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Abstract. Gathering the attitudes of the examined re-
spondents would be very significant in some evaluation
models. Therefore, a multiple criteria approach based on
the use of the neutrosophic set is considered in this paper.

An example of the evaluation of restaurants is considered
at the end of this paper with the aim to present in detail
the proposed approach.

Keywords: neutrosophic set, single valued neutrosophic set, multiple criteria evaluation.

1. Introduction

In order to deal with indeterminate and incon—
sistent information, Smarandache [1] proposed a
neutrosophic set (NS), thus simultaneously providing
a general framework generalizing the concepts of the clas-
sical, fuzzy [2], interval-valued [3, 4], intuitionistic [5]
and interval-valued intuitionistic [6] fuzzy sets.

The NS has been applied in different fields, such as:
the database [7], image processing [8, 9, 10], the medical
diagnosis [11, 12], decision making [13, 14], with a partic-
ular emphasis on multiple criteria decision making [15, 16,
17,18, 19, 20].

In addition to the membership function, or the so-
called truth-membership Ta(x), proposed in fuzzy sets, At-
anassov [5] introduced the non-membership function, or
the so-called falsity-membership Fa(x), which expresses
non-membership to a set, thus creating the basis for the
solving of a much larger number of decision-making prob-
lems.

In intuitionistic fuzzy sets, the indeterminacy 1,(X) is
1-To(X)—Fa(x) by default.

In the NS, Smarandache [21] introduced independent
indeterminacy-membership 1,(X) , thus making the NS
more flexible and the most suitable for solving some com-
plex decision-making problems, especially decision-
making problems related to the use of incomplete and im-
precise information, uncertainties and predictions and so
on.

Smarandache [1] and Wang et al. [22] further pro-
posed the single valued neutrosophic set (SVNS) suitable
for solving many real-world decision-making problems.

In multiple criteria evaluation models, where evalua-

tion is based on the ratings generated from respondents, the
NS and the SVNS can provide some advantages in relation
to the usage of crisp and other forms of fuzzy numbers.
Therefore, the rest of this paper is organized as fol-
lows: in Section 2, some basic definitions related to the
SVNS are given. In Section 3, an approach to the deter-
mining of criteria weights is presented, while Section 4
proposes a multiple criteria evaluation model based on the
use of the SVNS. In Section 5, an example is considered
with the aim to explain in detail the proposed methodology.
The conclusions are presented at the end of the manuscript.

2. The Single Valued Neutrosophic Set

Definition 1. [21] Let X be the universe of discourse,
with a generic element in X denoted by x. Then, the Neu-
trosophic Set (NS) A in X is as follows:

A={x<TA(X). 1 (%), Fa(¥) > x& X3, )

where Ta(x), Ia(x) and Fa(x) are the truth-membership
function, the indeterminacy-membership function and the
falsity-membership function, respectively,
Talp FA:X =101 [ and 0<  7,(x)+7,(x) U, (%)
<3"

Definition 2. [1, 22] Let X be the universe of dis-
course. The Single Valued Neutrosophic Set (SVNS) A
over X is an object having the form:

A={X<Ta(X), 1a(X), Fa(X) > x € X}, @

where Ta(X), 1a(x) and Fa(x) are the truth-membership
function, the intermediacy-membership function and the
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falsity-membership function, respectively,

Tala, Fa: X —>[01and 0 < 7,(x)+7,(x) #;(x) <3.
Definition 3. [21] For an SVNS A in X, the tri-

ple <tn,ip, T5 > is called the single valued neutrosophic

number (SVNN).

Definition 4. SVNNs. Let x =<t;,i;,f;> and
Xy =<1y, 1,, T, > be two SVNNs and A > 0; then, the basic
operations are defined as follows:

X+ X =<t +1t, —4t,, hi,, T T, >. 3)
X Xp =<ty by +ip —igip T+ T — 1y >, (4)
X =<1-(@1-t)*,ift, " >. (5)
X =<t i} 1-1- )" >. (6)

Definition 5. [23] Let x=<t,,I,, f, > be a SVNN;
then the cosine similarity measure Sy between SVNN x
and the ideal alternative (point) <1,0,0> can be defined as
follows:

S = ——— @)
) wlt2+i2+ f2

Definition 6. [23] Let A; :<tj,ijr, f; > be acollection
of SVNSs and W =(w;,W,,...w,) be an associated
weighting vector. Then the Single Valued Neutrosophic
Weighted Average (SVNWA) operator of A; is as follows:

SVNWA(A, Ay, ) = SW; A,
j=1
n R n R n R ! (8)
2(1_ a-t)" 11G;)"™, H(fi)wjj
= j=1 j=1

where: w; is the element j of the weighting vector,
w; €[0,1] and Z’}:le =1.

3. The SWARA Method

The Step-wise Weight Assessment Ratio Analysis
(SWARA) technique was proposed by Kersuliene et al.
[25]. The computational procedure of the adapted SWARA
method can be shown through the following steps:

Step 1. Determine the set of the relevant evaluation
criteria and sort them in descending order, based on their
expected significances.

Step 2. Starting from the second criterion, determine
the relative importance s; of the criterion j in relation to the
previous (j-1) criterion, and do so for each particular crite-
rion as follows:

>1  when significance of C; - C;_,
1 whensignificanse of C; =C;_; . 9)
<1 whensignificance of C; <C;_,

By using Eg. (9), respondents are capable of express-
ing their opinions more realistically compared to the ordi-
nary SWARA method, proposed by Kersuliene et al. [25].

Step 3. The third step in the adapted SWARA method
should be performed as follows:

" 1
1725

where k; is a coefficient.

Step 4. Determine the recalculated weight g; as fol-
lows:

1
N _{qj—l/ki

Step 5. Determine the relative weights of the evalua-
tion criteria as follows:

=1

is1 (10)

j=1

j>1 (11)

W; ZQj/ZE:Mk , (12)

where w;jdenotes the relative weight of the criterion j.

4. A Multiple Criteria Evaluation Model Based on
the Use of the SVNS

For a multiple criteria evaluation problem involving
the m alternatives that should be evaluated by the K re-
spondents based on the n criteria, whereby the performanc-
es of alternatives are expressed by using the SVNS, the
calculation procedure can be expressed as follows:

The determination of the criteria weights. The deter-
mination of the criteria weights can be done by applying
various methods, for example by using the AHP method.
However, in this approach, it is recommended that the
SWARA method should be used due to its simplicity and a
smaller number of pairwise comparisons compared with
the well-known AHP method.

The determination of the criteria weight is done by us-
ing an interactive questionnaire made in a spreadsheet file.
By using such an approach, the interviewee can see the
calculated weights of the criteria, which enables him/her
modify his or her answers if he or she is not satisfied with
the calculated weights.

Gathering the ratings of the alternatives in relation to
the selected set of the evaluation criteria. Gathering the
ratings of the alternatives in relation to the chosen set of
criteria is also done by using an interactive questionnaire.
In this questionnaire, a declarative sentence is formed for
each one of the criteria, thus giving an opportunity to the
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respondents to fill in their attitudes about the degree of
truth, indeterminacy and falsehood of the statement.

The formation of the separated ranking order based
on the weights and ratings obtained from each respond-
ent. At this steep, the ranking order is formed for each one
of the respondents, based on the respondent’s respective
Welghts and ratings, in the following manner:

the determination of the overall ratings expressed
in the form of the SVNN by using Eq. (8), for
each respondent;

— the determination of the cosine similarity measure,

for each respondent; and
— the determination of the ranking order, for each
respondent.

The determination of the most appropriate alternative.

Contrary to the commonly used approach in group decision
making, no group weights and ratings are used in this ap-
proach. As a result of that, there are the K ranking orders
of the alternatives and the most appropriate alternative is
the one determined on the basis of the theory of dominance
[26].

5. A Numerical Illustration

In this numerical illustration, some results adopted
from a case study are used. In the said study, four tradi-
tional restaurants were evaluated based on the following
criteria:

— the interior of the building and the friendly at-

mosphere,

— the helpfulness and friendliness of the staff,

— the variety of traditional food and drinks,

— the quality and the taste of the food and drinks,

including the manner of serving them, and

— the appropriate price for the quality of the services

provided.

The survey was conducted via e-mail, using an interac-
tive questionnaire, created in a spreadsheet file. By using
such an approach, the interviewee could see the calculated
weights of the criteria and was also able to modify his/her

weights.

In order to explain the proposed approach, three com-
pleted surveys have been selected. The attitudes related to
the weights of the criteria obtained in the first survey are
shown in Table 1. Table 1 also accounts for the weights of
the criteria.

Criteria Sj Ki Qj Wi
Ci 1 1 0.15
C2 1.00 100 100 0.15
Cs 115 085 118 0.18
Ca 130 070 168 0.26
Cs 100 100 168 0.26

Table 1. The attitudes and the weights of the criteria obtained on the basis
of the first of the three surveys

The attitudes obtained from the three surveys, as well
as the appropriate weights, are accounted for in Table 2.

E1 E1 E1
Sj Wi Sj Wi Si Wi
C1 0.15 0.16 0.19
C2 1.00 0.15 1.00 0.16 1.00 0.19
Cs 1.15 0.18 1.20 0.20 1.05 0.20
Cs 1.30 0.26 1.10 0.22 1.10 0.22
Cs 1.00 0.26 1.10 0.25 0.95 0.21

Table 2. The attitudes and the weights obtained from the three surveys

The ratings of the alternatives expressed in terms of the
SVNS obtained on the basis of the three surveys are given
in Tables 3 to 5.

Ci1 Cz Cs Cs Cs

Wi 0.15 0.15 0.18 0.26 0.26

A; <0.8,0.1,0.3> <0.7,0.2,0.2> <0.8,0.1,0.1> <1,0.01,0.01> <0.8,0.1,0.1>
A, <0.7,0.1,0.2> <1.0,0.1,0.1> <1.0,0.2,0.1> <1,0.01,0.01> <0.8,0.1,0.1>
A; <0.7,0.1,0.1> <1.0,0.1,0.1> <0.7,0.1,0.1> <0.9,0.2,0.01> <0.9,0.1,0.1>
A4 <0.7,0.3,0.3> <0.7,0.1,0.1> <0.8,0.1,0.2> <0.9,0.1,0.1> <0.9,0.1,0.1>

Table 3. The ratings obtained based on the first survey

C1 C2 Cs Cs Cs

w; 0.16 0.16 0.20 0.22 0.25

A; <0.8,0.1,0.4> <0.9,0.15,0.3> <0.9,0.2,0.2> <0.85,0.1,0.25><1.0,0.1,0.2>
A, <0.9,0.15,0.3><0.9,0.15,0.2> <1.0,0.3,0.2> <0.7,0.2,0.1> <0.8,0.2,0.3>
A; <0.6,0.15,0.3><0.55,0.2,0.3><0.55,0.3,0.3> <0.6,0.3,0.2> <0.7,0.2,0.3>
A, <0.6,0.4,0.5> <0.6,0.3,0.1> <0.6,0.1,0.2> <0.7,0.1,0.3> <0.5,0.2,0.4>

Table 4. The ratings obtained based on the second survey

C1 C2 Cs Cs Cs

Wi 0.19 0.19 0.20 0.22 0.21

A, <1.0,0.1,0.1> <0.9,0.15,0.2> <1.0,0.2,0.1> <0.8,0.1,0.1><0.9,0.1,0.2>
A, <0.8,0.15,0.3><0.9,0.15,0.2> <1,0.2,0.2> <0.7,0.2,0.1><0.8,0.2,0.3>
A; <0.6,0.15,0.3><0.55,0.2,0.3> <0.55,0.3,0.3> <0.6,0.3,0.2> <0.7,0.2,0.3>

Table 5. The ratings obtained from the third of the third survey

The calculated overall ratings obtained on the basis of
the first of the three surveys expressed in the form of
SVNSs are presented in Table 6. The cosine similarity
measures, calculated by using Eq. (7), as well as the rank-
ing order of the alternatives, are accounted for in Table 6.

Overall ratings Si Rank
A1 <1.0,0.06,0.07>  0.995 2
A2  <1.0,0.06,0.06>  0.996 1
As <1.0,0.12,0.06> 0.991 3
Aq <1.0,0.12,0.13> 0.978 4

Table 6. The ranking orders obtained on the basis of the ratings of the
first survey
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The ranking orders obtained based on all the three sur-
veys are accounted for in Table 7.

E: E> Es E1 E2 Es

Si Si Si Rank Rank Rank
Al 0.995 0.963 0.985 2 1 1
A2 0.996 0.962 0.966 1 2 2
A3 0.991 0.864 0.867 3 4 4
A4 0.978 0.882 0.894 4 3 3

Table 7. The ranking orders obtained from the three examinees

According to Table 7, the most appropriate alternative
based on the theory of dominance is the alternative denoted
as Au.

6. Conclusion

A new multiple criteria evaluation model based on us-
ing the single valued neutrosophic set is proposed in this
paper. For the purpose of determining criteria weights, the
SWARA method is applied due to its simplicity, whereas
for the determination of the overall ratings for each re-
spondent, the SVNN is applied. In order to intentionally
avoid the group determination of weights and ratings, the
final selection of the most appropriate alternative is deter-
mined by applying the theory of dominance. In order to
form a simple questionnaire and obtain the respondents’
real attitudes, a smaller number of the criteria were initially
selected. The proposed model has proven to be far more
flexible than the other MCDM-based models and is based
on the conducted numerical example suitable for the solv-
ing of problems related to the selection of restaurants. The
usability and efficiency of the proposed model have been
demonstrated on the conducted numerical example.
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Abstract. The Neutrosophic Precalculus and the Two other important theorems were proven with their
Neutrosophic Calculus can be developed in many corollaries, and numerical examples as well. As a
ways, depending on the types of indeterminacy one conjecture, we use ten (indeterminate) forms in
has and on the method used to deal with such neutrosophic calculus taking an important role in
indeterminacy. This article is innovative since the limits. To serve article's aim, some important
form of neutrosophic binomial factorial theorem was questions had been answered.

constructed in addition to its refrains.

Keyword: Neutrosophic Calculus, Binomial Factorial Theorem, Neutrosophic Limits, Indeterminate forms in
Neutrosophic Logic, Indeterminate forms in Classical Logic.

1 Introduction (Important questions) 2. Let
Q 1 What are the types of indeterminacy? Vi=x+yl
There exist two types of indeterminacy 0+1=x*+3x%yl+3xy* I +y°I
a. Literal indeterminacy (1). 0+1=x>+Bx% +3xy> +y3)I
As example: x=0y=1- V=1 (5)
2+3I @) In general,
b.  Numerical indeterminacy. VI =1, (6)
As example:
where k € zt ={1,2,3,...}.
x(0.6,0.3,0.4) € A, 2 .
Basic Notes
meaning that the indeterminacy membership = 0.3. 1. A component | to the zero power is
Other examples for the indeterminacy com- undefined value, (i.e. I° is undefined),
ponent can be seen in functions: f(0) = 7 or 9 or since IO = 1D = [l 71 = §which is

fQ0 or 1) =5 or f(x) = [02, 0.3] x* ... etc. impossible case (avoid to divide by I).

2. The value of I to the negative power is

Q 2 What is the values of [ to the rational power? undefined value (ie. I™ ,n>0 is
1. Let undefined).
Vi=x+yl 3Wh he indeterminacy forms |
0+1=x%+ (2xy + y?)I Q _ at are the indeterminacy forms in neutros-
_ _ ophic calculus?
x=0,y=+11 (3) ) . .
In classical calculus, the indeterminate forms
In general, are [4]:
NI = 41 4 2,2,0-0,0°,0°1%,00 — oo, (7

wherek € zt ={1,2,3,...}.
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The form 0 to the power I (i.e. 07 ) is an
indeterminate form in Neutrosophic calculus; it is
tempting to argue that an indeterminate form of
type 0! has zero value since "zero to any power is
zero". However, this is fallacious, since 0’ is not a
power of number, but rather a statement about
limits.

Q 4 What about the form 17?

The base "one" pushes the form 1/ to one
while the power I pushes the form 1/ to 7, so 1! is
an indeterminate form in neutrosophic calculus.
Indeed, the form af, a € R is always an
indeterminate form.

Q 5 What is the value of a’ ,where a € R?

Lety, = 2*,x € R,y, = 2!;itis obvious that
lim 2* =00, lim 2* =0 ,lim2*¥ =1; while
X—00 X—>—00 x—0
we cannot determine if 2! > o or0ort,
therefore we can say that y, = 2! indeterminate
form in Neutrosophic calculus. The same for a’,
where a € R [2].

2 Indeterminate forms
Logic

in Neutrosophic

It is obvious that there are seven types
of indeterminate forms in classical calculus [4],

0 oo
6!;! 0'00! 001 000' 100!00 — 0.

As a conjecture, we can say that there are ten
forms of the indeterminate forms in Neutrosophic
calculus

IO 01£ Ioof ooI Ioo II

) ) 0 ) ) I ) ) ) )

a'(a€R),o+a-I .

Note that:
=1-

=]-co=o00"].

o |-

I
0

3 Various Examples
Numerical examples on neutrosophic limits

would be necessary to demonstrate the aims of this
work.

Example (3.1) [1], [3]

The neutrosophic (numerical indeterminate) values
can be seen in the following function:

Find lim £ (x), where f (x) = x[2:125],

Solution:
Lety = x[21251 5 Iny =[2.1,2.5] Inx

limInv = li [2.1,2.5] _ [2.1,2.5]
e YT T T T 1
Inx In0
_ [2.1,2.5] _ [2.1,2.5]
1 = -0
e
= [2__(1)’2__(5) = (—OO, —OO)
= —00

Hencey =e =0
OR it can be solved briefly by
y = x[2.1,2.5] — [02.1‘02.5] — [0,0] =0.
Example (3.2)

lim [3.5,5.9]x!%2 = [3.55.9][9,11](%2] =
x-[9,11]

[3.5,5.9] [9%,112] = [(3.5)(9), (5.9)(121)] =
[31.5,713.9].

Example (3.3)
lim [3.5,5.9] x[*?] = [3.5,5.9] ool22]

X—00
= [3.5,5.9] [0, 0?]
= [3.5:(0),5.9 ()]
= (%0, 0) = oo,
Example (3.4)
Find the following limit using more than one

technique lil’%m .

xX—
Solution:
The above limit will be solved firstly by using the
L'Hopital's rule and secondly by using the
rationalizing technique.

Using L'Hopital's rule

1 _
lim > ([4,5] - x + 1) Y2 [4,5]

L [4,5]
_}clgz,/([4,5]-x+1)
B[S
S22l T

Rationalizing technique [3]
[4,5]-x+1—1_ [45]-0+1-1

}cli% X 0
_y[4-0,5:01+1—-1 ,/[0,0]+1—1

B 0 B 0

VO+1-1 0

-0 o

= undefined.

Multiply with the conjugate of the numerator:
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[4,51x+1—1 [4,5x+1+1 Again, Solving by using L'Hdépital's rule
m .

x-0 X [4,5]x+1+1 lim x?+3x —[1,2]x — [3,6]

=1im('[4'5]x+1)2_(1)2 o xtg_ 2x+3-[1,2]
0 x (V4 5k +1+1) = Am

_ fj LSl XA e

“x (V&S +1+1) = —6+3-[1,2]

— lim 21 = —3-[1,2]
x—»OF(\/m_l_l) i[—3—1,—3—2]

= lim 4,51 —e _4.] -
X0 ( m + 1) The above two methods are identical in results.

[4 5] — [4,5] 4 New Theorems in Neutrosophic Limits
( +1+ 1) Vi+1 Theorem (4.1) (Binomial Factorial )
[ [ [2,2.5]. Jl1_}rr_£)(1 + —)x— Ie ; listhe literal indeterminacy,
Identical results. 2&)5%7182828

Example (3.5) N oy T It
Find the value of the following neutrosophic limit (I +;> = ( )IX (—) + ( )IX‘1 (;)

x24+3x—[1,2]x—[3,6] 0 x 1

. x2+3x-[1,2)x-[3,6] . 5 .
xllrp3 _ ta using more than one N (x) X2 (l) N (x) 13 <l)
technique . 2 X 3 x

4
Analytical technique [1], /3] + (x) X4 (l) + o
lim x2+3x—[1,2]x—[3,6] L 4 1 X
x>=3 xS =I+x.I.—+—(1——)
By substituting x=-3, x 2! X

i DDA C0-00 f1- 02 eg1-H0-)

—[1-(=3),2- (=3)] - [3,6] (1—3)+-.-

- X
0 . 1
—[-6,—3] - [3,6] _ [3,6] — [3,6] Itis clear that ~— 0 as x — o
0 0 l1m(1——)x—1+1+ + R +---=I+
_[3-66-3]_[-33] LG
Bl 0 -0 Zn—l_
which has undefined operationg, since 0 € xhgl(l + _)x_ le,wheree =1+ Y & 1 listhe
[—3,3]. Then we factor out the numerator, and |iteral indeterminacy.
simplify:
i 30— [L2x—[3,6] Corollary (4.1.1)
o X3 lim(I + x)% = [
1,2 +3 im(I +x)x =1e
L G=L2DG43) -2y
x5-3 (x+3) Proof:-
=-3-[1,2] =[-3,-3] - [1,2] Puty =

= ~([B3+[12]) = [-5-4]. It is obvious that y — o0, asx = 0

1
~lim(I +x)x = lim (I + l)y = Je
x—0 y—00 y
(using Th.4.1)

Corollary 4.1.2)
11m(1+—)"—1e ,Wherek >0&k =0, listhe

X—00

literal indeterminacy.
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Proof = lna 4 = lna !
i 1+ = 1im [0 "%]k G0 gy + 1)
m {7 +—)* = lim (T +-) y
Puty:%—)xyzk—)xzs = Ina. 1
Notethat y > 0asx — o In(y + 1)7
X (Ina)(Ia*-1)
. i Q+Qx—r[a+)ﬂ Y xmatml @ 1
e Y Y oo xnasm lim In(y + )Y
(using corollary 4.1.1). y_)f
li " k k k k = lna. 1
= [yl_r}(lj(l +y)y] = (le)* =I"e* =le ln}/ig(l)(y+l)§
Corollary (4.1.3) = lna ln(lle) using corollary (4.1.1)
1 1
1%g+ﬁhﬂwﬁ=VE, Ina Ina
xX—

where k +#1 &k > 0.

Proof

The immediate substitution of the value of x in the
above limit gives indeterminate form I,

- . x 1 . 0.1 o

ie. LIL%(I + o= LIL%(I + ;)0 =1

So we need to treat this value as follow:-

lim(l + 5% = lim |1 xk%—l'l X

tim(r-+x = lim |+ x| = [timar + %]
x 1 1

puty:;ax:ky—;;:a

Asx—-0,y—-0

1 1

. X\E Bk

}CI_I:I(l) (1+E) —;’1_% [(I+y)3’]
1

11k
= [lim(l + y)y]
y=0
Using corollary (4.1.1)
1
= (le)k = Ve

Theorem (4.2)

. (na)[la*-I1] _ Ina
x>0 xlna+inl T 1+na
Where a>0,a#1
Note that lim QU™ _ i, 171
x—0 Xlna+inl x_>0x+l"_1
Ina
Proof

Lety=Ia*—1 oy+I=1I1a* > In(y+1) =
In/ +Ina*

> In(y +1)=Inl + xlna -

‘= In(y +1) — Inl

lna
(Ina)(a*-=1) (Ia*-1D)
xlna + Inl Inl
X+ Tna
_ y
" Inty+D)—Inl  Inl
Ina Tna

Inl + lne=ln1+1

Corollary (4.2.1)
Iak* — 1 _ kina

T = Tvmi
Inak
Proof

Puty=kx—>x=%

y—>0asx—>0

li 1ak*—1 lim J¥ =L — k.1 1aY-I
xlE% x4 inl — I_I}'é y, Inl T B II)% n Inl
" Inak Y20 etk na Y20+ e

using Th. (4.2)

_ Ina
=k. (1+ln1)
Corollary (4.2.2)

o le*—1 1

}cli%x+ln1_ 1+ Inl

Proof

Lety=1Ie*—1 ,y—>0asx—-0
y+I=Ie*>In(y+1)=Inl+xlne
x=In(y+1)—Inl

e -1 y
" x4+ Inl " In(y+1)—Inl +Inl
_ 1
=r——
=In(y +1
ynG+D
1
- 1
In(y + )Y
le*—1 1
i L,
Y In(y + )Y

1

1
In lim(y + )Y
y=0
using corollary (4.1.1)
1 1 1
In(le)  Inl +Ine Inl+1
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Corollary (4.2.3)

i le** — T k
im =

x—0 X + lTlTI 1+ Inl
Proof

Iety=kx—>x=%

y—>0asx—>0
kx y_
. le™ -1 Ie
lim m,—llm ln,—k im

= AL +Inl
x>0 x+ A -0 k+ ® y—-0Yy+

Corollary (4.2.2) to get

using

=k (rem) =13
S\ 4+l 1+
Theorem (4.3)

In(I + kx)
m————=k(1+Inl)
x—0 X
Proof
In(I + kx) In(I + kx) — Inl + Inl
m = lim
x-0 X x—0 X
Lety =In(I + kx) —Inl - y+Inl =In(I +
kx)
yHnl — | 4k eYe —1 Je¥—1
= g = =
e X - x " T

y—>0asx—>0
In(I + kx) — Inl + Inl
m
x—0 X
I v+ Inl
_yl—rgley—l
k
lim =

3’ -1
-0 Le
Y y+ln1

k

(Iey I
Y—>0 y+inl

using corollary (4.2.2) to get the result

k
= ——=k(1+Inl)

1+ Inl
Theorem (4.4)

Prove that, for any two real numbers a, b
Ia*—]

lim =1,wherea,b>0&ab+*1

x—0 IbX—]
Proof

The direct substitution of the value x in the above
limit conclude that % ,50 we need to treat it as

follow:

na[la* — 1] . xlna + Inl
lim xlna + Inl lna
30 Inb[Ib* —I] xInb + In]

xInb+1Inl *~ Inb

hm(xlna + Inl)

I [a* — 1
0 Io* —1

lim Ina[la* — 1]
_ xox xlna+Inl
B lim Inb[Ib* — I]

x—x xInb + Inl
(using Th.(4.2) twice (first in numerator second in

denominator ))

lnb
lim( xInb + lnI) Ina

x—0

Ina ml nb
1+inl n n
— Atinl 77 T

T b T ina
1+inl

5 Numerical Examples
Example (5.1)

Evaluate the limit lim - )l(,:,'
x-0 X+W
Solution
154x
}grgﬁx r= P (usmg corollary 4. 2.1)
Example (5.2)
- Te*¥—
Evaluate the limit lim ——
x—013°%—=1
Solution
In3[le** — 1 Inl
% ( +_)
i Je** — | i (x+—
*00132% — 1 x50 ln3[132x -1, .,
Inl *(x ln32)
(x + ln32)
In3[le*™ — ]

lim —————=
=x—)0 ( +l7}TI) * L—)O(x-i_lT}TI)
. In3[132* —1] .. Inl
i )
[n32

(using corollary (4.2.3) on humerator & corollary
(4.2.1) on denominator )

4 Inl
_1+Inl . 4 _
=23 TInl L

1+inl [n3?

5 Conclusion

In this article, we introduced for the first time
a new version of binomial factorial theorem
containing the literal indeterminacy (/). This
theorem enhances three corollaries. As a
conjecture for indeterminate forms in classical
calculus, ten of new indeterminate forms in
Neutrosophic calculus had been constructed.
Finally, various examples had been solved.
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Abstract: We introduce the category NSet(H) consisting of neu-
trosophic H-sets and morphisms between them. And we study
NSet(H) in the sense of a topological universe and prove that it
is Cartesian closed over Set, where Set denotes the category con-

sisting of ordinary sets and ordinary mappings between them. Fur-
thermore, we investigate some relationships between two categories
ISet(H) and NSet(H).

Keywords: Neutrosophic crisp set, Cartesian closed category, Topological universe.

1 Introduction

In 1965, Zadeh [20] had introduced a concept of a fuzzy set as
the generalization of a crisp set. In 1986, Atanassov [1] proposed
the notion of intuitionistic fuzzy set as the generalization of fuzzy
sets considering the degree of membership and non-membership.
Moreover, in 1998, Smarandache [19] introduced the concept of
a neutrosophic set considering the degree of membership, the de-
gree of indeterminacy and the degree of non-membership.

After that time, many researchers [3, 4, 5, 6, 8, 9, 13, 15, 16,
17] have investigated fuzzy sets in the sense of category theory,
for instance, Set(H), Set¢(H), Setg(H), Fuz(H). Among
them, the category Set(H) is the most useful one as the “stan-
dard” category, because Set(H) is very suitable for describ-
ing fuzzy sets and mappings between them. In particular, Car-
rega [3], Dubuc [4], Eytan [5], Goguen [6], Pittes [15], Ponasse
[16, 17] had studied Set(H) in topos view-point. However Hur
et al. investigated Set(H) in topological view-point. Moreover,
Hur et al. [9] introduced the category ISet(H) consisting of intu-
itionistic H-fuzzy sets and morphisms between them, and studied
ISet(H) in the sense of topological universe. In particular, Lim
et al. [13] introduced the new category VSet(H) and investi-
gated it in the sense of topological universe. Recently, Lee et al.
[10] define the category composed of neutrosophic crisp sets and
morphisms between neutrosophic crisp sets and study its some
properties.

The concept of a topological universe was introduced by Nel
[14], which implies a Cartesian closed category and a concrete
quasitopos. Furthermore the concept has already been up to ef-

fective use for several areas of mathematics.

In this paper, we introduce the category NSet(H) consisting
of neutrosophic H-sets and morphisms between them. And we
study NSet(H) in the sense of a topological universe and prove
that it is Cartesian closed over Set, where Set denotes the cate-
gory consisting of ordinary sets and ordinary mappings between
them. Furthermore, we investigate some relationships between
two categories ISet(H) and NSet(H).

2 Preliminaries

In this section, we list some basic definitions and well-known
results from [7, 12, 14] which are needed in the next sections.

Definition 2.1 [12] Let A be a concrete category and ((Y;,&;)) s
a family of objects in A indexed by a class J. For any set X, let
(f; + X — Yj); be a source of mappings indexed by J. Then
an A-structure £ on X is said to be initial with respect to (in
short, w.rt.) (X, (f;),((Y;,&;))), if it satisfies the following
conditions:

() foreach j € J, f; : (X,€) — (Y;,&;) is an A-morphism,

(i) if (Z, p) is an A-objectand g : Z — X is a mapping such
that for each j € J, the mapping f; o g : (Z,p) — (Y},§;) is an
A-morphism, then g : (Z, p) — (X, €) is an A-morphism.

In this case, (f; : (X,&) — (Y;,§;))s is called an initial
source in A.

Dual notion: cotopological category.

K. Hur, P. K. Lim, J. G. Lee, J. Kim, The category of neutrosophic sets
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Result 2.2 ([12], Theorem 1.5) A concrete category A is topo-
logical if and only if it is cotopological.

Result 2.3 ([12], Theorem 1.6) Let A be a topological category
over Set, then it is complete and cocomplete.

Definition 2.4 [12] Let A be a concrete category.

(i) The A-fibre of a set X is the class of all A-structures on X.

(i) A is said to be properly fibred over Set if it satisfies the
followings:

(a) (Fibre-smallness) for each set X, the A-fibre of X is
a set,

(b) (Terminal separator property) for each singleton set X,
the A-fibre of X has precisely one element,

(c) if £ and n are A-structures on a set X such that id :
(X,8) — (X,n)and id : (X,n) — (X,§) are A-
morphisms, then & = 7.

Definition 2.5 [7] A category A is said to be Cartesian closed if
it satisfies the following conditions:

(i) for each A-object A and B, there exists a product A X B in
A-7

(i) exponential objects exist in A, i.e., for each A-object A, the
functor A x — : A — A has a right adjoint, i.e., for any A-
object B, there exist an A-object B and an A-morphism
eap: Ax BA — B (called the evaluation) such that for
any A-object C' and any A-morphism f : A x C — B,
there exists a unique A-morphism f : C' — B4 such that
eap o (ida x f) = f,i.e., the diagram commutes:

Ax BA €a.B ~ B

Jaxf f

AxC

Definition 2.6 [7] A category A is called a topological universe
over Set if it satisfies the following conditions:

(1) A is well-structured, i.e., (a) A is a concrete category; (b)
A satisfies the fibre-smallness condition; (¢) A has the ter-
minal separator property,

(ii) A is cotopological over Set,

(iii) final episinks in A are preserved by pullbacks, i.e., for any
episink (g; : X; — Y); and any A-morphism f : W — Y,
the family (e; : U; — W) ;, obtained by taking the pullback
f and g;, for each j € J, is again a final episink.

Definition 2.7 [2, 11] A lattice H is called a complete Heyting
algebra if it satisfies the following conditions:

(i) itis a complete lattice,

(ii) for any a,b € H, the set {x € H : z Aa < b} has
the greatest element denoted by a — b (called the relative
pseudo-complement of a and b), i.e., z A a < b if and only
ifx <(a—0D).

In particular, if H is a complete Heyting algebra with the
least element O then for each a € H, N(a) = a — 0 is
called negation or the paudo-complement of a.

Result 2.8 ([2], Ex. 6 in p. 46) Let H be a complete Heyting
algebraand a,b € H.

(1) If a < b, then N(b) < N(a), where N : H — H is an
involutive order reversing operation in (H, <).

(2) a < NN(a).
(3) N(a) = NNN(a).
(4) N(aVvb)=N(a)AN(b)and N(a Ab) = N(a)V N(b).

Throughout this paper, we will use H as a complete Heyting
algebra with the least element 0 and the greatest element 1.

Definition 2.9 [9] Let X be a set. Then A is called an intuition-
istic H-fuzzy set (in short, IHFS) in X if it satisfies the following
conditions:

(i) A is of the form A = (u,v), where p,v : X — H are
mappings,

(i) p < N(v),ie., p(z) < N(v)(z) foreachz € X.

In this case, the pair (X, A) is called an intuitionistic H-fuzzy
space (in short, IHFSp). We will denote the set of all IHFSs as
IHFS(X).

Definition 2.10 [9] The concrete category ISet(H) is defined as
follows:

(i) each object is an IHFSp (X, Ax), where Ax =
(Hay,vay) € IHFS(X),

(i) each morphism is a mapping f : (X, Ax) — (Y, Ay) such
that pa, < pa, o fandva, > va, o f,ie, pa,(x) <
tay o f(z)and va, (x) > va, o f(x), foreach x € X. In
this case, the morphism f : (X, Ax) — (Y, Ay) is called
an ISet(H)-mapping.
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3 Neutrosophic sets

In [18], Salama and Smarandache introduced the concept of a
neutrosophic crisp set in a set X and defined the inclusion be-
tween two neutrosophic crisp sets, the intersection [union] of
two neutrosophic crisp sets, the complement of a neutrosophic
crisp set, neutrosophic empty [resp., whole] set as more than two
types. And they studied some properties related to neutrosophic
set operations. However, by selecting only one type, we define
the inclusion, the intersection [union] and the neutrosophic empty
[resp., whole] set again and obtain some properties.

Definition 3.1 Let X be a non-empty set. Then A is called a
neutrosophic set (in short, NS) in X, if A has the form A =
(Ta,I4a,Fy), where

TA:X—>]7071 [ Iy X—)] 0,1+[ Fy X—)] 0,1+[.
Since there is no restriction on the sum of T4(x), I4(x) and
Fa(z), foreachxz € X,

0< TA(x) + IA({E) + FA(Z') < 3+,

Moreover, for each € X, T'a(z) [resp., Ia(z) and F4(x)] rep-
resent the degree of membership [resp., indeterminacy and non-
membership] of  to A.

The neutrosophic empty [resp., whole] set, denoted by Ox
[resp., 1] is an NS in X defined by Oy = (0,0,1) [resp.,
Iy = (1,1,0)], where 0,1 : X —]70,1%[ are defined by
0(z) = 0 and 1(z) = 1 respectively. We will denote the set
of all NSsin X as NS(X).

From Example 2.1.1 in [18], we can see that every IFS (intu-
tionistic fuzzy set) A in a non-empty set X is an NS in X having
the form

A= (TA,lf (TA+FA),FA),

where (1 — (T4 + Fa))(z) =1 — (Ta(x) + Fa(z)).
Definition 3.2 Let A = (TA7 14, FA), B = (TB7 I, FB) S
NS(X). Then
(i) A is said to be contained in B, denoted by A C B, if
TA(Z‘) S TB(I), [A(l‘) S IB(I) and FA(LE) 2 FB(I)
foreachx € X,
(i1) A is said to equal to B, denoted by A = B, if
ACBand B C A,
(iii) the complement of A, denoted by A€, is an NCS in X de-

fined as:

A° = (Fy,1

(iv) the intersection of A and B, denoted by A N B, is an NCS
in X defined as:

- IA7TA)7

ANB=(TaANTp,IaNIg,FaV Fp),

where (T4 A Tg)(x) = Ta(x) AN Tp(x), (Fa V Fp)
Fa(z)V Fg(z) foreach z € X,

(v) the union of A and B, denoted by A U B, is an NCS in X
defined as:

AUBZ(TA\/TB,IA\/IB7FA/\FB).

Let (Aj)jes C NS(X), where Aj = (Ta,,1a,,Fa;). Then

(vi) the intersection of (A;);ec.s, denoted by
(N A;), is an NS in X defined as:

mAj - (/\TA.77/\IA.7’\/FA_j)’

(vii) the union of (4;);e.s, denoted by UJGJ A; (simply, |J A4;),
is an NCS in X defined as:

U4 =(\/Ta,.\/ 1a,. \ Fa))-

The followings are the immediate results of Definition 3.2.

e Aj (simply,

Proposition 3.3 Let A, B,C € NS(X). Then
(H 0y C AC 1y,
Q)ifAC Band B C C, then A C C,
BANBCAand ANB C B,

4 ACAUBand BC AU B,
(5) AC Bifandonlyif AN B = A,
(6) AC Bifandonlyif AUB = B.

Also the followings are the immediate results of Definition 3.2.
Proposition 3.4 Let A, B,C € NS(X). Then

(1) (Idempotent laws): AUA =A, ANA=A4,
(2) (Commutative laws): AUB=BUA, ANB = BNA,

(3) (Associative laws): A UBUC)=(AuB)U C
NBNC)=(ANB)N
(4) (Distributive laws): A UuBnC)=(AUB)N (A uaQ),
NBUC)=(ANB)U(ANC),
(5) (Absorption laws): A UANB)=A AN(AUB)=A4,
(6) (De Morgan’s laws): (AU B)¢ = AN B¢,
(AN B)¢ = A°U B¢,

(7) (A%)° = A,
(8)Ba) AUONy = A, ANOx =O0p,
@) AUly =1n, AN1y = A4
(80) 1%7 = ON, O?V = lN,
(8d) in general, AU A° # 15, AN A€ #£ Op.

Proposition 3.5 Ler A € NS(X) and let (A;);c; C NS(X).

Then
(D (NAy)°=UAS5, (UAj)° =N45,
@) ANUA;j) =UANA4;), AU(N4;) =N(AUA;)).

Proof. (1) Let Aj = (TAJ.,IAJ.7FAJ.).
ThenﬂAj = (/\TA].,/\IAJ.7\/FA].).
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Thus

(ﬂAj)c = (\/FAjvl 7/\IA.77/\TA.7’)
= (\/FAja\/(l 7IAJ')’/\TAJ)
=U4

Similarly, the second part is proved.
2)Let A= (TA,IA,FA) and Aj = (TAJ7IAJ‘7FAJ)'
Then

AU(()A5) = (TaV (\Ta,;, 1aV (N 1a,), Far(\/ Fa,))
= (N\@TaVTa,), NIaV1a,),\/(FaAFa,)
=AU A4)).

Similarly, the first part is proved. O

Definition 3.6 Let f : X — Y be a mapping and let A C X,
B CY. Then

(i) the image of A under f, denoted by f(A), is an NS in Y
defined as:

f(A) = (F(Ta), f(1a), f(Fa)),

where foreachy € Y,

FTa(y) = { Vaes o Ta®) i0£70) 7

¢

if f~'(y) = ¢,

(ii) the preimage of B, denoted by f~!(B), is an NCS in X
defined as:

F7HB) = (fH(Tp), f Up), [ (FB)),
where f~1(Tg)(x) = Tr(f(x)) foreach x € X,
in fact, f~"(B) = (Tp o f,Igo f,Fgo f).

Proposition 3.7 Let f X —= Y be a mapping and let
A,B,C € NCS(X), (Aj)jes € NCS(X) and D,E,F €
NCS(Y), (Dr)kex C NCS(Y). Then the followings hold:
()if BC C, then f(B) C f(C) and
ifECF, then f~Y(E) C f~Y(F).
@) AcC f1f(A) and
if f is injective, then A = f=1f(A)),
3) (D)) € D and
if f is surjective, then f(f~1(D)) = D,
@ U Dk) =U 1 Dw), [N Dr) =N f (D),
®) f(UDk) =U f(Dr). f(NDr) €N f(Dr).
(6) f(A) = 0n ifand only if A = Oy and hence f(On) = Oy,
in particular if f is surjective, then f(1x n) = ly n,
D fAyn) =1x,n [ (0y,n) = 0x N.

4 Properties of NSet(H)

Definition 4.1 A is called a neutrosophic H-set (in short, NHS)
in a non-empty set X if it satisfies the following conditions:

(i) A has the form A = (Ta,Ia,Fa), where Ta, I, Fa) :
X — H are mappings,

(11) TA§N<FA) andIA ZN(FA)

In this case, the pair (X, A) is called a neutrosophic H-space
(in short, NHSp). We will denote the set of all the NHSs as
NHS(X).

Definition 4.2 Let (X, Ax), (Y, Ay ) be two NHSps and let f :
X — Y be amapping. Then f : (X, Ax) — (Y, Ay) is called a
morphism if Ax C f~!(Ay),ie.,
Tay <Tua,o0f, Ia, <Ia,ofand Fa, > Fa, o f.
In particular, f : (X, Ax) — (Y, Ay) is called an epimor-
phism [resp., a monomorphism and an isomorphism], if it is sur-
jective [resp., injective and bijective].

The following is the immediate result of Definition 4.2.

Proposition 4.3 For each NHSp (X, Ax), the identity mapping
id: (X, Ax) — (X, Ax) is a morphism.

Proposition 4.4 Let (X, Ax), (Y, Ay), (Z, Az) be NHSps and
let f: X >Y,g:Y — Z bemappings. If f : (X,Ax) —
(Y,Ay)and f : (Y, Ay) — (Z, Az) are morphisms, then go f :
(X, Ax) — (Z, Az) is a morphism.

Proof. Let Ax = (TAxaIAX7FAX)a Ay = (TAy,IAy,FAY)
and Az = (Ta,, Ia,, Fa,). Then by the hypotheses and Defi-
nition 4.2, Ax C f~(Ay) and AyC g~ }(Az), ie.,

Tay <Ta,of, Ia, <Ip,o0f, Fay, >Fa,o0f

and
Tay <Tazo09.lay <la,09,Fa, > Fa,0g.
Thus Tay < (TAZ Og) o f, Iay < (IAZ og)o f,
Fay = (FAZ og)o f.
So TAXSTAZO(gOf)’ IAXSIAZO(gO.f)7
Fay =2 Fazo(gof)
Hence g o f is a morphism. O

From Propositions 4.3 and 4.4, we can form the concrete cat-
egory NSet(H) consisting of NHSs and morphisms between
them. Every NSet(H)-morphism will be called an NSet(H)-

mapping.
Lemma 4.5 The category NSet is topological over Set.

Proof. Let X be any set and let ((X;, A;));ecs be any family
of NHSps indexed by a class J, where A; = (TAJ. , IAJ.,FAJ.).
Suppose (f; : X — (X, A;) is a source of ordinary mappings.
We define mappings T'a,,lay,Fa, : X — H as follows: for
eachx € X,

Tay(@) = ATa, o )(@), Lay(@) = Aa, o f;)@).
Fax () = V(Fa; o f;)(@).
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Letje Jandzx € X.
Since A; = (Ta,, Ia,, Fa,) € NHS(X),
TAj < N(F4,)and IA]. > N(F4, ). Then
N(Fax(z)) = N(V(Fa, o f;)(z))
= A N(Fa,(f;(2)))
> NTa,(fj(w))
= /\TAJ- o fj(z)
= TAX (Ll?)

N(Fax(z)) = AN(Fa, (f;()))
< A la,(f5(x))
= Ala; o fi(z)
=1lay (l‘)
Thus TAX S N(FAX) and IAX 2 N(FAX).
So Ax = ﬂfj_l(Aj) € NHS(X) and thus (X, Ax) is an
NHSp. Moreover, by the definition of Ax,
Tax <Ta; o fjlay <1a;0fj, Fayx > Fa; o fj.
Hence Ax C fjfl(Aj).
Therefore each f; : (X,Ax) —
mapping.
Now let (Y, Ay ) be any NHSp and suppose g : ¥ — X is an
ordinary mapping for which f; o g : (Y, Ay) — (X, 4;) is an

and

(X;,A;) is an NSet(H)-

NSet(H)-mapping for each j € J. Then
Ay C (fjo9) " (A;) =g~ (f;7'(4;)) foreach j € J.
Thus
Ay g (V1 £7(49) = g7 (Ax).
Sog: (Y,Ay) — (X, Ax) is an NSet(H)-mapping. Hence
(f; + (X, Ax) — (X,,A;))s is an initial source in NSet (H).
This completes the proof. ]

Example 4.6 (1) Let X be a set, let (Y, Ay) be an NHSp and
let f : X — Y be an ordinary mapping. Then clearly, there
exists a unique NHS Ay € NHS(X) for which f: (X, Ax) —
(Y, Ay) is an NSet(H)-mapping. In fact, Ax = f~1(Ay).

In this case, A x is called the inverse image under f of the NHS
structure Ay .

(2) Let ((X;,A;))jes be any family of NHSps and let X =
;e X;. Foreach j € J,letpr; : X — X, be the ordinary
projection. Then there exists a unique NHS Ax € NHS(X) for
which pr; : (X, Ax) — (X, A;) is an NSet(H)-mapping for
each j € J.

In this case, Ax is called the product of (A,) s, denoted by

Ax =jegAj = (e Ta,, Ujesla, e Fa;)

and (X, Ax) is called the product NHSp of ((X;, 4;)),.
In fact, Ax = e 0 (A)
and
HjGJTAj = /\TAj opry,
HjeJFAj = \/FAj opry.

In particular, if J = {1, 2}, then

Hjesla, = Nla; oprj,

Hje Ta, = Ta, x Ta, = (Ta, 0 pri) A (Ta, o pra),

Hjesla; = Ia, X Ia, = (Ia, opri) A (Ia, o pra),

HjesFa; = Fa, x Fa, = (Fa, opr1) V (Fa, o pra).

The following is the immediate result of Lemma 4.5 and Result

2.3.

Corollary 4.7 The category NSet(H) is complete and cocom-
plete.

The following is obvious from Result 2.2. But we show
directly it.

Corollary 4.8 The category NCSet is cotopological over Set.

Proof. Let X be any set and let ((X;, A;)); be any family of
NHSps indexed by a class J. Suppose (f; : X; — X)) is a sink
of ordinary mappings. We define mappings T4, ,la,,Fa, :
X — H as follows: foreach xz € X,

Tay(z) = Vi Vayer=w Tay (@) if f57(2) # ¢ forall j

" 0 if fj_l(x) = ¢ for some j,
T, (z) = \/J vfﬂyEffl(r) IAJ (9:]) if fj_l(l’) % ¢ for all j

- 0 if f;7! = ¢ for some j,
Fa,(x) = /\J Nojes o Fa, () i £ # ¢ forall j

h if ;1 = ¢ for some j.

Since ((Xj, A;))s is a family of NHSps, T, < N(Fa;) and
I4; > N(Fa,) for each j € J. We may assume that fj_1 # ¢
without loss of generality. Let z € X. Then

N(Fay(2)) = N(A, /\;pjef.—l(z) Fa,(x;))
=V Vaerr )N(FA,-(xj))
>V, \/mjefj 1) Ta, (25).
= TAX(IE).

and

N(Fax(z)=V;V,. €5 Ly N (Fa, (7))
<V, \/Ljef]. () IAJ (x5)-
= IAX(J?).

Thus Ta, < N(Fa,)and I, > N(Fa,).
So (X, Ax) is an NHSp. Moreover, for each j € J,

U HA) = A)) D A

Hence each f; : (X, A;) — (X, Ax) is an NSet(H)-mapping.
Now for each NHSp (Y, Ay ), let g : X — Y be an ordinary
mapping for which each g o f; : (X;,A4;) — (Y, Ay) is an
NSet(H)-mapping. Then clearly for each j € J,
Aj C(gof) 7 (Ay),ie, A; C f; (g H(Ay)).
Thus U A; < U £ (97 (Ay)).
So f{(UA4;) C fi(Uf; (g~ (A

the definition of A,

£(UJ45)

fjfl(AX) =

y))). By Proposition 3.7 and

= Ufj(AJ) =
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and

LUK A)) =W o £ HAy) = g7 (Ay).
Hence Ax C g '(Ay). Therefore g : (X, Ax) — (Y, Ay) is
an NSet(H)-mapping. This completes the proof. O

Example 4.9 (1) Let (X, Ax) € NSet(H), let R be an ordi-
nary equivalence relation on X and let ¢ : X — X/R be the
canonical mapping. Then there exists the final NHS structure
Ax/r in X/R for which ¢ : (X, Ax) — (X/R, Ax/g) is an
NSet(H)-mapping, where Ax/r = (Tay,ps Lax,n> Fay ) =
(P(Tax ), p(ax), p(Fay))-

In this case, Ax/ g is called the neutrosophic H-quotient set
structure of X by R.

(2) Let (X4, Aa))aer be a family of NHSs, let X be the sum
of (Xo)aer,ie., X = J(Xa x {a}) and let j, : X, — X the
canonical (injective) mapping for each o € I'. Then there exists
the final NHS Ax in X. Infact, Ax = (Tay,lay,Fa,), where
for each (z, ) € X,

TAX (l’, Oz) = \/F TAa (:E),
Fay(z,a) = Ap Fa, (2).
In this case, Ax is called the sum of ((X4, An))acr-

= Vr 1, (2),

IAX (1‘, Ot)

Lemma 4.10 Final episinks in NSet(H) are prserved by pull-
backs.

Proof. Let (g; : (X;,4,) — (Y, Ay)) be any final episink in
NSet(H) and let f : (W, Aw) — (Y, Ay) be any NSet(H)-
mapping. For each j € J, let

Uj={(w,z;) € W x X; : f(w) = gj(z;)}

For each j € J, we define mappings Ta,, , [y, Fay,
H as follows: for each (w, z;) € Uj,

ZUj—>

Tay, (w,z5) = Tay (w) ANTa, (z;),

Tay, (w, ;) = Tay, (w) A La, (),
= Fay (U}) v FAj (333)

Then clearly, Ay, = (Tay,,lay; Fay,) = (Aw x 4;). €
NHS(Uj). Thus (Uj, Ay,) is an NHSp, where (A x Aj).
denotes the restriction of Ay x A; under Uj.

Fay, (w,2;)

Let e; and p; be ordinary projections of U;. Let j € J. Then
clearly,
AUj C ej_l(Ay) and AUj C pj_l(Aj).
Thus €; - (Uj,AUj) — (I/V, Aw) and P - (Uj,AUj) —
(X;,A;) are NSet(H)-mappings. Moreover, g o p, = foe;
for each j € J, i.e., the diagram is a pullback square in NCSet:

(Uj7AUj) b . (vaAJ)
e gj
(W, Aw) - (Y, Ay).
f

Now in order to prove that (e;) is an episink in NSet(H),
i.e., each e; is surjective, let w € W. Since (g;)s is an episink,
there exists j € J such that g;(z;) = f(w) for some z; € X;.
Thus (w, z;) € U; and w = e;(w, ;). So (e;) is an episink in
NSet(H).

Finally, let us show that (e; ) is final in NSet(H). Let Aj;,
be the final structure in W w.r.t. (e;); and let w € W. Then

TAW (w) = TAW (w) A TAW (w)
< Ty (w) A f (T (w))
[since f: (W, Aw) — (Y, Ay))s) isan
NSet(H)-mapping]
=Tay (w) NTa, (f(w))
= Tay (W) AV, vmjeg;l(f(w)) Ta, (x5))
[since (g;) is final in NSet(H)]

=V, \/wJEg (f(w)) Taw (W) ANTa, (25))
- VJ\/ (w,zj) e]._ (w)(TUj (U),.’Ej))
= Ta;, (w).

Thus Ty, < TAév' Similarly, we can see that 4, < I Az, and
Fay > Fa:,. So Aw C Ajy. On the other hand, since ¢e; :
Uy, Ay;) — (W, Ayy) is final, idw = (W, Ay,) — (W, Aw)
is an NSet(H)-mapping. So Aj;, C Aw. Hence Ay = Aj;,.
This completes the proof. (]

For any singleton set {a}, since the NHS structure Ay, on
{a} is not unique, the category NSet(H) is not properly fibred
over Set. Then by Lemmas 4.5,4.9 and Definition 2.6, we obtain
the following result.

Theorem 4.11 The category NSet(H) satisfies all the condi-
tions of a topological universe over Set except the terminal sep-
arator property.

Theorem 4.12 The category NSet(H) is Cartesian closed over
Set.

Proof. From Lemma 4.5, it is clear that NSet(H) has products.
So it is sufficient to prove that NSet(H) has exponential objects.
Forany NHSs X = (X, Ax)andY = (Y, Ay ), let Y be the
set of all ordinary mappings from X to Y. We define mappings
Ta,x:Ia,x:Fa,y : Y™ — H asfollows: for each f € Y,

yX? yX?

TAyX (f)

=\/{h € H:Ta,(x) Nh < Ta, (f(z)),

foreach x € X},

IAyX (f) = \/{h € H: IAX (l’) Ah < IAY (f(x))a
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foreach z € X},

Fa o (f)=N\{h€H:Fac(x)Vh=Fa, (f(z)),

foreach z € X'}.
Then clearly, Ayx = (Ta_y,la, y,Fa ) € NHS(YX)and
thus (YX, Ay x) is an NHSp. Let YX* = (YX, Ay x) and let
f € YX, 2 € X. Then by the definition of Ay x,

TAX (I) A TAYx (f) < TAY (f(.’E)),

IAX ((E) A IAyX (f) < IAY (f(.’t)),
FAX(SU) \4 FAyX (f) > FAY(f<x))

We define a mapping exy : X x YX — Y as follows: for
each (z, f) € X x YX,

exy(x, ) = f(z).

Then clearly, Ax x Ayx € NHS(X x YX), where Ax =
(TAxleX’FAx)
and for each (z, f) € X x YX,
Tax XAy x (Lﬂ, f) =Tay (1') A TAyX (f)’
IAX XAy x (LC, f) = IAX (SIJ) A IAyX (f)’
FAXXAYx(:E7f) :FAX('T)VFAYX(f)'

Let us show that Ax x Ayx C 6;(’1Y(Ay). Let (z, f) €
X x YX. Then
exy(Ay)(z, f) = Ay (exy (z, f)) = Ay (f(2)).
Thus

=Ty (f(2))
> TAX (:L') A TAYX (f)

=Tax XAy x (z, f),

Te;(}Y(Ay)(x’f)

Ie;()ly(Ay)(xaf) = IAY (f(.’IJ))
> IAX (QC) A IAYX (f)

=1y XAy x (z, f),

= FAY (f(.]?))
< FAX(:E) \/FAyX
= FAXXAYX (!I?,f)

Fo (@ 6)
(f)

So Ax x Ayx C 6;(71Y(Ay). Henceexy : X x YX =Y

is an NSet(H)-mapping, where
X xYX = (XXYX AX xAyx)andY (Y,Ay).
Forany Z = (Z, Az) € NSet(H),leth : X x Z — Y be an

NSet(H)-mapping where X x Z = (X x Z,Ax x Az). We

define a mapping h : Z — Y X as follows:

(h(2))(z) =

foreach z € Z and each « € X. Let (x,2) € X x Z. Then

h(z, 2),

=Tay (.%‘) NTa, (z>

<Ta,(h(z,2)) [sinceh: X xZ —>Y
is an NSet(H)-mapping]

— Ty (h(2)) (@),

Thus by the definition of Ay x,

TAX XAz (.’I},Z)

Tay () < T, (b)) = -

So Ty, < ﬁ_l(TAYX). Similarly, we can see that I4, <
h~'(Ia, ) and Fa, > h™*(F4 ). Hence h : Z — YX
is an N'Set(H)-mapping, where Y* = (Y X Ay x). Further-
more, we can prove that h is a unique NSet(H)-mapping such
thatex y o (idX X h) = h. O

HTay 5 )(2).

5 The relation between NSet(H) and
ISet(H)

Lemma 5.1 Define G1,G2 : NSet(H) — ISet(H

) by:

Gl(Xv (TaIaF)) = (Xa (T’F))v

G2(X7 (T’ I’ F)) = (X’ (T>N(T)))

and

Gi(f)=Ga(f) =T
Then G1 and G2 are functors.

Proof. 1t is clear that G1(X, (T,I,F)) =
ISet(H) for each (X, (T, I, F) € NSet(H).

Let (X, (Tx,Ix, Fx)),(Y,(Ty, Iy, Fy)) € NSet(H
let f (X,(Tx,lx,Fx)) —
NSet(H)-mapping. Then

TX §TyofandFX ZFyOf.
Thus G (f) = f is an ISet(H)-mapping. So G; : NSet(H) —
ISet(H) is a functor.

Now let (X, (T, I, F')) € NSet(H) and consider
(X, (T, N(T'))). Then by Result 2.8, T'< NN(T'). Thus G5(X
(T, I, F)) = (X, (T, N(T))) € NSet(H).

Let (X, (Tx, Ix, Fx)), (Y—7 (Ty, Iy, Fy)) € NSet(H) and
let f (X (Tx,Ix,Fx)) — (Y (Ty,[y,Fy)) be an
NSet(H)-mapping. Then Tx < Ty o f. Thus N(Tx) >

N(Ty)o f.

So Ga(f) = [+ (X, (Tx,N(Tx)) = (Y,(Ty, N(Ty)) is an
ISet(H )mapplng Hence G : NSet(H) — ISet(H) is a
functor. O

(X, (T, F)) €

) and
(Y,(Ty,Iy,Fy)) be an
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Lemma 5.2 Define F : ISet(H) — NSet(H) by:

Fl(Xv (Nal’)) = ( ,(IU,,N(I/),I/)) andFl(f) =f
Then F is a functor.

Proof. Let (X, (1, v)) € ISet(H). Then
p < N(v)and N(v) < N(v).
Thus F1 (X, (u,v)) = (X, (4, N(v),v)) € NSet(H).
Let (X, (px,vx)), (Y, (uy,vy)) € ISet(H) and let
f (X, (px,vx)) = (Y, (uy, vy)) be an ISet(H)-mapping.
Consider the mapping

Fi(f) = f: (X, (px,vx)) = Fu(Y, (py,vy)),

where

Fi(X, (ux,vx)) = (X, (px, N(vx),vx))

and
Fi(Y, (py,vy)) = (Y, (uy, N(vy ), vy)).

Since f : (X, (px,vx)) — (Y, (uy,vy)) is an ISet(H)-
mapping, pux < py o f and vx > vy o f. Thus N(vx) <
N(vy)o f. So Fi(f) = [+ (X,(ux,N(vx),vx)) —
(Y, (uy, N(vy),vy)) is an NSet(H)-mapping. Hence F; is a
functor. O

Lemma 5.3 Define F» : ISet(H) — NSet(H) by:

By (X, (n,v)) = (X, (u, N(v), N(n)) and F5(f) = f.

Then Fy is a functor.

Proof. Let (X, (p, v)) € ISet(H). Then p < N(v) and p <
NN(u), by Result 2.8. Also by Result 2.8, NN(u) < NNN(v) =
N(v). Thus p < NN(u) < N(v). So Fo(X, (u, v)) = (X, (u,
N(v), N(u))) € NSet(H).
Let (X, (px,vx)), (Y, (py,vy)) € ISet(H) and f
(X, (ux,vx)) = (Y, (uy,vy)) be an ISet(H )-mapping. Then
X S,uyonandl/X > Vyon.

Thus N(vx) < N(wy) o f%.  So L(f) = f
(X, (nx, N(vx),N(px))) = (Y, (py, N(vy), N(uy))) is an
NSet(H)-mapping. Hence F5 is a functor. O

Theorem 5.4 The functor Fy : ISet(H) — NSet(H) is a left
adjoint of the functor G1 : NSet(H) — ISet(H).

Proof. For each (X, (u,v)) € ISet(H), 1x : (X, (p,v)) —
G1Fi (X, (p,v)) = (X, (p,v)) is an ISet(H)-mapping. Let
(Y, (Ty,Iy,Fy)) € NSet(H) and let f : (X, (u,v)) —
G1(Y,(Ty,Iy, Fy)) = (Y, (Ty, Fy)) be an ISet (H)-mapping.
We will show that f : Fy (X, (u,v)) = (X, (u, N(v),v)) —
(Y, (Ty,Iy,Fy)) is an NSet(H)-mapping. Since f
(X, (u,v)) = (Y, (Ty, Fy)) is an ISet(H)-mapping,
/J,STyOfandl/szof.
Then N(v) < N(Fy) o f. Since (Y,(Ty,Iy,Fy)) €
NSet(H), Iy > N(Fy)). Thus N(v) < Iy o f. So f :
Fi(X, (p, V)) = (X, (u; N(v),v)) = (Y= (TYvIYvFY)) is an

NSet(H)-mapping. Hence 1x is a G;-universal mapping for
(X, (p,v)) € ISet(H). This completes the proof. O

For each (X, (u,v)) € ISet(H), Fi(X,(p,v)) =
(X, (u, N(v),v)) is called a neutrosophic H-space induced by
(X, (u,v)). Let us denote the category of all induced neutro-
sophic H-spaces and NSet(H)-mappings as NSet*(H). Then
NSet*(H) is a full subcategory of NSet(H).

Theorem 5.5 Two categories ISet(H) and NSet*(H) are iso-
morphic.

Proof. From Lemma 5.2, it is clear that Fy : ISet(H) —
NSet*(H) is a functor. Consider the restriction G : NSet*(H)
— ISet(H) of the functor G; in Lemma 5.1. Let (X, (u, v)) €
ISet(H). Then by Lemma 5.2, Fi(X, (i, v)) = (X, (i, N(v),
V)) Thus GlFl(Xv (,LLv V)) = Gl(Xv (,LL, N(V)’ V)) = (X’ ( )
I/)) So G1 o F1 = 1ISet(H)-

Now let (X, (Tx, Ix, Fx)) € NSet*(H). Then by definition
of NSet*(H), there exists (X, (u, N(v),v)) such that

Fl(X7 (/‘7”)) = (X7 (M?N(V)’V)) = (Xa (TXaIX>FX))'
Thus by Lemma 5.1,

G1(X,(Tx,Ix,Fx)) =G (X, (4, N(v),v))
= (X’ (,u,y)).

So

FGi(X,(Tx,Ix,Fx)) = Fi(X,(u,v))
=(X,(Tx,Ix,Fx)).

Hence F| o Gi = lINset~(a). Therefore Fy : ISet(H) —
NSet*(H) is an isomorphism. This completes the proof. (]

6 Conclusions

In the future, we will form a category NCRel composed of
neutrosophic crisp relations and morphisms between them [resp.,
NRel(H) composed of neutrosophic relations and morphisms
between them, NCTop composed of neutrosophic crisp topo-
logical spaces and morphisms between them and NTop com-
posed of neutrosophic topological spaces and morphisms be-
tween them] and investigate each category in view points of topo-
logical universe. Moreover, we will form some subcategories of
each category and study their properties.
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Abstract: Entropy is one of the measures which is used for mea-
suring the fuzziness of the set. In this article, we have presented
an entropy measure of order a under the single-valued neutro-
sophic set environment by considering the pair of their mem-
bership functions as well as the hesitation degree between them.
Based on this measure, some of its desirable properties have been

proposed and validated by taking an example of structure lin-
guistic variable. Furthermore, an approach based on the pro-
posed measure has been presented to deal with the multi criteria
decision-making problems. Finally, a practical example is pro-
vided to illustrate the decision-making process.

Keywords: Entropy measure, neutrosophic set, multi criteria decision-making, linguistic variable.

1 Introduction

In a real world, due to complexity of decision making or various
constraints in today’s life, it is difficult for the decision makers
to give their opinions in a precise form. To handle these situa-
tions, fuzzy set (FS) theory [1], intuitionistic fuzzy set (IFS) the-
ory [2] are successful theories for dealing the uncertainties in
the data. After their pioneer works, various researchers have
worked on these theories under the different domains such as on
entropy measures, on correlation coefficients, on aggregation op-
erators, and many others [3, 4, 5, 6,7, 8,9, 10, 11, 12]. However,
both FS and IFS theories are not able to deal with the indeter-
minate and inconsistent information. For example, if an expert
take an opinion from a certain person about the certain object,
then a person may say that 0.5 is the possibility that statement
is true, 0.7 say that the statement is false and 0.2 says that he
or she is not sure of it. To resolve this, Smarandache [13] intro-
duced a new component called as “indeterminacy-membership
function” and added into the “truth membership function” and
“falsity membership function”, all are independent components
lies in J0T,17[, and hence the corresponding set is known as
Neutrosophic sets (NSs), which is the generalization of IFS and
FS. However, without specification, NSs are difficult to apply in
real-life problems. Thus, an extension of the NS, called a single-
valued NSs (SVNSs) has been proposed by Wang et al. [14].
After their pioneer work, researchers are engaged in their exten-
sions and their applications in the different disciplines. However,
the most important task for the decision maker is to rank the ob-
jects so as to get the desired one(s). For it, researchers have in-
corporating the idea of SVNS theory into the measure theory and
applied in many practically uncertain situations such as decision
making, pattern recognition, medical diagnosis by using similar-
ity measures [15, 16], distance measures [17, 18], cosine simi-
larity measure [19, 20, 21, 22]. Thus, it has been concluded that
the information measures such as entropy, divergence, distance,
similarity etc., are of key importance in a number of theoretical
and applied statistical inference and data processing problems.

But it has been observed from the above studies that all their
measures do not incorporate the idea of the decision-maker pref-
erences into the measure. Furthermore, the existing measure is

in linear order, and hence it does not give the exact nature of the
alternative. Therefore, keeping the criteria of flexibility and effi-
ciency of neutrosophic sets, this paper presents a new parametric
entropy measure of order o for measuring the fuzziness degree of
a set. For this, a entropy measure of order « has been presented
which makes the decision makers more reliable and flexible for
the different values of these parameters. Based on it, some desir-
able properties of these measures have been studied.

The rest of the manuscript is summarized as follows. Sec-
tion 2 presents some basic definition about the NS. In Section 3,
a new entropy of order o is proposed and its axiomatic just-
ification is established. Further, various desirable properties of
it in terms of joint, and conditional entropies have been studied.
An illustrative example to show their superiority has been
described for structural linguistic variable. Section 4 presents
the MCDM method based on the proposed generalized entropy
measure along with an illustrative example for selecting the best
alternative. Finally a conclusion has been drawn in Section 5.

2 Preliminaries

In this section, some needed basic concepts and definitions re-
lated to neutrosophic sets (NS) are introduced.

Definition 2.1. [13] A NS ‘A’ in X is defined by its “truth mem-
bership function” (Ta(x)), a “indeterminacy-membership func-
tion” (14(x)) and a “falsity membership function” (F4(x)) where

all are the subset of 10~ , 17 [ such that 0~ < sup T'a(x)+sup L4 (x)+

sup Fa(xz) <37 forall z € X.
Definition 2.2. [14] A NS ‘A’ is defined by
A= {<$,TA(.’L‘),IA($),FA(JZ)> ‘ x € X}

and is called as SVNS where T4(x),I4(z), Fa(z) € [0,1]. For
eachpoint xin X, Ta(x),Ia(x), Fa(z) € [0,1] and 0 < Ty (z)+
I4(z)+ Fa(x) < 3. The pairs of these is called as single-valued
neutrosophic numbers (SVNNs) denoted by

a = (pa(e), pa(e),va(e) |z € X)

and class of SVNSs is denoted by ®(X).
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Definition 2.3. Ler  A={u (x),p,(x).v,(x)|xeX) and
B= <;:3 (%), o5 () vy(x) | xe X) be two SVNSs. Then the
following expressions are defined by [14]

(i) AC Bifandonlyif pa(z) < pp(z), pa(z) > pp(z) and
va(z) > vp(x) forall x in X;

(ii) A= Bifandonlyif A C Band B C A.
(ii)) A° = {(va(@), pa(@), 1

(iv) AN B = (min(pa(z), pp(z)), max(pa(z), pp(z)),
max(va(z),vp(z)))

(v) AUB = (max(pa(z), pp(z)), min(pa(z), pp(z)),
min(va(z), vp(z)))

(z) [z € X)}

Majumdar and Samant [16] define the concept of entropy for
neutrosophic sets which has been defined as below.

Definition 2.4. An entropy on SV NS(X) is defined as real val-
ued function E : SVNS(X) — [0, 1] which satisfies following
axioms [16]:

(P1) E(A) = 0if Ais crisp set.

(P2) E(A) =1ifpa(x) = pa(z) = va(z)
(P3) E(A) = E(A°) forall A€ SVNS(X)
(P4) E(A) < E(B)ifAC Bthatis, jua(x

) < pp(x),va(z) >
vp(z)and pa(x) = pp(z) for pp(x) < v
pB().

3 Entropy of order-«o

In this section we proposed parametric entropy for SVN S

Definition 3.1. The entropy of order- o for SVNS A is defined
as:

Eqo(A)

Zlogg { pa (i) + pa () + VA(xl))

X (HA(%‘) + palzi) + VA(xi))li

+ 371 = pal@) - pala) —val@))|, (D

where o > 0, 0 # 1.

Theorem 1. E,(A) as defined in Definition 3.1 is entropy for
SVNS.

Proof. In order to proof E,(A) is a valid measure, we have to
proof that it satisfies the axioms as given in Definition 2.4.

(P1) Let A be a crisp setie. A = (1,0,0) or A = (0,0,1).
Then from Definition 3.1 we get £, (A) =

g(x)and up(x) <

(P2) Let pa(z;) = palx;) = va(x;) for all ; € X which

implies that F,, (A) becomes

Ea(A)
= Zlog3 % () + ps (i) + pé (20)) x
(palws) + palws) + pae)
+3'7(1 — pal) — pa(zs) — pa(zs))]
1

= leogs[(3Mi(sc¢))(3u,4(xi))l_

+317(1 = 3pa(z))]

o 1 . 2—« .
— m;logs [3%pa(w;)

31 = B ()]

Now, let E,(A) = 1, that is,
> tog [ (i 1) + 953 02) + 3 02)) (2 (21) + (e
=1

Fra(z) T+ 370 (1 — pal@) — palzi) — VA(%;)):|
=n(l—a)

oy [ (3 01) R 00) + 3 02) () + pa(es) +
va@))' ™" 4317 (1= paen) = pale) — vaten)|
=1-a)

- (u%(xn+p%<xi>+u§<xi>)(u,4(xi>+m<xi>+

11—«

VA(l“z')) +3l-e <1qu(fr¢) —pal(zs) *VA(xz'))
— 31704

= (MA(%') +palz:) + VA(%')) [

7(!&4(%‘) +PA:§33¢) + VA(IZ‘))Q] —0

pG () + p* () + v (21)
3

@

From Eq. (2) we get, either pa(x;) +pa(x;)+va(x;) =0
implies that

pwa(z;) = pa(z;) =va(z;) =0forallz; € X 3)

or

A 40" ) + Ao _ (aled) +oale) +rata)”

3 3 =0

Now, consider the following function

9(0) = ¢* where ¢ € [0,1]
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Differentiate it with respect to ¢, we get
g'(Q) = a¢™!

¢'(Q) = ala - 1)¢"?

because ¢’ ({) > 0 fora > 1 and ¢"(¢) < O for < 1
therefore g(() is convex or concave according to a > 1 or

0
or <0, whenever z > y,x > z,a > 0, # 0.

ox (12)

Thus, f(x,y, z) is increasing function with respect to x for
z < y,r < z and decreasing when x > y,x > z. Simi-
larly, we have

of of

< — < < < z.
a < 1. So, for any points (3, (2 and (3 in [0, 1], we have oy — 0and 0z — 0, whenever z < 4,z < z (13)
9(¢1) + 9(G) + 9(Gs) _g(Cl+C2+CB) S0fora>1 (5) of of
3 3 5 > 0 and 5% > 0,whenever x > y,x > z. (14)
y z

9(¢1) +9(G) +9(G) (C1 + G+ G
3 I3

In above, equality holds only if (; = (2 = (3. Hence from
Egs. (3),(4), (5) and (6) we conclude Egs. (2) and (4) holds
only when pia(x;) = pa(z;) = va(x;) forall z; € X.

Since A°¢ = {(z,va(z), pa(x), 1a
implies that F,(A°¢) = E,(A).

(P3) (z) | € X)} which

(P4) Rewrite the entropy function as

flx,y,2) =

n

1-a i o 21083

i=1

4371~z —y — z)}

[@a +y+ ) @ty +2)

@)

where z,y,z € [0,1]. In order to proof the proposed en-
tropy satisfies (P4), it is sufficient to prove that the function
f defined in Eq. (7) is an increasing function with respect
to z and decreasing with respect to y and z. For it, take a
partial derivative of the function with respect to x, y and 2
and hence we get.

(I—a)(@* +y* +2%)(z+y+2)"°
af B +Ot(l'+y+2)1_a$a_l _31—@ (8)
Ox (2% +y* + 29 (x +y +2)1 7@
+3 (1l -2 —y—2)]
(I—a)(@® +y* +2%) (@ +y+2)"°
of +a(r+y+ 2)moyel - 3l-@ ©
gy (I-a)[(@* +y* + 22 )(ac+y+z>1 °
+37 (1l -z —y—2)
(1 —a)(z® +y* + 2~ )($+y+z) «
of +a(z+y+2)' — 31« (10)
0z (1-a)[(z® +y* + 2~ )(w+y+z>1‘“
£38 (1 —a—y—2)

After setting g—i =0, %}yc =0and g—ﬁ =0,wegetex =y =
z. Also,

of

8—>0 wheneverz <y, x < z,a>0,a#0 (11)
i

)§0f0ra<1 6)

Thus, f(z,y, ) is decreasing function with respect to y and
z for x < y,x < z and increasing when x > y, x > z.

Therefore from monotonicity of function f, and by tak-
ing two SVNSs A C B, ie., pa(x) < up(x),valz) >
vp(xz)and pa(x) > pp(z) for up(x) <wvp(z)and up(z) <
pe(x), we get B, (A) < E,(B).

O

Example 3.1. Let A be SV NS in universe of discourse X =
{1,292, 23,24} defined as A = {(x1,0.4,0.3,0.9), (x2,0.7,0.5,
0.3), (23,0.2,0.9,0.8), (24,0.5,0.4,0.6)}. Then entropies val-
ues for different values of o is Eg2(A) = 0.9710; Eg5(A) =
0.9303; E5(A) = 0.7978; E5(A) = 0.7246; E19(A) = 0.7039.
It is clearly seen from this result that with the increase of «, the
values of E,(A) is decreases.

The above proposed entropy measure of order « satisfies the
following additional properties.

Consider two SV N Ss A and B defined over X = {x1, 29, ...
Take partition of X as X1 = {x; € X : A C B}, Xo = {z; €
X : A D B}. Then we define the joint and conditional entropies
between them as follows

(i) Joint entropy
Eo(AU B)
1

e o | (Whos (o) + s (e) + () X
=1

(hauB (i) + paup (i) + vaus (@) "

+3l-a (1 — pauB(x;) — pauB(xi) — VAuB(xi)):|

- M{;{ o | (1 20 + 3 0) + v (01))

(st + pa(e) + va(e:) T g (1- ot

o)~ vp(e) | + 3 tous [ () + s (e)

xz;€Xo

+V§($z’)) (HA(%') +pa(zi) + VA(ﬁ)) o

+317¢ (1 —pa(@i) —pa(zi) —va (Zz’))} } (15)
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(ii)) Conditional entropy
Ea(A|B)

1
- n(l— a) Z

Py { o | (3 (0) + 320 + 05 20 ) x
(1o + paten) +vate)) T g (1= nates)
~pata) = vale) )|~ 1o [ (@0 + @) + 1B @) ) x

(wn + o5 (ei) + uB(m) P (1- natan

() — v (xi))} } -

and
Ea(B|A)
= ﬁ Z {10g3{(/‘%(xi)'i‘l)%(xi)'i‘l/%(xi)) x

z;€X1

(MB(%‘) +pp(@i) + VB(J%')) o +317 (1 — g (ws)

i) = v )| = togs [ (15 (@) + 65 (@) + v 00 ) x

(o) + paten) + vaten) T g (1= nata

—pa(wi) — VA(%))} }

Here E,(A|B) is “entropy of A given B”.
Theorem 2. For SV NSs A and B following statements hold

(i) Ea(AUB):Ea(A)+Ea(B‘A) *
(ii) Eoc(A U B) = Ea(B) + Ea(A‘B)
(iti) Eq(AU B) = Ea<A) + Ea(B‘A) = Ea(B) + Ea(A|B)

(iv) Eo(AUB)+ E,(ANB) = Ey(A)+ E.(B).

Proof. (i) Here, we have to proof (i) only, (ii) and (iii) can be
follows from it.

Ea(A) + Ea(B|A) - Ea(AU B)
_ 1 n ) ol or .
= e 2 (e 40 e )

i=1

(ate) + paen) +va(e) T e (1= naten

—pa(wi) — VA(wi)>:|

T iDD {1og3 (300 + ) + 000 ) x

,€X1
(HB(CBi) +palzs) + VB(ffi)) o +3le (1 — B (x:)
) = vne) )| togs | (00 + o0 + (@) ¢

(MA(xi) +pal@i) + VA(ﬂCi)) o +317 (1 = pa(z:)

~pale) ~vale))| }

n(lla){;( o | (15 00 + 3 00) + v (01))

(1a(e0) + pm(en) + vmen) T g (1- nata

i) = va(e)) | =3 tos | (e + 5 (i (@)

-z, €EXo

(o) + paten) + uA(m)H 37 (1 pala)

~pala) = vaen) ) }

ey { P (e + (0 + v (@0) ¢

(#A(ﬂci) +pa(xi) +va (Zi)) o +3t (1 — pa(zi)

“vate)] + X toms | (e + o0 + i) ) x

z;EXo

(#A(xi) +palzi) +va (Zi)) o +3t (1 — pa(zi)

—pa(z;) — VA(%’))} }

DD {10g3 [ (0 + () + 5 00))

T €X1

(,uB(wi) +pa(zi) + VB(Z'i)) o 431« (1 — up(x;)
i) = v )| = togs [ (15 (@) + 65 (@) + v 00 ) x

(1nate) + patan) +vaten) T g (1-naten)

~pate) ~vale))| }

n(ll—co{z;l togs | (1 (a0) + B () + v (0))

(MB(M) +pp(z:) + VB(%)) o + 31« (1 — pB(zi)

~pe) = vm(en)| = 3 tomg | (e + () x

z;€Xo

(1o + paten) + uA(xn)H 37 (1 pala)

—pa(@i) VA(sz‘))}}

0

Harish Garg and Nancy, On Single-Valued Neutrosophic Entropy of order a



Neutrosophic Sets and Systems, Vol. 14, 2016

25

(iv) For an SV NSs A and B, we have
Ea (A N B)

= Zlog3 KﬂAmB ;) + panp(zi) + I/AQB(acl)> X

11—«
(#AnB(ri) +pans(xi) + VAnB(xi)) +

3l-«a (1 —pang(z;) — VAmB(in))]

- {62;: oy | (1 (o) + 5 (00) + w500 )

(umi) +oa@) +vale)) g (1= nate)

) = vae) )| + 3 tomg | (upe0) + o) + 5 (o))

reXo

(HB(iUi) +pp(z:) + VB(Ii)) o +3le (1 — uB(:)

—pB(Ti) — VB(xi))}}

Hence, by the definition of joint entropy F,, (AU B) given
in Eq. (15), we get

E,(AUB)+ E,(ANB) = E,(A) + E,(B)

Theorem 3. For SVNSs A and B following statements holds

(i) Ea(A) - Ea(Am B) = Ea(A‘B)

(ii) Eoz(B) - Ea(A N B) = Ea(A|B)

Proof. We prove (i) part only, other can be proven similarly.
Consider
Ea(A) -
1 n
= { > logs {(#i(%‘) + (i) + Vf;{(zi)) x
n(l— a)

=1

Eo(ANB)

(/—’«A(fﬂi) +pal(zi) +va (Ii)) o +3'7 (1 — pa(zi)
~pate) ~valen)| - Zlog3 [ (s @) + i@
+v5n5 (i) (NAOB(CUZ') + panB(zs) + VAnB(fvi)) o

+3t7 (1 — nanB(®i) — pans(zi) — VAmB(m)H }

= { IGZXI logs |:(/JA (w3) + p4 (2:) + VA(IZ))
(uA(xi) +pae) +vale)) T ge (1= naten

—vae)] + 3 1oy | () + e + i (00)) ¢

zeEXo

(HA(J%) +palz:) +valz)) ™™ +372 (1 — pa(z)

pate) —vate) )| = 3 1o [ (o) + si(e) + (@) ¢

rEXq

(NA(xz‘) +pa(z;) + VA(ffi)) e + 31 (1 — pa(w;)
val))| - 3 o [ (k@0 + s + v ) x

—pal(wi) —

(MB (z5) + pp(:) + VB(%‘)) o +3' (1 — uB (@)

—pB (i) VB(%‘))}}

1
+ n(l—a) Z

reEXo

{1og3 (00 + e +v5000) «
(a0 + paten) + vaa) Y ge (1= nata
—palm) - m(aci))} ~ logs [(uann o) +ug(zi)) x

(MB(Ii) + pp(z:i) + VB(%‘)) o +317 (1 — b (@)

—pB (i) —VB(%'))}}

= Ea(AlB)
This completes the proof. O
Let A = (z,pa(x), pa(z),va(z)|r € X) be SVNS in X.

For n be any positive real number, Zhang et al. [23] defined A"
as follows
A" L= (1= pa(x)",

Definition 4. Contraction of SV NS A in universe of discourse
X is defined by

= (2, pa(x)", L= (1 —wa(2))") (16)

CON(A) = (z, pcon(a)(T), pcon(a) (T), Voon(a) (7))
where poon(ay () = [pa(@)]®s peonay(x) = 1 —[1 =
ié(x)]Q; veonay(x) =1—[1—wva(2)]* ie CON(A) =

Definition 5. Dilation of SVINS A in universe of discourse X
is defined by

DIL(A) = <CU; NDIL(A)($)7 PDIL(A) (CC), VDIL(A) ($)>
where iprra)(z) = [ (@) poray (@) =1 —[1 -
pA(x)]1/2; vprra)(z) = 1—[1—1/,4(:10)]1/2 ie. DIL(A) =
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Al/2

An illustrative example has been tested on the concentration
and dilation for comparing the performance of proposed entropy
with the some existing entropies as given below.

(1) Entropy defined by [5];

min(pa(z;),va(z;)) + ma(z;)
max(pa(z;),va(z:)) +malz)

ESK(A) = %Z?:l

(ii) Entropy defined by [3];
1
Epp(A) = - ZWA(Q%‘)
(iii) Entropy defined by [8];
L[ palzi) AvA(z;)
Ezi(A) = n ;(%WW)

(iv) Entropy defined by [4];

1 n
E A =1—-— i) — i
z1(4) . ;IMA(LE ) — val(zi)|
Example 3.2.
Let X = {x1,22,...,x5} be universe of discourse and a

SV NS A“LARGE” on X may be defined as A = {(z1,0.1,0.7,
0.8), (22,0.3,0.6,0.5), (3,0.5,0.3,0.4), (x4,0.9,0.2,0.0), (x5,
1.0, 0.1,0.0)}. Using the operations defined in Eq. (16) on
SV NS, we can generate following SV NS's

A A2 A% A3

which can be defined as
AL/2 may treated as “More or Less LARGE”,
A? may treated as “Very LARGE”,
A3 may treated as “Quite Very LARGE”
and these corresponding sets are computed as

A2 = {(z1,0.3162,0.4523,0.5528), (x2,0.5477,0.3675,
0.2929), (x3,0.7071,0.1633,0.2254), (x4, 0.9487,0.1056, 0),
(x5,1.0000,0.0513,0) } ;
Al = {(21,0.1,0.7,0.8), (x2,0.3,0.6,0.5), (x3,0.5,0.3,0.4),
(24,0.9,0.2,0.0), (x5,1.0,0.1,0) } ;
A? = {(x1,0.01,0.91,0.96), (x2,0.09,0.84,0.75),
(x3,0.25,0.51,0.64), (x4,0.81,0.36,0), (x5,1.00,0.19,0) };

A3 = {(z1,0.0010, 0.9730, 0.9920), (2, 0.0270, 0.9360, 0.8750),

(x3,0.1250,0.6570,0.7840), (x4, 0.7290, 0.4880, 0),
(x5,1.000,0.2710,0) }

The entropy measures values corresponding to existing mea-
sures as well as the proposed measures for different values of «
are summarized in Table 1 for these different linguistic variable
SV N Ss. From this table, it has been concluded that with the in-
crease of the parameter «, the entropy measure for the linguistic

variable “More or Less LARGE”, “LARGE’, “VERY LARGE”
are decreases. Also it has been observed that whenever the values
of « are increases from O to 15 then the pattern for the variable
“LARGE”is E,(A) > E,(AY?) > E,(A?) > E,(A®) and the
results coincides with the existing measures results. On the other
hand, whenever the value of « are increases beyond the 15 then
the order the patterns are slightly different. Hence the proposed
entropy measure is used as an alternative measure for computing
the order value of the linguistic variable as compared to existing.
Moreover, the proposed measure is more generalized as the dif-
ferent different values of « will give the different choices of the
decision-maker for assessing the results, and hence more reliable
from linguistic variable point-of-view.

Table 1: Values of different entropy measure for IFS

Entropy measure Al/2 A A? A3 Ranking
EpgBl3] 0.0818 0.100 0.0980 | 0.0934 (2341)
Ez1[4] 0.4156 | 0.4200 | 0.2380 | 0.1546 (2134)
Eskl5] 0.3446 | 0.3740 | 0.1970 | 0.1309 (2134)
Enc2(7 0.3416 | 0.3440 | 0.2610 | 0.1993 (2134)
E,1/2(7) 0.6672 | 0.6777 | 05813 | 0.4805 | (2134)
Ezs[8] 0.2851 | 03050 | 0.1042 | 0.0383 | (2134)
E (A) (Proposed measure)

a=0.3 0.7548 | 0.7566 | 0.6704 | 0.5774 (2134)
a=0.5 0.7070 | 0.7139 | 0.6101 0.5137 (2134)
a=0.8 0.6517 | 0.6637 | 0.5579 | 0.4731 (2134)
a—1 0.6238 | 0.6385 0.5372 | 0.4611 (2134)
a =2 0.5442 | 0.5727 | 0.4956 | 0.4513 (2134)
a=25 0.4725 | 0.5317 | 0.4858 | 0.4793 (2341)
a =10 0.4418 | 0.5173 | 0.4916 | 0.4999 (2431)
a=15 0.4312 | 0.5112 | 0.4937 | 0.5064 (2431)
a =50 0.4166 | 0.4994 | 0.4937 | 0.5064 (4231)
a = 100 0.4137 | 0.4965 | 0.4612 | 0.5112 (4231)

4 MCDM problem on proposed entropy
measure

In this section, we discuss the method for solving the MCDM
problem based on the proposed entropy measure.

4.1 MCDM method based on proposed Entropy
measure

Consider the set of different alternatives A = {A;, Aa, ..., A}
having the different criteria C = {C1,Cq,...,C,} in neutro-
sophic environment and the steps for computing the best alter-
native is summarized as follows

Step 1: Construction of decision making matrix :
Arrange the each alternatives A; under the criteria C; ac-
cording to preferences of the decision maker in the form
of neutrosophic matrix D, xn = (lij, Vij, pij) Where
1ti; represents the degree that alternative A; satisfies the
criteria C}, p;; represents the degree that alternative A;
indeterminant about the criteria C'; and v;; represents the
degree that alternative A; doesn’t satisfies the criteria C';,
where 0 < g5, pij, vi5 < 1and pg; + piy + v < 35
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i = 1,2,....m; j = 1,2,...n. The decision matrix

given below

(H1ns P1ns Vin)
(H2n, p2n, Van)

(p12, pr2, v12)
</1221 P22, V22>

(p11, p11, vin)

(,1121 s P21, V21>
Dmxn("'fi]) = .

(m1s Pm1s V1) (Hm2s Pm2; Vm2) -+« {Hmns Pmns Vimn)

Step 2: Normalized the decision making : Criterion of alterna-
tives may be of same type or of different types . If the
all criterion are of same kind then there is no need of
normalization. On the other hand , we should convert
the benefit type criterion values to the cost types in C by

using the following method-

c.

Jp— 177
TU =

Bij

where 3¢, = (vij, pij, j1ij) is complement of 3;; = (pu;5,
pij,Vi;). Hence, we obtain the normalized NS decision
making R = [7i;]mxn-

jE€B

jecC 17

Step 3: Compute the aggregated value of the alternatives: By

using the proposed entropy measure aggregated the rat-
ing values corresponding to each alternatives A;(i =
1,2,...,m) and get the overall value ;.

Step 4: Rank the Alternatives: Rank all the alternatives A;(i =

1,2,...,m) according to the values of proposed entropy
obtained from Step 3 and get the most desirable alterna-
tive.

4.2 Illustrative Example

Let us consider multi-criteria decision making problem. There
is investment company,which wants to invest a sum of money in
best option. There is a panel with four possible alternatives to
invest the money, namely

(i) A; is food company;

(i1) A, is transport company;
(iii) Aj is an electronic company;
(iv) A4 is an tyre company.

Decision maker take decision according to three criteria given
below:

a) C is growth analysis;
b) C5 is risk analysis;
¢) (3 is enviroment impact analysis.

Then the following procedure has been followed for comput-
ing the best alternative as an investment.

Step 1: The value of an alternative A;(i = 1,2, 3,4) with respect
to criteria C;(j = 1, 2, 3) obtained from questionnaire of
domain expert. Thus, when the four possible alternatives
with respect to the above three criteria are evaluated by
the expert, we obtain the following single valued neutro-

sophic decision matrix:

0.5,0.2,0.3) {
0.4,0.2,0.3) {
0.4,0.3,0.1) {
0.6,0.1,0.2) (

5,0.1,0.4

0. 7,0.1,0.2
0.3,0.2,0.4

0.

0.

)
8,0.3,0.2)
5,0.1,0.4)
4,0.3,0.2)

5,0.1,0.3

{
o-|
( 2,0.2,0.5

)y (0.
) (0.
) (0.
) (0.

Step 2: Since the criteria C is the benefit criteria and C5,C'3 are
cost criteria, so we above decision matrix transformed
into following normalized matrix R = (T;;, I;;, F;) as

ijs
follows

3,0.2,0.5

) (0.5,0.1,0.4
3,0.2,0.4) {

>

)y

) (0.7,0.1,0.2
3,0.2,0.4)

y |

y |

0. )
0.8,0.3,0.2)
0.5,0.1,0.4)
0. )

0.
0.

0.5,0.1,0.3
0. 4,0.3,0.2

0.
0.

0.1,0.3,0.4
0. 2,0.2,0.5

(
- |
(0.2,0.1,0.6

Step 3: Utilizing the proposed entropy measure corresponding
to o = 2 to get the aggregated values r;; of all the al-
ternatives, which are as following F,(A;) = 0.7437;

Eq(Ay) = 0.8425; B, (As) = 0.8092; E,(As) = 0.8089

Step 4: Based on above values, we conclude that ranking of given

alternatives is

EQ(AQ) > Ea(Ag) > Ea(A4) > Ea(Al)

Hence, A, is best alternative i.e., Investment company should
invest in transport company.

5 Conclusion

In this article, we have introduced the entropy measure of order
« for single valued neutrosophic numbers for measuring the de-
gree of the fuzziness of the set in which the uncertainties present
in the data are characterized into the truth, the indeterminacy and
the falsity membership degrees. Some desirable properties cor-
responding to these entropy have also been illustrated. A struc-
ture linguistic variable has been taken as an illustration. Finally,
a decision-making method has been proposed based on entropy
measures. To demonstrate the efficiency of the proposed coef-
ficients, numerical example from the investment field has been
taken. A comparative study as well as the effect of the parame-
ters on the ranking of the alternative will support the theory and
hence demonstrate that the proposed measures place an alterna-
tive way for solving the decision-making problems.
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Abstract. The goal of this research is first to show how
different, thorough, widespread and effective are the op-
erations logic of the neutrosophic logic compared to the
fuzzy logic’s operations logical. The second aim is to ob-
serve how a fully new logic, the neutrosophic logic, is
established starting by changing the previous logical
perspective fuzzy logic, and by changing that, we mean

changing the truth values from the truth and falsity
degrees membership in fuzzy logic, to the truth, falsity
and indeterminacy degrees membership in neutrosophic
logic; and thirdly, to observe that there is no limit to the
logical discoveries - we only change the principle, then
the system changes completely.

Keywords: Fuzzy Logic, Neutrosophic Logic, Logical Connectives, Operations Logic, New Logic.

1 Introduction:

There is no doubt in the fact that the mathematical logic
as an intellectual practice has not been far from contem-
plation and the philosophical discourse, and disconnecting
it from philosophy seems to be more of a systematic dis-
connection than a real one, because throughout the history
of philosophy, the philosophers and what they have built
as intellectual landmark, closed or opened, is standing on a
logical foundation even if it did not come out as a
symbolic mathematical logic.

Since the day Aristotle established the first logic theory
which combines the first rules of the innate conclusion
mechanism of the human being, it was a far-reaching step-
forward to all those who came after him up till today, and
that led to the epiphany that : the universe with all its phy-
sical and metaphysical notions is in fact a logical structure
that needs an incredible accuracy in abstraction to show it
for the beauty of the different notions in it, and the emotio-
nal impressions it makes in the common sense keeps the
brain from the real perception of its logical structure.
Many scientists and philosophers paid attention to the
matter which is reflected in the variety and the difference
of the systems, the logical references and mathematics in
the different scientific fields. Among these scientists and
philosophers who have strived to find this logical structure
are: Professor Lotfi A. Zadeh, founder of the fuzzy logic
(FL) idea, which he established in 1965 [7], and Professor
Florentin Smarandache, founder of the neutrosophic logic
(NL) idea, which he established in 1995 [1]. In this
research and using the logical operations only of the two
theories that we have sampled from the two systems, we
will manage to observe which one is wider and more
comprehensive to express more precisely the hidden
logical structure of the universe.

2 Definition of Fuzzy and Neutrosophic Logical
Connectives (Operations Logic):

The connectives (rules of inference, or operators), in any
non-bivalent logic, can be defined in various ways, giving
rise to lots of distinct logics. A single change in one of any
connective’s truth table is enough to form a (completely)
different logic [2]. For example, Fuzzy Logic and Neutro-
sophic Logic.

2.1 One notes the fuzzy logical values of the propositions
(4) and (B)by:

FL(A) = (T,, F,), and FL(B) = (Ty, Fy)

A fuzzy propositions (A) and (B) are real standard sub-
sets in universal set(U), which is characterized by a truth-
membership function T, , Tz , and a falsity-membership
function F, , Fg, of [0,1] . That is

T,:U - [0,1]
F,:U - [0,1]
And
Tz : U = [0,1]
Fp:U - [0,1]

There is no restriction on the sumof T, F, or Ty, Fy, so
0 < supT, + supF, < 1,and 0 < supTy + supFz < 1.

2.2 Two notes the neutrosophic logical values of the
propositions (A) and (B) by[2]:

NL(A) = (Ty,14,F,) ,and NL(B) = (T, I, Fp)
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A neutrosophic propositions (A) and (B) are real stan-
dard or non-standard subsets in universal set(U), which is
characterized by a truth-membership function T, , T , a
indeterminacy-membership function I, , I; and a falsity-
membership function F, , Fg, of ] 70, 1*[. That is

T,:U -»]70,1%
I,:U ->]70,1%
F,:U -]70,1%[

And
Tz :U —»]170,17]
Iz :U -»]70,1
Fg:U —-]70,17]

There is no restriction on the sum of T,,I,,F, or
Tg, 15, Fg, so ~0 < supT, + supl, + supF, <3*, and
70 < supTy + suplg + supFy < 3*.[3]

2.3 Negation:

2.3.1 In Fuzzy Logic:

Negation the fuzzy propositions (A) and (B) is the follo-
wing :
And

2.4 Conjunction :

2.4.1 In Fuzzy Logic:

Conjunction the fuzzy propositions (A) and (B) is the fol-
lowing :
FL(AAB) = (T, - Tg,Fy - F3)
(‘And, in similar way, generalized for n propositions )
The conjunction link of the two fuzzy propositions (A) and
(B) in the following truth table [6] :

A B AAB
(1,0) (1,0) (1,0)
(1,0) (0,1) (0,0)
(0,1) (1,0) (0,0)
(0,1) (0,1) (0,1)

2.4.2 In Neutrosophic Logic:

Conjunction the neutrosophic propositions (A) and (B) is
the following [5]:
NL(AAB) = (T, O T, 1, O Iy, F, O Fp)
(‘And, in similar way, generalized for n propositions )
The conjunction link of the two neutrosophic propositions
(A4) and (B) in the following truth table :

FL(=B) = ({1} — Ty, {1} — Fy) A B AnB

(1,0,0) (1,0,0) (1,0,0)

The negation link of the two fuzzy propositions (4) and (1,0,0) (0,0,1) (0,0,0)

(B) in the following truth table [6]: (0,0,1) (0,1,0) (0,0,0)

(0,0,1) (1,0,0) (0,0,0)

(0,1,0) (0,0,1) (0,0,0)

(1,0) (1,0) (0,1) (0,1) (0,1,0) (0,1,0) (0,1,0)
(1,0) (0,1 (0, (1,0)

(0,1 (1,0) (1,0) (0,1) 2.5 Weak or inclusive disjunction:

(D) (D) (1,0) (1,0)

2.3.2 In Neutrosophic Logic:
Negation the neutrosophic propositions (A) and (B) is the
following [4]:

NL(=A) = ({11 T, {1} L,{1}© F)
And

NL(=B) = ({13 ©T3,{1}© 15, {1} © F3)

The negation link of the two neutrosophic propositions
(4) and (B) in the following truth table :

2.5.1 In Fuzzy Logic:

Inclusive disjunction the fuzzy propositions (4) and (B) is
the following :

FL(AVB) = ((Ty +Tp) = (T4 - Tg), (Fs + Fg) — (Fy - Fp))
(And, in similar way, generalized for n propositions )
The inclusive disjunction link of the two fuzzy propositi-

ons (A) and (B) in the following truth table [6]:

A B AVB
(1,0) (1,0) (1,0)
(1,0) (0,1 (1,1
(0,1) (1,0) (1,1)
(0,1) (0,1) (0,1)

A B —A —B

(1,0,0) (1,0,0) 0,1,1) 0,1,1)
(1,0,0) (0,0,1) (0,1,1) (1,1,0)
(0,0,1) (0,1,0) (1,1,0) (1,0,1)
(0,0,1) (1,0,0) (1,1,0) (0,1,1)
(0,1,0) (0,0,1) (1,0,1) (1,1,0)
(0,1,0) (0,1,0) (1,0,1) (1,0,1)

2.5.2 In Neutrosophic Logic:

Inclusive disjunction the neutrosophic propositions (A)
and (B) is the following [4]:
NLAVB) =(Ty® Tz OTy O Tp [, B Iz O 14 O Iy, Fy D Fz © F, O Fp)
(‘And, in similar way, generalized for n propositions )
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The inclusive disjunction link of the two neutrosophic pro- A B A- B
positions (A) and (B) in the following truth table : (1,0) (1,0) (1,0)
(1,0) (0,1) (0,1)
A B AVB (0,1 (1,0 (1,0)
(1,0,0) (1,0,0) (1,0,0) (0,1) (0,1) (0,1)
(1,0,0) (0,0,1) (1,0,1)
(0,0,1) (0,1,0) (0,1,1) 2.7.2 In Neutrosophic Logic:
(0.0.1) (10,0) (L0,1) Implication the neutrosophic propositions (4) and (B) is
(0,1,0) (0,0,1) (0,1,1) he following I41:
(0,1,0) (0,1,0) (0,1,0) the following [4]:

2.6Strong or exclusive disjunction:

NLA-B)= (130T, ®T,OTp {1301, DI1,015{1}OF,®F,0O Fp)
The implication link of the two neutrosophic propositions
(A4) and (B) in the following truth table :

2.6.1 In Fuzzy Logic:

Exclusive disjunction the fuzzy propositions (4) and (B)
is the following :

(Ty-((13=Tp) +Tp- ({13 —Ty) =Ty - Tp- {1} —T4) - ({1} —Tu):)
(Fq-({13—Fp)+Fp- (13— Fg) —F4-Fg- ({1} —F)- ({1} - Fp)

(And, in similar way, generalized for n propositions )
The exclusive disjunction link of the two fuzzy propositi-
ons (A4) and (B) in the following truth table [6]:

FL(AVVB) = (

A B A— B
(1,0,0) (1,0,0) (1,1,1)
(1,0,0) (0,0,1) (0,1,1)
(0,0,1) (0,1,0) (1,1,0)
(0,0,1) (1,0,0) (1,1,0)
(0,1,0) (0,0,1) (1,0,1)
(0,1,0) (0,1,0) (1,1,1)

A B AVVB
(1,0) (1,0) (0,0)
(1,0) (0,1) (1,1)
(0,1) (1,0 1,1
(0,1) (0,1) (0,0)

2.6.2 In Neutrosophic Logic:

Exclusive disjunction the neutrosophic propositions (A)
and (B) is the following [5]:

2.8 Material biconditional ( equivalence ) :

2.8.1 In Fuzzy Logic:

Equivalencethe fuzzy propositions (A) and (B) is the fol-
lowing :

(B -Ta4 T Tp) (B -Tp+ Ty TB)),>
(13— Fa+ Fy - Fp) - (13— Fg + Fy - Fp))

The equivalence link of the two fuzzy propositions (A) and
(B) in the following truth table :

FL(A<—>B)=(

T, 06T ®T; O({(13OTYOT,OT, O{13O T, O (13O Tp),
NLAVVB)=| (,0 (3 OI)®I;0{1161)O01,0I;0 {1361, 0 (1} Ip),
Fo, OO F)®Fg O (13O F)OF,OFz O ({13©F,) O (13O Fp)

(And, in similar way, generalized for n propositions )
The exclusive disjunction link of the two neutrosophic
propositions (4) and (B) in the following truth table :

A B Ao B
(1,0) (1,0 (1,1
(1,0) (0,1) (0,0)
(0,1) (1,0 (0,0)
(0,1) (0,1) 1,1

A B AVVB
(1,0,0) (1,0,0) (0,0,0)
(1,0,0) (0,0,1) (1,0,1)
(0,0,1) (0,1,0) (0,1,1)
(0,0,1) (1,0,0) (1,0,1)
(0,1,0) (0,0,1) (0,1,1)
(0,1,0) (0,1,0) (0,0,0)

2.7 Material conditional ( implication ) :

2.71 In Fuzzy Logic:

Implication the fuzzy propositions (A) and (B) is the fol-
lowing :

FL(A—>B)= ({1} =Ty +T, Ty, {1} — Fy + F, - Fy)
The implication link of the two fuzzy propositions (4) and
(B) in the following truth table [6]:

2.8.2 In Neutrosophic Logic:

Equivalencethe neutrosophic propositions (4) and (B) is
the following [5]:
((BOTLe®T,OTO{OTL®T, OT))
NL(A & B) = ( (({1} eLeLOL O L®L O 13))' )
({16 FR®FOR)O{1}OF ®F OF))
The equivalence link of the two neutrosophic propositions
(A4) and (B) in the following truth table :

A B Ao B
(1,0,0) (1,0,0) (1,1,1)
(1,0,0) (0,0,1) (0,1,0)
(0,0,1) (0,1,0) (1,0,0)
(0,0,1) (1,0,0) (0,1,0)
(0,1,0) (0,0,1) (1,0,0)
(0,1,0) (0,1,0) (1,1,1)
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2.9 Sheffer’s connector:

2.9.1 In Fuzzy Logic:

The result of the sheffer’s connector between the two fuzzy
propositions (4) and (B) :

FL(A| B) = FL(~AV —B) = ({1} = Ty - Tp, {1} — F, - F3)
The result of the sheffer’s connector between the two fuzzy
propositions (4) and (B) in the following truth table :

The result of the peirce’s connectorbetween the two neut-
rosophic propositions (4) and (B) in the following truth
table :

A B —A —-B | —AA-B| AlB
(1,0,0) | (1,0,00 | (0,1,1) | (0,1,1) | (0,1,1) | (0,1,1)
(1,0,0) | (0,0,1) | (0,1,1) | (1,1,0) | (0,1,0) | (0,1,0)
(0,0,1) | (0,1,0) | (1,1,0) | (1,0,) | (1,0,1) | (1,0,1)
(0,0, | (1,0,0) | (1,1,0) | (0,1,1) | (0,1,0) | (0,1,0)
(0,1,0) | (0,0,1) | (1,0, | (1,1,0) | (1,0,0) | (1,0,0)
0,1,0) | (0,1,0) | (1,0,1) | (1,0,1) | (1,0,1) | (1,0,1)

A B —A —B | -av-s | AlB
w0 | 10 | b | 0D | (0D [ (01
w0 | (o | @b | @y | (LH | (LD
b [ (L0 | @0 | 0D | LD [ (LD
D [ () | @0 | @y | (L0 | (1,0)

2.9.2 In Neutrosophic Logic:

The result of the sheffer’s connector between the two neut-
rosophic propositions (4) and (B)[4]:

NL(A|B) = NL(~AV-B)= {1} O T, O T {1} 01, OI5,{1} © F, O Fg)
The result of the sheffer’s connector between the two neut-
rosophic propositions (4) and (B) in the following truth
table :

A B —A —B | -av-s | A|B
(1,0,0) | (1,0,0) | (0,1,1) | (0,1,1) | (0,1,1) | (0,1,1)
(1,0,0) | (0,00 | (0,1,1) | (1,1,0) | (LLD | (L1,
0,00 | (0,1,0) | (1,1,0) | (1,0, | (1L,L,D) | (LLD
0,0,1) | (1,0,0) | (1,L,0) | (0,1,D) | (LLD) | (L1,
0,1,0) | (0,00 | (1,01 | (1L,L,0) | (1LLD) | (LLD
0,1,0) | (0,1,0) | (1,0,) | (10,1 | (1,0,1) | (1,0,1)

2.10 Peirce’s connector:
2.10.1 In Fuzzy Logic:

The result of the Peirce’s connectorbetween the two fuzzy
propositions (A)and (B) :

FL(A L B) = FL(=AA-B) = (({1} = Ta) - ({1} ~ Tp), (1} — Fa) - ({1} — Fp))
The result of the peirce’s connectorbetween the two fuzzy
propositions (4) and (B) in the following truth table :

A B —-A -B -AAN-B| AlB
(10 | (10 | O | (01 | ©O1) | (01)
(o) | (01 | (01 | (1,0) | (00) | (0,0)
on | 10 | 1o | (01 | 00 | (0,0)
on | oy | 1o | 10 | 10 | (1,0

2.10.2 In Neutrosophic Logic:

The result of the Peirce’s connectorbetween the two neu-
trosophic propositions (A) and (B)[5]:

NL(AL B) = NL(-AA-B) = (B O T O {1 6 Tp), (116 1,) O (B 815, (BOF,) O (13 © Fp))

3 Conclusion :

From what has been discussed previously, we can ultimate-
ly reach three points :

3.1 We see that the logical operations of the neutrosophic
logic (NL) are different from the logical operations of the
fuzzy logic (FL) in terms of width, comprehensiveness
and effectiveness. The reason behind that is the addition
of professor Florentin Smarandache of anew field to the
real values, the truth and falsity interval in (FL) and that is
what he called « the indeterminacy interval » which is ex-
pressed in the function I, or I in the logical operations of
(NL) as we have seen, and that is what makes (NL) the
closest and most precise image of the hidden logical
structure of the universe.

3.2 We see that (NL) is a fully new logic, that has been es-
tablished starting by changing a principle (FL), we mean
by this principle changing the real values of the truth and
falsity membership degrees only in (FL) to the truth and
indeterminacy then falsity membership degrees in (NL).
3.3 We see that there is no limit to the logical discoveries,
we only have to change the principle and that leads to
completely change the system. So what if we also change
the truth values from the truth and indeterminacy and falsi-
ty membership degrees in (NL), and that is by doubling it,
as follows :

The neutrosophic propositions (A) is real standard or non-
standard subsets in universal set(U), which is characterized
by a truth-membership function T, , a indeterminacy-
membership function I, , and a falsity-membership functi-
onF,,of]70,1%[. Thatis

T,:U —]70,1

L :U -»]70,1%

F,:U -»]70,17]
Let T, , is real standard or non-standard subset in universal
set(U), which is characterized by a truth-truth membership
function T, , a indeterminacy-truth membership function
Iy, , and a falsity-truth membership function Fp, , of
170,17 . That is

Tr, :U =]170,17[
Iy, :U - ]70,1%]
Fr,:U —=]70,17[
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There is no restriction on the sum of Ty, Ir,,Fr,, so
70 < supTy, + suply, + supFr, <37

Let I, , is real standard or non-standard subset in universal
set(U), which is characterized by a truth-indeterminacy
membership function T;, , a indeterminacy-indeterminacy
membership function /;, , and a falsity-indeterminacy
membership function F;, , of | 70, 1*[ . That is

T, :U —-]70,1%]

L,:U —>]70,17[

F,:U —>]70,17[
There is no restriction on the sum of T,,I, ,F,, so
70 < supT;, + supl;, + supF,, <3*.
Let F, , is real standard or non-standard subset in universal
set(U), which is characterized by a truth-falsity members-
hip function Tr, , a indeterminacy-falsity membership
function I, , and a falsity-falsity membership function
Fp, ,0f ] 70,17 . That is

Tp, U =]170,17]

Ip, : U =»]70,1%]

Fp, :U —]70,17]
There is no restriction on the sum of Ty ,I,, Ff, ,50
70 < supTy, + suplp, + supFp, <3™.
Therefore :

TTA +ITA + FTA:U _7]_0,3+[
T, +1, + F,:U ->]70,3%
Tp, +Ip, + Fp:U —]170,3%[

There is no restriction on the sum of Ty, I, ,Fr,, and
ofT,,,1;,,F;,, and ofTg,,Ig,,Fp,, so ~0<supT;, +
suply, + supFp, + supT;, + supl;, + supF;, +
supTy, + suplp, + supFp, <97%.

Therefore :

(TTArITAr FTA)r(TIArIIAJ FIA), (TFAvIFAv FFA)): Uu- ] _0!1+[A9

This example: we suggest to be named: Double Neutroso-
phic Logic (DNL).

This is a particular case of Neutrosophic Logic and Set of
Type-2 (and Type-n), introduced by Smarandache [8] in 2017, as
follows:

“Definition of Type-2 (and Type-n) Neutrosophic Set
(and Logic).

Type-2 Neutrosophic Set is actually a neutrosophic set
of a neutrosophic set.

See an example for a type-2 single-valued neutrosophic
set below:

Let x(0.4 <0.3, 0.2, 0.4>, 0.1 <0.0, 0.3, 0.8>, 0.7 <0.5,
0.2, 0.2>) be an element in the neutrosophic set A,
which means the following: x(0.4, 0.1, 0.7) belongs to
the neutrosophic set A in the following way, the truth
value of x is 0.4, the indeterminacy value of x is 0.1,
and the falsity value of x is 0.7 [this is type-1 neutroso-

phic set]; but the neutrosophic probability that the truth
value of x is 0.4 with respect to the neutrosophic set A
is <0.3, 0.2, 0.4>, the neutrosophic probability that the
indeterminacy value of x is 0.1 with respect to the neut-
rosophic set A is <0.0, 0.3, 0.8>, and the neutrosophic
probability that the falsity value of x is 0.7 with respect
to the neutrosophic set A is <0.5, 0.2, 0.2> [now this is
type-2 neutrosophic set].

So, in a type-2 neutrosophic set, when an element x(t, i,
f) belongs to a neutrosophic set A, we are not sure
about the values of t, i, f, we only get each of them with
a given neutrosophic probability.

Neutrosophic Probability (NP) of an event E is defined
as: NP(E) = (chance that E occurs, indeterminate chan-
ce about E occurrence, chance that E does not occur).
Similarly, a type-2 fuzzy set is a fuzzy set of a fuzzy set.
And a type-2 intuitionistic fuzzy set is an intuitionistic
fuzzy set of an intuitionistic fuzzy set.

Surely, one can define a type-3 neutrosophic set (which
is a neutrosophic set of a neutrosophic set of a neutro-
sophic set), and so on (type-n neutrosophic set, for n >
2), but they become useless and confusing.

Neither in fuzzy set nor in intuitionistic fuzzy set the re-
searchers went further that type-2.«

Hence : (FL) » (NL) -» (DNL) - NLn.

Especially in quantum theory, there is an uncertainty
about the energy and the momentum of particles. And, be-
cause the particles in the subatomic world don’t have exact
positions, we better calculate their double neutrosophic
probabilities (i.e. computation a truth-truth percent, inde-
terminacy-truth percent, falsity-truth percent, and truth-
indeterminacy percent, indeterminacy-indeterminacy per-
cent, falsity-indeterminacy percent, and truth-falsity per-
cent, indeterminacy-falsity percent, falsity-falsity percent)
of being at some particular points than their neutrosophic
probabilities.

3.4 Definition of Double Neutrosophic Logical Connec-
tives (Operations Logic) :

One notes the double neutrosophic logical values of the
propositions (4) and (B) by:

DNL(A) = ((Tr,,Ir,, Fr,), (T1, 11, F1,), (Te, I, i)

And
DNL(B) = ((Tr,,Ir,, Fr,), Ty, I1,s Fi,). (T Ig,s Fr,))

3.4.1 Negation:
DNL(-A) =
(1) ©Tr,, 1) © 11,1} ©F1,), (1 © T, (B O 1, (B O F,,), (1} © T, (1} © I, {1} O Fy,))
And
DNL(-B) =

(wer,wern,mer,)((Ber, 161,16 Fr,) (1T, 1) 1,1} 6F,))
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3.4.2 Conjunction :
DNL(AAB) =

(T1, © Try Iy, O Iy, Fr, O Frp), (Ty, O Ty Iy, © Iy, Fry © Fry), (T, O Ty, I, O Iy Fry O Fy)

((And, in similar way, generalized for n propositions )

3.4.3 Weak or inclusive disjunction :

DNL(AV B) =
(T, ®T7,©T7, O Ty, Iy, @I, O 17, Oy, Fr, @ Fr © Fr, O Fp),
(r,®r,0T1, 0T,1,®1,,01, 0I,,F,, ®F,,OF, OF,), )
(Tp, @Tp, ©Tp, OTpp Iy, @ Ir, O 1, Olp,, Fp, @ Fp  ©Fp OFp)

((And, in similar way, generalized for n propositions )

3.4.4 Strong or exclusive disjunction :

DNL(AVV B) =

/<(TT O} OT) BT, O (B OT)O Ty, OT;, O(1}OTy,) O (1O TT, >

(7,00 1) ® 1,0 (110 1;)O 15,015, © (110 I;) © (13O I,)

F7,0 (1) © Fr,) ® Fr, © (1} O F1,) © Fr, O Fr, O (11O Fr,) © ({1} © FTE

I T, 0((118T,)®T, 0 (1} OT,)OT, 0T, 0 (11OT,)0 (11O T,,),

| ( 1,0(161,)®1,0(1161,)01,01,0({1}01,)0 (11 61,), )

| \ F,O(1}OF,)®F,0({1}0F,)0F,0F,0(l}OF,)0(1}OF,

| /(T 0(1eT:,)@T,, OO T:) OT;, 0T, O (1S Tr,) O (1) erp ).

\< (15,0 (1} ©15,)® I, O (O 1;)) ©1;, O I, © (VO ;) © (1} O Iy, )
(Fr, © (1) Fp,) ® Fp, © (1} © F£) © Fy, O F, © (1} Fy) © (1} © F,

)
|
i
/

(And, in similar way, generalized for n propositions )

3.4.5 Material conditional ( implication ) :
DNL(A - B) =

(1} © Ty, ®Tr, OTr, (1} © I, ®Ir, OIr,,(1} © Fr, ® Fr, O Fr,),
WOr,®r,0T, 16, ®L,01, {1} F,®F,OF,),
{13 ©Tp, ®Tr, O T, {1} © I, ® 15, O l5,,{1} © Fr, ® Fr, O Fy,

3.4.6 Material biconditional ( equivalence ) :
DNL(A© B) =
(wer,er,0T,)0(1}OT,®T, 0 TT,, \
| (Wern,e1,0n,)0({Be,&I,01,)), |
\(({1} © Fr, @ Fr, O Fr,) O ({1} © Fr, @ Fr, O Fr, )/
/ (wer,®r,0T,)0({1OT, 8T, 0 T:B \

(wern,en,0nL,)0(W6,01,0 1,,,
\( (13O F, ®F,0F,)0({3OF,®F,0F, ) }
/(({1} OTr, ®Tr, OTs,) O (1 OTf, ®Tr, OTf, ) \
| (W61, ®1,01:)0 (1015, @1, 015,)), |
(1) © Fr, ® Fp, © Fp,) © ({1} © Fp, @ Fp, O Fr, ) /

3.4.7 Sheffer’s connector :
DNL(A| B) = DNL(-AV —-B) =
1eT1;,0T, {1301, 0I,,{1} © F, O Fr,),
WBer,or, 1361, 01,,,{1 6F, O F,),
{13 6T, O Tp, {1301, OI,, {10 Fg, O Fy,

|

3.4.8 Peirce’s connector :

DNL(A ! B) = DNL(-~AA—-B) =
WeT,00}0T, 1}61;,0 1) O I, 1} © Fr,0 (1} © Fr,),
WOT,0Nor, 161,016, 1oF,01oFr,)
1} © T, © (11 © T, (1} © 1,0 (1} © I, {1} © Fy, O (1} © Fy,
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Abstract: The theory of quadripartitioned single valued neutro-
sophic sets was proposed very recently as an extension to the ex-
isting theory of single valued neutrosophic sets. In this paper the
notion of possibility fuzzy soft sets has been generalized into a new
concept viz. interval-valued possibility quadripartitioned single val-

ued neutrosophic soft sets. Some basic set-theoretic operations have
been defined on them. Some distance, similarity, entropy and inclu-
sion measures for possibility quadripartitioned single valued neutro-
sophic sets have been proposed. An application in a decision making
problem has been shown.

Keywords: Neutrosophic set, entropy measure, inclusion measure, distance measure, similarity measure.

1 Introduction

The theory of soft sets (introduced by D. Molodstov, in 1999)
([101,[15]) provided a unique approach of dealing with uncer-
tainty with the implementation of an adequate parameterization
technique. In a very basic sense, given a crisp universe, a soft
set is a parameterized representation or parameter-wise classifi-
cation of the subsets of that universe of discourse with respect to
a given set of parameters. It was further shown that fuzzy sets
could be represented as a particular class of soft sets when the set
of parameters was considered to be [0, 1]. Since soft sets could
be implemented without the rigorous process of defining a suit-
able membership function, the theory of soft sets, which seemed
much easier to deal with, underwent rapid developments in fields
pertaining to analysis as well as applications (as can be seen from
the works of [11,[6],[71,[12],[14],[16],[17] etc.)

On the otherhand, hybridized structures, often designed and
obtained as a result of combining two or more existing struc-
tures, have most of the inherent properties of the combined struc-
tures and thus provide for a stronger tool in handling applica-
tion oriented problems. Likewise, the potential of the theory of
soft sets was enhanced to a greater extent with the introduction
of hybridized structures like those of the fuzzy soft sets [8], in-
tuitionistic fuzzy soft sets [9], generalized fuzzy soft sets [13],
neutrosophic soft sets [11], possibility fuzzy soft sets [2], possi-
bility intuitionistic fuzzy soft sets [3] etc. to name a few.

While in case of generalized fuzzy soft sets, corresponding to
each parameter a degree of possibility is assigned to the corre-
sponding fuzzy subset of the universe; possibility fuzzy sets, a
further modification of the generalized fuzzy soft sets, character-
ize each element of the universe with a possible degree of be-
longingness along with a degree of membership. Based on Bel-
nap’s four-valued logic [4] and Smarandache’s n-valued refined

neutrosophic set [18], the theory of quadripartitioned single val-
ued neutrosophic sets [S] was proposed as a generalization of
the existing theory of single valued neutrosophic sets [19]. In
this paper the concept of interval valued possibility quadriparti-
tioned single valued neutrosophic soft sets (IPQSVNSS, in short)
has been proposed. In the existing literature studies pertaining to
a possibility degree has been dealt with so far. Interval valued
possibility assigns a closed sub-interval of [0, 1] as the degree of
chance or possibility instead of a number in [0, 1] and thus it is
a generalization of the existing concept of a possibility degree.
The proposed structure can be viewed as a generalization of the
existing theories of possibility fuzzy soft sets and possibility in-
tuitionistic fuzzy soft sets.

The organization of the rest of the paper is as follows: a cou-
ple of preliminary results have been stated in Section 2, some
basic set-theoretic operations on IPQSVNSS have been defined
in Section 3, some uncertainty based measures viz. entropy, in-
clusion measure, distance measure and similarity measure, have
been defined in Section 4 and their properties, applications and
inter-relations have been studied. Section 5 concludes the paper.

2 Preliminaries

In this section some preliminary results have been outlined which
would be useful for the smooth reading of the work that follows.

2.1 An outline on soft sets and possibility intu-
itionistic fuzzy soft sets

Definition 1 [15]. Let X be an initial universe and E be a set of
parameters. Let P(X) denotes the power set of X and A C E.
A pair (F, A) is called a soft set iff F' is a mapping of A into
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P(X).
The following results are due to [3].

Definition 2 [3]. Let U = {x1,x2,...,x,} be the univer-
sal sets of elements and let £ = {ey, ey, ..., €,, } be the universal
set of parameters. The pair (U, E) will be called a soft universe.
Let F : E — (I x 1)V x IV where (I x I)" is the collection of
all intuitionistic fuzzy subsets of U and IY is the collection of
all fuzzy subsets of U. Let p be a mapping such that p : £ — IV

and let F, : E — (I xI)” x IV be a function defined as
follows:

F(e) =  (FE@.p(e)). where Fle)r) =
(tte (x) , Ve () VaeU.

Then F}, is called a possibility intuitionistic fuzzy soft set (PIFSS
in short) over the soft universe (U, E). For each parameter e;,

F),(e;) can be represented as:

Fylen) = { (i plen) @0) oo (75 plen) (wa)) |
Definition 3 [3]. Let F}, and G, be two PIFSS over (U, E). Then
the following operations were defined over PIFSS as follows:
Containment: F), is said to be a possibility intuitionistic fuzzy
soft subset (PIFS subset) of G, and one writes I, C G if

(7) p(e) is a fuzzy subset of g(e), for all ecE,

(#4) F'(e) is an intuitionistic fuzzy subset of G(e), for all ecE.
Equality: F), and G, are said to be equal and one writes F), = G,
if F}, is a PIFS subset of G, and G|, is a PIFS subset of F),
Union: F,0G, = H,, H, : E — (Ix1)” x IV is de-
fined by H,(e) = (H (e)(z),r(e)(z)), VeeE such that
H(e) = Uatan (F(e),G(e) and r(e) = s(p(e).q(e)).
where U 4+, 1S Atanassov union and s is a triangular conorm.
Intersection: FyN\G, = Hy, H, : E — (Ix1)" x IV is
defined by H,(e) = (H (e)(z),r(e)(x)), YeeE such that
H(e) = Naan (F(e),G () and r(e) = t(p(e).q(e)).
where M 444y, 1S Atanassov intersection and ¢ is a triangular norm.

Definition 4 [3]. A PIFSS is said to be a possibility abso-
lute intuitionistic fuzzy soft set, denoted by Ay, if 47 : £ —
(I x )Y x IV is such that Ay (¢) = (F(e)(z),P (e)(z)),
VeeE where F' (e) = (1,0) and P (e) = 1, VeeE.

Definition 5 [3]. A PIFSS is said to be a possibility null intuition-
istic fuzzy soft set, denoted by ¢, if ¢p : E — (I x I )U x 1Y
is such that ¢9 = (F(e)(x),p(e)(z)), VecE where
F(e)=(0,1)and p(e) =0, VeeE.

2.2 An outline on quadripartitioned single valued
neutrosophic sets

Definition 6 [5]. Let X be a non-empty set. A quadripartitioned
neutrosophic set (QSVNS) A, over X characterizes each element
z in X by a truth-membership function 7’4, a contradiction-
membership function C'4, an ignorance-membership function
U, and a falsity membership function F4 such that for each
;L‘GX, TA,CA,UA,FAE[O, 1]

When X is discrete, A is represented as,
A =370 (Talxi), Ca(wi), Ua(ai), Fa(xi)) /o, vieX.
However, when the universe of discourse is continuous, A is
represented as,

(‘T)a Fa

A= (Ta(z),Ca(z),Ua

Definition 7 [5]. A QSVNS is said to be an absolute QSVNS,
denoted by A, iff its membership values are respectively defined
asTa(x) =1,Cu(x) =1,Us(x) = 0and Fu(z) = 0,VreX.

(@) [, weX

Definition 8 [5]. A QSVNS is said to be a null QSVNS,
denoted by O, iff its membership values are respectively defined
asTo(x) =0,Co(z) =0,Ug(x) =1and Fo(zx) = 1,VreX

Definition 9 [5]. Let A and B be two QSVNS over X.

Then the following operations can be defined:

Containment: A C B iff Ta(z) < Tp(z), Ca(x) < Cyl(x),
Ua(z) > Up(z) and Fa(z) > Fa(x), VreX.

Complement: A® =37 (Fa(z;),Ua(x;),Ca(w;), Ta(xi)) Jzimi€ X

i.e. TAc (Iz) = FA(xi), CAc (.CEL) = UA(I‘Z) N UAC( ) OA(ZM)
and Fye(x;) = Ta(z;), z;e X

Union: A U B = 2t <
(Ta(xi) VTp(xi)), (Calxs) V Cp(xi)), (Ua(zi) ANUp(2:i)),
(FA(x) N FB(Z‘)) > /$i7$i eX

Intersection: A N B = S <

(TA(I’Z) A TB(IE
(Fa(zi) vV Fp(

i) (Calzi) NCp(x4)), (Ua(zsi) VUp(21)),
(EJ) > /.’szl eX

Proposition 1[5]. Quadripartitioned single valued neutrosophic
sets satisfy the following properties under the aforementioned
set-theoretic operations:

1.(i) AUB=BUA

(i) ANB=BnNA

2.i) AU(BUC)=(AUuB)UC
(i) AN(BNnC)=(AnB)NC
3.i)) AU(ANB)=A4

(i) AN(AUuB)=A4

4.(1) (A9)°=A

(i1i) A°=6

(tit) @ = A

(iv) De-Morgan’s laws hold viz. (AUB)® = A°nN B
(ANB)" = A°UB

5.(i)) AUA=A

(i) AnNA=A

(#i1) AUO = A

(iv) ANO =6
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3 Interval-valued possibility quadripar-
titioned single valued neutrosophic soft
sets and some of their properties

Definition 10. Let X be an initial crisp universe and E be a set of
parameters. Let I = [0,1] , QSV NS(X) represents the collec-
tion of all quadripartitioned single valued neutrosophic sets over
X , Int([0,1]) denotes the set of all closed subintervals of [0, 1]
and (Int([0, 1]))* denotes the collection of interval valued fuzzy
subsets over X . An interval-valued possibility quadripartitioned
single valued neutrosophic soft set (IPQSVNSS, in short) is a
mapping of the form F, : E — QSVNS(X) x (Int([0,1]))*
and is defined as F,(e) = (F¢, pe), eeE, where, for each zeX,
F, (z) is the quadruple which represents the truth membership,
the contradiction-membership, the ignorance-membership and
the falsity membership of each element x of the universe of dis-
course X viz. F,.(x) % (2), % (z),u% (z), f& (x))
VzeX and p. (z) oo (z), pt (x)]eInt([0,1]).  If
X = {z1,22,...,2n} and E = {ey,e€2,...,e,}, an interval-
valued possibility quadripartitioned single valued neutrosophic
soft set over the soft universe (X,FE) is represented as,

Fp(ei) = {(%7p€1 (xl)) ) (%7pe, (JjQ)) yesey
(%J)ei (xn)>}V1Z

A — T — +
Fp(eq) {(<t?<z1>,c§$<z1>,u?<w1),f§‘ Gy P (@) 22, (xl)o

(@?(:nn),c?(x,ﬁ? ey e (@) P2, (mn)]> }reiek, (
i=1,2,...m

Example 1. Let X = {xj,20,23} and E = {ej,ea}.
Define an IPQSVNSS over the soft universe (X, E),

F,: E— QSVNS(X) x (Int([0,1]))

Fy(e1) = {(W0405> [0.5,0. 6})
(wss 001+ 10:25,03) . (rrshaoe [06,0.7]))
Fy(e2) = {<m [0.1,0. 2])
Another IPQSVNSS G, can be defined over (X, E) as
Guler) = {<m [0.8,0. 85])
(o 04.03]) (o iz 04,06))}
Gule2) =A{ WCW, [0.6,0.75]) ,
(wasstzom 08.09) (Goofties 035.05))

Definition 11. The absolute IPQSVNSS over (X, £) is denoted
by Az such that for each eeFE and VxeX, A.(z) = (1,1,0,0)
and 1.(z) = [1,1]

Definition 12. The null IPQSVNSS over
05 such that for each ecE and VzeX, 0, (
Oc(x) = [0,0]

is denoted by

(X, E)
x) = (0,0,1,1) and

3.1 Operations over IPQSVNSS

Definition 13. Let F}, and G, be two IPQSVNSS over the
common soft universe (X, E). Some elementary set-theoretic
operations on IPQSVNSS are defined as,

(i) Union: F,UG,, = H, such that for each ecE and VzeX,
H(x) (15 (2) V15 (@), ¢ (@) V e (@), uf (@) A
ug; (@), f5 (@) A f5 (@) and

ne(x) = [sup (pz (), pg (7)), sup (pd (), ud ()]

(ii) Intersection: F,NG, = H, such that for each eeF and
VzeX, He(x) = (t% (z) At (2), ¢k (2) A g (), uf (2) V
ug (), fi (2) V f& (2)) and

ne(x) = [inf (pc (), pe (x)),inf (pf (x),uf ()]

(iii) Complement: (Fp) = Fy such that for cach ecE
and VaeX, Fe(x) = (fp(a)us(2),ch(@), t(z)) and
o (1) = [1— pi (@)1 — 5 ()]

(iv) Containment: F, CG 1f for each eeF and VzeX,

te (@), ¢ (2) < CG( ), ugp (x) = ug (z), ff (2)
and pg (z) < pg (2), pd (x) < pd(x

Consider the TPQSNSS F, and G, over the
Then, ch is

t () <
> fg (@)

Example 2.
same soft universe (X, F) defined in example 1.
, obtained as,

File) = {(m (0.4, 0. 5})
F(e2) = {(m [0.8, 09})

(wroisma 04.055]) (maosisas 06.07))
H, = F,UG,, is obtained as,

Hy(er) = {(m [0.8,0. 85})
(wsosroon04.05) . (raihaes: 06.07))
Hy(es) = {(m [0.6,0.75]) ,

(wrosiza: 08.09) . (oodimoz 0:85.0]))
Also, the intersection K5 = F,NG,, is defined as,

Ks(er) = {(oaoihans [05.0. 6])
025,03]) , (s 8aoer 0-4,0.6])}
{(ooibaar 01,02]),
045,0.6]) , (550555007 0:3,0.4])}

((020?0106)
K(;(eg):
((010;,0607)

Proposition 2. For any
the following results hold:
1.(¢) F,UG, = G,UF,

F,, G, HyeIPQSVNSS(X, E),

(u)FﬂGu—GHﬂF
2. (i) F,0 (G, OHy) = (E,0G,) OH,
(it) F,N (G,NH,) = (F,NG,) NH,
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3.(i) F,005 = F, e (@) —ug(2)] < |cp(2)—uf(z) and [1—{ud (v)+pu, ()} <
(i1) F,Ny = 60, 11— {pj(x) + p7 (z)}|, VzeX, VeeE. Then,
(iii) F,0A7 = Ay te(x) — f&(@)|-]cg () — ug (@) |1 — {ud () + pg (2)}]
(iv) F,NA7 = F, < |ty (z) — fF( )|-lew(2) = up(2)].]1 = {pf (z) + p7 (2)}]
4.(i) (F2)" =F, = 1= HXH TET 2oeck 2onex L0 () — fE(2)]|ch(z) —
(ii) AS = 65 u%(wiHl {od (@ )Jrzpe(z):}l o) — ool
iii) (6:) = 4; < L= [RITET eer Zaex t6(@) — [G@)] g (2) -
i (fo) =4 ugs @1 - {1 ) + oy (@)}
5. (i) (FQUGM) = (Fp)Nm (Gu) E (Fp) <e (G )
(”) (FpﬁGu ‘= (Fp)CU (Gu ‘

Proofs are straight-forward.

4 Some uncertainty-based measures on
IPQSVNSS

4.1 Entropy measure

Definition 14. Let IPQSV NSS(X, E) denotes the set of
all TPQSVNSS over the soft universe (X,E). A mapping
e : IPQSVNSS(X,FE) — [0,1] is said to be a measure of
entropy if it satisfies the following properties:

(el) e (F5) =e(F,) i

(e2)e (F,) < e(G,) whenever F,CG, with fu(x) > fa(x) >
(@) > th(a), upla) > ugle) > ch(e) > cp(z) and

oo () + it (@) < 1.

( 3) e(Fp) = 1iff 15 (z) = [ (2),
(x)+pe (x) =1, VzeX and VeeFE.

% (x) = u% (z) and

Theorem 1. The mapping e : IPQSVNSS(X,E) — [0,1]
defined as, €(F,) = 1 — qxim Seer 2onex [tr(2) —

fe@) ek (@) — ug()][1 = {pZ (z) + pc (z)}] is an entropy
measure for IPOQSVNSS.

Proof:

@) e(F;) = 1 - ||X\||\EHchEZzeX|fF(x) -
th(@)|-Jup(z) — e (@) 11 = {(1 = pZ () + (1 = pF (2))}

= 1 ] See Seex [1(@) — F(@)] 5 (x) ~
ufe (@)1 = {pd () + pz ()} = € (F)).

(id) Suppose that F,CG, and f&(z) > t4(2),
uG(x) > cg(x) , po ( ) —|— pd (r) < 1. Automatically,
pe (z) + pf (z) < 1. Thus, fi(2) > f&é(2),tq(x) > t5(2),
up(z) = ug (@), cg (@) = cp(z), pe (2) = pe (2),

pe (x) > pf(2), and f&(x) > tg(x), ug(z) > cg(@) ,
pe (z) +pd (z) < L.

= fr(x) = fa(2) = t5(z) = tp(2), up(z) = ug(z) =
cg(x) > cp(x) . po (x) > p. (x),pd (x) > pf(z) and

() +pd (z) < L opg (2) +pd (2) <1

From the above relations it follows that t%(x) —
t5(x) = fr(z) but i (z) — f&(z) <0, ip(x ) fe(x )
= tg(z) = fe(@)] < [tp(e) — fR(@)]. Slmllarlya

(iii) e (F,) = 1
S 1~ [XE] Lk Leex [0 (2) — [fR(@)]|ck(z) —

ugp (@)1 = {pd (z) + pc (x)}| =1

& TN e Sonex 15:(2) — Fo @) () — e (@)1 -
{pd(z) +pc(2)} =0

& ty(x) — fe@)] = 0, [cx(z) — uip(2) = O,
1 —{pF(z)+ p; (z)}| = 0, for each zeX and each ecF.

& t5(x) = (). ch0) = ugle). pt(x) + p; (2) = L, for

each zeX and each ecFE.

Remark 1. In particular, from Theorem 1, it follows that,

e (Af) —Oande (90) —0.

Proof is straight-forward.

4.1.1 An application of entropy measure in decision making
problem

The entropy measure not only provides an all over information
about the amount of uncertainty ingrained in a particular struc-
ture, it can also be implemented as an efficient tool in decision
making processes. Often while dealing with a selection process
subject to a predefined set of requisitions, the procedure involves
allocation of weights in order to signify the order of preference
of the criteria under consideration. In what follows next, the
entropy measure corresponding to an IPQSVNSS has been uti-
lized in defining weights corresponding to each of the elements
of the parameter set over which the IPQSVNSS has been defined.

The algorithm is defined as follows:

Step 1: Represent the data in hand in the form of an [IPQSVNSS,
say I,

Step 2: Calculate the entropy measure € (F),), as defined in
Theorem 1.

Step 3: For each aeFE, assign weights wp(«), given by the
formula,

wr(a) = S5, where p(a) = 1 — el 3, [15(2) —
[r@)[eg(2) = ug(@)|-[1 = {pg () + pg () }].

Step 4: Corresponding to each option xeX, calculate the net
score, defined as,

score(x;) = >, wp().t%(z;) + cf(z;) + {1 — uf(z)} +

e
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Step 5: Arrange score(x;) in the decreasing order of values.
Step 6: Select max;{score(z;)}. If max;{score(z;)} =
score(xy,), xmeX , then x,, is the selected option.

Theorem 2.

wr(a) = 242

Corresponding to each parameter «ekE,
is such that 0 < wr(a) < 1.

Proof:
From the definition of kp(a) and e(F),), it is clear that

wr(a) > 0.
up(@)[1 = {pg(2) +

Consider [t%(x) — fa(x)|.|cx(x) —

P, (@) }]. It follows that,

D ack 2pex 13 (@) = fE(@)| e () — up(@)].|1 = {p3 (x) +
pa (@)} = 3, x [te(z) — fR(@)llep(z) — ui(z)[]1 —
{r3 (x) + pg (x)}], whenever || X|| > 1.

= 1 - HXHHEHZaeEerX te(z) — fR@)||ck(z) —
U;?;v(ﬂ})”l - {pa( )+po¢( )}| S 1- HXH1HE|| ZwGX |t%(.§6) -
[ @) g (z) — ug(@)|.11 — {pd (x) + pg (2)}]

e (Fp) < kr(a)

= wp(a) = E(F”) < 1, for each aeE.

Example 3. Suppose a person wishes to buy a phone and
the judging parameters he has set are a: appearance, c: cost, b:
battery performance, s: storage and [: longevity. Further suppose
that he has to choose between 3 available models, say =1, z2, 3
of the desired product. After a survey has been conducted by
the buyer both by word of mouth from the current users and
the salespersons, the resultant information is represented in the
form of an IPQSVNSS, say F}, as follows, where it is assumed
that corresponding to an available option, a higher degree of
belongingness signifies a higher degree of agreement with the
concerned parameter:

Fy@) = {( praoirosy 0.5,06])

(o tioomm 06,07), (wemsizms 0-45,05]))
Fo©) = {(osothroa [07,0.75])

(m [0-4, 055]) ) (<070§$01> [0.6, 0.65])}
Fy(0) = { (oo oo [0:6.0.69))

(m [0.75, 0-8]) ; (m [0.7, 0.8])}
Fols) = { (s tame 07,08

(s tomo 08.08) . (mesirom . 085.09))
Fy(l) = {<m [0.45,0.55]) ,

(oo 1067.073))  (fgmsatisosy  07,0.75))}

Following steps 2-6, we have the following results:

(2) e (F,) =0.982
(3) wr(a) = 0.984,wr(c) = 0.983,wr(b) = 0.988, wr(s) =

0.99,wp (1) = 0.984

(4) score(x1) = 7.193, score(xs) = 9.097, score(xz) = 8.554
(5) score(xg) > score(xs) > score(xy)

(6) 2 is the chosen model.

4.2 Inclusion measure

Definition 15. A mapping [ IPQSVNSS(X,FE) x
IPQSVNSS(X,FE)— [0,1] is said to be an inclusion measure
for IPQSVNSS over the soft universe (X, F) if it satisfies the
following properties:

(1) 1 (Ar,f5) =0

(12)1 (FpaG)—lﬁFpéGu

(I3) if F,CG,CH, then I(H,,F,)
[(H,.F,) < I(H,C,)

< I(G,,F,) and

Theorem 3. The mapping I : IPQSVNSS(X,E) — [0,1]
defined as,

I(FP’GH) = 1 mZeeEZzeXUt%(I> -
min{ts (@), @)} + lep(@) — mingeh (@), (@)} +
s (152, ()} — Wi (o)] + mar( ), foo) -
@+ (o) — mintpz @ @) + 9t e) -
min{pt (x), pt(z)}|], is an inclusion measure for IPOSVNSS.
Proof:

(i) Clearly, according to the definition of the proposed

measure, [ (Ai,éﬁ) =0

(é¢) From the definition of the proposed measure, it fol-
lows that,

1(E,.G,) =

- ZeeE ZIEXHt (l’) - mln{tF( ) ( )}‘ +
Gh(a) — mn(cE (B + Imarfu (). (0)} -
wp(o)] + mac{fp(o) f50) — fi@)] + loc@) -
min{p; (2), iz @Y + o2 (@) — min{pt (@), u @] =
0,VzeX,VeeFE.

& tp(@) — min{tip(z),to(@)} = 0, |ep(z) —
min{cp(z), cg(x)}| = 0, [maz{uf (x), ug(2)} — ug(x)| =0,
imaz{fp(z), f&(x)} — fe@)] =0, |p-(z) —
min{p; (z), pg (x)}| = 0and |pf (x) —min{p7 (z), ud (2)}] =
0,VzeX,VeeFE.

Now, [t5.(z) — min{ts(x), b5, (@)} = 06 t5.(z) < t&(@).

Similarly, it can be shown that, c%(x) < c&(z),u%(x)
ug(), fr(x) = f&(x),pc(x) < pg(x) and pf(z)

pd (z), VreX, VeeE which proves F,CG .

IN IV

w2

uppose, F,CG,CH,. Thus we have, t.(z) < t&(z) <

cp(z) < Ca(m) < CH(m) up(r) > ug(z) = ug (),

> fe(@) > fH(x), pe () < pg(z) < n(x) and
< pt(z) < ntf(z) for all zeX and ecE.

=1(H,,F,) <I(G,Fp,).

In an exactly analogous manner, it can be shown that,

I(H,,F,) <I(H,,G,). This completes the proof.
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Example 4. Consider IPQSVNSS F,, G, in Example 1,
then I (F),,G,,) = 0.493.

4.3 Distance measure

Definition 16. A mapping d IPQSVNSS(X,E) x
IPQSVNSS(X,E) — R* is said to be a distance measure be-
tween IPQSVNSS if for any F,, G, H,eIPQSVNSS(X, E)
it satisfies the following properties:

(d1) d(Fp, G.) = d(Gy, Fp)

(d2) d(F,,G,) > 0andd (F,,G,) =0« F, =G,

(d3) d (F. Hy) < d(E,, )+ d (G, Hy)

In addition to the above conditions, if the mapping d satisfies the
condition

(d4) d (F,,G,) < 1,YF,,G,eIPQSVNSS(X, E)

it is called a Normalized distance measure for IPQSVNSS.

Theorem 4. The mapping dj
IPQSVNSS(X,E) — Rtdefined as,
b (FpyG) = Yooup Yo (5(@) — t(@)] + |ch(a) -
(@) + (@) = ug @)+ 1fe@) — fol@) + oy (@) -
o ()| +|pF (z)—pt(x)|) is a distance measure for IPQSVNSS.
It is known as the Hamming Distance.

IPQSVNSS(X,E) x

Proofs are straight-forward.

Definition 17. The corresponding Normalized Hamming
distance for IPQSVNSS is defined as dj) (F,,G,) =
sz dh (Fp, Giu)s where [|.|| denotes the cardinality
of a set.

Theorem 5. The mapping dg
IPQSVNSS(X, E) — Rtdefined as,
di (FpGu) = Yoip Yo (t5(0) — 1) + (5 (x) —
cti())? + (u () — gy (@))2 + (Fi () — fe(@)? + (py () —
ps (2)2 + (pF (2) — pt(x))2}2 is a distance measure for
IPQSVNSS. It is known as the Euclidean Distance.

IPQSVNSS(X,E) x

Proofs are straight-forward.

Definition 18. The corresponding Normalized Hamming
distance for IPQSVNSS is defined as df (F,,G,) =
s e (Fo Ga)-

Proposition 3. F,CG, CH, iff

(Z) dp, (Fpa Hn) =dp (Fpa Gu) +dp (Gua Hn)
(i7) diLV (Fp, Hy) = dfzv (Fp, Gp) + dév (G, Hy)

Proofs are straight-forward.

Example 5. Consider the IPQSVNSS given in Example 1.
The various distance measures between the sets are obtained
as, dp, (F,,G,) = 5.29, th (F,,G,) = 0.882,dg (F,,G,) =

4.387, dY¥ (F,,G,) = 0.731

4.4 Similarity measure

Definition 19. A mapping s IPQSVNSS(X,E) x
IPQSVNSS(X,E) — Rt is said to be a quasi-
similarity measure between IPQSVNSS if for any
F,,G,, HyelPQSVNSS(X,FE) it satisfies the following
properties:

(s1) s (F,,G,) =s(G,, F,)

(s2)0<s(F,,G,) <lands(F,,G,)=1<F,=G,

In addition, if it satisfies

(s3)if F,CG,CHythen s (F,, H,) < s (F,,G,) A s (G, Hy)
then it is known as a similarity measure between IPQSVNSS.

Various similarity measures for quadripartitioned single
valued neutrosophic sets were proposed in [5]. Undertaking a
similar line of approach, as in our previous work [5] we propose
a similarity measure for IPQSVNSS as follows:

Definition 20. Consider F),, G,e]PQSVNSS(X, E). Define
functions chjG : X — [0,1], 4 = 1,2,..,5 such that for each

0 (@) = |tg(z) — t5 ()]

70 (@) = | f(2) — f&(@)]

30 (@) = [eg (@) — 5 ()]

T (@) = [ug(x) — ug ()|

S (@) = |ps () — pg ()]

el (2) = |t (2) — pd ()]

Finally, define a mapping s IPQSVNSS(X,E) x
IPQSVNSS(X,E) — RY as, s(F,,G,) = 1 —

6 F.G
GHXﬁHEH ZeeE ZZL’EX Zi:l Ti,e (LII)

Theorem 6. The mapping s (F,, G,) defined above is a
similarity measure.

Proof:
(¢) It is easy to prove that s(F,, G,,) = s(G,, F}).

(15)  We have, % (z),c%(z),u%(z), fa(x)e[0,1]  and
Pe(), pre(z)eInt([0,1]) for each xzeX,eeE. Thus, Tf’ec(x)
attains its maximum value if either one of ¢ (z) or tZ (x) is equal
to 1 while the other is 0 and in that case the maximum value is 1.
Similarly, it attains a minimum value 0 if ¢%.(z) = t& (). So, it
follows that 0 < Tf ’CG (z) < 1, for each zeX . Similarly it can be
shown that 7/, (), i = 2, ..., 6 lies within [0, 1] for each weX.
So,

0< Y7 (@) <6

=0 < ZeeE EZEX E?:l TiljvéG(x) < 6HX||||E||

which implies 0 < s(F),,G,,) < 1.

Now s(F,,G,) = 1iff >1" | 7; .(z) = 0 for each zeX,eeF
& tp(@) = t5(2), cp@) = cg@), up(e) = ug(),
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fi(x) = pg (), pf (2)

zeX,eeF ie..

(z

= f&(z) and p; (x)
iff F,, G,,.

= pt(z) , for all

) Suppose F CGMCH then, we have, t%.(z) < t&(z) <
th (), cp(z) < cglz) < (@), up(2) = ug(z) > ufy(2),
( ) = fc( z) > fg(x), po (z) < peo(z) < no(z) and
pr () < pl(z) < nf(z) for all zeX and ecE. Con-

sider Tff(x) and TgéG(x). Since t%(z) < t&(z) holds,
it follows that, [t&(z)—t%(z)] < |t4(z) —t5(2)|=
TlF ) < TlF H(z).  Similarly it can be shown that
TiFPG(:C) < TFH( ), for i = 3,5,6 and all zeX. Next,
consider 7'2F (x).
Smce ( ) > f&lx) > fg(x), it follows that
fe(@) = f&(x) < fi(z) = fh(x) where ff(x) — f&(z) > 0
fp( )=f ( ) > 0. Thus, | f7(2) = f&(2)] < |fr(2)—fa ()=

Ty (@ ><T”’< ).

Also, it can be shown that Tf Cz) < Tf () respectively for
each zeX.
Thus, we have ZeeE ZlEX Zl 1Tie ( ) <

ZeeEZmeXZz 1 ze ( )
= 1 GHXHHEHZSEEZ(EeX Zz 1Tie ( ) <

1 - 6||X|| [E[] ZPEE Za&'eX Zz 1 LE ( )

= s(F,, Hy) <s(F,,GL)

In an analogous manner, it can be shown that
s(Fy,,Hy) < s(G,,Hy). Thus, we have, s(F,, H,) <
5(Fp,Gu) Ns (G, Hy)

Remark 2. s(Az,605) = 0.
Proof :

For each xeX and ecE,

At () = |t2})(x) _ ti‘\i(x” = 1, T;‘i,@@(x) =
15,60 = £ @) =1 -
Aoy = |C§6(I) — c%i(gg” = 1, fthe) =
0y (2) — s ()] =

0@ = g (@) - pc@] = L R0 =
ot (@) — i (@) =1

which yields > .5 ZweX E@ 17 ( ) = 6[|X]]. HE“

O:‘ 5(A1,60) = 1 — e Seck Dwex Yo (@) =

Suppose

Definition 21.
functions 7°¢

Consider i
1,2,..,5 as in Definition 1.

F,,G,eIPQSVNSS(X,E).
X - 01, i =
Define a mapping s,

IPQSVNSS(X,E) x IPQSVNSS(X E) — RT as,
DB Dwex 21 1 W(e)ﬂ e (W) .
S (Fp, Gp) =1 — SXITIEN () , where w(e) is

the weight allocated to the parameter ecE and w(e)e[0, 1], for
each ecE.

Theorem 7. s, (F,, G,,) is a similarity measure.
Proof is similar to that of Theorem 6.

Remark 3. s, (F,,G,) is the weighted similarity measure
between any two IPQSVNSS F), and G,.

44.1 Allocation of entropy-based weights in calculating
weighted similarity

It was shown in Section 4.1.1 how entropy measure could be
implemented to allocate specific weights to the elements of the
parameter set. In this section, it is shown how the entropy-based
weights can be implemented in calculating weighted similarity.
Consider an IPQSVNSS F), defined over the soft universe
(X, E). Let wp(e)el0, 1] be the weight allocated to an element
ecl), w.r.t. the IPQSVNSS F,.

Define wg () as before, viz.

wr(a) = 2525, where £p(0) = 1= [ria Spex [t5(@) =

[ (@) ek (@) — ug(2)].]1 = {pg () + pg (2)}]
Consider any two IPQSVNSS F,, G,eIPQSVNSS(X). Fol-
lowing Definition C, the weighted similarity measure between

these two sets can be defined as o ro

_ Peer W@ e x 2 7 (2)}
sw(Fp,Gu) = 1 — S=Eremeissse
wla) = , and wg(a) = ig;)) is the weight

allocated to the parameter ae X w.r.t. the IPQSVNSS G/,.

where

wr (a)4wg (@)
2

From previous results clearly, wr(a),wg(a)el0,1] =
w(a)el0,1].
Example 6. Consider F,,G,eIPQSVNSS(X) as de-

fined in Example 1. Then s (F,,G,) = 0.738. Also, wr(e1) =
0.983,wg(e1) = 0.987,wr(es) = 0.993,wa(e2) = 0.988,
which gives, w(ey) = 0.985,w(ez) = 0.991 which finally yields
5w (F,, G) = 0.860.

5 Relation between the various uncer-
tainty based measures

Theorem 8. s} (F,,G,) = 1 — di (F,,G,) is a similarity
measure.

Proof:

(Z) th (vaGu) :th (GWF) :>8d (F G ) = (Gme)
(ii) 0 < d (F,,G,) <1=0<s}(F, G, ) <

Also, s} (F,,G,) =1 < dY (FP,G )=0< Fp =G,.

(i4i) Whenever F,CG,CH,, dY (F,,H,) = dY (F,,G,) +
dY (G, Hy). Thus,

sq(Fp.Gu) — sy(Fp Hy) = 1 — diy (F),G,) — 1 +

th (va Hn) = d;zv (Fpa Hn) - th (Fp’ Gu) = d}ly (Gw Hn) >
0, from property of distance measure.

= s} (FpoHy) < s} (Fy, G).

Similarly, it can be shown that, s} (F,, H,) < s} (G, H,).
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Hence, s}, (F,, H,) < sk (F,,G,) A sk (G, Hy).
Remark 4. For any similarity measures (F,,G,,),1—s (F,,G,)
may not be a distance measure.

Theorem 9.52 (F,,G,,) = y is a similarity measure.

1
1+dh,(FpaGu

Proof:
(1) dn (Fp, Gp) = dn (G, Fp) = 85 (Fp, Gp) = 57 (G, F)
() dn (Fp,Gu) > 0 = 0 < s5(F,,G,) < 1. Also,

s3(F,,G,) =1<4d, (F,,G,) =0& F,=G,.
(’LZ?,) dp, (Fp, Hﬁ)
F,CG,CH,.

=dj (F H ) >dy, (Fp, G#) and d, (Fp, Hn) > dy, (GH’ Hn)
= 1+dh(1F,,,Hn) < 1+dh(}‘7,,,G“,) = 55 (Gqu) < 55 (Fp, G).
Similarly, it can be shown that, s3 (G, F,,) < s2 (G, H,).

Corollary 1. s (F,,G,) =

measure.

1 . .. .
TTaN (F,.G) is a similarity

Proofs follow in the exactly same way as the previous the-
orem.

Remark 5. For any similarity measure s (F,, G,,) ,ﬁ -1
P
may not be a distance measure.

Theorem 10 Consider the similarity measure s(F,,G,).
s (F,, F,NG)is an inclusion measure.

Proof:

) Choose F, = Aj and G,, = ;. Then, s(F,, F,NG,) =
(Az,65) = 0, from previous result.

i) s(Fy, F,NG,) =14 F, = F,NG, < F,CG,,.

jii) Let F,CG,CH,. Then, s(F,,H,) < s(F,,G,) and
s(F,,Hy) < s(Gu, Hy) hold. Consider s(F,, H,) <
(F G ). From commutative property of similarity measure,
it follows that, s (H,, F,) < s(G,,F,) = s(H,, H,NF,) <
s (G, G,AF,). Similarly, s (H,, H,(\F,) < s (Fp, F,0G,,).

(i
(i
(i

Theorem 11.1 — dj, (F,, F,NG,,) is an inclusion measure.

Proof follows from the results of Theorem 8 and Theorem
10.

L are in-

1
Theorem 12. = F, . F,NG,)

1+dy (F,,F,NG L)
clusion measures.

and

1+df (

Proofs follow from Theorem 9,Corollary 1 and Theorem
10.

Theorem 13. Let e : IPQSVNSS( ,E
measure of entropy such that €(F,) < (G,,)

le(F,) — e(G,)| is a distance measure.

Proof

(1) le(Fp) —e(Gu)| = [e(Gp) — e(F,)

(74) |e(F,) —e(GL)| > Oandmpartlcular le(F,) —e(Gp)| =
0 & e(F,) = ( & e(F,) < e(Gu) and
(Fp) 2 e(Gy) = Fp =Gy,

(7i7) Triangle inequality follows from the fact that,
e(F,) — e(Hy)|l < |e(Fp) — e(Gu)l + [e(Gu) — e(Hy)l

forany F,, G, Hyel PQSVNSS(X, E).

6 Conclusions and Discussions

In this paper, the concept of interval possibility quadripartitioned
single valued neutrosophic sets has been proposed. In the present
set-theoretic structure an interval valued gradation of possibil-
ity viz. the chance of occurrence of an element with respect to
a certain criteria is assigned and depending on that possibility of
occurrence the degree of belongingness, non-belongingness, con-
tradiction and ignorance are assigned thereafter. Thus, this struc-
ture comes as a generalization of the existing structures involv-
ing the theory of possibility namely, possibility fuzzy soft sets
and possibility intuitionistic fuzzy soft sets. In the present work,
the relationship between the various uncertainty based measures
have been established. Applications have been shown where the
entropy measure has been utilized to assign weights to the ele-
ments of the parameter set which were later implemented in a
decision making problem and also in calculating a weighted sim-
ilarity measure. The proposed theory is expected to have wide
applications in processes where parameter-based selection is in-
volved.
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Abstract: In this paper, a modified form of Collatz con-
jecture for neutrosophic numbers (Z 1) is defined. We
see for any n e (Z v 1) the related sequence using the for-
mula (3a + 1) + (3b + 1)I converges to any one of the 55
elements mentioned in this paper. Using the akin formula

of Collatz conjecture viz. (3a— 1) + (3b —1)I the neutro-
sophic numbers converges to any one of the 55 elements
mentioned with appropriate modifications. Thus, it is con-
jectured that every n e (Z 1) has a finite sequence which
converges to any one of the 55 elements.

Keywords: Collatz Conjecture, Modified Collatz Conjecture, Neutrosophic Numbers.

1 Introduction

The Collatz conjecture was proposed by Lothar Collatz
in 1937. Till date this conjecture remains open. The 3n — 1
conjecture was proposed by authors [9]. Later in [9] the 3n
+ p conjecture; a generalization of Collatz Conjecture was
proposed in 2016 [9].

However, to the best of authors knowledge, no one has
studied the Collatz Conjecture in the context of
neutrosophic numbers (Z u I)={a+bl/abe Z 1>?=1}
where | is the neutrosophic element or indeterminancy
introduced by [7]. Several properties about neutrosophic
numbers have been studied. In this paper, authors for the
first time study Collatz Conjecture for neutrosophic
numbers. This paper is organized into three sections.

Section one is introductory. Section two defines /
describes Collatz conjecture for neutrosophic numbers.
Final section gives conclusions based on this study.
Extensive study of Collatz conjecture by researchers can be
found in [1-6]. Collatz conjecture or 3n + 1 conjecture can
be described as for any positive integer n perform the
following operations.

If n is even divide by 2 and get % if % is even divide

by 2 and proceed till % is odd.

If n is odd multiply n by 3 and add 1 to it and find
3n + 1. Repeat the process (which has been called Half of
Triple Plus One or HTPO) indefinitely. The conjecture puts
forth the following hypothesis; whatever positive number
one starts with one will always eventually reach 1 after a
finite number of steps.

Let n = 3, the related sequence is 3n + 1, 10, 5, 16, 8, 4,
2, 1.
Let n = 11, the related sequence is 34, 17, 52, 26, 13,
40, 20, 10, 5, 16, 8, 4, 2, 1.

Let n = 15, the related sequence is 15, 46, 23, 70, 35,
106, 53, 160, 80, 40, 20, 10, 5, 16, 8, 4, 2, 1.

In simple notation of mod 2 this conjecture can be
viewed as

‘o) :{% if n=0(mod2)
3n+1 if n=1(mod 2)

The total stopping time for very large numbers have
been calculated. The 3n — 1 conjecture is a kin to Collatz
conjecture.

Take any positive integer n. If n is even divide by 2 and

get g if g is odd multiply it by 3 and subtract 1 to i.e. 3n

— 1, repeat this process indefinitely, [9] calls this method as
Half Or Triple Minus One (HOTMO).

The conjecture state for all positive n, the number will
convergetolor5or17.

In other words, the 3n — 1 conjecture can be described
as follows.

if n= 0 (mod 2)
if n=1(mod 2)

n
f(n)=42
3n

1
Letn=3,3n-1=8,4,2,1.
Letn =28, 14, 7, 20, 10, 5.
n=17, 50, 25, 74, 37, 110, 55, 164, 82, 41, 122, 61, 182, 91,
272, 136, 68, 34, 17.

Several interesting features about the 3n — 1 conjecture
is derived and described explicitly in [9].
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It is pertinent to keep on record in the Coltaz conjecture
3n + 1if n is taken as a negative number than using 3n + 1
for negative values sequence terminate only at — 1 or — 5 or
— 17. Further the 3n — 1 conjecture for any negative n, the
sequence ends only in — 1.

Thus, for using 3n + 1 any integer positive or negative

the sequence terminates at any one of the values {-17, -5, —

1, 0, 1} and using 3n — 1 the sequence for any integer n
positive or negative terminates at any one of the values {-1,
0,1,5, 17}

2 Collatz Conjecture for the neutrosophic numbers
Zuly

In this section, we introduce the modified form of
Collatz conjecture in case of neutrosophic humbers (Z U 1)
={a+bl/a b e Zand I?>=1} where | is the neutrosophic
element or the indeterminancy introduced by [7]. For more
info, please refer to [7].

Now, we will see how elements of (Z U I) behave when
we try to apply the modified form of Collatz conjecture.

The modified formula for Collatz conjecture for
neutrosophic numbersn=a+blis(3a+ 1)+ (3b+ 1)I; ifa
=0then 3bl +1=(3b + 1)l is taken if b =0 then 3a + 1 term
is taken, however iteration is taken the same number of
times foraand bl inn=a+ bl.

Ifn e (Zul)is of the formn = a, a € Z then Collatz
conjecture is the same, when n = al, a € |, I = | then also
the Collatz conjecture takes the value I; for we say al is even
if ais evenand al is odd is a is odd.

For 31, 91, 271, 151, 45I, 191, 351, 471, 1051, 1011, 1251
are all odd neutrosophic numbers.

Now 121, 161, 248I, 2561 etc. are even neutrosophic
numbers.

The working is instead of adding 1 after multiplying
with 3 we add | after multiplying with 3.

For instance consider n = 12I, the sequence for n = 12|
is as follows:

121, 61, 31, 3 x 31 + 1 =101, 51, 161, 81, 41, 2I, I.

So the element n = 121 has a sequence which terminates
atl.

Consider n = 2561, the sequence is 2561, 1281, 641, 32I,
161, 8I, 41, 21, | so converges to I.

Take n = 311, 311 is odd so the sequence for n = 311 is

311, 941, 471, 1421, 711, 2141, 1071, 3221, 161, 484,
2421, 1211, 364l, 1821, 911, 274l, 1371, 4121, 2061, 103lI,
3101, 155l, 4661, 2331, 7001, 3501, 175I, 5261, 263l, 790I,
3851, 11561, 5781, 2891, 868I, 4341, 2171, 6521, 3261, 163l,
4901, 245l1, 7361, 368l, 1841, 921, 461, 231, 701, 35I, 106l,
531, 1601, 80l, 40l, 20l, 101, 51, 161, 81, 41, 21, 1.

Let n = 45I the sequence is 45, 1361, 68l, 341, 171, 521,
261, 131, 401, 201, 101, 51, 161, 81, 41, 2I, I.

So if n € Z then as usual by the Collatz conjecture the
sequence convergesto 1. If n e ZI then by applying the
Collatz conjecture it converges to I. Now if x € (Z U 1) that
is x = a + bl how does x converge.

We will illustrate this by an example.

Now if x=a+bl, a, b € Z\ {0}; is it even or odd? We
cannot define or put the element x to be odd or to be even.
Thus to apply Collatz conjecture one is forced to define in a
very different way. We apply the Collatz conjecture
separately for a and for bl, but maintain the number of
iterations to be the same as for that of a + bl. We will
illustrate this situation by some examples.

Consider n = 31 + 14 € (Z v I). n is neither odd nor
even. We use (3a + 1) + (3b + 1)I formula in the following
way

31 + 14, 101 + 7, 51 + 22, 161 + 11, 81 + 34, 41 + 17,
21 +52, 1 + 26, 41 + 13, 21 + 40, | + 20, 41 + 10, 21 + 5,
1+16,41+8,21+4,1+2,41+1,21+4,1+2, 4] +1,
1+4,1+2.

So the sequence terminates at | + 2.

Consider n = 31 — 14 € (Z U I), n is neither even nor
odd.

The sequence for this n is as follows.

3l - 14, 101 - 7, 51 — 20, 161 — 10, 81 — 5, 41 — 14,

21 — 7,1 — 20, 4 - 10, 2 — 5 | — 14, 4 - 7,
21-20,1-10,41-5,21-14,1-7,41-20, 21 - 10, | -5,
41-14,21-7,1-20,41-10, 21 -5, ..., 1 =5.

So for n = 31 — 14 the sequence converges to 21 — 5.

Consider n = —51 — 34; — 51 — 34, 141 -17, —71 - 50, —
201 -25, -101 -74, -5 -37, -141, -110, —71 -55,
-201 — 164, -101 — 82, -51 -41, -141 -122, —71 -61,
-201 -182, -101 -91, -51 — 272, -141 -136, -7 — 68,
-201 - 34, -101 -17, -51 — 50, -141 -25, —71 — 74, -201 -37,
-101 -110, -51 -55, -141 -164, -71 -82, -201 -41,
-101 -122, -51 -61, -141 -182, -71 -91, -201 -272,
-101 -136, -51 —68, —141 -34, —71 -17, —201 -50, —101 -25,
51 -74, -141 -37, 71 -110, -201 -55, -101 -164, -51 -82,
-141 -41, -71 -122, -201 -61, -101 -182, -51 -91,
-141-272, -71 -136, —201 —68, —10I —34, -51 — 17. 1)

n =- 5| — 34, converges to 51 — 17.

Let n = -10I -17, -5I — 50, -141 -25, -7l 74,
-201 — 37, 101 -110, -51 — 55, 141 — 164, —71 82,
-201 — 41, -101 - 122, -51 -61, 141 -182, —71 91,
—201 —272, -10l — 136, -51 — 68, —141 — 34, —71 -17,
— 201 - 50, —10l -25, -5I —74, 141 -37, —71 — 110,

—201 — 55, —101 — 164, -51 — 82, -141 — 41, 71 — 122,
—201 — 61, 101 — 182, 51 — 91, -141 — 272, —71 136,
—201 -68, —101 — 34, -51 — 17.

Thus, by using the modified form of Collatz conjecture
for neutrosophic numbers (Z v I) we get the following
collection A of numbers as the limits of finite sequences
after performing the above discussed operations using the
modified formula 3(a+bl) + 1+ 1 or (3a+ 1) + (3b + 1)I; a,
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b € Z\ {0} if a=0then (3b + 1)I formula and if b = 0 then
3a + 1 formula is used.

A={1,-1,0, 1,1, 1+1,-1+1,-1+1,-1-1,-17,-5,
-171,-51,1+21,1-21,-1-21,-1+2,2-1,2+1,-2 -1,
2+1,-5+1,-5+2I,-5-171,-5-1,-5-2I,-51 + 1,
-5 + 2, 51 - 2, 51 - 1, 51 — 17, =17 — |, =17 + |,
=171+ 1, 171 -1, -17 - 21, =17 + 21, =171 + 2, -171 - 2,
1+41,41+1,4—1,41-1,-34-51,-171 -10, — 17 - 10I,
-341 - 5, =17 — 20l, -171 — 20, — 68l — 5, — 68 — 5I,
=51 +4,-5+4l,-17 + 41, -171 +4}.

Thus, the modified 3n + 1 Collatz conjecture for
neutrosophic numbers (Z U Iy is (3a+ 1) + (3b + 1) I forn
za+ble(Zul)abez\{0}

If a = 0 then we use the formula (3b + 1)l and ifb =0
then use the classical Collatz conjecture formula 3a + 1. It
is conjectured that using (3a+ 1) + (3b + 1)l wherea,b € Z
\{0}or3a+1lifb=0or(3b+1)lifa=0, formulaeveryn
e (Z v 1) ends after a finite number of iterations to one and
only one of the 55 elements from the set A given above.
Prove or disprove.

Now the 3n — 1 conjecture for neutrosophic numbers (Z
U l)readsas (3a—1) + (3bl — ) wheren=a+bl;a,b e Z
\ {0}; ifa=0then (3b — 1)1 = 3bl — I is used instead of 3n —
lor(3a—-1)+Bb-1) L

If b =0 then 3a— 1 that is formula 3n — 1 is used.

Now every n e (Z U I) the sequence converges to using
the modified 3n — 1 Collatz conjecture (3a — 1) +
(3b — 1)1 to one of the elements in the set B; where
B={1,0-1,1,51,5 17,171, -1, 1 + 21, 1 - 2|, -1 + 2I,
“1-2L1+0L01-2,1+2,-1-2,-1+2,1-1,-1-1,5+1,
5-1,56-2I,5+2l,-1+1,5+17I,17-1,17 + 1,17 - 2I,
17 + 21,17 + 51, 51 — 1, 51 — 2, 51 + 1, 51 + 2, 171 — 1,
171 — 2, 171 + 1, 171 + 2, 17 + 101, 171 + 10, 34 + 5,
341 + 5,17 + 201, 20 + 171, 68 + 51, 681 + 5, 51 — 4, 5 — 41,
17-41,171 -4, 41+ 1,-41-1,-4+1,-4-1}.

We will just illustrate how the (3a — 1) + (3b — 1)I
formula functions on (Z U I).

Consider 12 + 171 € (Z U I) the sequence attached to it
is12 + 171,6 + 50I, 3 + 251, 8 + 741, 4 + 371, 2 + 1101, 1 +
551, 2 + 1641, 1 + 821, 2 + 411, 1 + 1221, 2 + 611, 1 + 1821,
2+0911,1+2721,2+1361,1+68l,2+34l,1+171,2 +
501,1+ 25,2+ 741,1+37l,2 +1101,1 + 551, 2 + 164l, 1
+82l,2+411,1+1221,2 + 611, 1+ 1821, 2 +91l, 1 + 272I,
2+1361,1+68l,2+341, 1+ 17I.

The sequence associated with 12 + 171 terminates at 1
+171.

Thus, it is conjectured that every n € (Z U 1) using the
modified Collatz conjecture (3a—1) + Bb-1)I;a, b e Z
\{0}or3a—-1ifb=0or (3b+ 1)l if a=0, has a finite
sequence which terminates at only one of the elements from
the set B.

3 Conclusions

In this paper, the modified form of 3n £ 1 Collatz
conjecture for neutrosophic numbers (Z U 1) is defined and
described. It is defined analogously as 3a£ 1)+ (3bx 1) I
wherea + bl e (Z U T)ywitha=0and b =0.

If a = 0 the formula reduces to (3b + 1)I and if b = 0 the
formula reduces to (3a £ 1).

It is conjectured every n e (Z v I) using the modified
form of Collatz conjecture has a finite sequence which
terminates at one and only element from the set A or B
according as (3a + 1) + (3b + 1)I formula is used or (3a— 1)
+ (3b — 1)I formula is used respectively. Thus, when a
neutrosophic number is used from (Z w I) the number of
values to which the sequence terminates after a finite
number of steps is increased from 5 in case of 3n +1 Collatz
conjecture to 55 when using (3a = 1) + (3b + 1)l the modified
Collatz conjecture.
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Abstract: The objective of this paper is to introduced the concept
of neutrosophic cubic set to subalgebras, ideals and closed ideals of
B-algebra. Links among neutrosophic cubic subalgebra with neu-
trosophic cubic ideals and neutrosophic closed ideals of B-algebras
as well as some related properties will be investigated. This study

will cover homomorphic images and inverse homomorphic images
of neutrosophic cubic subalgebras, ideals and some related proper-
ties. The Cartesian product of neutrosophic cubic subalgebras will
also be investigated.
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1 Introduction

The concept of fuzzy sets were first introduced by Zadeh (see
[31])in 1965. After that several researchers conducted researches
on generalization of fuzzy sets notion. Zadeh (see [32]) general-
ized the concept of fuzzy set by an interval-valued fuzzy set in
1975, as a generalization of the notion. The concept of cubic sets
had been introduced by Jun et al. (see [6]) in 2012, as generaliza-
tion of fuzzy set and interval-valued fuzzy set. Jun et al. (see [7])
applied the notion of cubic sets to a group, and introduced the
notion of cubic subgroups in 2011. Senapati et. al. (see [25]) ex-
tended the concept of cubic set to subalgebras, ideals and closed
ideals of B-algebra with lots of properties investigated. After the
introduction of two classes BC K -algebra and BC'I-algebra by
Imai and Iseki (see [4, 5]). The concept of cubic sets to subal-
gebras, ideals and g-ideals in BCK/BClI-algebras was applied by
Junetal. (see [9, 10]). B-algebra was introduced by Neggers and
Kim (see [12]) in 2002, which are related to extensive classes of
algebras such as BCI/BCK-algebras. The relations between
B-algebra and other topics were further discussed by Cho and
Kim in (see [3]) 2001. Every quadratic B-algebra on field X
with a BC'I-algebra was obtained by Park and Kim (see [14]) in
2001. The notion of fuzzy topological B-algebra was introduced
by Borumand Saeid (see [15]) in 2006. Also Saeid introduced
the concept of interval-valued fuzzy subalgebra of B-algebra (see
[16]) in 2006. Also some of their properties were studied by him.
Walendziak (see [30]) gave some systems of axioms defining a
B-algebra with the proof of the independent of axioms in 2006.
Fuzzy dot subalgebras, fuzzy dot ideals, interval-valued fuzzy
closed ideals of B-algebra and fuzzy subalgebras of B-algebras
with respect to t-norm were introduced by Senapati et. al. (see
[20, 21, 22, 23]). Also L-fuzzy G-subalgebras of GG-algebras
were introduced by Senapati et. al. (see [24]) in 2014 which

is related to B-algebra. As a generalizations of B-algebras, lots
of researches on BG-algebras (see [11]) have been done by the
authors (see [26, 27, 28, 29]).

Smarandache (see [19, 18]) introduced the concept of neu-
trosophic cubic set is a more general research area which
extends the concepts of the classic set and fuzzy set, in-
tuitionistic fuzzy set and interval valued intuitionistic fuzzy
set. Jun et. al. (see [8]) extended the concept of cubic set to
neutrosophic cubic set and introduced. The notion of truth-
internal (indeterminacy-internal, falsity-internal) and truth-
external (indeterminacy-external, falsity-external) are introduced
and related properties are investigated.

In this paper, we will introduce the concept of neutrosophic
cubic set to subalgebras, ideals and closed ideals of B-algebras
and introduce the notion of neutrosophic cubic set and subalge-
bras. Relation among neutrosophic cubic algebra with neutro-
sophic cubic ideals and neutrosophic closed ideals of B-algebras
are studied and some related properties will be investigated. This
study will cover homomorphic images and inverse homomorphic
images of neutrosophic cubic subalgebras, ideals, some related
properties. The Cartesian product of neutrosophic cubic subalge-
bras will also be investigated.

2 Preliminaries

In this section, some basic facets are included that are necessary

for this paper. A B-algebra is an important class of logical alge-

bras introduced by Neggers and Kim [12] and extendedly inves-

tigated by several researchers. This algebra is defined as follows.
A non-empty set X with constant 0 and a binary operation * is

called to be B-algebra [12] if it satisfies the following axioms:
Bl.zxx=0
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B2.xzx0==zx

B3. (zxy)xz=xx* (2% (0xy))

A non-empty subset S of B-algebra X is called a subalgebra [1]
of Xifxxye SVa,yeS. Mapping f | X — Y of B-algebras
is called homomorphism [13] if f(z *y) = f(x) * f(y) ¥V z,y
€ X. Note that if f | X — Y is a B—homomorphism, then
f(0) = 0. A non-empty subset I of a B—algebra X is called an
ideal [22] if for any z,y € X, (i) 0 € I, and (4i) x * y € I and
y €I =x €l Anideal I of a B—algebra X is called closed if
OxyelVaxel.

We know review some fuzzy logic concepts as follows:

Let X be the collection of objects denoted generally by x.
Then a fuzzy set [31] A in X is definedas A = {< =, pa(x) > |
x € X}, where p4(z) is called the membership value of = in A
and p4(z) € 10, 1].

For a family A; = {< x,ua,(z) >| x € X} of fuzzy sets in
X, where ¢ € k and k is index set, we define the join (V) meet
(M) operations as follows:

\ A = (\/NAi)(x)

i€k i€k

and

A= (Nna) ) =

i€k i€k

respectively, Vz € X.

An Interval-valued fuzzy set [32] A over X is an object having
the form A = {< z,fia(z) >| € X}, where jia | X —
DJ0, 1], here DJ0,1] is the set of all subintervals of [0,1]. The
intervals fiar = [p;(2),puf(z)] V 2 € X denote the degree
of membership of the element x to the set A. Also 14 = [1 —
pa(z), 1 — ph(x)] represents the complement of fi4.

For a family {4; | ¢ € k} of interval-valued fuzzy sets in
X where k is an index set, the union G = |J fia,(z) and the

i€k
intersection F' = () fia, () are defined below:
i€k
= (Uia, ) @) = rsupliia, (@) | i € k}
ick

and

2 = (i)

i€k

) = Tan{/lA7(l’) | i€ k}7

respectively, Vz € X.

The determination of supremum and infimum between two real
numbers is very simple but it is not simple for two intervals.
Biswas [2] describe a method to find max/sup and min/inf be-
tween two intervals or a set of intervals.

Definition 2.1 [2] Consider two elements D1, Dy € D[0,1]. If
Dy = [a],af] and Dy = [a5,a]], then rmax(Dy, Dy) =
[max(a] ,ay ), max(af,a3)] which is denoted by Dy V" Dy
and rmin(Dq, D3) = [min(ay,ay ), min(a},as)] which is

denoted by D1 \" Ds. Thus, if D; =

[a; ,ad] € Do, 1]f0ri—

1,2,3, ..., then we define rsup;(D;) = [supz( ), supi(a;)],
ie., VID; = [Via;,Viaf]. Similarly we deﬁne rinf;(D 1) =
[znf,( 7 )s znf,( )} ie, NID; = [/\7 ,Aia]]. Now we call

Dy > D2 = a; >ay and a1 > a2 Szmllarly the relations
Dy < Dy and D1 = D> are defined.

Combine the definition of subalgebra, ideal over crisp set and
the idea of fuzzy set Ahn et al. [1] and senapati et al. [21] defined
fuzzy subalgebra and ideal respectively, which is define bellow.

Definition 2.2 [21, 1] A fuzzy set A = {< x,pa(z) >|
x € X} is called a fuzzy subalgebra of X if pa(x xy) >
mZTL/,LA(if), :U’A(y) Vz,ye X,

Afuzzyset A= {< x,pa(x) > x € X}in X is called a fuzzy
ideal of X if it satisfies (i) ua(0) > pa(x) and (ii) pa(z) >
minfpa(zxy), pa(y)} v,y € X.

Jun et al. [8] extend the concept of cubic sets to neutrosophic
sets [17], and consider the notion of neutrosophic cubic sets as
an extension of cubic sets, and investigated several properties.

Definition 2.3 [8] Let X be a non-empty set. A neutro-
sophic cubic set in X is pair C = (A,\) where A =:
{{z; Ar(x), Ar(x), Ar(x)) | * € X} is an interval neutro-
sophic set in X and A =: {{z; \p(z), A\[(z), A\p(2)) |z € X}
is a neutrosophic set in X.

Definition 2.4 [8] For any C; = (A, A;) where

A = {(z; Air(2), Air(2), Air (2)) |2 € X},

Ay = {(z; Nir (), Nir(z), i (2)) | ¢ € X} fori € k, P-union,
P-inersection, R-union and R-intersection is defined respectively by

P-union: |J.C; = (U AV Ai),

>|mex}
>|xex}
>|xex}
>|xex}

Senapati et. al. [25] defined the cubic subalgebras of B-
algebra by combining the definitions of subalgebra over crisp set
and the cubic sets.

P-intersec;ieokn: QIECZEE (zé::l, /e\kAZ)

Reunion: JC; = (LEJkA é\kA)

R-intersection: ﬂe i = (QkA \e/kA)

where

Y= (= (Yan)or (Yo (Y )
i\e/kAi = {<x <Z€\/km> (z) (iEk )\ﬂ) (\E/k m)

QCAZ- - {<x (LDkAiT> (LDkA”> <gAzF>
/e\kA = {<x (gAT> (z), (/E\km> (/E\ICAF)

Definition 2.5 [25] Let C = {< z, A(z), \M(x) >} be a cubic
set, where A(x) is an interval-valued fuzzy set in X, \(x) is a
fuzzy set in X and X is subalgebra. Then A is cubic subalgebra
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under binary operation * if following condition holds:
Cl: A(x xy) > rmin{A(z), A(y)},
C2: Mz xy) <max{A(z),\y)}Vz,y e X.

3 Neutrosophic Cubic Subalgebras Of
B-algebra

Let X denote a B-algebra then the concept of cubic subalgebra
can be extended to neutrosophic cubic subalgebra.

Definition 3.1 Let C = (A, A) be a cubic set, where X is sub-
algebra. Then C is neutrosophic cubic subalgebra under binary
operation x if it holds the following conditions: N1:

Ar(w+y) > rmin{ Ap(), Ar(y)}

Ap(z*y) = rmin{Ar(z), Ar(y)}

Ap(z*y) = rmin{Ap(z), Ar(y)},

N2:

Ar(w *y) < maa{Ar(x), Ar(y)}

Ar(w xy) < maz{Ar(x), Ar(y)}

Ag(zxy) < max{Ar(x), Ar(y)}
For our convenience, we will denote neutrosophic cubic set as
C=(Arrr A1, r) = {{z, A1 1 r(2), A1, F ()}
and conditions N1, N2 as

NI: AT,I,F(x * y) Z rmin{AT,I,F(x), AT,I,F(@/)};

N2: Ar,pp(@xy) < max{Arr (), Arrr(y)}

Example 3.1 Let X = {0,a1,a2,a3,a4,a5} be a B-algebra
with the following Cayley table.

* ‘ 0 a1 azy a3 a4 as

0 0 as a4 as as ay
ay ay 0 as a4 as as
a | as a1 0 a5 ag4 asg
as as as ay 0 as a4
a4 ay as as ay 0 as
as | as a4 az a2 Qi 0

A neutrosophic cubic set C = (Ar 1., Ar.1,r) of X is defined
by

0 ay ag as Qg as
A7 | [0.7,09] [0.6,0.8] [0.7,0.9] [0.6,0.8] [0.7,0.9] [0.6,0.8]
Ar | [03,0.2] [0.2,0.11 [0.3,0.2] [0.2,0.1] [0.3,0.2] [0.2,0.1]
Afp | [0.2,04] [0.1,04] [0.2,04] [0.1,0.4] [0.2,0.4] [0.1,0.4]
‘ 0 ap az a3 a4 as
Ar | 0.1 03 01 03 01 03
Ar 103 05 03 05 03 05°
Ar |05 06 05 06 05 06

Both the conditions of Definition 3.1 are satisfied by the set C.
Thus C = (Ar 1. r, Ar.1,Fr) is a neutrosophic cubic subalgebra
of X.

Proposition 3.1 Let C = {< z,Ap 1 r(x), Ar 1 r(x) >}isa
neutrosophic cubic subalgebra of X, thenV x € X, Ap 1 p(x) >
AT,I,F(O) and AT,I,F(O) S )\T,I,F(x)- Thus, ATJ’F(O) and
Ar,1,7(0) are the upper bounds and lower bounds of Ar 1 r(x)
and A 1 g (x) respectively.

Proof: V2 € X, wehave Ap 1 p(0) = Ap ; p(x*x) > rmin{
Ar 1 r(x), Arrr(2)} = Ar g p(x) = Ar1.r(0) > Ar ()
and )\T,I,F(O) = /\T,I,F(l' * .23) < maa:{/\T717F(a:), )\T,LF(x)}
= A, r(x) = Ar,r(0) < A p(x).

Theorem 3.1 Let C = {{z, Ar 1 r(x), Ar.1 7 (2))} be a neutro-

sophic cubic subalgebras of X. If there exists a sequence {x,,} of

X such that li_}rn Ap g r(zn) = [1,1] and ILm Mg p(T,) =
n oo n o0

0. then ATJ_’F(O) = []., 1] and /\T,I,F(O) =0.

Proof: Using Proposition 3.1, Ap ; p(0) > Ar p(zx)Vx € X,
AT,I,F(O) > AT’[,F(JEn) forn € Z+. Consider, [171] >
ATJ,F(O) Z nhﬁ}H;O AT717F(CC7L) = [1,1] Hence, AT,I,F(O) =
[1,1].

Again, using Proposition 3.1, Ay 1, #(0) < Aprp(zx)Vz €
X, . Ar1r(0) < Argp(x,) for n € ZT. Consider, 0 >
AT,I,F(O) S nlgr;o )\T,I,F(l'n) =0. Hence, )\T,I,F(O) =0.

Theorem 3.2 The R-intersection of any set of neutrosophic cu-

bic subalgebras of X is also a neutrosophic cubic subalgebras of
X.

Proof: Let A; = {<x,AiT7[7F, )\iT,I,F> | T e X} where i € k,
be a sets of neutrosophic cubic subalgebras of X and z,y € X.
Then

(NAir. 1 r)(xxy) = rinfAir 1 r(x*y)
> rinf{rmin{Air1.r(x), Air,1,r(y)}}
= rmin{rinfAir,1 r(x),rinfArrry)}
= rmin{(NAir,1,r)(2), (NAir,r,F)(y)}
= (NAir,1,p)(z *y) = rmin{(NAir,1,r) (), (NAir,1,r)(y)}

and

(VAir 1, 7)(z % y) = suphiT. 1,7 (T * y)
< sup{maz{Air,1,r (), \ir,1,7 (y) }}
= maz{supir 1,7 (x), suphir.1 r(y)}

VAir,,r)(y)}

VA ,F)(Y)}

9

= mam{(v)\i;r,[,p)(x)
= (\/)\iT,I,F)(fL' * y) < max{(\/)\iT,I,F)(x),

o~ o~

which shows that R-intersection of .4; is a neutrosophic cubic
subalgebra of X.

Remark 3.1 The R-union, P-intersection and P-union of
neutrosophic cubic subalgebra need not be a neutrosophic cubic
subalgebra.

Example, let X = {0,a1,a2,as,a4,a5} be a B-algebra with
the following Caley table. Let Ay = (Ayr1.r, Mr.1,r) and
Ay = (Aar.1,7, Aar,1,F) be neutrosophic cubic set of X defined
by

Then Ay and As are neutrosophic subalgebras of X but
R-union, P-union and P-intersection of A, and A, are not
subalgebras of X because
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0 ay a1 a3 a4 as
ar |ar 0 ay a5 a3 ag
as as aj 0 a4 as as
as as ay as 0 ay as
a4 a4 as as as 0 al

as as as aq ay as 0
0 ay as as a4 as
AT | [08,0.7] [0.1,0.2] [0.1,0.2] [0.8,0.7] [0.1,0.2] [0.1,0.2]
A1 ] 10.7,0.8] [0.2,03] [0.2,0.3] [07.0.8] [0.2,0.3] [0.2,0.3]
AF | [0.8,09] [0.3,04] [0.3,04] 1[0.8,09] 1[0.3,0.4] [0.3,04]
A.T | [0.8,09] [0.2,0.3] [0.2,0.3] [0.2,0.3] [0.8,0.9] 1[0.2,0.3]
Aol | [0.7,0.6] [0.1,0.2] [0.1,0.2] [0.1,0.2] [0.7,0.6] [0.1,0.2]
Ao F | [0.6,0.5] [0.1,0.3] [0.1,0.3] [0.1,0.3] [0.6,0.5] [0.1,0.3]
‘ 0 ay ag as ayq as
AT (01 08 08 01 08 08
Al 02 07 07 02 07 07
ME |04 06 06 04 06 06 .
AT 102 05 05 05 02 05
Al |03 07 07 07 03 07
XF 04 09 09 09 04 09

(UAiT,]’F)(ag, * (14) = ([0.270.3]7 [0.270.3], [0.3, 0~4])T,I,F ;é
([0.8, 0.9}7 [07, 0.6], [0.6, O~5])T7I,F = rmin{(UAiT’I’F)(ag),
(UAir,1,r)(aq)}

and
(ANir.1.7) (a3 *as) =
= max{(/\)\ZT I F)(

(0.8,0.7,0.9)r, 1,7 £ (0.2,0.3,0,4) 7,1
5), (ANar1,r)(aa)}

We provide the condition that R-union, P-union and P-
intersection of neutrosophic cubic subalgebras is also a neutro-
sophic cubic subalgebra. which are at Theorem 3.3, 3.4 and 3.5.

Theorem 3.3 Let A, = {<x7A7LT,I,F7>\iT,I,F> ‘ xr € X}
where © € k, be a sets of neutrosophic cubic subalgebras
Of X, where i € k. [f inf{maa:{/\iTJ,F( ) iT,I, F( )}}
= maz{inf o1, r(z),infA\rrr(x)} Vo € X, then the P-
intersection of A; is also a neutrosophic cubic subalgebras of X.

Proof: Suppose that A, = {(z,Airrr, NirrF) | = €

X} where ¢ € k, be sets of neutrosophic cubic subal-
gebras of X such that inf{maz{ iz 1 r(z), \ir 1. r(x)}} =
mazx{infr . r(x),inflrrr(x)} Ve € X. Then for z,y €
X. Then

(NAir1.7)(z *y) = rinfAir 1 (v * y)
> rinf{rmin{Air 1. r(x), Air. 1.7 (¥)} }
= rmin{rinfAir.1 r(z),rinfAirrr(y)
= rmin{(NAir,1,7)(7), (NAir,1,7)(y)}
= (NAir,1,r)(z *y) = rmin{(NAir,r,r) (@), (NAir,1,r)(y)}

i bras of

and

(ANir,1,F)(x * y) = infNir 1, r(7 % y)
<inf{maz{Nir,1,r (), Nir,1,r (y)}}
= maz{infr.r(x),inflrrr(y)}
= maz{(ANit,1,r)(x), (ANiT,1,7)(Y)}

= (ANir,1,p) (@ % y) < maz{(AXir,1,r) (), (ANir,1,F) () },

which shows that P-intersection of A; is a neutrosophic cubic
subalgebra of X.

Z),

Theorem 3.4 Let A, = {{(z, A 1r,Nr1r) | x €
X} where ¢ € k, be a sets of neutr()sophic cubic sub-

algebras of X. If sup{rmin{Air1 r(z),Air,1 r(z)}} =
rman{supA;r 1. r(x), supAir 1 r(z)} Yo € X, then the P-
union of A; is also a neutrosophic cubic subalgebra of X.

Proof: Let A; = {<x7AiT,I,F7>\iT,I,F> | xr € X}
where @ € Kk, be a sets of neutrosophic cubic subalge-
bras of X such that sup{rmin{A;r 1 r(x), Air1.r(z)}} =
rmin{supA;r 1,r(z), supAirrp(z)} ¥V o € X. Then for
z,y € X,

(UAir 1 r)(z*xy) = rsupAir. 1, r(x*y)

> rsup{rmin{Air,1.r(x), Air,1,r(y)}}
= rmin{rsupA;r 1 r(x),rsupA;ir 1 r(y)}
= rmin{(UAir,1,r)(x), (UAir,1,F)(y)}

(UAirr.r)(z *y) > rmin{(UAir 1, r) (), (UAiT,1.7)(y)}

and

(VAir1.7)(z * y) = suphi7 1, 7 (T * Y)
< sup{max{Nir,1,r(x), \ir,1,F (y)}}
= max{supir,1,r(x), supAir,1, 7 (y) }
= maz{(VAir,1,r)( )W)}

( ()

(VAir 1, 7)(z * y) < maz{(VAir,1,F) ()}

Which shows that P-union of 4; is a neutrosophic cubic subal-
gebra of X.

x), VNir,1,F

);
)

—~~

z),(VNit,1,F

Theorem 3.5 Let A; = {(z, Air,1.r, Nir1,F) | © € X} where
i € k, be a sets of neutrosophic cubic subalgebras of X. If
inf{ma:c{)\iTJ,F(x), )\iT,I,F(x)}} = ma:z:{inf)\lT I F( )
inflir,r(x)} and sup{rmin{\ir.r r(2), \ir,1,r(7)}} =
rmin{suphir.1,r(x), suphir 1 p(x)} V © € X, then the R-
union of A; is also a neutrosophic cubic subalgebra of X.

Proof: Let A; =
where 1

{@, Air 1 ps Nirrr) | ¢ € X}
€ k, be a sets of neutrosophic cubic subalge-
X such that znf{ma:r{)\zTIF( ) zTIF( )}} =
max{infAr 1. r(x),inflNrrr(x)} and sup{rmin{ 1 r(
x), Nir 1, r (1)} = rmin{supAir 1,7 (x), suphir 1 ()} Vo €
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X. Then for x,y € X,

(UAir 1, F)(x % y) = rsupAir 1 r(z * )

> rsup{rmin{ A1 r(z), Air,1,F(y)} }
= rmin{rsupA;r1 r(z),rsupAirr.r(y)}
= rmin{(UAir,1,r)(2), (VA 1,F)(y)}

(VA7) (x*y) > rmin{(UAir1,r)(x), (UAir,1,r)(y)}

and

=inflir1,r(T*y)

< inf{maz{Xir,1,r(z), \ir,1,r(y)}}
= maz{infr . r(x),inflirrr(y)}
), (AXir,1,p)(y)}
), (

(
(AXir1,7) (@ * y) < max{(ANit,1,7)(2), (ANiT,1,7)(Y)}-

(ANt 1,7) (T * y)

= max{(/\)\iT,I,F) x

Which shows that R-union of .4; is a neutrosophic cubic subal-
gebra of X.

Proposition 3.2 If a neutrosophic cubic set A
(Arr.r,Ar1,r) of X is a subalgebra, then ¥ x €
AT,],F(O * Ll?) Z AT’I,F(J’J) and )\T,I,F(O * !L‘) S )\T,I,F($)~

Proof: Vz € X, Ap; p(0xx) > rmin{Ar 1 r(0), Ar p(x)}
=rmin{Ar 1 r(x*x), Ar . r(x)} > rmin{rmin{Ar ; p(z)
,ATJ,F(I)}, ATJ,F(I)} = AT,I,F(I) and similarly )\T,I,F(O *
:L') S max{)\T,I’F(O), )\T,I,F(x)} = )\T,]’F(x).

X;

Lemma 3.1 If a netrosophic cubic set A =
X is a subalgebra, then A(z+y) = A(z*

(Ar, 1,7, Ar.1,F) Of
(0(0xy)))Vz,y € X.

Proof: Let X be a B-algebra and x,y € X. Then we know
that y = 0 % (0 * y) by ([3],lemma 3.1). Hence, Ay 1 p(z*y) =
Arp 1 p(x*(0%(0xy))) and Ap 1 p(2*xy) = A 1, p(z+(0%(0%y))).
Therefore, A 1 p(xxy) = Ar 1 p(x* (0% (0*y))).

Proposition 3.3 If a nuetrosophic cubic set A =
(Ar,1,r, Ar,1,r) of X is a neutrosophic cubic subalgebra, then
Va,ye X, Arrp(zx(0xy)) > rmin{Ar r(x), Ar1,r(y)}
and /\T,I,F(Z‘ * (0 * y)) S max{)\T,I,F(x), )\T,I,F(y)}'

Proof: Let z,y € X. Then we have Ay p(z * (0 xy)) >
rmm{ATJ_,F (x), ATJ’F(O *y)} Z rmin{AT,LF(x), AT,I,F(y
)} and >\T,I,F($ * (0 * y)) < TTLCL.’t{)\T’[yF({E)7 )\T,I,F(O * y)} <
max{Ar r r(x), \r,1,7(y)} by Definition 3.1 and Proposition
3.2. Hence, the proof is completed.

Theorem 3.6 If a neutrosophic cubic set A =
of X satisfies the following conditions

(Ar1.p A1, F)

1. AT,I,F(O*I') Z AT,I,F(JJ) al’ld)\T7]7F(O*$) S AT,I,F(fE)y

2. AT,I,F(I * (0 * y)) Z Tmin{ATJ,F(x),AT’IVF(y)} and
A, (@ * (0% y)) < maz{Ar,rr(z), Ar,r,r(y)}
Vz,ye X.

then A refers to a neutrosophic cubic subalgebra of X.

Proof: Assume that the neutrosophic cubic set A =
(A7 1,7, A1) of X satisfies the above conditions (1 and 2).
Then by Lemma 3.1, we have A 1 p(z *y) = Ap 1 p(z* (0 *
(O * y))) Z ’/‘min{ATJ,F(I), ATJ’F(O * y)} Z rmin{AﬂLp(
x)aAT,I,F(y)} and AT,I,F(I' * y) = )\T,I,F(m * (0 * (0 * y)))
< maz{Ar 1,7 (z), A\, 1,p(0xy) < max{Ar 1 r(z), \r,r(y)}
z,y € X. Hence, A is neutrosophic cubic subalgebra of X.

Theorem 3.7 Nuetrosophic cubic set A = (Ar 1. r,A1.1,F) Of
X is a neutrosophic cubic subalgebra of X <= Ar ; p, A;LF
and A1 F are fuzzy subalgebras of X.

Proof: let Ar ; . Ai r.r and Ap 1 p are fuzzy subalgebra of X
and z,y € X. Then Ay ; p(vxy) > min{Az; (2), Az p(y
)} AT I, plz*y) > mm{AT I, r(2), AJIC,I,F(y)} and Ar 1, F (2%
y) < mazx{Ar.1,r (@), Ao e ()} Now, Arp p(wsy) = [Ar1 F
(wxy), Ag  p(vxy] > [min{ A p(2), Az p(y)}, min{ A7 ;
(@), A7 1 p (W} = rmin{[Az ; p(2), A7 1 p(2)], [A7 1 p(¥),
A;IYF(y)]} = rmin{Ar 1 r(z), Ar 1 r(y)}. Therefore, A is
neutrosophic cubic subalgebra of X.

Conversely, assume that A is a neutrosophic cubic subalge-
bra of X. Forany z,y € X, [A7; p(x *y), A} | p(xxy)] =
Ar 1 p(zxy) > rmin{Ar 1 r(x), Ar 1, r(y)} =rmin{[Ar ; p
(), A%LI r(@)]; [A;I ), A;,I,F(y)]}z = [mm{AiI,F(ff)a
AiI,F( )}, mm{ATI r(@), A;FIF(y)H Thus, A%,I,F(x *Y)
>min{Az ; p(2), AT 1 p ()}, Af g2+ y) > min{AF | p(
), AL ; p(¥)} and Ap 1 p(x + y) < maz{Argp(x), A1 r(y)
}. Hence A7 -, AJTF’ r.r and A7 r p are fuzzy subalgebra of X.

Theorem 3.8 Let A = (Ar 1,7, Ar,1,F) be a neutrosophic cubic
subalgebra of X and letn € 7 (the set of positive integer). Then

1. AT,I,F(HSU x ) > Apr(z) for n € O(the set of odd

number),

2. )\T,I,F(HSU xx) < Arp 1 r(z) for n € O(the set of odd
number),

3. ATJ,F(HJC « ) = Ap 1 p(x) for n € E(the set of even

number),

4. )\T’I’F(Haﬁ * .Z')
number).

= Arp 1 r(x) for n € E(the set of even

Proof: Let x € X and assume that n is odd. Thenn = 2p — 1
for some positive integer p. We prove the theorem by induction.
Now AT,I,F(JJ * .CE) = AT,I,F(O) 2 AT,I,F(JJ) and )\T7[7F(JC *
2p—1
(E) = )\T,I,F(O) < )\T,I,F(x)~ Suppose that AT,I,F( H €T *
2p—1
l‘) > AT,[’F(.’L') and )\T,I,F( H T *x LL’) < )\T,I,F(m)' Then
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2(p+1)—1 2p+1 = rmin{A x), A and \ x % < ér1.
by assumption, A7 1 g ( H zxx)=Ap 1 r( H THRT)= — mam{in;(I;c(),))\TIT;(};)(:f)} nLr(® ) e
2p—1 2p—1 Hence A is a neutrosophic cubic subalgebra of X.
Ap g p( H rx(zx(zxx)))=Ar 1 p( H xxx) > Ap 1 p(x) Now, Ia,, .={z € X, Ar;p(z) = Ar;p(0)}={z €
2(p+1)—1 2p+1 2p—1 X, AT,I,F(JJ) = [OZT,I,FUOZT,I,FQ]} = B and I)\T,I)F={l’ €
and Ar 1 p( H xxx) = A 1, ( H rxx) =M1 ( H zx X, Ar 1 r(z) = A1 r(0)}={z € X, \7 1 r(7) =y7 1 F}=B.
2p—1

(x* (x*x))) = r1,5( H x *x) < Apr p(x), which proves
(1) and (2). Similarly, the proves are same to the cases (3) and

4.

The sets denoted by I4,., , and I, , . are also subalgebra of
X. Which were defined as:
IAT’I‘F={$ e X | AT,I,F(JJ) = AT7]7F(O)} and I)\T,I,Fz{x S
X ‘ )\T,I,F(I) = AT,I,F(O)}“

Theorem 3.9 Let A = (Ar 1.7, Ar,1,F) be a neutrosophic cubic
subalgebra of X. Then the sets 14, , ,, and Iy, , . are subalge-
bras of X.

Proof: Let X,y € IAT,I,F' Then AT,I,F(x) = AT,]’F(O) =
AT,I,F(y) and SO, AT,[’F(.’)S*y) > rmin{AT,LF(as), AT,I,F(Z/)}
= Ar 1,#(0). By using Proposition 3.1, We know that Ay 1 g (2
y) = Ar 1,7 (0) or equivalently x x y € I, ; ..

Again let z,y € Ia;, . Then Arp(xz) = A r(0) =
)\T’[yp(y) and SO, >\T,I,F(1' * y) S max{)\T’LF(x), AT,I,F(y)}
=Ar r(0). Again by using Proposition 3.1, We know that
Ar,1,r(xxy) = A1, (0) or equivalently zxy € 4, , .. Hence
the sets 4, , . and A4, ; . are subalgebras of X.

Theorem 3.10 Let B be a nonempty subset of X and A =
(A7 1,7, A1,1,F) be neutrosophic cubic set of X defined by

o Q ifteB
Argr(z) = lar, o m], i .
[Br,1,/y, Br.1,5,], otherwise,
ifr € B
Ar(z) = yr,1,F, IifT :
or,1,r, Otherwise

V lar,1,Fy, or1,m ) [Br,1,my, Bryo,my)| € DI0,1] and yr,1,F, O7,1,F €
[0, 1] with [or,1,Fy , @1, 1,75) = [Br,1,F1 5 Br,1,ms| and yr, 1,7 < 01,1, F.
Then A is a nuetrosophic cubic subalgebra of X <= B is a subalge-
bra of X. Moreover, IAT,I,F = B= IAT’I‘FA

Proof: Let A be a neutrosophic cubic subalgebra of X. Let z, y
€ X such that z,y € B. Then Ap ; p(x *xy) > rmin{Ar  r(x
)aAT,I,F(y)} = Tmi”{[aT,I,Fl,aT,l,FZ], [OéT,I,FNOéT,I,FQ]} =
lar,1,m,ar, ] and Ar 1 p(2 * y) < max{Ar 1 r(x), A 1, r(
)} = maz{yr1 r,yr,1,r} = yr.1,r. Therefore z x y € B.
Hence, B is a subalgebra of X.

Conversely, suppose that B is a subalgebra of X. Let x,y €
X. We consider two cases,
Case 1: If z,y € B, then z * y € B, thus Ap;p(zr *
y) = larr,or ] = rmin{Ar r(z), Ar1,r(y)} and
Arrr(x*y) =yr,1,r = max{r 1 rp(x), M1, r(Y)}-
Case2: If x ¢ B ory ¢ B, then AT,I,F(:I:*:U) > [ﬁT,I,FUBT,I,Fz]

Definition 3.2 Let A = (Ar 1.7, Ar,1,r) be a neutrosophic cu-
bic set of X. For [s1,, ST,], |11, S, [SFy, SFy) € D0, 1]

and tr,,tr, , tr, €10,1], the set U(Ar 1.7 | ([s1y,87,], [S1y+ S1,)
7[5F155F2])) ={x €X AT(‘T) > [5T175T2]7AI(I) > [5117512]
7AF(x) > [SFU SFz]} is called upper ([ST17ST2]’ [8117812]’ [SF17
sp,])-level of A and LAr 1 r | (ty,t1,,tr)) ={z € X |
Ar(z) < tp,A(x) < tr,Ap(x) < tg}ois called lower
(tr,,tr,, tr )-level of A.

For our convenience we are introducing the new notation as:
UAr 1 | st st0,m)={t € X | Ar1,p(z) > [s7.1.F),
sT.1.m)} is called upper ([sT.1.F,,ST.1,F))-level of A and
L(/\T,I,F | tT,I,Fl):{x e X | )\T’[,F(LL') < tT,LFl} is called
lower tr 1., -level of A.

Theorem 3.11 If A = (Ar . p,Ar1,F) is neutrosophic cu-
bic subalgebra of X, then the upper [sT 1 F,,ST,1,F,]-level and
lower tp 1, -level of A are ones of X.

Proof: Let X,y € U(AT,I,F | [ST,I,F17ST7I,F2])3 then AT,I}F(«T)
> (7.1, 5T,1,5,) and A1 1 p(y) > [s7.1,F,, ST,1,5,] 1t fol-
lows that AT,I,F(z * y) > rmin{AT717F(a:),AT717F(y)} >
[ST,I,FlasT,I,FQ] = T *Y € U(AT,I,F | [ST,I,F“ST,I,FQ])-
Hence, U(Ar 1.7 | [ST.1.F,, ST.1.F,] 1S @ subalgebra of X.

Let x,Y € L()\T,I,F | tT,I,Fl)- Then )\T,I,F(x) < tT,I,Fl
and )‘T,LFQ/) < tT,LFr It follows that )\T,I)F(x * y) <
maz{Ar . r(@), A\, r(Y)} < trrp = x*xy € LArrp |
tr1,m ). Hence L(Ar 1,7 | tr 1,/ ) is a subalgebra of X.

Corollary 3.1 Let A = (Ar. 1 r, A\1.1,F) is neutrosophic cubic
subalgebra OfX Then A([ST’[}F1 5 ST,I,FZ]; tT,LFl )= U(AT,[’F
| Ist,1,ms 57,0,m)) VLA, 1,r | trrm)={x € X | Ar1.p(2)
> [s7.0,Fy, ST.1,5,), A1, 7 (x) < tr 1 p, }is a subalgebra of X.

Proof: Straightforward

The following example shows that the converse of Corollary
3.1 is not valid.

Example 3.2 Let X = {0, a1, a2, a3, a4, a5} be a B-algebra in
Remark 3.1 and A = (Ar 1 p, r.1,F) is a neutrosophic cubic
set defined by

‘ 0 ay as as ay as
Ar | [0.6,0.8] [0.5,0.6] [0.5,0.6] [0.5,0.6] [0.3,04] 1[0.3,0.4]
Ar | [0.5,0.7] [0.4,0.5] [0.4,0.5] [0.4,0.6] [0.3,0.3]1 1[0.3,0.3]
Ar | [04,0.6] [0.2,0.5] [0.2,0.5] [0.2,0.5] [0.1,0.2] [0.1,0.2]
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‘ 0 a1 a2 a3 a4 as
Ar |01 03 03 05 03 05
Ar 102 04 04 06 04 06 °
Ap |03 05 05 07 05 07

Suppose that (st 1 p,, sT.1,F,]=([0.42,0.49], [0.31, 0.37], [0.14,
0~18DT,I,F and tT,I,Fl = (04, 0.5, O.G)T’[’F, then A([ST7[7F1,
sttt r)=UAr e | st e, stom)) (VLA e |
trrr)={x € X | Ar1,r(x) > [sT,0,F, ST,0,5) AT, 1,7(x) <
tT,I,Fl} = {O,a1,a2,a3}ﬂ{O,al,ag,a4} = {O,al,ag}
is a subalgebra of X, but A = (Ar1p,Ar1.r) is not
a neutrosophic cubic subalgebra since Ar(ay x az) =
[0.3,0.4] # [0.5,0.6] = rmin{Ar(a1),Ar(as)} and
)\T(ag * CL4) =0.5 f 04 = max{)\T(ag), /\T(a4)}.

Theorem 3.12 Let A = (Ap 1 r, Ar,1,r) be a neutrosophic cu-
bic set of X, such that the sets U(Ar 1 r | [S7.1,F,,5T.1,F,))
and L(Ar 1 rp | trrm) are subalgebras of X for every
[ST,I,F17ST,I,F2] € [)[07 1] and tT,I,Fl S [0, 1]. Then A =
(A7 1,7, A1,1,F) is neutrosophic cubic subalgebra of X.

Proof: Let U(AT7]7F | I:ST,I7F175T7I,F2:|) and L()\T,I,F | tT,I,Fl
) are subalgebras of X for every (st 1., , ST.1.F,] € D[0,1] and
trrm € [0,1]. On the contrary, let zo,y0 € X be such that
At 1,r(x0 *yo) < rmin{Ar 1,r(20), Ar,1,F(y0)}. Let Ar 1 p
(xo) = [6h,02], Ar.1 r(yo) = [03,04] and Ap 1 p(z0 * o) = |
ST, I,Fy» ST,I,FQ]- Then [ST,I,Fl R ST7I7F2] < rmin{[@l, 92}, [03, 04
1} = [min{0y, 05}, min{02,04}]. So, sr.1m < rmin{by,03}
and srrp, < min{fs,0,}. Let us consider, [p1,p2] =
A7 1.7 (z0 * yo) + rmin{Ar 1 r(20), Ar.1,r(y0)}] = 31
ST.1,Fy, ST, 1,75 ] + [min{61, 03}, min{6s,04}]] = [%(ST,I,F1 +
min{01,0s}), 3(s7.1,r, +min{s, 05})]. Therefore, min{6;,
03} > p1 = %(ST’LFl +min{01,0s}) > sr.1 r, and min{6z, 6,
> po= %(STJTFZ +min{02,04}) > sr.1.r,. Hence, [min{6;
,93}, min{Qg, 94}] > [pl, pg} > [ST,I,Fla ST,I,FQ]a so that xq *
yo ¢ U(Ar1.r | [ST,1,F,, ST,1,F,]) Which is a contradiction
since AT,I,F(xO) = [91,92] > [min{@l,ﬁg},min{92,94}] >
[p1, p2] and At 1 p(yo) = [03,04] > [min{61, 05}, min{0s, 04}
] > [Pla pz]. This implies To*Yo € U(ATJ’F ‘ [ST,I,Fl , ST,I,FQ])
. Thus AT,I,F(x * y) > 7‘7’TLZ"/L{AT’[,F(LL')7 AT,I,F(:U)} Va,ye
X.

Again, let zg,yo € X be such that Ap; p(xo * yo) >
max{Ar 1 r(x0), A\r,1,7(0)}. Let Ap 1 p(x0) = 01,1,/ AT 1,F
(yo) =171,/ and Ap g p(zo*yo) =trrr,-Thentrp >
max{nT,I}Fl ~77T,I,F2}- Let us consider tT,I,F2 = %[)\T,I,F(LUO *
yo) + max{/\T717F(aco), /\T,I,F(O)}]~ We get that tT,I,Fz = % (

tr,p + maz{nrrr,nroe}). Therefore, nrrp <
1

trop = 5(trr + max{nrrr,nre}t) < trrrp and
2 1

nrir, < trrr = 3(trir + mar{nrrr,nrie}) <

trr,r, - Hence, max{nrrr,nr1m}t < tror < trim =
)\T,I,F($07y0)a so that xg * yo ¢ L()\TJ,F ‘ tT,LFl) which is a
contradiction since Ap; p (o) =nr1,m < maz {118,
et < trorr, and A r(yo) = nr1,m < maz{nr e,
nr.1,7,} < tr1r,. This implies xo,y0 € L(Ar1.F | tr1,F,)-
Thus Ar; p(z *y) < max{Ar 1 r(z), \r1r(y)} Va,ye X.

Therefore, U(Ar1,r | [s7,1,7: 57,1,7]) and LA 1 7 | tr,1,7,)
are subalgebras of X. Hence, A = (Ar 1 p, A7, ) is neutro-
sophic cubic subalgebra of X.

Theorem 3.13 Any subalgebra of X can be realized as both
the upper (st 1 F,, ST.1,F,]-level and lower tr 1 g, -level of some
neutrosophic cubic subalgebra of X.

Proof: Let 3 be a neutrosophic cubic subalgebra of X, and .A be
a neutrosophic cubic set on X defined by

A _Nlorrr,or k), ifzeB
TIF = .
[0, 0] otherwise. ’
A\ . BT,I,FU ifzeB
TIF = .
w 0, otherwise.

Vot r,orrp,] € D[0,1] and Br 1, € [0,1]. We consider
the following cases.

Case l: If ¥V z,y € B then AT}[,F(.”L') = [aT,I,FpaT,I,FQ]:
Arr,r(x) = Brom and Arp p(y) = [arrmy, ar 1, /) Ao e
(y) = Br,1,r,- Thus A gz xy) = [ar 1 F,, 1.1, 5,] = TMIN
{lar1,psar k], larrr,arrr]} = rmin{Ar r(v),
Ar 1 r(y)}and A 1 p(z *y) = Br,r,p=max{fr 1,r, Br 1,
} =max{Ar . r(x), A\ 1,7 (y)}-

Case2: If © € B and y ¢ B, then Apjp(z) =
lar,1,F > o1 1,7, Ar1,r(2) = Brr,r, and A7 1 p(y) = [0,0],
/\T,I,F(y) = 1. Thus AT717F(JC * y) Z [O, 0} = rmin{ [aT,I,F17
ar,1,m), (0,0} = rmin{Ar 1 p(x), A7 1 r(y)} and Ap 1 g (2 *
y) < 1=max{Br 1,1} = max{r 1 r(x), \r 1 r(y)}

Case 3: If x ¢ B and Yy e B, then AT,I,F<x) = [O, O]’)\T,I,F(
z)=1land Ay 1 r(y) = ar1.m, 00 1,5 Ar,0,7(Y) = Bro,m
. Thus Ap 1 p(z*y) > [0,0] = rmin{[0,0], [ar 1.7, 11,55}
= rmm{ATJ,F(x),AT’LF(y)} and )\T,I,F(x * y) <1 =
max{l, Br.r,r } = max{Ar r(x), A\ 1,7 (y)}-

Case4:If x ¢ B and Y ¢ B, then AT,I,F(x) = [O, O], )\T,LF(
xz)=1and Ap; p(y) = [0,0], Ar,; r(y) = 1. Thus Ay 1 p(x *
y) > [0,0] = rmin{[0, 0], [0,0]} = rmin{Ar 1 r(z), Ar 1,7 (y
)} and Ap g p(zxy) < 1 = max{l,1} = maz{Ar 1 r(z),
Arr,r(Y)}

Therefore, A is a neutrosophic cubic subalgebra of X.

Theorem 3.14 Let B be a subset of X and A be a neutrosophic
cubic set on X which is given in the proof of Theorem 3.13. If
A is realized as lower level subalgebra and upper level subal-
gebra of some neutrosophic cubic subalgebra of X, then P is a
neutrosophic cubic one of X.

Proof: Let A be a neutrosophic cubic subalgebra of X, and
x,y € B. Then Arrr(x) = Arrr(y) = [orrm,or1,m)
and /\T,I,F<x) = )\T,I,F(y) = /BT;I7F1' Thus AT717F(:I,‘ * y) Z
rmin{ Az, r(x), Ar,1,.r(y) }=rmin{[ar 1., or 1R, (01, m
sar 1} = o ry, or g p] and A g p(axy) < max{Ar . p
(%), A, 1,7 (y) }=max{Br.1,F\, Br.1,F, }=BT,1,F,, = T xy € B

. Hence, the proof is completed.
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4 Images and Pre-images of Neutro-
sophic Cubic Subalgebras

In this section, homomorphism of neutrosophic cubic subalge-
bras are defined and some results are studied.

Let f be a mapping fromaset X intoasetY and A = (Ar 1 r
, A7 1,F) be a neutrosophic cubic set in Y. So, the inverse-image
of A is defined as f~1(A)={(z, f"Y(Ar1r), f*OAr.1r)) |
x€ X}and f~H(Arrp)(2) = Ar g e(f(x)) and f~H (A1 r)
() = Ar.1.r(f(z)). It can be shown that f~*(A) is a neutro-
sophic cubic set.

Theorem 4.1 Suppose that f | X — Y be a homo-
morphism of B-algebras. If A = (Ar1p,Arir) is
a neutrosophic cubic subalgebra of Y, then the pre-image
FH A=, T (Arre), f Orre)) | @ € X} of A un-

der f is a neutrosophic cubic subalgebra of X.

Proof: Assume that A = (Ar;p,AryF) iS a neutro-
sophic cubic subalgebra of Y and let z,y € X. then
FH A p)(axy) = Ar 1 p(f(zxy)) = Az p(f(2)xf(y)) >
rmin{Ar 1 rp(f(x)), Ar.rr(f(y)} = rmin{f~"(Arrr)(z)
JTHAr L F) (W)} and fT A E)(x ok y) = Arpe(f(z
) = A, r(f(2)*f(y)) < max{Ar, 1 p(f(2)), Ar,1,r(f(y))}
= maz{fArrr) (@), [T Orre)(y)) oo fTHA) =
{z, fY(Ar1.r), f7*(Ar1,F)) | * € X} is neutrosophic cu-
bic subalgebra of X.

Theorem 4.2 Consider f | X — Y be a homomorphism of
B-algebras and A; = (Ajr.1,r, \jr,1,F) be neutrosophic cubic
subalgebras of Y where j € k. If inf{maz{\jr 1,7 (y), \jr.1.F
(W)} = maa{infAjr1r(y),infArrr(y)} Yy €Y, then
f~HNgA;) is also a neutrosophic cubic subalgebra of X.

JjEk
Proof: Let A, = (Ajrrr,A\jr,r) be neutrosophic
cubic subalgebras of Y where ;7 € k satisfying

inf{max{\jr.1.r(y), \jr,1.7 (Y) }}=maz{infAjr.1.p(y), inf
Nirr,r(y)} Yy € Y. Then by Theorem 3.3, (A, is a
jek
neutrosophic cubic subalgebra of Y. Hence f~'([A;) is also
jEk
a neutrosophic cubic subalgebra of X.
Theorem 4.3 Ler f | X — Y be a homomorphism of B-
algebras. Assume that A; = (Ajr 1,7, \jT,1,F) be neutrosophic
cubic subalgebras of Y where j € k. If rsup{rmin{A;r 1 r(y1
)s Ajr..r(y)yy=rmin{rsupAjr 1. p(y1), rsupAjr.r.r(y1)} v
y1,y2 €Y, then f~*(UgA;) is also a neutrosophic cubic sub-
jek
algebra of X.
Proof: Let A; = (Ajr 1 r, A\jr,1,r) be neutrosophic cubic sub-
algebras of Y, where j € k satisfying rsup{rmin{A;r r r(y1),
Ajr.1p(y2)}y=rmin{rsupAjr 1. r(y1), rsupAjrrp(y2)} Vv
y1,y2 € Y. Then by Theorem 3.4, | J;.A; is a neutrosophic cu-
jek
bic subalgebra of Y. Hence, f~*(|Jz-4;) is also a neutrosophic
jek
cubic subalgebra of X.

Definition 4.1 A neutrosophic cubic set A=(Ap 1 p, A\r1.F) in
the B-algebra X is said to have rsup-property and inf-property
iffor any subset S of X, there exist sy € T such that Ap 1 p(s0)=

rsups,esAr,r,r(to) and Ap 1 p(to)=inf Ar 1 r(to) respec-
toeT

tively.

Definition 4.2 Let f be mapping from the set X to the set Y.
If A = (Ar1.p, A\r1.r) is neutrosphic cubic set of X, then
the image of A under f denoted by f(A) and is defined as
FA)={(z, frsup(Ar.1.F), fing(Ar1.F)) | © € X}, where

) rsupgep-10p) (A p)(X), i fTHy) # ¢

Froup(Ar.1.e)(y) = {[070], otherwise,
and

Argr (2),

'y #¢
sef-1(y)

1, otherwise.

Jing(Ar1,r)(y) =

Theorem 4.4 suppose [ | X — Y be a homomorphism from
a B-algebra X onto a B-algebra Y. If A = (Ar 1 r,Ar1,F)
is a neutrosophic cubic subalgebra of X, then the image
FA)={(z, frsup(AT,1,F), fins(AT,1,F)) | © € X} of A under

f is a neutrosophic cubic subalgebra of Y.

Proof: Let A = (Ar; r, Ar,1,7) be a neutrosophic cubic sub-
algebra of X andlety;, y2 € Y. We know that {x1 x5 | 21 €
f7Hy) and x2 € fTNy2)} S{r € X |z € f~ My *
y2)}. Now frsup(Ar 1 r)(yr * y2)=rsup{Arr(z) | = €
F oy y2)} > rsup{Ar 1 p(z1 % 22) | 21 € f~'(y1) and
xy € f(y2)} > rsup{rmin{Ar ; p(z1), Ar 1 r(x2)} | 71 €
f7Hy) and z2 € f7'(y2)} = rman{rsup{Ar 1 r(z1) |
z1 € fHy)} rsup{Ar r p(22) | 22 € f71(y2)}} = rmin
{frsup(Ar,1,7)W1)s froup(Ar,1,7)(y2)} and finr(Ar 1 F) (Y1 *
y2) = inf{hrrr(x) |z e fTHyrxy2)} < inf{Ar g p(@1*
x9) |21 € f7Hun) and a2 € fH(y2)} < inf{maz{Ar 1 r(
1), A r(2)} | o € f7Ny) and xp € fTN(y2)} =
maz{inf{\rrr(z1) | ©1 € [~ (y)}inf{Ar 1 r(z2) |
zy € [T y2)}} = maz{ fingOr,0,r)(W1)s fingOr,1,7)(y2)}
Hence f(A)={(z, froup(Ar,1.F), finf(Ar1.F)) | * € X}isa
neutrosophic cubic subalgebra of Y.

Theorem 4.5 Assume that f | X — Y is a homomorphism of
B-algebra and A; = (Air,1,7, Ni1,1,F) IS a neutrosophic cubic
subalgebra of X, where i € k. If inf{max{\ir,1.r(x), Nit.1,F(
)}y = max{infhrr@),infNirrr(x)y Vo € X,
thenf((\pA;) is a neutrosophic cubic subalgebra of Y.

ick

Proof: Let A; = (A1 F, N\ir,1,F) be neutrosophic cubic subal-
gebra of X where i € k satisfying in f{max{ \ir.1 r(x), NiT.1 F
()} r=maz{inf i 1,7(x), inflir1 r(x)} Yo € X. Then by
Theorem 3.3, () .A; is a neutrosophic cubic algebra of X. Hence
ick
f(NpA,;) is also a neutrosophic cubic subalgebra of Y.
ick
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Theorem 4.6 Suppose f | X — Y be a homomorphism of B-

algebra. Let A;=(A;r 1., Nir,1,F) be neutrosophic cubic sub-

algebras of X where i € k. If rsup{rmin{A;r 1 r(x1), Air.1 F

(x2)}y=rmin{rsupAir 1, p(z1), rsupAir 1, p(z2)} ¥V 21,22 €

Y, then f(|Jp.Ai) is also a neutrosophic cubic subalgebra of Y .
i€k

Proof: Let A, = (A;7.1,F, \ir,1,7) be neutrosophic cubic sub-
algebras of X where ¢ € k satisfying rsup{rmin{A;r 1 r(z1),
Air. 1 r(z2) }y=rmain{rsupAir 1,7 (z1), rsupAir 1, r(z2)} V¥
z1,22 € X. Then by Theorem 3.4, |Jp.A; is a neutrosophic
i€k
cubic subalgebra of X. Hence f(|Jp.A;) is also a neutrosophic
i€k
cubic subalgebra of Y.

Corollary 4.1 For a homomorphism f | X — Y of B-algebras,
the following results hold:

1. IfV i € k, A; are neutrosophic cubic subalgebra of X,
then f((\rAi) is neutrosophic cubic subalgebra of Y
i€k
2. IfV i € k, B; are neutrosophic cubic subalgebra of Y, then
I~ (NgB;:) is neutrosophic cubic subalgebra of X.
ick
Proof: Straightforward.

Theorem 4.7 Let f be an isomorphism from a B-algebra X onto
a B-algebra Y. If A is a neutrosophic cubic subalgebra of X,
then [~1(f(A)) = A

Proof: Forany z € X, let f(x) = y. Since f is an isomorphism,

f7Hy) = {=}. Thus f(A)(f(z)) = F(A) = U )A(x)

zef~(y
= A(z). )
For any y € Y, since f is an isomorphism, f~!(y) = {z} so
that f(z) = y. Thus f~*(A)(z) = A(f(x)) = A(y).
Hence, f~1(f(A)) = f~1(A) = A

Corollary 4.2 Consider f is an Isomorphism from a B-algebra
X onto a B-algebra Y. If C is a neutrosophic cubic subalgebra

of Y, then f(f~1(C)) =C.
Proof: Straightforward.

Corollary 4.3 Let f | X — X be an automorphism. If A refers
to a neutrosophic cubic subalgebra of X, then f(A) = A <—
f7HA) =A

5 Neutrosophic Cubic Closed Ideals of
B-algebras
In this section, neutrosophic cubic ideals and Neutrosophic cu-

bic closed ideals of B-algebra are defined and related results are
proved.

Definition 5.1 A neutrosophic cubic set A = (A p,Ar,1,F)
of X is called a neutrosophic cubic ideal of X if it satisfies fol-
lowing axioms:

N3. Ar 1. p(0) > Ap 1 p(x) and A1, p(0) < Ap 1 r(z),

N4. Ar 1 p(x) > rmin{Ar . r(zxy), Ar,r(y)}

NS. )\T,I,F(x) < max{)\TJ’p(;v * y), AT,I,F(y)}V X,y € X

Example 5.1 Consider a B-algebra X = {0, a1, as, a3} and bi-
nary operation * is defined on X as

X ‘ 0 a1 az asg
0 0 ay as as
aq ay 0 as as
as | as az 0 a
as | ag as a3 O

Let A = {Ap 1 r, A\r,1,r} be a neutrosophic cubic set X defined
as,

| o0 a1 as as
A [1,1] [0.9,0.8] [1,1] [0.5,0.7]
Ar | [09,09] [0.6,0.81 [0.9,0.9] [0.7,0.5] °
Ar | [0.8,09] [0.5,0.6] [0.8,0.9] [0.9,0.5]

‘ 0 ay as as
0

Ar 09 0 08
Ar |01 06 01 07
Arp |03 04 03 05

Then it can be easy verify that A satisfying the conditions N3, N4
and N5. Hence A is a neutrosophic cubic ideal of X.

Definition 5.2 Let A = {Ar 1 r, Ar,1,r} e a neutrosophic cu-
bic set X then it is called neutrosophic cubic closed ideal of X if
it satisfies N4, N5 and

N6. Ap;r(0*x) > Appp(z) and Appp(0 x z) <
/\T,I,F(z): V zeX.

Example 5.2 Ler X = {0,a1, a9, a3, a4,as5} be a B-algebra in
Example 3.2 and A = {Ar 1 r, Ar,1,r} be a neutrosophic cubic
set X defined as

‘ 0 ai as as ay as
Ar | 10.3,0.6] [0.2,0.5] 1[0.2,0.5] 1[0.1,0.3] [0.1,0.3] [0.1,0.3]
Ar | [0.4,0.7] [0.3,0.6] [0.3,0.6] [0.2,0.5] [0.2,0.5] [0.2,0.5]
Ap | [05,0.8] [04,0.7] [04,0.7] [0.2,03] [0.2,03] [0.2,0.3]

‘ 0 ay a2 as ay4 as

Ap |02 05 05 07 07 07
Ar |03 04 04 06 06 06 °
Ap |04 05 05 08 08 08

By calculations verify that A is a neutrosophic cubic closed ideal
of X.

Proposition 5.1 Every neutrosophic cubic closed ideal is a neu-
trosophic cubic ideal.
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The converse of Proposition 5.1 is not true in general as shown
in the following example.

Example 5.3 Ler X = {0,a1, a9, a3, a4,as} be a B-algebra in
Example 3.1 and A = {Ar 1 F, A\r,1,r} be a neutrosophic cubic
set in X defined as,

‘ 0 ay as as a4 as
[0.4,0.6] [0.3,0.5] [0.3,0.5] [0.2,0.3] [0.2,0.3] [0.2,0.3]
[0.5,0.7] [0.4,0.6] [0.4,0.6] [0.3,0.5] [0.3,0.5] 1[0.3,0.5]
[0.6,0.8] [0.5,0.7] [0.5,0.7] [0.4,0.3] [0.4,0.3] [0.4,0.3]

‘ 0 al a2 as aq as

Ar |01 04 04 05 05 05
Ar 102 03 03 06 06 06 °
Ar 05 05 08 08 038

By calculations verify that A is a neutrosophic cubic ideal of
X. But it is not a neutrosophic cubic closed ideal of X since
AT7[7F(O * a:) > ATJ,F(x) and AT,I,F(O * JU) < /\T,I,F(l‘):
vV oz e X.

Corollary 5.1 Every neutrosophic cubic subalgebra satisfies N4
and NS5 refer to a neutrosophic cubic closed ideal.

Theorem 5.1 Every neutrosophic cubic closed ideal of a B-
algebra X works as a neutrosophic cubic subalgebra of X.

Proof: Suppose A = {Ap ; r, Ar,1,7} be a neutrosophic cubic
closed ideal of X, then for any € X we have Ay ; p(0 % z) >
AT,I,F(x) and /\T,I,F(O * x) S )\T,I,F(x)~ Now by N4, N6, ([3],
Proposition 3.2), we know that Ap 1 g (zxy) > rmin{Ar 1 p((x
y)*(0xy)), Ar,1,r(0xy)} = rmin{Ar,1 r(z), Ar,1,r(0xy)} >
rmin{Ar 1. r(x), Ar,r.r(y)} and Ap 1 p(zxy) < max{Ar 1 r
((zxy)*(0xy)), Ar,1,r(0xy)} = max{Ar,1,p (), Ar,1,7 (0 *
y)} < max{Ar 1 r(z), M1, r(y)}. Hence, A is a neutrosophic
cubic subalgeba of X.

Theorem 5.2 The R-intersection of any set of neutrosophic cubic
ideals of X is also a neutrosophic cubic ideal of X.

Proof: Let A; = {A;r 1.r, N\ir,1,r}, where i € k, be a neutro-
sophic cubic ideals of X and z,y € X. Then

(NAir,1,7)(0) = rinfAir 1,7(0)
> rinfAqr,r(x)
= (NAir,1,F)(2),

(VAir,1,7)(0) = supAir,1,7(0)
< Xir,1,r(2)
= (VNir,1,r)(z),

(NAi7,1,F)(x) = rinfAir 1 ()
> rinf{rmin{Air 1. r(x*y), Air.1 r(y)}}

= rmin{rinfAr 1 r(z*y),rinfArry)}
= rmin {(NAir,1,7)(x *y), (NAir 1,7)(y)}

and

(VAir,1,r)(x) = supAir,1,F()
< sup{maz{Air,1,r(z *y), Nir,1,F (y) }}
= maz{supir 1, r(x *y), supir 1,7 (y)}
= maxz {(VAir,1,r)(@ *y), VAir,1,7)(y)}

which shows that R-intersection is a neutrosophic cubic ideal of
X.

Theorem 5.3 The R-intersection of any set of neutrosophic cubic
closed ideals of X is also a neutrosophic cubic closed ideal of X.

Proof: It is similar to the proof of Theorem 5.2.

Theorem 5.4 Neutrosophic cubic set A = {Ar 1 p, A1 1.7} of
X is a neutrosophic cubic ideal of X <= AL, A%, - and
Ar.1,F are fuzzy ideals of X.

Proof: Assume that z,y € X. Since A7 ; (0) > A7 p(2)
and A;LF( ) > AJTFI (), therefore, Ap 1 (0) > Ar 1 p(x).
Also, )\T,I,F( ) < )\T,I,F( ) Let A;,I,F’ A;,I,F and )\T,I,F are
fuzzy ideals of X. Then Ar r r(z) = [A7 ; p(2), A;,LF(l‘)} >
[mm{AE I, rl@xy), Ar, I, rW)} mm{A; I, rl@xy), A; I, F(
y)}= rmm{[ 7.1, (2 y) AJTFI rl@xy)], [AT 1,r(Y); A;I F

W)} = rmin{Arrp(z * y), Ar1p(y)} and Appp(z) <
max{Ar 1 r(x *y), A\r,1,7(y)}. Therefore A is a neutrosophic
cubic ideal of X.

Conversely, let A be a neutrosophic cubic ideal of X. For
any z,y € X, we have [A7 ; p(x), AT p(2)] = Ar 1 p(z) >
rmin{Ar,r,p(x*y), Ar,r,r(y)} =rmin{[Az | p(axy), A ;g
(zxy)], [A:F,I,F( ), A}r W} = min{Ap  p(z+y), AT
(y )}amin{A;IF(w * Y), ATIF(y)}' Thus, Ap; p(z) =
min{Ar ; p(z*y), Ar 1 p(y)}, ATI Fl) > mm{AJTr,I,F(x *
Y), A% 1 p(W)} and Az p(2) <maz{Ar 1 r(exy), A ne(y)}-
Hence, AT7I7F, A;’LF and Ap ; p are fuzzy ideals of X.

Theorem 5.5 For a neutrosophic cubic ideal A

{Ar 1.r, Ar,1,r} of X, the following are valid:

1. ifxxy <z then Ap 1 p(z) > rmin{Ar 1,7 (y), Ar.1,7(
Z)} and )\T,I,F(x) S max{/\T_’LF(y), AT,I,F(Z)};

2. lfiL' < Y, then AT,LF(x) > AT,I,F(y) and )\T,Lp(x) <
)\T,I,F(y) V$7yaz € X.

Proof: (1) Assume that z,y,z € X such that z x y < z. Then
(xxy)*z = 0and thus Ap 1 p(z) > rmin{Ar 1 p(z*y), Ar 1 F
()} = rmin{rmin{ Az 1 r((x*y)*2), Ar,r,r(2)}, Ar,r,r(y)}
=rmin{rmin{AT,1,F(O), ATJ)F(Z)}, AT,I,F(ZI) }=rmin{AT,17F
(y), Ar,r,r(2)} and Ar, 1 p(2) < maz{Ar,,r(2+y), Ar,1,r(y)}
< max{max{Ar 1 r((x*y)*2), \r.1 r(2)}, Ar.1,r(y) }=mazx
{maa{Ar,1,r(0), Ar, 1,7 (2)}, A1, r(y)} = maz{ Az, r(y),
)\T,I,F(Z)}~
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(2) Again, take x,y € X such that x < y. Then z %
y = 0 and thus Ay p(z) > rmin{Ar 1 r(z*y), Ar1,r(y)}
= rmin{Ar 1 r(0), Ar 1, r(y)} = Ar 1, r(y) and A p(z) <
rmin{Ar 1, r (2 *y), Ar,1,r(y)} = rmin{Ar,1,p(0), A\r.1,r(y)}
=Ar1,r(Y).

Theorem 5.6 Let A= {Arp ; p, \r 1,7} is a neutrosophic cubic
ideal of X. If zxy < zV z,y € X, then A is a neutrosophic
cubic subalgebra of X.

Proof: Assume that A = {Ar 1 p, A\r 1 r} is a neutrosophic cu-
bic ideal of X. Suppose that x xy < z V z,y € X. Then

Ar 1 r(z*y) > Argr()
(. By Theorem 5.5)
> rmin{Ar 1 r(z *y), Ar.1,r(y)}
(- By N4)
> rmin{Ar 1 r(x), Ar1,r(y)}
(. By Theorem 5.5)
= Arrr(x*y) > rmin{Ar 1 r(x), Arr.r(y)}

and

Arrr(zxy) < Arrp(x)
(. By Theorem 5.5)

< maz{ A1, r(**y), \r.1,r(y)}
(- By Nb)

< maz{Ar 1 r(*),Ar1,F(y)}
(. By Theorem 5.5)

= A1 r(x xy) < maz{Arr(x), Arr,r(y)}

Hence, A = {Ar 1,F, A1 1, } is a neutrosophic cubic subalgebra
of X.

Theorem 5.7 If A = {Ar 1,p, A1, r} is a neutrosophic cubic
ideal of X, then (...((x * a1) * az) * ...) * a,, = 0 for any x, aq,

ag,...,an € X, = ATJ’F(:L') > rmin{AT717F(a1), AT7[7F(CL2)

v Ar 1 p(an)} and A p(x) < max{Ar 1,r(a1), Arr,r(a2
), ceey )\T,I,F(an)}'

Proof: We can prove this theorem by using induction on n and
Theorem 5.5).

Theorem 5.8 A neutrosophic cubic set A = (Ar p, r.1,F)
is a neutrosophic cubic closed ideal of X <= U(Arr |
[sT.1,7,,8T,1,1,]) and L(Ar 1,5 | tr1,/, ) are closed ideals of X
for every [sT.1.F,, sT,1,7,] € D[0,1] and tr 1, € [0,1].

Proof: Assume that A = (A7 ; r, A1 1. F) is a neutrosophic cu-
bic closed ideal of X. For [s7.1,m,S7.1,5,] € DI0,1], clearly,
O0xx € U(ATJ’F | [ST,I,FUST,I,FQD, where x € X. Let
z,y € X besuch that z xy € U(ATJ’F ‘ [ST,I,FUST,I,FQ])
and y € U(Arrr | [sT1,m,57,1,R]). Then Arrp(z) >
rmin{Ar 1 r(z * y),Ar1r(y)} > [sT1.R,STIR], =

v € U(Arrr | [stom,stir]). Hence, U(Arrp |
[s7.1,/,,ST,1,F,)) 18 a closed ideal of X.

For tr 1 p, € [0,1]. Clearly, 0 x x € L(Arrr | tr1m ).
Let z,y € X be such that z xy € L(Arrp | trr,r) and
Yy € L()\T,I,F | tT)I7F1)' Then )\T,Lp(x) < max{)\T’LF(ac *
Y), A\rr,r(y)} < trom, =2 € L(Arr | tr1,r). Hence,
L(Ar,1.r | tr1 F,)- is a neutrosophic cubic closed ideal of X.

Conversely, suppose that each non-empty level subset
U(Arr,r | [s71,/7,871,R])) and LAt r | trir) are
closed ideals of X. For any z € X, let Ap;p(z) =
[ST,I.,FUST,I,FZ] and )\T’]’F(x) = tT,I,F1~ Then z € U(AT7[7F |
[ST,I,FNST,I,FZ]) and z € L()\T,I,F | tT,I,Fl)- Since 0 x x €
UArp | [stursstam]) VLA Le | trom), it fol-
lows that AT7]7F(O * JE) > [ST,I,FNST,I,FQ] = ATJ,F(x) and
/\T,I,F(O * I) < tT,I,Fl = )\T,I,F(x) VzelX.

If there exist OCT,I,FlvﬂT,I,Fl € X such that AT,I,F(CVT,I,Fl)
< rmin{Ar,1,r(arr,r * Br1,r ), Br.1,F }» then by taking |
S0P ST LR = s[Ar 1 p(or s r * Bram) +rmin{Ar g p
(aT,I,Fl)a AT] F(BT I, Fl)}] it follows that a1 Fy ok 5T,I,F1 S
UArie | [srressrom)) and Broe € UlAre |

[S/T,I,Fl’SIT,I,Fz])’ but arrr & U(A7 1 F | [SIT,I,FNS/T,I,FQ])’
which is contradiction. Hence, U(Ar 1,7 | [S/T’I’FI,S/T’I’FJ) is
not closed ideal of X.

Again, if there exist yr 7. p,, O7,1,, € X suchthat Ap 7 p (
Y, E) > maw{)\TI r(yr, Py * 071, ), M1, r (07, 1,m,) )
then by taking tT IR s (Ve * Orrm) +
max{)\T I F('VTI Fl) )\TI F((sT[ Fl)}] it follows that YT,1,F; %
Or. 1 € LOAr,1,F | tTJ,Fl) and dr 1. p, € L(Ar1,F | tlTJ’Fl),
but vrrm ¢ LArirp | tlT,I,Fl)’ which is contradiction.
Hence, L(Ar1,F | t/T7 r.r,) is not closed ideal of X. Hence,
A = (Ar 1,7, Ar,1,r) is a neutrosophic cubic closed ideal of
X because it satisfies N3 and N4.

6 Investigation of Neutrosophic Cubic
Ideals under Homomorphism

In this section, neutrosophic cubic ideals are investigated under
homomorphism and some results are studied.

Theorem 6.1 Suppose that f | X — Y is a homomorphism of
B-algebra. If A=(Ar 1,r, A1) is a neutrosophic cubic ideal

of Y, then pre-image f~1(A)= (f_l (Arrrp), f71 ()‘T,I,F)) of
A under f of X is a neutrosophic cubic ideal of X.

Proof: Vz € X, [~ (Ar 1 r)(z) = ATI F(f(x)) < Ar 1 r(0
)=A7 1.#(f(0))=f"(Ar,1,r)(0) and f (>\T r)(x) = A1 F
(f(2)) = Ar,r,r(0) = Ar,1,r(f(0)) = f~ (Ar,r,r)(0).

Let x,y € X then f_l(AT,[’F)(LL‘) AT,I,F(f( )) > rmin{
Ar 1 r(f()* f(v) Ar.r,r(f(y)} = rmin{Ar 1 r(f(z *y))
AT e(f(y)} = rmin{ f~ Az p)(@xy), f~ (Arrr)(y)}
and f'(Arrp)(2) = Arrrp(f(2) < maz{Arrr(f(z) *
fW): Ar, e (f(y)} = maz{Ar,,r(f(z *y)), Ar,,r(f(y)}
=maz{f~ Ar.1.r)(@*y), [T OArrr)(y)}
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Hence, f~1(A) = (f’l(ATJ_’F), f’l()\T,I,F)) is a neutro-
sophic cubic ideal of X.

Corollary 6.1 A homomorphic pre-image of a neutrosophic cu-
bic closed ideal is a neutrosophic cubic ideal.

Proof: Using Proposition 5.1 and Theorem 6.1, straightforward.

Corollary 6.2 A homomorphic pre-image of a neutrosophic cu-
bic closed ideal is also a neutrosophic cubic subalgebra.

Proof: Straightforward, using Theorem 5.1 and Theorem 6.1.

Corollary 6.3 Let f | X — Y be homomorphism of B-
algebra. If A; = (Ayr,1. 7, Ni1,1,F) IS a neutrosophic cubic ide-

als of Y where i € k then the pre-image f~1 ( N AZ-T’I}F>

i€kR
= (fl(ﬂ AZ-TJ,F),f’l(ﬂ )\iT,Lp)) is a neutrosophic
i€kR i€ckR
cubic ideal of X.

Proof: Straightforward, using Theorem 5.2 and Theorem 6.1.

Corollary 6.4 Let f | X — Y be homomorphism of B-algebra.
If Ay = (Air1,p, Nir1,7) is a neutrosophic cubic closed ide-

als of Y where i € k then the pre-image f~1 ( N AiT’I}F)
i€kR

is a neutrosophic

= (f_l( N Airrr) f7HN )\iT,I,F))
i€kR i€ckR
cubic closed ideal of X.

Proof: Straightforward, using theorem 5.3 and Theorem 6.1.

Theorem 6.2 Suppose that f | X — Y is an epimorphism of
B-algebra. Then A = (Ar 1 r, v 1,r) is a neutrosophic cu-

bic ideal of Y, if f 1 (A) = (f_l(AT,I,F)a f_l(/\T,I,F)) of A

under [ of X is a neutrosophic cubic ideal of X.

Proof: Foranyy € Y, 3z € X suchthaty = f(x). So, Ar s r
(v) = Arr(f(2) = [~ (Arrr)(x) < [ (Arr)(0) =
Arpr(f(0)) = Arrr(0) and Arpr(y) = Arrr(f(2))
= [T'Orre)(@) = fT1Orne)0) = Arrr(f(0) =
A7,1,7(0).

Suppose y1,y2 € y. Then f(x1) = y; and f(x2) = ys for
some z1, w2 € X. Thus, Ar 1 r(y1) = Arrr(f(z1)) = f7(
Ar 1 p)(x1) > rmin{ f (A7, 1,r) (21 %22), f (A1) (22)}
= rmin{Ar 1 r(f(x1 * 22)), Ar. 1. F(f(22))} = rmin{Ar 1 F
(f(z1)*xf(z2)), Az 1.7 (f(22))}=rmin{Ar 1 F(y1%y2), AT 1,F
(y2)} and Az 1 r(y1)=A7 1, r (f(21))=f " (Ar.1,7) (21) < maz
{F'Orrp)(@rxzs), f7 (Arpp) (22)} = maz{Ar 1 r(f (21
x2)), A1, 7 (f(22))} = max{Ar 1 r(f(x1) * f(x2)), Ar, 1,7 (f
(2))} = max{ 7,1, r(y1 * ¥2), M1,r(y2)}. Hence, A =
(Ar.1,F, A1 1,F) is a neutrosophic cubic ideal of Y.

6.1 Product of Neutrosophic Cubic B-algebra

In this section, product of neutrosophic cubic B-algebras are de-
fined and some corresponding results are investigated.

Definition 6.1 Let A = (Ap;p,Arrp) and B =
(Br,1,F, U1, 1,F) be two neutrosophic cubic sets of X and Y re-
spectively. The Cartesian product A x B = (X x Y, Ar 1 p X
Br1,p, Ar,1,F X Ur,1,F) is defined by (At 1. p X Br1r)(z,y)
= ’I’min{AT’]’F(.T), BT,I,F(y)} and ()\T,I,F X UT,[7F)(:L‘7y) =
max{Ar 1 r(x),vr1 r(y)}, where Ar 1 pxBrp| X XY —
D[0,1)and A, 1,p X v r | X XY —[0,1] ¥V (z,y) € X X Y.

Remark 6.1 Let X andY be B-algebras. we define x on X XY

by (z1,y1) * (x2,92) = (T1 * T2, Y1 * Y2) for every (x1,y1) and
(z2,y2) € X X Y. Then clearly, X x Y is a B-algebra.

Definition 6.2 A neutrosophic cubic subset A x B = (X x
Y,Ar 1 r X Brr,Ar,1,F X Ur,1,F) is called a neutrosophic
cubic subalgebra if

N7: (AT,I,F X BT,I,F)((l'hyl) * (xg,yg)) > rmin{(AnLF X
Brir)(x1,v1), (Arr.r X Brrp)(z2,y2)}

N8: (Arr.r x vrrr)(z1,y1) * (22,92)) < maz{(Ar,1,Fp X
v, r) (@1, 1), Ar,,r X vrr) (22, y2)}

V(z1,y1), (x2,2) € X XY

Theorem 6.3 Letr A = (AT,I,F;)\T7I7F) and B =
(Br,1,F,vr,1,r) be neutrosophic cubic subalgebra of X
and Y respectively. Then A x B is a neutrosophic cubic
subalgebra of X x Y.

Proof: Let (r1,y1) and (z2,y2) € X x Y. Then (Ar 1 p X
Brrr)((x1, y1)*(x2,y2)) = (A1, 1,7 X By 1,7) (21522, Y1 %Y2)
= rmin{Ar 1 (1 *x2), Br1r(y1 *y2)} > rmin{rmin{
A7 17 (71), A7 1, p(22) ), rmin{ Br 1 r(y1), Bror(y2)} ) =
rmin {rmin { Ar . r(x1), Br,r(y)}, rmin { Ap g (z2),
Br1,r(y2)}} = rmin{(Ar,1,r X Br1,r)(@1,y1), (Ar,p X
Br1,r)(w2,92)} and (Ar 1. r X vr 1, 7)((21,y1) * (22,92)) = (
A p X vrrp)(z * To,y1 * Y2) = maz{Arr(x *
x2),vr,1,r (Y1 * Y2)} < max{maxr{\rr r(z1), A1 r(22)},
maﬂ?{UT,I,F(m), UT,I,F(yQ)}}=mal’{ma${/\T,1,F(ﬂ?1), uTI1,F
(y1)}smaz{Ar, 1 p(z2), 01, r(y2)}t =  maz{(Arr X
vrr,r)(21,Y%1), (A, p X vrr r)(22,y2)}. Hence A x Bis a
neutrosophic cubic subalgebra of X x Y.

Definition 6.3 A  neutrosophic  cubic subset A x B
= (X X Y>AT,I7F X BT,I,F7>\T,I,F X UT,I,F) is called a
neutrosophic cubic ideal if

N9: (AT,I,F X BT717F)(O,O)
and (Ar1r x vrrr)(0,0)
Y(z,y) € X XY,

N10:  (Ar;r X Brrr)(ri,y1) > mmin{(Arrr X
Br1,r)(x1,y1) * (22,92)), (Ar,1,F X Br,1,7)(22,92)

and

NI11:  (Arrr X vrrr)(zn,y) <0 max{(Arrr X
vrrr)(T1,91) * (22,92)), Ar.1.F X vr 1, F)(T2,y2) }

and A x B is closed ideal if it satisfies N9, N10, N11, and

(Ar,1,r X Bror)(z,y)

>
< (Arpr X vrr)(@,y)
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NI12: (AT,I,F X BT,I,F)(((),O) * (l‘,y)) > (AT,I,F X
Br 1. r)(w,y) ¥ (z1,11), (v2,92) € X X Y.
Theorem 6.4 Letr A = (AT,I,Fa )\T,I,F) and B =

(Br,1,7,vr,1,F) be neutrosophic cubic ideals of X and Y
respectively. Then A x B is a neutrosophic cubic ideal of X X Y.

Proof: Forany (z,y) € X XY, wehave (A7 1 X Br,1,7)(0,0)
= rmin{AT717F(O), BT7[7F(O)} Z rmin{AT717F(a:), BT,I,F(y
)} = (Ar.1.r X Brr)(z,y) and (Ar 1 r X vrrr)(0,0) =
maz{Ar,1 r(0),vr 1 r(0)} < mar{Ar1r(z),vr1r(y)} =
(A1, p X v, F) (2, Y).

Let (x1,y1) and (wg2,y2) € X x Y. Then (Arrrp X
Brr)(x1,y1) = rmin{Ar 1 r(z1), Brrr(y)} > rmin{
rmin{Ar . r(x1 * x2), Ar1,p(x2)}, rmin{Br . r(y1 * y2),
Br1.r(y2)}} = rmin{rmin{Ar 1 p(x1*x2), Br 1 r(y1*y2)}
;rman{Ar 1, p(x2), Br.r,r(y2)}} = rmin{(Ar,r,r X Br1,r)
(x1*22, y1%Y2), (A1 1,7 X Br,1,F)(22,Y2)} = rmin{(Ar 1 r %
Brr.r)((z1,y1) * (x2,92)), (Arr,r X Brr)(x2,y2)} and
(Arr,r X vrr)(21,91) = max{Ar ,r(21),vrr(y1)} <
max{maz{Ar 1 (1 *x2), A\p 1, 7(x2)}, max{vr 1 r(y1 *y2)
sur,1,F(y2) 1} = max{maz{\r 1 p(x1 * 2), 07,1, 7 (Y1 * Y2)}
;maz{Ar 1. r(r2),vr,1,r(y2)}} = maz{Ar . r ¥ vr ) (1 *
T2,Y1 * y2),(/\T,1,F X UT,I,F)(UUQ,QQ)} = maﬂ?{(/\T,I,F X
vr,r) (1, y1) * (X2 % y2)), (Ar,1,r X v, 1, F)(T2,y2)}. Hence,
A x B is a neutrosophic cubic ideal of X x Y.

Theorem 6.5 Let A =(AT,I,F7 >‘T,17F) and B =(BT,I,F, UT,I,F
) be neutrosophic cubic closed ideals of X and Y respectively.
Then A x B is a neutrosophic cubic closed ideal of X x Y.

Proof: By Proposition 5.1 and Theorem 6.4, A x B is neutro-
sophic cubic ideal. Now, (A1 1 r X By r)((0,0) * (x,y)) =
(AT,I,F X BT’]’F)(O * T, 0 = y) = Tmi’l’L{AT’[’F(O * {,C)7 BT,I,F
(0xy)} > rmin{Ar 17 (z), Br1r(y)} = (Arr.r X Brir
)@, y) and (Ar,rr X vr,r)((0,0) * (z,y)) = (Arrr X
vrr,r)(0* 2,0 xy) = maz{Ar 1 r(0* x),vr 1, r(0*xy)} <
maz{Arr.r(x),vrr(y)} = (Arr,r X vrrr)(z,y). Hence,
A x B is a neutrosophic cubic closed ideal of X x Y. Hence,
A x B is a neutrosophic cubic closed ideal of X x Y.

Definition 6.4 Let A = (AT,I,Fv >\T,I,F) and B =
(Br,1,7,Vr,1,7) be neutrosophic cubic subalgebra of X and Y
respectively. For [sT.1 . ST.1,5,] € D[0,1] and tr 1 r, € [0,1],
the set U(ATJ,F X BT,I,F | [ST,I,FI,ST,I,FQ]) = {(.73, y) c X x
Y | (Ar, 1 pxBr1,r)(x,y) > [S1,1,F,, ST,1,F,) } is called upper
[ST,I,Fl s ST1[7F2]-I€V€Z Of.A x B and L(AT,I,F XUr,I,F | tT,I,Fl)
= {($7y) e XxY | (/\T,I,F X 'UT,I,F)(xay) < tT,I,Fl is called
lower tr 1 p,-level of A x B.

Theorem 6.6 For any two neutrosophic cubic sets A = (Ar.1
JArgr) and B = (Brp,vrir), A x B is a neutrosophic
cubic closed ideals of X XY <= the non-empty upper [st1 F, ,
st.1,m,)-level cut U(Ar 1.p X Brr.r | [ST,1,F,, ST,1,F,]) and the
non-empty lower tp ;1 p,-level L(Ap 1 p X vr1p | tr1p,) are
closed ideals of X x Y for any [sT.1 F,,ST.1.F,) € D[0,1] and
tT,LFl S [07 1]

Proof: Suppose A= (AT,I,F7 )\T,I,F) and B = (BT,I,F; T, I,F
) be neutrosophic cubic closed ideals of X. Therefore, for
any (z,y) € X x Y, (Ar1,r X Br,,r)((0,0) * (z,y)) >
(AT,I,F X BT7[7F)(I,y) and ()\T,I,F X 'UT,I,F)((O,O) * (I,y))
< (Ar,r,r X vrrp)(@,y). For [s7 1, p, s7.1,5,] € D[0,1], if
(Arr,rp %X Brrr)(x,y) > [st1,F,ST,1,m), then (Ap 7 p X
Br.r,r)((0,0) * (2,9)) 2 [s7.1,m 57.1,1]- = (0,0) * (2,) €
U(Ar1r X Brrr | [st.0,m,.57,1,/]) Let (z,y), (x ,y) €
X X Y be such that (z,y) * (z',y') € U(Arr.p X Brop |
[sT.1.F0,57.1,8,)) and (z,y') € U(Ap,r.p X Brorr | (57,15,
ST,1,7,))- Now, (A,T,I;F X Brrr)(z,y) > fmiln{(AT,I,F X
Brrr)((,y)x(x,y)), (Ar,r,r X Brp)(@ ,y )} = rmin{]
STI,F s ST, F ), ST, R ST LR Y = (ST Fs ST R). =
(x,y) € U(Ar,1,p XBr1,r | [s7,0,7,57,1,1])- Thus U (A7, 1 p
X Br.1.r | [$7.1,F, 5 $T,1,F,]) 1s closed ideal of X x Y. Similarly,
L(A\r 1. r X vrp | trr,m) is closed ideal of X x Y.

Conversely, let (z,y) € X x Y be such that (Ap;p X
Bryr)(x,y) = [s7.1,m,57,1,F) and (Ap 1 pXvr 1 p)(x,y) =
tr1,m. This implies, (z,y) € U(Arrr X Brrr |
[s7.1,/,5T,1,/,)) and (z,y) € L(Ar 1 rp X vrrr | tror).
Since (0,0) * (:E,y) € U(AT’]’F X BT,I,F | [ST,I,FUST,I,F2D
and (0,0) * (.%‘,y) S L()\T,I,F X U I.F ‘ tT,I,Fl) (by No6),
therefore, (Ap 1,7 X Br.1,r)((0,0) % (x,y)) > [ST.1,Fy, ST,1,F,)
and (/\T,I,F X "UT,I,F)((O,O) * (.T,y)) < tT,I,F1~ = (AT,I,F X
Br1,r)((0,0)%(z,y)) > (Ar,1,p X Br,1,r)(z,y) and (Ar,1,p X
vr.1,7)((0,0)*(x,y)) < (Ar,1.rXvrrr)(x,y)). Hence Ax B
is a neutrosophic cubic closed ideals of X x Y.

7 Conclusion

In this paper, the concept of neutrosophic cubic subalgebra, neu-
trosophic cubic ideals, neutrosophic cubic closed ideals and the
product of neutrosophic cubic subalgebra of B-algebra were pre-
sented and their several useful results were canvassed. The rela-
tions among neutrosophic cubic subalgebra, neutrosophic cubic
ideals and neutrosophic cubic closed ideals of B-algebra were
investigated. For future work this study will be further discussed
to some another algebraic system.
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Abstract.

Static analysis is developed in neutrosophic cognitive
maps to define the importance of each node based on cen-
trality measures. In this paper a framework static analysis
of neutrosophic cognitive maps is presented. The analysis
results are given in the form of neutrosophic numbers.

Variables are classified and a de-neutrosophication pro-
cess gives an interval number for centrality. Finally the
nodes are ordered. An illustrative example based on criti-
cal success factor of customer relationship management
(CRM) systems implementation is provided to show the
applicability of the proposal. The paper ends with conclu-
sion and future research directions.

Keywords: mental model, neutrosophic Logic, neutrosophic cognitive maps, static analysis

1 Introduction

Neutrosophic Cognitive Maps (NCM) [1] was introduced as
a generalization of Fuzzy Cognitive Maps (FCM) [2]. A
special feature of NCMs is their ability to handle
indeterminacy in relations between two concepts, which is
denoted by 'I' NCM are capable of giving results with
greater sensitivity than the FCM . It also allows a larger
liberty for expert to express not just the positive, negative
and absence of relations but also the indeterminacy of
causal relations.

Static analysis is develop to define the importance of each
node based on centrality measures [3].In this paper, we pro-
pose the use of an innovative technique for static analysis in
neutrosophic cognitive maps.

The outline of this paper is as follows: Section 2 is dedicated
to neutrosophic cognitve maps and static anlysis. The
proposed framework is presented in Section 3. An
illustrative example is discussed in Section 4. The paper
closes with concluding remarks, and discussion of future
work in Section 5.

2 Neutrosophic cognitive maps

Neutrosophic logic is a generalization of fuzzy logic
based on neutrosophy [4]. A neutrosophic matrix is a matrix
where the elementsa = (a;;) have been replaced by ele-
ments in (R U I), where (R U I) is the neutrosophic integer
ring [5]. A neutrosophic graph is a graph in which at least
one edge or one vertex is neutrosophic [6]. If indeterminacy
is introduced in cognitive mapping it is called Neutrosophic
Cognitive Map (NCM) [7].

NCM are based on neutrosophic logic to represent uncer-
tainty and indeterminacy in cognitive maps [4]. ANCM is
a directed graph in which at least one edge is an indetermi-
nacy denoted by dotted lines [8].

In [9] a static analysis of mental model in the form of NCM
is presented. The result of the static analysis result is in the
form of neutrosophic numbers (a+bl, where | = indetermi-
nacy) [10]. Finally, a de-neutrosophication process as pro-
posed by Salmeron and Smarandache [11] is applied to give
the final ranking value In this paper this model is extended
and detailed to deal with nodes classification.

3 Proposed Framework

The following steps will be used to establish a framework
static analysis in NCM (Fig. 1).

Calculate centrality
Measures
De-
neutrosophication

Variable
classification
Ranking variables

Figura 1Proposed framework
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e Calculate centrality Measures

The following measures are calculated
[12] with absolute values of the NCM
adjacency matrix [13]:

1. Outdegree od(v;) isthe row sum of
absolute values of a variable in the
neutrosophic adjacency matrix. It
shows the cumulative strengths of
connections (a;;) exiting the variable.

2. Indegree id(v;) isthe column sum of
absolute values of a variable. It shows
the cumulative strength of variables
entering the variable.

3. The centrality (total degree td(v;)),
of a variable is the summation of its
indegree (in-arrows) and outdegree
(out-arrows)

td(vy)= od(vy)+ id(v;) @)

e Variable classification

Variables are classified according to the
following rules:

a) Transmitter variables have a positive
or indeterminacy outdegree, od(v;)
and zero indegree, id(v;).

b) Receiver variables have a positive
indegree or indeterminacy, id(v;),
and zero outdegree, od (v;).

c) Ordinary variables have both a non-
zero indegree and outdegree. Ordi-
nary variables can be more or less re-
ceiver or transmitter variables, based
on the ratio of their indegrees and out-
degrees.

e Ranking variables

A de-neutrosophication process gives an
interval number for centrality. Finally the
nodes are ordered.

The contribution of a variable in a cogni-
tive map can be understood by calculating
its degree centrality, which shows how

connected the variable is to other variables
and what the cumulative strength of these
connections are. The median of the ex-
treme values [14] is used :

Alay, ap]) = 222 )

Then

A>B oy ©)

Finally a ranking of variables is given.

4 lllustrative example

In this section, we present an illustrative example in order
to show the applicability of the proposed framework. We
selected a critical sucess factor(CSF) of custumer
relationship managemente (CRM)sytems implementation
[15] for modeling interdependencies in the form of NCM
[16]. Building a NCM allows dealing with indeterminacy,
making easy the elicitation of interdependencies CSF [17].

Node Description

Market orientation
Flexibility
Managers support
Organizational changes in-
clusion
Users’ commitment and
presence.
G Time

TABLE |. NCM NODES

o0|w|>

Tn

The NCM is developed integrating knowledge. The
NCM with weighs is represented in tale 1.

0 0 0410 0 0

| 0 0 0 0 -
0.7

0 0 0 0 | -
0.5

0 I 0 0 0 0

0 0 0 0 0 -
0.7

0 0 0610 0 0

TABLE Il. ADJACENCY MATRIX

The centralities measures are presented.
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A 04
B 0.7+
C 0.5+
D |

E 07
F 06

TABLE lll. OUTDEGREE

mmooOw>

I

I
1
0
I
1.4

TABLE ll. INDEGREE

A 0.4+l
B 0.7+21
C 1.5+
D |

E 0.7+
F 2.0

TABLE lll. TOTAL DEGREE

Later nodes are clasified. In this case node D: Organiza-
tional changes inclusion” is Transmitter, the rest of the
nodes are Ordinary.

The next step is the de-neutrosophication process as

proposes by Salmeron and Smarandache [11]. | €[0,1] is
repalaced by both maximum and minimum values.

[0.4, 1.4]
[0.7, 2.7]
[1.5, 2.5]
[0, 1]

[0.7, 1.7]

2.0
TABLE lll. DE-NEUTRIFICATION

mooO w >

n

Finally we work with the median of the extreme values [14]

@3).

A 09
B 1,7
CcC 20
D 05

E 1.2

F 2.0
TABLE . MEDIAN OF THE EXTREME VALUES

The ranking is as follows:

C~F>B>E>A>D

“Managers support” and “Users commitment and presence
“are the more important factors in his model.

5 Conclusions

In this paper, we propose a new framework for processing
uncertainty and indeterminacy in static analysis of NCM. A
case study was presented showing the applicability of the
proposal. The analysis results are given in the form of
neutrosophic numbers. Variables are classified and a de-
neutrosophication process gives an interval number for
centrality allowing the ranking of the variables.

Future research will focus on conducting further real life
experiments and the development of a tool to automate the
process. The calculation of other metrics is another area of
future research.
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Abstract. In this paper, we defined (9,7) — standard
neutrosophic rough sets based on an implicator J and a t-
norm T on D*; lower and upper approximations of stand-
ard neutrosophic sets in a standard neutrosophic approxi-
mation are defined.

Some properties of (7, 7) — standard neutrosophic rough
sets are investigated. We consider the case when the neu-
trosophic components (truth, indeterminacy, and false-
hood) are totally dependent, single-valued, and hence their
sumis<1.

Keywords: standard neutrosophic, (J,7") — standard neutrosophic rough sets

1. Introduction

Rough set theory was introduced by Z. Pawlak in 1980s
[1]. It becomes a useful mathematical tool for data mining,
especially for redundant and uncertain data. At first, the
establishment of therough set theory is based on
equivalence relation. The set of equivalence classes of the
universal set, obtained by an equivalence relation, is the
basis for the construction of upper and lower approximation
of the subset of the universal set.

Fuzzy set theory was introduced by L.Zadeh since 1965
[2]. Immediately, it became a useful method to study the
problems of imprecision and uncertainty. Since, a lot of new
theories treating imprecision and uncertainty have been
introduced. For instance, Intuitionistic fuzzy sets were
introduced in1986, by K. Atanassov [3], which is a
generalization of the notion of a fuzzy set. When fuzzy set
give the degree of membership of an element in a given set,
Intuitionistic fuzzy set give a degree of membership and a
degree of non-membership of an element in a given set. In
1998 [22], F. Smarandache gave the concept of
neutrosophic set which generalized fuzzy set and
intuitionistic fuzzy set. This new concept is difficult to apply
in the real appliction. It is a set in which each proposition is
estimated to have a degree of truth (T), adegree of
indeterminacy (1) and a degree of falsity (F). Over time, the
subclass of neutrosophic sets was proposed. They are also
more advantageous in the practical application. Wang et al.
[11] proposed interval neutrosophic sets and some operators
of them. Smarandache [22] and Wang et al. [12] proposed a
single valued neutrosophic set as an instance of the
neutrosophic set accompanied with various set theoretic
operators and properties. Ye [13] defined the concept of
simplified neutrosophic sets, it is a set where each element
of the universe has a degree of truth, indeterminacy, and
falsity respectively and which lie between [0, 1] and some

operational laws for simplified neutrosophic sets and to
propose two aggregation operators, including a simplified
neutrosophic weighted arithmetic average operator and a
simplified neutrosophic weighted geometric average
operator. In 2013, B.C. Cuong and V. Kreinovich
introduced the concept of picture fuzzy set [4,5], and picture
fuzzy set is regarded the standard neutrosophic set [6].

More recently, rough set have been developed into the
fuzzy environment and obtained many interesting results.
The approximation of rough (or fuzzy) sets in fuzzy
approximation space gives us the fuzzy rough set [7,8,9];
and the approximation of fuzzy sets in crisp approximation
space gives us the rough fuzzy set [8, 9]. In 2014, X.T.
Nguyen introduces the rough picture fuzzy set as the result
of approximation of a picture fuzzy set with respect to a
crisp approximation space [18]. Radzikowska and Kerre
defined (7, ") — fuzzy rough sets [19], which determined by
an implicator  and a t-norm 7" on [0,1]. In 2008, L. Zhou et
al. [20] constructed (9, ) — intuitionistic fuzzy rough sets
determined by an implicator 7 and a t-norm 7" on L.

In this paper, we considered the case when the
neutrosophic components are single valued numbers in [0,
1] and they are totally dependent [17], which means that
their sum is < 1. We defined (9, T) — standard neutrosophic
rough sets based on an implicator J and a t-norm 7 on D*;
in which, implicator 7 and a t-norm 7 on D* is investigated
in [21].

2. Standard neutrosophic logic

We consider the set D* defined by the following definition.

Definition 1. We denote:
D* = {x = (xq,%5,%3) |1 + x5 + x5 < 1,x; € [0,1],i
=123}
For x = (x4, %5, %3),y = (¥1, V2, ¥3) € D*, we define:

Nguyen Xuan Thao, Florentin Smarandache, (1, T)-Standard neutrosophic rough set and its topologies properties
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x <pry iff ((x <y) Az 2y3) V(g =
YDA (3 >y3)) V(e =y) A =y3) A £ y7))
and x =y & (x <p~ y) A (y <p* x).
Then (D*, <p+) is a lattice, in which 05+ = (0,0,1) < x <
1p+ = (1,0,0), Vx = (x1,x,,%3) € D* . The meet operator
A and the join operator v on (D*,<p+) are defined as
follows:
For x = (x4, %2,%3), ¥y = (¥1,¥2,¥3) € D7,

x Ay = (min(xy, y;), min(x,, ¥,) , max(xs, ¥3)),

x Vy = (max(xy, y;), min(x,, y,), min(xz, ¥3)).

On D*, we consider logic operators as negation, t-norm,

t-conorm, implication.

2.1. Standard neutrosophic negation

Definition 2. A standard neutrosophic negation is any
nonincreasing D* — D* mapping n satisfying n(0p-) =
1D* va Tl(lD*) = OD*.

Example 1. For all x = (x4, x,,x3) € D*, we have some
standard neutrosophic negations on D* as follows:

+no(x) = (x3,0,x;)

+n,(x) = (x3,%4, %) Where x, =1 — x; — x, — X3.

2.2. Standard neutrosophic t-norm

For x = (x;, x5, x3) € D*, we denote

I(x) ={y €Dy = (x1,¥2,%3),0 < ¥, < x}
Obviously, we have T'(0p+) = 0p+, [(1p+) = 1p=.

Definition 3. A standard neutrosophic t-norm is an (D*)? —
D* mapping T satisfying the following conditions

(T T(x,y) =T(y,x),vx,y € D*

(T2) :T(x, T(y, Z)) =T (T(x,y),2),Vx,y,z € D*

(T T(x,y) <T(x,2),Vx,y,z€D*and y <p- z

(T4) T(1p+, x) € T(x).

Example 2. Some standard neutrosophic t-norm, for all
x = (x1,%2,%3),y = (Y1, ¥2,¥3) €D”

+ t-norm min: Ty (x,¥) = (X1 A Y1, X5 A Yo, X3 V Y3)
+t-norm product: I'p(x, ) = (x1y1, X2¥2, X3 + Y3 — X3Y3)
+ t-norm Lukasiewicz: T, (x,y) = (max(0,x;+y; —
1), max(0, x,+y, — 1), min(1, x5 + y3)).

Remark 1.

+ J(0p+,x) = 0p- forall x € D*. Indeed, forall x € D* we
have ' (0p+, x) < T(0p1p+) = 0p-

+T(1p+, 1p+) = 1+ (obvious)

2.3. Standard neutrosophic t-conorm

Definition 4. A standard neutrosophic t-conorm is an
(D*)? - D* mapping S satisfying the following conditions
(S1) S(x,y) =S(y,x),vx,y € D*

(S2) S(x,S(y, Z)) =S(S(x,y),2)),Vx,y,z € D*

(S3) S(x,y) <S(x,z),Vx,y,z€ D*and y <p+ z

(S4) S(0p+, x) € T(x)

Example 3. Some standard neutrosophic t-norm, for all

x = (x1,%2,%3),y = (V1,¥2,¥3) € D*
+ t-conorm max: Sy (x,y) = (X1 V ¥4, %, A Yy, X3 AY3)

+ t-conorm product: Sp(x,y) = (x14+y;, —
X1 Y1, X2Y2, X3Y3)
+ t-conorm Luksiewicz: S.(x,y) =

(min(1, x;+y,), max(0, x,+y, — 1), max(0, x5 + y5 —
).

Remark 2.

+ S(1p+,x) = 1, forall x € D*. Indeed, for all x € D* we
have S(0p+,1p+) € T(1p+) = 1p+ so that < S(0p+, 1p-) <
S(0px) < 1p-.

+5(0p+, 0p+) = 0+ (Obvious).

A standard neutrosophic t-norm T and a standard
neutrosophic t-conorm S on D* are said to be dual with
respect to (w.r.t) a standard neutrosophic negation n if

T(n(x),n(y)) =nS(x,y) Vx,y € D",
S(n(x),n(y)) =nT(x,y) Vx,y€ D"

Example 4. With negation ny(x) = (x3,0,x,) we have
some t-norm and t-conorm dual as follows:

a. TyandSy,

b. TpandSp

c. JandS§,

Many properties of t-norms, t-conorms, negations should be
given in [21].

2.4 Standard neutrosophic implication operators

In this section, we recall two classes of standard
neutrosophic implication in [21].
A standard neutrosophic implication off class 1.

Definition 5. A mapping J: (D*)? — D* is referred to as a

standard neutrosophic implicator off class 1 on D* if it

satisfying following conditions:

J(0p+,0p+) = 1p+;I(0p+, 1p+) = 1p+;I(Ap~, 1p+) = 1p=;
I(1p+,0p+) = 0p-

Proposition 1. Let 7, S and n be standard neutrosophic t-
norm T, a standard neutrosophic t-conorm S and a standard
neutrosophic negation on D*, respectively. Then, we have
a standard neutrosophic implication on D*, which defined as
following:

Is7,(x,y) = S(:T(x, y),n(x)), Vx,y € D*.

Proof.
We consider border conditions in definition 5.
J(0p+,0p+) = S(T(0p+,0p+),n(0p+)) =
S(OD*' 1D*) = 1D*!
J(0p+,1p<) = S(T(0p+, 1p+),n(0p+)) =
S(OD*' 10*) = 1p-,
I(Ap+,1p) = S(T(Ap+, 1p:),n(1p+)) =
S(lD*'OD*) = 1p-,
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and

-7(10*,00*) = S(T(ln*.op*);n(ln*)) =
S(OD*:OD*) = 0p-.
We have the proof.O

Example 5. For all x = (x1,x5,%3),y = (¥1,¥2,¥3) €D,
we have some standard neutrosophic implication of class 1
on D* based on proposition 1 as follows

gSM,TM,TlQ (x! 3’) =

(max(min(xy,y4),x3),0, min(max(xs, y3) , x1).

b. IfT - TP,S - SP and Tll(x) - (X3,X4,x1) then
Isp7pmy (X Y) = (X1y1+x3 —
X1Y1X3, X2Y2X4, X1 (X3 + V3 — X3Y3)).

A standard neutrosophic implication off cals 2.

Definition 6. A mapping J: (D*)? - D* is referred to as a
standard neutrosophic implicator off class 2 on D* if it is
decreasing in its first component, increasing in its second
component and satisfying following conditions:
J(0p+,0p+) = 1p+; I(1p, 1p+) = 1pe;
I(1p+, 0p+) = 0p-

Definition 7. A standard neutrosophic implicator 7 off class
2 is called boder standard neutrosophic implication if
I(1p+,x) = x forall x € D*.

Proposition 2. Let 7, S and n be standard neutrosophic t-
norm T, a standard neutrosophic t-conorm S and a standard
neutrosophic negation on D*, respectively. Then, we have
a standard neutrosophic implication on D*, which defined as
following:

gS,n(x' }’) = S(TL(X), }’), Vx,y e D"

Example 6. For all x = (x1,x5,%3),y = (¥1,¥2,¥3) €D,
we have some standard neutrosophic implication of class 1
on D* based on proposition ? as follows
a. If S=S, and ny(x)=(x30x)
Tspime (%, ¥) = (max(xs,y,),0, min(x;, y3))
b. IfS=S,and n,(x) = (x3, x4, %) then
Tspm, (0, ¥) = (X341 — X3V1, X4Y2, X1Y3)
Note that, we can define the negation operators from
implication operators, such as, the mapping ny(x) =
J(x,0p+),Vx € D*, is a standard negation on D*. For
example, if
Tspm, (0, ¥) = (X3+y1 — X3Y1, X4V, X1¥3)  then  we
obtain N (x) = Ispn, (x,0p) = (x3,0,%;) =

Ny (x).

then

2.5 Standard neutrosophic set

Definition 8. Let U be a universal set. A standard
neutrosophic (PF) set A on the universe U is an object of the

A={(Xpa (x):M4 (%), 74 (%)) x € U}
where pa(x)(€ [0,1]) is called the “degree of positive

form

membership of x in A”, na(x)(€ [0,1]) is called the
“degree of neutral membership of x in A ” and

Ya (X)(E [0,1])yA(X)(E [0,1]) is called the “degree of
negative membership of x in A”, and where WA, Na

Ha, Yaand Y, masatisfy the following condition:

Ha(x) 44 (X)+ Va(x) <L (VxeX)Ha(X) +va(x) +
nax) <1, (vx € X).

The family of all standard neutrosophic set in U is denoted
by PFS(U).

3. Standard neutrosophic rough set

Definition 9.
Suppose that R is a standard neutrosophic relation on the set
of universe U. T is at —norm on D*, 7 an implication on
D* , for all FePFS(U) , we denote F(v)=
(ur ), nr(),yr(v)). Then (U,R) is a standard neutro-
sophic approximation space. We define the upper and lower
approximation set of F on (U, R) as following

RT(F)(u) = \e/u T(Rw,v),F(v)),Yu e U

v

and
Ry(F)(w) = A I(R(w,v),F(v)),u €.
Example 7. Let U = {a, b,c} be an universe and Ris a

standard neutrosophic relation on U
(0.7,0.2,0.1) (0.6,0.2,0.1) (0.5,0.3,0.2)

R =|{ (0.5,04,0.1) (0.6,0.1,0.2) (0.5,0.1,0.2)
(0.3,0.5,0.1) (0.4,0.2,0.3) (0.7,0.1,0.1)
A standard neutrosophic on U is F =
{{(a,0,6,0.2,0.2),(b,0.5,0.3,0.1),{c, (0.7,0.2,0.1))} . Let

Tu(x,y) = (x4 Ay, x5 Ayy,x3 V y3) be a t-norm on D*,
and J(x,y) = (x5 V ¥y, %3 A Yy, X1 Ays) be an implication
on D*, forall x = (x;,x,,%x3) ED*and y = (¥1,,,¥3) €
D*, We compute

T(R(a,a),F(a)) = 7((0.7,0.2,0.1), (0.6,0.2,0.2))

= (0.6,0.2,0.2)
T(R(a,b),F(b)) = 7((0.6,0.2,0.1), (0.5,0.3,0.1))
= (0.5,0.2,0.1)
T(R(a,c),F(c)) = 7((0.5,0.3,0.2),(0.7,0.2,0.1))
= (0.5,0.2,0.2)

Hence R"(F)(a) = V. T(R(a,v),F(v)) = (0.6,0.2,0.1).
And
T(R(b,a),F(a)) = 7((0.5,0.4,0.1), (0.6,0.2,0.2))

= (0.5,0.2,0.2)
T(R(b,b),F(b)) = 7((0.6,0.1,0.2), (0.5,0.3,0.1))
= (0.5,0.1,0.3)
T(R(b,¢),F(c)) = 7((0.5,0.1,0.2),(0.7,0.2,0.1))
= (0.5,0.1,0.2)

Hence R (F)(b) = v T(R(b,v),F(v)) = (0.5,0.1,0.2)
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T(R(c,), F(@) = 7((0.3,05,01),(0.60.20.2)) et =022203 030209 Q008D e spandard
=(0.3,0.2,0.2) neutrosophic set on U . A t— norm T(x,y) = (x; A
T(R(c,b),F (b)) = 7((0.4,0.2,0.3),(0.5,0.3,0.1)) Y1, X5 A Yo, X3 V ¥3), and an implication operator 7(x,y) =
=(0.4,0.2,0.3) (x3 VY1, %, Ay, %y Ays) for all x = (xy,x5,x3) €D7,
T(R(c,¢),F(c)) = 7((0.7,0.1,0.1), (0.7,0.2,0.1)) y = (y1,¥2,¥3) € D*, we put
) = (0.7,0.1,0.1) T(R(a,a),F(a)) = 7((1,0,0),(0.7,0.2,0.1))
Sothat R7(F)(c) = vU T(R(c,v),F(v)) = (0.7,0.1,0.1). = (0.7,0,0.1)
VE
We obtain the upper approximation RT(F) = (060201 4 ‘T(R(a’ b)‘F(b)) - T((0'6'0'3’0)’ (0'5’0'2’0'3))
= (0.5,0.2,0.3)
(0.5,0.1,0.2) = (0.7,0.1,0.1)
P T(R(a,c),F(c)) = 7((0.6,0.3,0),(0.4,0.4,0.1))
= (0.4,0.3,0.1)

Similarly, computing with the lower approximation set, we
have  9((0.7,0.2,0.1),(0.6,0.2,0.2)) = (0.1,0.2,0.7) v
(0.6,0.2,0.2) = (0.6,0.2,0.2)

9(R(a,b),F(b)) = 3((0.6,0.2,0.1),(0.5,0.3,0.1))
= (0.1,0.2,0.6) v (0.5,0.3,0.1)
= (0.5,0.2,0.1)
I(R(a,c),F(c)) = 9((0.5,0.3,0.2),(0.7,0.2,0.1))
= (0.2,0.3,0.5) v (0.7,0.2,0.1)
= (0.7,0.2,0.1)
Ry(F)(a) = A I(R(a,v),F(v)) =(0.5,0.2,0.2).
And
I(R(b,a),F(a)) = 7((0.5,0.4,0.1), (0.6,0.2,0.2))

= (0.6,0.2,0.1)
I(R(b,b),F(b)) = 7((0.6,0.1,0.2), (0.5,0.3,0.1))
= (0.5,0.1,0.1)
I(R(b,c),F(c)) = 3((0.5,0.1,0.2), (0.7,0.2,0.1))
= (0.7,0.1,0.1)

Ry(F)(b) = A I(T(b,v),F(v)) =(0.5,0.1,0.1).
I(R(c,a),F(a)) = 3((0.3,0.5,0.1),(0.6,0.2,0.2))

= (0.6,0.2,0.1)
I(R(c,b),F(b)) = 3((0.4,0.2,0.3),(0.5,0.3,0.1))
= (0.5,0.2,0.1)
I(R(c,¢),F(c)) = 9((0.7,0.1,0.1),(0.7,0.2,0.1))
= (0.7,0.1,0.1)

Hence Ry(F)(c) = A I(R(c,v), F(v)) =(0.5,0.1,0.1).
v
So that
&(F) _ (0.5,0(.12,0.2) n n -
Now, we have the upper and lower approximations of F =
(0,6,0.2,0.2) . (0.5,0.3,0.1) , (0.7,0.2,0.1)
> . are
(0,6,0.2,0.1) (0.5,0.1,0.2) (0.7,0.1,0.1)
a + b + c

(0.5,0.1,0.1) . (0.5,0.1,0.1)

a
RT(F) =
and

Ry(F) = -
Example 8. Let U = {a, b, c} be an universe set. And R is
a standard neutrosophic relation on U with

(1,0,0)  (0.6,0.3,0) (0.6,0.3,0)
(0.6,0.3,00 (1,000  (0.6,0.3,0)
(0.6,0.3,0) (0.6,0.3,0) (1,0,0)

(050202) , (050.1,0.1)  (0.501,0.1)
a

R =

Then R (F)(a) = V. T(R(a,v),F(v)) = (0.7,0,0.1).
T(R(b,a),F(a)) = 7((0.6,0.3,0),(0.7,0.2,0.1))

= (0.6,0.2,0.1)
T(R(b,b),F(b)) = 7((1,0,0),(0.5,0.2,0.3))
= (0.5,0,0.3)
T(R(b,c),F(c)) = 7((0.6,0.3,0), (0.4,0.4,0.1))
= (0.4,0.3,0.1)

Hence R7(F)(b) = v T(R(b,v),F(v)) = (0.6,0,0.1).
T(R(c,a),F(a)) = 7((0.6,0.3,0),(0.7,0.2,0.1))

= (0.6,0.2,0.1)
T(R(c,b),F(b)) = 7((0.6,0.3,0), (0.5,0.2,0.3))
= (0.5,0.2,0.3)
T(R(c,c),F(c)) = 7((1,0,0), (0.4,0.4,0.1))
= (0.4,0,0.1)
RT(F)(a) = V\E/U:T(R(a, v),F(v)) =
(0.6,0,0.1).
We obtain the upper approximation set R” (F) = w +
(0.6,0,0.1) , (0.6,0,0.1)

Simbilarly, corriputing with the lower approximation, we
have
9(R(a,a),F(a)) = 3((1,0,0),(0.7,0.2,0.1))
= (0,0,1) v (0.7,0.2,0.1) = (0.7,0,0.1)
9(R(a, b),F (b)) = 9((0.6,0.3,0), (0.5,0.2,0.3))
= (0,0.3,0.6) v (0.5,0.2,0.3)
= (0.5,0.2,0.3)

9(R(a,c), F(c)) = 9((0.6,0.3,0), (0.4,0.4,0.1))
= (0,0.3,0.6) V (0.4,0.4,0.1)
= (0.4,0.3,0.1)

Ry(F)(a) = Y 1(T(a,v),F(v)) = (0.4,0,0.3).

Compute
I(R(b,a),F(a)) = 3((0.6,0.3,0),(0.7,0.2,0.1))
=(0,0.3,0.6) v (0.7,0.2,0.1)
= (0.7,0.2,0.1)
I(R(b,b),F(b)) = 9((1,0,0), (0.5,0.2,0.3))
= (0,0,1) v (0.5,0.2,0.3) = (0.5,0,0.3)
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I(R(b,¢),F(c)) = 9((0.6,0.3,0), (0.4,0.4,0.1))
= (0,0.3,0.6) v (0.4,0.4,0.1)
= (0.4,0.3,0.1)

Ry(F)(b) = A I(T(b,v), F(v)) = (0.4,0,0.3).
and

I(R(c,a),F(a)) = 9((0.6,0.3,0), (0.7,0.2,0.1))
= (0,0.3,0.6) v (0.7,0.2,0.1)
= (0.7,0.2,0.1)

I(R(c,b),F(b)) = 3((0.6,0.3,0),(0.5,0.2,0.3))
= (0,0.3,0.6) v (0.5,0.2,0.3)
= (0.5,0.2,0.3)

I(R(c,¢),F(c)) = 9((1,0,0), (0.4,0.4,0.1))
= (0,0,1) v (0.4,0.4,0.1) = (0.4,0,0.1)
Ry(F)(c) = s 1(T(c,v), F(v)) = (0.4,0,0.3).
Hence
(0.4,0,0.1) N (0.4,0,0.3) N (0.4,0,0.3)

Ry(F) =— 5 C
Now, we have the upper and lower approximation sets of
(0.4,0.3,0.3) , (0.5,0.2,03) , (0.4,0.4,0.1) .
F = > . as following
_ 0.7,0,0.1 0.6,0,0.1 0.6,0,0.1
7 = ¢ ) (06001)  (0600.1)
b c
and
BJ(F) _ (0.4,2,0.3) (0.4,2,0.3)

(0.4,0,0.3)

c
Remark 3. If R is reflexive, symmetric transitive then
Ry(F) € F c RY(F).

4. Some properties of standard neutrosophic
rough set

Theorem 1. Let (U, R) be the standard neutrosophic ap-

proximation space. Let T, S be the t-norm , and t —conorm

D*, nis a negative on D*. If S and T are dual w.r.t n then

(i) ~n Ry(4) = R7 (~,4)

(i) ~n R7(4) = Ry(~4)
where 7(x,y) = S(n(x),y),Vx,y € D*.
Proof.

0) ~n R7(~nA) = R;(4) .

Indeed, for all x € U, we have
R7T(~,A)(x) = T [R(x,¥), ~n AY)]
= V nS[nR(x,y),n(~, AQ))]
yeU
=V nS[nR(x,y),A(y)].
yeU

Moreover,

Ry = A I(R(x,¥),A())
=0 S[nR(x,y), A()]

Hence
~n Ry(A)(x)(x) = n(yé\u S[nR(x,¥), A
==Y nS[nR(x,y), A(y)]

and RT(~,A)(x) =~, Ry(A)(x),Vx € U.
(ii) Ry(~nA) =~, R7(4)
Indeed, for all x € U we have
Ry(~nA)(x) = A IRG ), ~n AD)) x €

U= A S[nR(x,y),~, AY)]
yeu

And ~n
RT()0) = n( Y, TIRGY),AOND = ¥, nT[RC6 ), AG)]

= A S[nR(x,y), ~n AY)]
yeU
It means that Ry(~, 4)(x) =~, RT(A)(x),vx € U. D

Theorem 2. a) R7((a,8,0)c (a,p,6) , where
(@ B,0)x = (a,B,0) ,Vx €U

b) R;((a, B,0)) D (a,B,8), where I is a
border implication in class 2.

Proof.

a) We have
ﬁT((a./B,\Q))(u) =
v T (R ), (@,B,0)v) =

T<U\E/U R(u,v), (a,B, 9)) <p* T(1p+, (@, ,6))
= (@ 5,0) = (a,p,0)(w), Vue U

b) We have

Ry((@,5,0))w) =
Rw,v), \_ R(u,v),

oy 7 ((ﬂfe)(m) =L (

((X, B,G) = (QTEH)(U), Yu € UD

5. Conclusion

In this paper, we introduce the ( J,7)— standard
neutrosophic rough sets based on an implicator 7 and a t-
norm J on D*, lower and upper approximations of standard
neutrosophic sets in a standard neutrosophic approximation
are first introduced. We also have some notes on logic
operations. Some properties of ( J,7)— standard
neutrosophic rough sets are investigated. In the feature, we
will investigate more properties on (J,7) — standard
neutrosophic rough sets.
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Abstract: In real life scientific and engineering problems deci-
sion making is common practice. Decision making include sin-
gle decision maker or group of decision makers. Decision mak-
er’s expressions consists imprecise, inconsistent and indetermi-
nate information. Also, the decision maker cannot select the
best solution in unidirectional (single goal) way. Therefore,
proposed model adopts decision makers’ opinions in Neutro-
sophic Values (SVNS/INV) which effectively deals imprecise,
inconsistent and indeterminate information, Multi goal (criteria)
decision making and creditability (due to partial knowledge of
decision maker) associated decision makers’ expressions. Then

partially known or unknown priorities (weights) of Multi Crite-
ria Group Decision Making (MCGDM) problem is determined
by establishing Correlation Coefficient (CC) established from
improved cross entropy linear programming technique. The
Multi Goal Linear equation was solved using a Novel Self
Adaptive Harmonic Search Algorithm. The (NSAH) alternate
solutions were ranked by weighted correlation coefficients of
each alternative (lower the CC higher will be the rank). The val-
idation of proposed method was demonstrated with an illustra-
tive examples and compare with recent advancements. Hence,
the proposed method was effective, flexible and accurate.

Keywords: MCGDM, Creditability, Improved Cross Entropy, Correlational Coefficient, and NSAH.

1 Introduction

In process of decision making real life scientific and engi-
neering problems includes conflicting, non-commen-
surable, multi criteria and innumerable alternatives. The
input information of decision making problem may involve
decision maker’s qualitative information and actual
quantitative information. Hence, Multi Criteria Decision
Making (MCDM) is a strategy of evaluating practical
complex problems based on various qualitative or quan-
titative criteria in certain or uncertain environments to
recommend best choice among various alternatives. Sever-
al comparative studies [1] have been taken to demonstrate
its vast applicability [2, 3, 4]. Briefing MCDM methods [5]
will give clear understanding over techniques available [6]
and benefits [1]. More than one decision maker comprise
in decision making process stated as Multi Criteria Group
Decision Making (MCGDM).

In evaluation process MCDM had undergone quantifica-
tion of decision makers’ subjective information. Funda-
mental stages MCDM uses crisp information to represent
decision makers’ opinions. Crisp values can induce impre-
cision and confusion to the decision makers resulting inac-
curate results. Real world decision making conflicting, in-

consistent, indeterminate information cannot be expressed
in terms of crisp values. To reduce fuzziness and vague-
ness of subjective information Zadeh [7] proposed Fuzzy
Set (FS) theory and the decision making methods have de-
veloped by Bellman and Zadeh [8] using fuzzy theory.
Subsequent research had been conducted to reduce uncer-
tainty in decision maker’s opinion under fuzzy environ-
ment.

F. Smarandache [8] represents truth function which
describes decision maker acceptance value to alternative
categorized by an attribute. But the constraint lies, it
doesn’t represent false (rejection value) function. There-
fore, Atanassov introduce Intuitionistic Fuzzy Sets (IFS)
[9, 10] which can represent truth membership function T(x)
as well as falsity membership function F(x), they satisfy
the condition T(x), F(x) € [0,1] and 0 < T(x) + F(x) < 1. In
IFS the indeterminate function is rest of truth and false
functions 1-T(x) - F(x), here indeterminate and incon-
sistence functions are not clearly defined.

Smarandache [11] generalized FS, IFS, and Interval
Valued Intuitionistic Fuzzy Set (IVIFS) [10] so on as Neu-
trosophic Set (NS) by adding indeterminate information. In
NS the truth membership, indeterminacy membership,
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false membership functions are completely independent.
Recently, NS became interesting area for researcher in de-
cision making which can express supporting, nondetermin-
istic, rejection values in terms of NS Values. Wang [13]
propose Single Valued Neutrosophic Sets (SVNS) and Ye
[14] gives correlation coefficient and weighted correlation
coefficient in SVNS similar to IVIFS. Wang [15] proposed
Interval Neutrosophic Sets (INS) in which the truth mem-
berships, indeterminacy membership, false membership
functions were extended to interval values. Ye [16] given
similarity measures between INSs based on hamming and
Euclidean distances and demonstrate with a MCDM prob-
lem.

Ye [18] developed a simplified neutrosophic weighted
arithmetic averaging (SNWAA\) operator, a simplified neu-
trosophic weighted geometric averaging (SNWGA) opera-
tor and applied to multiple attribute decision making under
simplified neutrosophic environment. Tian et al (2015)
[19] proposed a simplified neutrosophic linguistic normal-
ized weighted Bonferroni mean operator (SNNWB) and
constructed a multi criteria decision-making model based
on SNNWB. But, the current aggregation operators for
SVNNs and INNs ignore the knowledge background of the
decision maker and his corresponding credibility on every
evaluation value of SVNNSs/INNs for each attributes.

Inspired by this idea Jun Ye (2015) [20] put forward a
concept of  Credibility-Induced Interval Neutrosophic
Weighted Arithmetic Averaging (CIINWAA) operator and
a Credibility-Induced Interval Neutrosophic Weighted Ge-
ometric Averaging (CIINWGA) operator by taking the im-
portance of attribute weights and the credibility of the
evaluation values of attributes into account. He also ap-
plied CIINWAA and CIINWGA to MCGDM problem;
ranking of alternatives are based on INNs projection
measures under creditability information.

Ye [22] reviewed evolution of cross entropy and its ap-
plicability in scientific and engineering applications. He
proposed Improved cross entropy measures for SVNS and
INS by overcome drawbacks (fail to fulfill the symmetric
property) of cross entropy measures proposed by Ye [21].
Also he developed MCDM model based on improved cross
entropy measures for SVNS and INS by taking advantage
of ability of producing accurate results and minimizing in-
formation loss.

Jun Ye [23] presents correlational coefficients and
weighted correlational coefficients of SVNS. He also in-
troduced cosine similarity measure for SVNS. Surapati et
al [24] proposed TOPSIS for single valued neutrosophic
sets to solve multi criteria decision making problem which
has unknown attribute weights and group of decision mak-
ers. The unknown weights of attributes derived from max-
imizing deviation method and rating of alternatives based
on TOPSIS with imprecise and indeterminate information.
Said Broumi et al [25] proposed extended TOPSIS using
interval neutrosophic linguistic information for multi at-
tribute decision making problems in which attribute
weights are unknown.

Pranab Biswas et al (2016) [26] defined Triangular Fuzzy
Number Neutrosophic Sets (TFNNS) by combining Trian-
gular Fuzzy Numbers (TFN) and Single Valued Neutro-
sophic Sets (SVNS). He also proposed its operational rules
based on TFN, SVNS and aggregation operators for
TFENNS by extending Single Valued Neutrosophic
Weighted Arithmetic (SYNWA) and Single Valued Neu-
trosophic Weighted Geometric (SVNWG) operators. Then,
he developed MADM model based on TFNNS aggregation
operators, score and accuracy functions. He also [27]
introduced Single Valued Trapezoidal Neutrosophic Num-
bers (SVTrNN) and their operational rules, cut sets. The
neutrosophic trapezoidal numbers express the truth func-
tion (T), indeterminate function (1) and false function (F)
independently. He presents cosine similarity measures
based multi criteria decision making method using trape-
zoidal fuzzy nutrosophic sets (TFNS). The ranking method
is proposed after defining value and ambiguity indices of
truth, false, indeterminate membership functions. The va-
lidity and applicability is shown by illustrative tablet selec-
tion problem. He also [28] proposed cosine similarity
measures between two trapezoidal neutrosophic sets and its
properties.

Jun Ye [29] introduced simplified neutrosophic harmonic
averaging projection measures for multi criteria decision
making problems. Projection measures are very suitable
tool for dealing MCDM problems because it considers not
only distance between alternatives but also its direction.
The projection measures have extended flexibility of han-
dling various types of information for instance [30, 31] un-
certain and fuzzy based projection measures applied in
multi attribute decision making. Ye observed drawbacks of
general projection measures and proposed bidirectional
projection measures [32] by overcoming shortcomings of
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general projection measures. He extends the applications
of bidirectional projection measures in complex group de-
cision making under neutrosophic environment.

Surapati and Kalyan [33] defined Accumulated Arithme-
tic Operator (AAO) to transform interval neutrosophic set
to single valued neutrosophic sets. He also extended single
valued Gray Relation Analysis (GRA) to interval valued
numbers in multi criteria decision making. Then he pro-
posed entropy based GRA for unknown attributes in
MCDM problems under INN environment. Ridvan Sahin
[34] proposed two transformation methods for interval
neutrosophic values to fuzzy sets and single valued neutro-
sophic sets. He developed two methodologies based on ex-
tended cross entropy to MCDM problems using interval
valued numbers. But the transformation of INN to SVNS
may results inaccurate outcomes.

Kalyan and Surapati [35] present quality bricks selection
based on multi criteria decision making with single valued
neutrosophic grey relational analysis. The weights of at-
tributes are determined using experts opinions. Ranking is
based on gray relation coefficient that derived from ham-
ming distance between alternative to ideal neutrosophic es-
timate reliable solution and ideal neutrosophic estimates
unreliable solution then neutrosophic relational degree
used to select the quality brick. Jun Ye [36] proposed ex-
ponential similarity measures between two neutrosophic
numbers. The advantages of exponential measures are that
indicates stronger discrimination and higher sensitivity
with respect than cosine similarity measure of neutrosophic
numbers. He applied exponential similarity measures to the
vibration fault diagnosis of steam turbine under indetermi-
nate information. The proposed method not only analysis
fault type but also predicts fault trends based on relation
indices.

Tian et al (2016) [37] extends uncertain linguistic variable
and simplified neutrosophic sets to simplified neutrosophic
uncertain linguistic sets which integrates qualitative as well
as quantitative evaluation. It reflects decision maker’s ex-
pressions having inconsistence, incompleteness, indeter-
minate information. After reviewing relevant literature he
developed Generalized Simplified Neutrosophic Uncertain
Linguistic Prioritized Weighted Aggregation (GSNULP-
WA) operators and applied to solving MCDM problems.

Bipolarity refers to the propensity of the human mind to
reason and make decisions on the basis of positive and
negative effects. Irfan Deli et al [38] introduced bipolar

sets which is the extension of fuzzy sets, bipolar fuzzy sets,
intuitionistic fuzzy sets, neutrosophic sets. He also devel-
oped the Bipolar Neutrosophic Weighted Average
(BNWA) Operators and Bipolar Neutrosophic Weighted
Geometric (BNWG) operators to aggregate the bipolar
neutrosophic information. Then he proposed multi criteria
decision making model using bipolar neutrosophic sets and
its operators of certainty, score and accuracy functions.

Roy and Dos [39] developed neutrosophic based linear
goal programming and lexicographic goal programming
for multi objective linear programming (MOLP) problem.
He describes evolution of neutrosophic theory and its op-
erations in linear programming models. He also proposed
two models for MOLP, applied to bank there investment
problem by varying the weights. Feng Li (2011) [40] re-
duced process complexity and computation time after de-
veloping the closeness coefficient based non-linear pro-
gramming model for MCDM problem. The nonlinear
equation based on closeness coefficient applied to search-
ing algorithm to obtain attribute weights and the ranking of
alternatives estimated based on optimal membership de-
grees. The proposed methodology validated with real ex-
ample and demonstrates its applicability.

Tian et al (2015) [41] put forward the concept of multi cri-
teria decision making based on cross entropy under inter-
val neutrosophic sets. The INS values are transformed to
SVNS for ease of calculations and formulated a linear
equation for deriving weights of attributes. These two line-
ar equations are constructed from decision maker’s inde-
terminate and inconsistent information.

Then the linear programming techniques are used to de-
termine weights of attributes here constraints established
by partially known indeterminate weights. After obtaining
attribute weights possibility degree method ranked the al-
ternatives.

After rigorous investigation on literature and research gap
analysis the proposed model considered performance fac-
tors such as it should adopt practical/ real world problems,
flexible to operate, accurate in results and effective. Real
life decision making includes group of decision makers,
their limited knowledge about specific attributes (credita-
bility) and unknown priorities of multi objectives (attrib-
utes) to choose best out of existing alternatives.

Therefore considering shortcomings of recent methods we
proposed new Multi criteria Group Decision Making Mod-
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el for unknown attribute weights in continuous space and
finite set of alternatives in discrete space in Neutrosophic
environment.

The rest of the paper is organized as follows. Section 2
briefly describes some basic concepts of neutrosophic
numbers and its operational functions. Section 3 proposes
new approaches to solve real world decision making prob-
lems under neutrosophic environment. In Section 5, illus-
trative examples are presented to demonstrate the applica-
tion of the proposed method, and then the effectiveness
and advantages of the proposed methods are demonstrated
by the comparative analysis with existing relative methods
in sections 6. Finally, Section 7 contains conclusions and
applications of present work.

2 Preliminaries
2.1 Single Valued Neutrosophic Sets (SVNS)

Let X be a universe of discourse. A single valued
neutrosophic set A over X is an object having the form
A={(x, ua(x), wa(x), va(x)):xeX}where us(x): X—[0,1],
wa(x) :X—[0,1] and va(x):X—[0,1] with 0 < ua(x) +
wa(x) + va(x) <3 for all xe€X. The intervals (x), wa (x)
and (x) denote the truth membership degree, the
indeterminacy membership degree and the falsity
membership degree of x to 4, respectively.

2.2 Geometric Weighted Average Operator (GWA)
for SVNC

Let Ax (k=1, 2,...,n) € SVNS (X). The single valued neu-
trosophic weighted geometric av?r_age operator is defined
n) = nE:LH: :

by Ga) (All AZ:

(ﬁ (uAk(x))Wk, 1— ﬁ (1 - wAk(JC))Wk, 1- ﬁ(l - vAk[x))WR>
k=1

) : @

Where wy is the weight of A (k=1, 2,...,n), wx€[0,1] and
FE_,wy = 1. Principally, assume wi=1/n (k=1, 2,..., n),

then G,, is called a geometric average for SVNSs.

2.3 Compliment of SVNS

The complement of an SVNS A is denoted by Ac and is de-
fined as uAc (x) = v (x), wAc (x) = 1—(x), and vAc(x) =
uA (x) for all x € X. That is, Ac = {(x, vA (x), I-WA (x),
ud (x) ): xeX}.

2.4 Improved Cross Entropy Measures of SVNS

For any two SVNSs A and B in a universe of discourse X =

{X1, Xa,..., Xn}. Let weight of each element is w;, w; € [0,1]

and £, w; =1 then the weighted cross entropy between
SVNSs A from B is defined as follows:
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2.5 Interval Valued Neutrosophic Sets (INS)

The real scientific and engineering applications can be
expressed as INS values.

Let X be a space of points (objects) and int [0,1] be the set
of all closed subsets of [0,1]. For convenience, if let uA(x)
= [ud- (x), uA+(x)] wA(x) = [WA (x), WA+(x)] and vA
(x) = [vA- (), vA+(x)] then A={(x, [ud—(x),ud+(x)],
[WA—(x),WA+(x)], [vA—(x),vA+(x)]): x€X} with the
condition, 0< supud(x)+supwA(x)+supvAd (x)<3 for all
x€X. Here, we only consider the sub-unitary interval of [0,
1]. Therefore, an INS is clearly neutrosophic set.

2.6 Compliment of INS

The complement of an INS A is denoted by Ac and is
defined as udc(x) = v(x), (WA-)c(x) = 1-whA+(x),
(WA+)c(x) = 1-wA—(x) and vAc(x) = u(x) for all x € X.
That is, Ac={(x, [VA—(x),vA+(x)], [1-wA+(x),1-wA—(x)],
[uA—(x),uA+(x)]): xEX}.

2.7 Geometric Aggregation Operator for INS

Let Ak (k=1,2,...,n) € INS(X). The interval neutrosophic
weighted geometric average operator is defined by
Gw=(A1,42,....An) =TIE_, A.*

[]_[ w5, (0) ]_[ u,(0) ]

k=1
[1—]_[ W (0) ]_[ L—w*,, (1) ]

(4)
Where wk is the weight of Ak (k=1,2,...,n), wk € [0,1]
and ZE=1wi = 1 Principally, assume wk=1/n
(k=1,2,...,n), then Gw is called a geometric average for
INSs.
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2.8 Improved Cross Entropy Measures of INS

For any two SVNSs A and B in a universe of discourse X
= {x1, x2,---, xn}. Let weight of each element is wi, wi €
[0,1] and X _(i=1)*n w_i =1 then the weighted cross en-
tropy between SVNSs A from B is defined as follows:

2 2

,— — 2
(\mﬂA )+ inflp(x; ) p | infl5(x)] +[1 inflg(x)? (w’[1‘inf7A(I;)}+w’[1‘i"ﬂB(I;)}' +
2
[infE3(x; +L'anE[II)] ( JinfEy xl)wmfFE
L )
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3 Proposed Methodology

In real life problems decision makers’ expressions are in-
consistence, indeterminate, incomplete. The Neutrosophic
sets are most popular in dealing with such a vague and im-
precise decision makers’ opinions. The decision maker is
not always aware of all the attributes in complex decision
making problems. So, the results tend to unreasonable or
incredible if the evaluations of the decision maker for all
the attributes imply the same credibility.

Therefore, the credibility of the attribute evaluations given
by the decision maker in the aggregation process of the at-
tribute values should consider to avoiding the unreasonable
or incredible judgments in decision making. In reality, de-
cision making is multi-dimensional (Multi Goal) and prior-
itized goals are considered for evaluations.

The unknown priorities (weights) of goals (attributes) are
determined by constructing Multi Goal Linear Program-
ming (MGLP). While construction MGLP [46, 47] adopts
maximizing deviation method and weighted distance
methods. Some limitations observed as complexity in cal-
culations, improper results due to distance measures which
are not effective for discriminating any two NS and MGLP
is solved using trade off/ heuristic techniques these focused
on local optima implies inaccurate results. Then ranking of
alternatives using score and accuracy or distance measures
from PIS may loss valid information or produces indefinite
outcomes.

Therefore the proposed method is developed by overcom-
ing shortcomings of recent models and designed for real
world problems focused on performance factors such as

accuracy, flexibility and effectiveness. The proposed
MCGDM problem solving procedure described as follows.

In a multiple attribute group decision-making problem with
neutrosophic numbers, let S = {S1, S2... Sm} be a set of
alternatives, Ai = {Al, A2... Am} be a set of attributes,
and Dk = {D1, D2... Ds} be a set of decision makers or
experts. The weight vector of attributes is Wj = (wl, w2,...,
wn) with wj€ [0, 1] and ¥ _(j=1)"n [w_j=1] the cred-
itability weight vector of Decision makers is 1 = {A1,
A2, ..., Ash.with with A ke [0, 1]and ¥_(k=1)"s [\ k=1
1.

Step: 1 Obtain decision matrices D_s from each decision
maker. Decision makers’ expressions of each alternative to
corresponding attributes represented in SVNS/INS.

Step: 2 Establish grouped decision matrix D_ij by aggre-
gating individual decision matrices using Equation 2 in
case of SVNS or Equation 7 in case of INS values.

Step: 3 Normalize group decision matrix ( r_ij) if required
(contains cost & benefit attributes) using Equation 3 for
SVNS or Equation 6 for INS values.

Step: 4 Construct Multi Goal Linear Programming using
min Y_(i=1)"mY._(=D)"n [(d™+ (r_ij,r™+ ))/(d™+ (r_ij,
A+ )+dn- (rijr-) ) wj ] where d™+ (r_ij, r\+) ,d"-
(r_ij, r-) are symmetric discrimination measures of r_ij
to r™+ and - respectively. Here r*+ is PIS assumed as
(1,0,0) and r™- is NIS assumed as (0,1,1)

Step: 5 Determine priorities of goal by solving MGLP ap-
plying Novel Self Adaptive Harmonic Search algorithm
[46].

Step: 6 Rank the alternatives based on weighted correla-
tional coefficient derived from improved cross entropy i.e.

d* (ryrt)
A Ej ld*'{l ot ) rd (ryr ]wf

lower the Ai value higher will be the rank.
4 lllustrative Examples

Example: 1 here, we choose the decision making problem
adapted from [47]. An automotive company is desired to
select the most appropriate supplier for one of the key ele-
ments in its manufacturing process. After preevaluation,
four suppliers have remained as alternatives for further
evaluation. In order to evaluate alternative suppliers, a
committee composed of four decision makers has been
formed. The committee selects four attributes to evaluate
the alternatives: (1) C1: product quality, (2) C2: relation-
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ship closeness, (3) C3: delivery performance and (4) C4:
price. Suppose that there are four decision makers, denoted
by D1, D2, D3, D4, whose corresponding weight vector is
1=(0.25,0.25, 0.25, 0.25).

Step: 1 Decision matrices of each decision maker

{0.4,0.2,03} {0.4,0.2,03} {0.2,0.2,05) {0.7,0.2,0.3)

b1 —|(06,01,02} {06,01,02} (0502,03} {05,01,02}
{0.3,02,03} {05,02,03} {0.1,0502} {0.1,0.4,0.5}
{0.7,0.2,0.1} {0.6,0.1,0.2} {0.4,0.3,0.2} {0.4,0.5,0.1}
{0.1,0.3,0.5} {0.5,0.1,0.5} {0.3,0.1,0.6} {0.4,0.1,0.4}

a—|{0:2,05,04) (03,0403} (02,03,01} {0.2,03,05)
{0.5,02,0.6) {0.2,04,03} {05,02,05} {0.1,05,60.3}
{0.2,0.4,0.2} {0.1,0.1,0.3} {0.1,0.5,0.4} {0.5,0.3,0.1}

{0.3,0.2,0.1} {0.3,0.1,0.3} {0.1,0.4,0.5} {0.2,0.3,0.5}
p3|(0:6,0.1,0.4}  {0.6,0.4,0.2} {05,0.4,0.1} {0.5,0.2,0.4}}
{0.3,0.3,06} {0.4,0.2,04} {0.203,02} {0.3,05,60.1}
{03,0.6,01} {05,03,02} {03,03,06} {04,03,02}
{0.2,0.2,03} {0.3,02,03} {02,03,05} {0.4,02,0.5}
pa| 0401,02}  {06,03,05) {0.1,02,02}  {0501,02)
03,0501} {0.2,02,03} {0504,03} {050.3,0.2}
(03,01,01} {02,01,04} {02,03,02) {0.3,0.1,0.6)

Step: 2 Group Decision Matrix after
with decision maker’s creditability

{0.2213, 0.9906, 0.9953} ({0.3663, 0.9790, 0.9972}  {0.1861, 0.9923, 0.9995}
{0.4120, 0.9867, 0.9954; (0.5045, 0.9952, 0.9955) {0.2659, 0.9942, 0.9835} (0.3976, 0.9835, 0.9964)
{0.3409, 0.9955, 099841 (0.2991, 09926, 0.9964) {0.2659, 0.9972, 0.9955} {0.1968, 0.9987, 0.9940)
{0.3350, 0.9964,0.9722) (0.2783, 0.9782, 0.9942) ¢0.2213, 0.9972, 0.9973} {0.3936, 0.9953, 0.9924.

aggregation

{0.3869, 0.9875, 0.9987)}

Step: 3 Normalized group decision matrix (criteria
4 is cost type attribute) apply Equation: 3 to step
2 to normalize so that all attributes are in benefit

type.

{0.2213, 0.9906, 0.9953}  {0.3663, 0.9790, 0.9972)
0.4120, 0.9867, 0.9954) (0.5045, 0.9952, 0.9955)
{0.3409, 0.9955, 0.9984} {0.2991, 0.9926, 0.9964}
{0.3350, 0.9964,0.9722) {0.2783, 0.9782, 0.9942)

{0.1861, 0.9923, 0.9995} {0.9987,0.0125, 0.3869}
{0.2659, 0.9942, 0.9835}  {0.9964,0.0165,0.3976}
{0.2659, 0.9972, 0.9955} {0.9964,0.0013,0.1968}
0.2213, 09972, 0.9973)  {0.9924,0.0047,0.3936}

Step: 4 Multi Goal Linear Equation formed as

min 3.6171c, + 3.5687w, + 3.7290d, + 0.4031d,

Subjected to
Case: 1 completely unknown weights 27—, w; = 1and
w; € [0, 1] here j=1,2, 3,4

Step: 5 Priorities of attributes obtain after solving
MGLP with unknown weights using NSAH are

w, = 0.1996,w, = 0.2126,w, = 0.3278,w, = 0.3587

Step: 6 Ranking based on weighted correlation
coefficients of each alternatives

d* (ryat)

— n Y .
A Zj:l d*[ru .r*‘]+d'[r'u.r'] Wi
A1=0.9029

A2=0.8950

A3=0.9337

A4=0.1080

Therefore the ranking of alternative A4 > A2 > A1 > A3 (lower
the Ai value higher the rank)

Case: 2 partially known weights from decision
makers’
0.18 = w, = 0.20
0.15 < w, < 0.25
0.30 < wy =< 0.35
030 =< w, =< 0.40
ZWJ =1

e
I
[

Step: 5 Priorities of attributes obtain after solving
MGLP with unknown weights using NSAH are

wy; = 02291, w, = 0.2126,w; = 0.1996,w, =
0.3587

Step: 6 Ranking based on weighted correlation
coefficients of each alternatives

A1=0.9047

A2=0.8948

A3=0.9333

A4=0.1034

Therefore the ranking of alternative A4 > A2 > Al > A3
(lower the Ai value higher the rank)

Example: 2 The decision making problem is adapted from
[47]. Suppose that an organization plans to implement ERP
system. The first step is to format project team that consists
of CIO and two senior representatives from user
departments. By collecting all information about ERP
vendors and systems, project team chooses four potential
ERP systems Ai (i =1, 2, 3, 4) as candidates. The company
employs some external professional organizations (experts)
to aid this decision making. The project team selects four
attributes to evaluate the alternatives: (1) C1: function and
technology, (2) C2: strategic fitness, (3) C3: vendors’
ability, and (4) C4: vendor’s reputation. Suppose that there
are three decision makers, denoted by D1, D2, D3, whose
corresponding weight vector is A = (1/3, 1/3, 1/3). The four
possible alternatives are to be evaluated under these four
attributes and are in the form of IVNNs for each decision
maker, as shown in the following:
Interval valued neutrosophic decision matrix:

D1=

(04,05, (0.2, 03], [03,05]}
{[06,0.7].[0.1,0.2]..[0.2.03]}
{{[0.3,04],[0.2,03]. [0.3, 0.47}
{{[02.06].[0.1,0.2]..[0.1,02]}

D2=
{{[04,0.6].[0.1,03] . [0.2, 04]}
{103,057, [0.1,0.2],[0.2, 0.3]}
({[05,0.6].[0.2.03].[03, 04]}
({[03,0.4].[0.1.02].[0.1,0.3]}

D3=
({[0.1.03],[02,03], [04, 0.5])
{{[03,0.6],[03,05],[03,0.5]}
({[04,0.5].[02,04] ,[0.2, 0.4]}
{{[0:2,04],[03,04],[0.1,0.3]}

{103,041, 03,0,].[0.2, 04]}
{[0.1,03].[0.1,04] .[0.2, 05]}
{[03.0.6],[0.2,0.3],[0.2,0.5]}
{[0:2.05].[0.4,05].[0.1, 0.6]}

{[03.05], [0.1,04],[0.3.04]}
{103.04].[0.2,02], [0.1.037}
{[0.1.04],[0.1,03] ,[03.0.5))
{{03.03]. [0, 05] . [0.2.04])

{[03,03].[0.1,03].[0.3,0.4])
{103,041, 03, 0.4],[03,05])
{[02,0.3]. [0.1,0.1)..[03, 04]}
{[0.1,041[0.2,05].[0.1, 0.5}

{[0.2,05],[0.2,0.6],[0.3, 0.5]}
{[0.4,0.5].[0.2.0.5].[03,0.7]}
{[0.2,0.7],[0.2,0.4] , [0.3, 0.6]}
{[0.3.0.5].[0.1.0.3]. [0.2, 0.2])

{[04,0.5],[0.2,0.4] ,[0.1, 0.3]}
{10207, [0.3,05] . [03, 0.6]}
([05.0.5], [0.4. 0.6] . [0.3, 0.4]}
{[02.0.3],[0.4.05] . [05, 0.6]}

{[0.2,06], [0.3,0.5]. [0.3, 0.5])
{[03,05],[0.2,0.4], [0.L, 0.57}
{[0.1.0.4], (0.2, 0.6), [0.3, 0.6]}
{[03,0],[0.2,0.4], 0.2, 0.2]}

{[0.5,0.6],[03, 0.5, (0.2, 0.5]}y
{[0.2,0.4].[0.1.0.4]. [0.3, 0.3]}}
{[0.2,0.6],[04,0.7] . [0.2, 0.7]}}
{[0.4,0.4].[0.1. 0.6].. [0.1, 0.5]}}

{0.3,06]. [03,0.6] . [03, 0.6]}}
{10.2.051. 02,071 [0.1, 0213}
{[0.1,0.2].0.1,04] . [0.5. 0.6]}}
{03.03].[02,03]. [0.1, 04]}}

{10.4,0.6]., [0:3,04] . [0.2, 0:3]}}
{10.1,0.2], [0.3, 0.5],[0.3, 04]}}
{[0.4.05], [0.2,06] , [0.1, 03]}}
{10.2,0.4],[0.3, 03], [0.2, 0.6]}}
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Step: 2 Group Decision Matrix after aggregation
with decision maker’s creditability

02213, 0.9906, 0.9953)
{0.4120, 0.9867, 0.9954}
{0.3409, 0.9955, 0.9984)
{0.3350, 0.9964,0.9722}

{0.3663, 0.9790, 0.9972)  {0.1861, 0.9923, 0.9995) (0.3869, 0.9875, 0.9987)
(05045, 0.9952, 0.9955) (0.2659, 0.9942, 0.9835)  (0.3976, 0.9835, 0.9964)
{0.2991, 0.9926, 09964}  {0.2659, 0.9972, 0.9955) {0.1968, 0.9987, 0.9940}
02783, 0.9782, 0.9942) {0.2213, 0.9972, 0.9973}  ({0.3936, 0.9953, 0.9924

Step: 3 Normalized group decision matrix (criteria
4 is cost type attribute) apply Equation: 3 to step
2 to normalize so that all attributes are in benefit

type.

1
{0.3780 0.5944] [0.1723 0.3160] [0.2348 0.3743]}
[{0.3915 0.4932][0.2000 0.3351][0.2681 0.4000]}

[{0,2520 0.4481] [0.1680 0.3000] [0.3048 0.4687]
[0.2289 0.4579][0.1723 0.2732][0.1000 0.2681]}

{{0.2520 0.5313] [0.2348 0.5068] [0.2388 0.4407]}
{[0.2884 0.5593] [0.2348 0.4687] [0.2388 0.6085)}
{[0.2154 0.5192] [0.2732 0.5421] [0.3000 0.5421]}
{[0.2621 0.4481] [0.2440 0,4056] [0.3160 0.3650]}

Step: 4 Multi Goal Linear

{[0.3000 0.3915][0.1723 0.4482][0.2681 0.4000]}
{[0.2080 0.3634 [0.2042 0.3396] [0.2042 0.4407]}
{[0.1817 0.4160][0.1347 0.2388][0.2681 0.4687]}
{[0.1817 0.4160][0.1347 0.2388][0.2681 0.4687]}

{[0.3915 0.6000] [0.3000 0.5068] [0.2348 0.4808]}
{[0.1587 0.3420] [0.2042 0.5519] [0.2388 0.3048]}
{[0.2000 0.3915] [0.2440 0.5840] [0.2886 0.5620]}
{[0.2884 0.3634] [0.2042 0.4191] [0.1347 0.5068]}

Equation formed as

min 1.19451w, + 1.4945w, + 1.64620; +
1.6798w,

Subjected to

w. = 1and

Case: 1 completely unknown weights 3.7_,
w;€ [0, 1] here j=1, 2, 3, 4

Step: 5 Priorities of attributes obtain after solving
MGLP with unknown weights using NSAH are

wy, = 0.18,w, = 0.1211, w; = 0.4378, w, = 0.2611

Step: 6 Ranking based on weighted
correlation coefficients of each alternatives

A1=0.3831
A2=0.3830
A3=0.4238
A4=0.3623
Therefore the ranking of alternative A4 > A2 > Al > A3
(lower the Ai value higher the rank)
Case: 2 partially known weights from decision

makers’
= 0.20

= 0.25
= 035
= 0.40

Wy
W,
Waq
Wy

Step: 5 Priorities of attributes obtain after
solving MGLP with unknown weights using
NSAH are

w, = 0.1856,w, = 0.1939,w, = 0.3138,w, = 0.3067

Step: 6 Ranking based on weighted correlation
coefficients of each alternatives

A1=0.3803
A2=0.3811
A3=0.4177
A4=0.3641

Therefore the ranking of alternative A4 > A1 > A2 > A3
(lower the Ai value higher the rank)

6. Comparative Analysis and Discussion

The results obtain from two examples with partially known
and completely unknown weights are compared to Sahin
and Liu [44] and Liu and Luo [45] methods.

1. Sahin and Liu [44] developed score and accuracy
discrimination functions for MCGDM problem after
proposing two aggregation operators. The unknown
weights of attributes are determined by constructing linear
equation based on maximizing deviation method. The
attribute weights are obtained by solving linear equation
using Lagrange technique. Then individual decision
matrixes are grouped with aid of geometric weighted
aggregation operator. For each alternative weighted
aggregated neutrosophic values are calculated using
obtained attribute weights to aggregated group decision
matrix. Therefore the ranking of each alternative is based
on score and accuracy functions applied to alternative
weighted aggregated neutrosophic values.

2. Liu and Luo [45] proposed weighted distance from
positive ideal solution to each alternative based linear
equation for determining unknown weights of attributes
after observing some drawback in [27] for MAGDM under
SVNS. The linear function aims to minimize overall
weighted distance from PIS where attribute weights are
unknown. The partially known or unknown conditions are
subjected to proposed linear equation and solved using any
linear programming technique results weights of attributes.
Then ranking of alternatives given based on weighted
hamming distance from PIS. The proposed model also
extended to IVNS.

3. Proposed method aimed to enhance results accuracy,
flexible to operate and effectiveness. In table 2 two
examples are evaluated with two cases. Then the proposed
method given similar results to [44] and [45] except for
example 2 case 2. Liu method and proposed method
ranked first as A4 but sachin method ranks A2 as first. The
successive ranks for Liu are A2, Al and A3 but in case of
present method Al, A2, and A3 respectively because
present method considers weighted positive and negative
symmetric deviation from PIS and NIS. Therefore the
proposed method is accurate, flexible and effective.
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Table: 2 Comparisons of Methods

Type of Sachin and Liu [44] Liu and Luo [45] Proposed Method
Problem | Example 1 | Example 2 | Example 1 | Example 2 | Example 1 | Example 2
Completely
Unknown A2 >A4>A1 | A2>A4>A1 | A2 > A4 > | A2 > A4 > | A4 > A2 > | A4 > A2 >
weights > A3 > A3 Al > A3 Al> A3 Al> A3 Al > A3
(case 1)
Partially
Unknown A2>A4>A1 | A2>A4>A1| A2 > A4 > | A4 > A2 > | A4 > A2 > | A4 > Al >
Weights > A3 > A3 Al > A3 Al> A3 Al> A3 A2 > A3
(case 2)

7. Conclusion

Real world problems involved inconsistent, indeterminate
and imprecise information therefore present method
represents decision makers’ expression in Neutrosophic
Sets (SVNS/INS). Group Decision makers’ creditability
weights are considered to aggregate their expressions to
overcome partial or incomplete knowledge of decision
makers in the respective attributes to alternatives. Partially
known or completely unknown priorities of MCGDM
problem is solved by establishing MGLP based on
symmetric discrimination measure from each alternative to
PIS and NIS then solved using NSAH algorithm. Ranks of
alternatives are given based on weighted correlation
coefficients of each alternative lower the value higher the
rank. Illustrative examples are demonstrated its
effectiveness, accuracy and flexibility by compared with
two recent methods. The proposed technique can be
applied to scientific and engineering problems such as
project evaluation, supplier selection, manufacturing
system, data mining, and medical diagnosis and
management decisions.
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Abstract: A rough fuzzy set is the result of the
approximation of a fuzzy set with respect to a crisp
approximation space. It is a mathematical tool for the
knowledge discovery in the fuzzy information systems. In
this paper, we introduce the concepts of rough standard

neutrosophic sets and standard neutrosophic information
system, and give some results of the knowledge discovery
on standard neutrosophic information system based on
rough standard neutrosophic sets.

Keywords: rough set, standard neutrosophic set, rough standard neutrosophic set, standard neutrosophic information systems

1 Introduction

Rough set theory was introduced by Z. Pawlak in 1980s
[1]. It became a useful mathematical tool for data mining,
especially for redundant and uncertain data. At first, the
establishment of the rough set theory is based on the
equivalence relation. The set of equivalence classes of the
universal set, obtained by an equivalence relation, is the
basis for the construction of upper and lower approximation
of the subset of universal set.

Fuzzy set theory was introduced by L. Zadeh since
1965 [2]. Immediately, it became a useful method to study
in the problems of imprecision and uncertainty. Ever since,
a lot of new theories treating imprecision and uncertainty
have been introduced. For instance, intuitionistic fuzzy sets
were introduced in1986, by K. Atanassov [3], which is a
generalization of the notion of a fuzzy set. While the fuzzy
set gives the degree of membership of an element in a given
set, intuitionistic fuzzy set gives a degree of membership
and a degree of non-membership of an element in a given
set. In 1999 [17], F. Smarandache introduced the concept of
neutrosophic set which generalized fuzzy set and
intuitionistic fuzzy set. It is a set in which each proposition
is estimated to have a degree of truth (T), a degree of
indeterminacy (1) and a degree of falsity (F). After a while,
the subclass of neutrosophic sets was proposed. They are
more advantageous in the practical application. Wang et al.
[18] proposed the interval neutrosophic sets, and some of
their operators. Smarandache [17] and Wang et al. [19]
introduced a single valued neutrosophic set as an instance of

the neutrosophic set accompanied with various set theoretic
operators and properties. Ye [20] defined the concept of
simplified neutrosophic set. It is a set where each element of
the universe has a degree of truth, indeterminacy and falsity
respectively, stretching between [0, 1]. Ye also suggested
some operational laws for simplified neutrosophic sets, and
two aggregation operators, including a simplified neutros-
ophic weighted arithmetic average operator and a simplified
neutrosophic weighted geometric average operator.

In 2013, B.C. Cuong and V. Kreinovich introduced the
concept of picture fuzzy set [4, 5], in which a given set has
three memberships: a degree of positive membership, a
degree of negative membership, and a degree of neutral
membership of an element in this set. After that, L. H. Son
gave the application of the picture fuzzy set in the clustering
problems [7, 8]. We regard picture fuzzy sets as particular
cases of the standard neutrosophic sets [6].

In addition, combining rough set and fuzzy set
enhanced many interesting results. The approximation of
rough (or fuzzy) sets in fuzzy approximation space give us
the fuzzy rough set [9,10,11]; and the approximation of
fuzzy sets in crisp approximation space give us the rough
fuzzy set [9,10]. W. Z. Wu et al. [11] presented a general
framework for the study of the fuzzy rough sets in both
constructive and axiomatic approaches. Moreover, W. Z.
Wu and Y. H. Xu investigated the fuzzy topological
structures on the rough fuzzy sets [12], in which both
constructive and axiomatic approaches are used. In 2012, Y.
H. Xu and W. Z. Wu investigated the rough intuitionistic
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fuzzy set and the intuitionistic fuzzy topologies in crisp
approximation spaces [13]. In 2013, B. Davvaz and M.
Jafarzadeh studied the rough intuitionistic fuzzy infor-
mation system [14]. In 2014, X. T. Nguyen introduced the
rough picture fuzzy sets. It is the result of approximation of
a picture fuzzy set with respect to a crisp approximation
space [15].

In this paper, we introduce the concept of standard
neutrosophic information system, and study some problems
of the knowledge discovery of standard neutrosophic infor-
mation system based on rough standard neutrosophic sets.
The remaining part of this paper is organized as follows: we
recall the basic notions of rough set, standard neutrosophic
set and rough standard neutrosophic set on the crisp
approximation space, respectively, in Sections 2 and 3. In
Section 4, we introduce the basic concepts of standard
neutrosophic information system. Finally, we investigate
some problems of the knowledge discovery of standard
neutrosophic information system: the knowledge reduction
and extension of the standard neutrosophic information
system, in Section 5 and Section 6, respectively.

2 Basic notions of standard neutrosophic set and rough
set

In this paper, we denote by U a nonempty set called the
universe of discourse. The class of all subsets of U will be
denoted by P(U) and the class of all fuzzy subsets of U will
be denoted by F(U).

Definition 1. [6]. A standard neutrosophic (PF) set A on the
universe U is an object of the form

A :{(X’HA (X),HA (X), Ya (X)) | x e U}

where p,(x)(€ [0,1]) is called the “degree of positive
membership of x in A”, na(x)(€ [0,1]) is called the

“degree of neutral membership of x in A” and

Ya (X)(E [0, 1])yA(x)(€ [0,1]) is called the “degree of
negative mem-bership of x in A”, where pa, na pa, yaand
Y o Masatisfy the following condition:

Ha (X)+14 (X)+ 74 (x) <L (Vx €X) ma() +va(x) +

nax)) <1, (vx € X).
The family of all standard neutrosophic set in U is denoted
by PFS(U). The complement of a picture fuzzy set A is

~A ={(X’ Va (X)a Na (X), Ha (X)) | vx e U}.
Obviously, any intuitionistic fuzzy set:
A={(xua(x),ya(x)}

may be identified with the standard neutrosophic set in the
form

A ={(%1a (x),0, 74 (x)X) | x € U}
A ={(xna(),yax),0)|x € U}

The operators on PFS(U): A<=B, AnB, AuBwere
introduced in [4].

Now we define some special PF sets: a constant PF set is the
PF set (a, B, 0) = {(x, o, B,0)|x € U}; the PF universe set is
U=1y = (1,0,0) = {(x,1,0,0)|x € U} and the PF empty
set is @ =0y=(001)={(x001)|x €U =0y =
(0,1,0) = {(x,0,1,0)|x € U},

For any X € U, standard neutrosophic set 1, and 1,

are, respectively, defined by: forall y € U

lif y=x 0ify=x
)= {1y m 0=l T8

0if y=x
0if y=x. Oif y=x
71*(y)_{1if yEX H]U{“(y)_{lif VEX

0if y=x lify=x
771“”()[):{0 if y=x ’ }/1“**>(y):{0 if y=x

Definition 2. (Lattice (D", <,-)). Let
D" = {(x1,X5,%X3) € [0,1]3:%; + X, + X3 < 1}.
We define a relation < on D" as follows:

V(X1!X2!X3)' (y1' Yo, Y3) S D*
then

(Xl,Xz,Xs)SD* (V1. Y2, Ys) %1,X2,%3) <pr (V1,¥2,¥3)
if only if

(or (Xl <Y X5 2 yg) (x4 <yunXz=y3) or
Y1X3 > y3)(X =X,y >y")

or (X =y1,X3 =y3,% SY)X=x,y=y,z2<1"))
and (X1, X2,%X3) =p* (Y1, ¥2,¥3) © (X1 =y, X2
Y2, X3 = Y3).

(X1

We have (D* <D*) is a lattice. Denote 0, = (0,0,1),

1+ = (1,0,0) Now, we define some operators on D*,
Definition 3.
®

Negative of x = (x;,%x,,%x3) €ED* is X =
(x3,x2,x1)
For all x = (x,X,,X3) € D" we have

X/\y=(x1/\y1,x2Ay2,X3vy3)
XVy:(X1Vy1’X2/\y2’X3/\Y3)'

(i)
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We have some properties of those operators.
Lemma 1.

(@) Forallx = (x4,X;,x3) € D" we have

(bl) XAYy=XVYxAy=X

\%
(02) XV Yy=XAYXVYy=XA¥
(b) For all x,y,u,veD" and x <p-u,y <p+ v
we have
(CHXAYy <puAv
(C)XVy<puVvv
Proof.
(8) We have XAy = (X3 V y3,X2 AY2, X1 AYy)
(X3,X2,X1) V (¥3,¥2,¥1) =XVYy
Similary XxXVy = (X3 Ay3,X; AYy,X; VY;)
(X3,%X2,X1) V (¥3,¥2,¥1) =XVYy
(b) For a,b,c,d € [0,1], ifa<b,c <d then aA
¢ < b A d and. From definitions 2 and 3, we have the result
to prove. O

Now, we mention the level sets of the standard neutrosophic
sets, where ((x, B, 9) e D" ; we define:
e (o, B, 0)- level cut set of the standard neutrosophic set
A={(Xotta (x),na (%), 74 (%)) x €U}
A ={x 1a(x), yax),na(x))|x € Ulas follows:
A" ={x e Ul(py (%)M (x), 74 (x)) 2 (s B, O)
Ul(ra(),na(x), ya(x)) = (o, B, 0)}

e strong (o, B,0)- level cut set of the standard
neutrosophic set A as follows:

ALY =0 e Ul(1tn (%) (%) 70 (x)) > (o B, 0)

={x€

e (at,B,0)-- level cut set of the standard neutrosophic
set A as

AL ={xeUu, (x)>a,y, (x)<6}

e (a,B,0%) — level cut set of the standard neutrosophic
set A as

Ag‘;B ={XeU|u, (X)Z o, Ya(x)<6}
By B = 0 we denoted

o _ A0
G_AS

. (at,0%)- level cut set of the standard neutro-
sophic set A as

Ag‘: ={x e Ulu, (X) >,V (X) <0}

e - level cut set of the degree of positive membership of
xinAas

A ={x e U|u, (x) > o}

the strong a- level cut set of the degree of positive member-
shipof xin A as

AY ={x e Ulp, (X) > o}

e 0- level low cut set of the degree of negative
membership of x in A as

A, ={xeUly, (x) <0}

the strong 8- level low cut set of the degree of negative
membership of x in A as

A, ={xeUly, (X) <0}
Example 1. Given the universe U = {u;, u,, uz}. Then

A=((1,0.8,0.05,0.1),(u,,0.7,0.1,0.2),(u;,0.5,0.01,0.4))

is a standard neutrosophic set on U . Then A%'.71'0'2 =

{uuz} but AT ={u} and  AgTYY = {us},

0.1t
0.7 0.7 5 _ 5t _
AO.l :{ul}, A0.1+ = @,AOS = {ul,uZ,U3},A05 =

{ug, uz}, Ag o+ = {ui} Agz = {ug,up}k

Definition 3. Let U be a nonempty universe of discourse
which may be infinite. A subset R € P(UXU) is referred to
as a (crisp) binary relation on U. The relation R is referred
to as:

e Reflexive: if forall X € U, (X,X) eR.

e Symmetric: if forall X,y € U, (X, y) eRxye

U, (x,y) € Rthen (y,x) € R.

. Transitive: if for all
xyzeU, (x,y)eR,(y,z)eR xy,z€U,(xy) €
R,(y,z) € Rthen (x,z) €R
e Similarity: if R is reflexive and symmetric
e  Preorder: if R is reflexive and transitive

e Equivalence: if R is reflexive and symmetric, tran-
sitive.
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A crisp approximation space is a pair (U,R). For an
arbitrary crisp relation R on U, we can define a set-valued
mapping R, : U — P(U) by:

R,(x)={yeUl(x,y)eR}, xeU.
Then, Rg(x) is called the successor neighborhood of X

x with respect to (w.r.t) R .

Definition 4.[9]. Let (U, R) be a crisp approximation
space. For each crisp set A < U, we define the upper and
lower approximations of A (w.r.t) (U,R) denoted by R(A)
and R(A), respectively, are defined as follows:

R(A) = {x € U:R,(x) N A # ¢},
R(A)={xeU: R (x)c A}
U:Ry(x) € A}

R(A) = {x €

Remark 2.1. Let (U, R) be a Pawlak approximation space,
i.e. R isanequivalence relation. Then Ry(x) = [x]y holds.
For each crisp set Ac<U , the upper and lower
approximations of A (w.r.t) (U,R) denoted by R(A) and
R(A), respectively, are defined as follows:

R(A) = {x € U:[x]g N A # B}JR(A) = {x € U: [x]g S
A}

Definition 5. [16] Let (U,R) be a crisp approximation
space. For each fuzzy set A € U, we define the upper and
lower approximations of A (w.r.t) (U, R) denoted by R(A)

and R(A), respectively, are defined as follows:
R(A) = {x € U:R,(x) N A # ¢},

R(A)={xeU: R (x)c A}

where

HRea) (X)) = max{ps(y)|y € Rs(x)},

HRra (X) = min{/uA (y) lye Rs (X)}

Remark 2.2. Let (U, R) be a Pawlak approximation space,
i.e. R is an equivalence relation. Then R (x) = [x]g holds.
For each fuzzy set A c U, the upper and lower
approximations of A (w.r.t) (U,R) denoted by R(A) and
R(A), respectively, are defined as follows:

R(A) = {x € U:[x]g N A # 0},

R(A) = {x € U:[x]x € A}

This is the rough fuzzy set in [6].

3. Rough standard neutrosophic set

A rough standard neutrosophic set is the approximation
of a standard neutrosophic set w. r. t a crisp approximation
space. Here, we consider the upper and lower
approximations of a standard neutrosophic set in the crisp
approximation spaces together with their membership
functions, respectively.

Definition 5: Let (U, R) be a crisp approximation space. For
A € PFS(U), the upper and lower approximations of A
(w.rt) (U,R) denoted by RP(A)RP(A) and RP(A),

respectively, are defined as follows:

RP(A) = {(, urp(a) (%), NrP(a) (%), YRE(A) (X)) X € U}
RP(A) =4(X: Hap(a (%) epgn) ()-Vaog) (%)) 1 X € U}

where

Hrp(a) (x)= yer (oA (¥) , Mrpia) (X) - ye,{:(x)nA (y) ,

RP(A) = {(%, Hre(a) (X), YRe(a) (X, Nrp(a) (X)) X € U}

and

RP(A) = {(x, trp(a) (X, Yre(a) ), MRpa) KD [X € U},
Mep(a) (X) = AL (¥): Yoo (%) = yer ) A (v)-

RP(A) = {(%, trp(a) (%), YrRp(a) (%), NRP(A) X)) |X € U}

We have RP(A) and RP(A) , two standard
neutrosophic sets in U. Indeed, for each x € U, for all e >
0, it exists y eUyo€U such that pgpea(x)-€<
Ha(Yo) < Hrpa)(X) » MrRa)(X) <Ma(Yo) + YrP(A)X) <
Ya(Yo)

so that u@(A) (X) —c+ n@(A) (X) + Yﬁ(A) (X)

< Up (YO)'H]A (y0)+7/A(yO)S1
HRB(A) ()-€ + Nrp(a) (X)) +YRPA) X) <.

Hence pgpa) (%) + Nrpea) ) +Yrp(a)(X) < 1+ €, for all
€ > 0. It means that RP(A) is a standard neutrosophic set.
By the same way, we obtain RP(A) a standard neutrosophic
set. Moreover, RP(A) < RP(A).

Thus, the standard neutrosophic mappings RP,
RP: PFS(U) — PFS(U)are referred to as the upper and lower
PF approximation operators, respectively, and the pair

PR(A) = (PR(A),RP(A)) is called the rough standard
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neutrosophic set of A w.r.t the approximation space. The
picture fuzzy set denoted by ~RP(A) and is defined by

~ PR(A) = (~ PR(A),~ RP(A)) ~RP(4) =
(~RP(A), ~RP(A)) where ~RP(A) and ~RP(A) are the
complements of the PF sets RP(A) and RP(A) respectively.
Example 2. We consider the universe set U=
{u;,u,, uz,uy,us} and a binary relation R on U in Table 1.
Here, if u;Ru; then cell (i, j) takes a value of 1, cell (i, j)
takes a value of 0 (i, j = 1, 2, 3, 4, 5). A standard
neutrosophic
A={(v,,0.7,0.1,0.2),(u,,0.6,0.2,0.1),(u,,0.6,0.2,0.05),
(u,,0.6,0.2,0.1),(u,,0.6,0.2,0.05)}

Table 1: Binary relation R on U

R u, u, u, u, ug
u, 1 0 1 0 0
u, 0 1 0 1 1
u, 1 0 1 0 1
u, 0 1 0 1 0
U, 0 0 1 1 1

We have Rg(uy) = {uy,usz}, Rg(uz) = {uy, uy, us},

RS(US) = {u1!u3!u5}! Rs(u4.) = {uz,u4},
R, (US) = {U3,U4,U5} Rg(us) = {uz, uy, us}.

Therefore, we obtain the results

rp(a) (U1) = Vyerg(uy) Ha(¥)
Hep(a) (u,)= V yer, (0, A (v)= max{pa (uy), pa(uz)}

= max{0.7,0.6} = 0.7,

Nre(a) (w)= Ayer,(u)a (y) =min {’7A (uy),77 (us )}

=max{0.7,0.6} = 0.7,

Vap(a) (Un) = Avyer,(u) A (y)=min {7, (u),7x (U, )}

Yrea)(U1) = Ayerg(uy) Ya(y) = min{ya(uy), ya(uz)} =
max{0.7,0.6} = 0.7 min{0.2,0.05} = 0.05

Similar calculations for other elements of U, we have upper
approximations of A

RP(A)={(u,,0.7,0.1,0.05),(u,,0.6,0.2,0.1),

(u3 ,0.7,0.1, O.O5),(u4 , 0.6,0.2,0.1) , (u5 ,0.6,0.2,0.05)}
and lower approximations of A is
RP(A)={(u,,0.6,0.1,0.2),(u,,0.4,0.2,0.2),

(u;,0.4, 0.1,0.2),(u4 : 0.5,0.2,0.15), (us,0.4,0.2,0.2)}.

Some basic properties of rough standard neutros-
ophic set operators are presented in the following theorem:

Theorem 1. Let (U, R) be a crisp approximation space,
then the upper and lower rough standard neutrosophic
approximation operators satisfy the following properties:
VA, B, A;€ PFS(U), j €],] is an index set,

(PL1) PR(~ A) =~ RP(A)
(PLD)  RP(AU(a,B,6))= RP(A) (e p.0)
RP(A U («,8,0)) = RP(A) U (B, 6)

(PL3) RP(U)=URP(U) = U
Nrea)(X) = AyeryNa(y)
(PL5) RP(AUB) 2 RP(A)U RP(B)

(PL6) A € B = RP(A) < RP(B)

(PU1)
=~ PR(A)

RP(~A) = ~RP(A)RP(~ A)

(PU2) PR(A N (a, B,8)) = PR(A) N (a, B, 6)
(PU3) PR(®) = @

(PU4) RP(Ujgs A)) = Ujey RP(4))

(PU5) RP(A n B) < RP(A) N RP(B)

(PU6B) A € B = RP(A) € RP(B)
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Proof.

(PL1).
RP(= A) =4, Mapon) (%) Magion) (%): YVeoo) (%)) [ x € U
in which,

Hap(-a) (X) = Vyer (x) K- ( y) = Vyer(x)7a (Y):

yﬁ(A) (X) ;

fuﬁ(A) (X)

From that and lemma 1, we have PR(~ A) =~ RP(A).
(PL2) Because (o, B,0) = {(x, a, B, 0)|x € U}, we have
#@(Au(a,ﬁ,e)) (X) =V yeRs(X)'u&(Au(u,ﬁ,e)) (y)

Vyers() Hre(au(@g0) V)= \/ g (nMaX { Hepiay (Y): a}

= maX{\/yERS(x)/’@(A) (y)’VyeRs(x)a}

= maX{VyeRs 0 Hre(a) (), Vyeryx) o}
max{ﬂE(A) (X), /’l((u,ﬁ,e))(x)} = IUE(A)U(G)B,G) (X) .

By the same way, we have

ﬂ@(Au(u,B,e)) (X) = n@Au(a,ﬁ,e) )

and

y@(Au(a,[},e)) (X) - 7@%(%&»9) ()

It means RP(A U (e, 3,8)) = RP(A) U (a, B, 0).

(PL3) Since U = 1y = (1,0,0) = {(x,1,0,0)|x € U}, then
we can obtain (PL3) RP(U) = U by using definition 5.

The results (PL4), (PL5), (PL6) were proved by using the
definition of lower and upper approximation spaces
(definition 5) and lemma 1. Migp(aFo) x)

Similarly, we have (PU1), (PU2), (PU3), (PU4), (PU5),
PU(6). O

Theorem 2. Let (U,R) be a crisp approximation space.
Then

a) RP(U) = U = RP(U) and
RP(2) =2 = RP(2)RP(D) = @ = RP(®).
b) RP(A) S RP(A) forall A € PFS(U).o
Proof.

(&) Using (PL3), (PL6), (PU3), (PUB), we easy prove
RP(U) = U = RP(U) and RP(@) = @ = RP(®).

(b) Based on definition 5, we have
Hrp(a) (x)= Ayer, (xHA (v)
< Kap(a) (x)= V yer, (xHA (v):

Tre(n) (x)= Ayer, (xHA (v)= Nrp(a) (x).

and
’Y&(A) (X) = VyeRs(x)YA (y) 2

Ayer,(x)A (y)= TRR(a) (%)

So RP(A) < RP(A) for all A € PFS(U).o

In the case of connections between special types of
crisp relation on U, and properties of rough standard
neutrosophic approximation operators, we have the
following:

Lemma 2. If Ris a symmetric crisp binary relation on U,
then for all A, B € PFS(U),

RP(A) = B <> Ac RP(B)
Proof.

Let R be a symmetric crisp binary relation on U, i.e.y €
Rs(X) & x € R¢(y), Vx,y € U. We assume contradiction

that RP(A) — Bbut Az RP(B).

For each x € U, we consider all the cases:
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+if 4, (x) > Hep(e) (x)= /\yERS(X)HB(Y) then it exists y, €
Rg(x) such that £z, (X) > 145 (Y,) > = (Vo)=
VzeRs(yo)'”A(Z) > u, (x) (because y, € Ry(x) then

x € R, (Y, ) Thisis not true.

+ the cases or f are
Y 0 <Y (0 OF 7400 > 155, (X)
also not true. o

Theorem 3. Let (U, R) be a crisp approximation space, and
RP, the upper and lower PF approximation operators.

Then:

(@) R is reflexive if and only if at least one of the
following conditions are satisfied

(al) (PLR)RP(A) € AVA € PFS(U)
(a2) (PUR)A S RP(A)VA € PFS(U)

(b) R is symmetric if and only if at least one of the
following conditions are satisfied

(b1) (PLR)RP(RP(A)) € AVA € PFS(U)
(b2) (PUR)A C RP (W(A)) VA € PFS(U)

(c) R is transitive if and only if at least one of the
following conditions are satisfied

(c1) (PLT)RP(A) < RP(RP(A))VA € PFS(U)
(c2) (PUT)RP(A) < RP (ﬁ(A)) VA € PFS(U)
Proof.

(a). We assume that R is reflexive, i.e., X € Ry (X), so that

VA e PFS(U)
Hre(a) (x)= Ayer(xHA (v) <ma() '
Trea) (X) = Ayer,ootta (¥) T4 (%)

and Y@(A) (X) = \/yeRs(X)YA (y) 2 Ya (X) It means
that RP(A)c A, VA e PFS(U), i.e. (al) was verified.

Similarly, we consider upper approximation of:
Hzp(a) (x)= V yer, (x A (v) 2 pa(x), N&p(a) (x)=

Avyer,(xfta (¥)=ma(x), and VR (x)=

Ayer,(x)A (V) <7a(x).

we have

It means A RP(A), VAePFS(U) , ie. (a2) is
satisfied.

Now, assume that (al) RP(A)c A, VA ePFS(U); we

show that R is reflexive. Indeed, we assume contradiction
that R is not reflexive, i.e. x ¢ Rs (x)

ATy 0 if y=x

We consider Jie. ulu{x}(y): Lif yrx
Oif y=x 1if y=x
nl“**}(y):{o if y=x' 71“{*}(y):{0 if y=x

Then ’Y@(A) (X) - VyeRs(x)yA (y) =02 VA (X) =1.
This is not true. It implies R is reflexive.
Similarly, we assume that (a2) A @(A) VA e PFS(U);

we show that R is reflexive. Indeed, we assume
contradiction that R is not reflexive, i.e., x ¢ Rs (x)-

We consider A=1 , i (y) Lify=x
€ consiaer = , Le., = s
b b, Y 0if y=X
Oif y=x 0if y=x
nl*(y)_{Oify;tx'yl*(y)_{lify;tx'

Then Begia) (X) =/ ym fta (¥) =02, (x) =1
This is not true. It implies R is reflexive.
(b).

We verify case (b1). X e R (y)
S

XERSK{W

We assume that R is symmetric, i.e., if

y e Rs(x) . For all AePFS(U), because
then AzeRS(y) Ha (Z) < Ha (X) ! /\zeRs(y) Ha (Z)

<pa (%), Voern?a(2) 2 7a (x)forall yeR(x),

we have
“@@(A))( )=
X vyeRs(x)(/\zeRs(y) Ha (Z)) < l"lA (X) !
=V

nﬁE(A)) (X)  YVyeRy(x) ( /\zeRs(y) U (Z)) < N (X) ;and

YRR ®RP(A)) (x)= AyeRry(x) ( Vaery(y) 7A (2)) 27a(x):
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It means that RP(RP(A)) = A VA e PFS(U).

We assume contradiction that RP(RP(A))=A VA< PFS(U)
but R is not symmetric, i.e., if X € Rg(Yy) then y ¢ Rq (X)
and if y € Ry (X) then x & R (Y) .

We consider A= 1U—{x} . Then,

Hepre(a)) (x)
Vyer, (%) ( Aera(y) Ma (Z)) =1>U, (X) =0. 1t
is not true, because M apme(a) (X) < p,(X), for all
X €U . So that R is symmetric.

By the same way, it yields (b2).

(c). R is transitive, ie., if for all X,y,zeU
2eR(Y),yeRs(Xx) then Ze Rs(X) . It means that

Rs(Y) € Rg(x), so that for all Ae PFS(U) we have

/\ZERS(X) Ha (Z) < /\zeRS(y) Ha (Z) '

Hence

NyeRr,(x) (/\ZERS(X) Ha (Z)) S /\yeRs(x)(/\ZeRS(y) Ha (Z))
Because 1igp sy (X) = AyeRr, () (/\ZERS(X) ta (2))

and gpge(ay (X) = Ayer (g (Macr, () Ha (2))

SO i py (X) < Ligpepay (X) - fOr all xeU, Ae PFS(U).
It mean that (cl) was varified. Now, we assume
contradiction that (cl): @(A)g@(@m))w\epps(u),

not transitive, ie., X,Yy,zeU

but R is

zeRs(y),yeRs(x) then z & Ry (X) . We consider
A=D1 oy then igpa (X) = Nger () Ma (Z) =1, but

’UE(E(A» (X) = /\yeRs(x) (/\zeRs(y) Ha (Z)) =0.

It is false. By same way, we show that (c2) is true. Hence,

(c) was verified.O

Now, according to Theorem 1, Lemma 1 and Theorem 3,
we obtain the following results:

Theorem 4. Let R be a similarity crisp binary relation
on U and RP, RP:PFS(U) — PFS(U) the upper and
lower PF approximation operators. Then, for all A €
PFS(U)

A=RP(A)- RP(A)=A

- ~A=RP(~A)oRP(-A)=—A.

4. The standard neutrosophic information systems

In this section, we introduce a new concept: standard
neutrosophic information system.

Let (U, A, F) be aclassical information system. Here U
is the (nonempty) set of objects, i.e. U = {uy, uy, ..., u,},
A ={ay,a,,...,an} isthe attribute set, and F is the rela-
tion set of U and A, i.e. F = {f]-: U-V,j=12 ..., m},

where V; is the domain of the attribute a;, j=12,.., m

We call (U, A, F, D, G) an information system or deci-
sion table, where U, A, F) is the classical information sys-
tem, A is the condition attribute set and D is the decision at-
tribute set, i.e. D = {dl,dz, ...,dp} and G is the relation

setof Uan D, i.e. G = {g;: U - V]] =1,2,...,p} where
V]-' is the domain of the attribute dj, j=12,..,p.

Let (U, A, F, D, G) be the information system. For B €
A U D, we define arelation, denoted Rg = IND(B)), as fol-
lows, Vx,y € U:
xIND(B)y < fj(x) = fj(y) forallj € {j:a; € B}.

The equivalence class of x € U based on Ry is [x]|g =
{y € U:yRpx}.

Here, we consider Ry = IND(A), Rp = IND(D). If
R, c R,Ra ERp, i.e, for any [x]a,x € U there exists

[X]p such that [x]4 S [X]p, then the information system is
called a consistent information system, other called an in-
consistent information system.

Let (U, A, F, D, G) be the information system, where
(U, A, F) is a classical information system.

IfD = {Dy|k = 1,2, ..., q}, where Dy is a fuzzy sub-
set of U, then (U, A, F, D, G) is the fuzzy information sys-
tem.

If D = {Dy|k =1,2,...,q}where Dy is an intution-
istic fuzzy subset of U, then (U, A, F, D, G) is an intuition-
istic fuzzy information system.
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Definition 6. Let (U, A, F, D, G) be the information system
or decision table, where (U, A, F) is a classical information
system. If D = {Dy|k = 1,2, ..., q}, where Dy is a standard
neutrosophic subset of U, and G is the relation set of U
and D, then (U, A, F, D, G) is called a standard neutrosophic
information system.

Example 2. The following Table 2 gives a standard
neutrosophic information system, where the objects set U =
{uy,uy, ..., u50},, the condition attribute set is A=
{aj,a3,a3} , and the decision attribute set is D=
{D;,D,,D3} , where Dy(k=1,2,3) is the standard
neutrosophic subsets of U.

Table 2: A standard neutrosophic information system

U a a, g Dl Dz D3
u 3 2 (0.20.3,05) (01506,02)  (0.4,0.0505)
u, 1 (0.3,0.1,05) (0.30.3,0.3) (0.35,0.1,0.4)
u 3 2 1 (0.6,0,0.4) (030.0506)  (0.1,0450.4)
3
u 3 3 1 (0.15,0.1,0.7) (0.1,00508)  (0.2,0.4,0.3)
4
u 2 2 4 (0.05,02,0.7) (0.2,0.4,0.3) (0.05,0.4,0.5)
5
2 3 4 (0.1,0.3,0.5) (0.2,0.3,0.4) (10,0)
uG
1 3 2 (0.25,0.3,0.4) (1,0,0) (0.3,0.3,0.4)
U,
u 2 2 4 (0.1,06,0.2) (0250304)  (0.4,00.6)
8
u 3 2 1 (04501,045)  (0.250.4,03)  (0.2050.3)
9
1 3 2 (0.050.050.9)  (0.4,02,0.3) (0.05,0.7,0.2)
ulO

5. The knowledge discovery in the standard neutro-
sophic information systems

In this section, we will give some results about the
knowledge discovery for a standard neutrosophic
information systems by using the basic theory of rough
standard neutrosophic set in Section 3. Throughout this
paper, let (U,A,F,D,G) be the standard neutrosophic
information system and by B € A, we denote RP;(D;) the
lower rough standard neutrosophic approximation of D; €
PFS(U) on approximation space (U, Rg).

Theorem 5. Let (U,AF,D,G) be the standard
neutrosophic information system and B € A. If for any x €

U:
(110, (970 (%) 7 () 2 (e(x). B(6).6(x))

= RPs(D)(x) > RP(D;) (x) (i # ),

then [x]g N (~ D)P° = ¢

o(x)
[X], 7(~D,)"* »@ s N (~Day” # 0

a(x)

a(x).A(x)
[X]B = (Di )y(x) ’

,0 ,0
DDEDP [x]5 0 (~ DPESY® # 0

,0
[x]p N (~ DL + @

and

[x]g N (~ DAY’ # B[x]g <

where (a(x), B(x),0(x)) € D".
Proof.

We have
(D)™ =y €U :(atn (¥).716, (¥).70,(¥)

> (a(x), B(x), 0(x))}.

Since (a(x), B(x),8(x)) = RP5(Dy) (%),

we have o(x)= Ayepi, Mo (y), B(x)= Ay, o, (y).
and g(x) =V, 70, (y) Sothat, forany x € U,y € [X]g
then pup,(¥) = a(x) . 7, (y)260(x)¥p,(y) <6(x) and

ye (Di ):(X)vﬁ(x) ’

ie.,
(x)

np,;(y) =2 8(x) . It means that

a(x),B(x a(x),B(x
[x]s = (D, )9((X)) ( )[X]B < (Di)egx))'ﬁ( )

Now, since

(e(x). B(x).0(x)) = RP5 (D;)(x) > R (D ) (x)(i # )

then there exists y € [x]g such that

(40, (¥):710, (¥) .7, (¥)) < (@(%), B(x).0(x))

(uni(y).nni(y),vni(y)) <(ax),B(x),0(x) e, or
(bp; () <ax) , yp,(y) =20(x)) or (up,(y) =aXx ,
Yp; ¥) > 0(x)) or (up,(y) = a(x), yp,(y) >0(x)) and
np, (y) < B(x)). It means that here exists y € [x]g such that

(70, (y)l770, (Y),,UDi(Y))Z(Q(X),O,a(x)), ie. ye(~

8(x),0 0(x),0
D])(J((X) . So that [X]B n (~ D])(X(X)

Let (U,A F,D,G) be the standard neutrosophic
information system, R, the equivalence classes which are
induced by the condition attribute set A4, and the universe is
divided by R, as following: U/R, = {X;,X; ..., Xk }. Then
the approximation of the standard neutrosophic decision
denoted as, foralli = 1,2, ...,k

# 0.0
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RP, (D(X;))=(RP(D,(X,)),RP4(D; (X)), RPA (D, (X))))
Example 3. We consider the standard neutrosophic
information system in Table 2. The equivalent classes

U/ RA ={X1 ={u1,u3,u9},xz ={u2,u7,um},
X3 = {us}, Xy = {us, ugh Xs = {ug}}

The approximation of the standard neutrosophic decision is
as follows:

Table 3: The approximation of the picture fuzzy decision
U /Rs RP,(D,(X;)) RP,(D,(X;)) RP.(D,(X;))
X, (0.2,0,0.5) (0.15,0.05,0.6)  (0.1,0.05,0.5)
X, (0.05,0.05,0.9) (0.3,0.1,03)  (0.05,0.1,0.4)
X, (0.15,0.1,07)  (0.1,0.05,0.8) (0.2,0.4,0.3)
X, (0.05,0.2,0.7) (0.2,0.3,0.4) (0.05,0,0.6)
X, (0.1,0.3,0.5) (0.2,0.3,0.4) (1,0,0)

Indeed, for X; = {u,,us, ug}.
We have vx € X,

Hep () (X) = Ayex, Hp, (¥) = Min{0.2,0.6,0.45} = 0.2
e (0,) (x)= Ayex, T, (y)=min{0.3,0,0.1} =0
Ve .(0,) (X)=Vyex, 7o, () = max{0.5,0.4,0.45} = 0.5
y € (~ DS, so that RP, (D) (x) = (0.2,0.5,0). And
fep (0, (X) = Ayux, o, (¥) = Min{0.15,0.3,0.25) = 0.15
T’IQA(DZ)(X) =/\yexl T]DZ (y) = mln{06,005,04} = 0.05 y
Vep,(0,) (X) = Vyex, 7o, (¥) = Max{0.2,0.6,0.3} = 0.6
s0 RP4(D,)(x) = (0.15,0.6,0.05) and

HRP,(D5) (X) =Ayex, Hp,(¥) = min{0.4,0.1,0.2} = 0.1,
e (0,) (X) = Ayex, Tlo, (y) =min {0.05,0.45, 0.5} =0.05 ’
Ve, (o) (X) =Vyex, Vo, (y) = max {0.5, 0.2,03} =05

50 that RP, (D5)(x) = (0.1,0.5,0.05).

Hence, for X; ={u,uz,ue}
max;_,, 5 RP, (D)(x)=

Vx€X,

RP, (D,)(x)=(0.2,0.5,0) maxi=1,2,3RP (Di) (x) =

02,0 _ :
and X; = {ug,uz, uo} € (D1)ys = {uy, Uz, ug, uz, Uo};

FOf Xz = {uZ, u,, ulo}. We have Vx € Xz,

max;—g 2,33RPA (D) (%) = RPy(D3)(x) = (0.3,0.3,0.1),

03,01 _
and X, = {up, uz,u0} € (D2)g3 ~ = {Ug, Uy, Uygg}.

For X5 = {u,}, we have Vx € X,
maXi:{Lz,s}&DA(Di)(X) = RPA(D3)(x) = (0.2,0.3,0.4),
and Xy ={u, (D, )oe " = {u, g U} X3 = {us} €
(D2)05"" = {us, ug, ug}.

For X5 = {u,}, we have Vx € X,

max;—(; 2,33RPA(D;) (%) = RPA(D3)(x) = (0.2,0.3,0.4)

Xy = {Us:Us}E(Dz)gjO's = {uz-usauss’ug-ulo}

X, = {us,ug} € (D, 3;2;‘0'3 = {uy, us, ug, Uy, Uyp}.

and

For X5 = {u,}, we have Vx € X,,

max;—y 2 33RPA (D) (x) = RPy(D3)(x) = (0.2,0.3,0.4), and
1,0

Xs ={us = (D;); =1{us}-

6 The knowledge reduction and extension of stand-
ard neutrosophic information systems

Definition 7.
(i) Let (U,AF) (UAF) be the classical infor-

mation system and B € A. B is called the standard neutro-
sophic reduction of the classical information system
(U, A, F), if B is the minimum set which satisfies the fol-
lowing relations: for any X € PFS(U),x € U.
RP, (X)=RP4(X), RPa(X)=RPs(X)

(i) B is called the standard neutrosophic lower approx-
imation reduction of the classical information system
(U, A, F), if B is the minimum set which satisfies the fol-
lowing relations: for any X € PFS(U),x € U

RP4(X) = RPg(X),

(iii) B is called the standard neutrosophic upper approx-
imation reduction of the classical information system
(U, A F), if B is the minimum set which satisfies the fol-
lowing relations: for any X € PFS(U),x € U
RPA(X)=RPs(X)
where RP, (X),RP5(X), RPa(X),RPs (X)

RP,(X), RP5(X), RP4(X), RPg(X)are standard neutro-
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sophic lower and standard neutrosophic upper approxima-
tion sets of standard neutrosophic set X € PFS(U) based

on R,,Rz Ry, R, respectively.

Now, we express the knowledge of the reduction of
standard neutrosophic information system by introducing
the discernibility matrix.

Definition 8. Let (U, A,F,D,G) be the standard
neutrosophic information system. Then M =[D; ],

where

Dij—{{a'EA:f'(X');tf'(XJ)}; 9y, (D) # 9y, (D)

A 19x, (D) =9y, (D)
is called the discernibility matrix of (U, A, F,D, G) (where
gx, (Dy) is the maximum of RP, (D(X;)) obtained at D, Dy,

ie., gy (D;)=RP,(D (X))

= max{RP,(D,(X;)).z=12,...,q)) gx,Di) =

RP, (D (X;)) = max{RP,(D((X{)),t = 1,2, ..., q}).
Definition 9. Let (U, A, F, D, G) be the standard
neutrosophic information system, for any B € A, if the fol-
lowing relations holds, for any x € U:

RP, (D,)(x)>RPy (D;)()=  RP, (D,)(x)>RR, (D, )(x)(i # i)
then B is called the consistent set of A.

Theorem 6. Let (U, A, F, D, G) be the standard

neutrosophic information system. If there exists a subset B
€ A such that B N Dj; # @, then B is the consistent set of

A.

Definition 10. Let (U, A, F,D,G) be the standard
neutrosophic information system

e fa e AT (X)) =1, (X))} 9y, (D) # 9y, (D)
9, (Dt): Ox, (Dx)

is called the discernibility matrix of (U, A, F, D, G) (where

gx, (D) is the maximum of RP, (D(X;)) obtained at Dy,

i.e.

Oy (Dl):@A(DI(Xi)):max{@A(Dz(Xi)),z:1,2,...,q}).

gx; (Di) = RPy(Dic(X;)) = max{RPx(D(X)), t =

1,2,..,q}).
Theorem 7. Let (U, A, F,D,G) be the standard
neutrosophic information system. If there exists a subset

ij @

B € A such that BN Di(} = @, then B is the consistent set
of A.

Proof. If BN Dicj = @, then B € Dj;. According to Theorem
6, B is the consistent set of A.O

The extension of a standard neutrosophic information
system suggested the following definition:

Definition 11.
(i) Let (U, A, F) be the classical information system and A
C B. B is called the standard neutrosophic extension of the
classical information system (U, A, F), if B satisfies the
following relations:

forany X € PFS(U),x €U
RP, (X)=RPq (X), RPa(X)=RPa (X)
(i) B is called the standard neutrosophic lower approx-
imation extension of the classical information system
(U, A F), if B B satisfies the following relations:
forany X € PFS(U),x € U
RP, (X ) =RP; (X )
(i) B is called the standard neutrosophic upper approx-
imation extension of the classical information system
(U, A, F), if B satisfies the following relations:
forany X € PFS(U),x € U
RPa(X)=RPs(X)
where RPA(X), RP3(X), RPA(X),RPg(X) are picture
fuzzy lower and upper approximation sets of standard neu-
trosophic set X € PFS(U) based on R4, Ry, respectively.

We can easily obtain the following results:

Definition 12. Let (U, A, F) be the classical information
system, for any hyper set B, such that A € B, if A is the
standard neutrosophic reduction of the classical information
system (U, B, F), then (U, B, F) is the standard neutro-
sophic extension of (U, A, F), but not conversely necessary.
Example 4. In the approximation of the standard neutro-
sophic decision in Table 2, Table 3. Let B = {a;, a,}, then
we obtain the family of all equivalent classes of U based on
the equivalent relation Rg = IND(B) as follows:

U/RB :{Xl ={U1,U3,Ug},xz :{uzvuwum}rxa :{UA}’X4 :{usvua}rxs :{ue}}

We can get the approximation value given in Table 4.
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Table 4: The approximation of the standard neutrosophic
decision

U /Re EB(Dl(Xi)) EB(Dz(xi)) EB(Da(xi))

X, (0.2,0,0.5) (0.15,0.05,0.6)  (0.1,0.05,0.5)

X, (0.05,0.05,0.9) (0.3,0.1,03)  (0.05,0.1,0.4)

X, (0.15,0.1,0.7) (0.1,0.05,0.8) (0.2,0.4,0.3)

X, (0.05,0.2,0.7) (0.2,0.3,0.9) (0.05,0,0.6)

X (0.1,0.3,0.5) (0.2,0.3,0.4) (1,0,0)

It is easy to see that B satisfies Definition 7 (ii), i.e., B
is the standard neutrosophic lower reduction of the classical
information system (U, 4, F).

The discernibility matrix of the standard neutrosophic
information system (U, A, F,D,G) will be presented in
Table 5.

Table 5:  The discernibility matrix of the standard neutrosophic
information system
U/Ry X, X, X, X, Xs
X, A
X, A A
X, {a} {a,, a3} A
X, {ay, a3} A A A
Xs {ay, as} A A {ay} A
7 Conclusion

In this paper, we introduced the concept of standard
neutrosophic information system, and studied the know-
ledge discovery of standard neutrosophic information
system based on rough standard neutrosophic sets. We
investigated some problems of the knowledge discovery of
standard neutrosophic information system: the knowledge
reduction and extension of the standard neutrosophic
information systems.
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Abstract. This paper defines basic operations of neutro-
sophic numbers and neutrosophic number functions for
objective functions and constraints in optimization mod-
els. Then, we propose a general neutrosophic number op-
timization model for the optimal design of truss struc-
tures. The application and effectiveness of the neutro-
sophic number optimization method are demonstrated
through the design example of a two-bar truss structure

under indeterminate environment to achieve the mini-
mum weight objective under stress and stability con-
straints. The comparison of the neutrosophic number op-
timal design method with traditional optimal design
methods proves the usability and suitability of the pre-
sented neutrosophic number optimization design method
under an indeterminate/neutrosophic number environ-
ment.

Keywords: Neutrosophic number, neutrosophic number function, neutrosophic number optimization model, neutrosophic

number optimal solution, truss structure design.

1 Introduction

In the real-world, there is incomplete, unknown, and
indeterminate information. How to express incomplete,
unknown, and indeterminate information is an important
problem. Hence, Smarandache [1-3] firstly introduced a
concept of indeterminacy, which is denoted by the symbol
“I” as the imaginary value, and defined a neutrosophic
number as N = a + bl for a, b € R (all real numbers),
which consists of both the determinate part a and the
indeter-minate part bl. So it can express determinate and/or
inde-terminate information in incomplete, uncertain, and
inde-terminate problems. After that, Ye [4, 5] applied
neutro-sophic numbers to decision making problems.
Then, Kong et al. [6] and Ye [7] applied neutrosophic
numbers to fault diagnosis problems under indeterminate
environments. Further, Smarandache [8] introduced an
interval function (so-called neutrosophic function/thick
function g(x) = [91(X), g2(x)] for x € R) to describe
indeterminate problems by the interval functions. And
also, Ye et al. [9] introduced neutrosophic/interval
functions of the joint roughness coef-ficient and the shear
strength in  rock mechanics under in-determinate
envilbisnadnvtious that neutrosophic numbers are very suita-
ble for the expression of determinate and/or indeterminate
information. Unfortunately, existing optimization design
methods [10-13] cannot express and deal with indetermi-
nate optimization design problems of engineering struc-
tures under neutrosophic number environments. Further-
more, the Smarandache’s neutrosophic function [8] cannot

also express such an indeterminate function involving neu-
trosophic numbers. Till now, there are no concepts of neu-
trosophic number functions and neutrosophic number op-
timization designs in all existing literature. Therefore, one
has to define new functions containing NNs to handle inde-
terminate optimization problems of engineering designs
under a neutrosophic number environment. To handle this
issue, this paper firstly defines a new concept of neutro-
sophic number functions for the neutrosophic number ob-
jective functions and constraints in engineering optimiza-
tion design problems with determinate and indeterminate
information, and then proposes a general neutrosophic
number optimization model and a solution method to real-
ize neutrosophic number optimization problems of truss
structure design, where the obtained neutrosophic number
optimal solution can satisfy the design requirements in in-
determinate situations.

The remainder of this paper is structured as follows.
Section 2 defines some new concepts of neutrosophic
number functions to establish the neutrosophic number ob-
jective functions and constraints in indeterminate optimiza-
tion design problems, and proposes a general neutrosophic
number optimization model for truss structure designs. In
Section 3, the neutrosophic number optimal design of a
two-bar truss structure is presented under a neutrosophic
number environment to illustrate the application and effec-
tiveness of the proposed neutrosophic number optimization
design method. Section 4 contains some conclusions and
future research directions.
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2 Neutrosophic numbers and optimization models

2.1 Some basic operations of neutrosophic num-
bers

It is well known that there are some indeterminate de-
sign parameters and applied forces in engineering design
problems. For example, the allowable compressive stress
of some metal material is given in design handbooks by a
possible range between 420 MPa and 460 MPa, denoted by
op = [420, 460], which reveals the value of o is an inde-
terminate range within the interval [420, 460]. Then a neu-
trosophic number N = a + bl for a, b € R (all real numbers)
can effectively express the determinate and/or indetermi-
nate information as N = 420 + 401 for | € [0, 1], where its
determinate part is a = 420, its indeterminate part bl = 40l,
and the symbol “I” denotes indeterminacy and belongs to
the indeterminate interval [inf I, sup 1] = [0, 1]. For another
example, if some external force is within [2000, 2500] kN,
then it can be expressed as the neutrosophic number N =
2000 + 501 kN for Ie [0, 10] or N = 2000 + 51 kN for |
[0, 100] corresponding to some actual requirement.

It is noteworthy that there are N = a for bl =0 and N =
bl for a = 0 in two special cases. Clearly, the neutrosophic
number can easily express its determinate and/or indeter-
minate information, where | is usually specified as a possi-
ble interval range [inf I, sup 1] in actual applications.
Therefore, neutrosophic numbers can easily and effectively
express determinate and/or indeterminate information un-
der indeterminate environments.

For convenience, let Z be all neutrosophic numbers (Z
domain), then a neutrosophic number is denoted by N = a
+ bl =[a+b(infl),a+ b(sup )] for I € [inf 1, sup I]and N
€ Z. For any two neutrosophic numbers N1, N> € Z, we can
define the following operations:

N,+N,=a +a,+(b +b,)l
(1) =[a,+a,+b,(inf I)+b,(inf 1),;
a +a,+b(supl)+b,(supl)]

N, —N,=a —a,+ (b —b,)I
) =[a, —a, +b (inf 1) Db, (inf 1), ;
a,—a,+b(sup1)—b,(sup )]

N, xN, =aa, +(ab, +a,b)l +bb,1?
[ (a, +b,(inf 1))(a, + b, (inf 1)),
| (a,+by(inf 1))(a, +b,(sup 1)),
™ (a, +b,(sup )(a, +b, inf 1),
®) (3, +b,(sup1))(a, +b,(sup1)) ) |
(8 +Dy(inf 1)(a, +b,(inf 1)),
| @ +hanT D)@, +b,(sup1),
(&, +by(sup 1))(a, + b, (inf 1),
(3, +b,(sup))(a, +b,(sup1)) )

N, _a+bl _ [a+b(infl)a +b(supl)]
N, a,+b,l [a,+Db,(infl),a,+b,(supl)]
i a +b(infl) a +b(infl) ]
i a, +b,(supl) &, +b,(inf 1)’
) &, +b(supl) a +b(supl)
a,+b,(supl) a, +b,(inf 1)
a +b(infl) a +b(infl)
max a,+b,(supl) a, +b,(inf I)
a+b(supl) a+b(supl)
a,+b,(supl) &, +b,(inf I)

2.2 Neutrosophic number functions and neutro-
sophic number optimization model

In engineering optimal design problems, a general op-
timization model consists of the objective function and
constrained functions. In indeterminate optimization prob-
lems of engineering designs, then, objective functions and
constrained functions may contain indeterminate infor-
mation. To establish an indeterminate optimization model
in a neutrosophic number environment, we need to define
neutrosophic number functions in Z domain.

Definition 1. A neutrosophic number function with n de-
sign variables in Z domain is defined as

FOX, 1): 2" > Z. 1)

where X = [X1, X, ..., Xa]" for X e Z" is a n-dimensional
vector and F(X, 1) is either a neutrosophic number linear
function or a neutrosophic number nonlinear function.

For example, F(X,1)=@0+21)x +X,+(2+3)I
for X = [x1, x2]" € Z? is a neutrosophic number linear func-
tion, then F, (X, 1) = Ix’ +(3+1)x5 for X = [x1, X;]"e Z?
is a neutrosophic number nonlinear function.
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2.3 General neutrosophic number optimization
model

Generally speaking, neutrosophic number optimization
design problems with n design variables in Z domain can
be defined as the general form of a neutrosophic number
optimization model:

min F(X, 1)

st G(X, 1)<0,k=1,2,...,m
Hi(X, 1)=0,j=1,2,...,s
XeZz", | e [inf, sup 1],

where F(X, 1) is a neutrosophic number objective function
and Gi(x), Ga(x), ..., Gm(x) and Hy(x), Hao(X), ..., Hs(x): Z"
— Z are neutrosophic number inequality constraints and
neutrosophic number equality constraints, respectively, for
XeZ"and |l € [inf 1, sup I].

However, if the neutrosophic number optimal solution
of design variables satisfies all these constrained condi-
tions in a neutrosophic number optimization model, the op-
timal solution is feasible and otherwise is unfeasible. Gen-
erally speaking, the optimal solution of design variables
and the value of the neutrosophic number objective func-
tion usually are neutrosophic numbers/interval ranges (but
not always).

To solve the neutrosophic number optimization model
(2), we use the Lagrangian multipliers for the neutrosophic
number optimization model. Then the Lagrangian function
that one minimizes is structured as the following form:

@)

L(X, i, 2) = F(X, 1)+
Em:ukc;k(x,lnimj(x,n’

HeZ™ AeZs, XeZ", le[inf 1, sup 1].

)

The common Karush-Kuhn-Tucker (KKT) necessary
conditions are introduced as follows:

VF(X,I)+Zm:{,ukVGk(X,I)}+ZS:{1J.VH].(X,I)}:O 4)

combined with the original constraints, complementary
slackness for the inequality constraints and g >0 for k =1,
2,...,m.

However, it may be difficult to solve neutrosophic non-
linear optimization models in indeterminate nonlinear op-
timization design problems, such as multiple-bar truss
structure designs under neutrosophic number environments,
by the Karush-Kuhn-Tucker (KKT) necessary conditions.
Hence, this paper will research on the neutrosophic number
optimization design problem of a simple two-bar truss
structure in the following section to realize the primal in-
vestigation of the truss structure optimal design in a neu-
trosophic number environment.

3 Optimal design of a two-bar truss structure un-
der a neutrosophic number environment

To demonstrate the neutrosophic number optimal de-
sign of a truss structure in an indeterminate environment, a
simply two-bar truss structure is considered as an illustra-
tive design example and showed in Fig.1. In this example,
the two bars use two steel tubes with the length L, in which
the wall thick is T=25mm. The optimal design is per-
formed in a vertically external loading case. The vertical
applied force is 2F = (3+0.41)x10°N, the material Young’s
modulus and density E=2.1x10°% MPa and p = 7800 kg/m?,
respectively, and the allowable compressive stress is op =
420 + 40l.

The optimal design objective of the truss structure is to
minimize the weight of the truss structure in satisfying the
constraints of stress and stability. In this class of optimiza-
tion problems, the average diameter D of the tube and the
truss height H are taken into account as two design varia-
bles, denoted by the design vector X = [x4, xo]" = [D, H].

Due to the geometric structure symmetry of the two-
bar truss, we only consider the optimal model of one bar of
both.

First, the total weight of the tube is expressed by the
following formula:

M =2pAL = 27pTx, (B*+ x3)"?,
where A is the cross-sectional area A = zTx; and 2B is the

distance between two supporting points.
Then, the compressive force of the steel tube is

E _ F(B*+ XZZ)”2
XZ X2
where L is the length of the tube and F; is the compressive

force of the tube. Thus, the compressive stress of the tube
is represented as the following form:

_R_FB+x)"
A TTXX,
Hence, the constrained condition of the strength for the
tube is written as

F=

F (B2 + xzz)”2
T X,

< .
_O'p

Fig. 1 Two-bar truss structure
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For the stability of the compressive bar, the critical
force of the tube is given as follows:

F _TEW, _7’EAT’+X)
N 8(B° +x2)

where W, is the inertia moment of the cross-section of the
tube.
The critical stress of the tube is given as

G_E_EZE(T2+X12)
T A 8(B+x)

Thus, the constrained condition of the stability for the
tube is written as

F(BZ+X§)”2<7ZZE(T2+X12).
aTxx,  8(B*+x?)

Finally, the neutrosophic optimization model of the
truss structure can be formulated as:

min M (X, 1) = 2zoTx, (B? +x2)"?

2 2\1/2
st. G(X, 1)=FB XN o g
TX X, _
2 2\1/2 2 2 2
GZ(X,I)=F(B +X)° 7« Eq +2><1)SO
TX X, 8(B°+x;)

By solving the neutrosophic optimization model, the
neutrosophic number optimal solution of the two design
variables is given as follows:

. J2F
x*:{xi}z T (420+401)
X2 B

1.414(1.5+0.21) x10°
7.85(420+401)
760

In this case, the neutrosophic number optimal value of
the objective function is obtained as follows:

_4pFB _23712(15+0.21)
- (420+401)

p

M(X",1)

Since there exists the indeterminacy | in these neutro-
sophic number optimal values, it is necessary that we dis-
cuss them when the indeterminacy | is specified as possible
ranges according to actual indeterminate requirements in
the actual application.

Obviously, the neutrosophic number optimization
problem reveals indeterminate optimal results (usually
neutrosophic number optimal solutions, but not always). If
the indeterminacy | is specified as different possible ranges
of1=0,1€[0,1],1 €[1,3],1 €[3,5],1 €[5, 7],and |
[7, 10] for convenient analyses, then all the results are
shown in Table 1.

Table 1. Optimal results of two-bar truss structure design in different specified ranges of | € [inf I, sup 1]

| € [infl, sup 1] D =x;" (mm) H =x," (mm) M(X", 1) (kg)
1=0 64.3312 760 8.4686
I € [0, 1] [58.7372, 72.9087] 760 [7.7322, 9.5977]
I e[1,3] [56.7068, 82.2321] 760 [7.4649, 10.8250]
I € [3, 5] [61.0109, 83.3923] 760 [8.0315, 10.9778]
I e[5,7] [64.3312, 84.2531] 760 [8.4686, 11.0911]
| € [7, 10] [63.7036, 90.0637] 760 [8.3860, 11.8560]

In Table 1, if I =0, it is clear that the neutrosophic
number optimization problem is degenerated to the crisp
optimization problem (i.e., traditional determinate optimi-
zation problem). Then under a neutrosophic number envi-
ronment, neutrosophic number optimal results are changed
as the indeterminate ranges are changed. Therefore, one
will take some interval range of the indeterminacy I in ac-
tual applications to satisfy actual indeterminate require-
ments of the truss structure design. For example, if we take
the indeterminate range of | € [0, 1], then the neutrosophic
number optimal solution is D =x," = [58.7372, 72.9087]

mm and H = x," = 760mm. In actual design, we need the
de-neutrosophication in the neutrosophic optimal solution
to determinate the suitable optimal design values of the de-
sign variables to satisfy some indeterminate requirement.
For example, if we take the maximum values of the opti-
mal solution for | € [0, 1], we can obtain D = 73mm and H
= 760mm for the two-bar truss structure design to satisfy
this indeterminate requirement.

However, traditional optimization design methods [10-
13] cannot express and handle the optimization design
problems with neutrosophic number information and are
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special cases of the neutrosophic number optimization de-
sign method in some cases. The comparison of the pro-
posed neutrosophic number optimization design method
with traditional optimization design methods demonstrates
the usability and suitability of this neutrosophic number
optimization design method under a neutrosophic number
environment.

4 Conclusion

Based on the concepts of neutrosophic numbers, this
paper defined the operations of neutrosophic numbers and
neutrosophic number functions to establish the neutrosoph-
ic number objective function and constraints in neutro-
sophic number optimization design problems. Then, we
proposed a general neutrosophic number optimization
model with constrained optimizations for truss structure
design problems. Next, a two-bar truss structure design ex-
ample was provided to illustrate the application and effec-
tiveness of the proposed neutrosophic number optimization
design method.

However, the indeterminate (neutrosophic humber) op-
timization problems may contain indeterminate (neutro-
sophic number) optimal solutions (usually neutrosophic
numbers, but not always), which can indicate possible op-
timal ranges of the design variables and objective function
when indeterminacy | is specified as a possible interval
ranges in actual applications.
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