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Preface

Since childhood I got accustomed to study with a pen in my hand.
I extracted theorems and formulas, together with the definitions, from my text books.
It was easier, later, for me, to prepare for the tests, especially for the final exams at the

end of the semester.
I kept (and still do today) small notebooks where I collected not only mathematical but

any idea I read in various domains.

These two volumes reflect my 1973-1974 high school studies in mathematics.
Besides the textbooks I added information I collected from various mathematic books of

solved problems I was studying at that time.
In Romania in the 1970s and 1980s the university admission exams were very

challenging. Only the best students were admitted to superior studies. For science and technical
universities, in average, one out of three candidates could succeed, since the number of places

was limited. For medicine it was the worst: only one out of ten!

The first volume contains: Arithmetic, Plane Geometry, and Space Geometry.
The second volume contains: Algebra (9™ to 12t grades), and Trigonometry.

Florentin Smarandache
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7 =3.141592635...1s an irrational number
The module of a real number x is the positive value of that number.

—xif x<0
|x|= 0if x=0

+xif x>0
[+3|=3;
|-3|=3;

0]=0

To any real number we can associate a point on the line and only one; If on a line we

select a point O called origin and a point which will represent the number 1 (the unity segment),
the line is called the real axis or the real line.

Operations with real numbers
Addition
The addition is the operation in which to any pair of real numbers x, y corresponds a real
number and only one, denoted x + y , and which has:

a) The common sign of x,y, if they have the same sign, and the module is the sum of their
modules.

b) The sign of the number whose module is larger and the module is the difference of their
modules, in the case that the numbers have different signs.

Multiplication
The multiplication is the operation through which to an pair of real numbers x,y
corresponds a real number an if d only one, denoted x-y (xy or x x y ), and which has:
a) The sign of "+" if x,y have the same sign, and as module the product of their modules.
b) The sign of "=" if x,y have different signs, and as module the product of their modules.

Algebraic computation

An algebraic expression is a succession of real numbers written with their signs.
Variables are the letters that intervene in an algebraic expression.
Constants are the real numbers (coefficients of the variable).

Example

E(a,b,c) =2a’+4b’ —c¢

a,b,c are variables

+2, +4, -1 are constants

E(a,b,c) is an algebraic expression

12



Algebraic expression:
- Monomial
- Polynomial
e Binomial
e Trinomial
e Ftc.
The monomial expression is a succession of signs between which the first is a constant,
and the following are different variables separated by the sign of the operation of multiplication.
Examples:
x> + yz3 2x,:4;0
Monomial
- The literal part: x*yz’; x
- The coefficient of the monomial: 7;4,0

The degree of a monomial

a) The degree of a monomial with only one variable is the exponent of the power of that
variable.

b) The degree of a monomial which contains multiple variable is the sum of the power
of the exponents of the variables.

c) The degree of a monomial in relation to one of its variable is exactly the exponent of
the respective variable.

Similar monomials

Similar monomials are those monomials which have the same variables and each variable
has the same exponential power.

The sum of several monomials is a similar monomial with the given monomials.

Observation:

If a letter is at the denominator and has a higher exponent than at that from the numerator

(example: 4x” :2x”) or it is only at the denominator, then we don’t obtain a monomial.

Polynomial

A polynomial is a sum of monomials
The numeric value of a polynomial results from the substitution of its variables wit real
numbers.

P(x,y)=2xy+3x—l
P(1,0)=2-1-0+3-1-1=2
Polynomial of a reduced form

The polynomial of a reduced form is the polynomial which can be represented as a sum of
similar monomials.
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The degree of a polynomial
The degree of a polynomial in relation to a variable is the highest exponent of the

variable.
The degree of a polynomial relative to more variables is equal to the sum of the highest

exponents of the variables.

Homogeneous polynomials
The homogeneous polynomials are the polynomials give in a reduced form whose terms

are all of the sane degree.
Examples:
2x;5x 4x% + 3xy — yz;x +y+z

To ordinate the terms of a polynomial means to write its terms in a certain order,

following certain criteria.
A polynomial with one variable is ordinated by the ascending or descending powers of

the variables.
The canonical form of a polynomial P(x) is the ordinate polynomial by the descending

powers of x.
The incomplete polynomial is the polynomial which ordinated by the powers of x has
some terms of different degrees (smaller than the highest power of x).

Example:

—2x° +3x° +2 is an incomplete polynomial (are missing ax*,bx’,cx’,dx )
A polynomial with several variables can be ordinated by the powers of a given variable.

Example:
-3y’ +x° + (3x3 - zx) y+ (2x3 —2x°z— 5x2) is ordinated by the powers of

P (x, y,Z) =
V.

The ordination by the homogeneous polynomials

Any given polynomial of a reduced form can be ordinated as a sum of homogeneous
polynomials.

Example:
P(x,y,z) =2xXy+3x++4y—xy+z 5= (2x3y)+ (23)+(—xy)+ (3x +4y)+ (—5)
Operations with polynomials

Opposed polynomials are two polynomials whose sum is the null polynomial.

The sum of polynomials
If P(x) +Q(x) = S(x) = grS(x) < max[P(x)Q(x)]
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The difference of polynomials

If P(x) —Q(x) = D(x) = grD(x) < max[P(x),Q(x):I

The product of polynomials
If P(x)-O(x)=D(x)= gr.D(x)=gr.P(x)+grO(x)

The division of polynomials

- The division without remainder
P(x)
If —<=1(x)=>grl(x)=grP(x)—grQ(x

- The division with reminder

If ggg = I(x) and R(x) = gr.](x) = gr.P(x) - gr.Q(x) and gr.R (x) < I(x) .

To divide two polynomials of the same variable, we’ll ordinate the polynomials by their
descending powers of the variable.

A polynomial monomial is a polynomial in which the coefficients of the unknown have a
maximum degree of 1.

To divide two polynomials that have several variables, we’ll ordinate the polynomials by
the powers of a variable and proceed with the division as usual.

Theorem
The remainder of a division of a polynomial P(x) by x—ais equal with the numeric
value of the polynomial for which x—a , thatis R = P(a)

Consequence
If P(x) is divisible by x—a, then P(a)=0.

Formulae used in computations
1) The product of a sum and difference

(x+y)(x—y)=x>-)"
2) The square of a binomial
()c+y)2 =x>+2xy+y°

1. The method of expressing relative to a common factor
2. The usage of the formulae in computations

a) ¥ =y =(x+y)(x-v)
b) x*+)° =(x+y)<x2—xy+y2)
X -y =(x—y)(x2+xy+y2)
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C) (x2 +2xy+)/2)=()c+)/)2
()62—2xy+yz):(x—y)2

d) X’ +3x°y+3x°+y° :(x+y)3
x’=3x"y+3xy> -y’ :(x—y)3

e) x2+yz+22+2)cy+2xz+2yz:()c+y+z)2

f) x2+(a+b)x+ab:(x+a)(x+b)

3. The method of grouping the terms
4. Combined methods

The greatest common divisor (GCD) of several given polynomials is the polynomial with
the greatest degree which divides all given polynomials. To determine it we’ll take the common

irreducible factors at the smallest exponent.

The smallest common multiple of several given polynomials is the polynomial whose
degree is the smallest and which is divided by each of the given polynomials. To determine it,
we will form the product of the common and non-common irreducible factors at the highest

exponent.

Algebraic fractions (algebraic expressions)

. . . P .
An algebraic fraction is an expression of the format —, where P,Q are polynomials

To simplify an algebraic fraction is equivalent with writing it into an irreducible format.

To find the common denominator we have to decompose firstly the polynomials
denominators in irreducible factors.

Co-prime polynomials are the polynomials which are prime between them.

Algebraic fraction generalized
An algebraic fraction generalized is a fraction of the format:

x+y
_ x-1
Fley)=575
y+7
Equalities, equations, system of equations
Definition

€C__9%

An equality is a proposition that refers to the elements of a set M in which the sign
appears only one time.
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Equality is formed of
- The left side (side I)
- The right side (the side II)
Equality can be:
- True
- False
Definition
An equation is the equality which is true only for certain values of the unknown.
To solve an equation means to find the solutions of the give equation.
The equation E, implies the equation E, only when all the solutions of the equation E,

are also solutions of the equation E, (but not necessarily any solution of E, is a solution of
E).

PeQif P=>Qand Q=P

Two equations are equivalent only when have the same solutions.

Properties of an equation in the set of real numbers

Theorem

1) If we add to both sides of an equation (equality) the same element, we’ll obtain an
equation equivalent to the given equation.

2) If we move a term from a side of equality to the other side and change its sign, we’ll
obtain an equality equivalent to the given one.

3) If we multiply both sides of equality with a number different of zero, we’ll obtain an
equality equivalent to the given equality.

The equation of first degree with one unknown
Method of solving it
- If there are parenthesis, we’ll open them computing the multiplications or
divisions
- If there are denominators we’ll eliminate them
- The terms that contain the unknown are separated from the rest, trying to obtain:
ax=b=>x= b
a
This equation has only one solution.

The discussion of the equation of first degree with one unknown
Real parameters are determined real numbers but not effectively obvious
The equation can be:
- Determined (compatible) has a solution
- Not determined: has an infinity od solutions
- Impossible (incompatible) it doesn’t have any solution
In a discussion are treated the following cases:
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a) The case when the coefficient of x is zero

b) The case when the coefficient of x is different of zero. If the equation contains
fractions, a condition that is imposed is that the denominators should be different of
zero, otherwise the operations are not defined.

System of equations

Theorems

1) If in a system of equations one equation or several are substituted by one equation or
several equations equivalent to those substituted, then we obtain a system of
equations equivalent to the initial system of equations.

2) If in a system of equations one equation or several are multiplied by a number
different of zero, we’ll obtain a system of equations equivalent to the given system of
equations.

3) Ifin a system of equations we substitute one equation by an equation in which the left
side contains the sum of the left side members of the equations of the system and in
the right side the sum of the right members of the equations, then we will obtain a
system of equations equivalent to the given system of equations.

Methods of computation
1) The method of substitution
2) The method of reduction
The systems of equations ca be:
- Determined (compatible) has solutions
- Non-determined — it has an infinity of solutions
- Impossible (incompatible) it does not have solutions

Inequations of first degree
A relation of order is any relation which has the following properties:
1) Vx,yeR, 1is true at least one of the following propositions:
x>y, x=0,x<y
2) Transitivity
3) Anti-symmetry

Intervals

1) Open interval

[ ]
a L Jb

2) Closed interval

-
al_ Jb

18



3) Interval closed to left and open to the right
B A
a I_ )b
4) Interval open to the left and closed to the right
[ ] 5
a\ J b
5) Interval closed to the left and unlimited to the right
[a,+ o0)
N >
a I_ + oo
6) Interval open to the left and unlimited to the right
(a+ )
a K + oo
7) Interval open to the right and unlimited to the left
('v 0 )
-0 j a
8) Interval closed to the right and unlimited to the left
(_ o 9a]
N >
- Iz

Properties of the Inequality

1)

2)

If the same real number is added to both sides of an inequality, it is obtained an
inequality equivalent to the given inequality.

If a given inequality is multiplied on both sides by the same real positive number, it
will be obtained an inequality equivalent to the given inequality.

If the inequality is multiplied on both sides with a real negative number then the sense
of inequality will change.

Powers with irrational exponent
An irrational algebraic expression is he expression which contains the sign of radical:
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2_3.3 . ﬁ
\a ,4fx+ y,3+\/;

The power of a number is that number multiplied by itself as many times as the power

indicates.

n times

a is called the base of the power
n is called the power exponent

- Ifx<y=x"<y"x,y>0neN

- fx=y=x"=y

n

- fx>y=x">y"
- But, xn:yn;fx:y

Radical’s definition
Given a positive number A and a natural number n >2, a radical of order n of the

number A4 is another positive number, denoted 4[4 , which raised at the power of n reproduces
the number 4.

ZWZ|A|:{A ifAZO.

—Aif A<0’
A =+4

(Ya) =a: (a=0)

Properties of the radicals

1)

2)

3)

The amplification of the radical: The value of a radical doesn’t change if we multiply
by the same natural number the indices of the radical and the exponent of the quantity

from inside the radical. 44 = "f/A_p

The simplification of a radical: The value of a radical doesn’t change if we divide by
the same number £ the indices of the radical and the exponent of the quantity from
inside the radical. W = 4/2

Observation: The simplification of a radical must be done carefully when the indices
of the radical is even and there is no precise information about its sign. That’s why

under the radical we wuse the module of a quantity: (‘/x_z :~4/|x|2 =\j|? ;

i T -

The root of a certain order from a product is equal to the product of the roots of the
same order of the factors, with the condition that each factor has a sense.

Ya-B-...v=a-4B-.4V; (4B,..V>0)

To make the radicals to have the same index, we’ll amplify the radicals getting them
to the smallest common multiple.
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4) The root of a ratio is equal to the ratio of the roots of the same order of the
denominator and numerator, with the condition that both factors are positive.

5) To raise a radical to a power it is sufficient to raise to that power the expression from
inside the radical
6) To extract the root from a radical, the roots indexes are multiplied and the expression

under the radical remains unchanged. 4/’{/2 = ”\"/Z

The extraction of rational factor from a radical
W = aX/b*

Introduction of a factor under a radical
a¥lo =Xla" Wb =xla"b

Elimination of a radical from the denominator

TF%WJ’W
B

(4>0,B>0)

The reduction of similar radicals

The rationalization of the denominator of a fraction (we amplify with the conjugate)

Conjugate expression of an irrational factor is another expression, which is not identical
null, such that their product does not contain radicals

If at the denominator there is an algebraic expression of radicals of the format % + % ,

we amplify with 3/572 + % + %

1) a"-a"=a""; (a#0, m>n)
2) a"+a"=a""; (a#0)

3) (a" )m =a"; (a ;tO)

4) (ab)" =a"b"

a n_£.
5) (gj =4 (h=0)
6) a

1
7 -m _ ) 0
) a - (a=0)

Theorem
' P P
If = p _p_ ,then a™ =a™
m m'
m m7k m+k

8) a’ :a”k =an+k

The equation of second degree with one unknown
The general form is ax® +bx+c =0, (a#0)

How to find its roots:
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ax’ +bx+c=0|-4a; (a#0)=4a’x’ +4abx+4ac=0<

< 4a’x* +4abx + b - b? +4ac=0©(2ax+b)2—(M)2 =0
:>(2ax+b+M)(2ax+b— b2—4ac):0
—b+ b’ —4ac

2a

Then the solution will be X, =

—b'+b"*—ac

a
b) In the case in which the coefficient of x is even b =2b"and the coefficient of x’is

a=1,and then x,, =-b"t\b"”—c

a) In the case in which the coefficient of x is even h=2b' then x,, =

Reduced forms of the equation of the second degree

1) Inthecase c=0; ax’+bx=0 = x(ax+b)=0=x, =0, x, =—

c
2) Inthecase b=0; ax’+c=0=ax’=—c=>x'=——=x, =%, [-—

Q |
ISI o

Relations between roots and coefficients
Viéte’s relation

S=x+x,=——
a

P=x-x,=+ <
a
A=b’—4ac:
- If A<0= we have imaginary and conjugated solutions
- If A=0=the solutions are real numbers and equal.
- If A> 0= the solutions are real numbers and different.

Irrational equations

Any equation in which the unknown is under the radical constitutes an irrational
equation.

To resolve such an equation we’ll use the following implication:

x=y=>x"=y",but x"=y" ZKx=y.
Precautionary, after determining the solutions of the equation x" =y", we need to verify if
x =y and eliminate the extra foreign solutions.

We call foreign solutions those solutions which have been introduced through the process
of raising to a power.

We must also put the condition that the radical has sense; the solution found must be
amongst the values for which the radical makes sense.

If we make successive raising to a power, then we have to put the conditions that both
sides are positive.
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The set of complex numbers (C)

z=Xx+1y; i:ﬁ

The equality of complex numbers
zZ, =X, +1iy,
Z, =X, t1iy,

z,=z,1f x,=x, and y, =y,

The addition of complex numbers

zZ,+z,= (x1 +x2)+i (y1 +y2)

The subtraction of complex numbers

2=z, = (xl _x2)+i ()ﬁ _yz)

The multiplication of complex numbers

202, = (x1x2 _y1y2)+i(x1y2 _sz’1)

The division of complex numbers

x +i XX, + Xy, +x . . . .
T 4 W T4 e R o B R Y S amplification with the conjugate

: 2 2 2 2
z, Xt X, ), X+,

Conjugate complex numbers
z=x+iyand z = x —iy with the conditions:
a) zzelR
b) (z + E) eR

Quartic equation

The general form: ax* +bx*> +c=0

Solution: we denote x> =y = x* = y°

ay’ +by+c=0
—b++b* —4ac \/—bi\/b2 —4dac
Vip = = X5, =1
’ 2a 2a

The following are the conditions that a quartic equation will have all solutions real:
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A'=b*—4ac>0
s=-bsy

a
P=+5>0

a

The reciprocal equation of third degree

A reciprocal equation is the equation whose coefficients at an equal distance from the
middle term are equal.

Example:

Ax’ +Bx* +Cx’ +CxX* + Bx+ A=0
) Ax’ +BxX* +Bx+A=0
A(x3+l)+Bx(x+l):A(x+1)(x2—x+l)+Bx(x+l)=
(x+1)[ Ax* —(4—=B)x+4]=0
x, =-1

= (A=B)+N-34-24B+ B’
23 = 24
10) The reciprocal equation of fourth degree
Ax* + Bx’ +Cx* + Bx+ A=0]+x’, (x#0)

Ax2+Bx+C+§+£2=O
X X

We’ll denote (x + lj =y, then
x

Ay’ =2)+By+C=0 = 4y’ + By +(-24+C)=0

Systems of equations
The equations of second degree with two unknown

ax’ +bxy+cy’ + dx+ey + f =0
%/—/ H—/

terms of second terms of first ~ Jfree

degree degree term
have an infinity of solutions.
) This
1) Systems formed of an equation of first degree and an equation of second degree
2x-3y =7
{2x2 —3xy+ )" —5x+2y+4=0

Is resolved through the substitution method
2) Systems of equations which can be resolved through the reduction method

x*=5xy+y* -3y +8=0[(-2)
2x> —10xy +2y+10=0

24



1))

One equation is multiplied by a factor, the equations are added side by side such
that one of the unknowns is reduced.

3) Systems of equations in which each equation has on the left side a homogeneous
polynomial of second degree and on the right side a constant.

ax’ +bxy+cy’ =d
a' x> +b'xy+c'y’=d’
In particular cases it is applied the reduction method

In general cases it is applied the substitution method
Example

—4x* -3xy+y° =-6|-2
2x* —xy -y’ =—41-(-3)

(x;tO)

—8x* —6xy+2y° =-12 —14x* =3xy +5y° =0] +x*
=
2x* —xy—y’ =—4

{—6x2 +3xy+3y* =12
Homogeneous equations are the equations in which the terms have the same

degree.
522 -3y-14=0;
2
3+49+280 3+17
Z1p = = =3 7
10 10 ——
5
The system is reduced to
Yy y__7
x and | x 5
2x° —xy—y’ =—4 2x° —xy -y’ =—4

Symmetric systems

A symmetric system is a system formed of symmetric equations

An equation is symmetric in x,y if by substituting x by y and y by x, the
equation’s form does not change.

Examples
xX+y=a
4x* +10xy+4y° =b
2x+2y+xy=c
Solution

We use the substitution: x+y=.S, xy=P and we’ll find a system which is
easier to solve.
If we obtain the solution (a,b), it is obtained also the solution (b,a)
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Example
x4+ =5
xy=2
We denote x+ y =S and xy =P then
§*-2pP=5
{P 5 =8 -4=5=5"=9=S5,,=13
P=2 P=2
Return now to the original unknowns x, y

x+y=3 x+y=-3
and
xy=2 xy=2

) S=3 S=-3
The solutions are: and

+.9— +
zz+3z+2=0:>zl_2=3_ 29 8 =3;1 with solutions 2 and 1

zz+3z+2=0321,2={ 1

The solutions are
x=2 x=1
y=1 y=2

x=-2 x=-1
y=-1 y=-2

II)  Other systems are resolved using various operations
= Various substitutions
= Are added or subtract the equations to facilitate certain reductions
= From a system we derive other systems equivalent to the given one
IV)  Irrational systems are the systems formed with irrational equations

Methods:

- First we put the conditions that the radicals are positive (if the radical index is
even)

- Then the equation is put at the respective power (it is taken into consideration that
A=B = A" = B", but not vice versa.

- Verify that foreign solutions are not introduced. All the solutions of the initial
system are between the solutions of the implied system through raising to the
power, but this is not true for the vice versa situation.

Finding the solution for the equation z° = 4 in the set of complex numbers
Let z=x+iy, A=a+bi

z* :A:()c+iy)2 =a+bi
(x2 —y2)+i(2xy):a+bi

We’ll use the identification method
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xz_yzza
2xy=>b

which is an equivalent system of equations; then we resolve the system
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Functions
Given two sets E, F and a relation between the elements of the two sets, such that for any

x € E there exist only one element y € F'in the given relation with x, then we say that it has
been defined a function on E with values in F , or an application of the set £ in the set F .

The domain of definition (E) is the set of all the values of x. The arbitrary element x is

called the argument of the function
The set in which the function takes values (F)

x— f(x)=y (v is the image of x through the function f
E—L 5SFor f:E>F

Domain Codomain

If E or F are finite sets, the function is defined by indicating the correspondence for each

element.

E :{a, b, ¢, d }
LIl
F={31 2 4}
The functions can be:
- Explicit
- Implicit
The function can be classified as:
- Surjective
- Injective (one-to-one function — bijection)
Bijective
1) Surjective application (or simple surjection) is a function in which the domain
coincides with the codomain f(E)=F for VyeF,IxeE:y=f(x) . Any
element from F is the image of an element in E.
2) Injective application or bi-univocal is the function which makes that to pairs of
different elements to correspond different values. f(x,)=f(x,)= x,=x,

3) Bijective application (bijection) is the function which is injective and surjective in the
same time.

Equal functions
The functions f,g, which have the same argument or different arguments are equal:

f = g only the following conditions are satisfied:

a) The functions have the same domain (E)
b) Have values on the same codomain (F)
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) f(a)=g(a)

Inverse functions

If f:E— F,the function f':F — E is called the invers function of f .

f~' exists when £ (x) is a bijection. Its domain is the set which is a codomain for f'(x),
and its codomain is the domain for £ (x).

Computation of a function inverse

3x+7 .
f()C)zy: X2+ ; fl(x)z?
3x+7 2x—7
= > X =
2 3
_ 2y -1
=2

The method of complete induction
Induction is defined as the process of going from the particular to general.
If a proposition P(n), where n € N, satisfies the following conditions:

1) P(a) istrue, (a eN)
2) P(n)=P(n+1) for any n>a, in other words: if we suppose that P(n) is true, it
results that P(n+1) is true for any n>a, then P(n) is true for any natural number

nza.

The number of subsets of a set with n elements is 2"

Sums

S, Zk2

" (n +1)(2n+ 1)(3n2 +3n-1)

_ 4
Si= 2k = 30

k=1

To compute » k* we start from (n+ 1)5
k=1

2= (14+1) =P +5-1* +10- P +10- 1> +5-1' +1
3 =(2+1) =27+5-2" +10-2° +10-22 +5-2' +1
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nsz [(n_ 1)+1]5:(n— 1)5+ S(n —1)“ +1 O(n _ 1)’ +10-(n—1) +5(n—1) +1

(n+1)5=[(n)+1]5=n5+5-n4+10-n3+10.n2+5.n1+1

1 4 (n 1) = 2"118 +5ik4 +108S, +108S, +58, +(n+1)
k=1 k=1 k=1
n’ (n + 1)2

n(n+l)(2n+l)+ n(n+1)

+10 5

(n+1)’ =58, +10 +(n+1)

N 30n° (l’l+1)2 +20n(n+1)(2n+1)+30n(n+1)+12(n+1)
12

(n+1)’ =58,
Then

n(n+1)(2n+1)(3n" +3n-1)
v 30

Properties of the sums

1) Zn:ak = aik; a = const
1 1

2) Za =na; a = const
1

n

3) i(k)(k £1)= Z(H k)= TZ/X +ZT:k

n n

Y 4,
K ;k(k+l)_zk+zk+l

k=1 k=1

It has been decomposed in simple fractions.

Combinatory analysis
1) Permutation of n elements is the number of bi-univocal applications of a set of n
elements on itself.
P(n)=1-2-3---n=n!
n!is read “factorial of ».
(n+1)/=n/(n+1)

n!
1)/ =—
(n-1)s="

0/ =1, (by definition)

2) Arrangements of nelements taken in groups ofm elements (n=m) is the number of
applications bi-univocal of a set of m elements in a set of n elements is
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n (n — 1) (n - 2) e (n —-m+ l) ; the elements differ by their nature and their position

m factors

A'=A4"" (n-m+1)
3) Combinations of n elements grouped by m elements 7n>m are subsets of m elements
formed with elements of a set of » elements

m
C" =—; n is called inferior index and m is called superior index.

m

" = n!

m!(n—m)!

Complementary combinations

cr=c"

Cf =C'=1

Cl=C'"=n

Cm+1 — Cm . n—m
! " om+1

m+1 m __ vm+l
c 4 Cr=C

n+l

Sums
) C+C+..+C'=2"-2
2) C'+C+CH+..=CL+C +...=2""
3) 2"-C2+C2 -+ (-1) Cr =1
4) C-C+C—..+(-1)'C'=0
5 CrT+C T+ CCIT 4 4+ C =C

n+p

The binomial theorem (Newton)

(x+a)' =Cx"a’ +Cix""a' + C2x"?a* + ..+ Cix"*a" + ..+ C''xa"" + C!x"a"

The binomial coefficients: C°, C', C7,...,C"
The general term is: 7,,, = Cix""a"; (k=0,1,...,n)

The left side of the binomial formula (Newton) is an homogeneous polynomial in relation
to x and a (and of n degree).

The binomial coefficients at the extremities or at an equal distance of the two extremities
are equal (reciprocal polynomial).

Real functions of real argument
A function of real argument is a function whose domain is the set of real numbers
A real function is that for which the codomain is a set of real numbers.
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The graph of a function of real argument £ : E — F is the set of points M (x, f(x))

The intersection of the graph with the axes
a) Intersection with axis Ox: y=0=x=a
b) Intersection with axis Oy :x=0=y =5

Monotone functions
A real function of real argument f : E — F is strictly increasing on an interval / c E, if

forany x, €I and x, € I such that x, < x,, we have f(x,)< f(x,)

Function of first degree
f (x) =ax+b
Any function of first degree is an bi-univocal application of the set of real numbers on the
set of real numbers (is a bijective application).

Therefore any function of first degree f(x)=ax+b has an inverse ' (x)=—x e
a

and the inverse is a function of first degree.
The function of first degree is strictly monotone on R .

The graphic of a function of the first degree is a line; if f(x)=ax;b=0 the line passes
through the origin, if f (x)zax+b, the line passes parallel to the line whose equation is

f (x)=ax at the distance b on the axis Oy .

taga =a, a is the angle of the line with the axis Ox .
To construct a line in a Cartesian system we need two points (usually we take the
intersections of the line with the axes.

The function of second degree
ax’+bx+c=a(x—x)(x—x,)

where x,,x, are the solutions of the equation.
How to write a polynomial of second degree as sum or difference of two squares

2
ax’ +bx+c=a x+i] —Az
2a 4a

a) A>0
_ ) ,
ax’ +bx+c=a x+l?)— Jg
2a 2a
b) A=0
b 2
ax’ +bx+c=a x+——)
2a

c) A<O

33



b J_(«/IJ

ax’+bx+c=a (x+—

2a 2a
Extremes
1) If a>0 y=ax’+bx+c admits a minimum
b
xmin =
2a
~A  dac-b’
ymin ==
4a 4a
2) If a<0, y=ax"+bx+c admits a maximum
b
xmax =~
2a
~A  4ac-b’
Ymax = - =
4a 4a

Intervals of strict monotony

1) If a >0, a function of second degree is strictly decreasing on an interval (—oo,—ZiJ
a

o . . . b
and is strictly increasing on an interval (—2—,+ooj .
a

2) If a<0, the function of second degree is strictly increasing on the interval

[—oo,—i) and strictly decreasing on the interval [—i,+ooj .
2a 2a

A function f:R— R is symmetric relative to a line (D)which passes through a point

x, on the axis Ox and it is parallel to Oy if f(x,+h)= f(x,—h)forany h#0.
The function of second degree admits as symmetrical axis a line parallel to Oy and
passing through the function’s point of extreme.

. ) ) ) b
Any value of a function is taken twice: ones in the interval (—oo,—Z—j and the second
a

a
are taken only ones; therefore the function of second degree is not bi-univocal.

time on the interval (——,+oo] , with the exception of the minimum and maximum values which

The intersection with the axes
- When A <0 then the function does not interest the axis Ox
- When A =0 the function intersects the axis A =0 in only one point.
- When A >0 the function intersects Ox in two distinct points
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Graphic — parabola
1) a>0

YA

N

\\O
b4

2) a<0

Ay

Parabola is the set of points which are at an equal distance from a fixed point F called
focus and from a fixed line () called directrix.

V —iﬁ the vertex
2a 4a

F(—i,l_Aj the focus

2a 4a

The sign of the function of the second degree

a) If A<QO0, then the function of second degree has the sense of a
b) If A=0, then the function has the sign of &« with the exception of the values

x=x, =x,, where f(x)=0
c) If A>0, then the function has a contrary sense of « between the solutions, and the
same sense as a in the exterior of the solutions.

To resolve a system of inequations we intersect the solutions of each inequation.
The nature of the solutions of an equation of second degree with real coefficients
which depend of a real parameter
1) A>0=x, andx, are real and x, #x,

2) A=0=x=x,eR

35



3) A<0= x, #x, are solution imaginary conjugated

The discussion of an equation of second degree with real coefficients dependent of a
real parameter

s=?
a
p=<
a
A=b2—4ac
4a

It is studied their signs and are taken all the intervals, as well as the points which delimit the
intervals.

Example
Provide the analysis of the following equation
x*=2(A-1)x+41-4=0

S=2(A-1)
A |-00 1I +00
S |------"c"eeem - - 0|++++++++++++++++++
P=4(A1-1)
A |-o0 1I +00
Pl--cccceeen o 0|++++++++++++++++++

A=22=22+1-44+4=2>-6A+5=(A-1)(A-5)

A |-0 1 5 +00
| |
A ++++++++++++++b -------- d+++++++++++
Interval A S P Conclusions

A e(—oo,1) + - - | The real solutions x, <0,x, >0;|x,|> x,
A=1 0 0 0 | The real equal solutions x, =x, =0
de (1, 5) = + + | The imaginary solutions conjugated
A=5 0 + + | The real equal solutions x, = x, =4
Ae(5,+x) + + | The real different solutions x, > 0,x, >0
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Exponential functions

Properties

1) f(xl)'f(xz):f(xl"‘xz)
fx)

2) f(xz) _f(xl x2)

3) ':f(xl)] =f(cx1)
4) a) By raising a real number sub unitary (respectively higher than one) to a power
with a rational positive exponent we’ll obtain a sub unitary number (respectively

higher than one)
b)By raising a real number sub unitary (respectively higher than one) to a power with

a rational negative we’ll obtain a number higher than one (respectively sub unitary).
Exponential function
f(x)=a", where a>0 and a #1

f:R—>R,
The exponential function is bijective

The monotony
a) If a >1 then the function is strictly increasing on the whole domain

y

1

—// =~

b) If a <1 then the function is strictly decreasing on the whole domain
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Deposits of money to the bank

105Y"
=Cc| =
(%) (100}
C 1is the initial amount

x is the number of years
f (x) represents the your sum of money in the bank after an x number of years from the

initial deposit.

Exponential equations

1)

2)

3)

4)

5)

Equations of the form a* =b, where b=a"; then
a'=a" =>x=r

If b#a",thena® =b,

x=log, b

1) _

Equations of the form a b, where b=a"; then

a' =a’ = f(x)=r
If b#a", we use logarithms
o’ =bp= f(x)=log,b

Equations of the form a” ) = p2) where b=a’; then
& =™ = £ (x) = r(g(x))

If b+#a", we use logarithms

a’® =pt) = f(x)=(log,b)—g(x)

Equations of the form o’ =0

We are denote a* =y and we’ll obtain an equation with the unknown y, easy to

determine the solutions.
Equations which contain the unknown at the base of the powers as well as at the
exponent:

a) The case when the base x =1 (we’ll verify in the equation)

b) The case when the base is positive and different of 1.

Logarithms

The logarithm of a number real positive is the exponent of the power to which we must
raise the base to obtain that number.

log, A=x<a" =4

The conditions for logarithm’s existence

1)
2)

log,1=0
log,a=1
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3) log,a"=c
4) log, AB=Iog, A+log, B

5) log, % =log, A—log, B

6) log, A" =mlog,k A

) log, /4=~ log, A

The collapse (grouping) of an expression containing algorithms
1) log, A+log, B=Ilog,6 AB

2) log, Alog, B =log, g

3) log, A=log,6 A°
4) k=log,a"

Formulae for changing the base of a logarithm

1) log, A= = log, Alog ,a =1

log ,a
2) log,A=log , A"
3) log, A= log, 4

log, a

log, b
a*"’=b

The logarithmic function
The logarithmic function is the invers of the exponential function (therefore these are
symmetric in relation to the first bisector).

f(x)=log,x
f:R, >R
The function is bijective on R, if:

- a >0, the function is strictly increasing
- a <0, the function is strictly decreasing

N

a>0

&)
X
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a<0

=

)1\ X

Properties of the logarithmic functions

D f(nex)=r(x)+/(x)
2 127

2

3) f(x)=¢(x)

The sign of a logarithm
1) log,b>0 if

- a>lb>1or

- a<lb<l
2) log,b<0if

- a>lb<l

- a<lb>1

Natural logarithms

The natural logarithms are defined as being the logarithms whose base is e=2.71828...
(irrational number). The natural logarithms have been introduced by the mathematician Neper,

and that’s why they are called the neperieni logarithms /n(4)

Decimal logarithms
Decimal logarithms are called the logarithms whose base is 10: lg(A). The decimal

logarithms have been computed by Brigss. To use them one looks them up in the Mathematical
Tables.

The logarithm of a number is formed by:
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a) The characteristic, which is the whole part [it is equal tom—1, where m
represents the number of digits of the given number, eliminating the digits that
follow after the decimal point, in the case that the number is above unity].
= If the number is <I then its characteristic is negative and equal to the

number of zeroes placed in front of the first digit different of zero
including also the zero from the whole part. 45.042 = 1+ ¢,;

0.00345=-3+¢&, =3+,
b) Mantissa (¢):
O<exl

Mantissa doesn’t change if we multiply or divide a number with the powers of
10.

log,A=n+¢
Sometimes we use the interpolation n method to compute the mantissa.

Operation with logarithms

Addition
lg1534+1g2.23+120.022
+3.18583

0.34830
2.34242
1.87655

Subtraction
lg325—-1Ig4116
[g325—-1g4116=2.51188—-3.61448 =2.51 188—(3+0.61448) =
=2.51188-3-1+1-0.61448=2.89740
Cologarithm

The Cologarithm (colog) of a number is equal to the opposite of the logarithm of the
given number.

colog A=—Ig A
colog3126 =—Ig3126 = —(3.49799) =-3-1+1-0.49499 = 4.50501
Therefore:

a) To the logarithm’s characteristic we add 1 and change the sign of the given number,
this way, we obtain the characteristic of the Cologarithm.

b) To obtain the mantissa of the cologarithm we subtract the last digit of the logarithm’s
mantissa from 10, and the rest of the digits (going to the left direction) from 9.

Multiplication with whole number
a) 8- lg(38.23) =8-1.58240=12.65920

b) 5- lg(0.004798) =5-3.68106= 5~(—3+O.68106) = —15+3.40530 = 12.40530
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Division with a natural number

a) %lg486 _ 2.686064 _ 0.89554

=1.92464

b) 1g30.5942 = 1-773393 _ —1+0.377393 _ —1—2+23+ 0.77393

Why are the logarithms as useful?

a) We can transform a product in a sum

b) We can transform a ratio in a difference

c) We can transform a power in a multiplication

d) We can transform a radical extraction in a division

Exponential equations which are resolved using logarithms

1) Exponential equations of the form a* =5
a'=b=>x=Ig,b or

lgb

loga

a'=b=log,a" =log,,b=x=

2) Equations of the form o’ =5
a’™ =p = f(x)lga=Igh

lgb
f()=12

Logarithmic equations
1) Equations of the form g = A4

lg.= A= x=10"
2) Equations of the form /g f (x) =A

lgf(x)zA:f(x):IOA
3) Equations which contain more logarithms in the same base

- We group all terms from each side and make an equality from the expressions
under the logarithms.

- To avoid computations with fractions we isolate all terms with the minus sign
from the left side in the left side, and the rest in the right side.

- Other equations are solved through transformations in other bases, and other
substitutions.

Exponential and logarithmic systems

For solving these types of systems are used the same procedures as for solving the
equations
Conditions imposed for the existence of logarithmic and exponential equations:
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a>0
a) log,b<b>0
a#l

a>0
b) a"{

a=zl
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Permutations

A permutation is a bi-univocal application from a set 4 on itself.
Example:
a,a,a,
a,a,a,

An inversion is a per of natural numbers (ik,i,) (of a permutation¢ ) situated in the

Inversions

second line of

12...n
By .. 1,

with the property k </ and (i, >i,)

Example

321
(3,1) and (3,2).
To determine the number of inversions in ¢ one counts how many numbers are before

first digit (1); then 1 is cut off, one counts how many digits are before 2 (digit one being already
excluded); then 2 is cut off, etc. until all digits have been cut off. The sum of all the numbers
found before each number cut off.

Any permutation is a product of transpositions.

123 . ) )
with the inversions

Permutations can be
-  Even—if Inv(go) is an even number

- 0dd - if Inv(g) is an odd number

The sign of the permutation
+1ifo=even

é(0)=1_, .

—lifo=o0dd

Any permutation has an inverse

o(0)= T1 72 o(oon)=s(0)e(r)
1<i<j<n 1=J
Theorem
If two permutations are obtained one from another through a change of a position, then
these are of different classes.

The permutation o and o' have the same sign.

Change of position - Transposition

A transposition is when in a permutation two elements are swapped between them and
the rest remained unchanged.
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Determinant of order n

A determinant of order » is the number associated to the sum of #n ! Products of the form
-1)"a,a,,.a,
that is:
S(w)
det(A) = Z (—1) a,a,,.a,,

vek,

Matrix
A matrix is table of »n lines and m columns
a,,a,,a,5... a,

m

a,,18,,0,5..- 4y,

A=

a,a,,a,s...d

n,m

The numbers a, ; are called the elements of matrix 4

The numbers a.,,a.

10d,,d a;, formthe j line of matrix 4

1 areees
A matrix of type m,n is denoted A(m,n)and it is the matrix with m lines and n

columns
A matrix with only one line is

4, = I:al,lal,zal,3"‘ al,m:l

A matrix with only one column is

nl —

Square matrix

A square matrix is the matrix that has an equal number of lines as columns
a,,a,,a,5... a

o

a,,4,,055-.- 4y,

A

nn

Principal diagonal
The principal diagonal is made of elements of the form a, of a square matrix:

a,,,0y,,...,4

> nn
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The number of even permutations v, and the number of odd permutations v, of a set

{1,2,...,n} over the same set are in the following relation:

1
vV, =V, :En/

If ¢ is an identic application(o(h) =h; h=12,..,n,then
12..n
Inv =0;
((0) (12...71}
The maximum number of inversions is:
-1) (1 2 ..
it (12

2 nn-—1..1

therefore,
n(n-1
0< Inv ((0) < Q
2
Singular matrix or degenerate
A singular matrix or degenerated is a matrix whose determinant is equal to zero.

Non-degenerate matrix
Anon-degenerate matrix is a matrix whose determinant is different of zero.

A determinant has » lines and n columns

The computation of a determinant of 3X3 matrix —
Sarrus’ rule

a) 4p 4y

The first two lines are placed under the matrix, then we take with positive (+) sign the
products determined by the principal diagonal and others parallel to it, and with negative (-) sign
the products of the others.

The rule of triangles

a, ,al,z A5
// ’
ayf az,?, a5

/, \’ ’.' \

ay, Ay, Ay,
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The products that are taken with positive sign form triangles with the side parallel to the
principal diagonal
4 % s
Ay dys sy

S X

ay Az, A3

The products that are taken with negative sign form triangles with the side parallel to the
other diagonal.

Determinates’ properties

The minor of element g, is a n—1 determinant which is obtained by suppressing in a
determinant line i and column ; (Al])

The algebraic complement of the element a, is equal to (—I)H‘/ xminor of the element:
(—I)Hj XA, .
1) If in a determinant the lines are swapped with the columns, the result is a determinant
equal to the given determinant.

2) In in a determinant we swap two lines (or two columns) we obtain a determinant
equal in absolute value to the given determinant but of opposite sign.

3) Ifin a determinant A two columns or two lines are equal, then the determinant A =0

. _ < 1\t
4) To compute a determinant we use A=Y (-1)"" g A,
i=1

5) If we multiply a line (or a column) of a determinant with a number, we obtain a
determinant equal to the product between the initial determinant and the number.

6) Iftwo lines (or two columns) of a determinant are proportional, then A =0

7) If in a determinant a line (or column) has all elements expressed as a sum of two
terms, then this determinant can be written as a sum of two determinants in which the
rest of the lines remain unchanged, and line £ is expressed as a sum of two terms.

a, a, a,, Ay Gy e Q| |Gy Qup - Gy,
ak +ak ak +ak2 Clk +ak = Clk1 Clkz ak" + akl akz Clk
an,l an,Z an n an 1 an 2 . an,n an 1 an 2 an,n

8) If to a line (or a column)of a determinant we add another line (respectively column)
multiplied by a number (in particular 1), we obtain a determinant equal to the given
determinant.

If to a line or column we add the sum of the product of other lines with a number

(or column) we obtain a determinant equal to the given determinant.
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The sum of the product of a line (or column) with numbers is called a linear

combination of the respective lines or columns.
The theorem (property) 8 is used to obtain some elements equal to zero on a

certain line (or column) which helps to calculate the determinants easily.

Vandermonde determinant of order 3
1 11
a bcl|=(a-b)(b-c)(c—a)
a’ b’ ¢
This determinant is equal to the product of the differences of these numbers taken in pairs

through circular permutations.

Generalization
I 1 .1
a, a,.. a,
G @ d | -
s s s = product of all the differenta, — a;; 1< j<i<n;
a, a, .. a,
n—1 n-1 n—1
al” a, ..a,

C? = number of factors of the product of differences.

Cramer’s rule
This rule is applied to resolve systems of n equations with # unknowns.
If A#0, then the system is compatible determined and has unique solution:
Axl AxZ Axn
s

The Kronecker symbol
5:E—{01}
lif p=q
o((p.q))=
((r.9)) {1 o
In a double sum the summation order can be changed

>34 =234

i=1 j=1 j=1 =1

Triangular determinant
A triangular determinant is a determinant whose elements above (or under) the principal

diagonal are null. This determinant is equal to the product of the elements on the principal

diagonal.
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0 0 ... a

Example: Solve the following system using Cramer’s rule
2x+3y+4x=16

Sx-8y+2z=1
3x—y—-2z=5
2 3 4
A =|5-8 2(=32+18-20+96+4+30=160=0
3-1-2
Therefore, we can apply the Cramer’s rule
16 3 4
A =l -8 2[=256+30-4+160+32=480
5-1-2
2 16 4
A,=l5 1 2]=320
3 5-2
2 3 16
A =5 -8 1]|=160
3 -1 5
A _480_,
A, 160
y="r=320_,
A, 160
LAl
A 160

s

Therefore, the solution is (3,2,1)
A, is obtained by substituting in A (the system’s determinant) the column of the

coefficients of x, with the column of the free (who don’t contain unknown) coefficients

Operations with matrices
Addition
The matrices have to be of the same type and we add the corresponding elements.
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a, 4 a,, a, 4, a,, a,ta, a,ta,.. a,+taq,

y1 Gy, ., 4 ay1 Gy, a,, | | Tay, ay,ta,, .. a,,+a,,

am,l am,2 am,n am 1 am,Z am,n a 1+a 1 am,Z +am 2 am,n + am n
Theorem 1

The set A/, is a commutative group in relation to the addition in A7, .

1) A+(B+C) = (A+B)+C associative

2) A+ B=B+ A commutative
3) A+0, = A neutral element

4) A+(—-A)=0,, symmetric element

n,m

5) The addition is defined

Subtraction

The matrices have to be of the same type and we subtract the corresponding elements.
a boc| |a' b'c’| |a-a' b-b' ¢ —c,’
a, b,c,| |a' b)'c,’ B a,-a,'b,-b,' ¢, -c,’

Multiplication

a) Multiplication of a matrix with a number
a, b c d | |la, Ab Ac, Ad,
Ala, b, ¢, d,|=|Aa, Ab, Ac, Ad,
a, b, c, d| |la, Ab, Ac, Ad,
The number multiplies each elements of the matrix, and we obtain a matrix of the
same type.

b) Multiplication of two matrices

a, a1,2 a m L1 1,2 Lp
a4y, Gy, am < bz,z - D,
an,l an,2 an,m bm,l bm,2 : bm,p

To obtain an element a, ; of the product 4, -8B, , =C, we will multiply the line i

of the matrix 4 with the column ;of the matrix B (the corresponding element are

multiplied and then we perform the sum of the products).
The matrices which can be multiplied cannot be of any type. The condition is:
A B =C
n,m m,p n,p
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The square matrices can be multiplied between them.
Theorem 2

The set 7, is an ring (non-commutative) with unitary element.

1) M, is commutative group in relation to addition

2) The multiplication in A7, is associative 4-(B-C)=(4-B)-C

3) The multiplication in 7, is distributive at the left and the right in relation

with the addition in A7, ,

(A4+B)C=AC+BC
A(B+C)=AB+ AC

4) The matrix unity U, is a neutral element in A7,
AU, =U,A=4 (VAeM,,)

5) AB# BA (in general)

The determinant of the product of two square matrices (of the same order) is equal to the
product of the determinants of the respective matrices.

det(AB)zdet(A)det(B)
If at least one of the matrices is singular, then the product A-B is singular; if the
matrices A4, B are non-singular. Then their product is a non-singular matrix.

Transposed matrix

A transpose matrix of another matrix A is the matrix obtained by changing the lines in
columns (A’)

The reciprocal matrix is the matrix obtained by substituting in A4'to each element its
algebraic complement det(A’) , denoted A4".

A square matrix has an inverse only if it is non-singular.

The invers of a matrix
. 1 .

" det(4)
AAT =U,
Equations with matrices
1) Multiply with 47" at left
X=B|-A"
A'AX =A"'B
UX=A4"B
X=4"B
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2) Multiply with A" at right
AX =B|-A"

AXA =BA™

XU, =BA"

X =B4"
Resolving a system of equations using matrices
= bl

az’lx] +a2'2x2 +a2’3x3... az'mx =

a, X, + a X, + a3 X;5... a4 ,X

m

a,x +a,,x,+a,,x,.. a,,x, =b

n.m-m n
a,,a,,d,5..- 4y, X b,
Ay 1Ay 2y 500 Ay |l (%2 b,
X =
an,lan,Zan,S hh an,m ‘xm bm

The rang of a matrix
Theorem 1
If 4#0,, then there is a natural number r unique determined, 1<r <min(n,m) such

that at least one determinant of order » of A is not null, and in the case of » < min(n,m), any

determinant of order r+¢, g =1, 2mzn(nm) —r of 4 isnull. (r is the rang of the matrix).

Or
The rang of a matrix is the order of the largest determinant different of zero, which is
formed with the elements of 4, r <min(n,m).

Theorem 2
If all determinants of order p, p <min(n,m)of A are null, then all determinants of

order p+q of 4, g= 1,2,...,min(n,m)—p are null.

Pr. r(A-B) <min {r(A),r(B)}

Systems of n linear equations with m unknown
= bz

auxl + al’zxz + a1’3x3... al,mx

m

a, x| + a, X, + a,sX;5... d, X

m

a,x +a,,x,+a,x,.. a, x, =b,

nm”m

The matrix of the system S =

‘a[j ,where: 1<i<n, 1<j<m.

The rang of the system S rang (S ), is the rang of matrix’s § .
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The complete matrix of the system S is the matrix which is obtained by adding the
column of the free terms to matrix of the system.

a1,1a1,2a1,3 o al,mbl

a,,a,,4, ;- aZ,me

a,a,,a,,..a,,b

Determinant principal of a system is the largest determinant different of zero
r< mln(nm) of the system’s matrix.

The principal unknown: x,,x,,...,x,

The secondary unknown: x ., ,x, X

Mg Ay
The principal equations are the equations in the principal determinant
The secondary equations are those which are not in the principal determinant.

The determinant obtained by bordering the determinant ‘aﬁ‘ has an order greater by one

than the initial determinant to which we add a line and a column.
The characteristic determinant is obtained by adding to the principal determinant a line
and the column of the free terms.

Rouché’s theorem

The necessary and sufficient condition that the system S of linear equations (with » <m)
to be compatible is that all characteristic determinants of the system to be null.

Theorem

The necessary and sufficient condition that all characteristic determinants of a system to
be null is that the rank of the system to be equal to the rank of the complete matrix of S .

Kronecker-Cappelli’s theorem

The necessary and sufficient condition that the system S to be compatible is that its rang
to be equal to the rang of the complete matrix of § .

The necessary and sufficient condition that a system of homogeneous equations to have
also other solutions besides the banal one is that the system’s rang to be smaller (strictly) than
the number of unknowns.

The discussion of a system of n equations with n unknown (non-homogeneous).
1) n=m
a) If » =n—=> system compatible determined (we’ll apply the Cramer’s rule)

b) If »<n, we’ll apply the Rouché’s theorem
Ifall A, =0=> system compatible undetermined

If at least one A, # 0= system incompatible

2) n<m
a) r=n=>system compatible undetermined of the order m—n (apply the Cramer’s
rule)
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b) If r<n, we’ll apply the Rouché’s theorem
Id all A_, =0=>the system is compatible undetermined of the order m—r

If at least one A, # 0=>the system is incompatible
3) n>m
a) If r=m=we’ll apply the Rouché’s theorem.
b) If » <m = we’ll apply the Rouché’s theorem

Homogeneous systems
(The free term of each equation is equal to zero)
All homogeneous systems are compatible, having at list the banal solution (0,0,...,0).
1) n=m
a) If »=n—= The system has only the banal solution
b) r <n= The system is undetermined
2) n<m
a) If » =n= The system is undetermined of order m—n
b) r <n=The system is undetermined of order m—r
3) n>m
a) If » =m = The system has only the banal solution
b) If » <m = The is undetermined of order n—r.
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Problems

1)

2)

3)

4)

Show that the equation 2x* —8x’ +13x” + mx+n =0, where m,n € R, cannot have all
the solution real.
2 2 2 2 2
(x,—x) +(x—x) +(x,—x) +(x,—x,) +(x;—x,) =
= 3()(12 +x; +X +x§)—2(x1x2 +x,%; + XX, +X,%; +X,X, +x3x4) =

=357 —8S, =3-42—8-§=—4<0

Therefore the equation cannot have all the solution real.

Show that the equation with real coefficients 2x* —4x’ +3x* + ax+b =0 has all the
solution real, then all its solutions are equal.

(%, —x) +(x—x,) +...+(x,—x,)" = (there are C? parentheses)
:3()612 +X + X, +x§)—2(x1x2 X, XX, ) = 357 —-8S,=0
2 1

Therefore, x, =x, =x, =x, = n - :

The condition for E=az’ +bz+c=0 and E, =a'z’+b'z+c'=0 to have at least a
common solution, we must have

aE,—a'E=(ab'-a'b)z+(ac'-a'c)=0
a'c—ac’
ab'—a'b
The primitive solution of an binomial equation (equation with two terms) is the
solution which raised to a power 0,1,2,..., (n —l)we’ll obtain the »n solutions of the

The common solution being z, =

given equation.
The primitive solutions are those in which £ (from the complex numbers relation)

takes prime values with n. The number of the solutions is given by the formula (o(n)
(Euler’s function)

Polynomials

Polynomials with one variable

P(x) =2x*+5x = 7x+10

Polynomials with two variables

P(x,y)=x2+y2—3xy+x+y—6

Polynomials with three variables

P(x,y,z):Zx2 +3xyz+x—2z+6

Definition
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A polynomial is a sequence of operations (powers, additions, multiplications) which are
computed between the values of the variables (unknowns) and with the coefficients.

The grade of a polynomial in relation to a variable is the exponent of the highest power of
the variable:

Example:

P(z) =a,z" +az"" +..+a, is of grade n, with the essential condition that a, #0; a, is
called the free term.

The null polynomial

P =0z"+0z""+..+0z+0
In this case there is no grade.

The grade of the sum of two polynomials
O+P=S

gr.S < max( gr.P, gr.Q)

The grade of the difference of two polynomials
QO-P=D
gr.D< max( gr.0, gr.P)

The grade of the product of two polynomials
A-B=C
gr.C=gr.A+gr.B

The grade of the ratio of two polynomials

ﬂzA,andR
N

gr.A=grM—gr.N; gr. R<gr.N

Polynomial function
A polynomial function is a function P: M — M , where M is one of the sets Z,Q,R or

C, such that P(z)=a,z" +az"" +..+a, and a,a,,....a, e M

The difference between a polynomial and a polynomial function is that the polynomial
function is characterized by:
- The domain of the definition E
- The set in which the function takes values F

- A rule through which to any element x from FE it associates an element unique P (x) eF
The polynomial is characterized only by the third element.
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Quantifications

- Universals V (for any)
- Existential 3 (exists, at least one)

Identical polynomials

Identical polynomials are two polynomials which define the same function.
Two equal polynomials are identical.

Polynomial identic null

Polynomial identic null is a polynomial which is nullified for any complex value of the
variable.

A polynomial P(z) is identical null if, and only if all its coefficients are null P(z) =P
If a polynomial P(z) of grade n is nullified for n+1 values of z then it is identically

null.

Two polynomials
P(z)=a2"+az"" +..+a, z+a,

O(z)=byz" +bz"" +..+b

n-1

z+b,
are identical if and only if their corresponding coefficients are equal:
a,=b,, a,=b,,..., a, =b,
The method of the undetermined coefficients
¥ 4+2x° +l=axt +bx° +(b+c)x2dx+e:>{a =0,b=1b+c=2=c=1d :O;ezl}
The division of polynomials
Given two polynomials D(z),(z), there exists only one polynomial C(z)and only one
polynomial R(z)such that we have the identity:
D(z) =[(z)-C(z)+R(z)
and
gr.R(z) < gr.](z)
Using the undetermined coefficients to find the quotient
(32" =72° +122° +32—-6) +(2* — 2z +4)
3z -7 41222 +3z-6= (22 —2Z+4)(czz2 +bz+c)+dz+e
3z* -7 +122° +3z—-6=az" +(—2a+b)z3 +(4Cl—2b+6’)22 +(4b—2c+d)z+4c+e
a=3;b=—1,c=-2;d=3;e=2
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Horner’s Rule
(x4+3x2+x—5)+(x+2)
1 031 -5 |

12 7-13 21|22
The quotient is
X =2x" +7x—-13
and the remainder 21.

Algebraic equations with complex coefficients
If P (a) =0, then the number « is called solution of the equation P(z) =0.
The equations can be:
- Algebraic (x> —5x=0)
- Transcendent (x—2sinx =0)
Bezout’s theorem
A polynomial P(z) id divided by z—a if, and only if the number a is a solution of the
equation P (z) =0
A polynomial A(Z) is divisible by the polynomial B(z)if there is a polynomial C (z)
such that takes place the following equality:
A(z) = B(z)-C(z) for Vz, zeC
Or a polynomial A(z) is divisible by a polynomial B(z) if, and only if the quotient of the
division 4 (z) +B (z) is the null polynomial
The value of the polynomial P(z) for z=a is the remainder of the division between
P(z) and z—a. (P(a) =R).
If a and b are two solutions of the algebraic equation P (z) =0 and
P(z)+(z—a)=C(z), then C(z) is divisible by (z—b)

If a polynomial P(z) is divisible by z—a and z-b, then it is also divisible by

(z—a)(z—b).

The condition for two equations of second degree to have a common solution

{ax2+bx+c:0

a'x*+b'x+c¢'=0

ab'—a'b)(bc'-b'c)=(ac'—a'c) =x =x.
( ) )=( ) =x=x

x, and x, arbitrary (these can be equal, or different)
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Determining the remainder without performing the division of the polynomials
1) P(z)+(z—a); the remainder is P(a)
2) P(z)+(z—a)(z-b)

P(z) = Q(z)(z—a)(z—b)+A(z)+B (1)

For z=a we substitute in (1) = P(a)= Aa+B

For z=b we substitute in (1) = P(b)= Ab+B
We obtain the system
P(a) =Aa+B
{P(b) =Ab+B
The remainder is A(z) + B [ A4,B determined from system (2)]
3) P(z)+(z—a)(z—b)(z—c)
P(Z) = Q(Z)(Z—a)(z—b)(z—c)+AZ2 +Bz+C
For z=a,;z=5b,z=c, we obtain
P(a) =Aa’ +Ba+C
P(b)=A4b*>+Bb+C 3)
P(c) =Ac* +Bc+C
The remainder is R= 4z> + Bz+C, [ 4, B,C determined from system (2)]

2

The fundamental theorem of algebra

Any algebraic equation P(z)=a,z" +az"" +..+a, z+a,=0, a,a,,...a, €C,n)0 has

at least a solution in C . (Gauss’ theorem or d’Alembert’s theorem).

The set of the complex numbers is algebraic closed (the enlargement of the notion of
number ends when we introduce the complex numbers).

Any polynomial of n degree can be decomposed in » linear, different or equal, factors.

The polynomial decomposition in linear normalized factors is unique.
P(Z) =a, (Z—Zl)(Z—ZZ)'-'(Z—Zn)
where z,,z,,...,z, are the solutions of the equation P(z) =0.

The normalized linear factors are the factors of the form z— p (the coefficient of z must

be 1. (Example: z—% , and not 2z -3).

An algebraic equation of n degree has n solutions; each multiple solution being counted)
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The solutions can be:
- Simple
- Multiple

If in a decomposition of a polynomial in linear factors we have (z—a)k and this is the
highest power of (z—a), we say that ¢ is a multiple solution of order k£ for the equation
P(Z) =0.

A solution which is not multiple is called a simple solution.

If P(z) has the solutions z,,z,,...,z, with the orders k,,k,,....k, then

P(z):ao (z—zl)kl (z—zz)k2 ---(z—zn)k'

The condition for two equations of second degree to have a common solution

{ax2+bx+c:O

a'x*+b'x+c¢'=0

(ab’—a’b)(bc'—b'c) z(ac’—a'c)2

The condition for two equations of n degree to have the same solutions
The condition for two equations of n degree to have the same solutions is that the
quotients of the corresponding coefficients to be equal.
ﬂ:ﬂ: :an—l:_n:k

b, b T

Or:
Two algebraic equations have the same solutions with the same order of multiplicity, if,
and only if they differ by a constant factor different of zero.

Relations between coefficients and solutions (Viete’s relations)
P(z) =a,2"+az""' +..+a, z+a,
q
S, =z, +z,+..+z, =——
a
_ _. %
S,=zz,+zz,+...+z, z, = +a_
0
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4
S, =22y, v 22,2, +... ¥ 2, 42, 12, =——

S =zz,-z :(—l)nﬂ

S, has C, terms
S,has C? terms

S, has C terms

n is the grade of the polynomial

To resolve an equation it is necessary to have also a relation between the solutions
besides those of Viéte.

Given a system of n+1equations with » unknown with parameters a,b,..., to find the
necessary and sufficient condition that the system would be compatible, we select n equations
and we solve one of them. Then, we solve the system formed of n with » unknown, and the
found values are substituted in the solved equation. The relation obtained between the parameters
is the condition that we’re looking for.

Multiple solutions

The derivative of a function of a complex variable
P(z)=a,"+az"" +..+a,
a,.a,,...a, €C
zeC

is the polynomial P'(z)=na,z"" +(n—1)az"" +..+a,

A number « is a multiple solution of the order k, k€N of the algebraic equation
P(z)=0, if, and only if P(z)is divisible by (z—a)", and the quotient Q(z) is not null for
z=a;or

A number « is a multiple solution of order £ of the equation P(z) =0 if, and only if the

k+1

polynomial P(z) is divisible by (z— a)k and is not divisible by (z—a)
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Auxiliary proposition
A solution z=a of the algebraic equation P(z)=0 is a multiple solution of order &, if,

and only if it is a multiple solution of order k —1 of the derivative P’ (z) =0

Theorem
A number is a multiple solution of order k£ of an algebraic equation P(Z) =0 if and only

it nullifies the polynomial P(z) and the first k—1 derivative, and it does not nullify the

derivative of the order % .

Complex numbers
z=a+bi, abeR, i=+-1.

The conjugate of z is z =a—bi
1) The conjugate of the sum of two complex numbers is the sum of their conjugate:

z+u=z+u
2) The conjugate of the product of two complex numbers is the product of their

conjugate: z-u=2z-u
3) The natural powers of two imaginary numbers are imaginary conjugate:

z" = (E)n
The values of a polynomial with real coefficients for two imaginary conjugate values of
the variable are imaginary conjugated: P(z)=P(z)
If an algebraic equation with real coefficients has the solution u +vi, then it has also the

solution u—vi, or:
The imaginary solutions of an algebraic equation with real coefficients are conjugated

two by two.
Irrational squared solutions

The numbers of the form m+n\f; where m,neQ, peN and p does not contain any

factor which can be a perfect square.
If an equation with rational coefficients P(x)zO has a solution which is a squared

irrational m+n4/p , then it has also its conjugate m —n\/; as solution .

Proposition (SF)

If ml\j;lerz p, is a solution on P(x)then ml\jp_l—mz\/z, —ml\jp_1+m2\/p_2,
—ml\fp:1 — mz\E are solutions for p e Q[x] . Similarly for three squares.

The transformation in (—x)

P(x)=ax"+ax"" +..+a, x+a,

P(—x)=a,(-x)" +aq, (—)c)"_1 +..+a, (—x)+a,

64



The limits of the solutions

The method of the grouping
The terms are arranged on several groups such that:
a) The coefficient of the first term from each group is positive;
b) Each group has just one variation or none;
c) Research for the smaller integer number, for which each group is positive and
this is the superior limit of the solutions.

d) Calculate the transformation in (—x) and find its limit; this will be the inferior
limit of the solutions (taken with negative sign x; € (Z ,L)

If a polynomial with only one variation (++++———) is positive for a positive value of
x greater than a .
If an algebraic equation P(x)=0 has the solutions x,,x,,...,x, its transformation in —x

P(—x) =0 has the solutions —x,,—x,,...,—x, .

Example
P(x) =x* =3 +2x* +3x* =31x-96 =0

Lx6 -3’ J + LZ)C4 -3 li J{3x2 —96J =0 therefore L=06

4 3 6

P(—x)zx6 +3x° +2x  +3x° +31x—96=0

Lxé —96J+£3x5 +2x* +3x° +31x] =0 therefore / =—3
3 1

Then
X, € {—3, 6} where i =1,2,3,4,5,6
If an algebraic equation
P(x)=ax"+ax"" +..+a,_x+a,=0
With integer coefficients has as solution the integer p, then a, is divisible by p.

n—1

If an algebraic equation P(x)=ayx" +a,x

has as solution the irreducible fraction E, then a, is divisible by p and q, is divisible by ¢

q

+...+a, x+a, =0with integer coefficients

n

ax"+..+a
\ 7!
q

The exclusion of some fractions

n

Let consider the fraction % :

- If P(l) is not divisible by b—a then the fraction % is not a solution
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- P(—l) is not divisible by a + b then the fraction 2 is not a solution

Rule

To find the rational solution of an algebraic equation with coefficient integer numbers
we’ll proceed as follows:

1) Determine the limits L,L' of the solutions

2) Find the integer solutions

3) Determine the fractional solutions (use the Horner’ scheme)

A polynomial P(x) is called irreducible in a numeric set (Z, Q, R, or C) if there exist

two polynomials A(x),B (x) with coefficients in that set such that P(x) = A(x) . B(x) .

Any polynomial with real coefficients can be decomposed in irreducible factors of I and
IT degree with real coefficients.

To study the sign of a polynomial we decompose the polynomial in irreducible factors
and we study their sign. Then we intersect the signs.

The separation of the solutions through the graphic method
1) The equations of the form /' (x)=0
- Represent the function graphically; the abscises of the points in which the curve
intersects the Ox axes are the solutions of the equation
2) Equations of the form f (x) = g(x)
- Both functions are graphically represented; the abscises of the intersection points

of the curves are the solutions of the equation.
To limit the interval in which the solutions are located, we give values to the variable and

compute, using the Horner’s scheme, ( f (a) being the remainder); between the contrary signs

exits the value zero of the continue function.

The discussion of an equation dependent of a parameter

To discuss an equation we mean to find how many real solutions has the respective
equation for different values of a parameter.

Example
P(x) =x —ax’+a=0

3
X

x* =1

a=

3

We’ll denote f(x)= and g(x)=a; (neRI{-1+1})

x' =1

Construct the curves graphs
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The table of variation

The values of a

The intervals where the solutions are

<3 (~e0—3).(~3.-1).(0.1)
2
__33 X, =x,==3 (0.1)
2
—£<a<0 (O’l)
2
a=0 X =x,=x,=0
0<a<£ (-1,0)
2
a=£ xl:xz:\/§ (_1,0)
2
e (-1.0), (135, (3. +0)
2
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Rolle’s theorem
Let / a function defined on an interval J and a,b two points in J with a<b.
If

1) 1 is continue on the close interval [a,b]
2) f is derivable on the open interval (a,b)

3) f hasequal valuesin a,b, f(a)=f(b),

Then there exist at least a point ¢ between a and b, a <c<b, in which the derivative
becomes null

f'(c)=0

Between two consecutive solutions of the equation f (x):O there exists at least a

solution of the equation f '(x) =0

Let / a function continue on a closed interval [xl,xz], v=f (xl) and y,=f (xz) the
values of the function at the extremities of the interval and y, a number between y, and y,

(¥, <»; <,), then there exist at least one point x, such that y, = f(x;)

Or
A continue function does not pass from a value to another value without passing through
all intermediary values.

If a function f is continue on a closed interval [xl,xz] and f ()c1 ) f (xz) <0, then there

exists at least a point x,, x, <x; <x, such that f(x,)=0

Or
A continue function cannot change its sign without becoming zero.

If @, B are two consecutive solutions of the derivative and (), f () are of contrary
signs, then between («, ) there exist only one solution of the equation; if ' («), (/) have the
same sign, or f (a) =0 or [ ( ﬂ):O the equation does not have in the interval (a,ﬂ) any

solution.
The equation has at most a solution smaller than the smaller solution of the derivative and
at most a solution bigger than the biggest solution of the derivative.

The extremities (left and right) of the interval play the same role as the solutions of the
derivative.

The sequence of Rolle
The solutions of the first derivative are written in order, the same the extremities a,b of

the interval where the function is defined, and under are written the corresponding values of the
function
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x a X, Xyeoeeuenns X, b

f(x) limf(x) f(xl) f(xQ) ..... f(xz) limf(x)

The intervals at the end of which we see values of contrary signs contain a solution of the
function f(a) =0.

Discussion
Find the intervals in relation to the real parameter of the real solutions of the equation:
f(x) =3x"—4x’ —12x* +a=0

f’(x):12x3 —12x* —24x+a=0

x =1
x,=0
X, =2

We’ll form the Rolle’s sequence

x oo -1 0 2 +00

f(x) +0  a-5 a a-32 +oo
a<0 + - - - +
a=0 + - 0 - +
O<a<5 + = + - +
a=>5 + 0 + - +
S5<a<32 + + + - +
a=32 + + + 0 +
a>32 + + + A A

We determined the number of the real solutions and the intervals in which these reside.

The approximation of the real solutions of an equation

1) The intervals’ separation
If is known that x, e (a,a +1) we can reduce the interval trying the values:
a+0.1;,a+0.2,...,.a+0.9
If f(a) >0 and f(a+l) <0, and f(a+0.5) <0, then x, e(a,a+0.5) and so on.
2) The cord method:
We take the approximate value of the solution the abscise of the point P in which the

line MN cuts the axis Ox.

s e =201

P (x—a),for y=0
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The sense of the error can be determined with the help of a graph or:
1) If f ’(x) - f "(x) >0, we have approximation in minus

2) If f'(x)-f"(x)<0, we have approximation in excess

x belonging to the interval in which we computed the solution: (a,b)
3) The method of tangent (Newton’s method)

Y N
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- The sense of the error is given by the form of the curve (in minus or in excess)
- The approximations given by the cord method and by the Newton’s method are of a

contrary sense only when the second derivative maintains its sense in the interval (a,b)

- These methods can be applied repeatedly (to obtain a value more precise)

Laws of internal composition

1) Operations determined with determined elements (numbers) — makes the object of
arithmetic

2) Operations determined with determined and undetermined elements — makes the
objects of elementary algebra

3) Undetermined operations with undetermined elements makes the object of abstract
algebra.

Definition
The law of internal composition between the elements of a set M is an application f

defined on a part of the Cartesian product M xM with values in M (internal algebraic
operation).

The corresponding element to a pair (x, y) through the function fis called the
composite of x with y (xJ_y, xXTy, xoy, xAy, x*y)

The addition in C is a function defined on the CxC with values in C.
(f(x,y) = x+y) additive.

The subtraction in C is a function defined on the CxC with values in C.
(f(xr)=x-y).

The multiplication in C is a function defined on the CxC with values in C.

(f(xy)=xy)

The division in C is a function defined on the CxC with values in C. ( f(xy)= —]
y

A law of internal composition is defined everywhere if it associates to any pair of
elements from M , only one element from M .

Associativity

A law of internal composition which is defined everywhere between the elements of a set
E , denoted with the sign T, is called associative if:

xT(y7z)=(xTy)Tz for any elements x, y,z (distinct or not) form E :
Vx,y,zek: xT(y+z) = (xTy)Tz

Generalized:

(xlsz )T...T(xnflTxn) = x,Tx,T...Tx, Theorem of associativity
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Commutatively

A law of internal composition, everywhere defined, between the elements of set E,
denoted T, is commutative if, for any elements x,y from £, we have xTy = yTx.

Vx,ye E:xTy=yTx

Commutative theorem

aTa,T..Ta,=a,TaT.Ta , 1<kl s<n

Neutral element

Let E aset on which is given a composition law defined everywhere, denoted T. If there
is an element e€ £ such that eTx=xTe=x for any x e £, this element is called the neutral
element for the law 7. (The neutral element is unique).

Symmetrical elements

Let E a set for which is defined a composition law denoted T, and for which there exists
the neutral element e. An element x’e E is called the symmetrical of x for the law 7, if

XTx'=x'Tx=e

An element p from the set of the remainder’s classes modulo m has a symmetrical
element in relation to the multiplication, if (m p)zl (the two numbers are prime between

them). If m is prime, then all elements p have an inverse

If the law is denoted additive, the symmetrical -x is called the opposite of x;
If the law is denoted multiplication, the symmetrical x™' is called the inverse of x; (each
element of a set x € £ admits only one symmetric).

Distributive
Let E a set on which are given two internal composition laws T and L. We say that the
law T is distributive in relation to the law L if for any x,y,z distinct or not from £ we have:

xT(y Lz)=(xTy) L(xTz) distributive to the left
( vyl z) Tx = ( yTx) L (sz) distributive to the right

Algebraic structure
1) Group
2) Ring
3) Field (a commutative ring)
4) Module
5) Vectorial space
6) Algebra
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Group

A composition law forms a group if the following axioms are satisfied
1) The rule is defined everywhere
2) Associativity (A)
3) The existence of the neutral element (N)
4) Any element has a symmetrical (S)
If the law is commutative we called the group abelian (or commutative)

Immediate consequences of the group’s axioms

a) The composite of three, four, or more elements is the same (A)
b) In a group exists a neutral element and only one (N)
c) Any element admits a symmetrical and only one (S)

d) Ina group G whose law is denoted multiplication we have: (x"1 )_1 =X

- In a group multiplicative x-x-x--x=x" (the n™ power of x)
- Inagroup additive x+x+x+--+x=nx

n+m

xX"x" =x
(xn )m —
nx +mx = (n + m)x
m(nx) = (mn)x
(xy) =xtey
(xf1 )n = (x” )_1 neN

Simplification at the left and at the right

(aTx = bTx) (a = b)

(xTa XTh) = (

)=(a=b)
( ) (aTx bTx)
(a=b)=(

Equations in a group

1) atx=>b
a’T(aTx) =a'Th

xTa = be)

(a’Ta)sza'Tb
etx=a'Th
x=a'Tth

2) xTa=b
(xTa)Ta’sza‘
xT(aTa’):bTa'
xTe=bTa’'
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x=bTtbha’

Ring
Two composition rules, first denoted additive and the second multiplicative define on a
set a structure ring [ if:
1) A, The addition is defined every where

2) A, The addition is associative

3) A, The addition is commutative

4) A, There exists a neutral element (0)

5) A, Any element admits a symmetrical

6) M, The multiplication is defined everywhere

7) M , The multiplication is associative

8) D,,, The multiplication is distributive in relation to addition

If the multiplication is commutative we call the ring commutative
If there is a neutral element in relation to the multiplication, we say that the ring has the unity
element

Divisors of zero

An element d #0 of a ring is called divisor of zero, if there exists an element d'#0
such that dd'=0 or d'd =0.

The rule of signs in a ring
(-a)-b=a-(-b)=—(ab)
(—a)-(—b) =ab

The simplification to the left and to the right in ring without divisors of zero
ax=ay=>x=y (a;tO)

Xa=ya=>x=y (a;tO)

Field
Two composition rules, first denoted additive and the second multiplicative, determine on
a set a structure of field if

1) A, The addition is defined every where
1) A, The addition is associative

2) A, The addition is commutative

3) A4, There exists a neutral element (0)

4) A4 Any element admits a symmetrical

5) M, The multiplication is defined everywhere
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6) M , The multiplication is associative

7) M, There exists a neutral element (0)

8) D,,, The multiplication is distributive in relation to addition
9) M, Any element admits a symmetrical

If the multiplication is commutative then the field is called commutative
In a field there are no divisors of zero.

Wedderburn’s theorem

Any field finite is commutative.
The field of the remainders classes modulo p is commutative.

a a ¢ ad+bc a c¢ ac
a=—; —+—= 4 —=—
1 b d bd b d bd
It is admitted that a field contains at least two distinct elements

Random Injective Surjective Bijective
function function function function
E,*— F,0 | morphism Mono epimorphism Isomorphism
morphism
E,*— F,0 | endomorphism automorphism
Isomorphism of a group
G, L G T
f:G—>G'
X f (xl )
Xy f (xz)
x, L x, f(le_xz)zf(xl)Tf(xz)

Function f : G — G' is bijective
Definition
Let G a group whose rule is denoted L and G' a group whose rule is T. An application
f:G—G' is called isomorphism if:
a) The function is bijective
b) f(xl J—xz) :f(xl)Tf(xz)
Then
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Isomorphism of ring

[+ I'+e
f:G>G'
X /(%)
X, /(%)
X, +x, f(x+x)=r(x)f(x,)
XX, f(x%2%)=1(x)f(x)

and the function f .7 — ' is bijective then
f(0)=0

f(x1 +Xx, +...+xn)=f(x1)+f(x2)+...+f(xn)
f(x1 +Xx, +...+xn):f(x1)+f(x2)+...+f(xn)

If I admits as unity element 1, then f (1) is an unity element in /

Isomorphism of field
The same concept as for an isomorphism of a ring

The identical groups from algebraic point of view are two groups of a different nature,
when their elements can be grouped two by two, such that any algebraic relation between the
elements of the first group is true simultaneously with the relation obtained by substituting the
elements of the first group with those of the second group.

Morphism of £ : F

Given two sets E,F with the composition rules *,0, we call morphism of the set £ in
the set F, any application in which the result of the composite of any two elements from £
using the rule * has as image in F through / the composite through o of the corresponding
images of the elements considered in £
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Table of a group G

abcd
abcd
bcda
cdab
d abc

S =

Theorem (C. Ionescu-Tiu)
. . . 2
If P(x)iayx"+..+a, and P'(x)iayx" +...+a,, then P(x):(aox" +...+an)

Stolg-Cesaro’s Lemma

If b, is strictly monotone, endless then the following are true:
— a

limn =/ _n+l

nll;i;lo al’l 1114’;7;13 an

a,+a,+..+a,

lim{laa,...a, =lim

n—>0 n—>0 n

The formulae of the composed radicals

2 2

a-ﬁ-J“m_Ja—m

B 2 2

Harmonic division
A,B,C,D:if %% =1
CB DA
x+y+x—y
— 5
X+y-— |x - y|
2

max(x,y) =
min(x,y) =

Jensen’s inequality

n
>ox,
i 1 n
fconvex = f ] S - Z‘xi

n n4
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fconcave : f

n

zxi 1
1 >
n _I’Z

n

in
1
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TRIGONOMETRY
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Sexagesimal degrees

A Sexagesimal degree is equal to the 90" part of a right angle

The Sexagesimal minute is equal to the 60™ part from a sexagesimal degree.
The sexagesimal second is equal to the 60thpart from a sexagesimal minute.

Centesimal degrees

A centesimal degree is equal to the 100" part from a right angle

The centesimal minute is equal to the 100" part from a centesimal degree
The centesimal second is the 100™ part of a centesimal minute.

The radian
The measure in radians is the ratio between the lengths of the arc of a circle, which corresponds
. . .1
to an angle in the center, and the length of the circle’s radius —.
r

One radian is the angle whose vertex is in the center of a circle that corresponds to an arc whose
length is equal to the length of the circle’s radius.

How to transform a measure to another one:

!

a _a _a
180° 200 ~«
a’ 0° 30° 45° 60° 90° 180° 270° 360°
a 0 s z z z 4 3z 27
6 4 3 2 2
Oriented plane

An oriented plane is a plane in which it has been established the positive direction for
rotations.

Oriented angle
An oriented angle is the angle for which has been established the rotation direction.

The rotation direction (sense) ca be:
- Positive (direct or trigonometric) — is the sense inverse to the clock rotation
- Negative (retrograde) — is the sense of the clock rotation.

B
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OA - The initial side
OB - The final side
M - The origin of the arc
N - The extremity of the arc

The rotation sense from OAto OB is considered the positive sense

To sum several vectors is used the polygon rule: To construct the sum of several vectors
we will construct equal vectors with the given ones, such that the origin of one vector will
coincide with the extremity of the precedent one. The vector that coincides with the origin of the
first term, and the extremity will coincide with the origin of the last term, represents the sum of
the considered vectors.

a+b+c+d

The product between a vector and a number
By multiplying a vector a with a real number 1, we obtain a vector which has its module
equal to the product between the module of the number A and the module of the vector a, and

the sense will be that of @ or -a, depending the sign of A (4>0, or A<0); for 1 =0, the product
will be the null vector.

The projection of a vector on axis.

The projection of vector ABon axis x is the size of the vector A B, and is denoted:

pr.xﬂ?

\

X A B, X
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The projections of some vectors which have the same sense, on an axis, are proportional
to their module.

B,

Rx
s

AI,BIIZAZIBZ'_ASIB.%’

4B, 4,B, A,B,

The decomposition of vectors in the plane

a=xi+yj

A(X,y)

O A] X

i and } are the versors of the axes.
A versor is the vector whose module is equal to the unity.

Two angles that have the same size are equal.

The sum of two angles is the angle whose size is equal to the sum of the sizes of the two
angles.

Between the set of real numbers and the set of oriented angles there is a bi-univocal
correspondence.

Between the final position of an oriented angle and the set of the real numbers does not
exist a bi-univocal correspondence; to a final position of the final side corresponds an infinity of
angles that have various values.
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Trigonometric functions of an acute angle

The sine
The sine of an acute angle is the ratio between the opposite cathetus and the hypothesis:

C
b a
o
A c B
sino =—
a

The cosine
The cosine of an acute angle is the ratio between the adjoin cathetus and the hypotenuse.

C
cosa =—
a

The tangent

The tangent of an acute angle is the ratio between the opposite cathetus and the adjoin
cathetus of the angle:

b
tana = —
c

The cotangent

The cotangent of an acute angle is the ratio between the adjoin cathetus and the opposite
cathetus of the angle:

c
cota =—

The values of the trigonometric functions for angles: 30 , 45, 60

C
0
2 1
0|
B A
B3
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sin30° = l

2
cos30° = g
tan30° = L

NE)
cot30° = \@
sin 60° = g
cos 60° = l

2
tan 60° = \/g
cot 60° = L = ﬁ

53

C
QO
2
45°
B 1 A

sin45° = L = Q

o2
cos45° = % = g
tan45° =1
cot45° =1
i — _&I:cos(ggl —¢1)+i5il’l (ng —(01)]
Zz p2

The power of the complex numbers

The Moivre’s formula
; arg (z” ) =arg(nz)
" =p" (cosn(o+isinnq0);( ne Z)

n

z" =|Z

The root of the n order from a complex number
1
n; arg@/; = M; (k =0,1,2,...,n —1)
n

n

z

z
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Binomial equations

A binomial equation is an equation of the form:
Z"+a=0
where « is a complex number and z is the unknown, ( z € R).

Example”
Find the solution for the following binomial equation:

4 1+%'
[1+iz) 2 71
1-iz) 1 3.
— =
2 2
= l+§_1
£ R
3 2 7
g, =——=N3=>¢ =—
gp =T =3 =g =2
1 3. ..
Z, =—+—Ii=cos—+isin—
2 2 3
= l+§—1
P> 4" 2
T Sr
arg22:27z—argzlz27r—§:?:(p2
1 3. 5z . . 5%
Z,=————Ii=coS—+isin—
2 2 3
z, (— 7[) . (—47[) 4r . 4rx 2r . .2«
— =cos| — |+isin| — |=cos— —isin— = cos—+isin—
z, 3 3 3 3 3
2 2
14+iz —+2km —+2km

\/ 2r . . 2m 3 ..
= dlcos— +isin— = cos =———+isin
1—iz 3 3 4

The trigonometric functions of an orientated angle
The sine of an angle « is the ratio between the projection of a vector radius on the y-axis

) b
and its module: sina =—

y
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The cosine of an angle « is the ratio between the projection of a vector radius on the x-
. . a
axis and its module cosa =—
-
The tangent of an angle « is the ratio between the projection of a vector radius on the y-
. . . . b
axis and its projection on the x-radius: tana =—.
a
The cotangent of an angle « is the ratio between the projection of a vector radius on the
. . . . a
x-axis and its projection on the y-radius:. cota = 3
The secant of an angle « is the ratio between the vector radius and it projection on the x-
. r
axis: seca = —
a
The cosecant of an angle « is the ratio between the vector radius and its projection on

. r
the y-axis: csca = —

The signs of the trigonometric functions

Quadrant I Quadrant II Quadrant III Quadrant IV
sin o + + - -
cos « + - - +
tan o + - + -
cota + - + -
sec + - - +
csca + + - -

Or
L + |+ + |+
sina cos o tan o
seca csca coto

Trigonometric circle

A trigonometric circle is a circle whose radius R =1 (the unity) and with the center in the
origin of the coordinate axes.

1. The sine of an angle is equal to the projection of the vector radius on the x-axis

2. The cosine of an angle is equal to the projection of the vector radius on the y-axis
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3. The tangent of an angle is equal to the projection of the vector radius on the tangent
axis
PR is the tangent axis (the tangent to the circle C(O) in the point 4)

/
P

o\

K\ <SS
>
><V

VR

4. The cotangent of an angle is equal to the projection of the vector radius on the
cotangent axis.

R

D B _C

o\

ah
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CD is the cotangent axis (is the tangent to the circle C(O) in the point B)
sin90°=1  c0s90°=0  tan90° there is none
sin180°=0 cos180°=—-1 tan180°=0
sin270°=-1 cos270°=0 tan270° there is none
sin360°=0 cos360°=1 tan360°=0

cot90°=0
cot180° there is none
cot270°=0

cot 360° there is none

The reduction to an acute angle o <45°

Sm(90°—a) =cosa Sm(90°+a) =cosa
cos(90°— )zszna cos(90°+a)=—sma
tan(90°—a)=cota  tan(90°+a)=—cota
cot(90°—a)=tana  cot(90°+a)=—tana
sin(180°—a)=sina  sin(180°+a)=—sina
cos(180°— ):—cosa cos(180°+a):—c0sa
tan(l80°—a)=tana tan(l80°+a)=tana
cot(180°—a)=—cota  cot(180°+a) = cota
sin(270°—a)=—cosa  sin(270°+a)=—cosa
cos(270°—a)=—sina cos(270° + a) =sina

)

( )
tan (270° - a) =cota tan (270° + a) =—cota

( )

cot(270°—a)=tana  cot(270°+a)=—tana

sin(360°—a)=—sina  sin(-a)=-sina

cos(360° — ) =cosa cos(—a) =cosa

tan (360°—a) =—tana tan(—a)=—tana
( )

cot(360°—a)=—cota  cot(—a)=—cota
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Periodic fractions

A function f(x)is called periodic if there is a number 7 #0, such that for any x
belonging to its domain of definition, the function’s values in the x+7 and x are equal:
f(x+T):f(x).

The number 7 is called the period of the function f(x).

Theorem
If the number 7 is the period for the function £ (x), then the numbers AT (k =+1,42,...)

also are periods for the given function.

Principal period

The principal period is the smaller positive period of a period function (frequently the
principal period is called shortly: the period).

The functions sinx and cosx have 2 as principal period, and the functions tanx and
cot x have rr as principal period.

The principal period of function f(x)=asin(wx+¢), where a and ® are constants

. 2
non-null, is equal to it
@

The harmonic simple oscillation: |a| is the amplitude, @ is the pulsation and ¢ is the

phase difference of the oscillation.

Periodic functions odd and even

The function f (x)is even if for any x belonging to its domain of definition, is satisfied
the following relation:
f(x)=s(x)
The function f (x)is odd if for any x belonging to its domain of definition, is satisfied
the following relation:

()=~ ()

Theorem
The graph of an even function is symmetric relative to the x-axis, and the graph of the
odd functions is symmetric relative to the y-axis.

cos (—x) =cosx -even
sin (—x) =—sinx

tan (—x) =—tanx ; odd
cot(—x) =—cotx

There are functions which are neither odd nor even.
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Strict monotone functions

1. If f(x;)< f(x,) forany x, <x,, then the function is called strictly increasing on the
interval [a,b].

2. If f(x)> f(x,) for any x, <ux,, then the function is called strictly decreasing on
the interval [a,b] .

A function strictly increasing or decreasing on an interval is called a strictly monotone

function on that interval.

The monotony intervals of the trigonometric functions
Function sin x

2 L X
2 2
07 1NN 0 \N\-1.0

27

Function cos x

0 z T 3—” 2
2 2

NN 0NN -1 S0 771

Function fan x

0 — T
2

0./ +0 \\v 0

Function cot x

0 z b
2

+oo NN\ 0\ —oo

The domains of definition and the set of values for the trigonometric functions
sinx : R —)[—1,+1]

cosx : R—>[-1,+1]
tanx:]R—{%+k7z,k eZ}—)R
cotx: R—{kﬂ',k IS Z} - R

The graphics of the trigonometric functions
The graphics of sinx, cosx are called sinusoidal
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=sinx

f(x)

=COS X

/(x)

N

f(x) =tanx
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=cotx

/(x)

4.

N
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Trigonometric functions inverse

Any function which is strictly monotone on an interval can be inversed; the domain of

definition and the set of the values of the function will be respectively the set of the values and
the domain of definition of the inverse function.

If a function is strict increasing (strict decreasing) on an interval, then the inverse
function will be also strict increasing (strict decreasing) on that interval.

Function arcsinx

Function arccos x

V
>

—_— e T
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Function arctan x

Function arccot x

/2

(D)

-mt/2

/2

94




Fundamental formulae

+1—cos’a tana 1 .l 1 1
+\l+tan’a|l +\1+cot’a| ~ sec’ a csea
+ ,l—sinza 1 cota 1 Ll 1
+\1+tan* o] 1+ cof a seca o esta—1
sund +1-cos’ a 1 tsecta—-1 | 41
+1—sin*a COS O cota Jesc? a—1
i\/l—sinz (04 cosax 1 4 1 i‘\,CSCZ o—1
i +l—cos’a| tana - \l sec’ a—1
sin*a+cos*a=1
sina
tano =
cosa
cosa
cota =—;
sina
tana-cota =1
L
l—cosa= 2sm25

a
1+cosa=200s25

,

2

sin

l1-cosa
2

,a l+cosa
cos” —=———

2

2
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1-sin2a = (sin a —cos a)2

1+sin2a = (Sin a + cos a)2

seco =
cosa
csca=—
sina
sinasin f = cos(“‘ﬂ);cos(a+ﬂ)
cos acos f = COS(O‘JFﬂ);LCOS(a—IB)
sinacos B = Sm(o“rﬁ);sm(a_ﬂ)
tanatan B :M
cota+cot

sin(a+ﬁ):sinacosﬂ+sinﬂcosa

sm(a B)=sinacos B —sin ffcos a

Q

os(a+ f)=cosacos f—sinasin

(a+B)
cos(a — ,8)=cosacosﬂ+smasm,8
(a+8)

tan(ct+ ) = tana +tan
l—tanatan
tan(a—ﬂ): tana —tan
l+tanatan B
cot(a+ﬁ):cotacotﬂ—l
cota+cot
cot(a—ﬂ): cotacot f+1
—cota+cotff
[=ar

[ is the lengths of the circle’s arc
a is the measure in radian of the angle with the vertex in the center of the circle
r s the circle’s radius.

27
o=—;a=uot
T

 1s he angular speed (in the circular and uniform movement)
¢ is the time
a 1s the angle
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The trigonometric functions of a sum of three angles
sin (051 +a, + a3) = Sina, cos &, COS O, + SIN AL, COS QA COS O, + SIN Oy COS & COS O, — SIN O SINQL, SIN QL
cos (0{1 +a, + aS) = COS () COS AL, COS Oy — SIN QL SINQAL, COS Ay — SINQ, SINAL COS A, — SINO; SINA, COS
tana, +tana, +tana, —tana, tan a, tan a,
tan(oy, +a, + ;) =
| —tan o, tan a, — tan o, tan o, — tan o, tan o,

cotq, cota, cotay —cota, —cota, —cot Q,
cot(a, + o, + ;) =
cota, cota, + cota, cota, + cota, cot a, —1

The trigonometric functions of a double-angle
sin2a =2sinacosa
cos2a =cos’ a—sin*a=1-2sin> a=2cos> o —1

2Qtan o
tan2o = >
1—tan o
cot> a—1
cot2q¢ = ——
2cota

The trigonometric functions of a triple-angle
sin3a = sina(3 —4s5in? a) =3sina—4sin’ a
cos3a = cos05(4cos2 a-— 3) =4cos’a—3cosa
3tana —tan’ a
1-3tan’* a
cot* a—3cota
3cot a—1

tan3o =

cot3o =

The trigonometric functions of a half-angle

. a 1—cosa
sin—==+,——
2

o 1+cosa
cos—=%,|———

2 2

o 1—cosa sino 1—cos o
an— == = = -

2 l+cosa 1+cosa sino

o l+cosa l+cosa  sina

cot—=1= =— =
2 1—cosa sino l1—cosa

The trigonometric functions of an angle « in function of tan% =t

2t
1+¢

Sino = 5
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cosao = >
1+1¢
2t
tano = 3
—t
_l‘z
cota =
2t

Transformation of sums of trigonometric functions in products

+ —
Sinp+sinq:2sinp 9 cosP—4
2 2
sinp—sinq:ZSinp_qcosp;q
cosp+cosq=2cosp+qcosp_q
2 2
+ —_
cosp—cosq:?_Sin%sinu
n(p+
tanp+tanq:m
cos pcos q
sin(p—
tanp—tanq:M
cos pcosq
in(p+
cot p+cotg = 12+ 4)
cos pcosq
cotp—cotqzw
sin p singq

Transformation of products of trigonometric functions in sums

cos(a—ﬁ)—cos(aJr,B)

sinasin f = 5
sinacos = sin(a+ﬂ);sin(a—ﬂ)
cosacos = cos(a+ﬁ);cos(a—,b’)

Relations between the arc functions

arcsinx +arccos x =

arctan x +arccotx =

NN NN
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sin (arc sin x) =

sin (arccos x) =

)

sin (arctan X

Sin (arc cotx

)=
cos\arccos )C)

cos (arcsin x)

(
(
(

cos | arctan x) =

cos (arc cot x) =

tan (arctan x) =

tan (arcsin x) =

tan (Cll"C‘COS X) =

tan (arc cotx) =

cot(arc cot x) =

cot(arcsin x) =

cot (arccos x) =

cot (arctan x) =

N—"

arcsin (sin a)=

(
(

arccos

arctan

arc cot (cot a) =

COSOC) =

tana) =

=

1+ x?
1

VI + x?
X
\/1+x2
X
X

a
a
a
(24
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arcsin (cos a) X a
arccos (sin a) _Z_ a
arctan(cota) = Z _a

arccot(tan a) =%— (04

tana +tan
tanatan f = tana+tan j
cota +cot
cota +cot
cotacot ff = cotatcolfp
tano +tan f
cota +tan
cotatan = cotattanfp
tana +cot f

The computation of a sum of arc-functions

arcsin x + arcsin y = arcsin (x\ll -y* + yx/l -x°

arcsin x —arcsin y = arcsin (x\/l -y - yx/’l -x° )
arccos x +arccos y = arccos (xy —\1=x? «fl —y? )
arccos X —arccos y = arccos (xy +41—x7 «fl -y’ )

x+y
arctan x + arctan y = arctan
I—xy
arctan x —arctan y = arctan —
1+xy
xy—1
arccotx +arccoty = arccot
xX+y

X
arccotx —arccoty = arccot
xX=Yy

Trigonometric sums
sinﬂsin a+(n —1)ﬁ
2 2

Sin—

S, :sina+sin(a+h)+...+sin[a+(n—l)h]:
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sinnhcos{a +(n —l)h}
2 2

S, :cosa+cos(a+h)+...+cos[a+(n—l)h]z

Sin—
How is computed
S, +iS, = cosa+cos(a +h)+...+cos[a +(n —1)h]+
+isina+isin(a+h)+...+isin[a+(n—1)h]:
= (cosa+isina)+[cos(a +h)+isin(a +h)]+...+
+{cos{a +(n —l)ﬁ}ﬂ'sin{a +(n —l)ﬁ}} =
2 2
= (cosa +isin a){l + (cosh+isinh)1 +...+ (cosh+isinh)n_l} =
(cosh+isinh)" -1 ~2sin’ n5+i5inn5

:(cosa+isina) =

:(cosa+isina) A A
—2sin® = +i2 sin—cos —
2 2 2

(cosh+isinh)—l

.. h{. . h h
+2isinn—| isinn—+cosn—
2 2 2

= (cosa +isin a)
+2z’sinﬁ isiné+cosﬁ
2 2 2

nh

.. sin7 n—1 . n—1
=(cosa+lsma) 7 cos 5 h+szn7h =
Sin—

Sin —
Then,
nh
sin— 1
S, = % cos(a+—hj
Sin —
2
nh
sin— n—1
S, = % Sin(a+—hj
Sin—
2
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n sinnxcos(n+1)x
S3:cos2x+cos22x+...+cosznx:E+ ( )

2sinx

2 2 L, n  sinnxcos(n+1)x
S, =sin" x+sin" 2x+...+sin" nx = ——

2sinx
sin'>
S =sinx+sin2x+..+sinnx = 2 sin(n+1xj
sin> 2
. nx

sin
2 n+1
S, =cosx+cos2x+...+cosnx = cos 5 X

X
sin—
2

Trigonometric functions of multiple angles

n—1

. 1 . 3 -3 .3
sinnx =C, cos"” xsinx—C, cos"” xsin” x +...
0 n 2 n—2 )
cosnx =C, cos" x—C cos" " xsin" x+...
1 3 3
C,tanx—C, tan” x +..

tannx = —
1-C; tan" x +...

C)cot" x—Ccot" > x +..

C,cot"" x—Ccot" > x +...

cotnx =

The power of the trigonometric functions

D)
_ p
1) sinz”x:(zz—}lzl.
. [cos2px—C;p cos2(p—1)x—C22p cos2(p—2)x+...+(—l)pi1 C{’: cos2x}+
1
+ZTPC2PP )

1\
2) sin®?* x = (2212 .

-[sin(2p + l)x— Czi,m sin(2p—l)x+ C22p+l sin(2p —3)x+..+ (—l)p ) sinx}
1I)

1
2
1) cos™’ x = TN
-[cospr+Cépcos2(p—1)x+C22pcos2(p—2)x+...+C2”:cos2x]+
1
+2TPC2pp
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2) cos’" x = 2%

-[cos(2p+1)x+C§p+1 cos(2p—l)x+C22p+1cos(2p—3)x+...+C”

2 p11 COS x]

Trigonometric identity
A trigonometric identity is the equality which contains the trigonometric functions of one
or more angles and it is true for all their admissible values.

Conditional identities

Conditional identities are two trigonometric expressions which are not equal for the

whole set of admissible values of their angles, but for a subset of it (which will satisfy certain
conditions).

Solved Problem

Prove that the identity: sin(arccosx)=~1-x".

The equality takes place for |x|<1.

We denote: arccosx =, then 0 < a <, and therefore sina >0.

But |sin a| = \/l —cos’a = \/1 —cos’ a(arccos x) = \/1 —x? , therefore sin (arccos x) =1-x>.

Trigonometric equations
. k .
arcsina = (—1) arcsina+kr, keZ

arccosa =tarccosa+2krx, keZ

arctana = arctana +kr, keZ

arccota =arccota+kr, keZ

(The arcsina 1is the set of all angles whose sin is equal to a .

L T T o
arcsina 1s the angle « e{—zﬁzJ whose sin is equal to a)

A trigonometric equation is the equality which contains the unknown only under the sign of the
trigonometric function and which is true only for certain values of the unknown.

L Trigonometric equations elementary
sinx=a = x= (—l)k arcsina +kr (k € Z)
cosx=a=x=zxarccosa+2kr (k € Z)
tanx =a = x =arctana + krx (keZ)

cotx=a=x=arccota+kr (k eZ)

IL. The equality of two trigonometric functions of the same name
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I1I.

IV.

VL

sinuzsinv:u:(—l)k-v+kﬂ (keZ)
cosu=cosv=>u=4v+2kr (keZ)
tanu=tanv =>u=v+krx (keZ)
cotu=cotv=>u=v+kr (keZ)

Trigonometric equations of the form sin f (x) = sin g(x)
sin f(x)=sing(x)= f(x)= (—l)k g(x)+kr (keZ)

Trigonometric equations reducible to equations which contain the same function
of the same angle.

The trigonometric equation is reduced to an algebraic equation in which the
unknown is a trigonometric function of the angle which needs to be determined.

Homogeneous equations in sinx and cos x

a, sin" x +a, sin"”" xcos x +a, sin" > xcos’ x+...+a, cos" x =0

We divide the equation by cos” x and obtain an equation of n degree in fanx:
aytan” x+a tan"” x +a,tan" > x+...+a, =0

(Dividing by cos” x there are no solutions lost).

The linear equation in sinx and cos x

1) The method of the auxiliary angle
asinx+bcosx=c |.a

. (9
Sinx+—cosx =—
a a

: b /4 Vs
Denote: sinx+—=tangp -—<p<+—
a 2 2

. c
Sinx+tan@cos x = —
a
. . c
SIN X COS @ + SIN P COS X = —COS P
a

sin (x+(p) = Ecos¢
a
R
\/Il+tan2(p Na* + b
. cla| c
Therefore sin(x+¢)= =
( ) a\/az +b? i\/az +b?
We take the positive sign if a >0 and the negative sign, when a <0.

c
+\a’ +b’

+km— arctané (k € Z)

xX= (—l)k arcsin;
ta’ +b’ a
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2) The substitution method

: . 1-7
We substitute sina =—-, cosa = .
1+¢ 1+¢
asinx+bcosx=c
2t -7
a 2+ — =
1+¢ 1+¢
(b+c)t2—2at+(c—b):0
Conditions: ¢c+b#0 andA>0
A=a*+b*-*>0=>c* <a*+b°
A=a’+b* - >0=><ad*+b* =
ata*+b* =c? o
== =tan—
b+c 2
ata*+b*-c*
= x =2| arctan +kr | (keZ)

b+c

Performing these substitutions we can lose solutions (values of angle x for
. X T .
which fan— doesn’t have sense: E+k7z (keZ), for this reason, after

computation, we need to verify these values as well; if they verify, we add
them to the set of solutions.
3) We can solve the system:

asinx+bcosx=c
sin® x+cos” x =1
We eliminate the foreign solution by verification, sinx and cosx are the
unknown.
VII.  Equation that can be resolved by decomposition in factors.

In some situations, the equations are resolved by appealing to the squaring
process, but care has to be taken not to introduce foreign solutions.

Systems of trigonometric equations

- We do certain substitutions
- We decompose the products in sums or vice versa
- We use the fundamental trigonometric formulae.
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Trigonometric applications in geometry
1. Rectangle triangle

B c A
LB +xC=90°
<4 =90°

2. Random triangle

The sine theorem

a_ _ b __ S _op
sinA sinB sinC
The cosine theorem
a’=b>+c*—2bccos A
The tangent theorem
A-B
a_p tan —
a+b nA+B

ta
2
The trigonometric functions of the angles of a triangle expressed using the sides of
the triangle.
gind_ Jw
2 bc
2 bc
and_ [(p=D)(p=c)
an—= |[——————,...
2 p ( p— a)
A4 | p(p-a)
cot—= | ——————,...
2 \N(p-b)(p=c)
2 2 2
cos A= =<
2bc
Relations in a random triangle
_abe
4S8

S is the aria of the triangle
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Euler’s elation: OI’ =R(R—2r); O the center of the circumscribed circle, / is the

center of the inscribed circle.

S

r=—
p
a=b-cosC+c-cosB,...

p-b)(p-c)
p

s \/p(P—b)(p—C),'_.

. A . B .
r, =4Rsin—sin—sin—= ptan— = =
2 2 2 p-a (p—a)

r:4Rsinésin§Sin£:ptanétanﬁtang:§: (p—a)(
27727 272 T,

r, is the radius of the triangle’s ex-inscribed circle.
C

p= 4Rcosécos§cos—
2 2 2

r,+rn+r,=4R+r

, _2bc A _2RsinBsinC _2\bep(p-a)
“ b+c 2 COSB—C b+c
2
b —ﬂ b 1is the bisector of <4
a B_C,... a
cos

2
m, :%\/2(b2 +cz)+a2,...

S:\/p(p—a)(p—b)(p—c) - Heron’s formula

g abesinC _ a’ sin BsinC

2 2sin(B+C)’
Aria of a quadrilateral
S = dd, sing @ 1s the angle between the diagonals d,,d,
dd, <ac+bd

Trigonometric tables

To find the values of the trigonometric functions of various angles one uses the
trigonometric tables, where these are listed.

Interpolation

Interpolation is an operation through which we can determine the trigonometric
function’s values of angles which cannot be found in the trigonometric tables.
Example:
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sin34°20" = 0.56401

sin34°30' =0.56641

How much is sin34°22'=?

sin34°20' < sin34°22' < sin34°3(0’

34°30'-34°20'......... 0.56641—-0.56401

34°22'—34°20" ... X = sin34°22' =0.56401+0.00048 = 0.56449

X = M =0.00048

Logarithmic tables of trigonometric functions
Example Insin17°34' =1.47974

Complex numbers under a trigonometric form
i=~-1
A complex number is a number of the format: z=x+iy, x,yeR

-4 -4m+1
i m :1; i m+

x is the real part
iy is the imaginary part

. Ame2 4m+3 .
=i, i == " ==, meZ

y is the coefficient of the imaginary part.
There is bi-univocal correspondence between the set of complex numbers z = x +iy and

the set of points M (x,y) from plane.

argz.

z

(X,y)

O Q Xy

The module of a complex number is the length of the segment OM ,

2

The argument of a complex number is the angle formed by the vector OM the x axis;

A complex plane is the plane in which we represent the complex numbers z = x +iy.

[ =\x"+5* (=p)
tanp = J or sing = ﬁ;cosgo =Y
X P
z=p(cosp+ising).
The conjugate of the complex number z=x+iy is the complex number z =x—iy;

|Z|; argz =2r—argz.
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The sum and the difference of the complex numbers
Let z, =x, +iy, and z, = x, +iy,, then
Z +z, =X +X, +i(y1 +y2)

(x1 —x2)+i(y1 _yz)

The multiplication of complex numbers

405 = (x1x2 _y1y2)+i(x1y2 + xzyl)
The multiplication is
- Commutative
- Associative
- Distributive relative to the sum of the complex numbers.
The module of the product of two complex numbers is equal to the product of their
modules, and the product argument is equal to the sum of the arguments:

|2, 2, =|z,] |z
arg(z,-z,)=argz, +argz,
z,=p, (cos, +ising,)
z, = p, (cos g, +ising,)
2,2, = P, [cos(¢1 +@,)+isin(g, +¢2)]
Generalization:
22,02, = PPy, COS (0 + @y + ..+ @, +isin(p + 0, +..+0,) ]

The division of the complex numbers

_kl

|Zz|

2

Z,

arg [ﬂj —argz, —argz,
2

I —&[cos((p1 —@,)+isin(p, _(/’2)]

Zz p2

The power of the complex numbers (Moivre relation)

n

z" :|Z

arg(z") =arg (nz)
z" = p" (cosnp+isinnp) neZ

The root of n order from a complex number

-

n

z
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arg%:w;k =0,1,2,...n—1
n

1
Q/P(coscoﬂsin(l)) =p" (005M+isin¢+2k7[
n n

);k =0,12,...n—-1

Binomial equations
A binomial equation is an equation of the form z" + a =0, where « is a complex number and z
is the unknown zeR.
Example: Solve the following equation

1 3.
F+QT:2+ZZ
1-iz l_«/g
2

—1

2

= l.}.g—l

P 44
32 V4

tanp, =—-—=3=> ¢ =—

D > 1 \/_ D 3

1 3. .
zy=————Ii=cos—+isin—

2 2

= l_{_g—l
?, 4 4

T 5r
arg22:27z—argzlz27r—§—?=p2
z, (—ﬁj,_(—ﬁj 4z . . 4rm 2r . . 27
—L =cos| — |+isin| — |=cos — —isin— = cos — + 1 sin—
z, 3 3 3 3 3 3
2 2
1+iz \/ 2z . . 2« E I S
= 3lcos — +isin— = cos =———+isin

1—iz 3 3 4
1HZ:cosozH’sinoz; az(z—ﬁ+2kﬂ l
1-iz 3 4

cosa+isina—izcosa—T —iz=0

.2 . a [04
.. =2sin° —+i—2sin—cos —
_cosa+isina—1 2 2 2

i(cosa+1)—sina B

. a a a
—2sin—cos— +2cos* =
2 2 2
.. a a ..«
2isin—| cos —+1isin—
2( 2 2)
= =tan—
. o a .. o 2
2icos—| cos —+1isin—
2 2 2
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27 okx iy

z=tan—>——=tan k=0,1273
k=0=z :tan£
k=1=z, =tanZ
k=2=1z, =z‘an7—”

12
k=3=z, =tans—7Z

Cebyshev polynomials

T, (x)=cosnarccos x, where n €N, are polynomials of n degree, defined on [-1,+1];
these satisfy the relation:

7., (x) =2xT, (x)_Tn—l (x)

1
arctan 5 + arctan

+...+arctan

=arctan

n

2.2°

l+tana T
——=tan| 0 +—
l—tanao 4

n+l1

. . . a
- If a+ f+y=x then sma+sm,8+smy:4cos—cosécosZ
- Ifa+pf+y=nxthen tana+tan f+tany =tanatan ftany
.. a
- If a+ f+y =~ and are positive, then cosa+cos,8+c0s7:1+4sin—sinﬁsinz.

Sometimes the powers of the trigonometric fractions are transformed in linear equations.
Example:

2
. 4 L2 )2 1—cos” x
Sin xz(sm x) =| ———| , etc.
2
. 2 .
(Slnx—cosx) —1—sin2x.

Sometimes we multiply both members of a relation with the same factor, but one has to
make sure that foreign solutions are not introduced.

(sin X — cos x)2 -1- %sin2 2x
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