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MI,Z,...,S = {(ab sz, 43, d4, As, O) | a; € [07 15)1; 1 SIS 5}7 ceey

M27 3, ..., 6= {(07 a, a3, 44, as, a6) | a; € [07 15)1; 2 S 1 S 67 +9
x} are all pseudo subrings which are all pseudo ideals of L.

Example 1.114: Let
o]

M={|a,||ae[0,160);P=11<i<5;+ X,}

Las |

be the MOD neutrosophic interval pseudo ring. M has infinite
number of zero divisors.

M has sC; + sC, + sC; + sC4 number of MOD neutrosophic
interval pseudo ideals.

Example 1.115: Let

a2 2 .
M= /|| €0, 14LP=L1<i<8, + X,}

ag

be the MOD neutrosophic interval pseudo ring. M has infinite
number of zero divisors.

M has finite number of finite subrings. M has pseudo ideals
of infinite order.

All pseudo ideals can only be of infinite order.

Example 1.116: Let
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a, a, 4,
P=1{la, a, a || a€[0,15P=1L1<i<9;+,x,}
a7 a8 a9

be the MOD neutrosophic interval pseudo ring. P has infinite
number of zero divisors.

P has subrings of finite order which are not ideals. All
pseudo ideals of P are of infinite order.

Example 1.117: Let

ae [0, 10LF=L1<i<15,+ X,)

be the MOD neutrosophic interval pseudo ring.

M has infinite number of zero divisors. M has finite number
of idempotents and so on.

Example 1.118: Let
B= {(aly Ay, a3, A4, As, a6) | a; € [07 10)g7 gz = Oa 1<i< 69 +, X}
be the MOD dual number interval ring.

Clearly these rings are zero square rings so the distributive
law is true. |B| = oo.

B has ideals of finite order. B has infinite number of ideals.



78 | Multidimensional MOD Planes

B also has infinite number of subrings all of which are only
ideals.

Example 1.119: Let

M= 3la, || ae[0,40)g, & =0; 1 <i<7, +,X%,}

be the MOD dual number interval ring which is not pseudo.

M has infinite number of ideals both of finite and infinite
order. M is a zero square ring.

Example 1.120: Let

al a2 alO

2 .

M=4|a,, a, .. a,||l ael0,12)g,g =0;
a4y Ay a3

1<1<30, +, X,}
be the MOD dual number ring which is not pseudo.

Every subset of M with zero matrix is again an ideal as well
as subring.

In view of all these we have the following theorem.
THEOREM 1.3: Let S = (A = (my) [m; € [0, m)g; & = 0;

Il <i<nandl <j <s, +, X,} be an xs matrix MOD dual
number ring.
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i. Sisazerosquare ring.

ii. All subsets P which are groups under + are
subrings as well as ideals.

iti. S has infinite number of ideals.

iv. All subrings of S are ideals of S.

Proof. Follows from the fact S is a zero square ring.

Now we proceed on to describe the MOD special dual like

number pseudo ring by examples.

Example 1.121: Let

M= {(a, ...,a) |ae [0, 12)h, h>=h; 1 <i<7, + X}

be the MOD special dual like number interval pseudo ring. M is
of infinite order.

M has infinite number of zero divisors.

M has subrings of finite order which are not ideals. M has

pseudo ideals which are of infinite order.

on.

LetP, = {(a;, 0, ...,0) | a; € [0, 12)h, h*=h, +, X},
P, ={(0, a0, ..., 0) | a, € [0, 12)h; h* = h, +, X},

P;={(0,0,a30, ...,0) | a; € [0, 12)h, h* = h, +, X} and s0

P7:{(07 07'-'709 a’7)|a'7E [07 12)h7 h2=h7 X,+},
P1,2: {(a17 s, 07 '-'90)|a17 a € [07 12)h; h2=h9 +9 X}, seey
P1,7 = {(a17 07 07 07 07 07 a7) | a;, a7 € [07 12)h; h2 = hv +7 X}7

Pi>3={(a;, a,a30,...,0)|a;, ay, a3 € [0, 12)h;
h?=h, + x}, ...,
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Pl,6,7 = {(ab 07 seey 07 ag, a7) | aj, dg, A7 € [09 12)h;
h*=h, +, x} and so on.

PS, 6,7 = {(09 07 07 07 as, de, a7) | as, dg, A7 € [09 12)h7
h?=h, +, x},

Pl,2, 3,4 = {(alv a, a3, A4, 07 07 O) | a; € [07 12)h7
h*=h, +,x; 1 <i<4)}

and so on are all pseudo subsemirings which are also pseudo
ideals of M.

M has at least 5;C; + ;C, + ... + 7;C;) number of finite
subrings which are not ideals of M. M has at least ,C; + ;,C, +
... + 7C¢ number of pseudo subrings of infinite order which are
ideals.

Infact M has more than ,C; + ,C, + ... + 7Cs number of
pseudo infinite subsemirings which are not ideals of M.

Example 1.122: Let

ae [0, 17)h,h*=h, 1 <i<6, +, %,}

be the MOD special dual like number interval pseudo rings. B
has infinite number of zero divisors.

B also has finite number of finite order subrings which are
not ideals.
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M, ={| . | |a, € Z;sh,h> = h, +, x,} is only a subring of
finite order and not an ideal.
al

0
My={| . | |a; € [0, 17)h, h* = h, +, X,}

is pseudo subsemiring as well as pseudo ideal of B.

LetT;={| 0 | |a € Zshand a, € [0, 17)h, h® = h, +, X,}

be the MOD pseudo subsemiring of B of infinite order.

Clearly T, is not an ideal. So B has many pseudo
subsemirings of infinite order which are not ideals of B.

Example 1.123: Let

a, a, a;
D=<|a, a, a,|lae[0,12h h’=h,1<i<9,+ x,}
a7 a8 a9

be the MOD special dual like number pseudo interval ring of
infinite order.
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D has pseudo ideals all of which are of infinite order.
D has subrings which are not ideals of finite order.

D has infinite pseudo subrings which are not ideals.

a, 0 0
M;={|0 0 O]]a e[0,12)h h*=h,+ x,}
0 0 0

is a pseudo subring which is also an ideal of D.

a, 0 O
Mo={[0 0 0] |a € Zph;h’=h, + X,}
0 0 0

is a subring which is not a pseudo ideal and M, is of finite order.

a a, 0
M;={|0 0 O0|]|a € Zph ae [0, 12)h;h*=h, +, X,}
0 0 0

is a pseudo subring. But Mj; is not a pseudo ideal only a pseudo
subring.

Infact D has many infinite order pseudo subrings which are
not pseudo ideals.

However all matrix MOD special dual like number interval
pseudo rings has MOD pseudo ideals all of them are of infinite
order but has finite subrings as well as infinite order pseudo
subrings which are not pseudo ideals.

Next we wish to state a MOD special dual like number
interval pseudo ring is a Smarandache ring if Z,I (Zir or Z,k or
Z,h) is a Smarandache ring.
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This is true for all MOD pseudo rings except the MOD special
dual number interval ring.

R = {[0, m)g, g* = 0, +, X} for they are in the first place not
pseudo ring for they satisfy the distributive law and secondly
they are such that ab = 0 for any a, b € [0, m)g that is R is a
Zero square ring.

Finally we just give a few illustrations of MOD special quasi
dual number interval pseudo rings.

B = {[0, m)k | K’ = (m — Dk, +, x}.
Example 1.124: Let
B = {(x1, X2, X3) | X € [0, 9)k, K’ =8k, 1 €i<3, +, X}
be the MOD special quasi dual number pseudo ring.

B has zero divisors. Clearly (8k, 8k, 8k) acts as the identity
of matrix ring with entries from Zok.

For if x = (3k, 5k, 7k) € B
X X (8K, 8k, 8k) = (24 x k%, 40k’, 56k°)
= (6 x 8k, 4 x 8k, 2 x 8k)
= (3k, 5k, 7k)
=x € B.

Thus we see for B contains both subrings of finite order as well
as infinite pseudo subrings which are pseudo ideals.

However P = {(x1, X,, 0) | X; € Zok and x, € [0, 9)k, +, X} is
only a pseudo subring of infinite order but is not an ideal.
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For if A =(0.2k, 0.9k, 6k) € P then for x = (7k, 0.8k, 0) € P.
Ax = (0.2k, 0.9k, 6k) x (7k, 0.8k, 0)
=(1.4x 8k, 0.72k x 8, 0)
=(2.2k, 5.76k, 0) ¢ P.
Thus P is only a pseudo subring and not an ideal of B.

Hence there are pseudo infinite subrings which are not
pseudo ideals.

Example 1.125: Let

a;
az )
M= { : | a; € [0, 14)k, k™ = 13k, +, X,}

ag

be the MOD special quasi dual number interval pseudo ring. M
has zero divisors.

Finding idempotents is a difficult task.
M has at least 2(¢C; + ... + ¢C¢) number of finite subrings
and has at least 4C; + ¢C, + ... + 4Cs number of infinite subrings

which are ideals.

M has many infinite order subrings which are not ideals.
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For instance

a;

as

P={ | a; € [0, 14)k, a, € Z4;k and a3 € {0, 7k},

+7 Xn} QM

is an infinite pseudo subring of M but is not a pseudo ideal of
M.

0.3k | [0.115k |
2.5k 8k
) 0.5k 7k
Forif T = e Mand S = e P.

0 0

0 0
— O - . 0 -

[0.3k | [0.115k]  [0.0345x13k |
2.5k 8k 6x13k
0.5k 7k 7k

Clearly T %, S = X =
0 0 0
0 0 0
| 0 | L0 | [ 0 ]
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[0.4485k |
8k
3.5k

Hence P is only a pseudo subsemiring and not an ideal of M.

Example 1.126: Let

a, a, a,
W=1<la, a, a,||lael0,27)k Kk =26k, 1<i<9,+, x}
a; ag 4y

be a MOD non commutative special quasi dual number interval
pseudo ring.

W has zero divisors, units and idempotents. W has both
finite and infinite order subrings.

Infact W has right ideals which are not left ideals and vice
versa.

However W with ‘X, the natural product is commutative.

Example 1.127: Let

a, a, a, a, as; a, a,
W=14lay a, a, a, a, a; a,
A5 A Ay A Ay Ay Ay

a € [0,40)k, k* = 39k, +; X, 1 <i<21}
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be the MOD special quasi dual number matrix interval pseudo
ring.

W has several subrings of finite order which are not pseudo.

W has several pseudo subrings of infinite order which are
not ideals.

W has at least ,;C; + 2;C, + ... + 5;Cy number of pseudo
subrings of infinite order which are ideals of W.

Study of these happens to be an interesting problem.

However we leave the following as an open conjecture.
Conjecture 1.3: Let W = {s X t matrices with entries from
[0, m)k, K = (m — 1)k, +, X,} be the MOD special quasi dual

number interval pseudo ring of matrices.

i. Can W has idempotents where the entries are from
[0, m)k\ {0}?

ii. Can W have S—idempotents?

Example 1.128: Let

0o
a3 a4
a5 ag

S=1la, ag||ae [0, 15k k> =14k, +, x,, | <i< 14}
a9 al()
all alz
_a13 al4

be the MOD special quasi dual number interval matrix pseudo
ring.
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14k 14k |
14k 14k
14k 14k
Id = |14k 14k | acts as the unit for a section of the set S.
14k 14k
14k 14k
|14k 14k |
[ 0.5k 11.2k |
5.3k 4.5k
3.1k 5.7k
For take A=| 6.8k 7.5k | € S.
9k 8.3k
12k 13.1k
| 142k 14k |
[0.5k 11.2k|  [14k 14K]|
5.3k 4.5k 14k 14k
3.1k 5.7k 14k 14k
Ax,Ild=| 6.8k 7.5k | X, |14k 14k
9k 8.3k 14k 14k
12k 13.1k 14k 14k
142k 14k | | 14k 14k |
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[ 7x14k  6.8x14k | [ 8k  5.2k|
142x14k 3 x14k 3.8k 12k
13.4x14k 4.8x14k 7.6k 7.2k
=|52x14k 14x7k | =128k 8k |#A.
6x14k  11.2x14k 9%k 6.8k
3x14k 3.4 x14k 12k 2.8k
| 3.8 x 14k 14k | [82k 14k |

However Id acts as the identity for a finite subring of S given by

al a2
a a

P={| > '|lae Zsk K =14k, 1 <i< 14, +, x,}.
a3 ay

So we can call Id as the restricted non pseudo identity of S.

Example 1.129: Let

al a4 a7 alO
2
B=4la, a; a; a, || ae[0,17)k k" =16k,
a3 3 dy Ay

1<i<12, +, X,}

be the MOD special quasi dual number interval matrix pseudo
ring of infinite order.

B has zero divisors. B has no unit.
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However B has subrings of finite order which are not
pseudo.

B has at least ,C; + ... + ,Cj, number finite subrings
which are not pseudo.

Study of these pseudo rings is innovative.
Finding idempotents happens to be a challenging problem.

Several problems are suggested in the last chapter of this
book.



Chapter Two

PROPERTIES OF MOD INTERVAL
TRANSFORMATION OF VARYING TYPES

In this chapter we describe the MOD intervals of different
types. In the first place any interval that has the capacity to
represent the real line (—oo, o) will be known as the MOD real
interval. Infact there are several such different types of MOD
intervals like MOD complex modulo integer interval, MOD
neutrosophic interval, MOD dual number interval, MOD special
dual like number interval and MOD special quasi dual number
interval.

These intervals for a given interval are infinitely many.
Each of these will be represented by examples as well as by the
MOD theory behind it.

For MOD theory in general makes the infinite real number
continuum (—oo, o) into a MOD semi open interval [0, m);
1<m< oo

For we see such MOD real semi open intervals which
represent the real line (—oo, o0) are infinite in number for m takes
all values in Z" \ {oo}.
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Hence we define the notion of MOD real interval
transformation. I; : (=00, 00) — [0, m).

In the first place MOD real interval transformation maps
infinite number of points on to a singleton point.

This is done by the MOD real interval transformation
periodically.

This is represented by the following example.

For instance [0, 12) be the semi open interval.

M (=00, 00) — [0, 12) is defined as follows:

M (12) =0,
M (24)=0,
T]i (36) = 0 and so on.

M (12.7)=07,
M, (24.7) = 0.7 and so on.

Thus periodically these are mapped on a fixed point.
Likewise T (6.9) = 6.9,
M (18.9) = 6.9,

Tﬁ (30.9) = 6.9 and so on.

This is the way infinite number of periodic points are mapped
on to a single point.
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Let M: (=0, %) — [0, 7)
M @H=0="14)="MQ2I)=...

M (9.8) =2.8, M;(16.8) = 2.8 and so on.

Throughout our discussions in this book a interval [0, m)
1 < m < o is nothing but the MOD interval of real interval

(_Oo’ oo)

Since it is a open interval we demand out MOD interval to be
semi open interval.

Further if X € (—e0, o0) the MOD real interval transformation

If.l : (=00, 00) — [0, m) is defined as

X if 0<x<m
0 if x=tm
I oy = r
q(X) =T i x—s+;
m-—x if x is negative less than m
. . . t
m—t if X is negative and X =n + —
m

This is the way MOD interval transformation is defined.
We will just illustrate this situation by an example or two.

Example 2.1: Let [0, 9) be the MOD interval.
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I,r.l: (=00, 0) — [0, 9) is defined for these number in the

following.

I} (6.03371) = 6.03371
I} (27.6215) = 0.6215
I} (-216.824) = 8.176
I} (-7.321) = 1.679

Thus I:] i (=00, 0) — [0, 9). It is important to note that in

general there are infinite number of points in (—ee, o) which is
mapped onto the interval [0, 9) as this interval can represent
(—o0, o) we choose to call this interval as MOD interval.

Another advantage is that we have infinitely many MOD
intervals.

Infact the interval [0, 1] a fuzzy interval will be called as the
fuzzy MOD interval if we take the semi open interval [0, 1). The
main reason for using [0, m); 1 <m < co.

The main advantage of using MOD interval is that we have
infinitely many MOD intervals and as per the need of the
problem one can choose any of the intervals.

This flexibility is not true in case of (—oo, o) for we have
one and only one real line.

Further any entry in (-0, o) can be easily and precisely
represented in the MOD interval [0, m).
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Further all points in (—eo, o) which are mapped onto the
same point of [0, m) will be called as equally represented points
or similarly represented points or as points which enjoy the
same MOD status.

So these points will be MOD similar in the MOD interval [0,
m).

We will describe them by an example or two. So we have
by this transformation converted infinite number of points to a
single point by clearly stating these points enjoy the same MOD
status or they are similar on the MOD interval.

Such study is not only new but is innovative; so the infinite
line (—oo, o) is mapped to infinite continuum [0, m) without
much losing the property of the line.

We see any practical problem will have its solution only to
be finite so it is infact a waste to work with the infinite line

(—oo’ oo)

Further it is pertinent that most of the values which are
accepted are only positive values; this also pertains to practical
problems.

So in this MOD intervals [0, m); 1 < m < o we see no
negative solution is possible. So we see there are several
advantages of using these MOD intervals.

They are more practical, periodic and feasible apart from
saving one from working on a very large interval (—oo, o).

Further as there are infinite number of MOD intervals one
can choose any appropriate one which is needed.

Certainly use of these MOD intervals can save both time and
economy.
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Further they are highly recommended for storage because of
the periodicity they enjoy and the compactness of these intervals
as well as better security.

Thus [0, m); these real MOD intervals is the best alternative
replacement for the real interval (—oo, o).

The advantages of using them are:

ii.

iil.

1v.

There are many such MOD real intervals so one has
more choice.

Periodic elements which are infinite in number are
mapped onto single element. This condenses the
interval very largely.

Since the negative part of the interval has no place in
practical and real world problems we think use of MOD
real intervals will be a boon to any researchers.

Certainly use of MOD intervals in the storage systems
will save certainly time and money and give more
security.

It is time a change should take place in the world ruled
by MOD technology so these visualization or a
realization of the real interval (—eo, ) by [0, m) for 1 <
m < oo is nothing but MODnizing the interval and
appropriate m can be chosen depending on the problem
and its need.

We will supply a few examples of them before we proceed
onto define other types of MOD intervals.

Example 2.2: Let [0, 8) be the MOD real interval the real MOD
interval transformation.

[ (—e0, 00) = [0, 8)



Properties of MOD Interval ...

I} (6.8)=6.8,
I (16) = 0,
I} (29.3)=5.3,

[L (-5.2)=2.8 and

=

I, (-19.8)=4.2.

Thus all 8m (m € Z) are mapped by Lr] to zero of the MOD

interval.

Infact [0, 8) is an interval which represent every element of

(—oo’ oo)

However we cannot say given a x € [0, 8) can we find
uniquely the corresponding element in (—oo, o).

Infact we can only give periodic values of the
corresponding x which are infinite in number.

We have at present no method or means to fix the preimage
of x € [0, 8) to a unique element in (—oo, o).

This is true for any [0, m); 1 £ m < oo. However when one
has ventured to work out with a particular value of m one knows
the actual transformations which are important to them.

As invariably practical problems do not need the negative
part of the real line one can to some extent fix the periodic
repeating values of (—eo, c0) mapped to a single value in [0, m).

| 97
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Finally as the concept of negative numbers happens to be a
very difficult one for the understanding of small children the
replacement of (—oo, o0) by [0, m) may be a boon to them.

Such a paradigm of shift can benefit the education system.

Example 2.3: Let [0, 11) be the MOD real interval of (—co, ) got
by the MOD real interval transformation.

I} : (o0, 00) = [0, 11)
by I <7)=4, I, (10)=10, I} (-18)=4=1I, (-7)=

L[ @=1, 15=1I 26)= I, (-29) and so on.

Now having seen the new notion of MOD real interval we
now proceed onto define MOD complex interval.

For this interval (—ooi, o) is defined as the complex interval
and i* =—1.

Now we call [0, mig) to be the complex MOD modulo

. . %)
integer interval. 2<m <o and 1z =m-1.

Clearly [0, 3ip) = {air| a € [0, 3); i}Z: =2} is a complex MOD
modulo integer interval.

[0, 6ig) = {aig | a € [0, 6); 112: = 5} is again a complex MOD
modulo integer interval.

We have infinitely many such complex MOD modulo integer
intervals.
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Now we denote by I; the MOD complex transformation of

(—ooi, o) — [0, mig); ip=m— 1 and i’ =—1.

For easy and simple understanding we will first illustrate
this situation by some examples.

Example 2.4: Let If] 2 (—ooi, oo1) —[0, 12ig) be the MOD complex

modulo integer interval transformation.

Define If] (25i) = if. Clearly If] (i) = i in all MOD complex

modulo integer interval transformations.

[}, (-49.8i) = (10.2ip).
I (12 =0, I} (-48) =0,

I; (~1.81) = 10.2if and so on.

It is clearly seen more than one point is mapped onto the
same point.

Infact we have infinitely many such points in (—oei, ooi)
which are mapped onto the same point in [0, miF).

Thus the MOD complex interval transformation If] also

maps periodically infinitely many points in (—oei, ooi) into single
point in [0, mig).

Example 2.5: Let I; 1 (—o0i, o0i) — [0, 14ig) be the MOD complex

interval transformation.

I} (13.8i) = 13.8ir, I} (24.7) = 107,



100 | Multidimensional MOD Planes

If (-14.3) = 13.7ip and I (-27.8) = 0.2ig.

This is the way MOD complex interval transformation is
carried out.

Example 2.6: Let I; 1 (—o0i, coi) — [0, 23ig) is the MOD complex

interval transformation.

Define I (42.8) = 19.8is
1§ (14.3840) = 14.384ip.

I§, (-10.75i) = 12.25ir and so on.

Thus MOD complex interval transformation.

Next we will proceed onto define other intervals before we
give some properties enjoyed by [0, mig).

i. The MOD interval complex modular transformation
maps infinite number of elements in (—ooi, ooi) to a
single elements in [0, mig). Infact this occurs
periodically.

However we do not have a unique means of retrieving
the preimages of elements in [0, miF).

ii. The MOD interval reduces the problem of leaving (—osi,
0) and making [0, o~i) onto a infinite interval but small
interval depending on m. This is compact that is why
we choose to define this as MOD complex modulo
integer interval.



Properties of MOD Interval ... | 101

iii. Another interesting feature about MOD complex
modular integer interval is that we have infinite number
of such intervals like [0, mig), 2 <m < co.

iv. The infinite number of MOD complex modulo integer
intervals will help in working in better adaptation for an

appropriate [0, mig) can be done i}Z: =m-1,2<m< oo,

Next we define the notion of MOD neutrosophic intervals
[0, mI) where I’ = 0; 2 <m < 0.

Clearly (—oei, o=i) is the neutrosophic real interval.

We call [0, ml) as the MOD neutrosophic interval where
1<m<oo,

We will first illustrate this situation by examples.

Example 2.7: Let [0, 5I) be the MOD neutrosophic interval
[0,5D) ={al|a€e [0,5)}.

Clearly [0, 5I) is of infinite order yet compact called as the
MOD neutrosophic interval.

Example 2.8: Let [0, 7I) be the MOD neutrosophic interval
[0,7)={al]a€e [0,7)}.

Clearly [0, 7I) is of infinite order yet compact called as the
MOD neutrosophic interval.

Example 2.9: Let [0, 20]) = {al | a € [0, 20)} be the MOD
neutrosophic interval.

Now we show how the MOD neutrosophic interval
transformation I; from (—o<l, o) to [0, mI); 1 £ m < o is
defined.
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I
L[H=L
First we will illustrate this situation by some examples.

Example 2.10: Let [0, 6I) be the MOD neutrosophic interval.

Define If] : (—ool, ool) — [0, 6I) as follows:
I, (8D =2,
L, (3.7D) =371,

I (-5D=L

—

I} (27.3421) = 3.3421,

—

I} (~14.451) = 3.55,

If] (—42.71) = 5.31 and so on.

This is the way the MOD neutrosophic interval
transformation is carried out.

Example 2.11: Let [0, 10]) be the MOD neutrosophic interval.

Define I}, : (oI, woI) — [0, 10I) as follows:
I, (15.7231) = 5.7231
[}, (-24.621) = 5.381

I, (401) = 0, I} (~40D) =0,
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I, (2501) = 0, I, (-470D) =0,

I, (-7.51) = 2.51, I} (-221) = 8L and so on.
Example 2.12: Let [0, 13]) be the MOD neutrosophic interval.

Letly: (~ool, ol) — [0, 13]) define I (4.3) = 4.3L
I, (16.5D) = 3.5L, I} (-19.7D) = 6.3L, I} (-4.321) = 8.681 and so

on.

Infact infinite number of points in (—eel, coI) is mapped onto
a single point in [0, 13I).

Example 2.13: Let [0, 4]) be the MOD neutrosophic interval
I; : (—ool, ool) — [0, 4I) is defined as follows:

I, (10.341) = 2.341, I} (-10.341) = L.66L, I, (48.3D) = 0.3L,

I}, (~48.31) = 3.7 and so on.

It can be easily verified that infinite number of elements in
(—ool, ool) into a single element of [0, 41).

Now having seen the definitions of MOD neutrosophic
intervals and MOD neutrosophic interval transformations we
now proceed onto enumerate a few of its properties associated
with them.

1. The real neutrosophic interval (—ool, o) is unique but
however we have infinite number of MOD neutrosophic
intervals.
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ii. However this flexibility of choosing from the infinite
number of MOD neutrosophic intervals helps one to
choose the appropriate one.

iii. Further instead of working with the large (—ool, ool)
interval we can work with a compact small MOD
neutrosophic interval.

iv. This use of MOD neutrosophic interval
[0, mI) 1 < m < o can make one save (—ool, 0) for
negative numbers are very difficult.

v. Infact the MOD neutrosophic interval transformation
maps infinite number of elements into the interval
[0, ml); 1 <m < oo,

Next we proceed onto define, describe and develop the
notion of MOD dual number intervals. Consider the dual number
interval (—oog, cog) where g° = 0.

The MOD dual number interval
[0, mg) = {ag | a €[0, m); g2 =0}; 1 £m < oo are infinite in
number.

We will first illustrate this situation by some examples.

Example 2.14: Let [0, 5g) = {ag|a € [0, 5), g2 =0} be the MOD
dual number interval.

Example 2.15: Let [0, 6g) = {ag|a € [0, 6); g2 =0} be the MOD
dual number interval.

Example 2.16: Let [0, 12g) = {ag | a € [0, 12), g2 = 0} be the
MOD dual number interval.

We will show how the MOD dual number interval is mapped
onto dual number interval

(—oog, oog) = {ag | a € (—o0, ); g2 = O}
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We define the MOD dual number transformation Iﬁ from
(—oog, 0g) — [0, mg) as follows:

I3 : (oog, eog) — [0, 15g) is defined by I (g) = g.

I (19.6g) = 4.6g, I (-10.7g) = 4.3g, I} (17.82¢) = 2.82¢,
I} (-48.37g) = 11.63g, I (15g) = 0, I} (30g) = 0, I} (60g) = 0

and so on.

I} (34.6g) = 4.6g, I} (49.69) = 4.6g, I} (64.6g) = 4.6g and

SO on.

This is the way the MOD dual number transformation is
defined.

Example 2.17: Let Ifl : (—oog, o0g) — [0, 12g).
I, (13.79) = 1.7g, I} (20g) =8¢, I} (-52) =7¢g
m Lo & o ’
I; (10.2g) = 10.2g, I} (-30.7g) = 5.3g and so on.
Example 2.18: Define I?l : (—oog, c0g) — [0, 11g) by
I (1219 =0, It 229) =0, I} (-11g) = 0, I (—442) = 0
n > > > ?

I (66g) = 0, Iy (15g) = 4g, I} (26g) = 4g, I (37g) = 4g
and so on.

Example 2.19: Let Ii: (—oog, cog) — [0, 8g) be the MOD dual

number interval transformation.
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ID (4g) = 4g, I} (8g) = 0, I} (-6g) = 2g, I} (14g) = 6,
Ifl (~148g) = 4g, Iﬂ (19g) = 3g and so on.
Example 2.20: Let 1, : (—oog, cog) — [0, 53g) be defined by
I} (50g) = 50g, I} (0.38g) = 0.38¢, I (6.3g) = 6.3,
Iﬁ (-14g) = 39g and so on.
Ifl (106g) = 0. Thus infinite number of points in (—oog, cog)

is mapped onto a single point in the MOD dual number interval.

However for a point in [0, mg) we cannot uniquely get the
corresponding point in (—oog, cog).

This is one of the flexibility for we can choose an
appropriate one need as the expected solution of the problem.

Now having seen MOD dual number intervals [0, mg);
g’ =0; 1 <m < o we now proceed onto define special dual like
number MOD intervals.

We know the special dual like number interval is (—ooh, ooh)
where h* = h.

Now as in case of dual numbers we have infinite number of
special dual like number intervals
[0, mh); h*=hand 1 <m < oo

We will first illustrate this situation by some examples.

Example 2.21: Let [0, 8h); h® = h be the MOD special dual like
number interval.
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Example 2.22: Let [0, 12h); h® = h be the special MOD dual like
number interval.

Example 2.23: Let [0, 18h); h* = h be the special dual like MOD
number interval.

Infact we have infinitely many MOD special dual like
number intervals but only one special dual like number real
interval (~ooh, eh); h*=h.

Now as in case of other intervals we in case of MOD special

dual like number intervals also obtain MOD special dual like
number MOD interval transformation.

I': (—eoh, oh) — [0, mh); h* = h; here I} (h) = h.

We will first illustrate this situation by some examples.

Example 2.24: Let [0, 9h); h® = h be the MOD special dual like
interval.

I': (—eoh, oh) — [0, 9h) be defined as I} (h) = h.
I1(8.3h) = 8.3h, I} (9.34h) = 0.34h,

I (18.34h) = 0.34h, I} (-8.66h) = 0.34h and so on.

Infact infinitely many points in (—ech, ooh) are mapped onto
a single point in [0, mh), h>=h; 1 <m< oo,

Example 2.25: Let [0, 15h); h? = h be the MOD special dual like
number plane. Ij': (wooh, wh) — [0, 19h) is defined by

I} (25h) = 6h
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I} (25h) = 6h
I} (~10h) = 9h, I} (17h) = 17h and so on.

Thus periodically infinite number of points are mapped onto
the single point for instance (n19 + 0.558)h for varying —eo < n

< oo is mapped by I} ((n19 + 0.558)h) = 0.558h.

Thus these points (19n + 0.558)h for varying n; —eo < n < o0
are called as periodic points.

These periodic points are infinite and are mapped to 0.558h.

Likewise every point in (—eoh, ooh) is a point which is
periodic.

Infact if k is a decimal lying in (0, 1) then all (nm + k)h €
(—ooh, ooh) for n € Z are mapped by the MOD interval special
dual like number transformation into k.

We call the collection (nm + k)h € (—ooh, ooh) for a fixed k
in (0, 1) as the infinite periodic elements of (—ooh, ooh) which are

mapped by Iil into k € [0, mh).

Since the number of k’s in [0, 1) is infinite so we have
infinite number of periodic elements which are mapped into a
single element in [0, mh).

Thus at every stage we wish to call these MOD special dual
like intervals as they are small but non bounded in comparison
with (—ech, ooh).

Next we proceed onto the special quasi dual number real
interval (—sok, ook); k* = —k.

We see [0, mk); k> = (m — Dk. 1 < m < oo} is the MOD
special quasi dual number.
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Define I§! : (—ook, ook) — [0, mk) by
I (k) =k, I}* (mt.k) =0 forall te Z.

There are infinite number of elements in (—ook, ook) which is
mapped onto the zero element of [0, mk).

L9 ((mt + 1)k)

=1k € [0, mk); r € (0, m).

Consider [0, 6k); k* = 5k.

Define I} (15.032k) = 3.032k € [0, 6k).
I;% (-4.5k) = 1.5k, I} (27.05k) = 3.05k,
1% (7.5k) = 1.5k, I} (13.5k) = 1.5k,
I;% (25.5k) = 1.5k, I} (43.5k) = 1.5k and so on.
Let If]q 1 (—o0k, ook) — [0, 23k) functions as follows:
I} (40.3k) = 17.3k;
I39 (=3k) = 20k;
179 (43k) = 20k,

Iﬁq (66k) = 20k, we see several elements in (—ook, ook) onto a

single element of [0, 23k).



110 | Multidimensional MOD Planes

Thus all special quasi dual number interval transformation
If]q maps periodically infinite number of elements into a single

element in [0, mk).

Further we cannot as in case of other elements map
elements in [0, mk) into a single element in (—ook, ook). The
reverse transformation is not that easy.

Let [0, 10k); k> = 9k be the MOD special quasi dual number
interval. Let x = 8.009k € (—ook, «ok) we see

I} = 8.009k.

I1% (48.64k) = 8.64k, I} (0.98k) = 0.98K,
1% (-9.2k) = 0.8k,

I (12.53k) = 2.53k,

I} (-43.42K) = 6.58k and so on.

This is the way the MOD special quasi interval transformation is
carried out.

Example 2.26: Let [0, 12k); k* = 11k be the MOD special quasi
dual number interval.

Iﬁq . (—o0k, ook) — [0, 12Kk) is defined as follows:
1% (49.372k) = 1.372k, I} (10k) = 10k,

139 (<7k) = Sk and I," (-243.7k) = 8.3k.
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This is the way the MOD special quasi interval
transformation is carried out.

Infact we have infinitely many periodic elements in
(—ook, ook) mapped onto [0, 12k).

However the mapping of Tﬁq: [0, 12k) — (—ook, ook) is an

one to one embedding which we call as the trivial map.

If we map Tﬁq (x) = (12n + x)k for every x € [0, 12k) and

n € (—oo, o) then certainly it is not the usual map for in no place
an element from domain space is mapped onto infinite number
of elements in (—ook, cok) we can this as special pseudo map.

For if [0, 5k); k® = 4k is the special quasi dual number
interval then Tﬁq (x) = 5tk + x this is true for all x € [0, 5k);

t € (—oo, ).
For instance x = 4.5k is in [0, 5k) then
T\? (4.5k) = (St + 4.5k t € (~oo, o).
So for the first time we define such a map.
We see If]q Tﬁq = TT‘]iq 0 If]q =L
For instance if instead 1: (—oo, o) — [0, m) then
N, : [0, m) — (=0, e0) such that every x € [0, m) is mapped
onto mt + X, t € (—oo, ),

Ny ©M=n o n, =identity map.

Similarly for n, : (=e<l, eoI) — [0, mI) we have T' such that
T" [0, mI) — (—ool, col) with
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T'(x) = (mt + X); m € (o0, ) 50 X i mapped onto infinite
number of points.

However T' is not a map. Similarly for 1. we have T° and so
on.

These are not maps but a special type of pseudo functions
which maps a single point in [0, mig) into infinitely many
elements in (—oei, oo1).



Chapter Three

INTRODUCTION TO MOD PLANES

In this chapter we for the sake of completeness recall the
new notion of MOD planes introduced in [24]. This is done for
two reasons

(i) as the subject is very new and

(i) if they are recalled the reader can readily know those
concepts without any difficulty.

We just recall them in the following.

DEFINITION 3.1: Let R,(m) = {(a, b) [a, b € [0, m)}; we define
R,(m) as the MOD real plane built or using the interval [0, m).

We see the whole of the real plane R x R can be mapped
onto the real MOD plane R,(m).

This is done by the transformation 1: R X R— R,(m).
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(0,0) ifa=msandb=mt
t

0,t) ifa=ms and£=V+—
m m

e a u
by’l](a, b)= (u,O) lf;—S‘i‘; al’ldb—mr

. a T b S
(r,s) if —=t+—and—=u+—
m m m m

(a,b) ifa<mand b<m

The transformation m is such that several pair in R or
infinite number of pairs in R are mapped onto a single point in
R,(m).

We have called this as real MOD transformation of R XR to
R,(m).

We will illustrate this situation by some examples.

Example 3.1: Let R,(3) = {(a, b) | a, b € [0,3)} be the MOD
plane on the MOD interval [0,3).

Clearly if (23.7, 84.52) € R x R then by the MOD
transformation 1 : R — R,(3).

We get 1(23.7, 84.52) = (2.7, 0.52) € R,(3).
If x = (-5.37, 2.103) € R x R then n(x) = {(0.63, 2.103)}.

This is the way MOD transformation from the real plane
R X R to the MOD plane R,,(3) is carried out.

The MOD real plane on the MOD interval [0, 3) is as given
Figure 3.1.

Example 3.2: Let R, (8) = {(a, b) | a, b € [0, 8)} be the real or
Euclid MOD plane on the MOD interval [0, 8).
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(1,1.23)
[}

Figure 3.1

oo

(2,4.45)
[ ]

Figure 3.2
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Let x =(27.003, 4.092) € R x R.
Now the MOD transformation of x is as follows.

nx) = (3.003, 4.092) e R,(8).
We give the MOD plane R,(8) in Figure 3.2.

Example 3.3: Let R,(13) be the real MOD plane on the MOD
interval [0, 13).

Let us define 1 : R xR — R(13) by n1((18.021, 16.0079)) =
(5.021, 3.0079) e R, (13).

The MOD Euclid plane is as follows:
R e e e
127

117
10T

3T ©(5.021,3.0079)

e e e e e e - S e - - -

0 1 2 3 4 5 6 7 8 9 10 1
Figure 3.3

1 12 13

Example 3.4: Let R;(10) be the MOD real plane. Let 1 be a map
from R xR — R,(10).
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Take x = (98.503, -5.082) € R x R.

n(x) = (8.503, 4.918) € R,(10). n is a MOD real transformation.
Now for properties of MOD real or euclid planes refer [24].

Next we proceed onto recall the definition of the notion of
MOD complex plane and the MOD complex transformation from
C to Cy(m) defined by n.: C — C,(m) where

C.(m) = {a + big = (a, b) |ié =m-1,a,be [0, m)} is the
complex modulo integer MOD plane defined in [24].

Examples if them will be provided before the complex MOD
transformation is defined.

Example 3.5: Let C,(15) = {a + bir = (a, b), ii = 14} be the
MOD complex modulo integer plane.

Example 3.6: Let C,(13) = {a + bir = (a, b); ii = 12} be
another complex modulo MOD integer plane.

Example 3.7: Let C,(48) = {a + bir = (a, b); ii = 147} be a
complex modulo integer MOD plane.

It is important to keep on record that we have infinite
number of complex modulo integer planes, just like we have
infinite number of real or euclid MOD integer planes.

Now we just give the diagrammatic representation of them.

Example 3.8: Let C,(6) be the complex modulo MOD integer
plane given by Figure 3.4.

Example 3.9: Let C,(11) = {a + bir = (a, b); ié = 10} be the

complex finite modulo integer MOD plane.
This is given in Figure 3.5.
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114

101

21 ®(1.5.2)

Figure 3.5
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Example 3.10: Let C,(9) = {a + big = (a, b); i; = 8} be the

complex finite modulo integer MOD plane.

The graph or the MOD plane C,(9) is as follows:

51 ®(2.4)5)

[V Y8 ICURPRROUMRRPI TG0 U SRS R SR S S S S S I QSR O

Figure 3.6

Now we give a few illustrations of MOD complex modulo
integer transformation.

Let C,(16) = {a + bip = (a, b); iy = 15}.
Let x +iy =23.5+ 19.312i e C.

M. (1) = i is always fixed.
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Ne(x +1y) = (7.5, 3.312ip) = 7.5 + 3.312ire C,(16).
This is the way the MOD complex transformation is carried
Out.Let Xy +1y; =39.5 + 51.312ige C.
Ne (X1 +1yy) = 7.5 + 3.312ipe C,(16).

Thus both x + iy and x; + iy;€ C are mapped onto the same
point in C,(16); however both x + iy and x; + iy, are distinct.

Let Cy(7) = {a + bir = (a, b); ié = 6} be the complex
modulo integer MOD plane.

The plane is represented in the following:

3
! )
T »
[}
[}
[}
]
]
]
1
]
[}
[}
]
[}
[}

o 1 2 3 4 5 6
Figure 3.7

w
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Let (—40.331, 17.51) € C that is z=-40.331 + 17.5i
Ne (z) = (1.669, 3.5if) € C(7).
Let z; = x; +1y; = 28.0092 + 49.003
N (z;) = (0.0092, 0.003).
This is the way the MOD complex transformation is carried
o Let z; = X, + iy, = (Xp, ¥2); (40.0032, -15.312) € C.
Ne (22) = (5.0032, 5.688) = 5.0032 + 5.688ire Cy(7).

Next we give some examples of some more transformation.

Let C,(20) = {a + big a, b € [0, 20); ii = 19} be the MOD
complex finite modulo integer plane.

We show how MOD complex transformation 1. from C to
C,(20) is defined 1. : C — C,(20) defined in the way.

Letz=40+60ie C
N(2) = (0, 0).

Let z; =-68 + 70i € C; Nn(z)) = (12, 10) = 12 + 10ig.
Letz, =—48+5.32i € C.M.(z2) =(12,5.32) = 12 + 5.32ig
Let z; =-3.75-4.205i € C.
Ne (z3) = (16.25, 15.795) = 16.25 + 15.795ir € C,(20).
Letz,=6.853+7.432i e C.
Ne(z4) = 6.853 + 7.432ip € C,(20).

This is the way the MOD complex transformation takes
place.
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Now for more about MOD complex plane and MOD complex
transformation refer [24-5].

Next we proceed onto recall the notion of neutrosophic MOD
planes.

Ri(m)={a+blla,be R, ’=1a,be [0, m)} is the
neutrosophic MOD plane built using the interval [0,m).

For more about this refer [24-5].
However for the sake of self containment a few examples of

neutrosophic MOD planes and the MOD transformation will be
provided for the reader.

Example 3.11: Let R (5) = {a+bl| a, b e [0, 5), P =1} is the
MOD neutrosophic plane built on the MOD interval [0, 5).

I

®(3.1,2.7)

0 i > 5 7 5
Figure 3.8
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If x = 3.1 4+ 2.71 then X in the above plane is marked.

Example 3.12: Let R (10) = {a + bl a, b € [0, 10), I’ =1} be
the MOD real neutrosophic plane built on [0, 10).

The graphic representation is as follows.

Weplot x =93+ 2.7, y=5.7+ 3l and z = 6.8 + 4.6] in this
MOD plane.

1071

9,,

5t (6.8,4.6)
®

633) 9.3,2.7)

I I I I I (5 ’(\)) (6 ’0) (\9 ’O) I X;
1 2 3 4 5 6 7 8 9 10
Figure 3.9

Example 3.13: Let
R!(13)={a+bl|a,be [0,13), =1}

be the MOD neutrosophic plane built on [0, 13).
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Let us place the point
x=(5,5D=5+5Ly=105+3.1Tand z=2.7 + 4.21

in Figure 3.10.

Now having defined and illustrated by examples of MOD
neutrosophic planes we just show how the MOD neutrosophic
transformation is performed.

Example 3.14: Let
R! (10)={a+blla,be [0, 10), P =1}

be the MOD neutrosophic plane.

-

131
127
117

I

_
o
,

5) (5,5)
12) (2.742)

I

N

~ o~
DRSS
,

b1 (10.5,3.1)

—_
f
T

e 6o o aeky X
3 4 5 6 7 8 9 10 11 12 13
Figure 3.10
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Letni(Rul) — Ri (10) be defined as follows.

Let
x=2733+43421(RU)

M (x) = 7.33 + 3.421 = (7.33, 3.42) € R. (10).

Let
y=-4037+6234le(RU )

Mi(y) =9.63 +2.341 € R (10)

T is a MOD neutrosophic transformation of (R U I) to
R! (10). n; (I) = T always.
Consider
z=-20.37+42341e(RU])

M (z) =9.63 + 2.341 € R} (10).

This is the way operation is performed. Thus it is clear z
and y in the neutrosophic plane (R U I) are distinct but however

z and y are identical in the MOD neutrosophic plane R;(IO).
Thus infinite number of points in (R U I) are mapped onto a

single point in the MOD neutrosophic plane Ri (10). Thus m is a

many to one transformation from (R U I) to Rfl (10).

However the entire neutrosophic real plane is mapped onto
the one quadrant but infinite compact neutrosophic MOD plane.

Example 3.15: Let
Rl (7)={a+blla,be [0,7), =1}

be the MODneutrosophic plane on the MOD interval [0, 7).

Let
x=48+0.7Te{(R U ).
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Using the MOD transformation n; (R U I) — Rfl @)

M (4.8+0.7) =6 +0.71e R (7)

Let
y=-42+85[e(RUD;m; (y)=(0+15) e R (7).

Let
z=175+141e(RUI). M (z) =3.5+ 0l R} (7)
Let
v=-10.8-165Ie(RUT). N (v)=32+4.51e R (7)

This is the way the MOD neutrosophic transformation are
performed from (R U I) — Ri .

Example 3.16: Let Rfl (6) be the MOD neutrosophic plane on the

MOD interval [0, 6).
Let
x=12.7+30.51e(R U );

Mm:(RUI — R.(6)
M (12.7 +_30.5) = 0.7 + 0.51 € R (6).

Thus this MOD neutrosophic transformation can map and
will map infinite number of elements in (R U I) in Ri (6).

For

y=24.7+4251RuU])
is mapped by n; to 0.7 + 0.51.
Let

z=67+1251eRuUI)
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is mapped by 1 to 0.7 + 0.5 and so on.

Thus this MOD neutrosophic transformation 1; maps infinite
number of coordinates in (R U I) onto the MOD plane Rfl (m)
built on the MOD interval [0, m).

Thus this property will be exploited. Further the advantage
of using MOD neutrosophic plane is that instead of working on
the four quadrant of the usual real neutrosophic plane (R U I);
we can work on the single compact quadrant yet infinite.

The following figure suggest why the concept of MOD is
advantageous over (R U I).

1

Figure 3.11
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ml +

Neutrosophic plane built on (0, ml)

i 2

Figure 3.12
Now having seen the notion of MOD neutrosophic plane we
proceed onto describe and develop MOD dual number plane and
their generalizations.
We will illustrate this situation by some examples.
Example 3.17: Let
R.(5)(2) = {a+bgla,be [0,5) g =0}
be the MOD dual number plane built using the interval [0, 5).
R,(5)g = {(a, b) =a + bg}
is also another way of representing a MOD dual number plane.
The advantage of using MOD dual number plane is instead
of working with four quadrant we work compactly on only one

quadrant.

This is illustrated by the following graphs.
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R(g={a+bg=(a,b)|a,be R,g2=0}

is the real dual number plane which has four quadrants.

The work in this direction can be had from [24].

Further it is pertinent to keep on record that we can develop
this dual number plane easily to n dimensional dual number

plane.

However at this juncture we use only a two dimension

plane.

Figure 3.13
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mg -+
MoD dual number plane
R, (m) g
2,,
1_.
T -
Figure 3.14

Example 3.18: Let R(8)(g) = {a+bg=(a,b)|a,be [0,8), g2
=0} be the MOD dual number plane built on the interval [0, 8).

8t 8

L s s J

(.

| | | | 0 , X
1 2 3 4 s ‘ : '
Figure 3.15
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Next we proceed onto describe and develop these MOD dual
number planes and the MOD dual transformations from R(g) to

R,(m)(g).

Example 3.19: Let R (9)g be the dual number MOD plane. The
graph of the plane is given in Figure 3.16.

If x = 5.5 + 6g then it is plotted as above.

Example 3.20: Let R,(6)g be the MOD dual number plane built
using [0, 6).

The plane of R,(6)g and points in R,(6)g are given in the
Figure 3.17.

06) (5.5,6)

A L O S

Figure 3.16
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6l g

©ls) (5.15)

" $torsy (2548)

4,,

3,,

2,,

(0iD) 2.1
‘ Qo | . ‘ (5.1.0) X
1 2 7y 4 5 6

Figure 3.17

Letx; =25+4.8g,x,=5.1+5g,x3=g+2 € R(16).
The graph of them is as above.

Now having seen how the representation in the MOD dual
number plane looks we now proceed onto describe the MOD
dual number transformations 1 from R(g) to R,(m)g in the
following.

Recall
R(g)={a+bgla,be R, g®=0]}
and
R,(m)g = {a+bg|a, be [0, m), g2 =0}.

Let x = 13 + 24g € R(g) to find the point x in R,(9)g.

Ne(g) =g
and
Ne(g) = M) =Mg(13 +24g)
4+ 6g)
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= (4,6 € R
Letx; =18 +45g eR(g)
Ne(x1) = 0.
Letx, =-46 +29g € R(g)
Ne(x2) = (8, 2) =8 + 2g.
Let x; =-49.23 + 8.34g € R(g)
Ne(x3) = (4.77, 8.34) =4.77 + 8.34g e R\(g).
Now having seen the examples of MOD dual number planes
and the MOD dual number transformation we proceed onto

describe the MOD special dual like number planes.
For more about this concept please refer [24-5].

Ry(m)(h) or Ry(m)(g)) = {a+bgla,be [0,m), g =g}
is defined as the special MOD dual like number plane [17].

Infact with varying m; 1 < m < oo we have infinitely many
such planes. We will illustrate this by some examples.

Example 3.21: Let
R,(10)g; = {a + bg; = (a, b) |g12 =g, a,be [0, 10)}
be the MOD special dual like number plane.

Lety=3.5+7g and x=9.6 +2.7g,e R,(10)g.

The graph of its given below:
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Example 3.22: Let

Figure 3.18

10

Ri(IDg = {(@b)=a+bglabe [0, 11), g =g}

be the special dual like number MOD plane on the MOD interval
[0, 11).

Let

and

x=9.5+209g,
y=7.6+3.4g

z=18+5g, € R,(11)g;.

This graph is given below:
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Example 3.23: Let
Ry(12)g: = {(a,b)=a+bgila,be [0,12), g/ =g/}

be the special MOD dual like number plane.
We see we can fix or plot the given points on this plane.

Let
x=10.2 + 7.5g,,

y =8 + 6g;
and
z=4.3+2g, e R(12)g;.
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The graph is as follows:
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Next we proceed onto describe the MOD special dual like

number transformation.
M, : R(g) — Ry(m) g..
N, (g1) = g, forany a + bg;=x
M, (%)= (d, w).

a d b u
Here —=c+— and —=t+—
m m m m
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We will illustrate the various values of x = a + bg; in R(g)).

Let x = 14 + 12.9g,eR(g) to find the special quasi dual
MOD transformation n,, : R(g)) = R,(10)gs;

n,, x)=4+209g, € R\ (10)g,

Let
y=3+4.337g, € R(gy)
ng] (y) =3+ 4337g1 € RH(IO)gl
Let
z=24+229g,€ R(g))
n,, (z) =4 +2.9g, € R,(10)g;.
Let
u=32+16.34g, € R(g))
N (uw) =2 +6.34g, € R,(10)g;.
Let

v=34+429g,e R(g))
N, (v) =4 +29g, € Ry (10)g;.

We see x, z and v in R(g;) are mapped onto the same point
4 + 29g1

Let x = 19.72 + 4.331g, € R(g;) now to find where x is
mapped in the MOD special dual like number plane R,(5)g;.

M, (X) = (4.72,4.331) =472 + 4.331g, € R,(5)g1.

Let
y=14.72 + 14.331g, € R(g))

N, () =4.72+4.331g, € Ri(S)g:.
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We see x #y in R(g)) but n, (x) = 1, (¥).

Thus we see several points can be mapped onto single point.

Infact we have infinite number of points in the special dual
like number plane R(g;) mapped onto single point.

Thus the entire special dual like number plane R(g) is
mapped onto the MOD special dual like number plane R,(5)g;
that is the all elements from all the four quadrants of R(g;) is
mapped onto the R,(5)g; which is only a single quadrant MOD
plane.

Thus this MOD plane is not only considered compact but one

has a choice to choose any number and get the plane without
leaving a single point in the special dual like number plane

R(gy).

Further we have infinite number of such MOD special dual
like number planes.

Let us consider the MOD special dual like number plane
R,(12)g;.

Now we show how R(g) is transformed into R,(12)g; using
MOD special dual like number transformations

N, : R(21) = Ry(12)g;.

Let us consider the element x = 49.8 + 205.6g,eR(g)).
n, (&) =grand 1, (x)=1.8+ 1.6g,€R,(12)g,

N, ()= 1, (-10.6+72g) = 1.4 eR,(12)g

n,, (75.3 +108g)) = (3.3 + 0) =3.3 eRy(12)g:.
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M, (96 +84g) =0 eR,(12)g;.
M, (5.6663 +7.22215g,) = 5.6663 + 7.22215g,€ R,(12)g;.

This is the way MOD special dual like number
transformation is carried out from R(g;) onto R,(12)(g;).

Next we consider the special quasi dual number MOD planes
using the special quasi dual numbers.

Recall R(gy) = {a + bg,| a, b € R; g; = —g,} is defined as
the real special quasi dual number plane.

However R(g,) = {a+bg,=(a,b)|a,be R; gi =-g,}.

Now we proceed onto give the notion of special MOD quasi
dual number planes.

Ry(m)g; = {a+bgla, be [0,m), g5 =(m- g} = {(ab)
| a, b € [0, m); g; = (m - 1)g,} is defined as the special MOD
quasi dual number plane defined on the MOD interval [0, m).

We will first illustrate this situation by some examples.

Example 3.24: Let

R,(10)g, = {a+bg, = (a,b)|g5 =9, a, be [0, 10)}
be the MOD special quasi dual number plane built on the MOD

interval [0, 10).
Example 3.25: Let
Ru(7)g2= {a+bg, = (a,b) |a,be [0,7); g5 =6g,)

is the MOD special quasi dual number plane built on the MOD
interval [0, 7).



140 | Multidimensional MOD Planes

(0,.;.5) (2.4,3.5)

2.4,0)

! ! ! ! ! ! !
T T T T T T T

1 2 3 4 5 6 7

Figure 3.21
Example 3.26: Let
R.(12)g; = {a+bgy =(a,b)|a, b e [0, 12); gg =11g}

be the special MOD quasi dual number plane using the interval
[0, 12).

Letx=10+32gandy=5.5+11g, e R, (12)g,.

The graph of them is as follows:
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Example 3.27: Let

R.(18)g;= {a+bg, = (a,b) |a,be [0, 18); g5 = 17g,}

be the MOD special quasi dual number plane built on the interval
[0, 18).

We next proceed onto show how the MOD special quasi dual
number transformation from R(g,) to R,(m)g, is performed.

Let us take m = 18.
Supposen, : R(g) — Ry(m)g, we map 1, (g) = g

Now if x =49 + 106g, then N, (x) =13 + 16g,e R (m)g;.
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Lety=13 +34g,e R(gy)

N, (¥) =13 + 162, € Ry(m)g,.
Next let z=31 + 52g, € R(g,)
N, (z) =13 + 16g, € R, (m)g,.

Clearly x, y, z € R(g,) are all distinct, however
N, X)=m, ()=, (2) =13+ 16g.

Thus 1 the MOD special quasi dual number transformation
maps several elements onto a single element, infactmn, maps

infinite number of elements in R(g,) onto a single element in
Rn(m)gZ-

This is one of the vital properties enjoyed by MOD
transformations in general and MOD quasi special dual numbers
transformation in particular.

Now having seen all these planes and their structure we now
proceed onto define multi dimensional MOD planes of very
many type.



Chapter Four

HIGHER AND MIXED
MULTIDIMENSIONAL MOD PLANES

In this chapter we introduce the notion higher dimensional
MOD planes of different types. We have 6 types of different
higher or multidimensional planes apart from the infinite
number of mixed multidimensional planes.

We will define, describe and develop these new multi
structure planes in this chapter.

We know R" = {R X ... X R} is a n-dimensional real space;
R"={(a;, a3, ..., a,) |aje R; 1 <i<n}.

R" is a commutative ring with respect to + and X.

Similarly

C"={(C,,C,,...,C) | C; e Cthe complex planci=1, 2, 3, ...,
n} is the multi or n dimensional complex plane.
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x={(6+2i,-3+4i, ..., 10 + 5i)} be any specific element
in C" with usual + and x; C" is also a ring called the
multidimensional complex ring or space.

Likewise (R UI)™ = {(by, ...,by) |bje (RuUI) ={a+Dbl]|
aabe R:P= I} 1 £i<m} m e N is the multidimensional or
m—dimensional neutrosophic space.

Clearly (R U I))" under usual + and X is a ring.

Next [R(g)]° = {(a; + big, ..., a, + b,g) where a;, b; € R;
1 <i<p, g =0} is defined as the p-dimensional or
multidimensional dual number space; p € N.

[R(g)]" is a ring under usual + and X.

Now (R(h))' = {(a; + b;h, a, + bh, ..., a,+ bh) | a;, b; € R;
1 <i<t h? = h} is defined as the t-dimensional or
multidimensional special dual like number space, t € N.

Clearly (R(h))' under + and X is a ring.

R&)™ = {(a; + bk, ay + bk, ..., an + byk) | a;, bj € R;
1<i<mk*= (m — 1)k} is a multidimensional special quasi
dual number space.

(R(k))™ is a ring with respect to + and X.

We will first illustrate this situation by some examples.
Example 4.1: Let

R’={(a;, a, ..., as) where a; € R; 1 <i<5, +, X}

be a ring which is a multidimensional space.

x=(05,\3.-52, 7 .8) and



Higher and Mixed Multidimensional MOD Planes | 145

y=(43,-10.8, 11, /17 , 4.331) are elements of R.

x +yand x xy € R’ it is not difficult to verify.

Example 4.2: Let

C'={(@,a,....,a)|ae C;1<i<7, + X} be aring.
x = (0.5i, 8 + 3i, 4.5, 7, 0, 3i, —10 — 4i) and
y=(0,3i,2,4-2i,—7 + 14i, 10 - 2i,0) € C’

x+y=(0.5,8+6i,6—5i, 11 -2i, -7 + 141, 10 +1,
-10-41) and

xXy=(0,24i-9,8 - 10i, 28 — 14i,30i + 6, 0) € C’.

This is the way operations are performed on C’.

Example 4.3: Let
(RUI>4: {(a;, 2y, a3,a4) |a; € RUL 1<i<4, +, %}
be the multidimensional neutrosophic ring.
Letx=(5+2L-71,4,10-1) and
y=(0,8—41,-11+5I, -4I) e (RuUI)".
x+y=06+2L8-11L -7+ 51, 10 - 5I),
x Xy = (0,281, —44 + 201, -36I) € (R U I).

This is the way operations are performed on (R U I)*.
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Example 4.4: Let
(R(2))’ = {(a}, a, a3) | a; € R(), 1 <i<3, +, x}
be the multidimensional dual number ring.
Letx=(5-3g,-2+g,0)and
y=(4+2g5-g7+3g € R@@)"
x+y=09-g, 3,7 +3g).
x Xy =(20-2g,-10+7g, 0) € (R(g))’.

This is the way operations are performed.

Example 4.5: Let
[R(T = {(ay, a, ..., ag) | a; € R(h), h> =h; 1 <1< 6, +, X}
be multidimensional special dual like number ring.
Letx=(0,3 +h, 0,4 —-2h,0,-6 +h) and
y = (7 +8h, 0, 6 + 5h, 3h, 8 + 4h, 2) € (R(h))’.
x+y=(7+8h,3+h,6+5h,4+h,8+4h,—4 +h)and
xXy=(0,0,0,6h,0,-12 + 2h) € (R(h))°.
This is the way the operations + and X are carried out in
(R(h))"
Example 4.6: Let

(R(K))* = {(by, by, bs, bs) [ b€ R(K); 1 <i<4,k* =k, + X}
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be the multidimensional special quasi dual number plane.
Let x = (7 -k, 8 + 3k, 4k, -5 — 4k) and
y = (8k, 4 + 2k, 8 + 5k, 3k) € (R(k))".
x+y=(7+7k, 12 + 5k, 8 + 9k, -5 — k) and
X X y = (64k, 32 + 22k, 12k, 27k) € (R(k))".
This is the way operations are performed on (R(K))".

Next we proceed onto define mixed multidimensional
spaces.

We will first illustrate this situation by some examples.

Example 4.7: Let

RxCx(RUDXCxR(@={(ab,cde)|acR,b de C,
ce (Ruland ee R(g); g2=0,P=1Li=-1}=M;

M is defined as the mixed multidimensional space.
We see how ‘+” and ‘X’ operations are performed on M.
Let
x=(53-4i,-10+41,-2+1,3 +4g)
and
y=(2,6+3,3+1,4i,-2-g)e M.
x+y=3,9-1,-7+5L-2+5i,1+3g)e M
x Xy =(-10,30- 151, -30 + 61, -8i — 4, -6 — 12g) € M.

This is the way operations are performed on the mixed
multidimensional spaces.
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Example 4.8: Let
S=CxCxCxR(g)xR(g) xR(k) x (RuUI) = {(a), a, a3, as,
a, a7) |a € C; 1 £1<3, a4, as € R(g); g2 =0, ag € R(k) and
a,€e (RUD, =1k = -k +, x} be the mixed multi
dimensional space.
Now if
x=(3+4+21,7-1,4-1,2g+1,5g, 10k -4, 8 + 2I) and
y=(6-1,2i,5,4g,8g,3k,4) e S;
x+y=0@+i,7+1,1-1,6g+ 1,9g, 13k—4, 12 + 2) and

X Xy = (-16i + 15i, 14i + 2, =20 — 5i, 4g, 0, 42k, 32 + 8I)
e S.

This is the way operations are carried out on S.

Example 4.9: Let
N =R xR X R(k) X R(k) X R(h) x R(h) Xx R(g) x C = {(a, b, c, d,
e,f,g,h)|a,be R, c,de RKk), k*=—-k, e, fe R(h), h> =h,
g € R(g) g2=0 and h € C} be the mixed multidimensional
space.
Now if
x=(5,-2,3+8k,4-k,h-3,4h+ 1, 8g, 10 —1) and
y=(-7,8,5k,3+2k,h,4h+1,g, 10+1i) € N.
Xx+y=(-2,6,3+ 13k, 7 +k, 2h -3, 8h + 2, 9g, 20);

x Xy =(=35,-16, 25k, 12 + 7k, -2h, 1 + 24h, 101) € N.
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This is the way sum and product operations are performed

on the mixed multidimensional spaces.

Example 4.10: Let

B = {C xR XR(g) X CxXR(h) xR xC} = {(a, a, a3, a, s, a,
a7) | ay, a3, a7 € C, @, a6 € R, a3 € R(®); ¢ = 0, as € R(h);
h*=h, + %} be the mixed multidimensional space.

Clearly for x = (10 +1, 7, 8g + 2, 31, 5 + h, 3, 2 + 4i) and

y=@3,-1,5g,6+1,h,6,0) € B.

x+y=(13+1,6,13g+2,6+4i,5+2h, 9,2 +4i) and

x Xy =(30+3i,-7, 10g, 18i — 3, 6h, 18, 0) are in B.

This is the way operations are performed.

Now we can just define a mixed multidimensional space.
DEFINITION 4.1: Let M = {P; xP, x... XxP,} where P; € {C, R,
R(g), & = 0; R(h), ¥ = h; R(k); K = -k, R UI)}; 1 <i <n be
the mixed multidimensional space. M is a ring under usual +
and Xx.

Now it is important to note that all these mixed
multidimensional spaces are vector space of multidimension
over the reals R.

However they are in general not mixed multivector spaces
over (R U I), R(g), g* = 0; R(h); h* = h; R(k) = k* = —k and so
on.

Example 4.11: Let

M= {(RxR(g) x CxR(h)xC)|g*=0,h’>=h; +}
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be the mixed multidimensional vector space over R; however M
is not a mixed multidimensional vector spaces over R(g) or R(h)
or C.
Example 4.12: Let
M={(CxCxCx(Rul)x(Rul)xR(g)xR(h))
g=0,h*=h, =1 +)}

be a mixed multidimensional vector space over R.

M is not a mixed multidimensional vector space over C or
R(g) or R(h) or (R U I).
Example 4.13: Let
V = {(R(g) X R(h) X R(k) Xx R(g) x (R U I) x C x C x R(h)) |
@ =0h=h =1k =k i’ = -1, +} be mixed multi

dimensional vector space only over R.

Clearly V is not a mixed multidimensional vector space
over R(h) or R(g) or C or (R U I) or R(k).

Now we proceed onto define, describe and develop
multidimensional MOD planes and MOD mixed multidimensional

planes.

First we will describe them by examples.

Example 4.14: Let

M =1[0,m) X [0, m) X [0, m) X ... X [0, m) = {(ay, a, ..., a) |
a,€ [0,m), 1 <i<6}

be the 6 dimensional MOD real plane.
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For take m = 10

x = (9.2, 0.63, 842, 1.8, 4.8, 0) € M, we can add them
under +, M is a group.

Example 4.15: Let
N ={(aj ay a3) la;€ [0,7); 1 <1<3, +}

be a MOD real multidimensional structure.

Let x = (6.03, 0.78, 1.05) and
y=(3.1,4.1,3.1) e N.
x+y=(2.13,4.88,4.15) and

x Xy =(4.693, 3.198, 3.255) € N.

This is the way sum and X is performed on N.

Example 4.16: Let
T={(by,bs, ..., bg) [ bie [0,12); 1 i< 8§, +}
be a MOD real multidimensional plane under + is a group.
Letx =(10.3,7.5,0.71, 2.05, 1.8, 0.21, 6.32,4.52) € T
x+x=(8.6,3,14.2,4.1,3.6,0.42,0.64,9.04) € T.
x-x=(0,0,0,0,0,0,0,0)e T.

x X x = (10.09, 8.25, 0.5041, 4.2025, 3.24, 0.0441, 3.9424,
8.4304) e T.
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However under product T is closed.

Example 4.17: Let P = [0, 10) x [0, 9) x [0, 24) x [0, 13) X
[0, 7) = {(X1, X2, X3, X4, X5) | X; € [0, 10), x, € [0, 9), x5 € [0,
24), x4 € [0, 13) and x5 € [0, 7), +} be a MOD mixed real
multidimensional space.

We use the term mixed real that is the MOD intervals are
different but all are real and intervals are different.

This is not possible in case of real plane only in case of
MOD real intervals the variety is very different.

Letx =(7.2,4.5,13.6,12.1,6.2) and
y=(8.5,6.7,21.7,10.7,4.3) € P.
x+y=(.7,22,113,9.8,3.5) € P.

xxy=(1.2,3.15,7.12,12.47,5.66) € P.

Example 4.18: Let

M = {([0, 10) x [0, 5) x [0, 10) x [0, 6) X [0, 6) X
[0,5) %[0, 2) x [0, 4))}

be a MOD real mixed multidimensional space. The sum and x
are defined on M.

It is pertinent to keep on record that only in case of MOD
intervals we can

(1) have the concept of mixed multi real dimensional space.
This is not possible using reals.

(2) we have infinitely many such MOD mixed real
multidimensional spaces.
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However these spaces are groups under +. Under X they are
only semigroups.

Further using both the operations + and X does not satisfy
the distributive law only they are MOD multi mixed dimensional
spaces are only MOD multidimensional pseudo rings.

We will illustrate them by examples.

Example 4.19: Let
V ={(0,7) x [0, 4) x [0, 12) x [0, 10) X [0, 6) X
[0, 5) x [0, 4)), +, X}
be the MOD real mixed multidimensional pseudo ring.
Letx=(3.7,0.32,6.1,9.5,5.2,4.3,3.1),
y=(0.8,0.7,4.1,0.2,1.432,3.2, 1.5) and
2=(42,32,10.6,9.3,43,4.1,3.1)e V.

Consider (x X y) X z

=(2.96,0.224, 1.01, 1.9, 1.3996, 3.76, 0.65) x (4.2, 3.2,
10.6,9.3,4.3,4.1,3.1)

=(5.432,0.7168, 7.67,0.01828, 0.416, 2.015) |
Consider x X (y X z)

=(3.7,0.32,6.1,9.5,5.2,4.3, 3.1) x (3.36, 2.24, 7.46,
1.86, 0.1189, 3.12, 0.65)

=(5.432,0.7168, 1.506, 7.67, 0.01828, 0.416, 2.015) ...1I
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Clearly I and II are equal. Hence certainly the operation X is
associative.

However x X (y+z) #xXy+xXzforx,y,ze V.
xx(5,3.9,2.7,9.5,5.723, 2.3, 0.6)
=(4.5,1.248,4.47,0.25,5.7596, 4.7596, 1.61) ...I
XXY+XXzZ

=(3.7,0.32,6.1,95,5.2,4.3,3.1) x (0.8, 0.7,4.1, 0.2,
1.423,32,15)+(3.7,032,6.1,9.5,5.2,4.3,3.1) X
(4.2,3.2,10.6,9.3,4.3,4.1,3.1)

=(2.96,0.224, 1.01, 1.9, 1.3996, 3.76, 0.65) + (1.54,
1.024, 4.66, 8.35, 4.36, 2.63, 1.61)

=(4.50, 1.248, 5.67, 0.25, 5.7596, 1.39, 2.26) ...1I

I and II are distinct so the ring is only a pseudo ring. So
only the MOD mixed real multidimensional space is a pseudo
ring.

Example 4.20: Let W = {([0, 14) x [0, 10) x [0, 14) x [0, 5) %
[0, 80) x [0, 5) x [0, 10) x [0, 23)), +, X} be a MOD real mixed
multidimensional space pseudo ring.

Next we proceed on to define MOD multidimensional
complex space.

DEFINITION 4.2: Let M = (Cy(m) x C,(m) x ... x C,(m)) -
t-times; i; = m — 1} be the MOD multidimensional complex
modulo integer space.

We will give examples of them.
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Example 4.21: Let
V = (C,(10) x C,(10) x C,(10) x C,(10))

be the MOD multidimensional complex modulo integer space.

We see x = (9 + 2ig, 3 + 4if, 6ig, 7) € V and

y =(0.33 + 6.01if, 7.201 + 4.533ig, 0.00073ig, 0.3312) € V.

Clearly V under + is a MOD multidimensional complex
modulo integer group and (V, X) is a MOD complex
multidimensional semigroup.
Example 4.22: Let

A = {(Cy(7) X Co(7) X Co(7) x Cy(7) X Co(7)), +}

be the MOD multidimensional complex modulo integer group.

For if x = (2 + 3ip, 0.334if, 2.701, 0.5 + 1.5iF, 6 + 2i) and

y =(0.3 + 0.772iF, 4 + 3ig, 5.11ig+ 2, 6.5 + 4.5ig, 1 + Sip) €
A, then

X +y=(2.3+3.772ig, 4 + 3.334ip, 5.11ip + 4.701,
6ir, 0) € A.

This is the way the operation ‘+’ is performed on A.
Example 4.23: Let
B = {(C,(10) x C,(10) x C,(10) x C,(10) x C,(10) x C,(10)), x}

be the MOD multidimensional complex modulo integer
semigroup.

Let x = (0.112 + 5ig, 4 + 2iF, 0.7 + 0.6ig, 4.25i, 0.1114, 0) and
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y=(0, 2 + 7ig, 0.8 + 0.7if, 6.115iF, 4.2 + 3ig, 7 +
0.8889ig) € B.

x Xy =(0,4+ 2ig, 4.34 + 0.97iF, 3.89875ip,
0.46788 +0.3342, 0) € B.

This is the way product operation is performed on the MOD
multidimensional complex modulo integer semigroup.

Example 4.24: Let
M = {(Cu(5) x Cy(5) x Ci(5)), X}

be the MOD multidimensional complex modulo integer
semigroup.

Next we proceed on to define MOD mixed multidimensional
complex modulo integer space.

DEFINITION 4.3: B = {(Cy(m;) X C,(m,) X C,(m3) X ... X Cy(my))
atleast some m;’s are distinct i,z, =m;—1)fori=12,...,s}is
defined as the MOD mixed multidimensional complex modulo
integer space.
We will give some examples of them.
Example 4.25: Let
T = {(Cy(7) x Ci(10) x Cy(12) x Co(7) X Cy(5))}

be the MOD mixed multidimensional complex modulo integer
space.

Example 4.26: Let
W = {(Cy(11) X C(14) X C(8) x Cy(11) x C,(14) x C1(9))}

be a MOD mixed multidimensional complex modulo integer
space.
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We can on these spaces define + and X operation.

Under + operation the MOD mixed multidimensional
complex modulo integer group and under X the MOD mixed
complex modulo integer multidimensional space is a semigroup.

We will illustrate this situation by some examples.

Example 4.27: Let
M = {(C,(10) X C(7) x Ci(5) x Cy(4) x Cy(2)), +}

be the MOD mixed multidimensional complex modulo integer
group.

Let x = (3 + 7ip, 4ip + 3, 2 + 2.5iF, 3ip, 1 + ip) and
y = (2 + 3ip, 4, 2if, 0.2, ip) € M.
x+y=(5,4ip, 2 +4.5if, 3ip + 0.2, 1).
This is the way ‘+ operation is performed on M.
Example 4.28: Let
T = {(Ca(5) X Co(7) X Ci(6) x Cy(11)), +}

be the MOD mixed multidimensional modulo integer group. T
has subgroups of finite order.

T also has subgroups of infinite order.
Example 4.29: Let
W = {(Cy(4) X Co(6) X Ci(8) x Cy(10)), X}

be the MOD mixed multidimensional complex modulo integer
semigroup.
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Let x = (3 + 0.2ig, 0.5 + 4iF, 6 + 2ip, 7.1 + 3ip) and
y = (2.1 + 0.4ip, 0.7 + 0.6ig, 3 + 0.7ig, 5 + 2ip) € W.

X Xy=(2.54+1.62ip, 0.35 + 3.1ip, 3.8 + 2.2if, 0.3 +
2.04ip) € W.

This is the way product operation is performed on W.
Example 4.30: Let
V = {(C,(17) x C,(12) x C,(15) x C,(40)), x}

be the MOD mixed multidimensional complex modulo integer
semigroup.

Infact we have infinitely many MOD  mixed
multidimensional complex number spaces.

However we cannot get any mixed multidimensional
complex spaces we have only multidimensional complex spaces
using C.

Next we can define MOD mixed multidimensional complex
modulo integer pseudo rings.

DEFINITION 4.4: Let
R = {(C\(m;) X Cy(my) X ... xCo(my)) [ i} = (m;—1); 1 <i <t,
+, x} be the MOD mixed multidimensional complex modulo

integer space. R under the operations + and X is the MOD mixed
multidimensional complex modulo integer pseudo ring.

We see if m; = my = ... = m, = m then R is just a MOD
multidimensional complex modulo integer pseudo ring.

We will give examples of them.
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Example 4.31: Let
W = {(Cu(7) X Cs(9) X Cy(11) x Ci(13)); +, X}

be the MOD mixed multidimensional complex modulo integer
pseudo ring.

Let x = (3 + 0.5iF, 0.4 + 7ip, 10 + 2.5iF, 1.2 + 10ig) and
y = (0.7 + 4ig, 6 + 0.5iF, 0.7 + 2ig, 5 + 0.3ip) and
z=(3.3 4+ 3ip, 4 + 2ip, 2 + 10ig, 7 + 2ip) € W.

X +y=@3.7+4.5ig 6.4 + 7.5ig, 10.7 + 4.5i, 6.2 + 10.3ip)
and

x Xy =(0.1 +5.35i, 3.4 + 6.2if, 2 + 10.75iF, 3 + 11.36ip) €
A\

Consider X X (y +z) =X Xy + XXz

= (0.1 + 5.35iF, 3.4 + 6.2if, 2 + 10.75iF, 3 + 11.36ip) +
(4.9 + 3.65if, 5.6 + 1.8ip, 6 + 6if, 1.4 + 7.4if)

= (5 + 2ip, 8ip, 8 + 7.75i, 4.4 + 0.76if) |
XX (y+2z)
= (3 +0.51g, 0.4 + 7ig, 10 + 2.51g, 1.2 + 10i;g) X
4,1 +2.51g, 2.7 +ip, 12 + 2.3ip)
= (5 + 2ig, 5.4 + 8ig, 6 + 5.75iF, 4 + 5.76iF) |

Clearly I and II are distinct hence the distributive law in
general is not true.

Thus W is a MOD mixed multidimensional complex modulo
integer pseudo ring.
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Example 4.32: Let

V = {(Cy(12) x Cy(45) x Cy(24) x Cy(20) x Cy(24) X
Cu(12)), +, x}

be the MOD mixed multidimensional complex modulo integer
pseudo ring.

Clearly the MOD multidimensional complex modulo integer
vector space over C,(m); however the MOD mixed
multidimensional complex modulo integer group is not a vector

space for they are mixed.

Next we proceed on to define these concepts using MOD
multidimensional neutrosophic structures.

DEFINITION 4.5: Let
V={R(m) x.. R (m) x R (m) x R (m))} be the MOD
multidimensional neutrosophic space.

We will first give examples of them.

Example 4.33: Let
M= {(R,(8) xR, (8) x R, (8) x R,(8))}
be the MOD multidimensional neutrosophic space.
Example 4.34: Let
V = {(R!(20)x R} (20) x R!(20) x R!(20)x R!(20))}
be the multidimensional neutrosophic space.

We define algebraic structure on them.
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DEFINITION 4.6: Let
V={((R,(m)xR.(m)X...x R (m)), +}

be the MOD multidimensional neutrosophic group.
We will examples of them.

Example 4.35: Let

V={(R,O)XR(DXR,(9)XR,(9). +}

be the MOD multidimensional neutrosophic group.
Forif x = (3 +4L 2.5+ 3.21, 7.6 + 41, 8.5 + 3.5I) and
y=(06+358+63[,4+35L7+45D)e V.
x+y=(75L15+0.51,2.6+7.5L65+8)e V.

This is the way ‘+  operation is performed on the MOD
multidimensional neutrosophic group.

Example 4.36: Let
M ={(R!(10) xR} (10) x R} (10) X R} (10) x R} (10),+}
be the MOD multidimensional neutrosophic group.

Next we proceed on to define the MOD multidimensional
neutrosophic semigroup.

DEFINITION 4.7: Let W = {(R!(m)X...x R!(m)), x} be the
MOD neutrosophic multidimensional semigroup.

We give examples of them.
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Example 4.37: Let
M= {(R}(12) xR} (12) xR} (12) X R} (12) x R} (12)), x}
be the MOD multidimensional neutrosophic semigroup.
Let x = (3 + 4.5, 7.51, 8.3, 10 + 51, 6I) and
y=(8,10+4.8L 11 +0.3L, 71, 6 + 7.5) € M.
x xy=(0,3l 7.3 +2.491 9L 9) e M.
This is the way product operation X will be performed.

Example 4.38: Let

M = { R} (10) x R} (10) x R} (10) x R} (10) x R} (10) x
R} (10) x R} (10), X}

be the MOD multidimensional neutrosophic semigroup.

Let x =(6 + 31,7 + 41, 1.81, 4.5, 1.6 + 0.51, 0.3 + 0.51, 8I)
and

y=@GL04L, 6 +51,7+2L5,6lL4+3.5) e M;
xXy=(8+9L4.111,9.8L, 91 + 1.5, 8 + 2.5, 4.81,0) € M.

This is the way product operations are performed on MOD
multidimensional neutrosophic semigroup.

Next we proceed on to define MOD multidimensional
neutrosophic pseudo ring.

DEFINITION 4.8: Let

V={(R/(m)x R (m)x...x R (m)), +, x};
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V is defined as the MOD multidimensional neutrosophic pseudo
ring. V is called as the pseudo ring as the distributive law is not
true.

We will illustrate this situation by some examples.
Example 4.39: Let
M= { (R} (5)xR] (5)X R} (5)), +, X}
be the MOD multidimensional neutrosophic pseudo ring.
Let x = (0.3 + 41, 0.81, 0.9),
y =(0.2L, 0.8 + 2.51, 4.2 + 0.6]) and
2z=(3,42+251,0.8+4.4]) e M.
We find x + y, X X y, Xy + xz and x(y + z) in the following.
x+y=(03+42[0.8+330.1+0.6]) e M.
x Xy =(0.86l, 2.641, 3.78 + 0.54]) € M.
Consider xy + xz
= (0.86L 2.64, 3.78 + 0.54I) + (0.9 + 21, 0.361, 0.72 + 3.961)
= (0.9 +2.861, 31, 4.5 + 4.5]) Wl
x(y +2z)=(0.3+4L 0.8,0.9) x(3+0.2L, 0, 0)
=(0.9+2.861, 0, 0) il

Clearly I and II are distinct so the MOD multidimensional
neutrosophic pseudo ring does not satisfy the distributive law.
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Example 4.40: Let
S={(R,(18)xR!(18)xR; (18) xR} (18) x R} (18)), +, X}
be the MOD multidimensional neutrosophic pseudo ring.

Next we proceed on to define the notion of MOD mixed
multidimensional neutrosophic structures and illustrate them by
examples.

DEFINITION 4.9: Let

S={(R (m)X R (m)x...x R (m));

atleast some of the m;’s are distinct F=1 1 S is defined as the
MOD mixed multidimensional neutrosophic space.

We will give one or two examples of them.
Examples 4.41: Let
M= { (R, (12) xR, (10) xR, (16) xR, (4)) }
be the MOD mixed multidimensional neutrosophic space.
Example 4.42: Let

T= {(R}(7)x R, (97)x R! (14)x R! (14)x R! (7) x
R, (14))}

be the MOD mixed multidimensional neutrosophic space.

Now we define operations on MOD mixed multidimensional
neutrosophic spaces.

DEFINITION 4.10: Let
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P={(R (m) xR (m)x...xR (m,)), +}.

P is defined as the MOD mixed multidimensional neutrosophic
group.

We will give examples of them.

Example 4.43: Let
P = { (R} (10) X R} (8) X R} (15) X R} (20)), +}
be the MOD mixed multidimensional neutrosophic group.
Let x = (8 +4.51,7 + 0.8, 10.5 + 41, 16.81) and
y=(7+85L5+491,12+091,12+8I) € P.
x+y=0B+3,4+571,7.5+ 131,12+ 4.8]) € P.

This is the way + operation is performed on P.

Example 4.44: Let
T ={ (R} (12) xR.(6) xR.(12) xR} (9)x R} (11)), +}
be the MOD mixed multidimensional neutrosophic group.

Next we proceed on to define MOD mixed multidimensional
neutrosophic group.

DEFINITION 4.11: Let
W= { (R (m)XR!(m,))x...X R (m,)); X}

W under the product X is defined as the MOD mixed
multidimensional neutrosophic semigroup.
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Clearly W is of finite order and W has infinite zero divisors.

Infact all ideals in W are of infinite order. W has
subsemigroups of finite and infinite order which are not ideals
of W.

We will illustrate this situation by some examples.
Example 4.45: Let
S = {(Ry(10) X R, (15) X R, (7) X R, (6)), X}
be the MOD neutrosophic mixed multidimensional semigroup.
Letx =(6+ 7.5, 1.8 + 61, 4 + 31, 3.5 + 0.5I) and
y = (5L 10L 0.51, 5I) € S.
xxy=(7.5L3L 3.5 2]) € S.
This is the way the product operation is performed on S.

P, = {(R;(IO) x {0} x {0} x {0}), x} is a subsemigroup of
infinite order. Infact an ideal of S.

Let P, = {({0} x {Z;s U I) x {0} x {0}); X} < Sis a
subsemigroup of finite order and is not an ideal of S.

Py = {(Ziw U D) x {0} x {0} x R,(6)), x} is a
subsemigroup of S of infinite order. Clearly P; is not an ideal of
S.

Thus S has subsemigroups of infinite order which are not
ideal of S.

Next we proceed on to give one more example.

Example 4.46: Let
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M= {(R! (12) x R} (12) x R} (19) xR! (10) x
R (5) x R, (2)), X}

be the MOD mixed multidimensional neutrosophic
semigroup of infinite order.

P, = {({0} x {0} x RL(19)x {0} x {0} xR (2)),x} cM s
the MOD mixed multidimensional neutrosophic subsemigroup
which is also an ideal of M.

Let P, = {({0} x {0} X Z;9 x {0} x {0} x {0}), X} cMisa
finite subsemigroup of M which is not an ideal of M.

Let Py = {(R}(12) x {0} x {0} x {0} X (Z; U T) x {0}), X}
C M be a subsemigroup of M of infinite order.

Clearly P; is not an ideal of M only a subsemigroup.

Next we proceed on to describe and develop the notion of
MOD mixed multidimensional neutrosophic pseudo rings.

DEFINITION 4.10: Let M = { (R! (m,) X R! (m,) X ...X R (m,));

m;’s are distinct 1 <i <s, +, X}. M be defined as the MOD
neutrosophic mixed multidimensional pseudo ring.

Clearly M is an infinite commutative pseudo ring.
We will give examples of them.

Example 4.47: Let
M= {(RL10)xR! (7) x R. (4) x R! (10)); +, x}

be the MOD mixed multidimensional neutrosophic pseudo rings.
Clearly M has infinite number of zero divisors, finite
number of units and idempotents.
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M has subrings of finite order as well as pseudo subrings of
infinite order which are not ideals. However all ideals of M are
of infinite order.

To this effect we will give pseudo subrings of infinite order
which are not pseudo ideals.

Consider P, = {(Rfl(lO)x {0} x {0} x {OD} c M is a
pseudo subring of infinite order which is also a pseudo ideal.

Consider P, = {(Rf](lO) X {0} x {0} XZyp), +, X} cMis a
pseudo subring of infinite order which is not an ideal of M.

P; = {((Z1p U T) x RL(7)x Z, x {0}); +, X} =M is a pseudo
subring of infinite order which is not a pseudo ideal of M.

Clearly M has atleast 4,C; + 4C, + 4C; number of ideals;
however M has several pseudo subrings of infinite order which
are not pseudo ideals.

M also has subrings of finite order.

For Ty = {(Z1o x {0} x {0} x {0O}), +, x} = M,

T = {({Zip W D) x {0} x {0} x {0}), +, X} = M,

Ts = {(Zio X {{Z; W D} x {0} x {0}), +, X} < M and so on
are some of the subrings of finite order which are not pseudo.

Example 4.48: Let
N = { (R} (5) xR} (2) x RL(4) xR} (6)), +, x}

be the MOD mixed multidimensional neutrosophic pseudo ring.
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N has (1,1,1,1) to be unit. N has infinite number of zero
divisors. N has several idempotents.

P, = {(Rfl(S)x {0} x {0}x RL(6), +, X)} = N is a pseudo
ideal.

Py = {(Zs x {(Zy L I)) x {0} x {0}); +, X} < N is a subring
of finite order not pseudo.

P; = {(Zs x RL(2)x {0} x {0}); +, X} < N is a pseudo
subring of infinite order which is not an ideal. However all MOD
multidimensional neutrosophic groups.

Under + say V = { (R} (m) xR} (m)x...xR! (m)); +} are
MOD neutrosophic vector spaces over Z,, if m is a prime or MOD
S-pseudo neutrosophic vector spaces over (Z,, U I) or just MOD

S-pseudo neutrosophic vector spaces over RL (m).

Further it is pertinent to keep on record that MOD mixed
multidimensional neutrosophic groups under + in general are
not MOD vector spaces and cannot also be made into MOD
neutrosophic vector spaces as one common base field or S-ring
cannot be determined.

Next we proceed onto study MOD multidimensional dual
number spaces and MOD mixed multidimensional dual number
spaces.

DEFINITION 4.12: Let

W = {(R,(m)g XR,(m)g x... XR,(m)g); & = 0, t-times}.

W is defined as the MOD multidimensional dual number space.

W ={(a; + big, a, + byg, ..., a,+ bg); g =0, a; b; € [0, m);

1<i<t}.
W is a finite collection.
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First we will give examples of them.

Example 4.49: M = {(R,(10)g x R,(10)g X R,(10)g X R,(10)g);
g2 =0} = {(a; + b1g, a, + b,g, a3 + bsg, a4 + bsg) | a; b; € [0, 10)
g2 =0, 1 £i <4} be the MOD multidimensional dual number
space.

x=(8+23g, 3.7+4.72¢g, 6.3 +4.103g, 0.72 + 5.007g) €
M.

Example 4.50: Let B = {(R,(19)g X R,(19g X R,(19)g X
R,(19)g X Ry(19)g X Ry(19)g); & = 0}

= {(a; + big, a + bog, a3 + bsg, a, + bsg, as + bsg, as + beg) |
g2 =0,a,b;e [0,19);1<i<6)

We can define algebraic operations + and X on these MOD
multidimensional dual number spaces.

DEFINITION 4.13: Let
P ={(R,(m)g, Ri(m)g, ..., R(m)g) [&° = 0; 2 Sm < ooy +};
P is a group under addition. P is defined as the MOD
multidimensional dual number group. P is an abelian group of
infinite order.
We will give examples of them.
Example 4.51: Let

M = {(Ry(11)g X Ry(11)g X Ro(11)g X Ro(11)g) | g* = 0; +}

be the MOD multidimensional dual number group M is a MOD
dual number vector space over Z;;.

However M is only a Smarandache MOD dual number
vector space over ((Z;; U g)) or R,(11) or R,(11)(g).
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Study of properties of enjoyed by these MOD vector spaces
is a matter of routine and hence left as an exercise to the reader.

Example 4.52: Let

M = {(Ry(12)g x Ry(12)g x Ry(12)g x R,(12)g x
R.(12)g) | g =0, +}

be a S-pseudo MOD multidimensional dual number vector space
are the S-ring Z, or (Z1, U g) or [0, 12).

Study of these properties are also interesting and work in
this direction is left as an exercise for the reader.

Example 4.53: Let
T = {(Ru(9)g X Ry(9)g X Ry(9)g X Ry(9)2); &° = 0, X}
be the MOD multidimensional dual number semigroup.

We see T has subsemigroups which are zero square
subsemigroups.

Letx=(4+3g,2.5g,7+3.5g,2 +4g) and
y=(03+4g,4+2g,g+1,65+02g) e T.
xXy={(12+79g,g 7+15g,4+84g)}e T
Leta=(5g, 7.881g, 0.4438¢g, 1.6g) and
b=(7g, 6.534¢g,0.785g,0.093g) e T
axb=(0,0,0,0).

Thus if B = {(a;g, axg, a;g, a,g) | a; € [0, 9); 1 <1 <4,

g” =0} c T is such that B is a subsemigroup and infact B is an
ideal.
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B is infact a zero square semigroup.
Example 4.54: Let

S = {(R(12)g X Ry(12)g X R,(12)g X R,(12)g X
R.(12)g), g =0, x}

be the MOD multidimensional dual number semigroup.
S has MOD ideals which are of infinite order.

Infact S has subsemigroups of finite order none of which are
ideals.

Infact S has subsemigroups of infinite order which are also
not ideals only subsemigroups.

Let W = {(Ry(12)g X {0} x {0} X Zi X (Z2 U g)); g* = 0}
be only a subsemigroup of S and is not ideal of S.

Now we just show V = {(Z;; x {0, 6} x {0, 3, 6, 9} x {0,
4g, 8g} x (Z;, U ) | g =0, x} < S is only a subsemigroup of
finite order.

Next we proceed on to define the notion of MOD
multidimensional dual number pseudo ring.

DEFINITION 4.14: Let R = {(R,(m)g X R(m)g x... XR,(m)g) /
g2 = 0, 2 <m < o +, X} be defined as the MOD

multidimensional dual number pseudo ring.

Clearly R is of infinite order commutative but does not
satisfy the distributive laws.

All pseudo ideals in R are of infinite order. However R has
finite subrings which are not pseudo. Infact R has infinite
number of zero divisors.
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We will illustrate this situation by some examples.
Example 4.55: Let
P = {(Ry(10)g X R,(10)g X Ry(10g) X R,(10)g) | g* = 0, +, X}
be the MOD multidimensional dual number pseudo ring.

LetT, = {(ZIO X Ziyo X 2o X {0}), =+, X} c P be the MOD
multidimensional dual number subring of finite order.

T, = {(Ry(10)g x {0} x {0} x {0} x {0}); +, X} is a MOD
multidimensional dual number pseudo subring which is a
pseudo ideal of P.

Let W = {({0} X Ry(10)g X {0} X {0} X Zyo); g* = 0, +, X}
c P be the MOD multidimensional dual number pseudo subring
of infinite order which is not a pseudo ideal of P.

Example 4.56: Let
M = {(Ri(17)g X Ra(17)g X Ru(17)g X Ru(17)2); g* = 0, +, X}
be the MOD multidimensional dual number pseudo ring.

P, = {(Ry(17)g x {0} x {0} x {0}), +, x} is the MOD
multidimensional pseudo ideal.

P, = {(Ry(7) x {0} x {0} x {0}) | +, X} is only a MOD
multidimensional pseudo subring of infinite order but is not a
pseudo ideal of M.

P; = {(Z; x (Z; u g x {0} x {0}), +, X} is a MOD
multidimensional subring of finite order which is not a pseudo
ring.

Thus these MOD multidimensional dual number pseudo
rings have subrings which are not pseudo.
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We see next it is a matter of routine to build MOD mixed
multidimensional dual number groups, semigroups and pseudo
rings using MOD mixed multidimensional dual number spaces.

This will be illustrated by an example or two.

Example 4.57: Let
M = {(Ry(5)g X Ry(10)g x Ry(12)g X R,(9)g); &° = 0, +}

be the MOD mixed multidimensional dual number space group.

Clearly M is of infinite order but M has subgroups of both
finite and infinite order.

T, = {(Ry(15)g x {0} x {0} x {0}) | g®=0,+} cMisa
subgroup of M of infinite order.

Ty, = {(Zs X Zyo X Z1p X Zo); +, X} < M is a subgroup of
finite order.

Example 4.58: Let

B = {(Ry(11)g X Ry(12)g X R(10)g X Ry(11)g X
R,(24)g x Ry(12)g) | g° = 0, +}

be the MOD mixed multidimensional dual number space group.
B has both subgroups of finite and infinite order.

Example 4.59: Let
M = {(R(10)g X Ry(6)g X Ro(2)g X Ry(15)g) | g* = 0, X}

be the MOD mixed multidimensional dual number semigroup. M
is of infinite order and is commutative.

All ideals of M are of infinite order but has subsemigroups
of both finite and infinite order.
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Infact M has infinite order subsemigroups which are not
ideals.

M has infinite number of zero divisors.

Ny = {(Z1o X Z¢ X {0} X {0}), X} < M is a subsemigroup of
finite order.

N, = {(Rs(10)g x {0} x {0} x {0}) | g® =0, x} c M is an
infinite subsemigroup which is an ideal of M.

N3 = {(Ry(10) X (Zs U g) x {0} x {0}); g® =0, x} is the
subsemigroup of infinite order but is not ideal of M.

Example 4.60: Let

M = {(Ry(18)g X R,(40)g X R,(12)g X Ry(7)g X
R.(492)g) | g’ =0, X}

be the MOD mixed multidimensional dual number semigroup.

N, = {(Zg x {0} x {0} x {0} X Z49) X} be the MOD
subsemigroup of finite order which is not an ideal of M.

Next we proceed on to give example of MOD mixed
multidimensional dual number pseudo ring.

Example 4.61: Let

M = {(Ry(16)g X Ry(7)g x Ry(22)g X R,(45)g x
R, (1DgxRy(7g) | g’ =0, +, %}

be the MOD mixed multidimensional dual number space pseudo
ring.

M has subrings of finite order which are not pseudo. All
subrings of infinite order are pseudo. However all pseudo ideals
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are of infinite order. But M has pseudo subrings of infinite order
are not ideals.

Py = {(Zis x {0} x {0} x {0} X Ry(11) X Z7), +, X} c Mis a
pseudo subring of infinite order but is not an ideal of P;.

P, = {({0} x Ry(7)g x {0} x {0} x {0}), & =0, +, x} is an
pseudo ideal of M.

Py = {({0} x {0} x Ry(22) x {0} x {0} x {0}), +, X} is a
pseudo subring of M of infinite order but is not an ideal of M.

Example 4.62: Let

S = {Ry(11)g X Ry(18)g X Ry(17)g); 2°= 0, +, X}
be the MOD mixed multidimensional dual number space pseudo
ring.

S has infinite order pseudo subring which are not pseudo
ideals.

S has subrings of finite order which is not pseudo.

Next we proceed on to give examples of MOD
multidimensional special dual like number space groups,
semigroups and pseudo rings.

Example 4.63: Let
S = {(Ry(10)h X R,(12)h x R,(40)h x R,(12)h); h* = h, +}

be the MOD mixed multidimensional special dual like number
space group. S has both finite and infinite order subgroups.

V) = {(Z1o X (Z1; U h) x {0} x {0}) | h* = h, +} is a finite
order subgroup.

V, = {(Ry(10)h x {0} x {0} x {0}), h* = h, +} is an infinite
order subgroup.
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Example 4.64: Let

M = {(R,(16)h X R,(18)h x R,(19)h x R,(47)h x
R,(27)h); h* = h, +}

be the MOD mixed multidimensional special dual like number
group of infinite order.

M has subgroups of both of finite and infinite order.
Example 4.65: Let
T = {(R,(10)h X R,(10)h x R,(10)h); h* = h, +}
be the MOD multidimensional special dual like number space
group. T has both subgroups of finite and infinite order.

Example 4.66: Let

N = {(R,(20)h X R,(20)h x R,(20)h x R,(20)h x
R,(20)h); h* = h, +}

be the MOD multidimensional special dual like number space
group. N has both subgroups of finite order as well as subgroups
of infinite order.
Example 4.67: Let

P = {(R,(11)h x R,(11)h x R,(11)h x R,(11)h); h* = h, x}

be the MOD multidimensional special dual like number
semigroup.

P has subsemigroups of finite order.

B, ={(Z1 xZ;; x {0} x {0}), x} is a subsemigroup of finite
order which is not an ideal.



178 | Multidimensional MOD Planes
B, = {(R,(11)h x {0} x {0} x{0}) X} is a subsemigroup of
infinite order which is an ideal.

B; = {(R,(11) xR,(11) x {0} x {0}), X} is a subsemigroup
of infinite order which is not an ideal.

Example 4.68: Let
M = {(R,(10)h x R,(18)h x R,(128)h); h* = h, x}

be the MOD mixed multidimensional special quasi dual like
space semigroup.

N, = {(R,(10) x {0} x{0}) x} is the infinite order
subsemigroup.

Ny = {(Z1o X {0} X Zypg), X} is finite order subsemigroup.

N; = {({0} x {0} x R,(128)h), h* = h, x} is an infinite order
subsemigroup which is an ideal of M.

Example 4.69: Let

S = {(R,(20)h x R,(45)h x R,(20)h x R,(2)h x
R,(4h); h* = h, x}

be the MOD mixed multidimensional special dual like number
semigroup. S has ideals all of which are of infinite order.

S has subsemigroups of finite order which are not ideals. S
has subsemigroups of infinite order which are not ideals.

Example 4.70: Let
S = {(Ry(10)h X R,(10)h x R,(10)h x R,(10)h); h* = h, +, X}

be the MOD multidimensional special quasi dual like number
space pseudo ring.
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S has subrings of finite order which are not pseudo. S has
subrings of infinite order which are pseudo. Some pseudo
subrings of infinite order are not ideals.

P, = {(Z)p x {0} x {0} x {0}), +, X} is a subring of finite
order which are not pseudo.

P, = {(R,(10) x {0} x {0} X Zyy), +, X} is a pseudo subring
of infinite order but is not an ideal of S.

However
P; = {({0} x R,(10)h x R, (10)h x {0}); h*= h, +, X}

is a multidimensional special quasi dual number space pseudo
subring which is also of infinite order and is a pseudo ideal.

Example 4.71: Let
M = {(R,(8)h X R,(10)h x R,(13)h x R,(16)h); h® = h, +, X}

be a MOD mixed multidimensional special dual number space
pseudo ring.

M has both infinite and finite order subrings which are not
ideals.

T) = {(Zs x {0} x {0} X Zy); +, X} is a subring of finite
order which is not pseudo.

T, = {(R\(8) x Ry(10) x {0} x {0}), +, X} is a subring of
infinite order which is pseudo but is not an ideal.

Ts = {(Ry(8)h x R,(10)h x {0} x {0}); h* = h, +, x} is a
pseudo subring of infinite order which is a pseudo ideal.

Now we just give a few examples of MOD multidimensional
special quasi dual number space groups, semigroups and pseudo
rings.
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We will also give examples of MOD mixed
multidimensional special quasi dual number space groups,
semigroups and pseudo rings.

Example 4.72: Let
M = {(R,(12)k x R,(12)k x R,(12)k X R,(12)k); k* = 11k}
be the MOD multidimensional special quasi dual number space.

Example 4.73: Let

N = {(Ra(10)k; X Ra(15)ks X Ro(27)ks X Ra(9)ks),
k; =9k, k = 14k,, ki =26k, k; = 8k,}

be the MOD mixed multidimensional special quasi dual number
space.

Example 4.74: Let
P = {(Ru(8)k X R,(8)k X R,(8)k X Ry (8)k); k> = 7k, +}

be the MOD multidimensional special quasi dual number space
group.

P is of infinite order. P has subgroups of both finite and
infinite order.

Example 4.75: Let
M = {(Ry(9)k; X Ry(20)k,) | k7 = 8k, and k3 = 19k,, +}

be the MOD mixed multidimensional special quasi dual number
space group.

Py = {Zy X Zy} is a subgroup of finite order.

P, = {R,(9)k; x {0} } is a subgroup of infinite order.
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M has several subgroups of finite order as well as subgroups
of infinite order.

Example 4.76: Let
S = {(Ry(10)k x R,(10)k X R,(10)k), k* = 9k, x}

be the MOD multidimensional special quasi dual number space
semigroup.

All ideals of S are of infinite order. However S has
subsemigroups of infinite order which are not ideal.

Finally all subsemigroups of finite order are not ideals.
P, = {(Ry(10)k x {0} x {0})} is an ideal of S.

P, = {(R,(10) x R,(10) x {0})} is a subsemigroup of infinite
order and is not an ideal of S.

P3 = {(Z1o X Z10 X Zy0) | X} is a subsemigroup of finite order.

Example 4.77: Let

B = {(Ry(12)k; X Ry(13)ky X Ry(15)ks X Ry(24)ky) | k' = 11k,
K> =12k, ki = 14k;, k; =23k, X}

be the MOD mixed multidimensional special quasi dual number
space semigroup.

B, = {Zs, X Zi3 X Zy5 X Zy4, X} is a subsemigroup of finite
order.

B, = {Ry(12) x R,(13) x Ry(15) x Ry(24), X} is a MOD
subsemigroup of infinite order which is not an ideal.
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B; = {(R,(12)k; x {0} x {0} x {0}), x} is a MOD
subsemigroup of infinite order which is an ideal of B.
Example 4.78: Let
W = {(Ry(13)k X R,(13)k x R,(13)k x R,(13)k) k* = 12k, +, x}

be the MOD multidimensional special quasi dual number space
pseudo ring.

P, ={Z; X Z;3 X {0} x {0}, +, X} is a finite subring which
is not pseudo.

P, = {(R,(13)k x {0} x {0} x {0}); K¥* = 12k, +, x} is a
pseudo subring of infinite order which is also a pseudo ideal.

P; = {(Ry(13) x Ry(13) x {0} x {0}) +, X} is a pseudo
subring of infinite order which is not an ideal of W.

Example 4.79: Let

M = {(R,(12)k; X R,(12)k; X R,(12)ks), k; = 11k,
k; =26k, and k3 = 48k, +, x}

be the MOD mixed multidimensional special quasi dual number
pseudo ring.

Vi = {Rj2 X Ry X Ryg; +, X} is a subring of finite order
which is not pseudo.

V, = {(Ry,(12) x R,(27) x {0}), +, X} is a subring of infinite
order which is pseudo but is not an ideal.

V3 = {(R3(12)k; x {0} x {0}), k12 = 11k;, +, X} is a pseudo
subring of infinite order which is also a pseudo ideal of M.
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Now we proceed on to develop the notion of MOD mixed
multidimensional spaces and groups, semigroups and pseudo
rings built using them.

Example 4.80: Let

B = {(R\(10) X R} (12) X Ry(15) X Ry(7)g); g2 =0, P =1}
be the MOD mixed multidimensional space.
Example 4.81: Let

B = {(R,(8)k X Ry(9)h x R! (14) x R,(10)g x C,(20)
xRy(17) g2 =0,K* =7k, h*=h, =1, i} = 19}

be the MOD mixed multidimensional space.

Example 4.82: Let
M = {(Ry(7) X R (20) x Ry(5)), +}

be the MOD mixed multidimensional space group. M has
subgroups of both finite and infinite order.

P, = {(Z; x{0} X Zs), +} is a subgroup of finite order.
P, = {(Ry(7) X {0} x Ry(5)), +} is a subgroup of infinite order.
Example 4.83: Let

M = {(Ry(7) x R, (20) X R,(15)g x R,(17)h X
Ci(20) X R(7)); +}

be a MOD mixed multidimensional group.

Example 4.84: Let
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V= {(R(5Hh xR, (20)g x R} (40)), h?=h, =0, P = I, x}
be the MOD mixed multidimensional semigroup.
Clearly V is of infinite order. All ideals of V are of infinite

order. There are subsemigroups of finite order as well as infinite
order which are not ideals.

Wi = {(Zs X Zyy X Zyp); X} is a subsemigroup of finite order.
Clearly W is not an ideal of V.

W, = {(Ry(5) x Ry(20) x {0}), x} is again a subsemigroup
of infinite order which is not an ideal of V.

W = {({0} x {0} x R!(40)), x} is a subsemigroup of
infinite order which is also an ideal of V.

Example 4.85: Let
M = {(R,(5) x Ry(10) x Rlﬂ (5) x C,(10) x Ry(10)g
xR, (100h) h’=h, g’=0,=0, i} =9, x}
be the MOD mixed multidimensional space semigroup. M has
infinite number of zero divisors, some finite number of units
and idempotents.

However M has subsemigroups of both finite and infinite
order which are not ideals. But all ideals of M are of infinite
order.

Example 4.86: Let

B = {(R] (7) x Ry(10) x Ry(5)g X Ry(5)h X Ry(10)k x
Cy(10) | P=1,g"=0,h*=h, K’ =9, i% =9, +, x}

be the MOD mixed multidimensional pseudo ring.
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B is of infinite order. All ideals of B are of infinite order
and are pseudo. B has subrings of finite order which are not
ideals.

B has subrings of infinite order which are not pseudo ideals
but only pseudo subrings.

Let Vi = {(Z; x {0} x {0} x {0} x {0} x C(Zp)), +, X} is a
subring of B of finite order. Clearly V,is not an ideal of B.

Vo, = {({0} X Zjp X Zs x {0} x {0} x {0}), +, X} is again a
subring of B and not an ideal of B.

Vi = {(Ro(7) x {0} x {0} x {0} x {0} X Ry(10)), +, X} is a
subring of B and is infact a pseudo subring of B but V; is not a
pseudo ideal of B.

Let V4 = {({0} x {0} X Ry(5) x R(5) X Ry(10) X {0}), +, x}
is a pseudo subring of B of infinite order but is not a pseudo
ideal of B.

Let Vs = {(RIH(7) x Ry(10) x {0} x {0} x {0} x {0}), +, x}
is a pseudo subring of B of infinite order which is also a pseudo
ideal of B.

Let Vg = {({0} x {0} x {0} x {0} x {0} x C,(10)), +, X} be
the pseudo subring of infinite order which is also a pseudo ideal

of B.

Example 4.87: Let

T = {R(Dh X R,(7)gx R, (7) x Cy(7) X
R(7)k) |h*=h, =0,k =k =1 i; =6, +, x}

be the MOD mixed multidimensional pseudo ring.

Clearly T <can be realized as the MOD mixed
multidimensional pseudo linear algebra over the field Z;.
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In view of all these we make the following theorem.

THEOREM 4.5: Let V = {(R,(m)k X R,(m) X R,(m)g X R,(m)h x
R(mk xCym)) [§ =0, 0 =h K =(m—- 1k ii =m—1, +,
X} be the MOD mixed multidimensional pseudo ring.

V is a MOD mixed multidimensional pseudo linear algebra
over Z, if and only if m is a prime V is a MOD mixed
multidimensional S-pseudo linear algebra if m is a non prime
and a Z,, is a S-ring.

Proof is direct and hence left as an exercise to the reader.

Thus we can have MOD mixed multidimensional pseudo
rings.

Example 4.88: Let

M = {(R,(5) X Ry(7) X Ry(8)g X Ry(11Hh X Ry(5)) | &° = 0,
h*=h, +, x}

be the MOD mixed multidimensional pseudo ring.
Letx =(0.7,5,2 +0.8g, 10 + 4h, 3) and
y=(4,2,4g,5h,2) e M
xxXy=(28,3,0,4h,4)e M

Clearly M is not mixed multidimensional vector space or
pseudo linear algebra over any common field or S—ring.

We can work in this direction to get many other interesting
properties about these newly constructed MOD structures.



Chapter Five

SUGGESTED PROBLEMS

In this chapter we suggest a few problems for the reader.

Some of these problems are at research level and some are
simple and innovative.

1.

Can we say use of MOD real intervals [0, m); 2 < m <oo
instead of (-, o) in appropriate problems are
advantageous?

Can one claim use of MOD real intervals in storage system
will save time and economy?

Specify the advantages of using MOD real intervals [0, m) in
the place of (—oo, ); 2 < m <oo.

Can we say MOD real intervals is capable of better results?

What are the advantages of making the negatives into
the MOD interval [0, m)?

Show the MOD real interval transformation is a periodic one
mapping periodically infinite number of points to a single
point in [0, m).
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10.

11.

12.

13.

14.

Can we say [0, 1) is the MOD fuzzy interval which can
depict (—oo, 00)?

What is the major difference between the use of fuzzy
interval [0, 1] and the MOD fuzzy interval [0, 1)?

Show the MOD interval [0, 9) can be got as a
multidimensional projection of (—eo, o) to [0, 9).

Can we have an inverse of L: (-0, 00) — [0, 9)?

Show in problem 9
I, Ot +s)=s wheres € [0,9) and t € (—o0, o).

In problem 9 if t € Z will map I: (—oo, ) — [0, 9)
complete?

Justify your claim.
Let I, : (o0, o) —= [0, 18) be the MOD real transformation.

i.  What are the special features enjoyed by 1,?

ii. What is zeros of I,? Is it nontrivial?

iii. When is I;(m) = 0?

Show [I;(m)| = .

iv. Can I, have a T, such that I, o T, = Ty 0 I}?

v. Can T, be a map or a pseudo special type of map?

vi. Show a point in [0, 18) is mapped by T, into infinitely
many points in (—oo, o).

vii. Enumerate all the special features enjoyed by T;,.

viii. Prove T, is not the classical map or function but such
study is also needed.

What makes T,, : [0, m) — (—oo, o) essential?

Prove maps like Ty, : [0, m) — (—oo, o) are also well defined
in their own way.
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16.

17.

18.

19.

20.

21.

22.
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Obtain any other special properties of MOD special pseudo
functions,

Ty 0 [0, m) — (=00, o0).
Give the MOD map fromn,: Z,— Z.
Enumerate the properties enjoyed by 1,.

Show S = {[0, m), X} is a MOD non associative semigroup
of infinite order.

Prove S = {[0, 15), x} can have zero divisors.

i. Can S have idempotents?

ii. Does S contain S—idempotents?

iii. Can S have S—zero divisors?

iv. Can S have infinite number of zero divisors?
v. Can S have S—units?

vi. Can S have infinite number of units?

vii. Can S have ideals of finite order?

viii.Can S have subsemigroups of finite order?
ix. Can S have S-ideals?

Let S; = {[0, 23), X} be the MOD real interval non
associative semigroup.

Study questions i to ix of problem 18 for this S;.
Let S, = {[0, 24), X} be the real MOD semigroup.
Study questions i to ix of problem 18 for this S,.
Let R = {[0, 7), x} be the real MOD semigroup.
Prove R has a triple which is non associative.

Let G = {[0, 9), +} be a MOD real interval group.
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23.

24.

25.

26.

i. Prove G is of infinite order.

ii. Prove G has subgroups of infinite order.
iii. Find 3 subgroups of infinite order in G.
iv. Find 5 subgroups of finite order.

Let G = {[0, 12), +} be a MOD real interval group.
Study i to iv of questions of problem 22 for this G.
Let R = {[0, 5), +, X} be the MOD real interval pseudo ring.

i. Prove R is non associative.

ii. Can R have zero divisors?

iii. Can R have S—zero divisors?

iv. Find all units in R.

v. Can R have idempotents?

vi. Can R have S—units?

vii. Can R have S—ideals?

viii. Can R have S—subrings of infinite order which are not
ideals?

ix. Can R have ideals of finite order?

x. Find two ideals of infinite order in S.

Let R; = {[O0, 25), +, X} be the MOD interval pseudo ring.

1. Find all zero divisors in R;.

ii. Can R, have S-zero divisors?

iii. Can R; have idempotents?

iv. Can R, have S-idempotents?

v. Can R, have units?

vi. Is it possible for R, to have S-units?

vii. Find all finite subrings of R;.

viii. Can R; have ideals of finite order?

ix. Find all pseudo subrings of infinite order.

Let M = {[0, 17), +, X} be the MOD real pseudo ring.

Study questions i to ix of problem 25 for this M.
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31.

32.

33.

34.
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Enumerate all the special features enjoyed by MOD real
pseudo rings.

Prove using the MOD complex finite modulo integer
[0, 24)ir one cannot build MOD complex semigroups or MOD
complex pseudo rings?

Enumerate the special features enjoyed by the MOD
complex modulo integer group. B = {[0, 12)if, +}.

Develop all the special features enjoyed by S={[0, m)ig, +}.
Study all the properties enjoyed by P = {[0, 13)iF, +}.

Let M = {[0, 24)]] F=1 +} be the MOD neutrosophic
interval group.

i.  Find all subgroups of finite order in M.
ii. Find all subgroups of infinite order.
iii. Find any other special feature enjoyed by M.

Let V = {[0, 41 | F=1I +} be the MOD neutrosophic
interval group.

Study questions i to iii of problem 32 for this V.

Let T = {[0, 24), =1 X} be the MOD interval
neutrosophic semigroup.

1. Can T have zero divisors?

ii. Can T have idempotents?

1i. Can T have S-zero divisors?

iv. Can T have S-idempotents?

v. Can T have units?

vi. Is I the unit of T?

vii. Can T have S-units?

viii.Is T a Smarandache semigroup?
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35.

36.

37.

38.

ix. Prove T has finite order subsemigroups.
x. Prove T has ideals all of them are only of infinite order.

Let S = {[0, 28)I; =1, X} be the MOD neutrosophic
interval semigroup.

i. Is S aS-semigroup?

ii. Can S have S-zero divisors?

1ii. Can S have zero divisors which are not S-zero divisors?

iv. Can S have S-ideals?

v. Does S have ideals which are not S-ideals?

vi. Can S have S-units?

vii. Can S have subsemigroups which of finite order which
is not an ideal?

Let P = {[0, 45)I; =1, X} be the MOD neutrosophic
interval semigroup.

Study questions i to vii of problem 35 for this P.

Let L = {[0, 492)I; =1, x} be the MOD neutrosophic
interval semigroup.

Study questions i to vii of problem 35 for this L.

Let R = {[0, 12)I, = I, +, X} be the MOD neutrosophic
interval pseudo ring.

i. IsRa S-pseudo ring?

1i. Can R have ideals of finite order?

iii. Can R have S-subrings of finite order?
iv. Can R have S-ideals?

v. Can R have zero divisors?

vi. Is R aring with unit?

vii. Can R have S-units?

viii.Can R have idempotents?

ix. Can R have S-idempotents?

x. Can R have S-zero divisors?

xi. Can R have ideals which are not S-ideals?
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Let M = {[0, 17)], P=1+ x} be the MOD neutrosophic
interval pseudo ring.

Study questions i to xi of problem 38 for this M.

Let B = {[0, 48)I; PF=1+, x} be the MOD neutrosophic
interval pseudo ring.

Study questions i to xi of problem 38 for this B.

Let M = {[0, 9)g; g2 = 0, +} be the MOD dual number
interval group.

i. Prove M is of infinite order.
ii. Can M have finite order subgroup?
iii. Can M have subgroups of infinite order?

H = {[0, 13)g, g2 = 0, +} be the MOD dual number interval
group.

Study questions i to iii of problem 41 for this H.

Let S = {[0, 18)g, g = 0, +} be the MOD dual number
interval group.

Study questions i to iii of problem 41 for this S.

Let T = {[0, 19)g, g2 = 0, X} be the MOD dual number
interval semigroup.

i. Find zero divisors if any in T.

ii. Can T have S-zero divisors?

iii. Is T a monoid?

iv. Can T have ideals of finite order?

v. Can T have subsemigroups of finite order?

vi. Can T have S-idempotents?

vii. Can T have idempotents which are not S-idempotents?
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45.

46.

47.

48.

49.

viii.Is T a S-semigroup?
ix. Can T have S-ideals?

Let S = {[O0, 48)g| g2 =0, X} be the MOD dual semigroup.

i.  Study questions i to iii of problem 41 for this S.
ii. Prove questions vi, vii and viii of problem 43 are not
true.

Let W = {[0, 24)g| g2 =0, +, X} be the MOD dual number
ring.

i. Can W have units?

ii. Is W a zero square ring?

iii. Find all properties enjoyed by W.

iv. Can W have finite order subrings?

v. Can W have ideals of finite order?

vi. Obtain some special features enjoyed by W.

vii. Can W have subrings which are not ideals? Justify.

Let S = {[0, 12)g| g2 = 0, +, X} be the MOD dual number
pseudo ring.

Study questions i to vii of problem 46 for this S.

Let M = {[0, 49)g, g’ = 0, +, X} be the MOD dual number
interval ring.

i. Can M be a S-pseudo ring?
ii. Study questions i to vii of problem 46 for this S.

Let T = {[0, 45)h, h* = h, x} be the MOD special dual like
number semigroup.

i. Show T has finite order subgroups.
1. Is T a monoid?

iii. What is the unit element of T?

iv. Is h the unit element of T?

v. Can T have ideals of finite order?
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vi. Is every infinite subsemigroup an ideal?

vii. Is T a S-semigroup?

viii.Can T have S-idempotents?

ix. Can T have S-unit?

x. Obtain any other special feature enjoyed by T.

Let M = {[0, 45)h, h* = h, +} be the MOD special dual like
number group.

Obtain all the special features enjoyed by M.

If [0, 45)h in 50 is replaced by [0, 23)h will these groups
enjoy different properties.

Let V = {[0, 48)h, h? =h, x} be the MOD special dual like
number semigroup.

Study questions i to x of problem 49 for this V.

Let S = {[0, 47)h, h? = h, x} be the MOD special dual like
number interval semigroup.

Study questions i to x of problem 49 for this S.

Let X = {[0, 144)h, h? = h, +, X} be the MOD special dual
like number interval pseudo ring.

i. IsXaS-ring?

ii. Can S have S-ideals?

1i. Does S contain units?

iv. Can S has ideals of finite order?

v. Can S have subrings of finite order?

vi. Can S have S-units?

vii. Can S have S-idempotents?

viii.Can S have zero divisors which are not S-zero divisors?
ix. Obtain some very special features associated with S.

Let H = {[0, 43)h, h*=h, +, x} be the MOD special dual like
number interval pseudo ring.
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56.

57.

58.

59.

60.

Study questions i to ix of problem 54 for this H.

Let Y = {[0, 192)h, h? = h, +, X} be the MOD special dual
like number interval pseudo ring.

Study questions i to ix of problem 54 for this Y.

Let Z = {[0, 12)k, K= 11k, +, X} be the MOD special quasi
dual number interval pseudo ring.

Study questions i to ix of problem 54 for this Z.

Let M = {[0, 25)k, K = 24k, +, X} be the MOD quasi dual
number interval pseudo ring.

Study questions i to ix of problem 54 for this Z.

Let V = {[0, 48)k, K= 47k, +, X} be the MOD quasi dual
number interval pseudo ring.

Study questions i to ix of problem 54 for this V.

Let Z = {[0, 28)k, K=k, x} be the MOD quasi dual number
interval semigroup.

i. Can Z have S-zero divisors?

ii. Is Zamonoid?

iii. Is Z a S-semigroup?

iv. Find idempotents if any in Z.

v. Can Z have S-idempotents?

vi. Can Z have finite order subsemigroups?

vii. Can ideals of Z be of finite order?

viii.Find ideals of Z.

ix. Can Z have a subsemigroup of infinite order which is
not an ideal of Z?

x. Obtain any other special property enjoyed by Z.



61.

62.

63.

64.
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Let P = {[0, 17)k, K* = 16k, X} be the MOD special quasi
dual number semigroup.

Study questions i to x of problem 60 for this P.

Let S = {[0, 24)k, K? = 23k, X} be the MOD special quasi
dual number interval semigroup.

Study questions i to x of problem 60 for this S.

Let V = {(Xq, X2, X3, Xg) | Xi€ [0, 15); 1 £1 <4, +} be the
MOD real matrix group.

i. Prove V has subgroups of finite order.
ii. Prove V has subgroups of infinite order.
iii. Give any other interesting property associated with V.

Let W = 9 1211 a; € [0.97);

1 <1<24, +} be the MOD real number interval group.

Study questions i to iii of problem 63 for this W.
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65. Let M= 4| a, || a;€ [0, 10) X, 1 £1< 10} be the MOD real

_al() i

matrix interval semigroup.

i. Prove M has infinite number of zero divisors.

ii. Can M have S-zero divisors?

iii. Can M have S-units?

iv. Can M have infinite number of idempotents?

v. Does M contain S-idempotents?

vi. Find subsemigroup of finite order in M.

vii. Can M have ideals of finite order?

viii.Find all ideals of M.

ix. Obtain any other special property enjoyed by M.
x. Can M be a S-semigroup?

a, a, a5
a, A, ... 8y )
66. Let P = a; € [0,23), 1 <i<40, X,}
ay ap a3
a3 Ay ay

be the MOD real interval matrix semigroup.

Study questions i to x of problem 65 for this P.
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67. Let M = ! ’ || aje [0,28); 1 <i< 18, %,}

be the MOD real matrix interval semigroup.
Study questions i to x of problem 65 for this M.

68. Let B = {(a;, a, ..., aj9) | a; € [0, 19); 1 <1 <10, +, X} be
the MOD real matrix interval pseudo ring.

i. IsBaS-ring?

ii. Can B have ideals of finite order?

iii. Can B have S-ideals?

iv. Can B have subrings of finite order?

v. Does B contain zero divisors which are not S-zero
divisors?

vi. Does B contain S-idempotents?

vii. Can B have S-units?

viii.Find any other special feature enjoyed by B.

ix. Prove B has pseudo subrings of infinite order which are
not ideals.

x. If Py=1{(a,0...0)]a € [0, 19), +, X} < B. Find the
quotient pseudo ring B/P;.

69. Let X ={ a, as ag |a;e [0,44); 1 <i1<9, +, X, }

be the MOD real interval matrix pseudo ring.

i.  Study questions i to x of problem 68.
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70.

71.

72.

73.

74.

ii. If the natural product X, is replaced by X show X is non
commutative MOD pseudo ring.

Study questions i to x of problem 68 for this non
commutative structure.

Let S = {(a;, @, ..., ag) | a; € [0, 9ip; 1 <1< 6, +} be the
MOD complex interval group.

i. Find subgroups of infinite order in S.
ii. Find all subgroups of finite order in S.

al oo alo
Let A={ | a; € [0, 125)ig; 1 <1 <20, +}
all oo a20

be the MOD complex interval matrix group.

Study questions i and ii of problem 70 for this A.

Can on [0, m)ir one can build semigroups under x?
Justify your claim.
Can on [0, m)ir one can build interval pseudo ring?
Justify your claim.

Let M = {(ay, a5, ..., ay) | a; € [0, 27)]; 1 £1 £ 20, +} be the
MOD neutrosophic interval matrix group.

Study questions i and ii of problem 70 for this M.
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76.
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LetB={| . |]|ae [0,23); 1 <i<7,+} be the MOD

neutrosophic interval matrix group.

Study questions i and ii of problem 70 for this B.

a4
a a
8 9
Let X ={
a5 A6
Aoy dp3

az
ajy

as

asg |

| a; € [0, 43)I,

1 <1 <28, X,} be the MOD neutrosophic interval matrix

semigroup.

i. Prove X is commutative and is of infinite order.
ii. Prove X has infinite number of zero divisors.
1i1. Can X have S-zero divisors?

iv. Can X have S-units?

v. Can X have finite subsemigroups which are ideals?
vi. Can X have ideals of finite order?
vii. Prove X has infinite subsemigroups of infinite order

which are not ideals.
viii.Is X a S-semigroup?
ix. Can X have S-ideals?

x. Enumerate other special features enjoyed by X.
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7.

78.

LetB={|a5 4ag |a e [0,24)];1<i<10,X,} be the

MOD neutrosophic interval matrix semigroup.
Study questions i to x of problem 76 for this B.

Let V= {(a;, ay, ..., ag) where a; € [0, 24)[; 1 <19, +, X}
be the MOD neutrosophic matrix interval pseudo ring.

i. Prove V is of infinite order.

ii. Can V have zero divisors?

iii. Can V have idempotents?

iv. Can V have S-zero divisors?

v. Can V have S-idempotents?

vi. Prove V has no subrings of finite order.

vii. Prove V has subrings of infinite order which are not
ideals.

viii.Prove all pseudo ideals are of infinite order.

ix. Can V have S-ideals?

x. Prove V has S-subrings which are not S-ideals.

xi. Find all important and interesting properties associated
with V.
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a; a9
a a ... a
11 12 20
79. LetV = { | where a; € [0, 35)I;
a21 322 e 330
a3 a3 40

1 €1 <40, +, X,} be the MOD neutrosophic interval matrix
pseudo ring.

Study questions of i to xi of problem 78 for this V.

a, a, ag
a, a; ... a
10 a4 18
80. Let S = { | a; € [0, 32)];
a9 Ay ... Ay
28 29 436

1 €1 <36, X, +} be the MOD neutrosophic interval matrix
pseudo ring.

Study questions i to xi of problem 78 for this S.

81. Let M= {(a; ... a7) |[a,€ [0,24)g, g=0,1<i<7,+} bea
MOD dual number group.
i. Find all finite subgroups of M.

ii. Find all infinite order subgroups of M.
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[a, a, a, |
Ay ayg
82. Let M, ={|a,, a, ... a, ||ae [0,43)g g*=0,
a5 Ay 436
337 dsg ays

83.

84.

1 <1<45, +} be the MOD dual number group.
Study questions i and ii of problem 81 for this M;.

Let V = {(aj, a5, ..., a9) | a; € [0, 12)g, g2 =0;1<i1<9, x}
be the MOD dual number matrix interval semigroup.

i. Prove V is a zero square semigroup.

ii. Prove every subset X in V which contains (0, O, ..., 0)
is a MOD ideal of V.

iii. Prove V has subsemigroups of order 2, 3 and so on upto

[

a
a
LetW={| | |a€[0,43)g, g°=0,1<i<12,%,) be the

ap

MOD dual number matrix interval semigroup.

Study questions i to iii of problem 83 for this W.



85.

86.

&7.

88.
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a, a, ... ap,

LetS:{( jlai€[0,42)g,g2=0’

R VR ot

1 <1 <24, x,} be the MOD dual number matrix interval
semigroup.

Study questions i to iii of problem 83 for this S.
Let

V={(a, ...,a15) | a € [0,40)g, g =0, 1 <i< 18, +, X,} be

the MOD dual number matrix interval pseudo ring.

i. Vs azero divisor ring.

ii. 'V has pseudo ideals of finite order as well as infinite
order ideals.

iii. V has infinite number of pseudo subrings all of which

are ideals.
iv. If W is a subring of V then W is a pseudo ideal. Prove.

a

Let T = { a:Z la;e [0,21)g, g =0,1<i<10, +, x,} be
4

the MOD dual number matrix interval pseudo ring.

Study questions i to iv of problem 86 for this T.

a,  a, ... ag
LetM={|a, a, .. a,|lae€l[0, 16)h,h*=h,+
Q7 Ay ... Ay

1 <1 < 24} be the MOD special dual like number interval
matrix group.
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9.

90.

91.

i. Prove M is of infinite order.
ii. Prove M has subgroups of both finite and infinite order.

2, a, a |

a;  ag ap
LetW={|% %4 - 881 4¢0,43)h, h>=h,

g Ay ... Ay

Ay Ay as

L4311 a3 a36

1 <1 <36, +} be the MOD special dual like number interval
matrix group.

Study questions i and ii of problem 88 for this W.

a4
P B B 2_11<:
LetZ={| . S 1lae [0,25h,h"=h; 1 <1<22, +}
dy Ay
be the MOD special dual like number interval matrix group.

Study questions i and ii of problem 88 for this Z.

a, a, ... a,

LetB:{( jlaie[0,23)h,h2=h,

ag Ay ... Ay

1 <1< 14, X,} be the MOD dual number like matrix interval
semigroup.

1.  Show B is of infinite order.
ii. Can B have ideals of finite order?
1ii. Can B have S-ideals?



92.

93.
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iv. Is B a S-semigroup?

v. Can B have subsemigroups of finite order?

vi. Can B have zero divisors which are not S—zero
divisors?

vii. Can B have S-units?

viii.Show B has non trivial idempotents.

ix. Can B have infinite number of S-idempotents?

x. Does B has infinite order subsemigroups which are not
ideals?

LetT={|a,, a, a,|lae(0,48)h;h’=h;

1<1<21, %,} be the MOD special dual like number interval
matrix semigroup.

Study questions i to x of problem 91 for this T.

a, a, ... a
Let R = {|a, a, .. a,| |a € [0, 13)h, h’ = h;
a a a

19 20 27

1 £1<27, X,}be the MOD special dual like number matrix
interval semigroup.

Study questions i to x of problem 91 for this R.
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94. LetM:{(

95.

4

a3

a
azj la;€ [0, 14)h, h2=h, 1 <i <4, + %,)
4

be the MOD special dual like number matrix interval pseudo

ring.

i. Prove M is of infinite order.

ii. Can M have S-zero divisors?

iii. Prove M has infinite number of zero divisors.

iv. Can M have S—idempotents?

v. IfIis a pseudo ideal of M, should I be of infinite order.

vi. Show M has finite order subrings.

vii. Show M has pseudo subrings of infinite order which are
not pseudo ideals.

viii.Can M have S-unit?

ix. Is M a S-pseudo ring?

x. Does M contain S-subrings which are not S—ideals?

LetZ={

|a;e [0, 15)h, h*=h; 1 <i<8, +, X,}

be the MOD special dual like number interval matrix pseudo

ring.

Study questions i to x of problem 94 for this Z.
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96. LetR = { | a; € [0, 40)h, h® = h;

1 £1 <16, +, x} be the MOD special dual like number
interval matrix pseudo ring.

i. Show R is a non commutative pseudo ring.

ii. Study questions i to x of problem 94 for this R.

iii. Can R have right pseudo ideals which are not pseudo
left ideals and vice versa?

4 a a0
a, a ... a
IFERSD) 20
97. Let T={ | a; € [0, 4)h, h* =h,
Ay Ay ... Ay
a3 ap a9

1 €1 <40, +, X,} be the MOD special dual like number
matrix interval pseudo ring.

Study questions i to x of problem 94 for this T.

98. Let
V= {(x1, X2, ..., Xp) | i€ [0, 12)k, K> = 11k; 1 <1< 12, +)
be the MOD special quasi dual number matrix interval
group.

i. Show V is of infinite order.

ii. Show V has subgroups of infinite order.

iii. Show V has subgroups of finite order.

iv. Obtain any other special feature enjoyed by V.
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99.

LetM={| M9

227 1 | e [0, 45)k,

K* = 44k; 1 <i < 54, +} be the MOD special quasi dual
number interval matrix group.

Study questions i to iv of problem 98 for this M.

100. Let
V={(ay, a, ..

101.

L) |a e 0,25k kP=24k; 1 <i<9, x,}
be the MOD special quasi dual number interval matrix
semigroup.

i. Prove V is of infinite order.

ii. Prove V has infinite number of zero divisors.

iii. Prove V has infinite number of S-zero divisors.

iv. Prove V has ideals of infinite order.

v. Can V have ideals of finite order?

vi. Can V have infinite order subsemigroups which are
not ideals of V?

vii. Prove/disprove V cannot have S—pseudo ideals.

Let M = {

| a; € [0, 412)k,

K> =411k, 1 <i <50, X,} be the MOD special quasi dual
number interval matrix semigroup.
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Study questions i to vii of problem 100 for this M.

a, a, a; a, as

102. LetW={a;, a, a3 a, a;5]|a¢e 0,24k,

k* = 23k, 1 <i <25, x} be the MOD special quasi dual
number interval matrix semigroup.

1. Prove W is a non commutative MOD semigroup.

ii.Give 2 right ideals of W which are not left ideals of W
and vice versa.

1ii. Study questions i to vii of problem 100 for this W.

103. Let
M = {(a;, ay, ..., a) | a; € [0, 26)k, k* = 25k, 1 <1 <9, +,
X} be the MOD special quasi dual number matrix interval
pseudo ring.

1. Prove M has subrings of finite order.

ii. Show M has zero divisors.

1ii. Can M infinite number of S-zero divisors?

1v. Show all MOD pseudo ideals of M are of infinite order.

v. Show M has MOD pseudo subring of infinite order
which are not pseudo ideals.

vi. Can M have idempotents?

vii. Does M contain S-units?

viii. Is M a S-pseudo ring?

ix. Can M have S-pseudo ideals?

x. What are the special properties enjoyed by M?
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q
a
104, LetS={|2||ae[0,200k: kK= 19k, 1 <i<12, +,

ap

X,} be the special quasi dual number matrix interval
pseudo ring.

Study questions i to x of problem 103 for this S.

i a4, g 1
a0 4ayy ag
105. LetR={|a,, a, ... ay | wherea;e [0, 155k,
drg Ay 36
| 337 dsg ays |

K = 154k, 1 €1 £ 45, +, x,} be the special quasi dual
number matrix interval pseudo ring.

Study questions i to x of problem 103 for this R.

I 4 a4 a; 1
ag 4 ayy
a5 Ay ... Ay
106. LetP={|a,, a,; ... a, | wherea; e [0, 16)k,
ay9 A3 435
a3, dzg ap
| A4z Ay 449 |

K= 15k, 1 £1<49, +, x} be the MOD special quasi dual
number matrix interval MOD pseudo ring.
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i. Prove P is non commutative.

ii. Study questions i to x of problem 103 for this P.

iii. Give 3 examples of right pseudo ideals of P which are
not left pseudo ideals.

iv. Give 2 examples of left pseudo ideals of P which are
not right pseudo ideals of P.

v. Can P have left zero divisors which are not right zero
divisors?

vi. Can P have right units which are not left units and vice
versa?

107, LetMy={|a, a, a,|lae [0, 19k K =18k,

1 <i<9, +, x} be the MOD special quasi dual number
matrix interval pseudo ring.

Study questions i to iv of problem 106 for this M.

108. LetW={[a, a, a;s ag|lael0,423)k,

K = 422k, 1 <1 < 28, +, X,} be the MOD special quasi
dual number matrix interval pseudo ring.

Study questions i to x of problem 103 for this W.

109.  Let (oo, ) be the real line. Define a MOD real interval
transformation from (—oeo, o) to [0, 17).
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N : (=0, 00) — [0, 17).

i. Isco a function?

ii. Can we take about kernel of n?

iii. Is it possible to define a map from
N =10, 17) = (~0, 0)?

iv. If 0" a usual map?

v. Canmon'=n" o n=Id (Identity)?

vi. Obtain any other special feature enjoyed by these
MOD real interval transformation.

110. Let m : (-0, o) — [0, 43) be the MOD real
transformation.

Study questions i to vi of problem 109 for this map.

111.  Let m; : (ool ool) — [0, 45)I be the MOD real interval
neutrosophic transformation.

Study questions i to vi of problem 109 for this ;.

112.  Let My : (—ool, ol) — [0, 23)I be the MOD real
neutrosophic interval transformation.

Study questions i to vi of problem 109 for this 1.

113. Let n;, : (—o0i, o0i) — [0, 24)ir be the MOD complex

modulo integer interval transformation.

Study questions i to vi of problem 109 for this M, .
114.  Let ni, : (—ooi, o0i) — [0, 43)ir be the MOD complex

modulo integer interval transformation.
Study questions i to vi of problem 109 for this Mi.

115. Letm,: (—oog, »g) — [0, 18)g, (g2 = 0) be the MOD dual
number interval transformation.
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Study questions i to vi of problem 108 for this 1,.

116.  Letm,: (—oog, o0g) — [0, 29)g, (g” = 0) be the MOD dual
number interval transformation.

Study questions i to vi of problem 109 for this 1,.

117.  Let M, : (—ooh, ooh) — [0, 144)h, (h® = h) be the MOD
special dual like number interval transformation.

Study questions i to vi of problem 109 for this 1.

118.  Let My : (—ooh, ooh) — [0, 13)h, (h* = h) be the MOD
special dual like number interval transformation.

Study questions i to vi of problem 109 for this 0.

119.  Letmy : (—ook, ook) — [0, 248)k; (k* = 247Kk) be the MOD
special quasi dual number transformation.

Study questions i to vi of problem 109 for this n.

120.  Let 1y : (—ook, ook) — [0, 13)k; k* = 13k be the MOD
special quasi dual number transformation.

Study questions i to vi of problem 109 for this n.

121.  Let R,(24) be the MOD real plane 1 : R X R — R,(24) be
the MOD real plane transformation.

i.  Study the natural properties of a map enjoyed by 1.

ii. Cann' exist is it unique through not a map?

iii. What are the difference between 1™ and a usual
map?

iv. Obtain any other special features enjoyed by 1 and
n.

v. Showm o M =1" o1 = identity.
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122.

123.

124.

125.

126.

127.

128.

129.

Let 1 : R x R — R,(47) be the MOD real plane
transformation.

Study questions i to v of problem 121 for this 1.

Let nc : C — Cy(29) be the MOD complex plane
transformation.

Study questions i to v of problem 121 for this nc.

Let nc : C — C,(48) be the MOD complex plane
transformation.

Study questions i to v of problem 121 for this nc.

Let m; : (R U T) — R (53) be the MOD neutrosophic
plane transformation.

Study questions i to v of problem 121 for this ;.

Letm:(RuUl) —» Rfl (448) be the MOD neutrosophic
plane transformation.

Study questions i to v of problem 121 for this n;.

Let n, : R(g) = R,(15)g; g’ = 0 be the MOD dual
number plane transformation.

Study questions i to v of problem 121 for this 1.

Let n, : R(g) = R,(43)g, g’ = 0 be the MOD dual
number plane transformation.

Study questions i to v of problem 121 for this 1.

Let Ny, : R(h) »R,(24)h, h? = h be the MOD special dual
like number plane transformation.
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Study questions i to v of problem 121 for this 1.

130.  Let 1, : R(h) = R,(59)h, h’> = h be the MOD special dual
like number plane transformation.

Study questions i to v of problem 121 for this 1.

131.  Let ni : R(k) — [0, 43)k; k* = 42k be the MOD special
quasi dual number plane transformation.

Study questions i to v of problem 121 for this 1.

132.  Let 1, : R(k) = [0, 6)k, k> = 5k; be the MOD special
quasi dual number plane transformation.

Study questions i to v of problem 121 for this nj.

133.  LetM = {(R x R(g) x R(h) x R(k)) | g =0, h* = h and
k> = -k, i* = -1, +} be the mixed multidimensional
group.

Study all interesting properties associated with M.

134.  Study M in problem 133 if + is replaced by x for the
semigroup.

135.  Let N = {(C x R(h) x R(2) x R(k)); h®* = h, g = 0 and
k* = -k, x} be the mixed multidimensional semigroup.

i. Prove N is a commutative monoid of infinite order.

ii. Prove N has infinite number of zero divisors.

iii. Can N has S-zero divisors?

iv. Find all zero divisors which are not S-zero
divisors.

v. Can N have S-idempotents?

vi. Does N contain infinite number of idempotents?

vii. Show N have infinite number of subsemigroups.
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136.

137.

138.

viii.Can N have finite order subsemigroups?

ix. Can N contain ideals of finite order?

x. Prove all ideals of N are of infinite order.

xi. Obtain any other interesting property enjoyed by N.

Let W = {(RxR(g) x RxR(h) xR(k) x Cx C) | g* =0,
h?* = h, K¥¥ = —k, i* = -1, x} be the mixed multi
dimensional semigroup.

Study questions i to xi of problem 135 for this W.

Let M = {(R(g) x R(g) X C x C x R(h) x R(h) x R(k) x
R(kk)) | g =0, h*> = h and k> = -k, x} be the mixed
multidimensional semigroup.

Study questions i to xi of problem 135 for this M.

Let P = {(R(g) X R(h) x C x C(g) x C(h)) | h* = h and
g’ = 0, +} be the mixed multidimensional group. P is a
mixed multidimensional vector space over R or Q.

i. Is P afinite dimensional vector space over R?

ii. Find atleast 3 sets of basis for P over R.

iii. Find subspaces of P over R(and Q).

iv. Define a linear operator on P.

v. If V=Homg(P, P) find dimension of V over R.

vi. IsV=P?

vii. Obtain any other interesting property associated
with P.

viii.Give a linear transformation in which Ker is a non
empty subspace of P.

ix. Give a nontrivial linear transformation which is one
to one.

x. Obtain any other property associated with V.

xi. Is projection from W = {(R(g) x {0} x {0} x {0} x
{0})} (be a subspace of P) to P well defined.

xii. Write P as a direct sum of subspaces.
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139.  LetS = {(R(h) x C(h) x R x C x R(g) x R(k)) | g =0,
h*=hand k= -k, i*=1, +} be the mixed
multidimensional vector space over R (or Q).

Study questions i to xii of problem 138 for this S over R
(and Q).

140. Let M = {(R(h) X R X R(k) x C x C(h) X R(g)), +, X}
be the mixed multidimensional ring.

i. Prove M is commutative.

ii. Prove M has infinite number of zero divisors.
iii. Can M have S-zero divisors?

iv. Is M a S-ring?

v. Can M have S-ideals?

vi. Does M have ideals which are not S—ideals?

vii. Can M have S-idempotents?

viii.Can M have subrings of finite order?

ix. Obtain any other special property enjoyed by M.
x. Does M contain S-subrings?

141.  Let S = {(C(g) x Cth) x (R UT) x R(g) x (C U I) x
R(h)|g*=0,h*=h, P =1, i’ =1, +, x} be the mixed
multidimensional ring.

Study questions i to x of problem 140 for this S.

142, Let S be as in problem 141. S is a mixed
multidimensional linear algebra over R.

i. Whatis dimension of S over R?

ii. Is S finite dimensional?

iii. Find subspaces of S over R so that S can be written
as a direct sum.

iv. Find Hom(S, S) = V.

v. What is the algebraic structure enjoyed by V?

vi. Find Hom(S, R) = W.

vii. Find the algebraic structure enjoyed by W.

viii.Is W = §?
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143.

144.

145.

146.

147.

Let V = {(Ry(m) X R,(m) X R,(m)) | m = 8, X} be the
MOD multidimensional semigroup.

i. Can V have subgroups of finite order?

ii. Can ideals of V be of finite order?

iii. Can V have S-units?

iv. Can V have S-idempotents?

v. Can V have S-zero divisors?

vi. Is V a S-semigroup?

vii. Can V have S-ideals?

viii.Does V contain S-subsemigroups which are not
S-ideals?

ix. Obtain any other special feature enjoyed by this
MOD multidimensional semigroup.

Let S = {(C,(10) X Ry(5) X Ry(12)g X Ry(11)) g° = 0, x}
be MOD mixed multidimensional semigroup.

Study properties i to ix of problem 143 for this S.

Let
B = {(Ry(7)g X Ry(7)g X Ry(1)g X Ry(7)g) | g = 0, X} be
the MOD multidimensional semigroup.

Study properties i to ix of problem 143 for this B.

Let
P = {(C,(10) x C,(10) x C,(10) x C,(10)); i% =9, x} be

the MOD multidimensional complex modulo integer
semigroup.

Study questions i to ix of problem 143 for this P.
Let M = {(Ry(9)h x R,(9)h x R,(9)h) | h* = h, x} be the
MOD multidimensional special dual like number space

semigroup.

Study questions i to ix of problem 143 for this M.
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148.  Let S = {(Cy(10) X R,(5) X Ry(7)g x Ry(5)h); x} be the
MOD mixed multidimensional space semigroup.

Study questions i to ix of problem 143 for this S.

149. Let P = {(R,(10)g x R, (11)h x R, (12)k x C,(10) X
C,(11)), g2 =0, h* = h, k* = 11k, X} be the MOD mixed
multidimensional space semigroup.

Study questions i to ix of problem 143 for this P.

150.  Let M = {(Ry(5) X Ry(5)h X Cy(5) x Ry(5)k) | h* = h,
K* = 4k, +} be the MOD mixed multidimensional space
group. M is a MOD mixed multidimensional vector
space over Zs.

1.  What is the dimension of M over Zs?

ii. Is M an infinite  dimensional  mixed
multidimensional vector space over Zs?

iii. Find subspaces of V.

iv. Does there exist a subspace of finite dimension over
Zs?

v. Find Hom(V,V)=W.

vi. What is the algebraic property enjoyed by W?

vii. Obtain any other special features associated with
W.

151.  Let S = {(Cy(7) X Cy(5) X Cy(10) x Ry(7) X Ry(5)) +, X}
be the MOD mixed multidimensional space pseudo ring.

i. SisaS-ring.

1i. Prove S has infinite number of zero divisors.
iii. Prove S has only finite number of units.

iv. Can S have S-units?

v. Does S contain S-ideals?

vi. Can S have ideals of finite order?

vii. Prove S has S-subrings?

viii.Can S have S-idempotents?
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152.

153.

154.

155.

156.

157.

ix. Let I be an ideal of S-find S/IL
x. Obtain any other property associated with S.

Let M = {(Ry(7) X Ry(5)g x Ry(12) x Cy(8) X Ry(8)h)
g =0, h’ = h, i= 7, +, x} be the MOD mixed
multidimensional space pseudo ring.

Study questions i to x of problem 151 for this M.

Let W = {(C(7) x C(7) x Cy(7) x Cy(7)), +, X} be the
MOD multidimensional space pseudo ring.

Study questions i to x of problem 151 for this W.

Let B = {(C,(10) X Ry(7) X Ry(5)g X Ry(12) X Ry(17)h) |
h> = h, g =0, it= 9, +, x} be the MOD mixed
multidimensional space pseudo ring.

Study questions i to x of problem 151 for this B.

Let V = {(Cy(11) x Ry(11) x Ry(1Dh x Ry(11)g X
R, (1K) | k¥* = 10k, g* = 0, h* = h, +, x} be the MOD
mixed multidimensional pseudo ring.

i. Prove V is a MOD mixed multidimensional pseudo
linear algebra over Z;.

ii. Prove V is a S-MOD mixed multidimensional
pseudo linear algebra over [0, 11).

iii. Is V finite dimensional over [0, 11)?

iv. Obtain any other interesting property about V.

Mention some of the special features enjoyed by MOD
multidimensional pseudo ring.

Distinguish between the MOD mixed multidimensional
pseudo ring and MOD multidimensional pseudo ring.
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158.  Mention all the innovating properties enjoyed by MOD
multidimensional pseudo linear algebras over [0, m).

159.  Enumerate the special features enjoyed by MOD mixed
multidimensional pseudo linear algebras over Z,. (p a
prime).

160. If Z, in problem 159 is replaced by [0, p) study the
related structures.
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