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Abstract: 

This paper is dedicated to find a general algorithm for generating different 

solutions for Pythagoras non-linear Diophantine equation in four variables 𝑥2 +

𝑦2 + 𝑧2 = 𝑡2  in symbolic 2-plithogenic rings, which are known as Pythagoras 

quadruples. 

Also, we present some examples about those quadruples in some finite symbolic 

2-plithogenic rings.

Keywords: symbolic 2-plithogenic ring, Pythagoras quadruples, Diophantine 

equations 

Introduction and Preliminaries 

Symbolic n-plithogenic algebraic structures are a new generalization of classical 

algebraic structures, as they have serious algebraic properties to study. 

In the previous literature, we can clearly note several algebraic studies that were 

interested in discovering the properties of these algebraic structures, for example 

we can find some applications of plithogenic structures in probability, ring theory, 

linear spaces, matrices, and equations [1-10]. 
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Researchers have studied Pythagorean quadruples in the ring of ordinary algebraic 

numbers [11-14]. 

Several efficient algorithms for calculating these quadruples have been presented, 

as solutions to the corresponding Diophantine equation. 

This has motivated us to study Pythagoras quadruples in the symbolic 

2-plithogenic commutative case, where we find a general algorithm for generating 

different solutions for Pythagoras non-linear Diophantine equation in four 

variables 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝒕𝟐 in symbolic 2-plithogenic rings. 

Definition.  

The symbolic 2-plithogenic ring of real numbers is defined as follows: 

2 − 𝑆𝑃𝑅 = {𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2; 𝑡𝑖 ∈ 𝑅, 𝑃1 × 𝑃2 = 𝑃2 × 𝑃1 = 𝑃2, 𝑃1
2 = 𝑃2

2 = 𝑃2} 

The addition operation on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2) + (𝑡0́ + 𝑡1𝑃1́ + 𝑡2́𝑃2) = (𝑡0 + 𝑡0́) + (𝑡1 + 𝑡1́)𝑃1 + (𝑡2 + 𝑡2́)𝑃2 

The multiplication on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2)(𝑡0́ + 𝑡1𝑃1́ + 𝑡2́𝑃2)

= 𝑡0𝑡0́ + (𝑡0𝑡1́ + 𝑡1𝑡0́ + 𝑡1𝑡1́)𝑃1 + (𝑡0𝑡2́ + 𝑡1𝑡2́ + 𝑡2𝑡2́ + 𝑡2𝑡0́ + 𝑡2𝑡1́)𝑃2 

Main Discussion 

Definition.  

Let 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2, 𝑆 = 𝑠0 + 𝑠1𝑃1 + 𝑠2𝑃2, 𝐾 = 𝑘0 + 𝑘1𝑃1 + 𝑘2𝑃2, 𝐿 = 𝑙0 + 𝑙1𝑃1 +

𝑙2𝑃2 be four symbolic 2-plithogenic elements of a symbolic 2-plithogenic 

commutative ring 

2 − 𝑆𝑃𝑅, then (𝑇, 𝑆, 𝐾, 𝐿) is called a symbolic 2-plithogenic Pythagoras quadruple if 

and only if 𝑇2 + 𝑆2 + 𝐾2 = 𝐿2. 

Theorem. 

Let 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2, 𝑆 = 𝑠0 + 𝑠1𝑃1 + 𝑠2𝑃2, 𝐾 = 𝑘0 + 𝑘1𝑃1 + 𝑘2𝑃2, 𝐿 = 𝑙0 + 𝑙1𝑃1 +

𝑙2𝑃2 ∈ 2 − 𝑆𝑃𝑅, then (𝑇, 𝑆, 𝐾, 𝐿) is a symbolic 2-plithogenic Pythagoras quadruple if 

and only if: 
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(𝑡0, 𝑠0, 𝑘0, 𝑙0), (𝑡0 + 𝑡1, 𝑠0 + 𝑠1, 𝑘0 + 𝑘1, 𝑙0 + 𝑙1), (𝑡0 + 𝑡1 + 𝑡2, 𝑠0 + 𝑠1 + 𝑠2, 𝑘0 + 𝑘1 +

𝑘2, 𝑙0 + 𝑙1 + 𝑙2) are three Pythagoras quadruples in 𝑅. 

Proof. 

We have: 

𝑇2 = 𝑡0
2 + [(𝑡0 + 𝑡1)

2 − 𝑡0
2]𝑃1 + [(𝑡0 + 𝑡1 + 𝑡2)

2 − (𝑡0 + 𝑡1)
2]𝑃2, 

𝑆2 = 𝑠0
2 + [(𝑠0 + 𝑠1)

2 − 𝑠0
2]𝑃1 + [(𝑠0 + 𝑠1 + 𝑠2)

2 − (𝑠0 + 𝑠1)
2]𝑃2, 

𝐾2 = 𝑘0
2 + [(𝑘0 + 𝑘1)

2 − 𝑘0
2]𝑃1 + [(𝑘0 + 𝑘1 + 𝑘2)

2 − (𝑘0 + 𝑘1)
2]𝑃2, 

𝐿2 = 𝑙0
2 + [(𝑙0 + 𝑙1)

2 − 𝑙0
2]𝑃1 + [(𝑙0 + 𝑙1 + 𝑙2)

2 − (𝑙0 + 𝑙1)
2]𝑃2, 

The equation 𝑇2 + 𝑆2 + 𝐾2 = 𝐿2 is equivalent to: 

𝑡0
2 + 𝑠0

2 + 𝑘0
2 = 𝑙0

2  (1) 

(𝑡0 + 𝑡1)
2 + (𝑠0 + 𝑠1)

2 + (𝑘0 + 𝑘1)
2 = (𝑙0 + 𝑙1)

2  (2) 

(𝑡0 + 𝑡1 + 𝑡2)
2 + (𝑠0 + 𝑠1 + 𝑠2)

2 + (𝑘0 + 𝑘1 + 𝑘2)
2 = (𝑙0 + 𝑙1 + 𝑙2)

2  (3) 

 

Thus, the proof holds. 

Theorem. 

Let (𝑡0, 𝑠0, 𝑘0, 𝑙0), (𝑡1, 𝑠1, 𝑘1, 𝑙1), (𝑡2, 𝑠2, 𝑘2, 𝑙2)be three Pythagoras quadruples in 𝑅 , 

then the corresponding Pythagoras quadruple in 2 − 𝑆𝑃𝑅 is (𝑇, 𝑆, 𝐾, 𝐿), where: 

𝑇 = 𝑡0 + [𝑡1 − 𝑡0]𝑃1 + [𝑡2 − 𝑡1]𝑃2, 

𝑆 = 𝑠0 + [𝑠1 − 𝑠0]𝑃1 + [𝑠2 − 𝑠1]𝑃2, 

𝐾 = 𝑘0 + [𝑘1 − 𝑘0]𝑃1 + [𝑘2 − 𝑘1]𝑃2, 

𝐿 = 𝑙0 + [𝑙1 − 𝑙0]𝑃1 + [𝑙2 − 𝑙1]𝑃2. 

Proof. 

We must compute 𝑇2 + 𝑆2 + 𝐾2, 

𝑇2 + 𝑆2 + 𝐾2 = 𝑡0
2 + (𝑡1

2 − 𝑡0
2)𝑃1 + (𝑡2

2 − 𝑡1
2)𝑃2 + 𝑠0

2 + (𝑠1
2 − 𝑠0

2)𝑃1 +

(𝑠2
2 − 𝑠1

2)𝑃2 + 𝑘0
2 + (𝑘1

2 − 𝑘0
2)𝑃1 + (𝑘2

2 − 𝑘1
2)𝑃2 = (𝑡0

2 + 𝑠0
2 + 𝑘0

2) +

(𝑡1
2 + 𝑠1

2 + 𝑘1
2 − 𝑡0

2 − 𝑠0
2 − 𝑘0

2)𝑃1 + (𝑡2
2 + 𝑠2

2 + 𝑘2
2 − 𝑡1

2 − 𝑠1
2 − 𝑘1

2)𝑃2 = 𝑙0
2 +

(𝑙1
2 − 𝑙0

2)𝑃1 + (𝑙2
2 − 𝑙1

2)𝑃2 = 𝐿2. 

So that, the proof is complete. 

Example. 
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We have 𝐿1 = (1,−1, 𝑖, 1), 𝐿2 = (𝑖, 1, −1, −1), 𝐿3 = (−𝑖, −1,1, −1)  are three 

Pythagoras quadruples in 𝐶. 

The corresponding 2-plithogenic Pythagoras quadruple is (𝑇, 𝑆, 𝐾, 𝐿), where: 

𝑇 = 1 + (−1 + 𝑖)𝑃1 − 2𝑖𝑃2 

𝑆 = −1 + 2𝑃1 − 2𝑃2 

𝐾 = 𝑖 + (−1 − 𝑖)𝑃1 + 2𝑃2 

𝐿 = 1 − 2𝑃1 + 2𝑃2 

On the other hand, we have: 

𝑇2 = 1 − 2𝑃1, 

𝑆2 = 1, 

𝐾2 = −1 + 2𝑃1, 

𝐿2 = 1 = 𝑇2 + 𝑆2 + 𝐾2. 

Example. 

Consider the following three Pythagoras quadruples in 𝑍2: 

𝐿1 = (0,0,0,0), 𝐿2 = (1,1,1,1), 𝐿3 = (1,1,0,0) 

For every triple (𝐿𝑖, 𝐿𝑗 , 𝐿𝑠); 1 ≤ 𝑖, 𝑗, 𝑠 ≤ 3 , we can get a symbolic 2-plithogenic 

pythagoras quadruple. 

We will find some symbolic 2-plithogenic Pythagoras quadruple in 2 − 𝑆𝑃𝑍2. 

Let us write the following quadruples: 

{
 

 
𝑌1 = 0

𝑌1́ = 0

𝑌1
′′ = 0

𝑌1
′′′ = 0

 

{
 

 
𝑌2 = 𝑃2
𝑌2́ = 𝑃2
𝑌2
′′ = 𝑃2

𝑌2
′′′ = 𝑃2

 

{
 

 
𝑌3 = 0

𝑌3́ = 0

𝑌3
′′ = 𝑃2

𝑌3
′′′ = 𝑃2
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{
 

 
𝑌4 = 𝑃1 + 𝑃2
𝑌4́ = 𝑃1 + 𝑃2
𝑌4
′′ = 𝑃1 + 𝑃2

𝑌4
′′′ = 𝑃1 + 𝑃2

 

{
 

 
𝑌5 = 𝑃1 + 𝑃2
𝑌5́ = 𝑃1 + 𝑃2
𝑌5
′′ = 0

𝑌5
′′′ = 0

 

{
 

 
𝑌6 = 0

𝑌6́ = 0

𝑌6
′′ = 𝑃1 + 𝑃2

𝑌6
′′′ = 𝑃1 + 𝑃2

 

{
 

 
𝑌7 = 1 + 𝑃1
𝑌7́ = 1 + 𝑃1
𝑌7
′′ = 1 + 𝑃1

𝑌7
′′′ = 1 + 𝑃1

 

{
 

 
𝑌8 = 1 + 𝑃1
𝑌8́ = 1 + 𝑃1
𝑌8
′′ = 0

𝑌8
′′′ = 0

 

{
 

 
𝑌9 = 0

𝑌9́ = 0

𝑌9
′′ = 1 + 𝑃1

𝑌9
′′′ = 1 + 𝑃1

 

{
 

 
𝑌10 = 1

𝑌10́ = 1

𝑌10
′′ = 1

𝑌10
′′′ = 1

 

{
 

 
𝑌11 = 1 + 𝑃2
𝑌11́ = 1 + 𝑃2
𝑌11

′′ = 1 + 𝑃2
𝑌11

′′′ = 1 + 𝑃2

 

{
 

 
𝑌12 = 1 + 𝑃2
𝑌12́ = 1 + 𝑃2
𝑌12

′′ = 1

𝑌12
′′′ = 1

 

{
 

 
𝑌13 = 1 + 𝑃1 + 𝑃2
𝑌13́ = 1 + 𝑃1 + 𝑃2
𝑌13

′′ = 1 + 𝑃1 + 𝑃2
𝑌13

′′′ = 1 + 𝑃1 + 𝑃2
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{
 

 
𝑌14 = 1

𝑌14́ = 1

𝑌14
′′ = 1 + 𝑃1 + 𝑃2

𝑌14
′′′ = 1 + 𝑃1 + 𝑃2

 

{
 

 
𝑌15 = 1 + 𝑃1 + 𝑃2
𝑌15́ = 1 + 𝑃1 + 𝑃2

𝑌15
′′ = 1

𝑌15
′′′ = 1

 

{
 

 
𝑌16 = 𝑃1
𝑌16́ = 𝑃1
𝑌16

′′ = 𝑃1
𝑌16

′′′ = 𝑃1

 

{
 

 
𝑌17 = 1

𝑌17́ = 1

𝑌17
′′ = 𝑃1

𝑌17
′′′ = 𝑃1

 

{
 

 
𝑌26 = 𝑃1
𝑌26́ = 𝑃1
𝑌26

′′ = 1

𝑌26
′′′ = 1

 

{
 

 
𝑌27 = 1

𝑌27́ = 1

𝑌27
′′ = 0

𝑌27
′′′ = 0

 

{
 

 
𝑌32 = 1

𝑌32́ = 1

𝑌32
′′ = 𝑃2

𝑌32
′′′ = 𝑃2

 

{
 

 
𝑌33 = 1 + 𝑃2
𝑌33́ = 1 + 𝑃2
𝑌33

′′ = 𝑃2
𝑌33

′′′ = 𝑃2

 

{
 

 
𝑌35 = 1

𝑌35́ = 1

𝑌35
′′ = 𝑃1 + 𝑃2

𝑌35
′′′ = 𝑃1 + 𝑃2

 

{
 

 
𝑌36 = 1 + 𝑃1 + 𝑃2
𝑌36́ = 1 + 𝑃1 + 𝑃2
𝑌36

′′ = 𝑃1 + 𝑃2
𝑌36

′′′ = 𝑃1 + 𝑃2
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{
 

 
𝑌37 = 𝑃1
𝑌37́ = 𝑃1
𝑌37

′′ = 0

𝑌37
′′′ = 0

 

{
 

 
𝑌38 = 1

𝑌38́ = 1

𝑌38
′′ = 1 + 𝑃1

𝑌38
′′′ = 1 + 𝑃1

 

{
 

 
𝑌39 = 𝑃1
𝑌39́ = 𝑃1

𝑌39
′′ = 1 + 𝑃1

𝑌39
′′′ = 1 + 𝑃1

 

{
 

 
𝑌40 = 0

𝑌40́ = 0

𝑌40
′′ = 1

𝑌40
′′′ = 1

 

{
 

 
𝑌44 = 0

𝑌44́ = 0

𝑌44
′′ = 1 + 𝑃2

𝑌44
′′′ = 1 + 𝑃2

 

{
 

 
𝑌45 = 𝑃2
𝑌45́ = 𝑃2
𝑌45

′′ = 1

𝑌45
′′′ = 1

 

{
 

 
𝑌46 = 𝑃2
𝑌46́ = 𝑃2

𝑌46
′′ = 1 + 𝑃2

𝑌46
′′′ = 1 + 𝑃2

 

{
 

 
𝑌47 = 0

𝑌47́ = 0

𝑌47
′′ = 1 + 𝑃1 + 𝑃2

𝑌47
′′′ = 1 + 𝑃1 + 𝑃2

 

{
 

 
𝑌48 = 𝑃1 + 𝑃2
𝑌48́ = 𝑃1 + 𝑃2
𝑌48

′′ = 1

𝑌48
′′′ = 1

 

{
 

 
𝑌49 = 𝑃1 + 𝑃2
𝑌49́ = 𝑃1 + 𝑃2

𝑌49
′′ = 1 + 𝑃1 + 𝑃2

𝑌49
′′′ = 1 + 𝑃1 + 𝑃2
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{
 

 
𝑌50 = 0

𝑌50́ = 0

𝑌50
′′ = 𝑃1

𝑌50
′′′ = 𝑃1

 

{
 

 
𝑌51 = 1 + 𝑃1
𝑌51́ = 1 + 𝑃1
𝑌51

′′ = 1

𝑌51
′′′ = 1

 

{
 

 
𝑌52 = 1 + 𝑃1
𝑌52́ = 1 + 𝑃1
𝑌52

′′ = 𝑃1
𝑌52

′′′ = 𝑃1

 

{
 

 
𝑌53 = 𝑃1
𝑌53́ = 𝑃1

𝑌53
′′ = 𝑃1 + 𝑃2

𝑌53
′′′ = 𝑃1 + 𝑃2

 

{
 

 
𝑌54 = 𝑃1 + 𝑃2
𝑌54́ = 𝑃1 + 𝑃2
𝑌54

′′ = 𝑃1 + 𝑃2
𝑌54

′′′ = 𝑃1 + 𝑃2

 

{
 

 
𝑌55 = 𝑃1
𝑌55́ = 𝑃1
𝑌55

′′ = 𝑃2
𝑌55

′′′ = 𝑃2

 

{
 

 
𝑌56 = 𝑃1 + 𝑃2
𝑌56́ = 𝑃1 + 𝑃2
𝑌56

′′ = 𝑃2
𝑌56

′′′ = 𝑃2

 

{
 

 
𝑌57 = 𝑃2
𝑌57́ = 𝑃2
𝑌57

′′ = 𝑃1
𝑌57

′′′ = 𝑃1

 

{
 

 
𝑌58 = 𝑃2
𝑌58́ = 𝑃2

𝑌58
′′ = 𝑃1 + 𝑃2

𝑌58
′′′ = 𝑃1 + 𝑃2

 

{
 

 
𝑌59 = 1 + 𝑃1 + 𝑃2
𝑌59́ = 1 + 𝑃1 + 𝑃2
𝑌59

′′ = 1 + 𝑃1
𝑌59

′′′ = 1 + 𝑃1
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{
 

 
𝑌60 = 1 + 𝑃1
𝑌60́ = 1 + 𝑃1
𝑌60

′′ = 𝑃2
𝑌60

′′′ = 𝑃2

 

{
 

 
𝑌61 = 1 + 𝑃1 + 𝑃2
𝑌61́ = 1 + 𝑃1 + 𝑃2

𝑌61
′′ = 𝑃2

𝑌61
′′′ = 𝑃2

 

{
 

 
𝑌62 = 1 + 𝑃1
𝑌62́ = 1 + 𝑃1
𝑌62

′′ = 𝑃2
𝑌62

′′′ = 𝑃2

 

{
 

 
𝑌63 = 𝑃2
𝑌63́ = 𝑃2

𝑌63
′′ = 1 + 𝑃2

𝑌63
′′′ = 1 + 𝑃2

 

{
 

 
𝑌64 = 𝑃2
𝑌64́ = 𝑃2
𝑌64

′′ = 1

𝑌64
′′′ = 1

 

{
 

 
𝑌65 = 1 + 𝑃2
𝑌65́ = 1 + 𝑃2
𝑌65

′′ = 1

𝑌65
′′′ = 1

 

{
 

 
𝑌66 = 1 + 𝑃2
𝑌66́ = 1 + 𝑃2

𝑌66
′′ = 1 + 𝑃1 + 𝑃2

𝑌66
′′′ = 1 + 𝑃1 + 𝑃2

 

{
 

 
𝑌67 = 1 + 𝑃2
𝑌67́ = 1 + 𝑃2
𝑌67

′′ = 𝑃1 + 𝑃2
𝑌67

′′′ = 𝑃1 + 𝑃2

 

{
 

 
𝑌68 = 1 + 𝑃2
𝑌68́ = 1 + 𝑃2
𝑌68

′′ = 1

𝑌68
′′′ = 1

 

{
 

 
𝑌69 = 1 + 𝑃1
𝑌69́ = 1 + 𝑃1
𝑌69

′′ = 𝑃1
𝑌69

′′′ = 𝑃1
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{
 

 
𝑌70 = 1 + 𝑃1 + 𝑃2
𝑌70́ = 1 + 𝑃1 + 𝑃2

𝑌70
′′ = 𝑃1

𝑌70
′′′ = 𝑃1

 

{
 

 
𝑌71 = 𝑃1 + 𝑃2
𝑌71́ = 𝑃1 + 𝑃2
𝑌71

′′ = 1

𝑌71
′′′ = 1

 

{
 

 
𝑌72 = 𝑃1
𝑌72́ = 𝑃1

𝑌72
′′ = 1 + 𝑃1 + 𝑃2

𝑌72
′′′ = 1 + 𝑃1 + 𝑃2

 

{
 

 
𝑌73 = 𝑃1 + 𝑃2
𝑌73́ = 𝑃1 + 𝑃2
𝑌73

′′ = 1 + 𝑃2
𝑌73

′′′ = 1 + 𝑃2

 

{
 

 
𝑌74 = 𝑃1
𝑌74́ = 𝑃1

𝑌74
′′ = 1 + 𝑃2

𝑌74
′′′ = 1 + 𝑃2

 

{
 

 
𝑌75 = 1 + 𝑃1
𝑌75́ = 1 + 𝑃1
𝑌75

′′ = 1 + 𝑃2
𝑌75

′′′ = 1 + 𝑃2

 

{
 

 
𝑌76 = 1 + 𝑃1 + 𝑃2
𝑌76́ = 1 + 𝑃1 + 𝑃2
𝑌76

′′ = 1 + 𝑃2
𝑌76

′′′ = 1 + 𝑃2

 

{
 

 
𝑌77 = 1

𝑌77́ = 1

𝑌77
′′ = 1 + 𝑃2

𝑌77
′′′ = 1 + 𝑃2

 

 

Conclusion. 

In this paper, we have studied Pythagoras quadruples in symbolic 2-plithogenic 

commutative rings, where necessary and sufficient conditions for a symbolic 

2-plithogenic quadruple (𝑥, 𝑦, 𝑧, 𝑡) to be a Pythagoras quadruple. 
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Also, we have presented some related examples that explain how to find 

2-plithogenic quadruples from classical quadruples. 
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Abstract: 

This paper is dedicated to find all symbolic 2-plithogenic integer solutions for the 

symbolic 2-plithogenic Fermat's Diophantine equation 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛  for 𝑛 ≥ 3. 

We prove that it has exactly 27 solutions, and we find all possible solutions. 

Keywords: symbolic 2-plithogenic integer, Fermat's Diophantine equation, 

symbolic 2-plithogenic ring. 

Introduction and basic definitions. 

The theory of Diophantine equations is considered as an important and central 

theory in commutative algebra. 

In our days, many developments of algebraic structures have helped us with 

general cases of Diophantine equations, for example, neutrosophic rings and their 

generalizations [1-4] have led to many new related Diophantine equations such as 

neutrosophic Pell's equation [5], refined neutrosophic Diophantine equation [6] and 

n-refined equations [7]. The main application of generalized versions of number

theory is cryptography algorithms, see [15-19]. 

The concept of symbolic 2-plithogenic rings was defined in [8], then it was studied 

and generalized by many authors, see [9-14]. 

zenodo.10031141/10.5281
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The Fermat's triple is defined as a solution of the Diophantine non-linear equation 

𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛 in the ring 𝑅, with 𝑛 ≥ 3. 

We refer to that for the special case of 𝑛 = 2 , the Fermat's triple is called a 

Pythagoras triple. 

It is useful for the reader to ensure that neutrosophic and plithogenic number 

theory is useful in cryptography [16-20]. 

In this work, we find all solutions of 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛 in the symbolic ring of integers 

2 − 𝑆𝑃𝑍. 

Definition.  

Let 𝑍 be the ring of integers, the corresponding symbolic 2-plithogenicc ring of 

integers is defined as follow: 

2 − 𝑆𝑃𝑍 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2; 𝑥, 𝑦, 𝑧 ∈ 𝑍, 𝑃𝑖
2 = 𝑃𝑖 , 𝑃1 × 𝑃2 = 𝑃2 × 𝑃1 = 𝑃2}. 

Theorem. 

For 𝑋 = 𝑙0 + 𝑙1𝑃1 + 𝑙2𝑃2 ∈ 2 − 𝑆𝑃𝑍, then; 

𝑋𝑛 = 𝑙0
𝑛 + 𝑃1[(𝑙0 + 𝑙1)𝑛 − 𝑙0

𝑛] + 𝑃2[(𝑙0 + 𝑙1 + 𝑙2)𝑛 − (𝑙0 + 𝑙1)𝑛].

Remark. 

In 𝑍, we have three Fermat's triples: 

(0,1,1), (1,0,1), (0,0,0) for all 𝑛 ≥ 3. 

Main results 

Theorem. 

Let 2 − 𝑆𝑃𝑍 be the symbolic 2-plithogenic ring of integers, then it has exactly 27 

Fermat's triples. 

Proof. 

Let (𝑇, 𝑆, 𝐾) be a Fermat's triple of 2 − 𝑆𝑃𝑍 

with 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2, 𝑆 = 𝑠0 + 𝑠1𝑃1 + 𝑠2𝑃2, 𝐾 = 𝑘0 + 𝑘1𝑃1 + 𝑘2𝑃2, 

the equation 𝑇𝑛 + 𝑆𝑛 = 𝐾𝑛 is equivalent to: 

{

𝑡0
𝑛 + 𝑠0

𝑛 = 𝑘0
𝑛

(𝑡0 + 𝑡1)𝑛 + (𝑠0 + 𝑠1)𝑛 = (𝑘0 + 𝑘1)𝑛

(𝑡0 + 𝑡1 + 𝑡2)𝑛 + (𝑠0 + 𝑠1 + 𝑠2)𝑛 = (𝑘0 + 𝑘1 + 𝑘2)𝑛
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Thus 𝐴1 = (𝑡0, 𝑠0, 𝑘0), 𝐴2 = (𝑡0 + 𝑡1, 𝑠0 + 𝑠1, 𝑘0 + 𝑘1), 𝐴3 = (𝑡0 + 𝑡1 + 𝑡2, 𝑠0 + 𝑠1 +

𝑠2, 𝑘0 + 𝑘1 + 𝑘2) are three triples in 𝑍. 

So that, 𝐴1, 𝐴2, 𝐴3 ∈ {(0,1,1), (1,0,1), (0,0,0)}, thus three exists 27 solutions of the 

symbolic 2-plithogenic Fermat's Diophantine equation. 

Now, we discus all possible cases: 

Case1. 

{

𝑡0 = 𝑠0 = 𝑘0 = 0
𝑡0 + 𝑡1 = 𝑠0 + 𝑠1 = 𝑘0 + 𝑘1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑠0 + 𝑠1 + 𝑠2 = 𝑘0 + 𝑘1 + 𝑘2 = 0
 

Thus 𝐹1 = (0,0,0) 

Case2. 

{

𝑡0 = 𝑠0 = 𝑘0 = 0
𝑡0 + 𝑡1 = 𝑠0 + 𝑠1 = 𝑘0 + 𝑘1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑠0 + 𝑠1 + 𝑠2 = 𝑘0 + 𝑘1 + 𝑘2 = 1
 

Thus 𝐹2 = (0, 𝑃2, 𝑃2) 

Case3. 

{

𝑡0 = 𝑠0 = 𝑘0 = 0

𝑡0 + 𝑡1 = 𝑠0 + 𝑠1
𝑛 = 𝑘0 + 𝑘1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 1, 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹3 = (𝑃2, 0, 𝑃2) 

Case4. 

{

𝑡0 = 𝑠0 = 𝑘0 = 0
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹4 = (𝑃1 − 𝑃2, 0, 𝑃1 − 𝑃2) 

Case5. 

{

𝑡0 = 𝑠0 = 𝑘0 = 0
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 1, 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹5 = (𝑃1, 0, 𝑃1) 

Case6. 

{

𝑡0 = 𝑠0 = 𝑘0 = 0
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 1
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Thus 𝐹6 = (𝑃1 − 𝑃2, 𝑃2, 𝑃1) 

Case7. 

{

𝑡0 = 𝑠0 = 𝑘0 = 0
𝑡0 + 𝑡1 = 0, 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 1

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹7 = (0, 𝑃1 − 𝑃2, 𝑃1 − 𝑃2) 

Case8. 

{

𝑡0 = 𝑠0 = 𝑘0 = 0
𝑡0 + 𝑡1 = 0, 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 1

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 1, 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹8 = (𝑃2, 𝑃1 − 𝑃2, 𝑃1) 

Case9. 

{

𝑡0 = 𝑠0 = 𝑘0 = 0
𝑡0 + 𝑡1 = 0, 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 1

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 1
 

Thus 𝐹9 = (0, 𝑃1, 𝑃1) 

Case10. 

{

𝑡0 = 𝑘0 = 1, 𝑠0 = 0
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹10 = (1 − 𝑃1, 0,1 − 𝑃1) 

Case11. 

{

𝑡0 = 𝑘0 = 1, 𝑠0 = 0
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 1, 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹11 = (1 − 𝑃1, 0,1 − 𝑃1 + 𝑃2) 

Case12. 

{

𝑡0 = 𝑘0 = 1, 𝑠0 = 0
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 1
 

Thus 𝐹12 = (1 − 𝑃1, 𝑃2, 1 − 𝑃1 + 𝑃2) 

Case13. 

{

𝑡0 = 𝑘0 = 1, 𝑠0 = 0
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 0
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Thus 𝐹13 = (1 − 𝑃1, 0,1 − 𝑃2) 

Case14. 

{

𝑡0 = 𝑘0 = 1, 𝑠0 = 0
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 1, 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹14 = (1,0,1) 

Case15. 

{

𝑡0 = 𝑘0 = 1, 𝑠0 = 0
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹15 = (1 − 𝑃1, 𝑃2, 1) 

Case16. 

{

𝑡0 = 𝑘0 = 1, 𝑠0 = 0
𝑡0 + 𝑡1 = 0, 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 1

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹16 = (1 − 𝑃1, 𝑃1 − 𝑃2, 1 − 𝑃1) 

Case17. 

{

𝑡0 = 𝑘0 = 1, 𝑠0 = 0
𝑡0 + 𝑡1 = 0, 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 1

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 1, 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹17 = (1 − 𝑃1 + 𝑃2, 𝑃1 − 𝑃2, 1) 

Case18. 

{

𝑡0 = 𝑘0 = 1, 𝑠0 = 0
𝑡0 + 𝑡1 = 0, 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 1

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 1
 

Thus 𝐹18 = (1 − 𝑃1, 𝑃1, 1) 

Case19. 

{

𝑡0 = 0, 𝑘0 = 𝑠0 = 1
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹19 = (0,1 − 𝑃1, 1 − 𝑃1) 

Case20. 

{

𝑡0 = 0, 𝑘0 = 𝑠0 = 1
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 1, 𝑠0 + 𝑠1 + 𝑠2 = 0
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Thus 𝐹20 = (𝑃2, 1 − 𝑃1, 1 − 𝑃1 + 𝑃2) 

Case21. 

{

𝑡0 = 0, 𝑘0 = 𝑠0 = 1
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹21 = (0,1 − 𝑃1 + 𝑃2, 1 − 𝑃1 + 𝑃2) 

Case22. 

{

𝑡0 = 0, 𝑘0 = 𝑠0 = 1
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹22 = (𝑃1 − 𝑃2, 1 − 𝑃1, 1 − 𝑃2) 

Case23. 

{

𝑡0 = 0, 𝑘0 = 𝑠0 = 1
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 1, 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹23 = (𝑃1, 1 − 𝑃1, 1) 

Case24. 

{

𝑡0 = 0, 𝑘0 = 𝑠0 = 1
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 1
 

Thus 𝐹22 = (𝑃1 − 𝑃2, 1 − 𝑃1 + 𝑃2, 1) 

Case25. 

{

𝑡0 = 0, 𝑘0 = 𝑠0 = 1
𝑡0 + 𝑡1 = 0, 𝑘0 + 𝑘1 = 𝑠0 + 𝑠1 = 1

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹25 = (0,1 − 𝑃2, 1 − 𝑃2) 

Case26. 

{

𝑡0 = 0, 𝑘0 = 𝑠0 = 1
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 𝑘0 + 𝑘1 + 𝑘2 = 1, 𝑠0 + 𝑠1 + 𝑠2 = 0
 

Thus 𝐹26 = (𝑃2, 1 − 𝑃2, 1) 

Case27. 

{

𝑡0 = 0, 𝑘0 = 𝑠0 = 1
𝑡0 + 𝑡1 = 𝑘0 + 𝑘1 = 1, 𝑠0 + 𝑠1 = 0

𝑡0 + 𝑡1 + 𝑡2 = 0, 𝑘0 + 𝑘1 + 𝑘2 = 𝑠0 + 𝑠1 + 𝑠2 = 1
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Thus 𝐹27 = (0,1,1). 

Conclusion 

In this paper, we have studied the solutions of symbolic 2-plithogenic Fermat's 

non-linear Diophantine equation, where we have proved that it has exactly 27 

solutions, and we presented the all-27 possible solutions. 
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Abstract: 

The main goal of this research paper is to find an algebraic ring homomorphism 

between symbolic 2-plithogenic ring and the corresponding 2-cyclic refined ring. 

This work presents some applications of the defined homomorphism to explain 

some algebraic relationships between symbolic 2-plithogenic algebraic structures 

and 2-cyclic refined structures.  
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Introduction and preliminaries 

Algebraic homomorphisms play a central role in the classification of rings, where 

they are considered a very rich material to find the algebraic relationships between 

different rings. 

The symbolic 2-plithogenic rings were defined in [3], they have many interesting 

properties, since they are a good extension of classical rings, see [1-2, 7-10]. 

Symbolic 2-plithogenic rings are examples about symbolic n-plithogenic sets and 

structures founded by Smarandache [4, 11-12]. 
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On the other hand, another extension of rings was defined and handled by many 

authors, where n-cyclic refined rings are neutrosophic structures with an algebraic 

structure similar to the cyclic ring of integers [5-6]. 

This work is dedicated to find an algebraic relation by using homomorphisms 

between symbolic 2-plithogenic rings and 2-cyclic refined rings, where these 

homomorphisms can be used between the matrices defined over these rings, and 

vectors defined over them. 

Many examples will be presented as a sign of the validity of our work. 

For the definitions of algebraic relations between symbolic 2-plithogenic elements 

see [3]. For the definitions of algebraic relations between n—cyclic refiend elements 

see [6].  

Main discussion 

Theorem.  

Let 𝑅2(𝐼) be the 2-cyclic refined ring, ideals of the ring 𝑅, 2 − 𝑆𝑃𝑅 be the symbolic 

2-plithogenic ring refined over the ring 𝑅, then there exists a ring homomorphism 

𝑓: 𝑅2(𝐼) → 2 − 𝑆𝑃𝑅. 

Proof. 

We define 𝑓: 𝑅2(𝐼) → 2 − 𝑆𝑃𝑅 such that: 

𝑓(𝑉0 + 𝑉1𝐼1 + 𝑉2𝐼2) = 𝑉0 + (𝑉1 + 𝑉2)𝑃1 − 2𝑉1𝑃2 

𝑓 is well defined: 

Assume that 𝑉0 + 𝑉1𝐼1 + 𝑉2𝐼2 = 𝑤0 + 𝑤1𝐼1 + 𝑤2𝐼2 , then 𝑉𝑖 = 𝑤𝑖  for all 0 ≤ 𝑖 ≤ 2 , 

thus: 

𝑉0 + (𝑉1 + 𝑉2)𝑃1 − 2𝑉1𝑃2 = 𝑤0 + (𝑤1 + 𝑤2)𝑃1 − 2𝑤1𝑃2, 

hence 𝑓(𝑉0 + 𝑉1𝐼1 + 𝑉2𝐼2) = 𝑓(𝑤0 + 𝑤1𝐼1 + 𝑤2𝐼2). 

𝑓 preserves addition: 

For 𝑉 = 𝑉0 + 𝑉1𝐼1 + 𝑉2𝑊 = 𝐼2, 𝑤0 + 𝑤1𝐼1 + 𝑤2𝐼2 , 
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we have: 

𝑉 + 𝑊 = (𝑉0 + 𝑤0) + (𝑉1 + 𝑤1)𝐼1 + (𝑉2 + 𝑤2)𝐼2 

𝑓(𝑉 + 𝑊) = (𝑉0 + 𝑤0) + (𝑉1 + 𝑤1 + 𝑉2 + 𝑤2)𝑃1 − 2(𝑉1 + 𝑤1)𝑃2 = 

[𝑉0 + (𝑉1 + 𝑉2)𝑃1 − 2𝑉1𝑃2] + [𝑤0 + (𝑤1 + 𝑤2)𝑃1 − 2𝑤1𝑃2] = 𝑓(𝑉) + 𝑓(𝑊). 

𝑓 preserves multiplication: 

𝑉. 𝑊 = 𝑉0. 𝑤0 + (𝑉0𝑤1 + 𝑉1𝑤0 + 𝑉1𝑤2 + 𝑉2𝑤1)𝐼1 + (𝑉0𝑤2 + 𝑉2𝑤0 + 𝑉2𝑤2 + 𝑉1𝑤1)𝐼2 

𝑓(𝑉. 𝑊) = 𝑉0. 𝑤0 + (𝑉0𝑤1 + 𝑉1𝑤0 + 𝑉1𝑤2 + 𝑉2𝑤1 + 𝑉0𝑤2 + 𝑉2𝑤0 + 𝑉2𝑤2 + 𝑉1𝑤1)𝑃1

− 2(𝑉0𝑤1 + 𝑉1𝑤0 + 𝑉1𝑤2 + 𝑉2𝑤1)𝑃2 

On the other hand, we have: 

𝑓(𝑉). 𝑓(𝑊) = [𝑉0 + (𝑉1 + 𝑉2)𝑃1 − 2𝑉1𝑃2]. [𝑤0 + (𝑤1 + 𝑤2)𝑃1 − 2𝑤1𝑃2] = 𝑉0. 𝑤0 +

(𝑉0𝑤1 + 𝑉1𝑤0 + 𝑉1𝑤2 + 𝑉2𝑤1 + 𝑉0𝑤2 + 𝑉2𝑤0 + 𝑉2𝑤2 + 𝑉1𝑤1)𝑃1 − 2(𝑉0𝑤1 + 𝑉1𝑤0 +

𝑉1𝑤2 + 𝑉2𝑤1)𝑃2 = 𝑓(𝑉. 𝑊). 

So that, 𝑓 is a ring homomorphism. 

Theorem. 

Let 𝑓 be the previous homomorphism defined with 𝑓: 𝑅2(𝐼) → 2 − 𝑆𝑃𝑅, then: 

1. 𝑘𝑒𝑟(𝑓) = {𝑦𝐼1 − 𝑦𝐼2; 2𝑦 = 0, 𝑦 ∈ 𝑅} 

2. 𝑘𝑒𝑟(𝑓) is a zero ring. 

Proof. 

1. 𝑘𝑒𝑟(𝑓) = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2; 𝑓(𝑥 + 𝑦𝐼1 + 𝑧𝐼2) = 0}, hence 𝑥 + (𝑦 + 𝑧)𝑃1 − 2𝑦𝑃2 =

0, 

thus 𝑥 = 0, 𝑧 = −𝑦, 2𝑦 = 0 which implies that: 

𝑘𝑒𝑟(𝑓) = {𝑦𝐼1 − 𝑦𝐼2; 2𝑦 = 0, 𝑦 ∈ 𝑅}. 

2. Let 𝑀 = 𝑚𝐼1 − 𝑚𝐼2, 𝑁 = 𝑛𝐼1 − 𝑛𝐼2 ∈ 𝑘𝑒𝑟(𝑓), then 2𝑚 − 2𝑛 = 0, thus: 

𝑀. 𝑁 = (𝑚𝐼1 − 𝑚𝐼2)(𝑛𝐼1 − 𝑛𝐼2) = 𝑚𝑛𝐼2 − 𝑚𝑛𝐼1 − 𝑚𝑛𝐼1 + 𝑚𝑛𝐼2 = −2𝑚𝑛𝐼1 + 2𝑚𝑛𝐼2 =

0 − 0 = 0, which means that 𝑘𝑒𝑟(𝑓) is a zero ring. 

Theorem. 

Let 𝑅 be a field, then 𝑅2(𝐼) ≅ 2 − 𝑆𝑃𝑅 

Proof. 
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According to the previous theorem, we have 2𝑦 = 0  implies that 𝑦 = 0 , thus 

𝑘𝑒𝑟(𝑓) = {𝑂} and 𝑓 is injective. 

To prove that the homomorphism 𝑓 is surjective, we take an arbitrary element 

𝑉0 + 𝑉1𝑃1 + 𝑉2𝑃2 ∈ 2 − 𝑆𝑃𝑅, then there exists 

𝑊 = 𝑉0 + (
−𝑉2

2
) 𝐼1 + (𝑉1 +

𝑉2

2
) 𝐼2 ∈ 𝑅2(𝐼). 

Such that: 

𝑓(𝑊) = 𝑉0 + 𝑉1𝑃1 + 𝑉2𝑃2, so that 𝑓 is an isomorphism. 

Applications to Vector Spaces. 

By using the previous relationship between symbolic 2-plithogenic ring and 2-cyclic 

refined rings, we will be able to show the algebraic relations between symbolic 

2-plithogenic vector spaces and 2-cyclic refined vector spaces. 

Theorem. 

Let 𝐹 be an algebraic field, 𝑇 be a vector space over 𝐹. Assume that 2 − 𝑆𝑃𝑇 =

{𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2; 𝑡𝑖 ∈ 𝑇} is the corresponding symbolic 2-plithogenic vector space 

over 2 − 𝑆𝑃𝐹 . 

𝑇2(𝐼) = {𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2; 𝑡𝑖 ∈ 𝑇} is the corresponding 2-cyclic refined vector space 

over 𝐹2(𝐼), then there exists a semi module homomorphism between 𝑇2(𝐼) and 

2 − 𝑆𝑃𝑇. 

Proof. 

According to the previous theorems, there exists a ring homomorphism 𝑓: 𝐹2(𝐼) →

2 − 𝑆𝑃𝐹  such that  

𝑓(𝑉0 + 𝑉1𝐼1 + 𝑉2𝐼2) = 𝑉0 + (𝑉1 + 𝑉2)𝑃1 − 2𝑉1𝑃2 

We define 𝑔: 𝑇2(𝐼) → 2 − 𝑆𝑃𝑇 such that: 

𝑔(𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2) = 𝑡0 + (𝑡1 + 𝑡2)𝑃1 − 2𝑡1𝑃2 

𝑔 is well defined: 

If 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 = 𝑡́0 + 𝑡́1𝐼1 + 𝑡́2𝐼2, then 𝑡𝑖 = 𝑡́𝑖; 0 ≤ 𝑖 ≤ 2 and 

𝑡0 + (𝑡1 + 𝑡2)𝑃1 − 2𝑡1𝑃2 = 𝑡́0 + (𝑡́1 + 𝑡́2)𝑃1 − 2𝑡́1𝑃2, 

which means that 



Neutrosophic Sets and Systems, Vol. 59, 2023 26 

 

 

Hasan Sankari, Mohammad Abobala, On The Algebraic Homomorphisms Between Symbolic 2-plithogenic Rings And 

2-cyclic Refined Rings 

𝑔(𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2) = 𝑔(𝑡́0 + 𝑡́1𝐼1 + 𝑡́2𝐼2). 

𝑔 preserves addition: 

For 𝑀 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2, 𝑁 = 𝑡́0 + 𝑡́1𝐼1 + 𝑡́2𝐼2 ∈ 𝑅2(𝐼). 

𝑀 + 𝑁 = (𝑡0 + 𝑡́0) + (𝑡1 + 𝑡́1)𝐼1 + (𝑡2 + 𝑡́2)𝐼2 

𝑔(𝑀 + 𝑁) = (𝑡0 + 𝑡́0) + (𝑡1 + 𝑡́1 + 𝑡2 + 𝑡́2)𝑃1 − 2(𝑡1 + 𝑡́1)𝑃2 = [𝑡0 + (𝑡1 + 𝑡2)𝑃1 −

2𝑡1𝑃2] + [𝑡́0 + (𝑡́1 + 𝑡́2)𝑃1 − 2𝑡́1𝑃2] = 𝑔(𝑀) + 𝑔(𝑁). 

To complete the proof, we must prove that: 

𝑔(𝑞𝑀) = 𝑓(𝑞). 𝑔(𝑀); 𝑞 = 𝑞0 + 𝑞1𝐼1 + 𝑞2𝐼2 ∈ 𝐹2(𝐼) and 𝑀 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 ∈ 𝑇2(𝐼). 

First, we have: 

𝑞𝑀 = 𝑞0. 𝑡0 + (𝑞0𝑡1 + 𝑞1𝑡0 + 𝑞1𝑡2 + 𝑞2𝑡1)𝐼1 + (𝑞0𝑡2 + 𝑞2𝑡0 + 𝑞2𝑡2 + 𝑞1𝑡1)𝐼2 

𝑔(𝑞𝑀) = 𝑞0. 𝑡0 + (𝑞0𝑡1 + 𝑞1𝑡0 + 𝑞1𝑡2 + 𝑞2𝑡1 + 𝑞0𝑡2 + 𝑞2𝑡0 + 𝑞2𝑡2 + 𝑞1𝑡1)𝑃1

− 2(𝑞0𝑡1 + 𝑞1𝑡0 + 𝑞1𝑡2 + 𝑞2𝑡1)𝑃2 

𝑓(𝑞) = 𝑞0 + (𝑞1 + 𝑞2)𝑃1 − 2𝑞1𝑃2 

𝑔(𝑀) = 𝑡0 + (𝑡1 + 𝑡2)𝑃1 − 2𝑡1𝑃2 

𝑓(𝑞). 𝑔(𝑀) = 𝑞0. 𝑡0 + (𝑞0𝑡1 + 𝑞1𝑡0 + 𝑞1𝑡2 + 𝑞2𝑡1 + 𝑞0𝑡2 + 𝑞2𝑡0 + 𝑞2𝑡2 + 𝑞1𝑡1)𝑃1 −

2(𝑞0𝑡1 + 𝑞1𝑡0 + 𝑞1𝑡2 + 𝑞2𝑡1)𝑃2 =  𝑔(𝑞𝑀). 

This implies that 𝑓  is a semi-module homomorphism, and 𝑇2(𝐼)  is semi 

homomorphic to 2 − 𝑆𝑃𝑇. 

Remark. 

Consider that 𝐻 = {ℎ0 + ℎ1𝐼1 + ℎ2𝐼2;  ℎ𝑖 ∈ 𝐻́, 𝐻́ 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑇} , then 𝐻  is a 

submodule of 𝑇2(𝐼) , let us find it direct image according to the 

semi-homomorphism 𝑔. 

𝐼𝑚(𝐻) = 𝑔(𝐻) = {ℎ0 + (ℎ1 + ℎ2)𝑃1 − 2ℎ1𝑃2;  ℎ𝑖 ∈ 𝐻́}. 

We prove that 𝐼𝑚(𝐻) is a submodule of 2 − 𝑆𝑃𝑇. 

Let 𝑋 = 𝑥0 + (𝑥1 + 𝑥2)𝑃1 − 2𝑥1𝑃2, 𝑌 = 𝑦0 + (𝑦1 + 𝑦2)𝑃1 − 2𝑦1𝑃2 ∈ 𝐼𝑚(𝐻) , where 

𝑥𝑖 , 𝑦𝑖 ∈ 𝐻́ 

𝑋 + 𝑌 = (𝑥0 + 𝑦0) + (𝑥1 + 𝑥2 + 𝑦1 + 𝑦2)𝑃1 − 2(𝑥1 + 𝑦1)𝑃2 ∈ 𝐼𝑚(𝐻) 

Let 𝑞 = 𝑞0 + 𝑞1𝐼1 + 𝑞2𝐼2 ∈ 2 − 𝑆𝑃𝐹, then: 

𝑞𝑋 = 𝑞0. 𝑥0 + (𝑞0𝑥1 + 𝑞0𝑥2 + 𝑞1𝑥0 + 𝑞1𝑥2 + 𝑞1𝑥1)𝑃1

+ (−2𝑞0𝑥1 + 𝑞0𝑥2 − 2𝑞1𝑥1 + 𝑞2𝑥1 + 𝑞2𝑥2)𝑃2 
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𝑞́ = 𝑞0 + (
−𝑞2

2
) 𝐼1 + (𝑞1 +

𝑞2

2
) 𝐼2 ∈ 𝐹2(𝐼), then: 

𝑓(𝑞́) = 𝑞, which implies that: 

𝑞𝑋 = 𝑓(𝑞́)𝑔(𝑋́) , 𝑋́ = 𝑥0 + (
−𝑥2

2
) 𝐼1 + (𝑥1 +

𝑥2

2
) 𝐼2 , hence 𝑞𝑋 = 𝑔(𝑞́𝑋́) ∈ 𝐼𝑚(𝐻)  is a 

submodule of 2 − 𝑆𝑃𝑇 . 

Remark. 

Let us find the kernel of the semi-homomorphism 𝑔. 

𝑘𝑒𝑟(𝑔) = {𝑀 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 ∈ 𝑇2(𝐼), 𝑔(𝑀) = 0}, so that: 

{
𝑡0 = 0

𝑡1 + 𝑡2 = 0 ⟹ 𝑡2 = 0
−2𝑡1 = 0 ⟹ 𝑡1 = 0

 

Hence, 𝑘𝑒𝑟(𝑔) = {𝑂}. 

Result: 

Let 𝑀 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 ∈ 𝑇2(𝐼) , assume that 𝐸 = {𝑒0, … . , 𝑒𝑘}  is a basis of 𝑇2(𝐼) 

over 𝐹2(𝐼), then 

𝑀 = 𝑛0𝑒0 + 𝑛1𝑒1 + ⋯ + 𝑛𝑘𝑒𝑘;  𝑛𝑖 ∈ 𝐹2(𝐼). 

By taking the direct image of 𝑀 , we can find 𝑔(𝑀) = 𝑔(∑ 𝑛𝑖𝑒𝑖
𝑘
𝑖=0 ) =

∑ 𝑓(𝑛𝑖)𝑔(𝑒𝑖)
𝑘
𝑖=0 . 

This means that the elements of 𝐼𝑚(𝑇2(𝐼)) can be written as a linear combination 

with respect to the elements of the basis 𝐸. 

On the other hand, the set 𝑔(𝐸) = {𝑔(𝑒0), … . , 𝑔(𝑒𝑘)} is linearly independent, that is 

because ∑ 𝑓(𝑛𝑖)𝑔(𝑒𝑖)
𝑘
𝑖=0 = 0 ⟹ ∑ 𝑔(𝑛𝑖𝑒𝑖)

𝑘
𝑖=0 = 0 ⟹ 𝑔(∑ 𝑛𝑖𝑒𝑖

𝑘
𝑖=0 ) = 0 ⟹ ∑ 𝑛𝑖𝑒𝑖

𝑘
𝑖=0 =

0 ⟹ 𝑛𝑖 = 0; 0 ≤ 𝑖 ≤ 𝑘. 

Applications to matrices. 

Let 𝑀 = (𝑚𝑖𝑗)
𝑘×𝑘

 be a square matrix with 2-cyclic refined entries, then 𝑀 = 𝑀0 +

𝑀1𝐼1 + 𝑀2𝐼2, where 𝑀0, 𝑀1, 𝑀2 are there 𝑘 × 𝑘 classical matrices. 

If we take the direct image of 𝑀 by the ring homomorphism  

𝑓(𝑀) = 𝑀0 + (𝑀1 + 𝑀2)𝑃1 − 2𝑀1𝑃2, we get a symbolic 2-plithogenic matrix. 

For a 2-cyclic refined real number 𝑞 = 𝑞0 + 𝑞1𝐼1 + 𝑞2𝐼2, we see that 𝑞𝑀 is a 2-cyclic 

refined square real matrix. 
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We can use the semi-homomorphism 𝑔 to write: 

𝑔(𝑞𝑀) = 𝑓(𝑞)𝑔(𝑀); 𝑔(𝑀) = 𝑀0 + (𝑀1 + 𝑀2)𝑃1 − 2𝑀1𝑃2 

Example. 

Consider the following 2-cyclic refined real square matrix: 

𝑀 = (
2 + 𝐼1 − 𝐼2 1 + 3𝐼1 + 𝐼2

𝐼1 − 𝐼2 𝐼1 + 𝐼2
) = (

2 1
0 0

) + (
1 3
1 1

) 𝐼1 + (
−1 1
−1 1

) 𝐼2

= 𝑀0 + 𝑀1𝐼1 + 𝑀2𝐼2 

The corresponding symbolic 2-plithogeni matrix 𝑔(𝑀) is equal to: 

𝑔(𝑀) = (
2 1
0 0

) + (
0 4
0 2

) 𝑃1 + (
−2 −6
−2 −2

) 𝑃2 = (
2 − 2𝑃2 1 + 4𝑃1 − 6𝑃2

−2𝑃2 2𝑃1 − 2𝑃2
) 

Remark. 

Let us study the relation between det 𝑀 and 𝑑𝑒𝑡(𝑔(𝑀)). 

det 𝑀 = det 𝑀0 + 𝐼1[𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2) − 𝑑𝑒𝑡(𝑀0 − 𝑀1 + 𝑀2)] +
1

2
𝐼1[𝑑𝑒𝑡(𝑀0 + 𝑀1 +

𝑀2) − 𝑑𝑒𝑡(𝑀0 − 𝑀1 + 𝑀2) − 2 det 𝑀0 +] see [1]. 

𝑑𝑒𝑡(𝑔(𝑀)) = 𝑑𝑒𝑡[𝑀0 + (𝑀1 + 𝑀2)𝑃1 − 2𝑀1𝑃2] = det 𝑀0 + 𝑃1[𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2) −

det 𝑀0] + 𝑃2[𝑑𝑒𝑡(𝑀0 − 𝑀1 + 𝑀2) − 𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2)] see [2]. 

Consider the ring homomorphism: 

𝑓: 𝑅2(𝐼) → 2 − 𝑆𝑃𝑅;  𝑓(𝑎0 + 𝑎1𝐼1 + 𝑎2𝐼2) = 𝑎0 + (𝑎1 + 𝑎2)𝑃1 − 2𝑎1𝑃2, then: 

 𝑓(𝑑𝑒𝑡𝑀) = det 𝑀0 + 𝑃1[𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2) − det 𝑀0] + 𝑃2[𝑑𝑒𝑡(𝑀0 − 𝑀1 + 𝑀2) −

𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2)] 

Applications to modules. 

If 𝑅 is a ring, 𝐾𝑅 be a module over 𝑅. 

Let 2 − 𝑆𝑃𝑅, 𝑅2(𝐼) be the corresponding symbolic 2-plithogenic ring and 2-cyclic 

refined respectively. 

Let 2 − 𝑆𝑃𝑀 be the corresponding symbolic 2-plithogenic module over 2 − 𝑆𝑃𝑅 

and 𝑀2(𝐼) be the corresponding 2-cyclic refined module over 𝑅2(𝐼), then by a 

similar discussion of the case of vector spaces, we can write: 

1. 𝑔: 𝑀2(𝐼) → 2 − 𝑆𝑃𝑀 such that: 

𝑔(𝑚0 + 𝑚1𝐼1 + 𝑚2𝐼2) = 𝑚0 + (𝑚0 + 𝑚1)𝑃1 − 2𝑚1𝑃2 is a semi module 

homomorphism. 
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2. If 𝑆 is a submodule of 𝑀2(𝐼), then 𝐼𝑚(𝑆) = 𝑔(𝑆) is a submodule of 2 −

𝑆𝑃𝑀. 

3. For 𝑞 = 𝑞0 + 𝑞1𝐼1 + 𝑞2𝐼2 ∈ 𝑅2(𝐼)  and 𝑚 = 𝑚0 + 𝑚1𝐼1 + 𝑚2𝐼2 ∈ 𝑀2(𝐼) , then 

𝑔(𝑞) = 0 does not imply that 𝑚 = 0, because: 

𝑔(𝑞𝑚) = 0 ⟹ 𝑓(𝑞)𝑔(𝑚) = 0, since 𝑅 is not a field, then it may has zero divisors, 

which means that 𝑓(𝑞) = 0 without 𝑞 = 0. 

This is a big difference between the case of 2-cyclic refined vector spaces and 

2-cyclic refined modules. 

Conclusion 

In this paper, we have found an algebraic homomorphism between 2-cyclic refined 

rings and symbolic 2-plithogenic rings, and we have used this homomorphism to 

study some algebraic relations between 2-cyclic refined matrices and symbolic 

2-plithogenic matrices. 

In the future, we aim to find the algebraic relations between other kinds of 

neutrosophic rings and symbolic n-plithogenic rings. 
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Abstract:  

The objective of this paper is to combine split-complex numbers with symbolic 

2-plithogenic numbers in one algebraic structure called split-complex symbolic

2-plithogenic real numbers.

Also, many elementary properties of the suggested system will be handled such as 

Invertibility and idempotency by many related theorems and examples. 

Keywords: Split-complex, symbolic 2-plithogenic number, invertible, idempotent. 

Introduction and basic concepts 

Split-complex numbers are considered as a generalization of real numbers, where 

they are defined as follows: 

𝑆 = {𝑎 + 𝑏𝐽; 𝐽2 = 1, 𝑎, 𝑏 ∈ 𝑅}   [1]. 

Split-complex numbers together make a commutative ring with many interesting 

properties [2-4, 24]. 

Addition on 𝑆 is defined as follows: 

(𝑡0 + 𝑡1𝐽) + (𝑘0 + 𝑘1𝐽) = (𝑡0 + 𝑘0) + 𝐽(𝑡1 + 𝑘1). 

Multiplication on 𝑆 is defined as follows: 
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(𝑡0 + 𝑡1𝐽) × (𝑘0 + 𝑘1𝐽) = (𝑡0𝑘0 + 𝑡1𝑘1) + 𝐽(𝑡0𝑘1 + 𝑡1𝑘0). 

In [5], Smarandache presented symbolic n-plithogenic sets, then they were used in 

generalizing many famous algebraic structures such as ring, matrices, and other 

structures [6-9,15-18]. 

We refer to many similar numerical systems that generalize real numbers, such as 

neutrosophic, refined neutrosophic numbers and weak fuzzy numbers 

[10-14,19-23]. 

Through this paper, we use symbolic 2-plithogenic real numbers with split-complex 

numbers to build a new generalization of real numbers, and we present some of its 

elementary algebraic properties. 

Definition.  

The symbolic 2-plithogenic ring of real numbers is defined as follows: 

2 − 𝑆𝑃𝑅 = {𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2; 𝑡𝑖 ∈ 𝑅, 𝑃1 × 𝑃2 = 𝑃2 × 𝑃1 = 𝑃2, 𝑃1
2 = 𝑃2

2 = 𝑃2}. 

The addition operation on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2) + (𝑡0́ + 𝑡1𝑃1́ + 𝑡2́𝑃2) = (𝑡0 + 𝑡0́) + (𝑡1 + 𝑡1́)𝑃1 + (𝑡2 + 𝑡2́)𝑃2 

The multiplication on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2)(𝑡0́ + 𝑡1𝑃1́ + 𝑡2́𝑃2) = 𝑡0𝑡0́ + (𝑡0𝑡1́ + 𝑡1𝑡0́ + 𝑡1𝑡1́)𝑃1 + (𝑡0𝑡2́ + 𝑡1𝑡2́ +

𝑡2𝑡2́ + 𝑡2𝑡0́ + 𝑡2𝑡1́)𝑃2. 

Main concepts.  

Definition.  

The set of split-complex symbolic 2-plithogenic numbers is defined as follows: 

2 − 𝑆𝑃𝑆 = {(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) + 𝐽(𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2); 𝑥𝑖, 𝑦𝑖 ∈ 𝑅 𝐽
2 = 1}. 

Definition. 

Addition on 2 − 𝑆𝑃𝑆 is defined as follows: 

[(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) + 𝐽(𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2)] + [(𝑧0 + 𝑧1𝑃1 + 𝑧2𝑃2) + 𝐽(𝑡0 + 𝑡1𝑃1 +

𝑡2𝑃2)] = [(𝑥0 + 𝑧0) + (𝑥1 + 𝑧1)𝑃1 + (𝑥2 + 𝑧2)𝑃2] + 𝐽[(𝑦0 + 𝑡0) + (𝑦1 + 𝑡1)𝑃1 +

(𝑦2 + 𝑡2)𝑃2]. 

Multiplication on 2 − 𝑆𝑃𝑆 is defined as follows 
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For 𝑋 = (𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) + 𝐽(𝑥0́ + 𝑥1́𝑃1 + 𝑥2́𝑃2), 𝑌 = (𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2) +

𝐽(𝑦0́ + 𝑦1́𝑃1 + 𝑦2́𝑃2),  

then 

𝑋. 𝑌 = (𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2)(𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2) + (𝑥0́ + 𝑥1́𝑃1 + 𝑥2́𝑃2)(𝑦0́ + 𝑦1́𝑃1 +

𝑦2́𝑃2) + 𝐽[(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2)(𝑦0́ + 𝑦1́𝑃1 + 𝑦2́𝑃2) + (𝑥0́ + 𝑥1́𝑃1 + 𝑥2́𝑃2)(𝑦0 + 𝑦1𝑃1 +

𝑦2𝑃2)]. 

Example. 

Consider 𝑋 = (𝑃1 + 𝑃2) + 𝐽(1 + 3𝑃2), 𝑌 = (1 − 𝑃2) + 𝐽(2 − 𝑃1), then: 

𝑋 + 𝑌 = (1 + 𝑃1) + 𝐽(3 − 𝑃1 + 3𝑃2) 

𝑋. 𝑌 = (𝑃1 + 𝑃2)(1 − 𝑃2) + (1 + 3𝑃2)(2 − 𝑃1) + 𝐽[(𝑃1 + 𝑃2)(2 − 𝑃1) + (1 + 3𝑃2)(1 −

𝑃2)] = 𝑃1 − 𝑃2 + 𝑃2 − 𝑃2 + 2 − 𝑃1 + 6𝑃2 − 3𝑃2 + 𝐽[2𝑃1 − 𝑃1 + 2𝑃2 − 𝑃2 + 1 − 𝑃2 +

3𝑃2 − 3𝑃2] = (2 + 2𝑃2) + 𝐽(1 + 𝑃1). 

Remark. 

(2 − 𝑆𝑃𝑆, +, . ) Is a commutative ring. 

Invertibility. 

Theorem.  

Let 𝑋 = (𝑚0 +𝑚1𝑃1 +𝑚2𝑃2) + 𝐽(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2) ∈ 2 − 𝑆𝑃𝑆 , then 𝑋  is invertible 

if and only if: 

{
(𝑚0 − 𝑛0) + (𝑚1 − 𝑛1)𝑃1 + (𝑚2 − 𝑛2)𝑃2
(𝑚0 + 𝑛0) + (𝑚1 + 𝑛1)𝑃1 + (𝑚2 + 𝑛2)𝑃2

  

Are invertible in 2 − 𝑆𝑃𝑅. 

On the other hand: 

𝑋−1 =
1

𝑋
=

𝑚0

𝑚0
2 − 𝑛02

+ 𝑃1 [
𝑚0 +𝑚1

(𝑚0 +𝑚1)2 − (𝑛0 + 𝑛1)2
−

𝑚0

𝑚0
2 − 𝑛02

]

+ 𝑃2 [
𝑚0 +𝑚1 +𝑚2

(𝑚0 +𝑚1 +𝑚2)2 − (𝑛0 + 𝑛1 + 𝑛2)2
−

𝑚0 +𝑚1

(𝑚0 +𝑚1)2 − (𝑛0 + 𝑛1)2
]

− 𝐽 [
𝑛0

𝑚0
2 − 𝑛02

+ 𝑃1 [
𝑛0 + 𝑛1

(𝑚0 +𝑚1)2 − (𝑛0 + 𝑛1)2
−

𝑛0
𝑚0

2 − 𝑛02
]

+ 𝑃2 [
𝑛0 + 𝑛1 + 𝑛2

(𝑚0 +𝑚1 +𝑚2)2 − (𝑛0 + 𝑛1 + 𝑛2)2
−

𝑛0 + 𝑛1
(𝑚0 +𝑚1)2 − (𝑛0 + 𝑛1)2

]] 

Proof. 
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Put 𝑋 = 𝑀 +𝑁𝐽;𝑀 = 𝑚0 +𝑚1𝑃1 +𝑚2𝑃2, 𝑁 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2. 

According to [2], 𝑋 is invertible if and only if 𝑀 +𝑁,𝑀 − 𝑁 are invertible, hence: 

{
(𝑚0 − 𝑛0) + (𝑚1 − 𝑛1)𝑃1 + (𝑚2 − 𝑛2)𝑃2
(𝑚0 + 𝑛0) + (𝑚1 + 𝑛1)𝑃1 + (𝑚2 + 𝑛2)𝑃2

 

Are invertible in 2 − 𝑆𝑃𝑅. 

Also, 𝑋−1 =
1

𝑋
=

𝑀−𝑁𝐽

𝑀2−𝑁2
=

𝑀

𝑀2−𝑁2
− 𝐽

𝑁

𝑀2−𝑁2
. 

According to [ ], we can write: 

𝑀

𝑀2 − 𝑁2
= 𝑀.

1

𝑀2 − 𝑁2

= (𝑚0 +𝑚1𝑃1 +𝑚2𝑃2) [
1

𝑚0
2 − 𝑛02

+ 𝑃1 [
1

(𝑚0 +𝑚1)2 − (𝑛0 + 𝑛1)2
−

1

𝑚0
2 − 𝑛02

]

+ 𝑃2 [
1

(𝑚0 +𝑚1 +𝑚2)2 − (𝑛0 + 𝑛1 + 𝑛2)2
−

1

(𝑚0 +𝑚1)2 − (𝑛0 + 𝑛1)2
]]

=
𝑚0

𝑚0
2 − 𝑛02

+ 𝑃1 [
𝑚0 +𝑚1

(𝑚0 +𝑚1)2 − (𝑛0 + 𝑛1)2
−

𝑚0

𝑚0
2 − 𝑛02

]

+ 𝑃2 [
𝑚0 +𝑚1 +𝑚2

(𝑚0 +𝑚1 +𝑚2)2 − (𝑛0 + 𝑛1 + 𝑛2)2
−

𝑚0 +𝑚1

(𝑚0 +𝑚1)2 − (𝑛0 + 𝑛1)2
] 

By a similar argument, we get: 

𝑁

𝑀2 − 𝑁2
=

𝑛0
𝑚0

2 − 𝑛02
+ 𝑃1 [

𝑛0 + 𝑛1
(𝑚0 +𝑚1)2 − (𝑛0 + 𝑛1)2

−
𝑛0

𝑚0
2 − 𝑛02

]

+ 𝑃2 [
𝑛0 + 𝑛1 + 𝑛2

(𝑚0 +𝑚1 +𝑚2)2 − (𝑛0 + 𝑛1 + 𝑛2)2
−

𝑛0 + 𝑛1
(𝑚0 +𝑚1)2 − (𝑛0 + 𝑛1)2

] 

Thus, the proof holds. 

Example. 

Take 𝑋 = (1 + 𝑃1) + 𝐽(2 − 𝑃1 + 2𝑃2) ∈ 2 − 𝑆𝑃𝑆, then: 

𝑀 = 1 + 𝑃1, 𝑁 = 2 − 𝑃1 + 2𝑃2, 𝑀 + 𝑁 = 3 + 𝑃2, 𝑀 − 𝑁 = −1 + 2𝑃1 − 2𝑃2 

𝑀 +𝑁,𝑀 − 𝑁 are invertible in 2 − 𝑆𝑃𝑅. 

𝑋−1 =
1

−3
+ 𝑃1 (

2

3
−
1

−3
) + 𝑃2 (

2

−5
−
2

3
) − 𝐽 [

2

−3
+ 𝑃1 (

1

3
−
1

−3
) + 𝑃2 (

3

−5
−
1

3
)]

=
−1

3
+ 𝑃1 + 𝑃2 (−

16

15
) + 𝐽 (

2

3
−
2

3
𝑃1 +

4

15
𝑃2) 

Idempotenty. 
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Let 𝑋 = 𝑀 +𝑁𝐽;𝑀 = 𝑚0 +𝑚1𝑃1 +𝑚2𝑃2, 𝑁 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 ∈ 2 − 𝑆𝑃𝑅. 

then 𝑋 is called idempotent if and only if 𝑋2 = 𝑋. 

First, we compute 𝑋2: 

𝑋2 = 𝑀2 + 𝑁2 + 2𝑀𝑁𝐽 == 𝑚0
2 + 𝑛0

2 + 𝑃1[(𝑚0 +𝑚1)
2 + (𝑛0 + 𝑛1)

2 −𝑚0
2 − 𝑛0

2] +

𝑃2[(𝑚0 +𝑚1 +𝑚2)
2 + (𝑛0 + 𝑛1 + 𝑛2)

2 − (𝑚0 +𝑚1)
2 − (𝑛0 + 𝑛1)

2]. 

The equation 𝑋2 = 𝑋 is equivalent to: 

{
 

 
𝑚0

2 + 𝑛0
2 = 𝑚0   (1)

(𝑚0 +𝑚1)
2 + (𝑛0 + 𝑛1)

2 = 𝑚0 +𝑚1   (2)

(𝑚0 +𝑚1 +𝑚2)
2 + (𝑛0 + 𝑛1 + 𝑛2)

2 = 𝑚0 +𝑚1 +𝑚2   (3)

𝑁(2𝑀 − 1) = 0   (4)

 

Equation (4) is equivalent to: 

{

𝑛0(2𝑚0 − 1) = 0   (5)

(𝑛0 + 𝑛1)(2𝑚0 + 2𝑚1 − 1) = 0   (6)

(𝑛0 + 𝑛1 + 𝑛2)(2𝑚0 + 2𝑚1 + 2𝑚2 − 1) = 0   (7)
 

Equation (5) implies that 𝑛0 = 0 or 𝑚0 =
1

2
 

If 𝑛0 ≠ 0,𝑚0 ≠
1

2
 , then form (1), we get 𝑚1 = 0 or 𝑚0 = 1. 

If 𝑛0 ≠ 0,𝑚0 =
1

2
 , then form (1), we get 𝑛0 =

1

2
 or 𝑛0 = −

1

2
. 

If 𝑛0 = 0,𝑚0 =
1

2
 , we get a contradiction: 

Equation (6) implies that 𝑛0 + 𝑛1 = 0 or 𝑚0 +𝑚1 =
1

2
 

If 𝑛0 + 𝑛1 ≠ 0,𝑚0 +𝑚1 ≠
1

2
 , then 𝑚0 +𝑚1 = 0 or 𝑚0 +𝑚1 = 1. 

If 𝑛0 + 𝑛1 ≠ 0,𝑚0 +𝑚1 =
1

2
 , then 𝑛0 + 𝑛1 =

1

2
 or 𝑛0 + 𝑛1 = −

1

2
. 

If 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 =
1

2
 , we get a contradiction: 

Equation (7) implies that 𝑛0 + 𝑛1 + 𝑛2 = 0 or 𝑚0 +𝑚1 +𝑚2 =
1

2
 

If 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 ≠
1

2
 , then 𝑚0 +𝑚1 +𝑚2 = 0 or 𝑚0 +𝑚1 +

𝑚2 = 1. 

If 𝑛0 + 𝑛1 + 𝑛2 ≠ 0,𝑚0 +𝑚1 +𝑚2 =
1

2
 , then 𝑛0 + 𝑛1 + 𝑛2 =

1

2
 or 𝑛0 + 𝑛1 + 𝑛2 =

−
1

2
. 

If 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 =
1

2
 , we get a contradiction: 
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The possible cases are: 

Case 1. 

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, then 

𝑋 = 0. 

Case 2.  

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, then 

𝑋 = 𝑃1 − 𝑃2. 

Case 3.  

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, then 

𝑋 = 𝑃1. 

Case 4.  

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, then 

𝑋 = 𝑃2. 

Case 5.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, then 

𝑋 = 1 − 𝑃1. 

Case 6.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, then 

𝑋 = 1 − 𝑃1 + 𝑃2. 

Case 7.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, then 

𝑋 = 1 − 𝑃2. 

Case 8.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, then 

𝑋 = 1 

Case 9.  

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 =
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, then 

𝑋 = (
1

2
𝑃1 −

1

2
𝑃2) + 𝐽 (

1

2
𝑃1 −

1

2
𝑃2). 
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Case 10.  

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 = −
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, 

then 𝑋 = (
1

2
𝑃1 −

1

2
𝑃2) + 𝐽 (−

1

2
𝑃1 +

1

2
𝑃2). 

Case 11.  

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 =
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, then 

𝑋 = (
1

2
𝑃1 +

1

2
𝑃2) + 𝐽 (

1

2
𝑃1 −

1

2
𝑃2). 

Case 12.  

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 = −
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, 

then 𝑋 = (
1

2
𝑃1 +

1

2
𝑃2) + 𝐽 (−

1

2
𝑃1 +

1

2
𝑃2). 

Case 13.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 =
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, then 

𝑋 = (1 −
1

2
𝑃1 −

1

2
𝑃2) + 𝐽 (

1

2
𝑃1 −

1

2
𝑃2). 

Case 14.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = −
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, 

then 𝑋 = (1 −
1

2
𝑃1 +

1

2
𝑃2) + 𝐽 (−

1

2
𝑃1 +

1

2
𝑃2). 

Case 15.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 =
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, then 

𝑋 = (1 −
1

2
𝑃1 +

1

2
𝑃2) + 𝐽 (

1

2
𝑃1 −

1

2
𝑃2). 

Case 16.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = −
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, 

then 𝑋 = (1 −
1

2
𝑃1 −

1

2
𝑃2) + 𝐽 (−

1

2
𝑃1 +

1

2
𝑃2). 

Case 17.  

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 =
1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, then 

𝑋 =
1

2
𝑃2 + 𝐽 (

1

2
𝑃2). 

Case 18.  
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𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = −
1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 =
1

2
𝑃2 −

1

2
𝑃2𝐽. 

Case 19.  

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 =
1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, then 

𝑋 = 𝑃1 −
1

2
𝑃2 +

1

2
𝑃2𝐽. 

Case 20.  

𝑛0 = 0,𝑚0 = 0, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = −
1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = 𝑃1 −
1

2
𝑃2 −

1

2
𝑃2𝐽. 

Case 21.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 =
1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, then 

𝑋 = (1 − 𝑃1 +
1

2
𝑃2) +

1

2
𝑃2𝐽. 

Case 22.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = −
1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (1 − 𝑃1 +
1

2
𝑃2) −

1

2
𝑃2𝐽. 

Case 23.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 =
1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, then 

𝑋 = (1 −
1

2
𝑃2) +

1

2
𝑃2𝐽. 

Case 24.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = −
1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (1 −
1

2
𝑃2) −

1

2
𝑃2𝐽. 

Case 25.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 =
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, then 

𝑋 = (
1

2
𝑃1) +

1

2
𝑃1𝐽. 

Case 26.  
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𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 =
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (
1

2
𝑃1) + (

1

2
𝑃1 − 𝑃2) 𝐽. 

Case 27.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = −
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (
1

2
𝑃1) + (−

1

2
𝑃1 + 𝑃2) 𝐽. 

Case 28.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = −
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (
1

2
𝑃1) + (−

1

2
𝑃1) 𝐽. 

Case 29.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 =
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, then 

𝑋 = (1 −
1

2
𝑃1) + (

1

2
𝑃1) 𝐽. 

Case 30.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 =
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (1 −
1

2
𝑃1) + (

1

2
𝑃1 − 𝑃2) 𝐽. 

Case 31.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = −
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (1 −
1

2
𝑃1) + (−

1

2
𝑃1 + 𝑃2) 𝐽. 

Case 32.  

𝑛0 = 0,𝑚0 = 1, 𝑛0 + 𝑛1 = −
1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (1 −
1

2
𝑃1) + (−

1

2
𝑃1) 𝐽. 

Case 33.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, then 

𝑋 = (
1

2
−
1

2
𝑃1) + (

1

2
−
1

2
𝑃1) 𝐽. 

Case 34.  
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𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, then 

𝑋 = (
1

2
−
1

2
𝑃1 + 𝑃2) + (

1

2
−
1

2
𝑃1) 𝐽. 

Case 35.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, then 

𝑋 = (
1

2
+
1

2
𝑃1 − 𝑃2) + (

1

2
−
1

2
𝑃1) 𝐽. 

Case 36.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, then 

𝑋 = (
1

2
+
1

2
𝑃1 − 𝑃2) + (

1

2
−
1

2
𝑃1) 𝐽. 

Case 37.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, 

then 𝑋 = (
1

2
−
1

2
𝑃1) + (−

1

2
+
1

2
𝑃1) 𝐽. 

Case 38.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, 

then 𝑋 = (
1

2
−
1

2
𝑃1 + 𝑃2) + (−

1

2
+
1

2
𝑃1) 𝐽. 

Case 39.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, 

then 𝑋 = (
1

2
+
1

2
𝑃1 − 𝑃2) + (−

1

2
+
1

2
𝑃1) 𝐽. 

Case 40.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, 

then 𝑋 = (
1

2
−
1

2
𝑃1) + (−

1

2
+
1

2
𝑃1) 𝐽. 

Case 41.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, then 

𝑋 = (
1

2
−
1

2
𝑃1 +

1

2
𝑃2) + (

1

2
−
1

2
𝑃1 +

1

2
𝑃2) 𝐽. 

Case 42.  
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𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (
1

2
−
1

2
𝑃1 +

1

2
𝑃2) + (

1

2
−
1

2
𝑃1 −

1

2
𝑃2) 𝐽. 

Case 43.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (
1

2
−
1

2
𝑃1 +

1

2
𝑃2) + (−

1

2
+
1

2
𝑃1 +

1

2
𝑃2) 𝐽. 

Case 44.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (
1

2
−
1

2
𝑃1 +

1

2
𝑃2) + (−

1

2
+
1

2
𝑃1 −

1

2
𝑃2) 𝐽. 

Case 45.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 0, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, then 

𝑋 = (
1

2
+
1

2
𝑃1 −

1

2
𝑃2) + (

1

2
−
1

2
𝑃1 +

1

2
𝑃2) 𝐽. 

Case 46.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (
1

2
+
1

2
𝑃1 −

1

2
𝑃2) + (

1

2
−
1

2
𝑃1 −

1

2
𝑃2) 𝐽. 

Case 47.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (
1

2
+
1

2
𝑃1 −

1

2
𝑃2) + (−

1

2
+
1

2
𝑃1 +

1

2
𝑃2) 𝐽. 

Case 48.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = 0,𝑚0 +𝑚1 = 1, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 = (
1

2
+
1

2
𝑃1 −

1

2
𝑃2) + (−

1

2
+
1

2
𝑃1 −

1

2
𝑃2) 𝐽. 

Case 49.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 =

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, then 

𝑋 = (
1

2
−
1

2
𝑃2) + (

1

2
−
1

2
𝑃2) 𝐽. 

Case 50.  
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𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 =

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, then 

𝑋 = (
1

2
+
1

2
𝑃2) + (

1

2
−
1

2
𝑃2) 𝐽. 

Case 51.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 =

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, 

then 𝑋 = (
1

2
−
1

2
𝑃2) + (−

1

2
+ 𝑃1 −

1

2
𝑃2) 𝐽. 

Case 52.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 =

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, 

then 𝑋 = (
1

2
+
1

2
𝑃2) + (−

1

2
+ 𝑃1 −

1

2
𝑃2) 𝐽. 

Case 53.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = −

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, 

then 𝑋 = (
1

2
−
1

2
𝑃2) + (

1

2
− 𝑃1 +

1

2
𝑃2) 𝐽. 

Case 54.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = −

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, 

then 𝑋 = (
1

2
+
1

2
𝑃2) + (

1

2
− 𝑃1 +

1

2
𝑃2) 𝐽. 

Case 55.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = −

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 0, 

then 𝑋 = (
1

2
−
1

2
𝑃2) + (−

1

2
+
1

2
𝑃2) 𝐽. 

Case 56.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = −

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = 0,𝑚0 +𝑚1 +𝑚2 = 1, 

then 𝑋 = (
1

2
+
1

2
𝑃2) + (−

1

2
+
1

2
𝑃2) 𝐽. 

Case 57.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 =

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, then 

𝑋 =
1

2
+
1

2
𝐽. 

Case 58.  
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𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 =

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 =
1

2
+ (

1

2
− 𝑃2) 𝐽. 

Case 59.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = −

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 =
1

2
+ (

1

2
− 𝑃1 + 𝑃2) 𝐽. 

Case 60.  

𝑛0 =
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = −

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 =
1

2
+ (

1

2
− 𝑃1) 𝐽. 

Case 61.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = −

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 =
1

2
+ (−

1

2
+ 𝑃1) 𝐽. 

Case 62.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 =

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 =
1

2
+ (−

1

2
+ 𝑃1 − 𝑃2) 𝐽. 

Case 63.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = −

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 =

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, 

then 𝑋 =
1

2
+ (−

1

2
+ 𝑃2) 𝐽. 

Case 64.  

𝑛0 = −
1

2
, 𝑚0 =

1

2
, 𝑛0 + 𝑛1 = −

1

2
, 𝑚0 +𝑚1 =

1

2
, 𝑛0 + 𝑛1 + 𝑛2 = −

1

2
, 𝑚0 +𝑚1 +𝑚2 =

1

2
, then 𝑋 =

1

2
−
1

2
𝐽. 

Conclusion 

In this paper, we have defined for the first time the ring of split-complex symbolic 

2-plithogenic numbers by combining split-complex numbers with symbolic 

2-plithogenic numbers. 

We have studied many elementary properties of the novel generalized system, 

where necessary and sufficient conditions for Invertibility and idempotency of 
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symbolic 2-plithogenic split-complex numbers were handled by many related 

theorems and valid examples. 

In the future, we aim to study matrix systems and functional systems generated by 

the novel algebraic structure. 
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Abstract:  

The objective of this paper is to use dual numbers with symbolic 3-plithogenic and 

4-plithogenic numbers in one numerical system called dual symbolic

3-plithogenic/4-plithogenic numbers.

Also, the elementary algebraic properties of the suggested systems will be 

discussed in terms of theorems and related examples that explain the validity of 

these algebraic number systems. 

Keywords: Symbolic 3-plithogenic number, dual number, dual symbolic 

3-plithogenic number, Symbolic 4-plithogenic number, dual symbolic

4-plithogenic number.

Introduction and preliminaries. 

Dual numbers are considered as a generalization of real numbers, where they are 

defined as follows: 

𝐷 = {𝑎 + 𝑏𝑡; 𝑡2 = 0, 𝑎, 𝑏 ∈ 𝑅}[1]. Dual numbers make together a commutative ring 

with many interesting properties. 

Addition on 𝐷 is defined as follows: 
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(𝑎0 + 𝑏0𝑡) + (𝑎1 + 𝑏1𝑡) = (𝑎0 + 𝑎1) + (𝑏0 + 𝑏1)𝑡 

Multiplication on 𝐷 is defined as follows: 

(𝑎0 + 𝑏0𝑡). (𝑎1 + 𝑏1𝑡) = (𝑎0𝑎1) + (𝑎0𝑏1 + 𝑏0𝑎1)𝑡 

In [2-4], smarandache presented symbolic n-plithogenic sets, then they were used in 

generalizing many famous algebraic structures such as rings, matrices, and other 

structures [6-11]. 

We refer to many similar numerical systems that generalize real number, such as 

neutrosophic numbers, split-complex number, and weak fuzzy numbers [12-18]. 

These generalized numbers were applicable in cryptography and matrix 

theory[19-24]. 

Through this paper, we use symbolic 3-plithogenic real numbers and symbolic 

4-plithogenic real numbers to build a new generalization of real numbers, and we

present some of its elementary algebraic properties. 

Main concepts. 

Definition.  

The set of symbolic 3-plithogenic dual numbers is defined as follows: 

3 − 𝑆𝑃𝐷 = {(𝑥0 + 𝑥1𝑡) + (𝑦0 + 𝑦1𝑡)𝑃1 + (𝑧0 + 𝑧1𝑡)𝑃2 + (𝑠0 + 𝑠1𝑡)𝑃3; 𝑥𝑖, 𝑦𝑖 , 𝑧𝑖, 𝑠𝑖 ∈

𝑅, 𝑡2 = 0}. 

Definition. 

Addition of 3 − 𝑆𝑃𝐷 is defined: 

[(𝑚0 + 𝑚1𝑡) + (𝑘0 + 𝑘1𝑡)𝑃1 + (𝑠0 + 𝑠1𝑡)𝑃2 + (𝑟0 + 𝑟1𝑡)𝑃3] + [(𝑛0 + 𝑛1𝑡) +

(𝑙0 + 𝑙1𝑡)𝑃1 + (𝑞0 + 𝑞1𝑡)𝑃2 + (𝑔0 + 𝑔1𝑡)𝑃3] = (𝑚0 + 𝑛0) + (𝑚1 + 𝑛1)𝑡 + [(𝑘0 + 𝑙0) +

(𝑘1 + 𝑙1)𝑡]𝑃1 + [(𝑠0 + 𝑞0) + (𝑠1 + 𝑞1)𝑡]𝑃2 + [(𝑟0 + 𝑔0) + (𝑟1 + 𝑔1)𝑡]𝑃3. 

(3 − 𝑆𝑃𝐷 , +) is an abelian group. 

Remark. 

A symbolic 3-plithogenic dual number 𝑋 = (𝑥0 + 𝑥1𝑡) + (𝑦0 + 𝑦1𝑡)𝑃1 +

(𝑧0 + 𝑧1𝑡)𝑃2 + (𝑠0 + 𝑠1𝑡)𝑃3  

can be written: 

𝑋 = (𝑥0 + 𝑦0𝑃1 + 𝑧0𝑃2 + 𝑠0𝑃3) + 𝑡(𝑥1 + 𝑦1𝑃1 + 𝑧1𝑃2 + 𝑠1𝑃3). 
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Definition. 

Let 

𝑋 = (𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3) + 𝑡(𝑥́0 + 𝑥́1𝑃1 + 𝑥́2𝑃2 + 𝑥́3𝑃3) = 𝑀1 + 𝑀2𝑡, 

𝑌 = (𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 + 𝑦3𝑃3) + 𝑡(𝑦́0 + 𝑦́1𝑃1 + 𝑦́2𝑃2 + 𝑦́3𝑃3) = 𝑁1 + 𝑁2𝑡 ∈ 3 − 𝑆𝑃𝐷,  

then: 

Multiplication on 3 − 𝑆𝑃𝐷 is defined as follows: 

𝑋. 𝑌 = 𝑀1𝑁1 + 𝑡(𝑀1𝑁2 + 𝑁1𝑀2) 

Example. 

Consider 𝑋 = (1 + 𝑃1 + 𝑃2 + 𝑃3) + 𝑡(2 − 𝑃3), 𝑌 = 𝑃1 + 𝑡(1 − 𝑃3), we have: 

𝑋 + 𝑌 = (1 + 2𝑃1 + 𝑃2 + 𝑃3) + 𝑡(3 − 2𝑃3) 

𝑋. 𝑌 = (1 + 𝑃1 + 𝑃2 + 𝑃3)𝑃1 + 𝑡[(1 + 𝑃1 + 𝑃2 + 𝑃3)(1 − 𝑃3) + (2 − 𝑃3)𝑃1] =

(2𝑃1 + 𝑃2 + 𝑃3) + 𝑡[(1 − 𝑃3 + 𝑃2 − 𝑃3 + 𝑃3 − 𝑃3 + 𝑃1 − 𝑃3) + 2𝑃1 − 𝑃3] =

(2𝑃1 + 𝑃2 + 𝑃3) + 𝑡(1 + 𝑃1 + 𝑃2 − 3𝑃3). 

Remark. 

(3 − 𝑆𝑃𝐷 , +, . ) Is a commutative ring. 

Invertibility: 

Theorem. 

Let 𝑋 = (𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3) ∈ 3 − 𝑆𝑃𝐷 , then 

𝑋  is invertible if and only if 𝑚0 ≠ 0, 𝑚0 + 𝑚1 ≠ 0, 𝑚0 + 𝑚1 + 𝑚2 ≠ 0, 𝑚0 + 𝑚1 +

𝑚2 + 𝑚3 ≠ 0 and: 

𝑋−1 =
1

𝑋
= [

1

𝑚0
+ (

1

𝑚0 + 𝑚1
−

1

𝑚0
) 𝑃1 + (

1

𝑚0 + 𝑚1 + 𝑚2
−

1

𝑚0 + 𝑚1
) 𝑃2

+ (
1

𝑚0 + 𝑚1 + 𝑚2 + 𝑚3
−

1

𝑚0 + 𝑚1 + 𝑚2
) 𝑃3]

− 𝑡 [
𝑛0

(𝑚0)2
+ (

𝑛0 + 𝑛1

(𝑚0 + 𝑚1)2
−

𝑛0

(𝑚0)2
) 𝑃1

+ (
𝑛0 + 𝑛1 + 𝑛2

(𝑚0 + 𝑚1 + 𝑚2)2
−

𝑛0 + 𝑛1

(𝑚0 + 𝑚1)2
) 𝑃2

+ (
𝑛0 + 𝑛1 + 𝑛2 + 𝑛3

(𝑚0 + 𝑚1 + 𝑚2 + 𝑚3)2
−

𝑛0 + 𝑛1 + 𝑛2

(𝑚0 + 𝑚1 + 𝑚2)2
) 𝑃3] 

Proof. 



Neutrosophic Sets and Systems, Vol. 59, 2023 50 

 

 

Khadija Ben Othman, Maretta Sarkis, Djamal Lhiani, An Introduction to The Dual Symbolic 3-Plithogenic And 

4-Plithogenic Numbers 

𝑋 is invertible if and only if 
1

𝑋
 is defined as follows: 

1

𝑋
=

1

(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3)

=
(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3) − 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3)

[(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3)][(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3) − 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3)]

=
(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3) − 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3)

(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3)2  

So that 𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3 is invertible in 3 − 𝑆𝑃𝑅. 

This is equivalent to 𝑚0 ≠ 0, 𝑚0 + 𝑚1 ≠ 0, 𝑚0 + 𝑚1 + 𝑚2 ≠ 0, 𝑚0 + 𝑚1 + 𝑚2 +

𝑚3 ≠ 0. 

On the other hand,  
1

𝑋
=

1

𝑚0+𝑚1𝑃1+𝑚2𝑃2+𝑚3𝑃3
− 𝑡

(𝑛0+𝑛1𝑃1+𝑛2𝑃2+𝑛3𝑃3)2

(𝑚0+𝑚1𝑃1+𝑚2𝑃2+𝑚3𝑃3)2
 

Put 𝑌 = [
1

𝑚0
+ (

1

𝑚0+𝑚1
−

1

𝑚0
) 𝑃1 + (

1

𝑚0+𝑚1+𝑚2
−

1

𝑚0+𝑚1
) 𝑃2 + (

1

𝑚0+𝑚1+𝑚2+𝑚3
−

1

𝑚0+𝑚1+𝑚2
) 𝑃3] − 𝑡 [

𝑛0

(𝑚0)2 + (
𝑛0+𝑛1

(𝑚0+𝑚1)2 −
𝑛0

(𝑚0)2) 𝑃1 + (
𝑛0+𝑛1+𝑛2

(𝑚0+𝑚1+𝑚2)2 −
𝑛0+𝑛1

(𝑚0+𝑚1)2) 𝑃2 +

(
𝑛0+𝑛1+𝑛2+𝑛3

(𝑚0+𝑚1+𝑚2+𝑚3)2 −
𝑛0+𝑛1+𝑛2

(𝑚0+𝑚1+𝑚2)2) 𝑃3]. 

Compute the result of 𝑋𝑌 to get: 

𝑋𝑌 = 1 

So that, 𝑋−1 =
1

𝑋
= 𝑌 

Example. 

Take 𝑋 = (1 + 𝑃3) + 𝑡(2 + 𝑃3) ∈ 3 − 𝑆𝑃𝐷: 

𝑋−1 =
1

1
+ (

1

2
−

1

1
) 𝑃2 − 𝑡 [

2

1
+ (

2

1
−

2

1
) 𝑃1 + (

2

1
−

2

1
) 𝑃2 + (

3

4
−

2

1
) 𝑃2] = 1 −

1

2
𝑃3 −

𝑡 (2 −
5

4
𝑃3). 

Natural power. 

Theorem. 

Let 𝑋 = (𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3) ∈ 3 − 𝑆𝑃𝐷, then: 

𝑋𝑛 = (𝑚0)𝑛 + ((𝑚0 + 𝑚1)𝑛 − (𝑚0)𝑛)𝑃1 + ((𝑚0 + 𝑚1 + 𝑚2)𝑛 − (𝑚0 + 𝑚1)𝑛)𝑃2 +

((𝑚0 + 𝑚1 + 𝑚2 + 𝑚3)𝑛 − (𝑚0 + 𝑚1 + 𝑚2)𝑛)𝑃3 + 𝑛(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 +

𝑛3𝑃3)[(𝑚0)𝑛−1 + ((𝑚0 + 𝑚1)𝑛−1 − (𝑚0)𝑛−1)𝑃1 + ((𝑚0 + 𝑚1 + 𝑚2)𝑛−1 −

(𝑚0 + 𝑚1)𝑛−1)𝑃2((𝑚0 + 𝑚1 + 𝑚2 + 𝑚3)𝑛−1 − (𝑚0 + 𝑚1 + 𝑚2)𝑛−1)𝑃3] for 𝑛 ∈ 𝑁. 

Proof. 

Let 𝑋 = 𝐴 + 𝐵𝑡; 𝐴, 𝐵 ∈ 3 − 𝑆𝑃𝐷, then: 



Neutrosophic Sets and Systems, Vol. 59, 2023 51 

 

 

Khadija Ben Othman, Maretta Sarkis, Djamal Lhiani, An Introduction to The Dual Symbolic 3-Plithogenic And 

4-Plithogenic Numbers 

𝐴𝑛 = 𝐴𝑛 + 𝑛𝐴𝑛−1𝐵𝑡, we get: 

𝐴𝑛 = (𝑚0)𝑛 + ((𝑚0 + 𝑚1)𝑛 − (𝑚0)𝑛)𝑃1 + ((𝑚0 + 𝑚1 + 𝑚2)𝑛 − (𝑚0 + 𝑚1)𝑛)𝑃2 +

((𝑚0 + 𝑚1 + 𝑚2 + 𝑚3)𝑛 − (𝑚0 + 𝑚1 + 𝑚2)𝑛)𝑃3, then the proof holds. 

Example. 

Take 𝑋 = (1 + 𝑃3) + 𝑡(2 − 𝑃3) ∈ 3 − 𝑆𝑃𝐷 

𝑋3 = 1 + (1 − 1)𝑃1 + (1 − 1)𝑃2 + (8 − 1)𝑃3 + 3𝑡(2 − 𝑃3)[1 + (1 − 1)𝑃1 +

(1 − 1)𝑃2 + (4 − 1)𝑃3] = 1 + 7𝑃3 + 3𝑡[(2 − 𝑃3)(1 + 3𝑃3)] = 1 + 7𝑃3 + 𝑡(6 + 6𝑃3). 

Idempotency. 

Definition. 

Let 𝑋 ∈ 3 − 𝑆𝑃𝐷, then 𝑋 is called idempotent if and only if 𝑋2 = 𝑋. 

Theorem. 

Let 𝑋 = (𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2+𝑚3𝑃3) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2+𝑛3𝑃3) ∈ 3 − 𝑆𝑃𝐷 , then  𝑋 

is called idempotent if and only if: 

1. 𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2+𝑚3𝑃3 is idempotent. 

2. (𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3)[2𝑚0 − 1 + 2𝑚1𝑃1 + 2𝑚2𝑃2+2𝑚3𝑃3] = 0 

Proof. 

𝑋 = 𝑀 + 𝑁𝑡 is idempotent if and only if: 

𝑋2 = 𝑋 ⟹ {
𝑀2 = 𝑀

2𝑀𝑁 = 𝑁 ⟹ 𝑁(2𝑀 − 1) = 0
 

For 𝑀 = 𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2+𝑚3𝑃3, 𝑁 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2+𝑛3𝑃3 ∈ 3 − 𝑆𝑃𝑅. 

This implies the proof. 

Definition.  

The set of symbolic 4-plithogenic dual numbers is defined as follows: 

4 − 𝑆𝑃𝐷 = {(𝑥0 + 𝑥1𝑡) + (𝑦0 + 𝑦1𝑡)𝑃1 + (𝑧0 + 𝑧1𝑡)𝑃2 + (𝑠0 + 𝑠1𝑡)𝑃3 + (𝑙0 +

𝑙1𝑡)𝑃4; 𝑥𝑖 , 𝑦𝑖, 𝑧𝑖, 𝑠𝑖, 𝑙𝑖 ∈ 𝑅, 𝑡2 = 0}. 

Definition. 

Addition of 4 − 𝑆𝑃𝐷 is defined: 

[(𝑚0 + 𝑚1𝑡) + (𝑘0 + 𝑘1𝑡)𝑃1 + (𝑠0 + 𝑠1𝑡)𝑃2 + (𝑟0 + 𝑟1𝑡)𝑃3 + (𝑑0 + 𝑑1𝑡)𝑃4] +

[(𝑛0 + 𝑛1𝑡) + (𝑙0 + 𝑙1𝑡)𝑃1 + (𝑞0 + 𝑞1𝑡)𝑃2 + (𝑔0 + 𝑔1𝑡)𝑃3 + (𝑐0 + 𝑐1𝑡)𝑃4] =
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(𝑚0 + 𝑛0) + (𝑚1 + 𝑛1)𝑡 + [(𝑘0 + 𝑙0) + (𝑘1 + 𝑙1)𝑡]𝑃1 + [(𝑠0 + 𝑞0) + (𝑠1 + 𝑞1)𝑡]𝑃2 +

[(𝑟0 + 𝑔0) + (𝑟1 + 𝑔1)𝑡]𝑃3 + [(𝑑0 + 𝑐0) + (𝑑1 + 𝑐1)𝑡]𝑃4. 

(4 − 𝑆𝑃𝐷 , +) is an abelian group. 

Remark. 

A symbolic 4-plithogenic dual number 𝑋 = (𝑥0 + 𝑥1𝑡) + (𝑦0 + 𝑦1𝑡)𝑃1 +

(𝑧0 + 𝑧1𝑡)𝑃2 + (𝑠0 + 𝑠1𝑡)𝑃3 + (𝑑0 + 𝑑1𝑡)𝑃4 

can be written: 

𝑋 = (𝑥0 + 𝑦0𝑃1 + 𝑧0𝑃2 + 𝑠0𝑃3 + 𝑑0𝑃4) + 𝑡(𝑥1 + 𝑦1𝑃1 + 𝑧1𝑃2 + 𝑠1𝑃3 + 𝑑1𝑃4). 

Definition. 

Let 

𝑋 = (𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3 + 𝑥4𝑃4) + 𝑡(𝑥́0 + 𝑥́1𝑃1 + 𝑥́2𝑃2 + 𝑥́3𝑃3 + 𝑥́4𝑃4) = 𝑀1 +

𝑀2𝑡, 

𝑌 = (𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 + 𝑦3𝑃3 + 𝑦4𝑃4) + 𝑡(𝑦́0 + 𝑦́1𝑃1 + 𝑦́2𝑃2 + 𝑦́3𝑃3 + 𝑦́4𝑃4) = 𝑁1 +

𝑁2𝑡 ∈ 4 − 𝑆𝑃𝐷,  

then: 

Multiplication on 4 − 𝑆𝑃𝐷 is defined as follows: 

𝑋. 𝑌 = 𝑀1𝑁1 + 𝑡(𝑀1𝑁2 + 𝑁1𝑀2) 

Example. 

Consider 𝑋 = (1 + 𝑃4) + 𝑡(2 − 𝑃3), 𝑌 = 𝑃1 + 𝑡(1 − 𝑃4), we have: 

𝑋 + 𝑌 = (1 + 𝑃1 + 𝑃4) + 𝑡(3 − 𝑃3 − 𝑃4) 

𝑋. 𝑌 = (1 + 𝑃4)𝑃1 + 𝑡[(1 + 𝑃4)(1 − 𝑃4) + (2 − 𝑃3)𝑃1] = (𝑃1 + 𝑃4) + 𝑡[(1 − 𝑃4) + 2𝑃1 −

𝑃3] = (𝑃1 + 𝑃4) + 𝑡(1 + 2𝑃1 − 𝑃3 − 𝑃4). 

Remark. 

(4 − 𝑆𝑃𝐷 , +, . ) Is a commutative ring. 

Invertibility: 

Theorem. 

Let 

𝑋 = (𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3 + 𝑚4𝑃4) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3 + 𝑛4𝑃4) ∈ 4 −

𝑆𝑃𝐷,  
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then 𝑋  is invertible if and only if 𝑚0 ≠ 0, 𝑚0 + 𝑚1 ≠ 0, 𝑚0 + 𝑚1 + 𝑚2 ≠ 0, 𝑚0 +

𝑚1 + 𝑚2 + 𝑚3 ≠ 0, 𝑚0 + 𝑚1 + 𝑚2 + 𝑚3 + 𝑚4 ≠ 0 and: 

𝑋−1 =
1

𝑋
= [

1

𝑚0
+ (

1

𝑚0+𝑚1
−

1

𝑚0
) 𝑃1 + (

1

𝑚0+𝑚1+𝑚2
−

1

𝑚0+𝑚1
) 𝑃2 + (

1

𝑚0+𝑚1+𝑚2+𝑚3
−

1

𝑚0+𝑚1+𝑚2
) 𝑃3 + (

1

𝑚0+𝑚1+𝑚2+𝑚3+𝑚4
−

1

𝑚0+𝑚1+𝑚2+𝑚3
) 𝑃4] − 𝑡 [

𝑛0

(𝑚0)2 + (
𝑛0+𝑛1

(𝑚0+𝑚1)2 −
𝑛0

(𝑚0)2) 𝑃1 +

(
𝑛0+𝑛1+𝑛2

(𝑚0+𝑚1+𝑚2)2 −
𝑛0+𝑛1

(𝑚0+𝑚1)2) 𝑃2 + (
𝑛0+𝑛1+𝑛2+𝑛3

(𝑚0+𝑚1+𝑚2+𝑚3)2 −
𝑛0+𝑛1+𝑛2

(𝑚0+𝑚1+𝑚2)2) 𝑃3 + (
𝑛0+𝑛1+𝑛2+𝑛3+𝑛4

(𝑚0+𝑚1+𝑚2+𝑚3+𝑚4)2 −

𝑛0+𝑛1+𝑛2+𝑛3

(𝑚0+𝑚1+𝑚2+𝑚3)2) 𝑃4]. 

Proof. 

𝑋 is invertible if and only if 
1

𝑋
 is defined as follows: 

1

𝑋
= 

1

(𝑚0+𝑚1𝑃1+𝑚2𝑃2+𝑚3𝑃3+𝑚4𝑃4)+𝑡(𝑛0+𝑛1𝑃1+𝑛2𝑃2+𝑛3𝑃3+𝑛4𝑃4)
= 

(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3 + 𝑚4𝑃4) − 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3 + 𝑛4𝑃4)

[(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3 + 𝑚4𝑃4) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3 + 𝑛4𝑃4)][(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3 + 𝑚4𝑃4) − 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3 + 𝑛4𝑃4)]

= 

(𝑚0+𝑚1𝑃1+𝑚2𝑃2+𝑚3𝑃3+𝑚4𝑃4)−𝑡(𝑛0+𝑛1𝑃1+𝑛2𝑃2+𝑛3𝑃3+𝑛4𝑃4)

(𝑚0+𝑚1𝑃1+𝑚2𝑃2+𝑚3𝑃3+𝑚4𝑃4)2 , 

So that 𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3 + 𝑚4𝑃4 is invertible in 4 − 𝑆𝑃𝑅. 

This is equivalent to 𝑚0 ≠ 0, 𝑚0 + 𝑚1 ≠ 0, 𝑚0 + 𝑚1 + 𝑚2 ≠ 0, 𝑚0 + 𝑚1 + 𝑚2 + 𝑚3 ≠

0, 𝑚0 + 𝑚1 + 𝑚2 + 𝑚3 + 𝑚4 ≠ 0. 

On the other hand, 

  
1

𝑋
=

1

𝑚0+𝑚1𝑃1+𝑚2𝑃2+𝑚3𝑃3+𝑚4𝑃4
− 𝑡

(𝑛0+𝑛1𝑃1+𝑛2𝑃2+𝑛3𝑃3+𝑛4𝑃4)2

(𝑚0+𝑚1𝑃1+𝑚2𝑃2+𝑚3𝑃3+𝑚4𝑃4)2 

Put  

𝑌 = [
1

𝑚0
+ (

1

𝑚0+𝑚1
−

1

𝑚0
) 𝑃1 + (

1

𝑚0+𝑚1+𝑚2
−

1

𝑚0+𝑚1
) 𝑃2 + (

1

𝑚0+𝑚1+𝑚2+𝑚3
−

1

𝑚0+𝑚1+𝑚2
) 𝑃3 +

(
1

𝑚0+𝑚1+𝑚2+𝑚3+𝑚4
−

1

𝑚0+𝑚1+𝑚2+𝑚3
) 𝑃4] − 𝑡 [

𝑛0

(𝑚0)2 + (
𝑛0+𝑛1

(𝑚0+𝑚1)2 −
𝑛0

(𝑚0)2) 𝑃1 + (
𝑛0+𝑛1+𝑛2

(𝑚0+𝑚1+𝑚2)2 −

𝑛0+𝑛1

(𝑚0+𝑚1)2) 𝑃2 + (
𝑛0+𝑛1+𝑛2+𝑛3

(𝑚0+𝑚1+𝑚2+𝑚3)2 −
𝑛0+𝑛1+𝑛2

(𝑚0+𝑚1+𝑚2)2) 𝑃3 + (
𝑛0+𝑛1+𝑛2+𝑛3+𝑛4

(𝑚0+𝑚1+𝑚2+𝑚3+𝑚4)2 −

𝑛0+𝑛1+𝑛2+𝑛3

(𝑚0+𝑚1+𝑚2+𝑚3)2) 𝑃4]. 

Compute the result of 𝑋𝑌 to get: 

𝑋𝑌 = 1 

So that, 𝑋−1 =
1

𝑋
= 𝑌 

Natural power. 
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Theorem. 

Let 

 𝑋 = (𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 + 𝑚3𝑃3 + 𝑚4𝑃4) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3 + 𝑛4𝑃4) ∈

4 − 𝑆𝑃𝐷, 

then: 

𝑋𝑛 = (𝑚0)𝑛 + ((𝑚0 + 𝑚1)𝑛 − (𝑚0)𝑛)𝑃1 + ((𝑚0 + 𝑚1 + 𝑚2)𝑛 − (𝑚0 + 𝑚1)𝑛)𝑃2 +

((𝑚0 + 𝑚1 + 𝑚2 + 𝑚3)𝑛 − (𝑚0 + 𝑚1 + 𝑚2)𝑛)𝑃3 + ((𝑚0 + 𝑚1 + 𝑚2 + 𝑚3 + 𝑚4)𝑛 −

(𝑚0 + 𝑚1 + 𝑚2 + 𝑚3)𝑛)𝑃4 + 𝑛(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3 + 𝑛4𝑃4)[(𝑚0)𝑛−1 +

((𝑚0 + 𝑚1)𝑛−1 − (𝑚0)𝑛−1)𝑃1 + ((𝑚0 + 𝑚1 + 𝑚2)𝑛−1 − (𝑚0 + 𝑚1)𝑛−1)𝑃2((𝑚0 + 𝑚1 +

𝑚2 + 𝑚3)𝑛−1 − (𝑚0 + 𝑚1 + 𝑚2)𝑛−1)𝑃3 + ((𝑚0 + 𝑚1 + 𝑚2 + 𝑚3 + 𝑚4)𝑛−1 −

(𝑚0 + 𝑚1 + 𝑚2 + 𝑚3)𝑛−1)𝑃4] for 𝑛 ∈ 𝑁. 

Proof. 

Let 𝑋 = 𝐴 + 𝐵𝑡; 𝐴, 𝐵 ∈ 4 − 𝑆𝑃𝐷, then: 

𝐴𝑛 = 𝐴𝑛 + 𝑛𝐴𝑛−1𝐵𝑡, we get: 

𝐴𝑛 = (𝑚0)𝑛 + ((𝑚0 + 𝑚1)𝑛 − (𝑚0)𝑛)𝑃1 + ((𝑚0 + 𝑚1 + 𝑚2)𝑛 − (𝑚0 + 𝑚1)𝑛)𝑃2 +

((𝑚0 + 𝑚1 + 𝑚2 + 𝑚3)𝑛 − (𝑚0 + 𝑚1 + 𝑚2)𝑛)𝑃3 + ((𝑚0 + 𝑚1 + 𝑚2 + 𝑚3 + 𝑚4)𝑛 −

(𝑚0 + 𝑚1 + 𝑚2 + 𝑚3)𝑛)𝑃4, then the proof holds. 

Idempotency. 

Definition. 

Let 𝑋 ∈ 4 − 𝑆𝑃𝐷, then 𝑋 is called idempotent if and only if 𝑋2 = 𝑋. 

Theorem. 

Let 𝑋 = (𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2+𝑚3𝑃3+𝑚4𝑃4) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2+𝑛3𝑃3+𝑚4𝑃4) ∈

4 − 𝑆𝑃𝐷, then 𝑋 is called idempotent if and only if: 

1. 𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2+𝑚3𝑃3+𝑚4𝑃4 is idempotent. 

2. (𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3 + 𝑛4𝑃4)[2𝑚0 − 1 + 2𝑚1𝑃1 +

2𝑚2𝑃2+2𝑚3𝑃3+2𝑚4𝑃4] = 0 

Proof. 

𝑋 = 𝑀 + 𝑁𝑡 is idempotent if and only if: 

𝑋2 = 𝑋 ⟹ {
𝑀2 = 𝑀

2𝑀𝑁 = 𝑁 ⟹ 𝑁(2𝑀 − 1) = 0
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For 𝑀 = 𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2+𝑚3𝑃3+𝑚4𝑃4, 𝑁 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2+𝑛3𝑃3 + 𝑛4𝑃4 ∈ 4 −

𝑆𝑃𝑅. 

This implies the proof. 

Conclusion 

In this paper, we have studied for the first time the combination of symbolic 

3-plithogenic numbers and 4-plithogenic numbers with dual numbers. The novel 

algebraic structures generated by them are called dual symbolic 3-plithogenic 

numbers and dual symbolic 4-plithogenic numbers. 

We have determined the invertibility condition and the formula of the inverse for 

dual symbolic 3-plithogenic and 4-plithogenic numbers.  
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Abstract: In this paper, we introduce and define for the first time the plithogenic 

loss function, plithogenic risk function, plithogenic maximum likelihood function, 

and plithogenic posterior risk function, which form a base to easily define the 

plithogenic maximum a posteriori estimator (Plithogenic MAP) and its conditions, 

algebraic isomorphism was used through equations, and finally, we worked on an 

example of a plithogenic random variables sample exponentially distributed with 

a gamma prior for the parameter distribution and used the quadratic loss function, 

we found the posterior distribution of the parameter which is also a plithogenic 

gamma distribution and taken the posterior mean as an estimate of the parameter, 

such results are similar to the classical case of MAP taking in consideration the 

plithogenic parts which represent generalized indeterminacy. 

Keywords: Plithogenic; Loss Function; Risk Function; Plithogenic Probability 

Density Function; Maximum Likelihood Function; Posterior Risk Function; 

Maximum a Posteriori Estimator. 

1. Introduction

As Uncertainty and Ambiguity are more observed in real life applications, 

traditional probability theory methods of studying such applications became less 

zenodo.10031161/10.5281
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effective with capturing all information needed, which led us to define and work 

with a new extension of probability theory that deals with the indeterminacy that 

we face in life applications to better understand its complexity, this new extension 

helps in many real life fields such as psychology, economics, mathematics, data 

analysis, artificial intelligence, etc.  

Neutrosophic probability theory was first introduced in 1995, which deals with the 

probability as a triplet values, which represents the degree of truth, false, and 

indeterminacy, F. Smarandache presented neutrosophic sets and its applications in 

[1]–[7], M. Abobala and A. Hatip built the concept of Euclidean neutrosophic 

geometry which opens the world of many mathematical concepts such as real 

analysis and probability theory represented by using an algebraic structure 

depending on the indeterminacy element 𝐼 that satisfies 𝐼2 = 𝐼 [8]–[20]. 

Plithogenic probability theory is also an extension of classical probability theory that 

studies the indeterminacy related to the occurrence or non-occurrence of an event, 

it is a more generalized than neutrosophic since it deals with indeterminacy as two 

parts, F. Smarandache et al also presented symbolic plithogenic algebraic structures 

and plithogenic probability and statistics. Also, N. M. Taffach and A. Hatip gave a 

review on symbolic 2-plithogenic algebraic structures, as there are lots of papers 

related to plithogenic probability in many fields [21]–[37]. 

This paper deals with symbolic plithogenic numbers that take the form 𝑎𝑃 = 𝑎0 +

𝑎1𝑃1 + 𝑎2𝑃2;  𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1. 𝑃2 = 𝑃2. 𝑃1 = 𝑃2 , we will introduce important 

classical definitions in terms of symbolic plithogenic and focus on the definition of 

the plithogenic maximum a posteriori estimator (Plithogenic MAP), which can be 

considered as a generalization of our work in [38]. 

2. Preliminaries:  

Definition 2.1 
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Let 𝑅(𝑃1, 𝑃2) = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2; 𝑎, 𝑏, 𝑐 ∈ 𝑅, 𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1. 𝑃2 = 𝑃2. 𝑃1 = 𝑃2} 

be the plithogenic field of reals. The one-dimensional AH-Isometry and its inverse 

are defined as following: 

𝑇: 𝑅(𝑃1, 𝑃2) ⟶ 𝑅3 ; 𝑇(𝑎 + 𝑏𝑃1 + 𝑐𝑃2) =   (𝑎, 𝑎 + 𝑏, 𝑎 + 𝑏 + 𝑐) 

𝑇−1: 𝑅3 ⟶ 𝑅(𝑃1, 𝑃2) ; 𝑇
−1(𝑎, 𝑏, 𝑐) =   𝑎 + (𝑏 − 𝑎)𝑃1 + (𝑐 − 𝑏)𝑃2 

Definition 2.2 

Let 𝑓: 𝑅(𝑃1, 𝑃2) ⟶ 𝑅(𝑃1, 𝑃2); 𝑓 = 𝑓(𝑥𝑃), 𝑥𝑃 ∈ 𝑅(𝑃1, 𝑃2), 𝑓 is called a plithogenic real 

function with one plithogenic variable. 

Definition 2.3 

Plithogenic random variable 𝑋𝑃 is defined as follows: 

𝑋𝑃: Ω𝑃 ⟶ 𝑅(𝑃1, 𝑃2); Ω𝑃 = Ω0 × Ω1(𝑃1) × Ω2(𝑃2) 

𝑋𝑃 = 𝑋0 + 𝑋1𝑃1 + 𝑋2𝑃2;  𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1. 𝑃2 = 𝑃2. 𝑃1 = 𝑃2 

Where 𝑋0, 𝑋1, 𝑋2 are classical random variables defined on Ω0, Ω1, Ω2 respectively. 

Definition 2.4 

Let 𝑎𝑃 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2, 𝑏𝑃 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 ∈ 𝑅(𝑃1, 𝑃2), we say that 𝑎𝑃 ≥𝑃 𝑏𝑃 

if: 

𝑎0 ≥ 𝑏0, 𝑎0 + 𝑎1 ≥ 𝑏0 + 𝑏1, 𝑎0 + 𝑎1 + 𝑎2 ≥ 𝑏0 + 𝑏1 + 𝑏2 

3. Plithogenic Density, Plithogenic Conditional Density, Plithogenic 

Conditional Expectation, Plithogenic Loss and Risk Functions: 

Theorem 3.1 

Let 𝑋𝑃  be a plithogenic random variable that has a probability density function 

𝑓(𝑥𝑃; Θ𝑃) with Θ𝑃 = (𝜃1𝑃, … , 𝜃𝑘𝑃); 𝜃𝑖𝑃 = 𝜃𝑖0 + 𝜃𝑖1𝑃1 + 𝜃𝑖2𝑃2 ; 𝑖 = 1,2, … , 𝑘 a vector of 

parameters, then 𝑓(𝑥𝑃; Θ𝑃) is written in its formal plithogenic form as the following: 
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𝑓(𝑥𝑃; Θ𝑃) =  𝑓(𝑥0; Θ0) + [𝑓(𝑥0 + 𝑥1; Θ0 + Θ1)-𝑓(𝑥0; Θ0)] 𝑃1+[𝑓(𝑥0 + 𝑥1 +

𝑥2; Θ0 + Θ1 + Θ2)- 𝑓(𝑥0 + 𝑥1; Θ0 + Θ1)]𝑃2 
(1) 

 

Where: Θ0 = (𝜃10, … , 𝜃𝑘0), Θ0 + Θ1 = (𝜃10 + 𝜃11, … , 𝜃𝑘0 + 𝜃𝑘1), Θ0 + Θ1 + Θ2 =

(𝜃10 + 𝜃11 + 𝜃12, … , 𝜃𝑘0 + 𝜃𝑘1 + 𝜃𝑘2) 

Proof:  

See [37]. 

Theorem 3.2 

Let 𝑋𝑃, 𝑌𝑃  be two plithogenic random variables, and let 𝑓(𝑥𝑃|𝑦𝑃; Θ𝑃)  be the 

conditional probability density function of 𝑋𝑃  given 𝑌𝑃  with Θ𝑃 =

(𝜃1𝑃, … , 𝜃𝑘𝑃); 𝜃𝑖𝑃 = 𝜃𝑖0 + 𝜃𝑖1𝑃1 + 𝜃𝑖2𝑃2 ; 𝑖 = 1,2, … , 𝑘 a vector of parameters, then: 

 

𝑓(𝑥𝑃|𝑦𝑃; Θ𝑃) = 𝑓(𝑥0|𝑦0; Θ0)

+ [𝑓(𝑥0 + 𝑥1|𝑦0 + 𝑦1; Θ0 + Θ1) − 𝑓(𝑥0|𝑦0; Θ0)]𝑃1

+ [𝑓(𝑥0 + 𝑥1 + 𝑥2|𝑦0 + 𝑦1 + 𝑦2; Θ0 + Θ1 + Θ2)

− 𝑓(𝑥0 + 𝑦1|𝑥0 + 𝑦1; Θ0 + Θ1) ]𝑃2 

(2) 

Proof: 

Straightforward using theorem 3.1. 

Theorem 3.3 

Let 𝑋𝑃, 𝑌𝑃 be two plithogenic random variables, and let 𝑓(𝑥𝑃|𝑦𝑃) be the conditional 

probability density function of 𝑋𝑃  given 𝑌𝑃 , then plithogenic conditional 

expectation is: 

 

𝐸(𝑋𝑃|𝑌𝑃) = 𝐸(𝑋0|𝑌0) + [𝐸(𝑋0 + 𝑋1|𝑌0 + 𝑌1) − 𝐸(𝑋0|𝑌0)]𝑃1

+ [𝐸(𝑋0 + 𝑋1 + 𝑋2|𝑌0 + 𝑌1 + 𝑌2) − 𝐸(𝑋0 + 𝑋1|𝑌0 + 𝑌1) ]𝑃2 
(3) 

 

Proof: 
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𝐸(𝑋𝑃|𝑌𝑃) = ∫𝑥𝑃𝑓(𝑥𝑃|𝑦𝑃). 𝑑𝑥𝑃

= ∫(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2)𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2|𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2). 𝑑(𝑥0

+ 𝑥1𝑃1 + 𝑥2𝑃2) 

Let’s take the one-dimensional AH-Isometry: 

𝑇(𝐸(𝑋𝑃|𝑌𝑃)) = 𝑇 (∫(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2)𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2|𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2). 𝑑(𝑥0

+ 𝑥1𝑃1 + 𝑥2𝑃2)) 

= (∫𝑥0𝑓(𝑥0|𝑦0). 𝑑𝑥0 , ∫(𝑥0 + 𝑥1)𝑓(𝑥0 + 𝑥1|𝑦0 + 𝑦1). 𝑑(𝑥0 + 𝑥1) ,∫(𝑥0 + 𝑥1 + 𝑥2)𝑓(𝑥0

+ 𝑥1 + 𝑥2|𝑦0 + 𝑦1 + 𝑦2). 𝑑(𝑥0 + 𝑥1 + 𝑥2)) 

 

= (𝐸(𝑋0|𝑌0), 𝐸(𝑋0 + 𝑋1|𝑌0 + 𝑌1), 𝐸(𝑋0 + 𝑋1 + 𝑋2|𝑌0 + 𝑌1 + 𝑌2)) 

 

Now we take 𝑇−1: 

⟹ 𝐸(𝑋𝑃|𝑌𝑃) = 𝐸(𝑋0|𝑌0) + [𝐸(𝑋0 + 𝑋1|𝑌0 + 𝑌1) − 𝐸(𝑋0|𝑌0)]𝑃1

+ [𝐸(𝑋0 + 𝑋1 + 𝑋2|𝑌0 + 𝑌1 + 𝑌2) − 𝐸(𝑋0 + 𝑋1|𝑌0 + 𝑌1) ]𝑃2  

Theorem 3.4 

Let 𝜃𝑃 = 𝜃0 + 𝜃1𝑃1 + 𝜃2𝑃2 be a plithogenic parameter of a probability distribution, 

and let 𝜃𝑃 = 𝜃0 + 𝜃1𝑃1 + 𝜃2𝑃2 be an estimation of 𝜃𝑃 , we can prove that the loss 

function of 𝜃𝑃 is: 

 

𝐿𝑜𝑠𝑠(𝜃𝑃, 𝜃𝑃) = 𝐿𝑜𝑠𝑠(𝜃0, 𝜃0) + [𝐿𝑜𝑠𝑠(𝜃0 + 𝜃1, 𝜃0 + 𝜃1) − 𝐿𝑜𝑠𝑠(𝜃0, 𝜃0)]𝑃1

+ [𝐿𝑜𝑠𝑠(𝜃0 + 𝜃1 + 𝜃2, 𝜃0 + 𝜃1 + 𝜃2) − 𝐿𝑜𝑠𝑠(𝜃0 + 𝜃1, 𝜃0

+ 𝜃1)]𝑃2 

(4) 

Proof 

Straightforward. 

Remark 
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Classical loss could take the form: 𝐿𝑜𝑠𝑠(𝑎, 𝑎̂) = |𝑎 − 𝑎̂| or 𝐿𝑜𝑠𝑠(𝑎, 𝑎̂) = (𝑎 − 𝑎̂)2, or 

other loss functions. 

Theorem 3.5 

Let 𝜃𝑃 = 𝜃0 + 𝜃1𝑃1 + 𝜃2𝑃2 be a plithogenic parameter of a probability distribution, 

and let 𝜃𝑃 = 𝜃0 + 𝜃1𝑃1 + 𝜃2𝑃2 be an estimation of 𝜃𝑃, the risk function of 𝜃𝑃 is: 

𝑅(𝜃𝑃, 𝜃𝑃) = 𝐸(𝐿𝑜𝑠𝑠(𝜃𝑃 , 𝜃𝑃)) 

= 𝑅(𝜃0, 𝜃0) + [𝑅(𝜃0 + 𝜃1, 𝜃0 + 𝜃1) − 𝑅(𝜃0, 𝜃0)]𝑃1 + [𝑅(𝜃0 + 𝜃1 + 𝜃2, 𝜃0 + 𝜃1

+ 𝜃2) − 𝑅(𝜃0 + 𝜃1, 𝜃0 + 𝜃1)]𝑃2 

(5) 

Proof 

Straightforward. 

Theorem 3.6 

Let 𝜃𝑃 = 𝜃0 + 𝜃1𝑃1 + 𝜃2𝑃2 be a plithogenic parameter of a probability distribution, 

and let 𝜃𝑃 = 𝜃0 + 𝜃1𝑃1 + 𝜃2𝑃2 be an estimation of 𝜃𝑃, the posterior risk function of 

𝜃𝑃 given 𝑋𝑃 is: 

𝑅(𝜃𝑃, 𝜃𝑃|𝑋𝑃) = 𝐸(𝐿𝑜𝑠𝑠(𝜃𝑃, 𝜃𝑃)|𝑋𝑃) 

= 𝑅(𝜃0, 𝜃0|𝑋0) + [𝑅(𝜃0 + 𝜃1, 𝜃0 + 𝜃1|𝑋0 + 𝑋1) − 𝑅(𝜃0, 𝜃0|𝑋0)]𝑃1 + [𝑅(𝜃0

+ 𝜃1 + 𝜃2, 𝜃0 + 𝜃1 + 𝜃2|𝑋0 + 𝑋1 + 𝑋2) − 𝑅(𝜃0 + 𝜃1, 𝜃0

+ 𝜃1|𝑋0 + 𝑋1)]𝑃2 

(6) 

Proof 

Straightforward. 

Theorem 3.7 

Let 𝕏𝑃 = (𝑋1𝑃, … , 𝑋𝑛𝑃)  be a sample of independent and identically distributed 

plithogenic random variables and Θ𝑃 = (𝜃1𝑃 , … , 𝜃𝑘𝑃); 𝜃𝑖𝑃 = 𝜃𝑖0 + 𝜃𝑖1𝑃1 + 𝜃𝑖2𝑃2 ; 𝑖 =

1,2, … , 𝑘 a vector of parameters. The plithogenic maximum likelihood function is 

given by: 
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𝐿𝑃(Θ𝑃) = 𝑓(𝕩𝑃; Θ𝑃) =∏𝑓(𝑥𝑖𝑃; Θ𝑃)

𝑛

𝑖=1

 

𝐿𝑃(Θ𝑃) = 𝐿(Θ0) + [𝐿(Θ0 + Θ1) − 𝐿(Θ0)]𝑃1 + [𝐿(Θ0 + Θ1 + Θ2)

− 𝐿(Θ0 + Θ1)]𝑃2 

(7) 

 

Where: 

𝐿(Θ0) = 𝑓(𝕩0; Θ0) 

𝐿(Θ0 + Θ1) = 𝑓(𝕩0 + 𝕩1; Θ0 + Θ1) 

𝐿(Θ0 + Θ1 + Θ2) = 𝑓(𝕩0 + 𝕩1 + 𝕩2; Θ0 + Θ1 + Θ2) 

And:  

Θ0 = (𝜃10, … , 𝜃𝑘0), Θ0 + Θ1 = (𝜃10 + 𝜃11, … , 𝜃𝑘0 + 𝜃𝑘1), Θ0 + Θ1 + Θ2 =

(𝜃10 + 𝜃11 + 𝜃12, … , 𝜃𝑘0 + 𝜃𝑘1 + 𝜃𝑘2) 

𝕏0 = (𝕏10, … , 𝕏𝑛0), 𝕏0 + 𝕏1 = (𝕏10 + 𝕏11, … , 𝕏𝑛0 + 𝕏𝑛1), 𝕏0 + 𝕏1 + 𝕏2 =

(𝕏10 + 𝕏11 + 𝕏12, … , 𝕏𝑛0 + 𝕏𝑛1 + 𝕏𝑛2) 

Proof 

Taking one-dim AH-Isometry: 

𝑇(𝐿𝑃(Θ𝑃)) = 𝑇 (∏𝑓(𝑥𝑖0 + 𝑥𝑖1𝑃1 + 𝑥𝑖2𝑃2; Θ0 + Θ1𝑃1 + Θ2𝑃2)

𝑛

𝑖=1

) 

=∏𝑓((𝑥𝑖0; Θ0, 𝑥𝑖0 + 𝑥𝑖1; Θ0 + Θ1, 𝑥𝑖0 + 𝑥𝑖1 + 𝑥𝑖2; Θ0 + Θ1 + Θ2))

𝑛

𝑖=1

 

= (∏𝑓(𝑥𝑖0; Θ0)

𝑛

𝑖=1

,∏𝑓(𝑥𝑖0 + 𝑥𝑖1; Θ0 + Θ1)

𝑛

𝑖=1

,∏𝑓(𝑥𝑖0 + 𝑥𝑖1 + 𝑥𝑖2; Θ0 + Θ1 + Θ2)

𝑛

𝑖=1

) 

= (𝐿(Θ0), 𝐿(Θ0 + Θ1), 𝐿(Θ0 + Θ1 + Θ2)) 

 

Again, taking 𝑇−1 yields: 

𝐿𝑃(Θ𝑃) = 𝐿(Θ0) + [𝐿(Θ0 + Θ1) − 𝐿(Θ0)]𝑃1 + [𝐿(Θ0 + Θ1 + Θ2) − 𝐿(Θ0 + Θ1)]𝑃2 

4. Plithogenic Maximum a Posteriori Estimation:  

Theorem 4.1 
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Let 𝕏𝑃 = (𝑋1𝑃, … , 𝑋𝑛𝑃)  be a sample of independent and identically distributed 

plithogenic random variables and Θ𝑃 = (𝜃1𝑃 , … , 𝜃𝑘𝑃); 𝜃𝑖𝑃 = 𝜃𝑖0 + 𝜃𝑖1𝑃1 + 𝜃𝑖2𝑃2 ; 𝑖 =

1,2, … , 𝑘  a vector of parameters, suppose Θ𝑃  is a random variable follows a 

distribution that has a probability density function of 𝑔(Θ𝑃), which we call it a prior 

distribution, and suppose 𝐿𝑃(Θ𝑃) is the plithogenic maximum likelihood function 

of the sample, hence the posterior density function of Θ𝑃 is given as follows: 

 

𝑓(Θ𝑃|𝕩𝑃)~𝐿(Θ0). 𝑔(Θ0) + [𝐿(Θ0 + Θ1). 𝑔(Θ0 + Θ1) − 𝐿(Θ0). 𝑔(Θ0)]𝑃1

+ [𝐿(Θ0 + Θ1 + Θ2). 𝑔(Θ0 + Θ1 + Θ2)

− 𝐿(Θ0 + Θ1). 𝑔(Θ0 + Θ1)]𝑃2 

(9) 

 

Proof 

We write 𝑓(Θ𝑃|𝕩𝑃) by using equation (2) as the following: 

𝑓(Θ𝑃|𝕩𝑃) = 𝑓(Θ0|𝕩0) + [𝑓(Θ0 + Θ1|𝕩0 + 𝕩1) − 𝑓(Θ0|𝕩0)]𝑃1

+ [𝑓(Θ0 + Θ1 + Θ2|𝕩0 + 𝕩1 + 𝕩2) − 𝑓(Θ0 + Θ1|𝕩0 + 𝕩1) ]𝑃2 

 

=
𝑓(𝕩0|Θ0)𝑔(Θ0)

𝑓(𝕩0)
+ [
𝑓(𝕩0 + 𝕩1|Θ0 + Θ1)𝑔(Θ0 + Θ1)

𝑓(𝕩0 + 𝕩1)
−
𝑓(𝕩0|Θ0)𝑔(Θ0)

𝑓(𝕩0)
] 𝑃1

+ [
𝑓(𝕩0 + 𝕩1 + 𝕩2|Θ0 + Θ1 + Θ2)𝑔(Θ0 + Θ1 + Θ2)

𝑓(𝕩0 + 𝕩1 + 𝕩2)

−
𝑓(𝕩0 + 𝕩1|Θ0 + Θ1)𝑔(Θ0 + Θ1)

𝑓(𝕩0 + 𝕩1)
 ] 𝑃2 

 

By taking one-dim AH-Isometry and excluding the denominators due to they don’t 

affect the final shape of the distribution then retaking the inverse isometry we get: 

𝑓(Θ𝑃|𝕩𝑃)~𝑓(𝕩0|Θ0)𝑔(Θ0) + [𝑓(𝕩0 + 𝕩1|Θ0 + Θ1)𝑔(Θ0 + Θ1) − 𝑓(𝕩0|Θ0)𝑔(Θ0)]𝑃1

+ [𝑓(𝕩0 + 𝕩1 + 𝕩2|Θ0 + Θ1 + Θ2)𝑔(Θ0 + Θ1 + Θ2)

− 𝑓(𝕩0 + 𝕩1|Θ0 + Θ1)𝑔(Θ0 + Θ1) ]𝑃2 
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⟹ 𝑓(Θ𝑃|𝕩𝑃)~𝐿(Θ0). 𝑔(Θ0) + [𝐿(Θ0 + Θ1). 𝑔(Θ0 + Θ1) − 𝐿(Θ0). 𝑔(Θ0)]𝑃1

+ [𝐿(Θ0 + Θ1 + Θ2). 𝑔(Θ0 + Θ1 + Θ2) − 𝐿(Θ0 + Θ1). 𝑔(Θ0 + Θ1)]𝑃2 

Theorem 4.2 

If Θ̂𝑃 is the posterior mean of Θ𝑃 for a plithogenic quadratic loss function, or Θ̂𝑃 

the posterior median for a plithogenic absolute loss function, then Θ̂𝑃  is the 

estimator that minimizes the plithogenic posterior risk function. 

 

Proof 

The minimization of 𝑅(Θ𝑃, Θ̂𝑃|𝕏𝑃) occurs when 
𝑑

dΘ𝑃
𝑅(Θ𝑃, Θ̂𝑃|𝕏𝑃) = 0, and by the 

equation (6) we see that this happens when: 

𝑑

dΘ0
𝑅(Θ0, Θ̂0|𝕏0) = 0 

𝑑

d(Θ0 + Θ1)
(Θ0 + Θ1, Θ̂0 + Θ̂1|𝕏0 + 𝕏1) = 0 

𝑑

d(Θ0 + Θ1 + Θ2)
(Θ0 + Θ1 + Θ2, Θ̂0 + Θ̂1 + Θ̂2|𝕏0 + 𝕏1 +𝕏2) = 0 

We deal with these three conditions as we do in the classical case, i.e., for a quadratic 

loss function, Θ̂𝑃 must equal: 

 

Θ̂𝑃 = 𝐸(Θ𝑃|𝕏𝑃)

⟺ 
{

Θ̂0 = 𝐸(Θ0|𝕏0)

Θ̂0+Θ̂1 = 𝐸(Θ0 + Θ1|𝕏0 +𝕏1)

Θ̂0+Θ̂1+Θ̂2 = 𝐸(Θ0 + Θ1 + Θ2|𝕏0 + 𝕏1 + 𝕏2)

 (10) 

Which is the posterior mean. 

And for the absolute loss function, we take the posterior median. 

Example  

Let 𝑋1𝑃, … , 𝑋𝑛𝑃~𝐸𝑥𝑝(𝜃𝑃), and let 𝜃𝑃 be an unknown plithogenic random variable 

that we want to estimate which is plithogenically gamma distributed with two 

known parameters 𝑟𝑃 , 𝜆𝑃 ;  𝑟𝑃 = 𝑟0 + 𝑟1𝑃1 + 𝑟2𝑃2, 𝜆𝑃 = 𝜆0 + 𝜆1𝑃1 + 𝜆2𝑃2, then: 
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𝑔(𝜃𝑃) =
𝜆𝑃

𝑟𝑃

(𝑟𝑃 − 1)!
𝜃𝑃

𝑟𝑃−1𝑒−𝜆𝑃𝜃𝑃 

 

We write 𝑔(𝜃𝑃) using equation (1) as following: 

𝑔(𝜃𝑃) =
𝜆0
𝑟0

(𝑟0 − 1)!
𝜃0

𝑟0−1𝑒−𝜆0𝜃0

+ [
(𝜆0 + 𝜆1)

𝑟0+𝑟1

(𝑟0 + 𝑟1 − 1)!
(𝜃0 + 𝜃1)

𝑟0+𝑟1−1𝑒−(𝜆0+𝜆1)(𝜃0+𝜃1)

−
𝜆0
𝑟0

(𝑟0 − 1)!
𝜃0

𝑟0−1𝑒−𝜆0𝜃0] 𝑃1

+ [
(𝜆0 + 𝜆1 + 𝜆2)

𝑟0+𝑟1+𝑟2

(𝑟0 + 𝑟1 + 𝑟2 − 1)!
(𝜃0 + 𝜃1 + 𝜃2)

𝑟0+𝑟1+𝑟2−1𝑒−(𝜆0+𝜆1+𝜆2)(𝜃0+𝜃1+𝜃2)

−
(𝜆0 + 𝜆1)

𝑟0+𝑟1

(𝑟0 + 𝑟1 − 1)!
(𝜃0 + 𝜃1)

𝑟0+𝑟1−1𝑒−(𝜆0+𝜆1)(𝜃0+𝜃1)]𝑃2 

 

Also: 

𝐿(𝜃𝑃) =∏𝜃𝑃𝑒
−𝜃𝑃 𝑥𝑖𝑃

𝑛

𝑖=1

 

Which can be written by (7) as: 

𝐿(𝜃𝑃) =∏𝜃0𝑒
−𝜃0 𝑥𝑖0

𝑛

𝑖=1

+ [∏(𝜃0 + 𝜃1)𝑒
−(𝜃0+𝜃1)( 𝑥𝑖0+𝑥𝑖1)

𝑛

𝑖=1

−∏𝜃0𝑒
−𝜃0 𝑥𝑖0

𝑛

𝑖=1

] 𝑃1

+ [∏(𝜃0 + 𝜃1 + 𝜃2)𝑒
−(𝜃0+𝜃1+𝜃2)( 𝑥𝑖0+𝑥𝑖1+𝑥𝑖2)

𝑛

𝑖=1

−∏(𝜃0 + 𝜃1)𝑒
−(𝜃0+𝜃1)( 𝑥𝑖0+𝑥𝑖1)

𝑛

𝑖=1

]𝑃2 

 

Hence by (9): 

𝑓(𝜃𝑃|𝕩𝑃)~𝜃0
𝑛𝑒−𝜃0  ∑ 𝑥𝑖0

𝜆0
𝑟0

(𝑟0 − 1)!
𝜃0
𝑟0−1𝑒−𝜆0𝜃0 + 
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[(𝜃0 + 𝜃1)
𝑛𝑒−(𝜃0+𝜃1)∑( 𝑥𝑖0+𝑥𝑖1)

(𝜆0 + 𝜆1)
𝑟0+𝑟1

(𝑟0 + 𝑟1 − 1)!
(𝜃0 + 𝜃1)

𝑟0+𝑟1−1𝑒−(𝜆0+𝜆1)(𝜃0+𝜃1)

− 𝜃0
𝑛𝑒−𝜃0  ∑ 𝑥𝑖0

𝜆0
𝑟0

(𝑟0 − 1)!
𝜃0
𝑟0−1𝑒−𝜆0𝜃0]𝑃1 + 

[(𝜃0 + 𝜃1 + 𝜃2)
𝑛𝑒−(𝜃0+𝜃1+𝜃2)∑( 𝑥𝑖0+𝑥𝑖1+𝑥𝑖2)

(𝜆0 + 𝜆1 + 𝜆2)
𝑟0+𝑟1+𝑟2

(𝑟0 + 𝑟1 + 𝑟2 − 1)!
(𝜃0 + 𝜃1

+ 𝜃2)
𝑟0+𝑟1+𝑟2−1𝑒−(𝜆0+𝜆1+𝜆2)(𝜃0+𝜃1+𝜃2) 

−(𝜃0 + 𝜃1)
𝑛𝑒−(𝜃0+𝜃1)∑( 𝑥𝑖0+𝑥𝑖1)

(𝜆0 + 𝜆1)
𝑟0+𝑟1

(𝑟0 + 𝑟1 − 1)!
(𝜃0 + 𝜃1)

𝑟0+𝑟1−1𝑒−(𝜆0+𝜆1)(𝜃0+𝜃1)]𝑃2 

 

⟹ =
𝜆0
𝑟0

(𝑟0 − 1)!
𝜃0

𝑛+𝑟0−1𝑒−𝜃0(𝜆0+ ∑𝑥𝑖0)

+ [
(𝜆0 + 𝜆1)

𝑟0+𝑟1

(𝑟0 + 𝑟1 − 1)!
(𝜃0 + 𝜃1)

𝑛+𝑟0+𝑟1−1𝑒−(𝜃0+𝜃1)(𝜆0+𝜆1+∑( 𝑥𝑖0+𝑥𝑖1))

−
𝜆0
𝑟0

(𝑟0 − 1)!
𝜃0

𝑛+𝑟0−1𝑒−𝜃0(𝜆0+ ∑𝑥𝑖0)]𝑃1

+ [
(𝜆0 + 𝜆1 + 𝜆2)

𝑟0+𝑟1+𝑟2

(𝑟0 + 𝑟1 + 𝑟2 − 1)!
(𝜃0 + 𝜃1

+ 𝜃2)
𝑛+𝑟0+𝑟1+𝑟2−1𝑒−(𝜃0+𝜃1+𝜃2)(𝜆0+𝜆1+𝜆2+∑( 𝑥𝑖0+𝑥𝑖1+𝑥𝑖2))

−
(𝜆0 + 𝜆1)

𝑟0+𝑟1

(𝑟0 + 𝑟1 − 1)!
(𝜃0 + 𝜃1)

𝑛+𝑟0+𝑟1−1𝑒−(𝜃0+𝜃1)(𝜆0+𝜆1+∑( 𝑥𝑖0+𝑥𝑖1))]𝑃2 

 

Excluding constants after taking suitable isomorphism and then taking its inverse 

yields to: 

⟹ 𝑓(𝜃𝑃|𝕩𝑃)~𝜃0
𝑛+𝑟0−1𝑒−𝜃0(𝜆0+ ∑𝑥𝑖0)

+ [(𝜃0 + 𝜃1)
𝑛+𝑟0+𝑟1−1𝑒−(𝜃0+𝜃1)(𝜆0+𝜆1+∑( 𝑥𝑖0+𝑥𝑖1))

− 𝜃0
𝑛+𝑟0−1𝑒−𝜃0(𝜆0+ ∑𝑥𝑖0)]𝑃1

+ [(𝜃0 + 𝜃1 + 𝜃2)
𝑛+𝑟0+𝑟1+𝑟2−1𝑒−(𝜃0+𝜃1+𝜃2)(𝜆0+𝜆1+𝜆2+∑( 𝑥𝑖0+𝑥𝑖1+𝑥𝑖2))

− (𝜃0 + 𝜃1)
𝑛+𝑟0+𝑟1−1𝑒−(𝜃0+𝜃1)(𝜆0+𝜆1+∑( 𝑥𝑖0+𝑥𝑖1))]𝑃2 

 

Which yields that 𝜃𝑃~𝐺𝑎𝑚𝑚𝑎(𝑛 + 𝑟𝑃, 𝜆𝑃 + ∑𝑥𝑖𝑃) 
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If we use the plithogenic quadratic loss function, then: 

Θ̂𝑃 =
𝑛 + 𝑟𝑃

𝜆𝑃 + ∑ 𝑥𝑖𝑃
 

𝑇(Θ̂𝑃) = (Θ̂0, Θ̂0 + Θ̂1, Θ̂0 + Θ̂1 + Θ̂2) = 𝑇 (
𝑛 + 𝑟𝑃

𝜆𝑃 + ∑𝑥𝑖𝑃
) =

𝑇(𝑛 + 𝑟𝑃)

𝑇(𝜆𝑃 + ∑ 𝑥𝑖𝑃)

=
(𝑛 + 𝑟0, 𝑛 + 𝑟0 + 𝑟1, 𝑛 + 𝑟0 + 𝑟1 + 𝑟2)

(𝜆0 + ∑ 𝑥𝑖0 , 𝜆0 + 𝜆1 + ∑(𝑥𝑖0 + 𝑥𝑖1) , 𝜆0 + 𝜆1 + 𝜆2 + ∑(𝑥𝑖0 + 𝑥𝑖1 + 𝑥𝑖2))
 

⟹

{
  
 

  
 Θ̂0 =

𝑛 + 𝑟0
𝜆0 + ∑ 𝑥𝑖0

Θ̂0 + Θ̂1 =
𝑛 + 𝑟0 + 𝑟1

𝜆0 + 𝜆1 + ∑(𝑥𝑖0 + 𝑥𝑖1)

Θ̂0 + Θ̂1 + Θ̂2 =
𝑛 + 𝑟0 + 𝑟1 + 𝑟2

𝜆0 + 𝜆1 + 𝜆2 + ∑(𝑥𝑖0 + 𝑥𝑖1 + 𝑥𝑖2)

 

 

⟹ Θ̂𝑃 =
𝑛 + 𝑟0

𝜆0 + ∑𝑥𝑖0
+ [

𝑛 + 𝑟0 + 𝑟1
𝜆0 + 𝜆1 + ∑(𝑥𝑖0 + 𝑥𝑖1)

−
𝑛 + 𝑟0

𝜆0 + ∑ 𝑥𝑖0
] 𝑃1

+ [
𝑛 + 𝑟0 + 𝑟1 + 𝑟2

𝜆0 + 𝜆1 + 𝜆2 + ∑(𝑥𝑖0 + 𝑥𝑖1 + 𝑥𝑖2)
−

𝑛 + 𝑟0 + 𝑟1
𝜆0 + 𝜆1 + ∑(𝑥𝑖0 + 𝑥𝑖1)

] 𝑃2 

5. Conclusions and future research directions:  

We found the formal definitions of the plithogenic maximum a posteriori estimator, 

posterior density function, and posterior risk function, which we used to find the 

estimation of parameter that has a gamma prior with an exponentially distributed 

plithogenic random variables, the results were similar to the classical case but takes 

into consideration the plithogeny, we also defined the plithogenic maximum 

likelihood function and other definitions related to our work, future researches will 

focus on studying more cases of conjugate priors and non-informative priors, also 

on finding formal definitions that deal with neutrosophic sample and plithogenic 

prior or vice versa. 
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Abstract: 

The concept of unity roots plays a central role in the theory of field extensions and 

polynomials roots' computing.  

The objective of this paper is to find the algebraic formula for computing the 

symbolic 2-plithogenic and 3-plithogenic complex roots of unity, where a general 

formula will be provided with many related examples up to the exponent 3. 

Keywords: symbolic 2-plithogenic complex number, symbolic 3-plithogenic 

complex number, symbolic n-plithogenic roots of unity. 

Introduction and preliminaries. 

The symbolic n-plithogenic set was supposed by Smarandache in [1-3]. Symbolic 

n-plithogenic sets were very helpful in algebra, where this concept has helped with

developing algebraic structures, where we can see easily that for any value of n, we 

get a bigger structure. 

Symbolic 2-plithogenic structures and 3-plithogenic were defined and handled by 

many authors around the globe. 

For example, by now we have symbolic 2-plithogenic spaces, modules, matrix [4-7], 

and same thing for 3-plithogenic structures, see [8-11]. 
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In this paper, we are trying to close an important research gap by answering the 

following question. 

How can we find all the roots of unity in the symbolic 2-plithogenic complex ring, 

and in the 3-plithogenic complex ring? 

The symbolic 2-plithogenic or 3-plithogenic root of unity is a symbolic plithogenic 

number 𝒙 with the following algebraic property 𝒙𝒏 = 𝟏 .  

Definition.  

Let 𝐶 be the complex field, we have: 

1). 2 − 𝑆𝑃𝐶 = {𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2;  𝑣𝑖 ∈ 𝐶}  is called the symbolic 2-plithogenic 

complex ring. 

2). 3 − 𝑆𝑃𝐶 = {𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 + 𝑣3𝑃3;  𝑣𝑖 ∈ 𝐶} is called the symbolic 3-plithogenic 

complex ring. 

Algebraic operations on 2 − 𝑆𝑃𝐶 , 3 − 𝑆𝑃𝐶 are defined as follows: 

(+): 2 − 𝑆𝑃𝐶 ∗ 2 − 𝑆𝑃𝐶 →  2 − 𝑆𝑃𝐶  such that: 

(𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2) + (𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2) = (𝑣0 + 𝑢0) + (𝑣1 + 𝑢1)𝑃1 + (𝑣2 + 𝑢2)𝑃2. 

(+): 3 − 𝑆𝑃𝐶 ∗ 3 − 𝑆𝑃𝐶 →  3 − 𝑆𝑃𝐶  such that: 

(𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 + 𝑣3𝑃3) + (𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2 + 𝑢3𝑃3) = (𝑣0 + 𝑢0) + (𝑣1 + 𝑢1)𝑃1 +

(𝑣2 + 𝑢2)𝑃2 + (𝑣3 + 𝑢3)𝑃3. 

(. ): 2 − 𝑆𝑃𝐶 ∗ 2 − 𝑆𝑃𝐶 →  2 − 𝑆𝑃𝐶 such that: 

(𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2)(𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2) = 𝑣0𝑢0 + (𝑣0𝑢1 + 𝑣1𝑢0 + 𝑣1𝑢1)𝑃1 +

(𝑣0𝑢2 + 𝑣2𝑢1 + 𝑣2𝑢2 + 𝑣2𝑢0 + 𝑣1𝑢2)𝑃2. 

(. ): 3 − 𝑆𝑃𝐶 ∗ 3 − 𝑆𝑃𝐶 →  3 − 𝑆𝑃𝐶 such that: 

(𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 + 𝑣3𝑃3). (𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2 + 𝑢3𝑃3) = 𝑣0𝑢0 + (𝑣0𝑢1 + 𝑣1𝑢0 +

𝑣1𝑢1)𝑃1 + (𝑣0𝑢2 + 𝑣2𝑢1 + 𝑣2𝑢2 + 𝑣2𝑦0 + 𝑣1𝑢2)𝑃2 + (𝑣0𝑢3 + 𝑣1𝑢3 + 𝑣2𝑢3 + 𝑣3𝑢3 +

𝑣3𝑢0 + 𝑣3𝑢1 + 𝑣3𝑢2)𝑃3. 

Multiplication is defined with the following property: 

𝑃𝑖 × 𝑃𝑗 = 𝑃max (𝑖,𝑗), 𝑃𝑖 × 𝑃𝑖 = 𝑃𝑖; 1 ≤ 𝑖 ≤ 3,1 ≤ 𝑗 ≤ 3 

Main discussion. 
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Definition. 

Let 2 − 𝑆𝑃𝐶 be the symbolic 2-plithogenic complex ring, 

then 𝑣 = 𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 ∈ 2 − 𝑆𝑃𝐶 is called n-th root of unity if and only if 𝑣𝑛 =

1. 

Definition. 

Let 3 − 𝑆𝑃𝐶 be the symbolic 2-plithogenic complex ring, 

then 𝑣 = 𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 + 𝑣3𝑃3 ∈ 3 − 𝑆𝑃𝐶 is called n-th root of unity if and only if 

𝑣𝑛 = 1. 

Definition. 

Let 𝑣 = 𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 ∈ 2 − 𝑆𝑃𝐶 , 𝑢 = 𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2 + 𝑢3𝑃3 ∈ 3 − 𝑆𝑃𝐶, then we 

define: 

𝑣̅ = 𝑣0̅̅ ̅ + 𝑣1̅̅ ̅𝑃1 + 𝑣2̅̅ ̅𝑃2, 𝑢̅ = 𝑢0̅̅ ̅ + 𝑢1̅̅ ̅𝑃1 + 𝑢2̅̅ ̅𝑃2 + 𝑢3̅̅ ̅𝑃3. 

Remark. 

For 𝑣 = 𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 ∈ 2 − 𝑆𝑃𝐶 , we have: 

𝑣𝑛 = 𝑣0
𝑛 + [(𝑣0 + 𝑣1)

𝑛 − 𝑣0
𝑛]𝑃1 + [(𝑣0 + 𝑣1 + 𝑣2)

𝑛 − (𝑣0 + 𝑣1)
𝑛]𝑃2; 𝑛 ∈ 𝑁. 

For 𝑣 = 𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 + 𝑣3𝑃3 ∈ 3 − 𝑆𝑃𝐶 , we have: 

𝑣𝑛 = 𝑣0
𝑛 + [(𝑣0 + 𝑣1)

𝑛 − 𝑣0
𝑛]𝑃1 + [(𝑣0 + 𝑣1 + 𝑣2)

𝑛 − (𝑣0 + 𝑣1)
𝑛]𝑃2 + [(𝑣0 + 𝑣1 +

𝑣2 + 𝑣3)
𝑛 − (𝑣0 + 𝑣1 + 𝑣2)

𝑛]𝑃3; 𝑛 ∈ 𝑁. 

Theorem.  

Let 𝑣 = 𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 ∈ 2 − 𝑆𝑃𝐶 , 𝑢 = 𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2 + 𝑢3𝑃3 ∈ 3 − 𝑆𝑃𝐶, then: 

1. ‖𝑣‖ = |𝑣0| + [|(𝑣0 + 𝑣1)| − |𝑣0|]𝑃1 + [|(𝑣0 + 𝑣1 + 𝑣2)| − |(𝑣0 + 𝑣1)|]𝑃2 

2. ‖𝑢‖ = |𝑢0| + [|(𝑢0 + 𝑢1)| − |𝑢0|]𝑃1 + [|(𝑢0 + 𝑢1 + 𝑢2)| − |(𝑢0 + 𝑢1)|]𝑃2 +

[|(𝑢0 + 𝑢1 + 𝑢2 + 𝑢3)| − |(𝑢0 + 𝑢1 + 𝑢2)|]𝑃3 

Proof. 

1. ‖𝑣‖2 = 𝑣. 𝑣̅ = (𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2)(𝑣0̅̅ ̅ + 𝑣1̅̅ ̅𝑃1 + 𝑣2̅̅ ̅𝑃2) = 𝑣0𝑣0̅̅ ̅ + (𝑣0𝑣1̅̅ ̅ + 𝑣1𝑣0̅̅ ̅ +

𝑣1𝑣1̅̅ ̅)𝑃1 + (𝑣0𝑣2̅̅ ̅ + 𝑣2𝑣1̅̅ ̅ + 𝑣2𝑣2̅̅ ̅ + 𝑣2𝑣0̅̅ ̅ + 𝑣1𝑣2̅̅ ̅)𝑃2 = |𝑣0|
2 + ((𝑣0 + 𝑣1)(𝑣0̅̅ ̅ +

𝑣1̅̅ ̅) − 𝑣0𝑣0̅̅ ̅)𝑃1 + ((𝑣0 + 𝑣1 + 𝑣2)(𝑣0̅̅ ̅ + 𝑣1̅̅ ̅ + 𝑣2̅̅ ̅) − (𝑣0 + 𝑣1)(𝑣0̅̅ ̅ + 𝑣1̅̅ ̅))𝑃2 =

|𝑣0|
2 + [|(𝑣0 + 𝑣1)|

2 − |𝑣0|
2]𝑃1 + [|(𝑣0 + 𝑣1 + 𝑣2)|

2 − |(𝑣0 + 𝑣1)|
2]𝑃2 

Now, we put 
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 𝑅 = |𝑣0| + [|(𝑣0 + 𝑣1)| − |𝑣0|]𝑃1 + [|(𝑣0 + 𝑣1 + 𝑣2)| − |(𝑣0 + 𝑣1)|]𝑃2. 

We get 

𝑅2 = |𝑣0|
2 + [|(𝑣0 + 𝑣1)|

2 − |𝑣0|
2]𝑃1 + [|(𝑣0 + 𝑣1 + 𝑣2)|

2 − |(𝑣0 + 𝑣1)|
2]𝑃2

+ 2|𝑣0|𝑃1[|(𝑣0 + 𝑣1)| − |𝑣0|] + 2|𝑣0|[|(𝑣0 + 𝑣1 + 𝑣2)| − |(𝑣0 + 𝑣1)|]𝑃2

+ 2(|(𝑣0 + 𝑣1)| − |𝑣0|)[|(𝑣0 + 𝑣1 + 𝑣2)| − |(𝑣0 + 𝑣1)|]𝑃1𝑃2

= |𝑣0|
2

+ [|(𝑣0 + 𝑣1)|
2 − |𝑣0|

2 − 2|𝑣0||𝑣0 + 𝑣1| + 2|𝑣0||𝑣0 + 𝑣1| − 2|𝑣0|
2]𝑃1

+ [|(𝑣0 + 𝑣1 + 𝑣2)|
2 − |(𝑣0 + 𝑣1)|

2 + 2|𝑣0 + 𝑣1||(𝑣0 + 𝑣1 + 𝑣2)|

+ 2|𝑣0||(𝑣0 + 𝑣1 + 𝑣2)| − 2|𝑣0||𝑣0 + 𝑣1| + 2|𝑣0 + 𝑣1||(𝑣0 + 𝑣1 + 𝑣2)|

− |𝑣0 + 𝑣1|
2 − 2|𝑣0||(𝑣0 + 𝑣1 + 𝑣2)| + 2|𝑣0||𝑣0 + 𝑣1|]𝑃2

= |𝑣0|
2 + [|(𝑣0 + 𝑣1)|

2 − |𝑣0|
2]𝑃1 + [|(𝑣0 + 𝑣1 + 𝑣2)|

2 − |(𝑣0 + 𝑣1)|
2]𝑃2 

This implies that  

‖𝑣‖ = 𝑅 = |𝑣0| + [|(𝑣0 + 𝑣1)| − |𝑣0|]𝑃1 + [|(𝑣0 + 𝑣1 + 𝑣2)| − |(𝑣0 + 𝑣1)|]𝑃2. 

2. ‖𝑢‖2 = 𝑢. 𝑢̅ = (𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2 + 𝑢3𝑃3)(𝑢0̅̅ ̅ + 𝑢1̅̅ ̅𝑃1 + 𝑢2̅̅ ̅𝑃2 + 𝑢3̅̅ ̅𝑃3) = 𝑢0𝑢0̅̅ ̅ +

(𝑢0𝑢1̅̅ ̅ + 𝑢1𝑢0̅̅ ̅ + 𝑢1𝑢1̅̅ ̅)𝑃1 + (𝑢0𝑢2̅̅ ̅ + 𝑢2𝑢1̅̅ ̅ + 𝑢2𝑢2̅̅ ̅ + 𝑢2𝑢0̅̅ ̅ + 𝑢1𝑢2̅̅ ̅)𝑃2 +

(𝑢0𝑢3̅̅ ̅ + 𝑢1𝑢3̅̅ ̅ + 𝑢2𝑢3̅̅ ̅ + 𝑢3𝑢0̅̅ ̅ + 𝑢3𝑢1̅̅ ̅ + 𝑢3𝑢2̅̅ ̅ + 𝑢3𝑢3̅̅ ̅)𝑃3 = |𝑢0|
2 + ((𝑢0 +

𝑢1)(𝑢0̅̅ ̅ + 𝑢1̅̅ ̅) − 𝑢0𝑢0̅̅ ̅)𝑃1 + ((𝑢0 + 𝑢1 + 𝑢2)(𝑢0̅̅ ̅ + 𝑢1̅̅ ̅ + 𝑢2̅̅ ̅) − (𝑢0 + 𝑢1)(𝑢0̅̅ ̅ +

𝑢1̅̅ ̅))𝑃2 + ((𝑢0 + 𝑢1 + 𝑢2 + 𝑢3)(𝑢0̅̅ ̅ + 𝑢1̅̅ ̅ + 𝑢2̅̅ ̅ + 𝑢3̅̅ ̅) − (𝑢0 + 𝑢1 + 𝑢2)(𝑢0̅̅ ̅ + 𝑢1̅̅ ̅ +

𝑢2̅̅ ̅))𝑃3 = |𝑢0|
2 + [|(𝑢0 + 𝑢1)|

2 − |𝑢0|
2]𝑃1 + [|(𝑢0 + 𝑢1 + 𝑢2)|

2 − |(𝑢0 +

𝑢1)|
2]𝑃2 + [|(𝑢0 + 𝑢1 + 𝑢2 + 𝑢3)|

2 − |(𝑢0 + 𝑢1 + 𝑢2)|
2]𝑃3 

We put 

 𝑅 = |𝑢0| + [|(𝑢0 + 𝑢1)| − |𝑢0|]𝑃1 + [|(𝑢0 + 𝑢1 + 𝑢2)| − |(𝑢0 + 𝑢1)|]𝑃2 + [|(𝑢0 + 𝑢1 +

𝑢2 + 𝑢3)| − |(𝑢0 + 𝑢1 + 𝑢2)|]𝑃3 

by an easy computing, we get 𝑅2 = |𝑢|2, thus |𝑢| = 𝑅. 

Example. 

Take 𝑣 = (2 + 𝑖) + (1 − 𝑖)𝑃1 + 2𝑖𝑃2 ∈ 2 − 𝑆𝑃𝐶, we have: 

𝑣0 = 2 + 𝑖, 𝑣1 = 1 − 𝑖, 𝑣2 = 2𝑖. 

𝑣0̅̅ ̅ = 2 − 𝑖, 𝑣1̅̅ ̅ = 1 + 𝑖, 𝑣2̅̅ ̅ = −2𝑖 

𝑣̅ = (2 − 𝑖) + (1 + 𝑖)𝑃1 − 2𝑖𝑃2 

Also, {
|𝑣0| = √5, |𝑣0 + 𝑣1| = |3| = 3, |𝑣0 + 𝑣1 + 𝑣2| = |3 + 2𝑖| = √13

‖𝑣‖ = √5 + (3 − √5)𝑃1 + (√13 − 3)𝑃2
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Example. 

Take 𝑣 = (1 + 𝑖) + (1 − 3𝑖)𝑃1 + (5 + 𝑖)𝑃2 + (4 + 3𝑖)𝑃3, we have: 

𝑣0 = 1 + 𝑖, 𝑣1 = 1 − 3𝑖, 𝑣2 = 5 + 𝑖, 𝑣3 = 4 + 3𝑖. 

𝑣0̅̅ ̅ = 1 − 𝑖, 𝑣1̅̅ ̅ = 1 + 3𝑖, 𝑣2̅̅ ̅ = 5 − 𝑖, 𝑣3̅̅ ̅ = 4 − 3𝑖 

𝑣̅ = 1 − 𝑖 + (1 + 3𝑖)𝑃1 + (5 − 𝑖)𝑃2 + (4 − 3𝑖)𝑃3 

Also, 

{
|𝑣0| = √2, |𝑣0 + 𝑣1| = |2 − 2𝑖| = √8, |𝑣0 + 𝑣1 + 𝑣2| = |7 − 𝑖| = √50, |𝑣0 + 𝑣1 + 𝑣2 + 𝑣3| = |11 + 2𝑖| = √125

‖𝑣‖ = √2 + (√8 − √2)𝑃1 + (√50 − √8)𝑃2 + (√125 − √50)𝑃3
 

Theorem. 

Let 𝑣 = 𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 ∈ 2 − 𝑆𝑃𝐶 , then 𝑣 is a symbolic 2-plithogenic n-th root of 

unity if and only if 𝑣0, 𝑣0 + 𝑣1, 𝑣0 + 𝑣1 + 𝑣2 are classical n-th roots of unity in the 

field 𝐶. 

Proof. 

It is know 𝑣𝑛 = 1, which is equivalent to: 

𝑣0
𝑛 + [(𝑣0 + 𝑣1)

𝑛 − 𝑣0
𝑛]𝑃1 + [(𝑣0 + 𝑣1 + 𝑣2)

𝑛 − (𝑣0 + 𝑣1)
𝑛]𝑃2 = 1 

{

𝑣0
𝑛 = 1

(𝑣0 + 𝑣1)
𝑛 − 𝑣0

𝑛 = 0 ⟹ (𝑣0 + 𝑣1)
𝑛 = 𝑣0

𝑛 = 1
(𝑣0 + 𝑣1 + 𝑣2)

𝑛 − (𝑣0 + 𝑣1)
𝑛 = 0 ⟹ (𝑣0 + 𝑣1 + 𝑣2)

𝑛 = (𝑣0 + 𝑣1)
𝑛 = 1

 

So that, 𝑣0, 𝑣0 + 𝑣1, 𝑣0 + 𝑣1 + 𝑣2 are n-th roots of unity. 

Example. 

Let us find all a symbolic 2-plithogenic roots of unity order 2. 

The classical set of the roots of unity of order 2 is 𝐸1 = {−1,1}. 

The corresponding 2-symbolic plithogenic roots of unity of order 2 are: 

1). 𝑣0 = 𝑣0 + 𝑣1 = 𝑣0 + 𝑣1 + 𝑣2 = 1 ⟹ 𝑅1 = 1 

2). 𝑣0 = 𝑣0 + 𝑣1 = 1, 𝑣0 + 𝑣1 + 𝑣2 = −1 ⟹ 𝑅2 = 1 − 2𝑃2 

3). 𝑣0 = 𝑣0 + 𝑣1 + 𝑣2 = 1, 𝑣0 + 𝑣1 = −1 ⟹ 𝑅3 = 1 − 2𝑃1 + 2𝑃2 

4). 𝑣0 = 1, 𝑣0 + 𝑣1 = 𝑣0 + 𝑣1 + 𝑣2 = −1 ⟹ 𝑅4 = 1 − 2𝑃1 

5). 𝑣0 = 𝑣0 + 𝑣1 + 𝑣2 = 1 = 𝑣0 + 𝑣1 = −1⟹ 𝑅5 = −1 

6). 𝑣0 = 𝑣0 + 𝑣1 = −1, 𝑣0 + 𝑣1 + 𝑣2𝑠 = 1 ⟹ 𝑅6 = −1 + 2𝑃2 

7). 𝑣0 = 𝑣0 + 𝑣1 + 𝑣2 = −1, 𝑣0 + 𝑣1 = −1 ⟹ 𝑅7 = −1 + 2𝑃1 − 2𝑃2 
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8). 𝑣0 = −1, 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 = 1 ⟹ 𝑅8 = −1 + 2𝑃1 

Example. 

Let us find all a symbolic 2-plithogenic roots of unity order 3. 

The classical set of the roots of unity of order 3 is 𝐸2 = {−1, 𝑒
2
𝜋

3
𝑖 , 𝑒4

𝜋

3
𝑖}. 

The corresponding 2-symbolic plithogenic roots of unity of order 3 are: 

1). 𝑣0 = 𝑣0 + 𝑣1 = 𝑣0 + 𝑣1 + 𝑣2 = 1 ⟹ 𝑅1 = 1 

2). 𝑣0 = 𝑣0 + 𝑣1 = 1, 𝑣0 + 𝑣1 + 𝑣2 = 𝑒
2
𝜋

3
𝑖 ⟹ 𝑅2 = 1 + (𝑒

2
𝜋

3
𝑖 − 1)𝑃2 

3). 𝑣0 = 𝑣0 + 𝑣1 + 𝑣2 = 1, 𝑣0 + 𝑣1 = 𝑒
4
𝜋

3
𝑖 ⟹ 𝑅3 = 1 + (𝑒

4
𝜋

3
𝑖 − 1)𝑃2 

4). 𝑣0 = 𝑣0 + 𝑣1 + 𝑣2 = 1, 𝑣0 + 𝑣1 = 𝑒
2
𝜋

3
𝑖 ⟹ 𝑅4 = 1 + (𝑒

2
𝜋

3
𝑖 − 1)𝑃1 + (𝑒

2
𝜋

3
𝑖 − 1)𝑃2 

5). 𝑣0 = 𝑣0 + 𝑣1 + 𝑣2 = 1 = 𝑣0 + 𝑣1 = 𝑒4
𝜋

3
𝑖 ⟹ 𝑅5 = 1 + (𝑒

4
𝜋

3
𝑖 − 1)𝑃1 + (1 − 𝑒

4
𝜋

3
𝑖)𝑃2 

6). 𝑣0 = 1, 𝑣0 + 𝑣1 = 𝑣0 + 𝑣1 + 𝑣2 = 𝑒
2
𝜋

3
𝑖 ⟹ 𝑅6 = 1 + (𝑒

4
𝜋

3
𝑖 − 1)𝑃1 

7). 𝑣0 = 1, 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 = 𝑒
4
𝜋

3
𝑖 ⟹ 𝑅7 = 1 + (𝑒

4
𝜋

3
𝑖 − 1)𝑃2 

8). 𝑣0 = 1, 𝑣0 + 𝑣1 + 𝑣2 = 𝑒
4
𝜋

3
𝑖, 𝑣0 + 𝑣1 = 𝑒

2
𝜋

3
𝑖 ⟹ 𝑅8 = 1 + (𝑒

2
𝜋

3
𝑖 − 1)𝑃1 +

(𝑒4
𝜋

3
𝑖 − 𝑒2

𝜋

3
𝑖) 𝑃2 

9). 𝑣0 = 1, 𝑣0 + 𝑣1 + 𝑣2 = 𝑒
2
𝜋

3
𝑖, 𝑣0 + 𝑣1 = 𝑒

4
𝜋

3
𝑖 ⟹ 𝑅9 = 1 + (𝑒

4
𝜋

3
𝑖 − 1)𝑃1 +

(𝑒2
𝜋

3
𝑖 − 𝑒4

𝜋

3
𝑖) 𝑃2 

10). 𝑣0 = 𝑒2
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 = 1 ⟹ 𝑅10 = 𝑒2

𝜋

3
𝑖 + (1 − 𝑒2

𝜋

3
𝑖) 𝑃1 

11). 𝑣0 = 𝑒2
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 = 𝑒2

𝜋

3
𝑖 ⟹ 𝑅11 = 𝑒

2
𝜋

3
𝑖 

12). 𝑣0 = 𝑒2
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 = 𝑒4

𝜋

3
𝑖 ⟹ 𝑅12 = 𝑒

2
𝜋

3
𝑖 + (𝑒4

𝜋

3
𝑖 − 𝑒2

𝜋

3
𝑖) 𝑃1 

13). 𝑣0 = 𝑒2
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑒2

𝜋

3
𝑖 , 𝑣0 + 𝑣1 = 1 ⟹ 𝑅13 = 𝑒2

𝜋

3
𝑖 + (1 − 𝑒2

𝜋

3
𝑖) 𝑃1 +

(𝑒2
𝜋

3
𝑖 − 1)𝑃2 

14). 𝑣0 = 𝑒2
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑒4

𝜋

3
𝑖 , 𝑣0 + 𝑣1 = 1 ⟹ 𝑅14 = 𝑒2

𝜋

3
𝑖 + (1 − 𝑒2

𝜋

3
𝑖) 𝑃1 +

(𝑒4
𝜋

3
𝑖 − 1)𝑃2 

15). 𝑣0 = 𝑒2
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 1, 𝑣0 + 𝑣1 = 𝑒

2
𝜋

3
𝑖 ⟹ 𝑅15 = 𝑒2

𝜋

3
𝑖 + (1 − 𝑒2

𝜋

3
𝑖) 𝑃2 
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16). 𝑣0 = 𝑒2
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 1, 𝑣0 + 𝑣1 = 𝑒

4
𝜋

3
𝑖 ⟹ 𝑅16 = 𝑒2

𝜋

3
𝑖 + (𝑒4

𝜋

3
𝑖 − 𝑒2

𝜋

3
𝑖) 𝑃1 +

(1 − 𝑒4
𝜋

3
𝑖) 𝑃2 

17). 𝑣0 = 𝑒2
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑒4

𝜋

3
𝑖 , 𝑣0 + 𝑣1 = 𝑒

2
𝜋

3
𝑖 ⟹𝑅17 = 𝑒

2
𝜋

3
𝑖 + (𝑒4

𝜋

3
𝑖 − 𝑒2

𝜋

3
𝑖) 𝑃2 

18). 𝑣0 = 𝑒2
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑒2

𝜋

3
𝑖 , 𝑣0 + 𝑣1 = 𝑒

4
𝜋

3
𝑖 ⟹𝑅18 = 𝑒

2
𝜋

3
𝑖 + (𝑒4

𝜋

3
𝑖 − 𝑒2

𝜋

3
𝑖) 𝑃1 +

(𝑒2
𝜋

3
𝑖 − 𝑒4

𝜋

3
𝑖) 𝑃2 

19). 𝑣0 = 𝑒4
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 = 1 ⟹ 𝑅19 = 𝑒

4
𝜋

3
𝑖 + (1 − 𝑒4

𝜋

3
𝑖) 𝑃1 

20). 𝑣0 = 𝑒4
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 = 𝑒2

𝜋

3
𝑖 ⟹ 𝑅20 = 𝑒4

𝜋

3
𝑖 + (𝑒2

𝜋

3
𝑖 − 𝑒4

𝜋

3
𝑖)𝑃1 

21). 𝑣0 = 𝑒4
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 = 𝑒4

𝜋

3
𝑖 ⟹ 𝑅21 = 𝑒4

𝜋

3
𝑖 

22). 𝑣0 = 𝑒2
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑒2

𝜋

3
𝑖 , 𝑣0 + 𝑣1 = 1 ⟹ 𝑅22 = 𝑒

4
𝜋

3
𝑖 + (1 − 𝑒4

𝜋

3
𝑖)𝑃1 +

(𝑒2
𝜋

3
𝑖 − 1)𝑃2 

23). 𝑣0 = 𝑒4
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑒4

𝜋

3
𝑖 , 𝑣0 + 𝑣1 = 1 ⟹ 𝑅23 = 𝑒

4
𝜋

3
𝑖 + (1 − 𝑒4

𝜋

3
𝑖)𝑃1 +

(𝑒4
𝜋

3
𝑖 − 1)𝑃2 

24). 𝑣0 = 𝑒4
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 1, 𝑣0 + 𝑣1 = 𝑒

2
𝜋

3
𝑖 ⟹ 𝑅24 = 𝑒

4
𝜋

3
𝑖 + (𝑒2

𝜋

3
𝑖 − 𝑒4

𝜋

3
𝑖) 𝑃1 +

(1 − 𝑒2
𝜋

3
𝑖) 𝑃2 

25). 𝑣0 = 𝑒4
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 1, 𝑣0 + 𝑣1 = 𝑒

4
𝜋

3
𝑖 ⟹ 𝑅25 = 𝑒

4
𝜋

3
𝑖 + (1 − 𝑒4

𝜋

3
𝑖)𝑃2 

26). 𝑣0 = 𝑒4
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑒2

𝜋

3
𝑖 , 𝑣0 + 𝑣1 = 𝑒

2
𝜋

3
𝑖 ⟹𝑅26 = 𝑒4

𝜋

3
𝑖 + (𝑒2

𝜋

3
𝑖 − 𝑒4

𝜋

3
𝑖)𝑃1 +

(𝑒4
𝜋

3
𝑖 − 𝑒2

𝜋

3
𝑖) 𝑃2 

27). 𝑣0 = 𝑒4
𝜋

3
𝑖 , 𝑣0 + 𝑣1 + 𝑣2 = 𝑒2

𝜋

3
𝑖 , 𝑣0 + 𝑣1 = 𝑒

4
𝜋

3
𝑖 ⟹𝑅27 = 𝑒4

𝜋

3
𝑖 + (𝑒2

𝜋

3
𝑖 − 𝑒4

𝜋

3
𝑖)𝑃2 

Theorem. 

Let 𝑣 = 𝑣0 + 𝑣1𝑃1 + 𝑣2𝑃2 + 𝑣3𝑃3 ∈ 3 − 𝑆𝑃𝐶 , then 𝑣 is an n-th root of unity if and 

only if 𝑣0, 𝑣0 + 𝑣1, 𝑣0 + 𝑣1 + 𝑣2 are n-th root of unity in 𝐶. 

Proof. 

It is know that 𝑣𝑛 = 1, which is equivalent to: 

𝑣0
𝑛 + [(𝑣0 + 𝑣1)

𝑛 − 𝑣0
𝑛]𝑃1 + [(𝑣0 + 𝑣1 + 𝑣2)

𝑛 − (𝑣0 + 𝑣1)
𝑛]𝑃2

+ [(𝑣0 + 𝑣1 + 𝑣2 + 𝑣3)
𝑛 − (𝑣0 + 𝑣1 + 𝑣2)

𝑛]𝑃3 = 1 
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{
 

 
𝑣0

𝑛 = 1
(𝑣0 + 𝑣1)

𝑛 − 𝑣0
𝑛 = 0 ⟹ (𝑣0 + 𝑣1)

𝑛 = 𝑣0
𝑛 = 1

(𝑣0 + 𝑣1 + 𝑣2)
𝑛 − (𝑣0 + 𝑣1)

𝑛 = 0 ⟹ (𝑣0 + 𝑣1 + 𝑣2)
𝑛 = (𝑣0 + 𝑣1)

𝑛 = 1
(𝑣0 + 𝑣1 + 𝑣2 + 𝑣3)

𝑛 − (𝑣0 + 𝑣1 + 𝑣2)
𝑛 = 0 ⟹ (𝑣0 + 𝑣1 + 𝑣2 + 𝑣3)

𝑛 = (𝑣0 + 𝑣1 + 𝑣2)
𝑛 = 1

 

Thus the proof holds. 

Example. 

Let us find all 0f 2-nd roots of unity in 3 − 𝑆𝑃𝐶. 

1). 𝑣0 = 𝑣0 + 𝑣1 = 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 = 1 ⟹ 𝑅1 = 1 

2). 𝑣0 = 𝑣0 + 𝑣1 = 𝑣0 + 𝑣1 + 𝑣2 = 1, 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 = −1 ⟹ 𝑅2 = 1 − 2𝑃3 

3). 𝑣0 = 𝑣0 + 𝑣1 = 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 = 1, 𝑣0 + 𝑣1 + 𝑣2 = −1 ⟹ 𝑅3 = 1 − 2𝑃2 + 2𝑃3 

4). 𝑣0 = 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 = 1, 𝑣0 + 𝑣1 = −1 ⟹ 𝑅4 = 1 − 2𝑃1 + 2𝑃2 

5). 𝑣0 = 𝑣0 + 𝑣1 = 1, 𝑣0 + 𝑣1 + 𝑣2 = 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 = −1 ⟹ 𝑅5 = 1 − 2𝑃2 

6). 𝑣0 = 𝑣0 + 𝑣1 + 𝑣2 = 1, 𝑣0 + 𝑣1 = 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 = −1 ⟹ 𝑅6 = 1 + 2𝑃2 + 2𝑃3 

7). 𝑣0 = 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 = 1, 𝑣0 + 𝑣1 = 𝑣0 + 𝑣1 + 𝑣2 = −1 ⟹ 𝑅7 = 1 − 2𝑃1 + 2𝑃3 

8). 𝑣0 = 1, 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 == 𝑣0 + 𝑣1 = 𝑣0 + 𝑣1 + 𝑣2 = −1 ⟹ 𝑅8 = 1 − 2𝑃1 

9). 𝑅9 = −1 = −𝑅1 

10). 𝑅10 = −𝑅2 = −1 + 2𝑃3 

11). 𝑅11 = −𝑅3 = −1 + 2𝑃2 − 2𝑃3 

12). 𝑅12 = −𝑅4 = −1 + 2𝑃1 − 2𝑃2 

13). 𝑅13 = −𝑅5 = −1 + 2𝑃2 

14). 𝑅14 = −𝑅6 = −1 − 2𝑃2 − 2𝑃3 

15). 𝑅15 = −𝑅7 = −1 + 2𝑃1 − 2𝑃3 

16). 𝑅16 = −𝑅8 = −1 + 2𝑃1. 

The group of unity roots classification 

It is known that the set of all n-th roots of unity forms a subgroup of 𝐶∗ denoted by 

𝑈𝐶 with respect to the multiplication operation and this group is isomorphic to the 

additive group 𝑍𝑛 (integers modulo n). 

By a similar approach, we can see easily that the set of all symbolic 2-plithogenic 

complex n-th roots of unity forms a group with respect to multiplication operation, 
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and the set of all symbolic 3-plithogenic complex n-th roots of unity forms a group 

with respect to multiplication operation. 

 

The following theorem classifies the symbolic 2-plithogenic and 3-plithogenic 

groups of n-th roots of unity. 

Theorem: 

Let 𝑈2−𝑆𝑃𝐶  be the group of n-th unity roots of symbolic 2-plithogenic complex 

numbers, and 𝑈3−𝑆𝑃𝐶 be the group of n-th unity roots of symbolic 3-plithogenic 

complex numbers, then: 

1-) 𝑈2−𝑆𝑃𝐶 ≅ 𝑍𝑛 × 𝑍𝑛 × 𝑍𝑛. 

2-)  𝑈3−𝑆𝑃𝐶 ≅ 𝑍𝑛 × 𝑍𝑛 × 𝑍𝑛 × 𝑍𝑛. 

Proof: 

1-) Define the mapping 𝑓: 𝑈2−𝑆𝑃𝐶 → 𝑈𝐶 × 𝑈𝐶 × 𝑈𝐶 such that: 

𝑓(𝑒0 + 𝑒1𝑃1 + 𝑒2𝑃2) = (𝑒0, 𝑒0 + 𝑒1, 𝑒0 + 𝑒1 + 𝑒2). 

The mapping f is well defined: 

For 𝑀 = 𝑚0 +𝑚1𝑃1 +𝑚2𝑃2 = 𝑁 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2, we get: 

𝑚0 = 𝑛0, 𝑚0 +𝑚1 = 𝑛0 + 𝑛1, 𝑚0 +𝑚1 +𝑚2 = 𝑛0 + 𝑛1 + 𝑛2, 

Thus 𝑓(𝑀) = 𝑓(𝑁). 

The mapping f preserves multiplication: 

For 𝑀 = 𝑚0 +𝑚1𝑃1 +𝑚2𝑃2, 𝑁 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2, we get: 

𝑓(𝑀𝑁) = 𝑓(𝑚0𝑛0 + [𝑚0𝑛1 +𝑚1𝑛0 +𝑚1𝑛1]𝑃1 + [𝑚0𝑛2 +𝑚1𝑛2 +𝑚2𝑛0 +𝑚2𝑛1 +

𝑚2𝑛2]𝑃2) = (𝑚0𝑛0, 𝑚0𝑛0 +𝑚0𝑛1 +𝑚1𝑛0 +𝑚1𝑛1, 𝑚0𝑛0 +𝑚0𝑛1 +𝑚1𝑛0 +𝑚1𝑛1 +

𝑚0𝑛2 +𝑚1𝑛2 +𝑚2𝑛0 +𝑚2𝑛1 +𝑚2𝑛2) = (𝑚0, 𝑚0 +𝑚1, 𝑚0 +𝑚1 +𝑚2). (𝑛0, 𝑛0 +

𝑛1, 𝑛0 + 𝑛1 + 𝑛2) = 𝑓(𝑀)𝑓(𝑁). 

The mapping f is injective: 

𝐾𝑒𝑟(𝑓) = {𝑀 = 𝑚0 +𝑚1𝑃1 +𝑚2𝑃2; 𝑓(𝑀) = (1,1,1)}, 

So that, 𝑚0 = 1,𝑚1 = 𝑚2 = 0, 𝑡ℎ𝑢𝑠 𝐾𝑒𝑟(𝑓) = {1}. 

The mapping f is surjective: 

𝐼𝑚(𝑓) = 𝑈𝐶 × 𝑈𝐶 × 𝑈𝐶. 
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Thus, the mapping f is a group isomorphism, which means that 𝑈2−𝑆𝑃𝐶 ≅

𝑈𝐶 × 𝑈𝐶 × 𝑈𝐶  . Since 𝑈𝐶 ≅ 𝑍𝑛  , we get 𝑈2−𝑆𝑃𝐶 ≅ 𝑍𝑛 × 𝑍𝑛 × 𝑍𝑛 . 

2-) Define the mapping 𝑓: 𝑈3−𝑆𝑃𝐶 → 𝑈𝐶 × 𝑈𝐶 × 𝑈𝐶 × 𝑈𝐶 such that: 

𝑓(𝑒0 + 𝑒1𝑃1 + 𝑒2𝑃2) = (𝑒0, 𝑒0 + 𝑒1, 𝑒0 + 𝑒1 + 𝑒2, 𝑒0 + 𝑒1 + 𝑒2 + 𝑒3). 

The mapping f is well defined: 

For 𝑀 = 𝑚0 +𝑚1𝑃1 +𝑚2𝑃2 +𝑚3𝑃3 = 𝑁 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3, we get: 

𝑚0 = 𝑛0, 𝑚0 +𝑚1 = 𝑛0 + 𝑛1, 𝑚0 +𝑚1 +𝑚2 = 𝑛0 + 𝑛1 + 𝑛2, 𝑚0 +𝑚1 +𝑚2 +𝑚3 =

𝑛0 + 𝑛1 + 𝑛2 + 𝑛3, 

Thus 𝑓(𝑀) = 𝑓(𝑁). 

The mapping f preserves multiplication: 

For 𝑀 = 𝑚0 +𝑚1𝑃1 +𝑚2𝑃2 +𝑚3𝑃3, 𝑁 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3, we get: 

𝑓(𝑀𝑁) = 𝑓(𝑚0𝑛0 + [𝑚0𝑛1 +𝑚1𝑛0 +𝑚1𝑛1]𝑃1 + [𝑚0𝑛2 +𝑚1𝑛2 +𝑚2𝑛0 +𝑚2𝑛1 +

𝑚2𝑛2]𝑃2 + [𝑚0𝑛3 +𝑚1𝑛3 +𝑚2𝑛3 +𝑚3𝑛0 +𝑚3𝑛1 +𝑚3𝑛2 +𝑚3𝑛3]𝑃3) =

(𝑚0𝑛0, 𝑚0𝑛0 +𝑚0𝑛1 +𝑚1𝑛0 +𝑚1𝑛1, 𝑚0𝑛0 +𝑚0𝑛1 +𝑚1𝑛0 +𝑚1𝑛1 +𝑚0𝑛2 +

𝑚1𝑛2 +𝑚2𝑛0 +𝑚2𝑛1 +𝑚2𝑛2, 𝑚0𝑛0 +𝑚0𝑛1 +𝑚1𝑛0 +𝑚1𝑛1 +𝑚0𝑛2 +𝑚1𝑛2 +

𝑚2𝑛0 +𝑚2𝑛1 +𝑚2𝑛2 +𝑚0𝑛3 +𝑚1𝑛3 +𝑚2𝑛3 +𝑚3𝑛0 +𝑚3𝑛1 +𝑚3𝑛2 +𝑚3𝑛3) =

(𝑚0, 𝑚0 +𝑚1, 𝑚0 +𝑚1 +𝑚2, 𝑚0 +𝑚1 +𝑚2 +𝑚3). (𝑛0, 𝑛0 + 𝑛1, 𝑛0 + 𝑛1 + 𝑛2, 𝑛0 +

𝑛1 + 𝑛2 + 𝑛3) = 𝑓(𝑀)𝑓(𝑁). 

The mapping f is injective: 

𝐾𝑒𝑟(𝑓) = {𝑀 = 𝑚0 +𝑚1𝑃1 +𝑚2𝑃2 +𝑚3𝑃3; 𝑓(𝑀) = (1,1,1)}, 

So that, 𝑚0 = 1,𝑚1 = 𝑚2 = 𝑚3 = 0, 𝑡ℎ𝑢𝑠 𝐾𝑒𝑟(𝑓) = {1}. 

The mapping f is surjective: 

𝐼𝑚(𝑓) = 𝑈𝐶 × 𝑈𝐶 × 𝑈𝐶 × 𝑈𝐶. 

Thus, the mapping f is a group isomorphism, which means that 𝑈3−𝑆𝑃𝐶 ≅

𝑈𝐶 × 𝑈𝐶 × 𝑈𝐶 × 𝑈𝐶  . Since 𝑈𝐶 ≅ 𝑍𝑛  , we get 𝑈3−𝑆𝑃𝐶 ≅ 𝑍𝑛 × 𝑍𝑛 × 𝑍𝑛 × 𝑍𝑛 . 

Conclusion. 

In this paper, we presented an algebraic algorithm to compute n-th roots of unity in 

symbolic 2-plithogenic/3-plithogenic complex ring respectively. 

Also, we have illustrated some examples to clarify the flow of our algorithm. 
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In the future, we aim to find n-th roots of unity in symbolic m-plithogenic complex 

ring for any value of m. 
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Abstract: 

Symbolic 2-plithogenic sets as a generalization of classical concept of sets were 

applicable to algebraic structures. The symbolic 2-plithogenic rings and fields are 

good generalizations of classical corresponding systems. 

In this paper, we study the symbolic 2-plithogenic real functions with one variable 

by using a special algebraic function called AH-isometry. In addition, we discuss 

the symbolic 2-plithogenic simple differential equations and conic sections by 

using this isometry. Also, many examples will be presented to explain the novelty 

of this work.  

Keywords: symbolic 2-plithogenic set, symbolic 2-plithogenic real function, 

symbolic 2-plithogenic circle, symbolic 2-plithogenic ellipse. 

Introduction and basic definitions 

Symbolic n-plithogenic algebraic structures are considered as new generalizations 

of classical algebraic structures [1-3], such as symbolic 2-plithogenic integers, 

modules, and vector spaces [4-8]. 
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Symbolic 2-plithogenic structures have a similar structure to the refined 

neutrosophic structures and many non classical algebraic structures defined by 

many authors in [9-17,20-23, 24-30]. 

In the literature, many mathematical approaches were carried out on neutrosophic 

and refined neutrosophic structures, were a special function called AH-isometry 

was used to study the analytical properties and conic sections [11-12, 18-19], and 

that occurs by taking the direct image of neutrosophic elements to the classical 

Cartesian product of the real field with itself. 

In this work, we follow the previous efforts, and we define for the first time a 

special AH-isometry on the symbolic 2-plithogenic field of reals, and we use this 

isometry to obtain many formulas and properties about the symbolic 2-plithogenic 

analytical concepts such as differentiability, continuity, and integrability. Also, 

symbolic 2-plithogenic conic sections will find a place in our study. 

Definition.  

The symbolic 2-plithogenic ring of real numbers is defined as follows: 

2 − 𝑆𝑃𝑅 = {𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2; 𝑡𝑖 ∈ 𝑅, 𝑃1 × 𝑃2 = 𝑃2 × 𝑃1 = 𝑃2, 𝑃1
2 = 𝑃2

2 = 𝑃2}

The addition operation on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2) + (𝑡0́ + 𝑡1𝑃1́ + 𝑡2́𝑃2) = (𝑡0 + 𝑡0́) + (𝑡1 + 𝑡1́)𝑃1 + (𝑡2 + 𝑡2́)𝑃2

The multiplication on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2)(𝑡0́ + 𝑡1𝑃1́ + 𝑡2́𝑃2)

= 𝑡0𝑡0́ + (𝑡0𝑡1́ + 𝑡1𝑡0́ + 𝑡1𝑡1́)𝑃1 + (𝑡0𝑡2́ + 𝑡1𝑡2́ + 𝑡2𝑡2́ + 𝑡2𝑡0́ + 𝑡2𝑡1́)𝑃2 

Remark.  

If 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 ∈ 2 − 𝑆𝑃𝑅, then: 

𝑇−1 =
1

𝑇
=

1

𝑡0
+ [

1

𝑡0+𝑡1
−

1

𝑡0
] 𝑃1 + [

1

𝑡0+𝑡1+𝑡2
−

1

𝑡0+𝑡1
] 𝑃2 , with 𝑡0 ≠ 0, 𝑡0 + 𝑡1 ≠ 0, 𝑡0 + 𝑡1 +

𝑡2 ≠ 0. 

Main Results 

Definition.  
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Let 2 − 𝑆𝑃𝑅 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2; 𝑎, 𝑏, 𝑐 ∈ 𝑅} be the 2-plithogenic field of real numbers, 

a function 𝑓 = 𝑓(𝑋): 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑅  is called one variable symbolic 

2-plithogenic real function, with 

 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 ∈ 2 − 𝑆𝑃𝑅. 

Definition.  

Let 2 − 𝑆𝑃𝑅 be the symbolic 2-plithogenic field of reals, we define its AH-isometry 

as follows: 

𝐼: 2 − 𝑆𝑃𝑅 → 𝑅 × 𝑅 × 𝑅 such that: 

𝐼(𝑥 + 𝑦𝑃1 + 𝑧𝑃2) = (𝑥, 𝑥 + 𝑦, 𝑥 + 𝑦 + 𝑧). 

It is easy to see that 𝐼 is a ring isomorphism with the inverse: 

𝐼−1: 𝑅 × 𝑅 × 𝑅 → 2 − 𝑆𝑃𝑅 such that: 

𝐼−1(𝑥, 𝑦, 𝑧) = 𝑥 + (𝑦 − 𝑥)𝑃1 + (𝑧 − 𝑦)𝑃2 

Definition. 

Let 𝑓: 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑅  be a symbolic 2-plithogenic real function with one 

variable, we define the canonical formula as follows: 

𝐼−1 ∘ 𝐼(𝑓): 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑅 

Example.  

Consider𝑓(𝑋) = 𝑋2 + 2 − 𝑃1 + 𝑃2, its canonical formula is: 

𝐼(𝑓(𝑋)) = [𝐼(𝑋)]2 + 𝐼(2 − 𝑃1 + 𝑃2) = (𝑥0, 𝑥0 + 𝑥1, 𝑥0 + 𝑥1 + 𝑥2)
2 + (2,1,2)

= (𝑥0
2 + 2, (𝑥0 + 𝑥1)

2 + 1, (𝑥0 + 𝑥1 + 𝑥2)
2 + 2) 

𝐼−1 ∘ 𝐼(𝑓(𝑋)) = 

𝑥0
2 + 2 + 𝑃1[(𝑥0 + 𝑥1)

2 − 𝑥0
2 − 1] + 𝑃2[(𝑥0 + 𝑥1 + 𝑥2)

2 − (𝑥0 + 𝑥1)
2 + 1] 

For example: 

𝑓(1 + 𝑃1) = (1 + 𝑃1)
2 + 2 − 𝑃1 + 𝑃2 = 1 + 𝑃1 + 2𝑃1 + 2 − 𝑃1 + 𝑃2 = 3 + 2𝑃1 + 𝑃2. 

If we put values 𝑥0 = 1, 𝑥1 = 1, 𝑥2 = 0, 

 in the canonical formula, then we get: 

𝐼−1 ∘ 𝐼(𝑓(𝑋)) = (1)2 + 2 + 𝑃1[(2)
2 − (1)2 − 1] + 𝑃2[(2)

2 − (2)2 + 1] = 3 + 2𝑃1 + 𝑃2. 

The canonical formulas of famous functions: 

1. The exponent function: 
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𝑒𝑋; 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, 𝐼
−1 ∘ 𝐼(𝑒𝑋) = 

𝐼−1(𝑒𝑥0 , 𝑒𝑥0+𝑥1 , 𝑒𝑥0+𝑥1+𝑥2) = 

𝑒𝑥0 + 𝑃1[𝑒
𝑥0+𝑥1 − 𝑒𝑥0] + 𝑃2[𝑒

𝑥0+𝑥1+𝑥2 − 𝑒𝑥0+𝑥1] 

2. The logarithmic function: 

ln(𝑋) ; 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2,  

𝐼−1 ∘ 𝐼(ln(𝑋)) = 𝐼−1(ln(𝑥0) , ln(𝑥0 + 𝑥1) , ln(𝑥0 + 𝑥1 + 𝑥2)) = 

ln(𝑥0) + 𝑃1[ln(𝑥0 + 𝑥1) − ln(𝑥0)] + 𝑃2[ln(𝑥0 + 𝑥1 + 𝑥2) − ln(𝑥0 + 𝑥1)]. 

3. Famous trigonometric functions: 

sin(𝑋) = sin(𝑥0) + 𝑃1[sin(𝑥0 + 𝑥1) − sin(𝑥0)] + 𝑃2[sin(𝑥0 + 𝑥1 + 𝑥2) − sin(𝑥0 + 𝑥1)] 

cos(𝑋) = cos(𝑥0) + 𝑃1[cos(𝑥0 + 𝑥1) − cos(𝑥0)]

+ 𝑃2[cos(𝑥0 + 𝑥1 + 𝑥2) − cos(𝑥0 + 𝑥1)] 

tan(𝑋) = tan(𝑥0) + 𝑃1[taan(𝑥0 + 𝑥1) − tan(𝑥0)]

+ 𝑃2[tan(𝑥0 + 𝑥1 + 𝑥2) − tan(𝑥0 + 𝑥1)] 

And so no. 

Definition. 

A symbolic 2-plithogenic real number 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 is called positive if and 

only if 

 𝑡0 ≥ 0, 𝑡0 + 𝑡1 ≥ 0, 𝑡0 + 𝑡1 + 𝑡2 ≥ 0. 

For example 3 + 2𝑃1 − 𝑃2 > 0, that is because, 3 > 0, 5 > 0, 4 > 0. 

Definition. 

Let 𝑓: 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑅  be a symbolic 2-plithogenic real function with one 

variable 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, then: 

a. 𝑓 is differentiable if and only if 𝐼(𝑓(𝑋)) is differentiable. 

b. 𝑓 is continuous if and only if 𝐼(𝑓(𝑋)) is continuous. 

c. 𝑓 is integrable if and only if 𝐼(𝑓(𝑋)) is integrable. 

Example. 

Find the derivation of 𝑓(𝑋) = 𝑋2 + 𝑋 + 𝑃1 in two different ways. 

Solution. 

The regular way is 𝑓́(𝑋) = 2𝑋 + 1. 

The canonical way is: 
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𝐼−1 ∘ 𝐼(𝑓(𝑋)) = 

𝐼−1(𝑥0
2, (𝑥0 + 𝑥1)

2, (𝑥0 + 𝑥1 + 𝑥2)
2) + 𝐼−1(𝑥0, 𝑥0 + 𝑥1, 𝑥0 + 𝑥1 + 𝑥2) + 𝐼

−1(0,1,1)

= 𝑥0
2 + 𝑥0 + 𝑃1[(𝑥0 + 𝑥1)

2 − 𝑥0
2 + (𝑥0 + 𝑥1) − 𝑥0 + 1]

+ 𝑃2[(𝑥0 + 𝑥1 + 𝑥2)
2 − (𝑥0 + 𝑥1)

2 + (𝑥0 + 𝑥1 + 𝑥2) − (𝑥0 + 𝑥1) + 0] =

= 𝑥0
2 + 𝑥0 + 𝑃1[(𝑥0 + 𝑥1)

2 − 𝑥0
2 + 𝑥1 + 1]

+ 𝑃2[(𝑥0 + 𝑥1 + 𝑥2)
2 − (𝑥0 + 𝑥1)

2 + 𝑥1] 

First, we have: (𝑥0
2 + 𝑥0)

′
𝑥0
= 2𝑥0 + 1. 

[(𝑥0 + 𝑥1)
2 − 𝑥0

2 + 𝑥1 + 1 + 𝑥0
2 + 𝑥0]

′
𝑥0+𝑥1

= 

[(𝑥0 + 𝑥1)
2 + (𝑥0 + 𝑥1) + 1]

′
𝑥0+𝑥1

= 2(𝑥0 + 𝑥1) + 1 

[(𝑥0 + 𝑥1 + 𝑥2)
2 − (𝑥0 + 𝑥1)

2 + 𝑥2 + (𝑥0 + 𝑥1)
2 − 𝑥0

2 + 𝑥1 + 1]
′
𝑥0+𝑥1+𝑥2

= [(𝑥0 + 𝑥1 + 𝑥2)
2 + (𝑥0 + 𝑥1 + 𝑥2) + 1]

′
𝑥0+𝑥1+𝑥2

= 2(𝑥0 + 𝑥1 + 𝑥2) + 1 

Thus, 𝑓́(𝑋) = 2𝑥0 + 1 + 𝑃1[2(𝑥0 + 𝑥1) + 1 − 2𝑥0 − 1] + 𝑃2[2(𝑥0 + 𝑥1 + 𝑥2) + 1 −

2(𝑥0 + 𝑥1) − 1] = (2𝑥0 + 1) + 2𝑥1𝑃1 + 2𝑥2𝑃2 = 2𝑋 + 1 

Example. 

Find the value of ∫ 𝑒𝑋𝑑𝑋
1+𝑃1+𝑃2
0

 in two different ways. 

Solution; 

The regular way: ∫ 𝑒𝑋𝑑𝑋
1+𝑃1+𝑃2
0

= [𝑒𝑋]0
1+𝑃1+𝑃2 = 𝑒1+𝑃1+𝑃2 − 𝑒0 = 𝑒1+𝑃1+𝑃2 − 1. 

The canonical formula way: 

𝐼−1 ∘ 𝐼(𝑓(𝑋)) = 𝑒𝑥0 + 𝑃1[𝑒
𝑥0+𝑥1 − 𝑒𝑥0] + 𝑃2[𝑒

𝑥0+𝑥1+𝑥2 − 𝑒𝑥0+𝑥1] 

We have: 

∫𝑒𝑥0𝑑𝑥0

1

0

= 𝑒 − 1,∫ 𝑒𝑒
𝑥0+𝑥1𝑑(𝑥0 + 𝑥1)

2

0

= 𝑒2 − 1,∫ 𝑒𝑥0+𝑥1+𝑥2𝑑(𝑥0 + 𝑥1 + 𝑥2)

3

0

= 𝑒3 − 1 

Thus, ∫ 𝑒𝑋𝑑𝑋
1+𝑃1+𝑃2
0

= 𝑒 − 1 + 𝑃1[𝑒
2 − 1 − 𝑒 + 1] + 𝑃2[𝑒

3 − 1 − 𝑒2 + 1] = 𝑒 − 1 +

𝑃1[𝑒
2 − 𝑒] + 𝑃2[𝑒

3 − 𝑒2] = 𝑒1+𝑃1+𝑃2 − 1 

Applications to differential equations. 

Example. 

Solve the equation 𝑌́ = 𝐶; 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 is a function, and 𝐶 = 𝑐0 + 𝑐1𝑃1 +

𝑐2𝑃2 is a constant. 

We have 𝑦0 = 𝑓0, 𝑦1 = 𝑓1, 𝑦2 = 𝑓2: 𝑅 → 𝑅. 
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𝑌́ = (𝑦0)
′
𝑥0
+ 𝑃1 [(𝑦0 + 𝑦1)

′
𝑥0+𝑥1

− (𝑦0)
′
𝑥0
] + 

𝑃2 [(𝑦0 + 𝑦1 + 𝑦2)
′
𝑥0+𝑥1+𝑥2

− (𝑦0 + 𝑦1)
′
𝑥0+𝑥1

] = 𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2,  

so that: 

{

(𝑦0)
′
𝑥0
= 𝑐0

(𝑦0 + 𝑦1)
′
𝑥0+𝑥1

= 𝑐1

(𝑦0 + 𝑦1 + 𝑦2)
′
𝑥0+𝑥1+𝑥2

= 𝑐2

⟹ {

𝑦0 = 𝑐0𝑥0 +𝑚0

𝑦0 + 𝑦1 = 𝑐1(𝑥0 + 𝑥1) + 𝑚1

𝑦0 + 𝑦1 + 𝑦2 = 𝑐2(𝑥0 + 𝑥1 + 𝑥2) + 𝑚2

 

This implies that: 

𝑌 = (𝑐0𝑥0 +𝑚0) + 𝑃1[𝑐1(𝑥0 + 𝑥1) + 𝑚1 − (𝑐0𝑥0 +𝑚0)] + 

𝑃2[𝑐2(𝑥0 + 𝑥1 + 𝑥2) + 𝑚2 − 𝑐1(𝑥0 + 𝑥1) − 𝑚1] ; 𝑥𝑖  are real variables, 𝑚𝑖  are real 

constants. 

Example. 

Solve the differential equation 𝑌́ = 𝐶𝑌, where 𝐶 = 𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2, 𝑌 = 𝑦0 + 𝑦1𝑃1 +

𝑦2𝑃2. 

Solution. 

𝑌́ = 𝐶𝑌 equivalents: 

{

(𝑦0)
′
𝑥0
= 𝑐0𝑦0

(𝑦0 + 𝑦1)
′
𝑥0+𝑥1

= (𝑐0 + 𝑐1)(𝑦0 + 𝑦1)

(𝑦0 + 𝑦1 + 𝑦2)
′
𝑥0+𝑥1+𝑥2

= (𝑐0 + 𝑐1 + 𝑐2)(𝑦0 + 𝑦1 + 𝑦2)

 

So that: 

{

𝑦0 = 𝑘0𝑒
𝑐0𝑥0

𝑦0 + 𝑦1 = 𝑘1𝑒
(𝑐0+𝑐1)(𝑥0+𝑥1)

𝑦0 + 𝑦1 + 𝑦2 = 𝑘2𝑒
(𝑐0+𝑐1+𝑐2)(𝑥0+𝑥1+𝑥2)

 

Thus: 𝑌 = 𝑘0𝑒
𝑐0𝑥0 + 𝑃1[𝑘1𝑒

(𝑐0+𝑐1)(𝑥0+𝑥1) − 𝑘0𝑒
𝑐0𝑥0] + 𝑃2[𝑘2𝑒

(𝑐0+𝑐1+𝑐2)(𝑥0+𝑥1+𝑥2) −

𝑘1𝑒
(𝑐0+𝑐1)(𝑥0+𝑥1)]. 

Example. 

Solve the differential equation 𝑌′′ = 𝐶, where 𝐶 = 𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2, 𝑌 = 𝑦0 + 𝑦1𝑃1 +

𝑦2𝑃2. 

Solution. 

𝑌′′ = 𝐶 equivalents: 
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{

(𝑌𝑥0)′′ = 𝑐0
(𝑦0 + 𝑦1)𝑥0+𝑥1′′ = 𝑐1

(𝑦0 + 𝑦1 + 𝑦2)𝑥0+𝑥1+𝑥2′′ = 𝑐2

 

So that: 

{
 
 

 
 𝑦0 =

𝑐0
2
𝑥0
2 +𝑚0𝑥0 + 𝑛0; 𝑚0, 𝑛0 ∈ 𝑅

𝑦0 + 𝑦1 =
𝑐1
2
(𝑥0 + 𝑥1)

2 +𝑚1(𝑥0 + 𝑥1) + 𝑛1; 𝑚1, 𝑛1 ∈ 𝑅

𝑦0 + 𝑦1 + 𝑦2 =
𝑐2
2
(𝑥0 + 𝑥1 + 𝑥2)

2 +𝑚2(𝑥0 + 𝑥1 + 𝑥2) + 𝑛2; 𝑚2, 𝑛2 ∈ 𝑅

 

And 

 𝑌 = (
𝑐0

2
𝑥0
2 +𝑚0𝑥0 + 𝑛0) + 

𝑃1 [
𝑐1
2
(𝑥0 + 𝑥1)

2 +𝑚1(𝑥0 + 𝑥1) + 𝑛1 −
𝑐0
2
𝑥0
2 −𝑚0𝑥0 − 𝑛0] + 

𝑃2 [
𝑐2

2
(𝑥0 + 𝑥1 + 𝑥2)

2 +𝑚2(𝑥0 + 𝑥1 + 𝑥2) + 𝑛2 −
𝑐1

2
(𝑥0 + 𝑥1)

2 −𝑚1(𝑥0 + 𝑥1) − 𝑛1]. 

Applications to geometric shapes: 

Definition. 

1). We define the symbolic 2-plithogenic circle as follows: 

(𝑋 − 𝐴)2 + (𝑌 − 𝐵)2 = 𝑅2; 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2, 𝐵 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2, 𝑅 = 𝑟0 +

𝑟1𝑃1 + 𝑟2𝑃2, 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2, 𝑥 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, with 𝑎𝑖, 𝑏𝑖 , 𝑟𝑖, 𝑥𝑖 , 𝑦𝑖 ∈ 𝑅 

 2). We define the symbolic 2-plithogenic sphere as follows: 

(𝑋 − 𝐴)2 + (𝑌 − 𝐵)2 + (𝑍 − 𝐶)2 = 𝑅2; 𝑋, 𝐴, 𝐵, 𝐶, 𝑅, 𝑌, 𝑍 ∈ 2 − 𝑆𝑃𝑅 

3). We define the symbolic 2-plithogenic ellipse as follows: 

(𝑋−𝐴)2

𝑇2
+
(𝑌−𝐵)2

𝑆2
= 1; 𝑋, 𝐴, 𝐵, 𝑇, 𝑆, 𝑌 ∈ 2 − 𝑆𝑃𝑅 and 𝑇, 𝑆 invertible. 

4). We define the symbolic 2-plithogenic hyperbola as follows: 

(𝑋−𝐴)2

𝑇2
−
(𝑌−𝐵)2

𝑆2
= 1; 𝑋, 𝐴, 𝐵, 𝑇, 𝑆, 𝑌 ∈ 2 − 𝑆𝑃𝑅 and 𝑇, 𝑆 invertible. 

Example. 

1). (𝑋 − 1 − 𝑃1 + 𝑃2)
2 + (𝑌 − 3 + 2𝑃1 − 𝑃2)

2 = (1 + 𝑃2)
2 is a 2-plithogenic circle. 

2). (𝑋 − 10 + 𝑃1)
2 + (𝑌 + 𝑃2)

2 + (𝑍 − 𝑃1 + 𝑃2)
2 = (1 + 𝑃1 + 13𝑃2)

2  is a 

2-plithogenic sphere. 

3). 
(𝑋−𝑃1)

2

(1+𝑃1+𝑃2)2
+

(𝑌+𝑃1−𝑃2)
2

(2−𝑃1+5𝑃2)2
= 1 is a 2-plithogenic ellipse. 
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4). 
(𝑋−2𝑃2)

2

(1+𝑃1+3𝑃2)2
−

(𝑌+1+4𝑃2)
2

(13−2𝑃1+𝑃2)2
= 1 is a 2-plithogenic hyperbola. 

Theorem. 

1. Any symbolic 2-plithogenic circle is equivalent to three classical circles. 

2. Any symbolic 2-plithogenic sphare is equivalent to three classical spheres. 

3. Any symbolic 2-plithogenic ellipse is equivalent to three classical ellipses. 

4. Any symbolic 2-plithogenic hyperbola is equivalent to three classical 

hyperbolas. 

Proof. 

1. Consider the symbolic 2-plithogenic circle: 

(𝑋 − 𝐴)2 + (𝑌 − 𝐵)2 = 𝑅2, then by using the isomprphism defined before, we get: 

𝐼[(𝑋 − 𝐴)2] = [𝐼(𝑋) − 𝐼(𝐴)]2

= (𝑥0 − 𝑎0, (𝑥0 + 𝑥1) − (𝑎0 + 𝑎1), (𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))
2

= ((𝑥0 − 𝑎0)
2, ((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))

2
, ((𝑥0 + 𝑥1 + 𝑥2)

− (𝑎0 + 𝑎1 + 𝑎2))
2
) 

𝐼[(𝑌 − 𝐵)2] = [𝐼(𝑌) − 𝐼(𝐵)]2

= ((𝑦0 − 𝑏0)
2, ((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2
, ((𝑦0 + 𝑦1 + 𝑦2)

− (𝑏0 + 𝑏1 + 𝑏2))
2
) 

𝐼(𝑅2) = [𝐼(𝑅)]2 = (𝑟0
2, (𝑟0 + 𝑟1)

2, (𝑟0 + 𝑟1 + 𝑟2)
2) 

Thus, it is equivalent to: 

{

(𝑥0 − 𝑎0)
2 + (𝑦0 − 𝑏0)

2 = 𝑟0
2

((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))
2
+ ((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2
= (𝑟0 + 𝑟1)

2

((𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))
2
+ ((𝑦0 + 𝑦1 + 𝑦2) − (𝑏0 + 𝑏1 + 𝑏2))

2
= (𝑟0 + 𝑟1 + 𝑟2)

2

 

2. Consider the sphere  (𝑋 − 𝐴)2 + (𝑌 − 𝐵)2 + (𝑍 − 𝐶)2 = 𝑅2 , we use the 

isomorphism 𝐼, to get: 

𝐼[(𝑋 − 𝐴)2] = ((𝑥0 − 𝑎0)
2, ((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))

2
, ((𝑥0 + 𝑥1 + 𝑥2)

− (𝑎0 + 𝑎1 + 𝑎2))
2
) 

𝐼[(𝑌 − 𝐵)2] = ((𝑦0 − 𝑏0)
2, ((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2
, ((𝑦0 + 𝑦1 + 𝑦2)

− (𝑏0 + 𝑏1 + 𝑏2))
2
) 
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𝐼[(𝑍 − 𝐶)2] = ((𝑧0 − 𝑐0)
2, ((𝑧0 + 𝑧1) − (𝑐0 + 𝑐1))

2
, ((𝑧0 + 𝑧1 + 𝑧2)

− (𝑐0 + 𝑐1 + 𝑐2))
2
) 

𝐼(𝑅2) = [𝐼(𝑅)]2 = (𝑟0
2, (𝑟0 + 𝑟1)

2, (𝑟0 + 𝑟1 + 𝑟2)
2), hence we get: 

{

(𝑥0 − 𝑎0)
2 + (𝑦0 − 𝑏0)

2 + (𝑧0 − 𝑐0)
2 = 𝑟0

2

((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))
2
+ ((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2
+ ((𝑧0 + 𝑧1) − (𝑐0 + 𝑐1))

2
= (𝑟0 + 𝑟1)

2

((𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))
2
+ ((𝑦0 + 𝑦1 + 𝑦2) − (𝑏0 + 𝑏1 + 𝑏2))

2
+ ((𝑧0 + 𝑧1 + 𝑧2) − (𝑐0 + 𝑐1 + 𝑐2))

2
= (𝑟0 + 𝑟1 + 𝑟2)

2

 

3. Consider the ellipse 
(𝑋−𝐴)2

𝑇2
+
(𝑌−𝐵)2

𝑆2
= 1, we use the isomorphism 𝐼 to get: 

𝐼 [
(𝑋 − 𝐴)2

𝑇2
]

= (
(𝑥0 − 𝑎0)

2

𝑡0
2 ,

((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))
2

(𝑡0 + 𝑡1)2
,
((𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))

2

(𝑡0 + 𝑡1 + 𝑡2)2
) 

𝐼 [
(𝑌 − 𝐵)2

𝑆2
]

= (
(𝑦0 − 𝑏0)

2

𝑠02
,
((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2

(𝑠0 + 𝑠1)2
,
((𝑦0 + 𝑦1 + 𝑦2) − (𝑏0 + 𝑏1 + 𝑏2))

2

(𝑠0 + 𝑠1 + 𝑠2)2
) 

𝐼(1) = (1,1,1), thus: 

{
 
 
 

 
 
 

(𝑥0 − 𝑎0)
2

𝑡0
2 +

(𝑦0 − 𝑏0)
2

𝑠0
2

= 1

((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))
2

(𝑡0 + 𝑡1)2
+
((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2

(𝑠0 + 𝑠1)2
= 1

((𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))
2

(𝑡0 + 𝑡1 + 𝑡2)2
+
((𝑦0 + 𝑦1 + 𝑦2) − (𝑏0 + 𝑏1 + 𝑏2))

2

(𝑠0 + 𝑠1 + 𝑠2)2
= 1

 

4. Consider the hyperbola 
(𝑋−𝐴)2

𝑇2
−
(𝑌−𝐵)2

𝑆2
= 1, by a similar discussion, we get 

{
 
 
 

 
 
 

(𝑥0 − 𝑎0)
2

𝑡0
2 −

(𝑦0 − 𝑏0)
2

𝑠02
= 1

((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))
2

(𝑡0 + 𝑡1)2
−
((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2

(𝑠0 + 𝑠1)2
= 1

((𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))
2

(𝑡0 + 𝑡1 + 𝑡2)2
−
((𝑦0 + 𝑦1 + 𝑦2) − (𝑏0 + 𝑏1 + 𝑏2))

2

(𝑠0 + 𝑠1 + 𝑠2)2
= 1

 

Example. 

Consider the symbolic 2-plithogenic circle: 

(𝑋 − 1 + 𝑃1)
2 + (𝑌 − 3 + 2𝑃1 + 2𝑃2)

2 = (1 + 4𝑃1 + 4𝑃2)
2, it is equivalent to: 
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{

(𝑥0 − 1)
2 + (𝑦0 − 3)

2 = 1

((𝑥0 + 𝑥1))
2
+ ((𝑦0 + 𝑦1) − 1)

2
= 25

((𝑥0 + 𝑥1 + 𝑥2))
2
+ ((𝑦0 + 𝑦1 + 𝑦2))

2
= 81

 

The first circle has (1,3) as entre and radius 1. 

The second circle has (0,1) as entre and radius 5. 

The third circle has (0, −1) as entre and radius 9. 

Example: 

Consider the symbolic 2-plithogenic sphere: 

(𝑋 − 1 + 𝑃1 + 3𝑃2)
2 + (𝑌 − 𝑃2)

2 + (𝑍 − 4 + 𝑃2)
2 = (3 − 𝑃1 + 𝑃2)

2, it is equivalent to: 

{

(𝑥0 − 2)
2 + (𝑦0)

2 + (𝑧0 − 4)
2 = 9

((𝑥0 + 𝑥1) − 1)
2
+ ((𝑦0 + 𝑦1))

2
+ ((𝑧0 + 𝑧1) − 1)

2
= 4

((𝑥0 + 𝑥1 + 𝑥2) + 4)
2
+ ((𝑦0 + 𝑦1 + 𝑦2) − 1)

2
+ ((𝑧0 + 𝑧1 + 𝑧2) − 3)

2
= 9

 

The first sphere has (2,0,4) as entre and radius 3. 

The second sphere has (1,0,4) as entre and radius 2. 

The third sphere has (−4,1,3) as entre and radius 3. 

Example: 

Consider the symbolic 2-plithogenic ellipse: 

(𝑋−1+𝑃1+3𝑃2)
2

(3+𝑃1+𝑃2)2
+

(𝑌−1−𝑃2)
2

(4+2𝑃1+3𝑃2)2
= 1, it is equivalent to: 

{
  
 

  
 

(𝑥0)
2

32
+
(𝑦0 − 1)

2

42
= 1

((𝑥0 + 𝑥1) − 4)
2

42
+
((𝑦0 + 𝑦1) − 1)

2

62
= 1

((𝑥0 + 𝑥1 + 𝑥2) − 3)
2

52
+
((𝑦0 + 𝑦1 + 𝑦2) − 2)

2

92
= 1

 

Example: 

Consider the symbolic 2-plithogenic hyperbola: 

(𝑋−1)2

(5+2𝑃1)2
−

(𝑌−𝑃1)
2

(1+𝑃1+𝑃2)2
= 1, it is equivalent to: 
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{
  
 

  
 

(𝑥0 − 1)
2

52
−
(𝑦0)

2

12
= 1

((𝑥0 + 𝑥1) − 1)
2

72
−
((𝑦0 + 𝑦1) − 1)

2

22
= 1

((𝑥0 + 𝑥1 + 𝑥2) − 1)
2

72
−
((𝑦0 + 𝑦1 + 𝑦2) − 1)

2

32
= 1

 

Example. 

Let us the parametric representation of the symbolic 2-plithogenic ellipse: 

(𝑋 − 1 − 𝑃1 − 𝑃2)
2

(2 + 𝑃1)2
+
(𝑌 − 2 − 3𝑃1)

2

(1 + 2𝑃1 − 𝑃2)2
= 1 

The previous ellipse is equivalent to: 

{
  
 

  
 

(𝑥0 − 1)
2

22
+
(𝑦0 − 2)

2

12
= 1… (1)

((𝑥0 + 𝑥1) − 2)
2

32
+
((𝑦0 + 𝑦1) − 5)

2

32
= 1 … (2)

((𝑥0 + 𝑥1 + 𝑥2) − 3)
2

32
+
((𝑦0 + 𝑦1 + 𝑦2) − 5)

2

22
= 1 … (3)

 

Equation (1)  implies 
𝑥0−1

2
= 𝑐𝑜𝑠𝜃0 ,  

𝑦0−2

1
= 𝑠𝑖𝑛𝜃0 , hence 𝑥0 = 2𝑐𝑜𝑠𝜃0 + 1, 𝑦0 =

𝑠𝑖𝑛𝜃0 + 2. 

Equation (2) implies 
(𝑥0+𝑥1)−2

3
= 𝑐𝑜𝑠𝜃1, 

(𝑦0+𝑦1)−5

2
= 𝑠𝑖𝑛𝜃1, hence 𝑥1 = 3𝑐𝑜𝑠𝜃1 + 2 −

𝑥0 = 3𝑐𝑜𝑠𝜃1 − 2𝑐𝑜𝑠𝜃0 + 1, 𝑦1 = 2𝑠𝑖𝑛𝜃1 + 5 − 𝑦0 = 2𝑠𝑖𝑛𝜃1 − 𝑠𝑖𝑛𝜃0 + 3 

Equation (3)  implies 
(𝑥0+𝑥1+𝑥2)−3

3
= 𝑐𝑜𝑠𝜃2 ,  

(𝑦0+𝑦1+𝑦2)−5

2
= 𝑠𝑖𝑛𝜃2 , hence 𝑥2 =

3𝑐𝑜𝑠𝜃2 − (𝑥0 + 𝑥1) + 3 = 3𝑐𝑜𝑠𝜃2 − 3𝑐𝑜𝑠𝜃1 + 1, 𝑦2 = 2𝑠𝑖𝑛𝜃2 − (𝑦0 + 𝑦1) + 5 =

2𝑠𝑖𝑛𝜃2 − 2𝑠𝑖𝑛𝜃1 

This means that: 

𝑋 = (2𝑐𝑜𝑠𝜃0 + 1) + 𝑃1[3𝑐𝑜𝑠𝜃1 − 2𝑐𝑜𝑠𝜃0 + 1] + 𝑃2[3𝑐𝑜𝑠𝜃2 − 3𝑐𝑜𝑠𝜃1 + 1] 

𝑌 = (𝑠𝑖𝑛𝜃0 + 2) + 𝑃1[2𝑠𝑖𝑛𝜃1 − 𝑠𝑖𝑛𝜃0 + 3] + 𝑃2[2𝑠𝑖𝑛𝜃2 − 2𝑠𝑖𝑛𝜃1]. 

Example. 

Consider the symbolic 2-plithogenic ellipse: 

(𝑋 − 2 − 4𝑃1 + 3𝑃2)
2

(1 + 5𝑃1 + 7𝑃2)2
+
(𝑌 + 1 + 𝑃2)

2

(3 − 𝑃1 − 𝑃2)2
= 1 

it is equivalent to: 
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{
 
 
 

 
 
 

(𝑥0 − 2)
2

1
+
(𝑦0 + 1)

2

32
= 1

[(𝑥0 + 𝑥1) − 6]
2

62
+
[(𝑦0 + 𝑦1) + 1]

2

22
= 1

[(𝑥0 + 𝑥1 + 𝑥2) − 3]
2

132
+
[(𝑦0 + 𝑦1 + 𝑦2) + 2]

2

1
= 1

 

Example. 

Consider the symbolic 2-plithogenic circle: 

(𝑋 − 2 − 4𝑃1 + 3𝑃2)
2 + (𝑌 + 1 + 𝑃2)

2 = 1 

It is equivalent to: 

{
 

 
(𝑥0 − 2)

2 + (𝑦0 + 1)
2 = 1

[(𝑥0 + 𝑥1) − 6]
2 + [(𝑦0 + 𝑦1) + 1]

2 = 1

[(𝑥0 + 𝑥1 + 𝑥2) − 3]
2 + [(𝑦0 + 𝑦1 + 𝑦2) + 2]

2 = 1
 

Example. 

Consider the symbolic 2-plithogenic hyperbola: 

(𝑋 − 2 − 4𝑃1 + 3𝑃2)
2

(1 + 5𝑃1 + 7𝑃2)2
−
(𝑌 + 1 + 𝑃2)

2

(3 − 𝑃1 − 𝑃2)2
= 1 

it is equivalent to: 

{
 
 
 

 
 
 

(𝑥0 − 2)
2

1
−
(𝑦0 + 1)

2

32
= 1

[(𝑥0 + 𝑥1) − 6]
2

62
−
[(𝑦0 + 𝑦1) + 1]

2

22
= 1

[(𝑥0 + 𝑥1 + 𝑥2) − 3]
2

132
−
[(𝑦0 + 𝑦1 + 𝑦2) + 2]

2

1
= 1

 

 

Conclusion 

In this paper, we defined for the first time a special AH-isometry on the symbolic 

2-plithogenic fields of reals, and we used this isometry to obtain many formulas 

and properties about the symbolic 2-plithogenic analytical concepts such as 

differentiability, continuity, and integrability. Also, symbolic 2-plithogenic conic 

sections were handled by using the mentioned isometry. In addition, many related 

examples were presented to clarify the novelty of our work. 
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Abstract: 

This paper is dedicated to study the real inner product defined over symbolic 

2-plithogenic vector spaces, where we discuss the concept of inner (scalar) products

over the symbolic 2-plithogenic vector spaces by using the corresponding 

Euclidean scalar products to get theorems that describe the conditions of 

orthogonality in this class of spaces. Also, we give many examples to explain the 

ortho-normed symbolic 2-plithogenic spaces. 

Key words: Symbolic 2-plithogenic vector space, inner product, orthogonal basis, 

ortho-normed basis. 

Introduction 

Symbolic 2-plithogenic vector spaces and modules were defined in [1-5] as a new 

generalization of classical vector spaces, and with a similar algebraic structure of 

refined neutrosophic vector spaces . 

Many algebraic properties of these spaces such as basis, and semi homomorphic 

images were studied on a wide range. 
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Also, we can see symbolic 3-plithogenic vector spaces/modules defined over 

3-plithogenic rings. Symbolic plithogenic algebraic structures are generally very 

rich in their concepts and meta-properties, see [5-8 ,23-28]. 

In this work, we will study the concept of real inner product over symbolic 

2-plithogenic vector spaces, where we use these inner products to study the 

orthogonality between symbolic 2-plithogenic vectors and ortho-normed basis. 

This work is motivated by the previous published works in [9-22] that study 

neutrosophic vector spaces, matrices and their refined neutrosophic extensions. 

For basic definitions about symbolic 2-plithogenic vector spaces, check [1]. 

Main Discussion 

Definition:  

Let 𝑉 be a vector space over the field 𝑅. 

Let 2 − 𝑆𝑃𝑅 = {𝑙0 + 𝑙1𝑃1 + 𝑙2𝑃2; 𝑙𝑖 ∈ 𝑅} be the corresponding symbolic 2-plithogenic 

field, 2 − 𝑆𝑃𝑉 = {𝑞0 + 𝑞1𝑃1 + 𝑞2𝑃2; 𝑞𝑖 ∈ 𝑉}  the corresponding symbolic 

2-plithogenic vector space, then: 

𝜑: 2 − 𝑆𝑃𝑉 × 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑅 is called a symbolic 2-plithogenic real inner product 

if and only if: 

1). 𝜑(𝑤, 𝑛) = 𝜑(𝑛, 𝑤) for all 𝑛,𝑤 ∈ 2 − 𝑆𝑃𝑉. 

2). 𝜑(𝑤,𝑤) ≥ 0  for all 𝑤 ∈ 2 − 𝑆𝑃𝑉  (with respect to the corresponding partial 

order relation defined on 2 − 𝑆𝑃𝑅). 

3). 𝜑(𝑢 + 𝑣,𝑤) = 𝜑(𝑢,𝑤) + 𝜑(𝑣,𝑤). 

4). 𝜑(𝑎. 𝑤, 𝑣) = 𝑎𝜑(𝑤, 𝑣); 𝑤, 𝑣 ∈ 2 − 𝑆𝑃𝑉 , 𝑎 ∈ 2 − 𝑆𝑃𝑅. 

Theorem. 

If there exists a classical inner product 𝑓: 𝑉 × 𝑉 → 𝑅 such that: 

For 𝑤 = 𝑤0 + 𝑤1𝑃1 + 𝑤2𝑃2, 𝑛 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 ∈ 2 − 𝑆𝑃𝑉, we define: 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)]. 
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Then,  𝜑: 2 − 𝑆𝑃𝑉 × 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑅  is a symbolic 2-plithogenic real inner 

product.  

Proof. 

Assume that 𝑓: 𝑉 × 𝑉 → 𝑅 is a real inner product defined on 𝑉. 

We put 𝜑: 2 − 𝑆𝑃𝑉 × 2 − 𝑆𝑃𝑉 → 2− 𝑆𝑃𝑅, where: 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)]. 

We must prove that 𝜑 is a symbolic 2-plithogenic real inner product on 2 − 𝑆𝑃𝑉. 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)] = 𝑓(𝑛0, 𝑤0) + 𝑃1[𝑓(𝑛0 + 𝑛1, 𝑤0 + 𝑤1) − 𝑓(𝑛0, 𝑤0)] +

𝑃2[𝑓(𝑛0 + 𝑛1 + 𝑛2, 𝑤0 +𝑤1 + 𝑤2) − 𝑓(𝑛0 + 𝑛1, 𝑤0 + 𝑤1)] = 𝜑(𝑛, 𝑤). 

𝜑(𝑤,𝑤) = 𝑓(𝑤0, 𝑤0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑤0 +𝑤1) − 𝑓(𝑤0, 𝑤0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 +

𝑤2, 𝑤0 + 𝑤1 + 𝑤2) − 𝑓(𝑤0 + 𝑤1, 𝑤0 + 𝑤1)] = ‖𝑤0‖
2 + 𝑃1[‖𝑤0 + 𝑤1‖

2 − ‖𝑤0‖
2] +

𝑃2[‖𝑤0 + 𝑤1 + 𝑤2‖
2 − ‖𝑤0 + 𝑤1‖

2]. 

And that is because: 

{

‖𝑤0‖
2 ≥ 0

‖𝑤0‖
2 + [‖𝑤0 + 𝑤1‖

2 − ‖𝑤0‖
2] = ‖𝑤0 + 𝑤1‖

2 ≥ 0

‖𝑤0‖
2 + [‖𝑤0 + 𝑤1‖

2 − ‖𝑤0‖
2] + [‖𝑤0 + 𝑤1 + 𝑤2‖

2 − ‖𝑤0 + 𝑤1‖
2] = ‖𝑤0 + 𝑤1 + 𝑤2‖

2 ≥ 0

 

Now, we let 𝑢 = 𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2 ∈ 2 − 𝑆𝑃𝑉, we have: 

𝜑(𝑢 + 𝑤, 𝑛) = 𝑓(𝑢0 + 𝑤0, 𝑛0) + 𝑃1[𝑓(𝑢0 + 𝑢1 + 𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑢0 + 𝑤0, 𝑛0)]

+ 𝑃2[𝑓(𝑢0 + 𝑢1 + 𝑢2 +𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)

− 𝑓(𝑢0 + 𝑢1 + 𝑤0 + 𝑤1, 𝑛0 + 𝑛1)] = 𝜑(𝑢, 𝑛) + 𝜑(𝑤, 𝑛) 

Let 𝑎 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ∈ 2 − 𝑆𝑃𝑅, then: 

𝜑(𝑎.𝑤, 𝑛) = 𝑓(𝑎0𝑤0, 𝑛0) + 𝑃1[𝑓((𝑎0 + 𝑎1 + 𝑎2)(𝑢0 + 𝑢1 + 𝑤0 +𝑤1), 𝑛0 + 𝑛1) −

𝑓(𝑎0𝑤0, 𝑛0)] + 𝑃2[𝑓((𝑎0 + 𝑎1)(𝑢0 + 𝑢1 + 𝑢2 + 𝑤0 + 𝑤1 + 𝑤2), 𝑛0 + 𝑛1 + 𝑛2) −

𝑓((𝑎0 + 𝑎1 + 𝑎2)(𝑢0 + 𝑢1 + 𝑤0 + 𝑤1), 𝑛0 + 𝑛1)] = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)𝜑(𝑤, 𝑛) =

𝑎. 𝜑(𝑤, 𝑛). 

So that, 𝜑 is a symbolic 2-plithogenic inner product. 

Remark: 
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Suppose that 𝜑: 2 − 𝑆𝑃𝑉 × 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑅  is a symbolic 2-plithogenic inner 

product. 

Put 𝑓: 𝑉 × 𝑉 → 𝑅 , with 𝑓(𝑤0, 𝑛0) = 𝜑(𝑤0 + 0. 𝑃1 + 0. 𝑃2, 𝑛0 + 0. 𝑃1 + 0. 𝑃2) , where 

𝑤0, 𝑛0 ∈ 𝑉. 

𝑓 is a classical real inner product, that is because: 

𝑓(𝑤0, 𝑛0) = 𝜑(𝑤0, 𝑛0) = 𝜑(𝑛0, 𝑤0) = 𝑓(𝑛0, 𝑤0) 

𝑓(𝑤0, 𝑤0) = 𝜑(𝑤0, 𝑤0) = ‖𝑤0‖
2 ≥ 0 

𝑓(𝑢0 + 𝑤0, 𝑛0) = 𝜑(𝑢0 + 𝑤0, 𝑛0) = 𝜑(𝑢0, 𝑛0) + 𝜑(𝑤0, 𝑛0) = 𝑓(𝑢0, 𝑛0) + 𝑓(𝑤0, 𝑛0) 

𝑓(𝑎0𝑤0, 𝑛0) = 𝜑(𝑎0𝑤0, 𝑛0) = 𝑎0𝜑(𝑤0, 𝑛0) = 𝑎0𝑓(𝑤0, 𝑛0);𝑤0 ∈ 𝑉, 𝑎0 ∈ 𝑅 

Example. 

Consider the Euclidean real inner product defined on 𝑉 = 𝑅2 with: 

𝑓(𝑋1, 𝑋2) = 𝑓[(𝑥1́, 𝑥1
′′), (𝑥2́, 𝑥2

′′)] = 𝑥1́𝑥2́ + 𝑥1
′′𝑥2

′′. 

The corresponding symbolic 2-plithogenic inner product defined on 2 − 𝑆𝑃𝑉 is: 

𝜑: 2 − 𝑆𝑃𝑉 × 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑅; 

𝜑[(𝑥0, 𝑦0) + (𝑥1, 𝑦1)𝑃1 + (𝑥2, 𝑦2)𝑃2, (𝑧0, 𝑡0) + (𝑧1, 𝑡1)𝑃1 + (𝑧2, 𝑡2)𝑃2]

= 𝑓((𝑥0, 𝑦0), (𝑧0, 𝑡0))

+ 𝑃1[𝑓((𝑥0 + 𝑥1, 𝑦0 + 𝑦1), (𝑧0 + 𝑧1, 𝑡0 + 𝑡1)) − 𝑓((𝑥0, 𝑦0), (𝑧0, 𝑡0))]

+ 𝑃2[𝑓((𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2), (𝑧0 + 𝑧1 + 𝑧2, 𝑡0 + 𝑡1 + 𝑡2))

− 𝑓((𝑥0 + 𝑥1, 𝑦0 + 𝑦1), (𝑧0 + 𝑧1, 𝑡0 + 𝑡1))]

= 𝑥0𝑧0 + 𝑦0𝑡0

+ 𝑃1[(𝑥0 + 𝑥1)(𝑧0 + 𝑧1) + (𝑦0 + 𝑦1)(𝑡0 + 𝑡1) − 𝑥0𝑧0 − 𝑦0𝑡0]

+ 𝑃2[(𝑥0 + 𝑥1 + 𝑥2)(𝑧0 + 𝑧1 + 𝑧2) + (𝑦0 + 𝑦1 + 𝑦2)(𝑡0 + 𝑡1 + 𝑡2)

− (𝑥0 + 𝑥1)(𝑧0 + 𝑧1) − (𝑦0 + 𝑦1)(𝑡0 + 𝑡1)] 

For example: 

Consider 𝑋 = (1,1) + (1,2)𝑃1 + (0,1)𝑃2, 𝑌 = (1,0) + (−1,0)𝑃1 + (1,1)𝑃2, we have: 

{

(𝑥0, 𝑦0) = (1,1), (𝑧0, 𝑡0) = (1,0)

(𝑥0 + 𝑥1, 𝑦0 + 𝑦1) = (2,3), (𝑧0 + 𝑧1, 𝑡0 + 𝑡1) = (0,0)

(𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2) = (2,4), (𝑧0 + 𝑧1 + 𝑧2, 𝑡0 + 𝑡1 + 𝑡2) = (1,1)
 

And: 
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{

𝑓((𝑥0, 𝑦0), (𝑧0, 𝑡0)) = 1

𝑓((𝑥0 + 𝑥1, 𝑦0 + 𝑦1), (𝑧0 + 𝑧1, 𝑡0 + 𝑡1)) = 0

𝑓((𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2), (𝑧0 + 𝑧1 + 𝑧2, 𝑡0 + 𝑡1 + 𝑡2)) = 6

 

This implies that: 

𝜑(𝑋, 𝑌) = 1 + 𝑃1[0 − 1] + 𝑃2[6 − 0] = 1 − 𝑃1 + 6𝑃2 

Remark. 

The norm of 𝑤 = 𝑤0 + 𝑤1𝑃1 + 𝑤2𝑃2 is defined with respect to 𝜑 as follows: 

‖𝑤‖ = √𝜑(𝑤,𝑤) = ‖𝑤0‖ + 𝑃1[‖𝑤0 + 𝑤1‖ − ‖𝑤0‖] + 𝑃2[‖𝑤0 + 𝑤1 + 𝑤2‖ −

‖𝑤0 +𝑤1‖]. 

In the previous example, we can see: 

‖𝑋‖ = ‖(1,1)‖ + 𝑃1[‖(2,3)‖ − ‖(1,1)‖] + 𝑃2[‖(2,4)‖ − ‖(2,3)‖] = √2 + 𝑃1[√13 −

√2] + 𝑃2[√20 − √13]. 

Theorem. 

Let 𝜑 be a symbolic 2-plithogenic inner product on 2 − 𝑆𝑃𝑉, then: 

1). ‖𝑤‖ ≥ 0;𝑤 ∈ 2 − 𝑆𝑃𝑉 

2). ‖𝑎.𝑤‖ = |𝑎|. ‖𝑤‖; 𝑎 ∈ 2 − 𝑆𝑃𝑅 

3). ‖𝑤 + 𝑛‖ ≤ ‖𝑤‖ + ‖𝑛‖; 𝑛 ∈ 2 − 𝑆𝑃𝑉 

4). |𝜑(𝑤, 𝑛)| ≤ ‖𝑤‖. ‖𝑛‖ 

5). 𝑤 ⊥ 𝑛 if and only if 𝑤0 ⊥ 𝑛0, 𝑤0 + 𝑤1 ⊥ 𝑛0 + 𝑛1, 𝑤0 + 𝑤1 + 𝑤2 ⊥ 𝑛0 + 𝑛1 + 𝑛2 

6). If 𝑤 ⊥ 𝑛, then ‖𝑤 + 𝑛‖2 = ‖𝑤‖2 + ‖𝑛‖2 

Proof. 

1). It holds directly from the definition of norm, and from the partial order relation 

defined on 2 − 𝑆𝑃𝑅. 

2). Let 𝑎 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ∈ 2 − 𝑆𝑃𝑅 , 𝑤 = 𝑤0 +𝑤1𝑃1 + 𝑤2𝑃2 ∈ 2 − 𝑆𝑃𝑉, we have: 

‖𝑎.𝑤‖2 = 𝜑(𝑎.𝑤, 𝑎. 𝑤) = 𝑎2𝜑(𝑤, 𝑤), thus ‖𝑎.𝑤‖ = |𝑎|. ‖𝑤‖. 

3). ‖𝑤 + 𝑛‖ = ‖𝑤0 + 𝑛0‖ + 𝑃1[‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖ − ‖𝑤0 + 𝑛0‖] + 𝑃2[‖𝑤0 + 𝑤1 +

𝑤2 + 𝑛0 + 𝑛1 + 𝑛2‖ − ‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖], we have: 

{

‖𝑤0 + 𝑛0‖ ≤ ‖𝑤0‖ + ‖𝑛0‖

‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖ ≤ ‖𝑤0 + 𝑤1‖ + ‖𝑛0 + 𝑛1‖

‖𝑤0 + 𝑤1 + 𝑤2 + 𝑛0 + 𝑛1 + 𝑛2‖ ≤ ‖𝑤0 + 𝑤1 + 𝑤2‖ + ‖𝑛0 + 𝑛1 + 𝑛2‖
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So that: 

‖𝑤 + 𝑛‖ ≤ ‖𝑤0‖ + ‖𝑛0‖ + 𝑃1[‖𝑤0 + 𝑤1‖ + ‖𝑛0 + 𝑛1‖ − ‖𝑤0‖ − ‖𝑛0‖] + 𝑃2[‖𝑤0 +

𝑤1 +𝑤2‖ + ‖𝑛0 + 𝑛1 + 𝑛2‖ − ‖𝑤0 + 𝑤1‖ − ‖𝑛0 + 𝑛1‖] ≤ ‖𝑤‖ + ‖𝑛‖. 

4). We have: 

|𝜑(𝑤, 𝑛)| = |𝜑(𝑤0, 𝑛0)| + 𝑃1[|𝜑(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)| − |𝜑(𝑤0, 𝑛0)|] + 𝑃2[|𝜑(𝑤0 + 𝑤1 +

𝑤2, 𝑛0 + 𝑛1 + 𝑛2)| − |𝜑(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)|]. 

According to Cauchy-Shwartz inequality, we can write: 

{

|𝑓(𝑤0, 𝑛0)| ≤ ‖𝑤0‖ + ‖𝑛0‖

|𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)| ≤ ‖𝑤0 + 𝑤1‖ + ‖𝑛0 + 𝑛1‖

|𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)| ≤ ‖𝑤0 + 𝑤1 + 𝑤2‖ + ‖𝑛0 + 𝑛1 + 𝑛2‖
 

So that,  

|𝜑(𝑤, 𝑛)| ≤ ‖𝑤0‖. ‖𝑛0‖ + 𝑃1[‖𝑤0 + 𝑤1‖. ‖𝑛0 + 𝑛1‖ − ‖𝑤0‖. ‖𝑛0‖]

+ 𝑃2[‖𝑤0 + 𝑤1 + 𝑤2‖. ‖𝑛0 + 𝑛1 + 𝑛2‖ − ‖𝑤0 + 𝑤1‖. ‖𝑛0 + 𝑛1‖]

= ‖𝑤‖. ‖𝑛‖ 

5). 𝑤 ⊥ 𝑛 if and only if 𝜑(𝑤, 𝑛) = 0, which is equivalent to: 

{

𝑓(𝑤0, 𝑛0) = 0 ⟹ 𝑤0 ⊥ 𝑛0
𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) ⟹ 𝑤0 + 𝑤1 ⊥ 𝑛0 + 𝑛1

𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2) ⟹ 𝑤0 + 𝑤1 + 𝑤2 ⊥ 𝑛0 + 𝑛1 + 𝑛2

 

6). Assume that 𝑤 ⊥ 𝑛 , then ‖𝑤 + 𝑛‖2 = 𝜑(𝑤 + 𝑛,𝑤 + 𝑛) = 𝜑(𝑤,𝑤) + 𝜑(𝑛, 𝑛) +

2𝜑(𝑤, 𝑛) = ‖𝑤‖2 + ‖𝑛‖2. 

Example. 

Consider the Euclidean real inner symbolic 2-plithogenic product defined 

previously on 2 − 𝑆𝑃𝑅, we have: 

𝑤 = (1,0) + (0,1)𝑃1, 𝑢 = 𝑤 = (2,2) + (1,3)𝑃1 − (1,1)𝑃2, 𝑠 = (0,1) + (1,−2)𝑃1, we can 

see: 

𝜑(𝑤, 𝑠) = 0, ‖𝑤‖ = 1 + (√2 − 1)𝑃1, ‖𝑠‖ = 1 + (√2 − 1)𝑃1, 𝑤 + 𝑠 = (1,1) + (1,−1)𝑃1 

‖𝑤 + 𝑠‖2 = 2 + 2𝑃1 = ‖𝑤‖2 + ‖𝑠‖2 

𝜑(𝑤, 𝑢) = 2 + (8 − 2)𝑃1 + (6 − 8)𝑃2 = 2 + 6𝑃1 − 2𝑃2 

|𝜑(𝑤, 𝑢)| = |2| + [|8| − |2|]𝑃1 + [|6| − |8|]𝑃2 = 2 + 6𝑃1 − 2𝑃2 

‖𝑢‖ = √8 + (√34 − √8)𝑃1 + (√20 − √34)𝑃2 
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‖𝑤‖. ‖𝑢‖ = 2√8 + (2√34 − 2√8 + 4√8 + 2√34 − 2√8)𝑃1

+ (2√20 − 2√34 + 2√20 − 2√34)𝑃2

= 2√8 + 4√34𝑃1 + (4√20 − 4√34)𝑃2 

We have 2 ≤ 2√8, 2 + 6 = 8 ≤ 2√8 + 4√34, 2 + 6 − 2 = 8 ≤ 2√8 + 4√34 + 4√20 −

4√34 = 2√8 + 4√20 

Hence |𝜑(𝑤, 𝑢)| ≤ ‖𝑤‖. ‖𝑢‖. 

Symbolic 2-plithogenic orthogonal basis. 

Let 𝑁 = {𝑉1, … , 𝑉𝑛} be a basis of symbolic 2-plithogenic vector space 2 − 𝑆𝑃𝑉, where 

𝑛 is the number of elements in the basis of 𝑉. 

We say that 𝑁 is the orthogonal if and only if: 

𝜑(𝑉𝑖, 𝑉𝑗) = 0; 𝑖 ≠ 𝑗, 1 ≤ 𝑖, 𝑗 ≤ 3𝑛 

It is called ortho-normed if and only if: 

{
𝜑(𝑉𝑖, 𝑉𝑗) = 0

𝜑(𝑉𝑖, 𝑉𝑖) = 1
; 𝑖 ≠ 𝑗, 1 ≤ 𝑖, 𝑗 ≤ 3𝑛 

We will answer the following question: 

How can we build a symbolic 2-plithogenic ortho-normed basis of 2 − 𝑆𝑃𝑉? 

Theorem. 

Let ∆= {𝑞1, 𝑞2, . . , 𝑞𝑛}  be an ortho-normed basis of 𝑉  with respect to the inner 

product 𝑓: 𝑉 × 𝑉 → 𝑅. 

The set ∆𝑃= {𝑚𝑖 + (𝑛𝑗 −𝑚𝑖)𝑃1 + (𝑠𝑘 − 𝑛𝑗)𝑃2; 𝑚𝑖 , 𝑛𝑗 , 𝑠𝑘 ∈ ∆,1 ≤ 𝑖, 𝑗, 𝑘 ≤ 𝑛}  is an 

ortho-normed basis of 2 − 𝑆𝑃𝑉. 

Proof. 

According to [4], the set ∆𝑃 is a basis of 2 − 𝑆𝑃𝑉. 

Let 

𝑀1 = 𝑚𝑖 + (𝑛𝑗 −𝑚𝑖)𝑃1 + (𝑠𝑘 − 𝑛𝑗)𝑃2 ∈ ∆,𝑀2 = 𝑚́𝑖 + (𝑛́𝑗 − 𝑚́𝑖)𝑃1 + (𝑠́𝑘 − 𝑛́𝑗)𝑃2 ∈ ∆, 

we have: 

𝜑(𝑀1, 𝑀2) = 𝑓(𝑚𝑖, 𝑚́𝑖) + 𝑃1[𝑓(𝑛𝑗 , 𝑛́𝑗) − 𝑓(𝑚𝑖, 𝑚́𝑖)] + 𝑃2[𝑓(𝑠𝑘, 𝑠́𝑘) − 𝑓(𝑛𝑗 , 𝑛́𝑗)] = 0 , 

thus 𝑀1 ⊥ 𝑀2. 

On the other hand, 
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‖𝑀1‖ = ‖𝑚𝑖‖ + 𝑃1[‖𝑛𝑗‖ − ‖𝑚𝑖‖] + 𝑃2[‖𝑠𝑘‖ − ‖𝑛𝑗‖] = 1 + (1 − 1)𝑃1 + (1 − 1)𝑃2 = 1 , 

so that ∆𝑃 is ortho-normed basis. 

Example. 

Let 𝑉 = 𝑅3 be the Euclidean with three dimensions. 

Consider 2 − 𝑆𝑃𝑉 = {(𝑥0, 𝑦0, 𝑧0) + (𝑥1, 𝑦1, 𝑧1)𝑃1 + (𝑥2, 𝑦2, 𝑧2)𝑃2; 𝑥𝑖 , 𝑦𝑖, 𝑧𝑖 ∈ 𝑅}  be the 

corresponding symbolic 2-plithogenic vector space. 

It is known that ∆= {𝑞1 = (1,0,0), 𝑞2 = (0,1,0), 𝑞3 = (0,0,1)} is an ortho-normed of 

𝑉 = 𝑅3. 

The corresponding ortho-normed basis of 2 − 𝑆𝑃𝑉 is: 

𝑀1 = 𝑞1 = (1,0,0) 

𝑀2 = 𝑞1 + (𝑞1 − 𝑞1)𝑃1 + (𝑞2 − 𝑞1)𝑃2 = (1,0,0) + (−1,1,0)𝑃2 

𝑀3 = 𝑞1 + (𝑞2 − 𝑞1)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (1,0,0) + (−1,1,0)𝑃1 + (1,1,0)𝑃2 

𝑀4 = 𝑞1 + (𝑞2 − 𝑞1)𝑃1 + (𝑞2 − 𝑞2)𝑃2 = (1,0,0) + (−1,1,0)𝑃1 

𝑀5 = 𝑞1 + (𝑞3 − 𝑞1)𝑃1 + (𝑞3 − 𝑞3)𝑃2 = (−1,0,0) + (−1,0,1)𝑃1 

𝑀6 = 𝑞1 + (𝑞3 − 𝑞1)𝑃1 + (𝑞1 − 𝑞3)𝑃2 = (1,0,0) + (−1,0,1)𝑃1 + (1,0, −1)𝑃2 

𝑀7 = 𝑞1 + (𝑞3 − 𝑞1)𝑃1 + (𝑞2 − 𝑞3)𝑃2 = (1,0,0) + (−1,0,1)𝑃1 + (0,1, −1)𝑃2 

𝑀8 = 𝑞1 + (𝑞1 − 𝑞1)𝑃1 + (𝑞3 − 𝑞1)𝑃2 = (1,0,0) + (−1,0,1)𝑃2 

𝑀9 = 𝑞1 + (𝑞2 − 𝑞1)𝑃1 + (𝑞3 − 𝑞2)𝑃2 = (1,0,0) + (−1,1,0)𝑃1 + (0,−1,1)𝑃2 

𝑀10 = 𝑞2 = (0,1,0) 

𝑀11 = 𝑞2 + (𝑞1 − 𝑞2)𝑃1 + (𝑞1 − 𝑞1)𝑃2 = (0,1,0) + (1,−1,0)𝑃1 

𝑀12 = 𝑞2 + (𝑞1 − 𝑞2)𝑃1 + (𝑞2 − 𝑞1)𝑃2 = (0,1,0) + (1,−1,0)𝑃1 + (−1,1,0)𝑃2 

𝑀13 = 𝑞2 + (𝑞1 − 𝑞2)𝑃1 + (𝑞3 − 𝑞1)𝑃2 = (0,1,0) + (1,−1,0)𝑃1 + (−1,0,1)𝑃2 

𝑀14 = 𝑞2 + (𝑞2 − 𝑞2)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (0,1,0)𝑃1 + (1,−1,0)𝑃2 

𝑀15 = 𝑞2 + (𝑞2 − 𝑞2)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (0,1,0) + (0,−1,1)𝑃2 

𝑀16 = 𝑞2 + (𝑞3 − 𝑞2)𝑃1 + (𝑞1 − 𝑞3)𝑃2 = (0,1,0) + (0,−1,1)𝑃1 + (1,0, −1)𝑃2 

𝑀17 = 𝑞2 + (𝑞3 − 𝑞2)𝑃1 + (𝑞2 − 𝑞3)𝑃2 = (0,1,0) + (0,−1,1)𝑃1 + (0,1, −1)𝑃2 

𝑀18 = 𝑞2 + (𝑞3 − 𝑞2)𝑃1 + (𝑞3 − 𝑞3)𝑃2 = (0,1,0) + (0,−1,1)𝑃1 

𝑀19 = 𝑞3 = (0,0,1) 

𝑀20 = 𝑞3 + (𝑞1 − 𝑞3)𝑃1 + (𝑞1 − 𝑞1)𝑃2 = (0,0,1) + (1,0, −1)𝑃1 

𝑀21 = 𝑞3 + (𝑞1 − 𝑞3)𝑃1 + (𝑞2 − 𝑞1)𝑃2 = (0,0,1) + (1,0, −1)𝑃1 + (−1,1,0)𝑃2 

𝑀22 = 𝑞3 + (𝑞1 − 𝑞3)𝑃1 + (𝑞3 − 𝑞1)𝑃2 = (0,0,1) + (1,0, −1)𝑃1 + (−1,0,1)𝑃2 
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𝑀23 = 𝑞3 + (𝑞2 − 𝑞3)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (0,0,1) + (0,1, −1)𝑃1 + (1,−1,0)𝑃2 

𝑀24 = 𝑞3 + (𝑞2 − 𝑞3)𝑃1 + (𝑞2 − 𝑞2)𝑃2 = (0,0,1) + (0,1,−1)𝑃1 

𝑀25 = 𝑞3 + (𝑞2 − 𝑞3)𝑃1 + (𝑞3 − 𝑞2)𝑃2 = (0,0,1) + (0,1,−1)𝑃1 + (0,−1,1)𝑃2 

𝑀26 = 𝑞3 + (𝑞3 − 𝑞3)𝑃1 + (𝑞1 − 𝑞3)𝑃2 = (0,0,1) + (1,0, −1)𝑃2 

𝑀27 = 𝑞3 + (𝑞3 − 𝑞3)𝑃1 + (𝑞2 − 𝑞3)𝑃2 = (0,0,1) + (0,1,−1)𝑃2 

Example. 

Consider the ortho-normed basis of 𝑉 = 𝑅2, ∆= {𝑞1 = (1,0), 𝑞2 = (0,1)}. 

We find the corresponding ortho-normed symbolic 2-plithogenic basis of 2 − 𝑆𝑃𝑉. 

𝑀1 = 𝑞1 + (𝑞1 − 𝑞1)𝑃1 + (𝑞1 − 𝑞1)𝑃2 = (1,0) 

𝑀2 = 𝑞1 + (𝑞1 − 𝑞1)𝑃1 + (𝑞2 − 𝑞1)𝑃2 = (1,0) + (−1,1)𝑃2 

𝑀3 = 𝑞1 + (𝑞2 − 𝑞1)𝑃1 + (𝑞2 − 𝑞2)𝑃2 = (1,0) + (−1,1)𝑃1 

𝑀4 = 𝑞1 + (𝑞2 − 𝑞1)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (1,0) + (−1,1)𝑃1 + (1,−1)𝑃2 

𝑀5 = 𝑞2 + (𝑞2 − 𝑞2)𝑃1 + (𝑞2 − 𝑞2)𝑃2 = (0,1) 

𝑀6 = 𝑞2 + (𝑞2 − 𝑞2)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (0,1) + (1, −1)𝑃2 

𝑀7 = 𝑞2 + (𝑞1 − 𝑞2)𝑃1 + (𝑞1 − 𝑞1)𝑃2 = (0,1) + (1,−1)𝑃1 

𝑀8 = 𝑞2 + (𝑞1 − 𝑞2)𝑃1 + (𝑞2 − 𝑞1)𝑃2 = (0,1) + (1,−1)𝑃1 + (−1,1)𝑃2 

Remark. 

Let 𝑆 = {𝑉1, … , 𝑉3𝑛}  be the ortho-normed basis of 2 − 𝑆𝑃𝑉 , let 𝑋 = 𝑋0 + 𝑋1𝑃1 +

𝑋2𝑃2 ∈ 2 − 𝑆𝑃𝑉, then: 

𝑋 = 𝐴1𝑉1 + 𝐴2𝑉2 +⋯+ 𝐴3𝑛𝑉3𝑛, we can write: 

𝜑(𝑋, 𝑉1) = 𝐴1𝜑(𝑉1, 𝑉1) + 𝐴2𝜑(𝑉2, 𝑉2) + ⋯+ 𝐴3𝑛𝜑(𝑉3𝑛, 𝑉3𝑛) = 𝐴𝑖‖𝑉𝑖‖
2, thus: 

𝐴1 =
𝜑(𝑋,𝑉1)

‖𝑉1‖2
= 𝜑(𝑋, 𝑉1), 𝐴2 = 𝜑(𝑋, 𝑉2),… . 

And so on: 

So that, we get the following result: 

𝑋 = 𝜑(𝑋, 𝑉1)𝑉1 + 𝜑(𝑋, 𝑉2)𝑉2 +⋯+ 𝜑(𝑋, 𝑉3𝑛)𝑉3𝑛 = ∑ 𝜑(𝑋, 𝑉𝑖)𝑉𝑖
3𝑛
𝑖=1 . 

Symbolic 3-plithogenic inner product 

Definition:  

Let 𝑉 be a vector space over the field 𝑅. 
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Let 3 − 𝑆𝑃𝑅 = {𝑙0 + 𝑙1𝑃1 + 𝑙2𝑃2 + 𝑙3𝑃3; 𝑙𝑖 ∈ 𝑅}  be the corresponding symbolic 

3-plithogenic field, 3 − 𝑆𝑃𝑉 = {𝑞0 + 𝑞1𝑃1 + 𝑞2𝑃2 + 𝑞3𝑃3; 𝑞𝑖 ∈ 𝑉}  the corresponding 

symbolic 3-plithogenic vector space, then: 

𝜑: 3 − 𝑆𝑃𝑉 × 3 − 𝑆𝑃𝑉 → 3 − 𝑆𝑃𝑅 is called a symbolic 3-plithogenic real inner product 

if and only if: 

1). 𝜑(𝑤, 𝑛) = 𝜑(𝑛, 𝑤) for all 𝑛,𝑤 ∈ 3 − 𝑆𝑃𝑉. 

2). 𝜑(𝑤,𝑤) ≥ 0  for all 𝑤 ∈ 3 − 𝑆𝑃𝑉  (with respect to the corresponding partial 

order relation defined on 3 − 𝑆𝑃𝑅). 

3). 𝜑(𝑢 + 𝑣,𝑤) = 𝜑(𝑢,𝑤) + 𝜑(𝑣,𝑤). 

4). 𝜑(𝑎. 𝑤, 𝑣) = 𝑎𝜑(𝑤, 𝑣); 𝑤, 𝑣 ∈ 2 − 𝑆𝑃𝑉 , 𝑎 ∈ 3 − 𝑆𝑃𝑅. 

Theorem. 

If there exists a classical inner product 𝑓: 𝑉 × 𝑉 → 𝑅 such that: 

For 𝑤 = 𝑤0 + 𝑤1𝑃1 + 𝑤2𝑃2 + 𝑤3𝑃3, 𝑛 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3 ∈ 3 − 𝑆𝑃𝑉 , we 

define: 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)] + 𝑃3[𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3) −

𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)]. 

Then,  𝜑: 3 − 𝑆𝑃𝑉 × 3 − 𝑆𝑃𝑉 → 3 − 𝑆𝑃𝑅  is a symbolic 3-plithogenic real inner 

product.  

Proof. 

Assume that 𝑓: 𝑉 × 𝑉 → 𝑅 is a real inner product defined on 𝑉. 

We put 𝜑: 3 − 𝑆𝑃𝑉 × 3 − 𝑆𝑃𝑉 → 3− 𝑆𝑃𝑅, where: 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)] + 𝑃3[𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3) −

𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)]. 

We must prove that 𝜑 is a symbolic 2-plithogenic real inner product on 3 − 𝑆𝑃𝑉. 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)] + 𝑃3[𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3) −

𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)] = 𝑓(𝑛0, 𝑤0) + 𝑃1[𝑓(𝑛0 + 𝑛1, 𝑤0 + 𝑤1) − 𝑓(𝑛0, 𝑤0)] +
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𝑃2[𝑓(𝑛0 + 𝑛1 + 𝑛2, 𝑤0 +𝑤1 + 𝑤2) − 𝑓(𝑛0 + 𝑛1, 𝑤0 + 𝑤1)] + 𝑃3[𝑓(𝑛0 + 𝑛1 + 𝑛2 +

𝑛3, 𝑤0 + 𝑤1 + 𝑤2 + 𝑤3) − 𝑓(𝑛0 + 𝑛1 + 𝑛2, 𝑤0 + 𝑤1 + 𝑤2)] = 𝜑(𝑛,𝑤). 

𝜑(𝑤,𝑤) = 𝑓(𝑤0, 𝑤0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑤0 +𝑤1) − 𝑓(𝑤0, 𝑤0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 +

𝑤2, 𝑤0 + 𝑤1 + 𝑤2) − 𝑓(𝑤0 + 𝑤1, 𝑤0 + 𝑤1)] + 𝑃3[𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑤0 + 𝑤1 +

𝑤2 +𝑤3) − 𝑓(𝑤0 +𝑤1 + 𝑤2, 𝑤0 + 𝑤1 + 𝑤2)] = ‖𝑤0‖
2 + 𝑃1[‖𝑤0 +𝑤1‖

2 − ‖𝑤0‖
2] +

𝑃2[‖𝑤0 + 𝑤1 + 𝑤2‖
2 − ‖𝑤0 + 𝑤1‖

2] + 𝑃3[‖𝑤0 + 𝑤1 + 𝑤2 + 𝑤3‖
2 − ‖𝑤0 + 𝑤1 + 𝑤2‖

2]. 

And that is because: 

{
 
 

 
 ‖𝑤0‖

2 ≥ 0

‖𝑤0‖
2 + [‖𝑤0 + 𝑤1‖

2 − ‖𝑤0‖
2] = ‖𝑤0 + 𝑤1‖

2 ≥ 0

‖𝑤0‖
2 + [‖𝑤0 + 𝑤1‖

2 − ‖𝑤0‖
2] + [‖𝑤0 + 𝑤1 + 𝑤2‖

2 − ‖𝑤0 + 𝑤1‖
2] = ‖𝑤0 + 𝑤1 + 𝑤2‖

2 ≥ 0

‖𝑤0 + 𝑤1 + 𝑤2 +𝑤3‖
2 ≥ 0

 

 

Now, we let 𝑢 = 𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2 + 𝑢3𝑃3 ∈ 3 − 𝑆𝑃𝑉, we have: 

𝜑(𝑢 + 𝑤, 𝑛) = 𝜑(𝑢, 𝑛) + 𝜑(𝑤, 𝑛) 

Let 𝑎 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3 ∈ 3 − 𝑆𝑃𝑅, then: 

𝜑(𝑎.𝑤, 𝑛) = 𝑎. 𝜑(𝑤, 𝑛). 

So that, 𝜑 is a symbolic 3-plithogenic inner product. 

Remark. 

The norm of 𝑤 = 𝑤0 + 𝑤1𝑃1 + 𝑤2𝑃2 + 𝑤3𝑃3 is defined with respect to 𝜑 as follows: 

‖𝑤‖ = √𝜑(𝑤,𝑤) = ‖𝑤0‖ + 𝑃1[‖𝑤0 + 𝑤1‖ − ‖𝑤0‖] + 𝑃2[‖𝑤0 + 𝑤1 + 𝑤2‖ −

‖𝑤0 +𝑤1‖]+𝑃3[‖𝑤0 + 𝑤1 + 𝑤2 + 𝑤3‖ − ‖𝑤0 + 𝑤1 + 𝑤2‖]. 

Theorem. 

Let 𝜑 be a symbolic 3-plithogenic inner product on 3 − 𝑆𝑃𝑉, then: 

1). ‖𝑤‖ ≥ 0;𝑤 ∈ 3 − 𝑆𝑃𝑉 

2). ‖𝑎.𝑤‖ = |𝑎|. ‖𝑤‖; 𝑎 ∈ 3 − 𝑆𝑃𝑅 

3). ‖𝑤 + 𝑛‖ ≤ ‖𝑤‖ + ‖𝑛‖; 𝑛 ∈ 3 − 𝑆𝑃𝑉 

4). |𝜑(𝑤, 𝑛)| ≤ ‖𝑤‖. ‖𝑛‖ 

5). 𝑤 ⊥ 𝑛  if and only if 𝑤0 ⊥ 𝑛0, 𝑤0 + 𝑤1 ⊥ 𝑛0 + 𝑛1, 𝑤0 + 𝑤1 + 𝑤2 ⊥ 𝑛0 + 𝑛1 +

𝑛2, 𝑤0 + 𝑤1 + 𝑤2 + 𝑤3 ⊥ 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3 

6). If 𝑤 ⊥ 𝑛, then ‖𝑤 + 𝑛‖2 = ‖𝑤‖2 + ‖𝑛‖2 
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Proof. 

1). It holds directly from the definition of norm, and from the partial order relation 

defined on 3 − 𝑆𝑃𝑅. 

2). Let 𝑎 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3 ∈ 3 − 𝑆𝑃𝑅 , 𝑤 = 𝑤0 + 𝑤1𝑃1 + 𝑤2𝑃2 + 𝑤3𝑃3 ∈ 3 −

𝑆𝑃𝑉, we have: 

‖𝑎.𝑤‖2 = 𝜑(𝑎.𝑤, 𝑎. 𝑤) = 𝑎2𝜑(𝑤, 𝑤), thus ‖𝑎.𝑤‖ = |𝑎|. ‖𝑤‖. 

3). ‖𝑤 + 𝑛‖ = ‖𝑤0 + 𝑛0‖ + 𝑃1[‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖ − ‖𝑤0 + 𝑛0‖] + 𝑃2[‖𝑤0 + 𝑤1 +

𝑤2 + 𝑛0 + 𝑛1 + 𝑛2‖ − ‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖] + 𝑃3[‖𝑤0 + 𝑤1 +𝑤2 + 𝑤3 + 𝑛0 + 𝑛1 +

𝑛2 + 𝑛3‖ − ‖𝑤0 + 𝑤1 + 𝑤2 + 𝑛0 + 𝑛1 + 𝑛2‖], we have: 

{
 

 
‖𝑤0 + 𝑛0‖ ≤ ‖𝑤0‖ + ‖𝑛0‖

‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖ ≤ ‖𝑤0 + 𝑤1‖ + ‖𝑛0 + 𝑛1‖

‖𝑤0 + 𝑤1 + 𝑤2 + 𝑛0 + 𝑛1 + 𝑛2‖ ≤ ‖𝑤0 + 𝑤1 + 𝑤2‖ + ‖𝑛0 + 𝑛1 + 𝑛2‖

‖𝑤0 + 𝑤1 + 𝑤2 + 𝑤3 + 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3‖ ≤ ‖𝑤0 + 𝑤1 + 𝑤2 + 𝑤3‖ + ‖𝑛0 + 𝑛1 + 𝑛2 + 𝑛3‖

 

So that: 

‖𝑤 + 𝑛‖ ≤ ‖𝑤‖ + ‖𝑛‖. 

4). We have: 

|𝜑(𝑤, 𝑛)| = |𝜑(𝑤0, 𝑛0)| + 𝑃1[|𝜑(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)| − |𝜑(𝑤0, 𝑛0)|] + 𝑃2[|𝜑(𝑤0 + 𝑤1 +

𝑤2, 𝑛0 + 𝑛1 + 𝑛2)| − |𝜑(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)|] + 𝑃3[|𝜑(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 +

𝑛2 + 𝑛3)| − |𝜑(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)|]. 

According to Cauchy-Shwartz inequality, we can write: 

{
 

 
|𝑓(𝑤0, 𝑛0)| ≤ ‖𝑤0‖ + ‖𝑛0‖

|𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)| ≤ ‖𝑤0 + 𝑤1‖ + ‖𝑛0 + 𝑛1‖

|𝑓(𝑤0 + 𝑤1 +𝑤2, 𝑛0 + 𝑛1 + 𝑛2)| ≤ ‖𝑤0 + 𝑤1 + 𝑤2‖ + ‖𝑛0 + 𝑛1 + 𝑛2‖

|𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3)| ≤ ‖𝑤0 + 𝑤1 + 𝑤2 + 𝑤3‖ + ‖𝑛0 + 𝑛1 + 𝑛2 + 𝑛3‖

 

So that,  

|𝜑(𝑤, 𝑛)| ≤ ‖𝑤‖. ‖𝑛‖ 

5). 𝑤 ⊥ 𝑛 if and only if 𝜑(𝑤, 𝑛) = 0, which is equivalent to: 

{
 

 
𝑓(𝑤0, 𝑛0) = 0 ⟹ 𝑤0 ⊥ 𝑛0

𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) ⟹ 𝑤0 + 𝑤1 ⊥ 𝑛0 + 𝑛1
𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2) ⟹ 𝑤0 + 𝑤1 + 𝑤2 ⊥ 𝑛0 + 𝑛1 + 𝑛2

𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3) ⟹ 𝑤0 + 𝑤1 + 𝑤2 + 𝑤3 ⊥ 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3

 

6). Assume that 𝑤 ⊥ 𝑛 , then ‖𝑤 + 𝑛‖2 = 𝜑(𝑤 + 𝑛,𝑤 + 𝑛) = 𝜑(𝑤,𝑤) + 𝜑(𝑛, 𝑛) +

2𝜑(𝑤, 𝑛) = ‖𝑤‖2 + ‖𝑛‖2. 
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Conclusion 

In This paper we have studied the real inner product defined over symbolic 

2-plithogenic vector spaces, where we discussed the concept of inner (scalar) 

products over the symbolic 2-plithogenic vector spaces by using the corresponding 

Euclidean scalar products to get theorems that describe the conditions of 

orthogonality in this class of spaces. Also, we illustrated many examples to explain 

the ortho-normed symbolic 2-plithogenic spaces. 
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Abstract: In this work we present for the first time the concept of literal 

neutrosophic markov chains and literal plithogenic markov chains. Also, we 

presented many theorems related to the properties of transition matrix. In literal 

neutrosophic markov chains we proved that a neutrosophic matrix 𝑀 = 𝐴 + 𝐵𝐼 is 

a transition matrix if and only if 𝐴 is a classical transition matrix and 𝐴 + 𝐵 is a 

classical transition matrix. We also proved that multiplication of two neutrosophic 

transition matrices is again a neutrosophic transition matrix and that the power of 

a neutrosophic transition matrix is a neutrosophic transition matrix. Finally, we 

proved that the (𝑛) step neutrosophic transition matrix is equivalent to raising the 

main neutrosophic transition matrix to the power n. In literal plithogenic markov 

chains which is a generalization of the previous case we proved that 𝑀 = 𝐴 +

𝐵𝑃1 + 𝐶𝑃2 is a plithogenic transition matrix if and only if all of the matrices 𝐴, 𝐴 +

𝐵, 𝐴 + 𝐵 + 𝐶  are transition matrices in classical concept. We also proved that 

multiplication of two plithogenic transition matrices is a plithogenic transition 

matrix and that raising a plithogenic transition matrix to a power r will produce a 

new plithogenic transition matrix. Also, as in neutrosophic case, the (𝑛)  step 

plithogenic transition matrix is equivalent to the main plithogenic matrix raised to 
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the power n. Theorems were provided with suitable solved examples and 

problems. 

Keywords: Neutrosophic; Plithogenic; Markov Chains; Transition Matrix; 

Chapman-Kolmogorov. 

 

 

1. Introduction 

In the realm of stochastic processes and probability theory, Markov chains stand as 

a foundational model for understanding the dynamics of sequential events. These 

chains provide a powerful framework for analyzing various systems, ranging from 

biological processes to financial markets. However, traditional Markov chains often 

struggle to capture the inherent uncertainties and ambiguities present in many real-

world scenarios. [1]–[5] 

This paper delves into the intriguing fusion of two distinct conceptual frameworks, 

namely plithogenic and neutrosophic, with the well-established Markov chain 

theory. Plithogenic and neutrosophic concepts extend the conventional notions of 

truth and falsity to encompass the realm of partial truth and indeterminacy, 

respectively.[6]–[21] This unique blend of theories offers a promising avenue to 

model complex systems where inherent vagueness and uncertainty play a 

significant role. 

 

Throughout this paper, we aim to elucidate the theoretical foundations of 

plithogenic and neutrosophic Markov chains, shedding light on their mathematical 

underpinnings and conceptual implications. We will explore how these novel 

extensions can be seamlessly integrated into traditional Markov chain models which 
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have many practical applications across diverse domains such as decision-making, 

risk assessment, and artificial intelligence. 

By merging the realms of classical Markov chains, plithogenic reasoning, and 

neutrosophic logic, this paper strives to contribute to the advancement of 

probabilistic modeling in situations where uncertainty and ambiguity are central. 

Through comprehensive exploration and illustrative examples, we endeavor to 

demonstrate the utility and significance of these novel frameworks in tackling the 

intricacies of real-world systems. In doing so, we aim to provide researchers and 

practitioners with a deeper understanding of the capabilities and limitations of 

plithogenic and neutrosophic Markov chains, paving the way for more nuanced and 

accurate modeling in complex and uncertain scenarios.  

This work can be considered as a complement to previous works in probability 

theory and stochastic processes built under symbolic neutrosophic structures and 

can be also considered as an introduction to related fields such as queueing theory, 

reliability theory, dynamic systems, etc.[11], [17], [22]–[41] 

 

2. Preliminaries  

Definition 2.1 

Let 𝑹(𝑰) = {𝒂 + 𝒃𝑰; 𝑰𝟐 = 𝑰}, we call 𝐑(𝐈) the neutrosophic field of reals.  

Definition 2.2 

Let 𝑅(𝐼)  be the neutrosophic field of reals, and let 𝑎𝑁 = 𝑎1 + 𝑎2𝐼, 𝑏𝑁 = 𝑏1 +

b2𝐼 ∈ 𝑅(𝐼). We can say that 𝑎𝑁 ≥𝑁 𝑏𝑁 if: 𝑎1 ≥ 𝑏1 𝑎𝑛𝑑  𝑎1 + 𝑎2 ≥ 𝑏1 + 𝑏2  

Definition 2.3 

One-dimensional isometry between R(I) and R×R and its inverse are defined as 

follows: 

𝑻: 𝑹(𝑰) → 𝑹 × 𝑹; 𝑻(𝒂 + 𝒃𝑰) = (𝒂, 𝒂 + 𝒃). 

𝑻−𝟏: 𝑹 × 𝑹 → 𝑹(𝑰); 𝑻−𝟏(𝒂, 𝒃) = 𝒂 + (𝒃 − 𝒂)𝑰. 

Definition 2.4 
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Let  𝑹(𝑷𝟏, 𝑷𝟐) = {𝒂𝟎 + 𝒂𝟏𝑷𝟏 + 𝒂𝟐𝑷𝟐; 𝑷𝟏
𝟐 = 𝑷𝟏, 𝑷𝟐

𝟐 = 𝑷𝟐, 𝑷𝟏𝑷𝟐 = 𝑷𝟐𝑷𝟏 = 𝑷𝟐}, we 

call 𝑹(𝑷𝟏, 𝑷𝟐)   Plithogenic field of reals. 

Definition 2.5 

Let 𝑅(𝑃1, 𝑃2)   be the Plithogenic field of reals, and let 𝑎𝑃 = 𝑎0 + 𝑎1𝑃1 +

𝑎2𝑃2, 𝑏𝑃 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 ∈ 𝑅(𝑃1, 𝑃2). We say that 𝑎𝑃 ≥𝑃 𝑏𝑃 if: 

𝒂𝟎 ≥ 𝒃𝟎, 𝒂𝟎 + 𝒂𝟏 ≥ 𝒃𝟎 + 𝒃𝟏  𝒂𝒏𝒅 𝒂𝟎 + 𝒂𝟏 + 𝒂𝟐 ≥ 𝒃𝟎 + 𝒃𝟏 + 𝒃𝟐  

Definition 2.6 

One-dimensional isometry between 𝑹(𝑷𝟏, 𝑷𝟐) and the space 𝑹 × 𝑹 × 𝑹  is 

defined as follows: 

𝑻: 𝑹(𝑷𝟏, 𝑷𝟐) → 𝑹 × 𝑹 × 𝑹; 𝑻(𝒂𝟎 + 𝒂𝟏𝑷𝟏 + 𝒂𝟐𝑷𝟐) = (𝒂𝟎, 𝒂𝟎 + 𝒂𝟏, 𝒂𝟎 + 𝒂𝟏 + 𝒂𝟐) 

𝑇−1: 𝑅 × 𝑅 × 𝑅 → 𝑅(𝑃1, 𝑃2); 𝑇−1(𝑎0, 𝑎1, 𝑎2) = 𝑎0 + (𝑎1 − 𝑎0)𝑃1 + (𝑎2 − 𝑎1)𝑃2 

3. Literal Neutrosophic Markov chains 

Definition 3.1  

  A set of random variables 𝑋0, 𝑋1, 𝑋2, … satisfying: 

𝑃r {𝑋𝑛+1  =  𝑖𝑛+1|𝑋𝑛  =  𝑖𝑛, 𝑋𝑛−1  = 𝑖𝑛−1, … , 𝑋0 =  𝑖0 } = 𝑃𝑟 {𝑋𝑛+1  =  𝑖𝑛+1|𝑋𝑛  =  𝑖𝑛 }  

is called a literal or symbolic neutrosophic markov chain if the last probability 

takes the form 𝑃𝑟 {𝑋𝑛+1  =  𝑖𝑛+1|𝑋𝑛  =  𝑖𝑛 } = 𝑎 + 𝑏𝐼; 0 ≤ 𝑎 ≤ 1,0 ≤ 𝑎 + 𝑏 ≤ 1, 𝐼2 = 𝐼  

Definition 3.2 

We call  𝒑𝒊𝒋
(𝒏,𝒏+𝟏)

𝑵
= 𝑷𝒓(𝑿𝒏+𝟏 = 𝒋|𝑿𝒏 = 𝒊) ∈ 𝑹(𝑰) literal or symbolic neutrosophic 

one-step transition probability.   

Definition 3.3 

A squared neutrosophic matrix 

𝑀𝑁 = 𝐴 + 𝐵𝐼 = [𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼]
𝑛×𝑛

 

Is called a neutrosophic markov transition matrix if its elements satisfy: 

1. ∑ 𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼
𝑗

= 1                               ;  𝑖 = 1,2,3, … , n                                     

2. 0 ≤𝑁 𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼 ≤𝑁 1                          ;  𝑖, 𝑗 = 1,2,3, … , 𝑛     
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Example 3.1 

let′s take:                         MN = [
0.3I 1 − 0.3I

0.4 + 0.2I 0.6 − 0.2I
] 

Then MN is a neutrosophic transition matrix because: 

0.3I + 1 − 0.3I = 1     and    0.4 + 0.2I + 0.6 − 0.2I = 1  

Also, according to the definition of comparison between Neutrosophic numbers we 

have: 

0 + 0.3𝐼 ≤𝑁 1 + 0𝐼 because 0 ≤ 1  &  0.3 ≤ 1 

1 − 0.3𝐼 ≤𝑁 1 +0I because 1 ≤ 1  &  0.7 ≤ 1 

0.4 + 0.2𝐼 ≤𝑁 1 + 0𝐼 because 0.4 ≤ 1  &  0.6 ≤ 1 

0.6 − 0.2𝐼 ≤𝑁 1 + 0𝐼 because 0.6 ≤ 1  &  0.4 ≤ 1 

0 + 0𝐼 ≤𝑁 0 + 0.3𝐼 because 0 ≤ 0  &  0 ≤ 0.3 

0 + 0𝐼 ≤𝑁 1 − 0.3𝐼 because 0 ≤ 1  &  0 ≤ 0.7 

0 + 0𝐼 ≤𝑁 0.4 + 0.2𝐼 because 0 ≤ 0.4  &  0 ≤ 0.6 

0 + 0𝐼 ≤𝑁 0.6 − 0.2𝐼 because 0 ≤ 0.6  &  0 ≤ 0.4 

Theorem 3.1 

The matrix   𝑀𝑁 = 𝐴 + 𝐵𝐼 is a neutrosophic transition matrix if and only if 𝐴 is 

a crisp transition matrix and 𝐴 + 𝐵 is a crisp transition matrix. 

Proof 

Let's assume that 𝑀𝑁  is a neutrosophic transition matrix and prove that 

𝐴   𝑎𝑛𝑑    𝐴 + 𝐵 are two transition matrices: 

we have  0 + 0𝐼 ≤𝑁 𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼 ≤N 1 + 0𝐼  so 𝑎𝑖𝑗 ≤ 1  ,   𝑎𝑖𝑗 + 𝑏𝑖𝑗 ≤ 1 , 0 ≤

𝑎𝑖𝑗   and 0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗   which means that: 

0 ≤ 𝑎𝑖𝑗 ≤ 1  and  0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗 ≤ 1 

Also, we have ∑ (aij + bijI) = 1
j

= 1 + 0I which means that∑ bij
j

=

0 and ∑ aij
j

= 1      

So, we can conclude that: 



Neutrosophic Sets and Systems, Vol. 59, 2023     124 

 

 

Suhar Massassati, Mohamed Bisher Zeina and Yasin Karmouta, Plithogenic and Neutrosophic Markov Chains: Modeling 

Uncertainty and Ambiguity in Stochastic Processes 

0 ≤ 𝑎𝑖𝑗 ≤ 1 𝑎𝑛𝑑 ∑ 𝑎𝑖𝑗
𝑗

= 1 ⇒  𝐴  is a transition matrix. 

0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗 ≤ 1 𝑎𝑛𝑑 ∑ (𝑎𝑖𝑗 + 𝑏𝑖𝑗)
𝑗

= 1 ⇒  𝐴 + 𝐵 is a transition matrix. 

Now, let's assume that both A and A+B are transition matrices and prove that 𝑀𝑁 =

𝐴 + 𝐵𝐼 is a neutrosophic transition matrix:    

since  𝐴, 𝐴 + 𝐵  are transition matrices then 0 ≤ aij ≤ 1 , 0 ≤ aij + bij ≤ 1  which 

means that 0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼 ≤ 1     

Also, we have ∑ aij
j

= 1 and  ∑ (𝑎𝑖𝑗 + 𝑏𝑖𝑗)
𝑗

= 1 that yields to the fact 

that ∑ 𝑏𝑖𝑗
𝑗

= 0 

Then we conclude that ∑ (aij + bijI) = 1
j

 and this proves the theorem. 

Example 3.2 

Let's take the matrix: 

𝑀𝑁 = [
0.3𝐼 1 − 0.3𝐼

0.4 + 0.2𝐼 0.6 − 0.2𝐼
] 

that is: 

𝑀𝑁 = [
0 1

0.4 0.6
] + [

0.3 −0.3
0.2 −0.2

]  𝐼 

 𝐴 = [
0 1

0.4 0.6
]   𝑎𝑛𝑑   𝐴 + 𝐵 = [

0.3 0.7
0.6 0.4

] 

we note that A and A+B are two transition matrices fulfill conditions   

∑ 𝑎𝑖𝑗

𝑗

= 1 ; 𝑖 = 1,2                    0 ≤ 𝑎𝑖𝑗 ≤ 1 ; 𝑖, 𝑗 = 1,2  

∑ 𝑎𝑖𝑗

𝑗

+ 𝑏𝑖𝑗 = 1 ; 𝑖 = 1,2       0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗 ≤ 1 ; 𝑖, 𝑗 = 1,2 

Theorem 3.2 

If M1 and M2are two neutrosophic transition matrices, then their multiplication is a 

neutrosophic transition matrix. 

Proof 
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Let 𝑀1 = [
𝑎11 + 𝑏11𝐼 𝑎12 + 𝑏12𝐼
𝑎21 + 𝑏21𝐼 𝑎22 + 𝑏22𝐼

]  , 𝑀2 = [
𝑐11 + 𝑑11𝐼 𝑐12 + 𝑑12𝐼
𝑐21 + 𝑑21𝐼 𝑐22 + 𝑑22𝐼

] 

𝑀1. 𝑀2

= [
(𝑎11 + 𝑏11𝐼)(𝑐11 + 𝑑11𝐼) + (𝑎12 + 𝑏12𝐼)(𝑐21 + 𝑑21𝐼) (𝑎11 + 𝑏11𝐼)(𝑐12 + 𝑑12𝐼) + (𝑎12 + 𝑏12𝐼)(𝑐22 + 𝑑22𝐼)
(𝑎21 + 𝑏21𝐼)(𝑐11 + 𝑑11𝐼) + (𝑎22 + 𝑏22𝐼)(𝑐21 + 𝑑21𝐼) (𝑎21 + 𝑏21𝐼)(𝑐12 + 𝑑12𝐼) + (𝑎22 + 𝑏22𝐼)(𝑐22 + 𝑑22𝐼)

] 

Let's check the first condition: 

(𝑎11 + 𝑏11𝐼)(𝑐11 + 𝑑11𝐼) + (𝑎12 + 𝑏12𝐼)(𝑐21 + 𝑑21𝐼) + (𝑎11 + 𝑏11𝐼)(𝑐12 + 𝑑12𝐼) + (𝑎12

+ 𝑏12𝐼)(𝑐22 + 𝑑22𝐼) = 

(𝑎11 + 𝑏11𝐼)[(𝑐11 + 𝑑11𝐼) + (𝑐12 + 𝑑12𝐼)] + (𝑎12 + 𝑏12𝐼)[ (𝑐21 + 𝑑21𝐼) + (𝑐22 + 𝑑22𝐼)]= 

(𝑎11 + 𝑏11𝐼) + (𝑎12 + 𝑏12𝐼) = 1 

Similarly, we find that sum of elements of the second row of matrix (M1. M2) is 1 

Also, since all elements of the matrices M1 and M2 are positive and since that sum 

of each row of the matrix M1. M2  is 1 then we conclude that each element lays 

between 0 and 1 

Example 3.3 

Let 𝑀1 = [
0.6𝐼 1 − 0.6𝐼

0.3 + 0.1𝐼 0.7 − 0.1𝐼
] , 𝑀2 = [

0.2 + 0.3𝐼 0.8 − 0.3𝐼
0.2𝐼 1 − 0.2𝐼

] 

𝑀1. 𝑀2 = [
0.6𝐼 1 − 0.6𝐼

0.3 + 0.1𝐼 0.7 − 0.1𝐼
] . [

0.2 + 0.3𝐼 0.8 − 0.3𝐼
0.2𝐼 1 − 0.2𝐼

]

= [
0.32𝐼 + 0.06𝐼2 1 − 0.32𝐼 − 0,06𝐼2

0.6 + 0.25𝐼 + 0,01𝐼2 0.94 − 0.25𝐼 − 0,01𝐼2]

= [
0.38𝐼 1 − 0.38𝐼

0.6 + 0.26𝐼 0.31 − 0.26𝐼
] 

Note that the matrix 𝑀1. 𝑀2 It is a neutrosophic transition matrix because it satisfies 

the assumed conditions. 

Definition 3.4 

Let 𝑀𝑁 = 𝐴 + 𝐵𝐼 be a neutrosophic matrix and let 𝑟 ∈ ℕ, then: 

𝑀𝑁
𝑟 = 𝐴𝑟 +  𝐼[(𝐴 + 𝐵)𝑟 −  𝐴𝑟]  

Theorem 3.3 

If  MN neutrosophic transition matrix, then MN
r  is a neutrosophic transition matrix. 

Proof 

Straight forward by mathematical induction according to theorem 3.2. 
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Example 3.4: 

Let 𝑀𝑁 = [
0.6𝐼 1 − 0.6𝐼

0.3 + 0.1𝐼 0.7 − 0.1𝐼
] 

𝑀𝑁
2 = 𝑀𝑁 . 𝑀𝑁 = [

0.6𝐼 1 − 0.6𝐼
0.3 + 0.1𝐼 0.7 − 0.1𝐼

] . [
0.6𝐼 1 − 0.6𝐼

0.3 + 0.1𝐼 0.7 − 0.1𝐼
] 

= [ 0.3 − 0.08𝐼 + 0.3𝐼2 0.7 + 0.08𝐼 − 0.3𝐼2

0.21 + 0.22𝐼 + 0.05𝐼2 0.79 − 0.22𝐼 − 0.05𝐼2] 

= [
0.3 − 0.38𝐼 0.7 + 0.38𝐼

0.21 + 0.27𝐼 0.79 − 0.27𝐼
] 

Notice that MN
2  is a neutrosophic transition matrix, also: 

𝑀𝑁
3 = 𝑀𝑁

2 . 𝑀𝑁 = [
0.3 − 0.38𝐼 0.7 + 0.38𝐼

0.21 + 0.27𝐼 0.79 − 0.27𝐼
] . [

0.6𝐼 1 − 0.6𝐼
0.3 + 0.1𝐼 0.7 − 0.1𝐼

] 

= [ 0.21 + 0.364𝐼 − 0.190𝐼2 0.79 − 0.364𝐼 + 0.190𝐼2

0.237 + 0.124𝐼 + 0.135𝐼2 0.763 − 0.124𝐼 − 0.135𝐼2]           

= [
0.21 + 0.174𝐼 0.79 − 0.174𝐼

0.237 + 0.259𝐼 0.763 − 0.259𝐼
] 

We note that 𝑀𝑁
3  is also a neutrosophic transition matrix. 

Theorem 3.4 

Let 𝑀𝑁 = 𝐴 + 𝐵𝐼 be a neutrosophic transition matrix and let 𝑀𝑁
(𝑛)

 be the (n) steps 

transition matrix then: 

𝑀𝑁
(𝑛)

= 𝑀𝑁
𝑛 

Proof 

By takin the isometric image we have: 

 T(MN
(n)

) = (A(n), (A + B)(n))  

Since both A(n), (A + B)(n) are transition matrices in classical scene then by the well-known 

Chapman-Kolmogorov theorem we have: 

𝐴(𝑛) = 𝐴𝑛, (𝐴 + 𝐵)(𝑛) = (𝐴 + 𝐵)𝑛 

Which means that: 

𝑇(𝑀𝑁
(𝑛)

) = (𝐴𝑛, (𝐴 + 𝐵)𝑛) 

Now, taking inverse isometry yields to: 

𝑇−1 (𝑇(𝑀𝑁
(𝑛)

)) = 𝐴𝑛 + [(𝐴 + 𝐵)𝑛 − 𝐴𝑛]𝐼 = 𝑀𝑛 
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4. Literal Plithogenic Markov chains 

Definition 4.1  

A set of random variables 𝑋0, 𝑋1, 𝑋2, … satisfying: 

𝑃r {𝑋𝑛+1  =  𝑖𝑛+1|𝑋𝑛  =  𝑖𝑛, 𝑋𝑛−1  = 𝑖𝑛−1, … , 𝑋0 =  𝑖0 } = 𝑃𝑟 {𝑋𝑛+1  =  𝑖𝑛+1|𝑋𝑛  =  𝑖𝑛 }  

is called a literal or symbolic neutrosophic markov chain if the last probability takes 

the form 𝑃𝑟 {𝑋𝑛+1  =  𝑖𝑛+1|𝑋𝑛  =  𝑖𝑛 } = 𝑎 + b𝑃1 + cP2; 0 ≤ a ≤ 1,0 ≤ a + b ≤ 1,0 ≤ a +

b + c ≤ 1; 𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 

𝑃1𝑃2 = 𝑃2𝑃1 = 𝑃2 

Definition 4.2  

We call 𝒑𝒊𝒋
(𝒏,𝒏+𝟏)

𝑷
= 𝑷𝒓(𝑿𝒏+𝟏 = 𝒋|𝑿𝒏 = 𝒊) ∈ 𝑹(𝑷𝟏, 𝑷𝟐) literal or symbolic plithogenic 

one-step transition probability.   

Definition 4.3  

A squared plithogenic matrix 

𝑀𝑁 = 𝐴 + 𝐵𝑃1 + 𝐶𝑃2 = [𝑎𝑖𝑗 + 𝑏𝑖𝑗𝑃1 + 𝑐𝑖𝑗𝑃2]
𝑛×𝑛

 

Is called a plithogenic markov transition matrix if its elements satisfy: 

1. ∑ aij + bijP1 + cijP2
j

= 1       ;  i = 1,2,3, … . , n 

2. 0 ≤p 𝑎𝑖𝑗 + 𝑏𝑖𝑗𝑃1 + 𝑐𝑖𝑗𝑃2 ≤p 1      ;  i, j = 1,2,3, … . , n 

 

Example 4.1 

let′s take:    𝑀𝑃 = [
0.3𝑃1 + 0.1𝑃2 1 − 0.3𝑃1 − 0.1𝑃2

0.4 + 0.2𝑃1 − 0.6𝑃2 0.6 − 0.2𝑃1 + 0.6𝑃2
] 

Then MP is a plithogenic transition matrix because: 

0.3𝑃1 + 0.1𝑃2 + 1 − 0.3𝑃1 − 0.1𝑃2

= 1     and    0.4 + 0.2𝑃1 − 0.6𝑃2 + 0.6 − 0.2𝑃1 + 0.6𝑃2 = 1 
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Also, according to the definition of comparison between plithogenic numbers we 

have: 

0.3P1 + 0.1P2 ≤P 1 + 0P1 + 0P2 because 0 ≤ 1  &  0.3 ≤ 1 

1 − 0.3P1 − 0.1P2 ≤P 1 + 0P1 + 0P2 because 1 ≤ 1  &  0.7 ≤ 1 

0.4 + 0.2P1 − 0.6P2 ≤P 1 + 0P1 + 0P2 because 0.4 ≤ 1  &  0.6 ≤ 1 

0.6 − 0.2P1 + 0.6P2 ≤P 1 + 0P1 + 0P2 because 0.6 ≤ 1  &  0.4 ≤ 1 

0 + 0P1 + 0𝑃2 ≤P 0.3P1 + 0.1P2 because 0 ≤ 0  &  0 ≤ 0.3 

0 + 0P1 + 0𝑃2 ≤P 1 − 0.3P1 − 0.1P2 because 0 ≤ 1  &  0 ≤ 0.7 

0 + 0P1 + 0𝑃2 ≤P 0.4 + 0.2P1 − 0.6P2 because 0 ≤ 0.4  &  0 ≤ 0.6 

0 + 0P1 + 0𝑃2 ≤P 0.6 − 0.2P1 + 0.6P2 because 0 ≤ 0.6  &  0 ≤ 0.4 

Theorem4.1 

The matrix   MP = A + BP1 + CP2 is a plithogenic transition matrix if and only 

if 𝐴 is a crisp transition matrix, 𝐴 + 𝐵 is a crisp transition matrix and 𝐴 + 𝐵 + 𝐶 is 

a crisp transition matrix. 

Proof 

Let's assume that 𝑀𝑃  is a plithogenic transition matrix and prove that 𝐴 , 𝐴 +

𝐵 𝑎𝑛𝑑 𝐴 + 𝐵 + 𝐶 are transition matrices: 

we have 0 + 0P1 + 0P2 ≤P aij + bijP1 + cijP2 ≤P 1 + 0P1 + 0P2  so 𝑎𝑖𝑗 ≤ 1  ,   𝑎𝑖𝑗 + 𝑏𝑖𝑗 ≤

1and 𝑎𝑖𝑗 + 𝑏𝑖𝑗 + cij ≤ 1  

0 ≤ 𝑎𝑖𝑗   , 0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗 𝑎𝑛𝑑 0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗 + cij which means that: 

0 ≤ 𝑎𝑖𝑗 ≤ 1  and  0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗 ≤ 1 

Also, we have ∑ (𝑎𝑖𝑗 + 𝑏𝑖𝑗𝑃1 + 𝑐𝑖𝑗𝑃2) = 1
𝑗

= 1 + 0𝑃1 + 0𝑃2 which means 

that∑ cij
j

= 0     ∑ bij
j

= 0 and ∑ aij
j

= 1      

So, we can conclude that: 

0 ≤ 𝑎𝑖𝑗 ≤ 1 𝑎𝑛𝑑 ∑ 𝑎𝑖𝑗
𝑗

= 1 ⇒  𝐴  is a transition matrix. 

0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗 ≤ 1 𝑎𝑛𝑑 ∑ (𝑎𝑖𝑗 + 𝑏𝑖𝑗)
𝑗

= 1 ⇒  𝐴 + 𝐵 is a transition matrix. 
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0 ≤ aij + bij + cij ≤ 1 and ∑(aij + bij + cij)

j

= 1 ⇒  A + B + C transition  matrix. 

Now, let's assume that both A, A+B and A+B+C are transition matrices and prove 

that 𝑀𝑃 = 𝐴 + 𝐵𝑃1 + 𝐶𝑃2 is a plithogenic transition matrix:    

since  𝐴, 𝐴 + 𝐵, 𝐴 + 𝐵 + 𝐶 are transition matrices then 0 ≤ aij ≤ 1, 0 ≤ aij + bij ≤ 1 , 0 ≤

aij + bij + cij ≤ 1 which means that 0 ≤P 𝑎𝑖𝑗 + 𝑏𝑖𝑗𝑃1 + cij𝑃2 ≤𝑃 1     

Also, we have ∑ aij
j

= 1 , ∑ (aij + bij)
j

= 1and  ∑ (𝑎𝑖𝑗 + 𝑏𝑖𝑗 + cij)
𝑗

= 1 that yields 

to the fact that ∑ 𝑏𝑖𝑗
𝑗

= 0 and  ∑ 𝑐𝑖𝑗
𝑗

= 0 

Then we conclude that ∑ (aij + bijP1 + cij𝑃2) = 1
j

 and this proves the theorem. 

Example 4.2 

Let's take the matrix: 

MP = [
0.3P1 + 0.1P2 1 − 0.3P1 − 0.1P2

0.4 + 0.2P1 − 0.6P2 0.6 − 0.2P1 + 0.6P2
] 

that is: 

MP = [
0 1

0.4 0.6
] + [

0.3 −0.3
0.2 −0.2

] P1 +  [
0.1 −0.1

−0.6 0.6
] P2 

A = [
0 1

0.4 0.6
]     and   A + B = [

0.3 0.7
0.6 0.4

]    and   A + B + C = [
0.4 0.6
0 1

]      ⇒             

we note that 𝐴, 𝐴 + 𝐵 and  𝐴 + 𝐵 + 𝐶  are transition matrices fulfill conditions   

∑ 𝑎𝑖𝑗

𝑗

= 1 ; 𝑖 = 1,2                    0 ≤ 𝑎𝑖𝑗 ≤ 1 ; 𝑖, 𝑗 = 1,2  

∑ 𝑎𝑖𝑗

𝑗

+ 𝑏𝑖𝑗 = 1 ; 𝑖 = 1,2       0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗 ≤ 1 ; 𝑖, 𝑗 = 1,2 

∑ 𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐𝑖𝑗

𝑗

= 1    ; 𝑖 = 1,2        0 ≤ 𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐𝑖𝑗 ≤ 1    ; 𝑖, 𝑗 = 1,2 

Theorem 4.2 

If M1 and M2are two plithogenic transition matrices, then their multiplication is a 

plithogenic transition matrix. 

Proof 



Neutrosophic Sets and Systems, Vol. 59, 2023     130 

 

 

Suhar Massassati, Mohamed Bisher Zeina and Yasin Karmouta, Plithogenic and Neutrosophic Markov Chains: Modeling 

Uncertainty and Ambiguity in Stochastic Processes 

Let  

𝑀1 = [
a11 + b11P1 + c11P2 a12 + b12P1 + c12P2

a21 + b21P1 + c21P2 a22 + b22P1 + c22P2
]    𝑀2

= [
d11 + e11P1 + f11P2 d12 + e12P1 + f12P2

d21 + e21P1 + f21P2 d22 + e22P1 + f22P2
] 

𝑀1. 𝑀2 = [
x y
z w

] 

Where  

x = (a11 + b11P1 + c11P2)(d11 + e11P1 + f11P2)

+ (a12 + b12P1 + c12P2)(d21 + e21P1 + f21P2) 

y = (a11 + b11P1 + c11P2)(d12 + e12P1 + f12P2) + (a12 + b12P1 + c12P2)(d22 + e22P1

+ f22P2) 

z = (a21 + b21P1 + c21P2)(d11 + e11P1 + f11P2) + (a22 + b22P1 + c22P2)(d21 + e21P1

+ f21P2) 

w = (a21 + b21P1 + c21P2)(d12 + e12P1 + f12P2) + (a22 + b22P1 + c22P2)(d22 + e22P1

+ f22P2) 

Let's check the condition: 

(a11 + b11P1 + c11P2)(d11 + e11P1 + f11P2) + (a12 + b12P1 + c12P2)(d21 + e21P1 +

f21P2) + (a11 + b11P1 + c11P2)(d12 + e12P1 + f12P2) + (a12 + b12P1 + c12P2)(d22 +

e22P1 + f22P2)  

= (a11 + b11P1 + c11P2)[(d11 + e11P1 + f11P2) + (d12 + e12P1 + f12P2)]

+ (a12 + b12P1 + c12P2) 

 [(d21 + e21P1 + f21P2) + (d22 + e22P1 + f22P2)]

= ( a11 + b11P1 + c11P2) + (a12 + b12P1 + c12P2) = 1 

Similarly, we find that sum of elements of the second row of matrix (M1. M2) is 1 

Also, since all elements of the matrices M1 and M2 are positive and since that sum 

of each row of the matrix M1. M2  is 1 then we conclude that each element lays 

between 0 and 1 

 

Example 4.3 
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Let 𝑀1 = [
0.6P1 + 0.2P2 1 − 0.6P1 − 0.2P2

0.3 + 0.1P1 − 0.5P2 0.7 − 0.1P1 + 0.5P2
] , 𝑀2 =

[
0.2 + 0.3P1 − 0.1P2 0.8 − 0.3P1 + 0.1P2

0.2P1 + 0.3P2 1 − 0.2P1 − 0.3P2
] 

𝑀1. 𝑀2

= [
0.6P1 + 0.2P2 1 − 0.6P1 − 0.2P2

0.3 + 0.1P1 − 0.5P2 0.7 − 0.1P1 + 0.5P2
] . [

0.2 + 0.3P1 − 0.1P2 0.8 − 0.3P1 + 0.1P2

0.2P1 + 0.3P2 1 − 0.2P1 − 0.3P2
]

= [
0.06P1

2 + (0.32 − 0.22P2)P1 + 0.34P2 − 0.08P2
2 −0.06P1

2 + (−0.32 + 0.22P2)P1 − 0.34P2 + 0.08P2
2 + 1

0.01P1
2 + (0.25 − 0.09P2)P1 + 0.06 + 0.08P2 + 0.20P2

2 −0.01P1
2 + (−0.25 + 0.09P2)P1 + 0.94 − 0.08P2 − 0.20P2

2]

= [
0.06P1 + (0.32P1 − 0.22P2) + 0.34P2 − 0.08P2 −0.06P1 + (−0.32P1 + 0.22P2) − 0.34P2 + 0.08P2 + 1

0.01P1 + (0.25P1 − 0.09P2) + 0.06 + 0.08P2 + 0.20P2 −0.01P1 + (−0.25P1 + 0.09P2) + 0.94 − 0.08P2 − 0.20P2
]

= [
0.38P1 + 0.04P2 −0.38P1 − 0.04P2 + 1

0.26P1 + 0.06 + 0.19P2 −0.26P1 + 0.94 − 0.19P2
] 

Note that the matrix 𝑀1. 𝑀2 It is a plithogenic transition matrix because it satisfies 

the assumed conditions. 

Definition 4.4 

Let 𝑀𝑃 = 𝐴 + 𝐵𝑃1 + 𝐶𝑃2 be a plithogenic matrix and let 𝑟 ∈ ℕ, then: 

𝑀𝑃
𝑟 = 𝐴𝑟 +  𝑃1[(𝐴 + 𝐵)𝑟 −  𝐴𝑟] + 𝑃2[(𝐴 + 𝐵 + 𝐶)𝑟 − (𝐴 + 𝐵)𝑟 ]  

Theorem 4.3 

If MP plithogenic transition matrix, then MP
r  is a plithogenic transition matrix. 

Proof 

Straight forward by mathematical induction according to theorem 4.2. 

Example 4.4 

 Let    MP = [
0.6P1 + 0.2P2 1 − 0.6P1 − 0.2P2

0.3 + 0.1P1 − 0.5P2 0.7 − 0.1P1 + 0.5P2
] 

MP
2 = MP. MP

= [
0.6P1 + 0.2P2 1 − 0.6P1 − 0.2P2

0.3 + 0.1P1 − 0.5P2 0.7 − 0.1P1 + 0.5P2
] . [

0.6P1 + 0.2P2 1 − 0.6P1 − 0.2P2

0.3 + 0.1P1 − 0.5P2 0.7 − 0.1P1 + 0.5P2
] 

= [
0.30P1

2 + (0.52P2 − 0.08)P1 + 0.14P2
2 + 0.3 − 0.56P2 −0.30P1

2 + (0.08 − 0.52 P2)P1 + 0.56P2 − 0.14P2
2 + 0.7

0.05P1
2 + (0.22 − 0.18 P2)P1 − 0.14P2 − 0.35P2

2 + 0.21 −0.05 P1
2 + (−0.22 + 0.18P2)P1 + 0.79 + 0.14P2 + 0.35P2

2] 

= [
0.30P1 + (0.52P2 − 0.08P1) + 0.14P2 + 0.3 − 0.56P2 −0.30P1 + (0.08P1 − 0.52 P2) + 0.56P2 − 0.14P2 + 0.7

0.05P1 + (0.22P1 − 0.18 P2) − 0.14P2 − 0.35P2 + 0.21 −0.05 P1 + (−0.22P1 + 0.18P2) + 0.79 + 0.14P2 + 0.35P2
] 

= [
0.22P1 + 0.1P2 + 0.3 −0.22P1 + 0. P2 + 0.7

0.27P1 − 0.67P2 + 0.21 −0.27 P1 + 0.79 + 0.67P2
] 

Notice that MN
2  is a plithogenic transition matrix. 
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Theorem 4.4 

Let 𝑀𝑃 = 𝐴 + 𝐵𝑃1 + 𝐶𝑃2 be a plithogenic transition matrix and let 𝑀𝑃
(𝑛)

 be the (n) 

steps transition matrix then: 

𝑀𝑃
(𝑛)

= 𝑀𝑃
𝑛 

Proof 

By takin the isometric image we have: 

 T(MP
(n)

) = (A(n), (A + B)(n), (A + B + C)(n))  

Since A(n), (A + B)(n), (A + B + C)(n) are transition matrices in classical scene then by the 

well-known Chapman-Kolmogorov theorem we have: 

𝐴(𝑛) = 𝐴𝑛, (𝐴 + 𝐵)(𝑛) = (𝐴 + 𝐵)𝑛, (A + B + C)(n) = (𝐴 + 𝐵 + 𝐶)𝑛 

Which means that: 

𝑇(𝑀𝑃
(𝑛)

) = (𝐴𝑛, (𝐴 + 𝐵)𝑛, (𝐴 + 𝐵 + 𝐶)𝑛) 

Now, taking inverse isometry yields to: 

𝑇−1 (𝑇(𝑀𝑃
(𝑛)

)) = An + [(A + B)n − An]P1 + [(A + B + C)n − (A + B)n]P2 = 𝑀𝑛 

5. Conclusion 

In conclusion, this paper pioneers the integration of symbolic neutrosophic and 

plithogenic concepts into the well-established framework of Markov chains, 

yielding a profound extension that encapsulates the nuances of uncertainty and 

ambiguity. Through a meticulous presentation of eight theorems, we have 

established a bridge between these novel matrices and their classical counterparts, 

revealing their intrinsic alignment. The introduced operations of matrix 

exponentiation and multiplication further amplify the versatility of these 

frameworks, enabling the exploration of complex system dynamics under varying 

degrees of indeterminacy. Moreover, the adaptation of Chapman-Kolmogorov 

theorem to the symbolic neutrosophic and plithogenic domains augments our 

ability to analyze state transitions in environments laden with partial truth. This 
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study not only advances the theoretical frontiers of probabilistic modeling but also 

lays a fertile ground for practical applications across disciplines such as decision 

analysis, risk assessment, and artificial intelligence. As the confluence of traditional 

and innovative theories continues to shape the landscape of uncertainty modeling, 

symbolic neutrosophic and plithogenic Markov chains stand poised to offer 

invaluable insights into the intricate fabric of real-world systems. 
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Abstract: 

Symbolic 3-plithogenic sets as a generalization of classical concept of sets were 

applicable to algebraic structures. The symbolic 3-plithogenic rings and fields are 

good generalizations of classical corresponding systems. 

In this paper, we study the symbolic 3-plithogenic real functions with one variable 

by using a special algebraic function called AH-isometry. In addition, we discuss 

the symbolic 3-plithogenic simple differential equations and conic sections by 

using this isometry. Also, many examples will be presented to explain the novelty 

of this work.  

Keywords: symbolic 3-plithogenic set, symbolic 3-plithogenic real function, 

symbolic 3-plithogenic circle, symbolic 3-plithogenic ellipse. 

Introduction and basic definitions 

Symbolic n-plithogenic algebraic structures are considered as new generalizations 

of classical algebraic structures [1-3], such as symbolic 2-plithogenic integers, 

modules, and vector spaces [4-8]. 
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Symbolic 2-plithogenic structures have a similar structure to the refined 

neutrosophic structures and many non-classical algebraic structures defined by 

many authors in [9-17,20-23, 24-30]. 

In the literature, many mathematical approaches were carried out on neutrosophic 

and refined neutrosophic structures, were a special function called AH-isometry 

was used to study the analytical properties and conic sections [11-12, 18-19], and 

that occurs by taking the direct image of neutrosophic elements to the classical 

Cartesian product of the real field with itself. 

In this work, we follow the previous efforts, and we define for the first time a 

special AH-isometry on the symbolic 3-plithogenic field of reals, and we use this 

isometry to obtain many formulas and properties about the symbolic 3-plithogenic 

analytical concepts such as differentiability, continuity, and integrability. Also, 

symbolic 3-plithogenic conic sections will find a place in our study. 

Main Results 

Definition.  

Let 3 − 𝑆𝑃𝑅 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2 + 𝑑𝑃2; 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑅} be the 3-plithogenic field of real 

numbers, a function 𝑓 = 𝑓(𝑋): 3 − 𝑆𝑃𝑅 → 3 − 𝑆𝑃𝑅 is called one variable symbolic 

3-plithogenic real function, with

𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3 ∈ 3 − 𝑆𝑃𝑅.

Definition.  

Let 3 − 𝑆𝑃𝑅 be the symbolic 3-plithogenic field of reals, we define its AH-isometry 

as follows: 

𝐼: 3 − 𝑆𝑃𝑅 → 𝑅 × 𝑅 × 𝑅 × 𝑅 such that: 

𝐼(𝑥 + 𝑦𝑃1 + 𝑧𝑃2 + 𝑡𝑃3) = (𝑥, 𝑥 + 𝑦, 𝑥 + 𝑦 + 𝑧, 𝑥 + 𝑦 + 𝑧 + 𝑡). 

It is easy to see that 𝐼 is a ring isomorphism with the inverse: 

𝐼−1: 𝑅 × 𝑅 × 𝑅 × 𝑅 → 3 − 𝑆𝑃𝑅 such that:

𝐼−1(𝑥, 𝑦, 𝑧, 𝑡) = 𝑥 + (𝑦 − 𝑥)𝑃1 + (𝑧 − 𝑦)𝑃2 + (𝑡 − 𝑧)𝑃3
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Definition. 

Let 𝑓: 3 − 𝑆𝑃𝑅 → 3 − 𝑆𝑃𝑅  be a symbolic 3-plithogenic real function with one 

variable, we define the canonical formula as follows: 

𝐼−1 ∘ 𝐼(𝑓): 3 − 𝑆𝑃𝑅 → 3 − 𝑆𝑃𝑅 

Example.  

Consider𝑓(𝑋) = 𝑋2 − 𝑃1 + 𝑃3, its canonical formula is: 

𝐼(𝑓(𝑋)) = [𝐼(𝑋)]2 + 𝐼(−𝑃1 + 𝑃3)

= (𝑥0, 𝑥0 + 𝑥1, 𝑥0 + 𝑥1 + 𝑥2, 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)
2 + (0,−1, −1,0)

= (𝑥0
2, (𝑥0 + 𝑥1)

2 − 1, (𝑥0 + 𝑥1 + 𝑥2)
2 − 1, (𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

2) 

𝐼−1 ∘ 𝐼(𝑓(𝑋)) = 

𝑥0
2 + 𝑃1[(𝑥0 + 𝑥1)

2 − 𝑥0
2 − 1] + 𝑃2[(𝑥0 + 𝑥1 + 𝑥2)

2 − (𝑥0 + 𝑥1)
2]

+ 𝑃3[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)
2 − (𝑥0 + 𝑥1 + 𝑥2)

2 + 1] 

For example: 

𝑓(1 + 𝑃3) = (1 + 𝑃3)
2 − 𝑃1 + 𝑃3 = 1 − 𝑃1 + 4𝑃3. 

If we put values 𝑥0 = 1, 𝑥1 = 0, 𝑥2 = 0, 𝑥2 = 1 

 in the canonical formula, then we get: 

𝐼−1 ∘ 𝐼(𝑓(𝑋)) = (1)2 + 𝑃1[(1)
2 − (1)2 − 1] + 𝑃2[(1)

2 − (1)2] + 𝑃3[(2)
2 − (1)2 + 1] =

1 − 𝑃1 + 4𝑃3. 

The canonical formulas of famous functions: 

1. The exponent function: 

𝑒𝑋; 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3, 𝐼
−1 ∘ 𝐼(𝑒𝑋) = 

𝐼−1(𝑒𝑥0 , 𝑒𝑥0+𝑥1 , 𝑒𝑥0+𝑥1+𝑥2 , 𝑒𝑥0+𝑥1+𝑥2+𝑥3) = 

𝑒𝑥0 + 𝑃1[𝑒
𝑥0+𝑥1 − 𝑒𝑥0] + 𝑃2[𝑒

𝑥0+𝑥1+𝑥2 − 𝑒𝑥0+𝑥1] + 𝑃3[𝑒
𝑥0+𝑥1+𝑥2+𝑥3 − 𝑒𝑥0+𝑥1+𝑥2] 

2. The logarithmic function: 

ln(𝑋) ; 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3,  

𝐼−1 ∘ 𝐼(ln(𝑋)) = 𝐼−1(ln(𝑥0) , ln(𝑥0 + 𝑥1) , ln(𝑥0 + 𝑥1 + 𝑥2) , ln(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)) = 

ln(𝑥0) + 𝑃1[ln(𝑥0 + 𝑥1) − ln(𝑥0)] + 𝑃2[ln(𝑥0 + 𝑥1 + 𝑥2) − ln(𝑥0 + 𝑥1)] + 𝑃3[ln(𝑥0 +

𝑥1 + 𝑥2 + 𝑥3) − ln(𝑥0 + 𝑥1 + 𝑥2)]. 

3. Famous trigonometric functions: 

sin(𝑋) = sin(𝑥0) + 𝑃1[sin(𝑥0 + 𝑥1) − sin(𝑥0)] + 𝑃2[sin(𝑥0 + 𝑥1 + 𝑥2) − sin(𝑥0 + 𝑥1)]

+ 𝑃3[sin(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − sin(𝑥0 + 𝑥1 + 𝑥2)] 
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cos(𝑋) = cos(𝑥0) + 𝑃1[cos(𝑥0 + 𝑥1) − cos(𝑥0)]

+ 𝑃2[cos(𝑥0 + 𝑥1 + 𝑥2) − cos(𝑥0 + 𝑥1)]

+ 𝑃3[𝑐𝑜𝑠(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 𝑐𝑜𝑠(𝑥0 + 𝑥1 + 𝑥2)] 

tan(𝑋) = tan(𝑥0) + 𝑃1[taan(𝑥0 + 𝑥1) − tan(𝑥0)]

+ 𝑃2[tan(𝑥0 + 𝑥1 + 𝑥2) − tan(𝑥0 + 𝑥1)]

+ 𝑃3[𝑡𝑎𝑛(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 𝑡𝑎𝑛(𝑥0 + 𝑥1 + 𝑥2)] 

And so no. 

Definition. 

A symbolic 3-plithogenic real number 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 + 𝑡3𝑃3 is called positive 

if and only if 

 𝑡0 ≥ 0, 𝑡0 + 𝑡1 ≥ 0, 𝑡0 + 𝑡1 + 𝑡2 ≥ 0, 𝑡0 + 𝑡1 + 𝑡2 + 𝑡3 ≥ 0. 

For example 3 + 2𝑃1 − 𝑃3 > 0, that is because, 3 > 0, 5 > 0, 5 > 0,3 + 2 − 1 = 4 >

0. 

Definition. 

Let 𝑓: 3 − 𝑆𝑃𝑅 → 3 − 𝑆𝑃𝑅  be a symbolic 3-plithogenic real function with one 

variable 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3, then: 

a. 𝑓 is differentiable if and only if 𝐼(𝑓(𝑋)) is differentiable. 

b. 𝑓 is continuous if and only if 𝐼(𝑓(𝑋)) is continuous. 

c. 𝑓 is integrable if and only if 𝐼(𝑓(𝑋)) is integrable. 

Example. 

Find the derivation of 𝑓(𝑋) = 𝑋2 + 𝑃3 in two different ways. 

Solution. 

The regular way is 𝑓́(𝑋) = 2𝑋. 

The canonical way is: 

𝐼−1 ∘ 𝐼(𝑓(𝑋)) = 

𝐼−1(𝑥0
2, (𝑥0 + 𝑥1)

2, (𝑥0 + 𝑥1 + 𝑥2)
2, (𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

2) + 𝐼−1(0,0,0,1) = 𝑥0
2 +

𝑃1[(𝑥0 + 𝑥1)
2 − 𝑥0

2] + 𝑃2[(𝑥0 + 𝑥1 + 𝑥2)
2 − (𝑥0 + 𝑥1)

2] + 𝑃3[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)
2 −

(𝑥0 + 𝑥1 + 𝑥2)
2 + 1]. 

First, we have: (𝑥0
2)′

𝑥0
= 2𝑥0. 

[(𝑥0 + 𝑥1)
2]′

𝑥0+𝑥1
= 2(𝑥0 + 𝑥1), 
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[(𝑥0 + 𝑥1 + 𝑥2)
2]′

𝑥0+𝑥1+𝑥2
= 2(𝑥0 + 𝑥1 + 𝑥2), 

[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)
2]′

𝑥0+𝑥1+𝑥2+𝑥3
= 2(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3), 

Thus, 

 𝑓́(𝑋) = 2𝑥0 + 𝑃1[2(𝑥0 + 𝑥1) − 2𝑥0] + 𝑃2[2(𝑥0 + 𝑥1 + 𝑥2) − 2(𝑥0 + 𝑥1)] +

𝑃3[2(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 2(𝑥0 + 𝑥1 + 𝑥2)] = (2𝑥0) + 2𝑥1𝑃1 + 2𝑥2𝑃2 + 2𝑥3𝑃3 = 2𝑋. 

Example. 

Find the value of ∫ 𝑒𝑋𝑑𝑋
1+𝑃1+𝑃2+𝑃3
0

 in two different ways. 

Solution; 

The regular way: ∫ 𝑒𝑋𝑑𝑋
1+𝑃1+𝑃2+𝑃3
0

= [𝑒𝑋]0
1+𝑃1+𝑃2+𝑃3 = 𝑒1+𝑃1+𝑃2+𝑃3 − 𝑒0 =

𝑒1+𝑃1+𝑃2+𝑃3 − 1. 

The canonical formula way: 

𝐼−1 ∘ 𝐼(𝑓(𝑋)) = 𝑒𝑥0 + 𝑃1[𝑒
𝑥0+𝑥1 − 𝑒𝑥0] + 𝑃2[𝑒

𝑥0+𝑥1+𝑥2 − 𝑒𝑥0+𝑥1]

+ 𝑃3[𝑒
𝑥0+𝑥1+𝑥2+𝑥3 − 𝑒𝑥0+𝑥1+𝑥2] 

 

We have: 

∫𝑒𝑥0𝑑𝑥0

1

0

= 𝑒 − 1,∫ 𝑒𝑒
𝑥0+𝑥1𝑑(𝑥0 + 𝑥1)

2

0

= 𝑒2 − 1,∫ 𝑒𝑥0+𝑥1+𝑥2𝑑(𝑥0 + 𝑥1 + 𝑥2)

3

0

= 𝑒3 − 1,∫ 𝑒𝑥0+𝑥1+𝑥2+𝑥3𝑑(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

3

0

= 𝑒4 − 1 

Thus, ∫ 𝑒𝑋𝑑𝑋
1+𝑃1+𝑃2+𝑃3
0

= 𝑒 − 1 + 𝑃1[𝑒
2 − 1 − 𝑒 + 1] + 𝑃2[𝑒

3 − 1 − 𝑒2 + 1] +

𝑃3[𝑒
4 − 1 − 𝑒3 + 1] = 𝑒 − 1 + 𝑃1[𝑒

2 − 𝑒] + 𝑃2[𝑒
3 − 𝑒2] + 𝑃3[𝑒

4 − 𝑒3] = 𝑒1+𝑃1+𝑃2+𝑃3 −

1 

Applications to differential equations. 

Example. 

Solve the equation 𝑌́ = 𝐶; 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 + 𝑦3𝑃3 is a function, and 𝐶 = 𝑐0 +

𝑐1𝑃1 + 𝑐2𝑃2 + 𝑐3𝑃3 is a constant. 

We have 𝑦0 = 𝑓0, 𝑦1 = 𝑓1, 𝑦2 = 𝑓2, 𝑦3 = 𝑓3: 𝑅 → 𝑅. 

𝑌́ = (𝑦0)
′
𝑥0
+ 𝑃1 [(𝑦0 + 𝑦1)

′
𝑥0+𝑥1

− (𝑦0)
′
𝑥0
] + 
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𝑃2 [(𝑦0 + 𝑦1 + 𝑦2)
′
𝑥0+𝑥1+𝑥2

− (𝑦0 + 𝑦1)
′
𝑥0+𝑥1

] + 𝑃3 [(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3)
′
𝑥0+𝑥1+𝑥2+𝑥3

−

(𝑦0 + 𝑦1 + 𝑦2)
′
𝑥0+𝑥1+𝑥2

] = 𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2 + 𝑐3𝑃3,  

so that: 

(𝑦0)
′
𝑥0
= 𝑐0

(𝑦0 + 𝑦1)
′
𝑥0+𝑥1

= 𝑐1

(𝑦0 + 𝑦1 + 𝑦2)
′
𝑥0+𝑥1+𝑥2

= 𝑐2

(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3)
′
𝑥0+𝑥1+𝑥2+𝑥3

= 𝑐3

 

𝑦0 = 𝑐0𝑥0 +𝑚0

𝑦0 + 𝑦1 = 𝑐1(𝑥0 + 𝑥1) + 𝑚1

𝑦0 + 𝑦1 + 𝑦2 = 𝑐2(𝑥0 + 𝑥1 + 𝑥2) + 𝑚2

𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 = 𝑐3(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) + 𝑚3

 

This implies that: 

𝑌 = (𝑐0𝑥0 +𝑚0) + 𝑃1[𝑐1(𝑥0 + 𝑥1) + 𝑚1 − (𝑐0𝑥0 +𝑚0)] + 

𝑃2[𝑐2(𝑥0 + 𝑥1 + 𝑥2) + 𝑚2 − 𝑐1(𝑥0 + 𝑥1) + 𝑚1] + 

𝑃3[𝑐3(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) + 𝑚3 − 𝑐2(𝑥0 + 𝑥1 + 𝑥2) − 𝑚2]; 

 𝑥𝑖 are real variables, 𝑚𝑖 are real constants. 

Example. 

Solve the differential equation 𝑌́ = 𝐶𝑌, where 𝐶 = 𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2 + 𝑐3𝑃3, 𝑌 = 𝑦0 +

𝑦1𝑃1 + 𝑦2𝑃2 + 𝑦3𝑃3 . 

Solution. 

𝑌́ = 𝐶𝑌 equivalents: 

(

 
 

(𝑦0)
′
𝑥0
= 𝑐0𝑦0

(𝑦0 + 𝑦1)
′
𝑥0+𝑥1

= (𝑐0 + 𝑐1)(𝑦0 + 𝑦1)

(𝑦0 + 𝑦1 + 𝑦2)
′
𝑥0+𝑥1+𝑥2

= (𝑐0 + 𝑐1 + 𝑐2)(𝑦0 + 𝑦1 + 𝑦2)

(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3)
′
𝑥0+𝑥1+𝑥2+𝑥3

= (𝑐0 + 𝑐1 + 𝑐2 + 𝑐3)(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3))

 
 

 

So that: 

(

 
 

𝑦0 = 𝑘0𝑒
𝑐0𝑥0

𝑦0 + 𝑦1 = 𝑘1𝑒
(𝑐0+𝑐1)(𝑥0+𝑥1)

𝑦0 + 𝑦1 + 𝑦2 = 𝑘2𝑒
(𝑐0+𝑐1+𝑐2)(𝑥0+𝑥1+𝑥2)

𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 = 𝑘3𝑒
(𝑐0+𝑐1+𝑐2+𝑐3)(𝑥0+𝑥1+𝑥2+𝑥3)

)

 
 

 

 

Thus:  
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𝑌 = 𝑘0𝑒
𝑐0𝑥0 + 𝑃1[𝑘1𝑒

(𝑐0+𝑐1)(𝑥0+𝑥1) − 𝑘0𝑒
𝑐0𝑥0] + 𝑃2[𝑘2𝑒

(𝑐0+𝑐1+𝑐2)(𝑥0+𝑥1+𝑥2) −

𝑘1𝑒
(𝑐0+𝑐1)(𝑥0+𝑥1)] + 𝑃3[𝑘3𝑒

(𝑐0+𝑐1+𝑐2+𝑐3)(𝑥0+𝑥1+𝑥2+𝑥3) − 𝑘2𝑒
(𝑐0+𝑐1+𝑐2)(𝑥0+𝑥1+𝑥2)]. 

Applications to geometric shapes: 

Definition. 

1). We define the symbolic 3-plithogenic circle as follows: 

(𝑋 − 𝐴)2 + (𝑌 − 𝐵)2 = 𝑅2; 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3, 𝐵 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 +

𝑏3𝑃3, 𝑅 = 𝑟0 + 𝑟1𝑃1 + 𝑟2𝑃2 + 𝑟3𝑃3, 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 + 𝑦3𝑃3, 𝑥 = 𝑥0 + 𝑥1𝑃1 +

𝑥2𝑃2 + 𝑥3𝑃3, with 𝑎𝑖, 𝑏𝑖, 𝑟𝑖, 𝑥𝑖 , 𝑦𝑖 ∈ 𝑅 

 2). We define the symbolic 3-plithogenic sphere as follows: 

(𝑋 − 𝐴)2 + (𝑌 − 𝐵)2 + (𝑍 − 𝐶)2 = 𝑅2; 𝑋, 𝐴, 𝐵, 𝐶, 𝑅, 𝑌, 𝑍 ∈ 3 − 𝑆𝑃𝑅 

3). We define the symbolic 3-plithogenic ellipse as follows: 

(𝑋−𝐴)2

𝑇2
+
(𝑌−𝐵)2

𝑆2
= 1; 𝑋, 𝐴, 𝐵, 𝑇, 𝑆, 𝑌 ∈ 3 − 𝑆𝑃𝑅 and 𝑇, 𝑆 invertible. 

4). We define the symbolic 3-plithogenic hyperbola as follows: 

(𝑋−𝐴)2

𝑇2
−
(𝑌−𝐵)2

𝑆2
= 1; 𝑋, 𝐴, 𝐵, 𝑇, 𝑆, 𝑌 ∈ 3 − 𝑆𝑃𝑅 and 𝑇, 𝑆 invertible. 

Example. 

1). (𝑋 − 1 + 𝑃2)
2 + (𝑌 − 3 + 2𝑃1 − 𝑃2 − 𝑃3)

2 = (1 + 2𝑃3)
2 is a 3-plithogenic circle. 

2). (𝑋 − 10 + 𝑃1 + 𝑃2)
2 + (𝑌 + 𝑃3)

2 + (𝑍 − 𝑃1 + 𝑃3)
2 = (1 + 𝑃2 + 5𝑃3)

2 is a 

3-plithogenic sphere. 

3). 
(𝑋−𝑃1−𝑃3)

2

(1+𝑃1+𝑃3)2
+

(𝑌+𝑃1−𝑃2)
2

(2−𝑃1+5𝑃3)2
= 1 is a 3-plithogenic ellipse. 

4). 
(𝑋−2𝑃2)

2

(1+𝑃1+3𝑃2)2
−

(𝑌+1+4𝑃2)
2

(13−2𝑃1+𝑃2)2
= 1 is a 3-plithogenic hyperbola. 

Theorem. 

1. Any symbolic 3-plithogenic circle is equivalent to four classical circles. 

2. Any symbolic 3-plithogenic sphare is equivalent to four classical spheres. 

3. Any symbolic 3-plithogenic ellipse is equivalent to four classical ellipses. 

4. Any symbolic 3-plithogenic hyperbola is equivalent to four classical 

hyperbolas. 

Proof. 

1. Consider the symbolic 3-plithogenic circle: 
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(𝑋 − 𝐴)2 + (𝑌 − 𝐵)2 = 𝑅2, then by using the isomorphism defined before, we get: 

𝐼[(𝑋 − 𝐴)2] = [𝐼(𝑋) − 𝐼(𝐴)]2

= (𝑥0 − 𝑎0, (𝑥0 + 𝑥1) − (𝑎0 + 𝑎1), (𝑥0 + 𝑥1 + 𝑥2)

− (𝑎0 + 𝑎1 + 𝑎2), (𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎1 + 𝑎2 + 𝑎3))
2

= ((𝑥0 − 𝑎0)
2, ((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))

2
, ((𝑥0 + 𝑥1 + 𝑥2)

− (𝑎0 + 𝑎1 + 𝑎2))
2, ((𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎1 + 𝑎2 + 𝑎3))

2) 

𝐼[(𝑌 − 𝐵)2] = [𝐼(𝑌) − 𝐼(𝐵)]2

= ((𝑦0 − 𝑏0)
2, ((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2
, ((𝑦0 + 𝑦1 + 𝑦2)

− (𝑏0 + 𝑏1 + 𝑏2))
2
, ((𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3))

2) 

𝐼(𝑅2) = [𝐼(𝑅)]2 = (𝑟0
2, (𝑟0 + 𝑟1)

2, (𝑟0 + 𝑟1 + 𝑟2)
2, (𝑟0 + 𝑟1 + 𝑟2 + 𝑟3)

2) 

Thus, it is equivalent to: 

(

  
 

(𝑥0 − 𝑎0)
2 + (𝑦0 − 𝑏0)

2 = 𝑟0
2

((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))
2
+ ((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2
= (𝑟0 + 𝑟1)

2

((𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))
2
+ ((𝑦0 + 𝑦1 + 𝑦2) − (𝑏0 + 𝑏1 + 𝑏2))

2
= (𝑟0 + 𝑟1 + 𝑟2)

2

((𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎1 + 𝑎2 + 𝑎3))
2
+ ((𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3))

2
= (𝑟0 + 𝑟1 + 𝑟2 + 𝑟3)

2)

  
 

 

 

2. Consider the sphere  (𝑋 − 𝐴)2 + (𝑌 − 𝐵)2 + (𝑍 − 𝐶)2 = 𝑅2 , we use the 

isomorphism 𝐼, to get: 

𝐼[(𝑋 − 𝐴)2] = ((𝑥0 − 𝑎0)
2, ((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))

2
, ((𝑥0 + 𝑥1 + 𝑥2)

− (𝑎0 + 𝑎1 + 𝑎2))
2, ((𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎1 + 𝑎2 + 𝑎3))

2) 

𝐼[(𝑌 − 𝐵)2] = ((𝑦0 − 𝑏0)
2, ((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2
, ((𝑦0 + 𝑦1 + 𝑦2)

− (𝑏0 + 𝑏1 + 𝑏2))
2
, ((𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3))

2) 

𝐼[(𝑍 − 𝐶)2] = ((𝑧0 − 𝑐0)
2, ((𝑧0 + 𝑧1) − (𝑐0 + 𝑐1))

2
, ((𝑧0 + 𝑧1 + 𝑧2)

− (𝑐0 + 𝑐1 + 𝑐2))
2
, ((𝑧0 + 𝑧1 + 𝑧2 + 𝑧3) − (𝑐0 + 𝑐1 + 𝑐2 + 𝑐3))

2
) 

𝐼(𝑅2) = [𝐼(𝑅)]2 = (𝑟0
2, (𝑟0 + 𝑟1)

2, (𝑟0 + 𝑟1 + 𝑟2)
2, (𝑟0 + 𝑟1 + 𝑟2 + 𝑟3)

2), 

hence we get: 

 

{

(𝑥0 − 𝑎0)
2 + (𝑦0 − 𝑏0)

2 + (𝑧0 − 𝑐0)
2 = 𝑟0

2

((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))
2
+ ((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2
+ ((𝑧0 + 𝑧1) − (𝑐0 + 𝑐1))

2
= (𝑟0 + 𝑟1)

2

((𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))
2
+ ((𝑦0 + 𝑦1 + 𝑦2) − (𝑏0 + 𝑏1 + 𝑏2))

2
+ ((𝑧0 + 𝑧1 + 𝑧2) − (𝑐0 + 𝑐1 + 𝑐2))

2
= (𝑟0 + 𝑟1 + 𝑟2)

2
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And 

((𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎1 + 𝑎2 + 𝑎3))
2
+ ((𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − (𝑏0 + 𝑏1 +

𝑏2 + 𝑏3))
2
+ ((𝑧0 + 𝑧1 + 𝑧2 + 𝑧3) − (𝑐0 + 𝑐1 + 𝑐2 + 𝑐3))

2
= (𝑟0 + 𝑟1 + 𝑟2 + 𝑟3)

2. 

3. Consider the ellipse 
(𝑋−𝐴)2

𝑇2
+
(𝑌−𝐵)2

𝑆2
= 1, we use the isomorphism 𝐼 to get: 

𝐼 [
(𝑋 − 𝐴)2

𝑇2
]

= (
(𝑥0 − 𝑎0)

2

𝑡0
2 ,

((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))
2

(𝑡0 + 𝑡1)
2 ,

((𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))
2

(𝑡0 + 𝑡1 + 𝑡2)
2 ,

((𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎1 + 𝑎2 + 𝑎3))
2

(𝑡0 + 𝑡1 + 𝑡2 + 𝑡3)
2

) 

𝐼 [
(𝑌 − 𝐵)2

𝑆2
]

= (
(𝑦0 − 𝑏0)

2

𝑠0
2 ,

((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))
2

(𝑠0 + 𝑠1)
2 ,

((𝑦0 + 𝑦1 + 𝑦2) − (𝑏0 + 𝑏1 + 𝑏2))
2

(𝑠0 + 𝑠1 + 𝑠2)
2 ,

((𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3))
2

(𝑠0 + 𝑠1 + 𝑠2 + 𝑠3)
2

) 

𝐼(1) = (1,1,1,1), thus: 

{
 
 
 

 
 
 

(𝑥0 − 𝑎0)
2

𝑡0
2 +

(𝑦0 − 𝑏0)
2

𝑠02
= 1

((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))
2

(𝑡0 + 𝑡1)2
+
((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2

(𝑠0 + 𝑠1)2
= 1

((𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))
2

(𝑡0 + 𝑡1 + 𝑡2)2
+
((𝑦0 + 𝑦1 + 𝑦2) − (𝑏0 + 𝑏1 + 𝑏2))

2

(𝑠0 + 𝑠1 + 𝑠2)2
= 1

 

And, 

((𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎1 + 𝑎2 + 𝑎3))
2

(𝑡0 + 𝑡1 + 𝑡2 + 𝑡3)2

+
((𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3))

2

(𝑠0 + 𝑠1 + 𝑠2 + 𝑠3)2
= 1 

4. Consider the hyperbola 
(𝑋−𝐴)2

𝑇2
−
(𝑌−𝐵)2

𝑆2
= 1, by a similar discussion, we get 

{
 
 
 

 
 
 

(𝑥0 − 𝑎0)
2

𝑡0
2 −

(𝑦0 − 𝑏0)
2

𝑠02
= 1

((𝑥0 + 𝑥1) − (𝑎0 + 𝑎1))
2

(𝑡0 + 𝑡1)2
−
((𝑦0 + 𝑦1) − (𝑏0 + 𝑏1))

2

(𝑠0 + 𝑠1)2
= 1

((𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))
2

(𝑡0 + 𝑡1 + 𝑡2)2
−
((𝑦0 + 𝑦1 + 𝑦2) − (𝑏0 + 𝑏1 + 𝑏2))

2

(𝑠0 + 𝑠1 + 𝑠2)2
= 1

 

and  
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((𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎1 + 𝑎2 + 𝑎3))
2

(𝑡0 + 𝑡1 + 𝑡2 + 𝑡3)2

−
((𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3))

2

(𝑠0 + 𝑠1 + 𝑠2 + 𝑠3)2
= 1 

Example. 

Consider the symbolic 3-plithogenic ellipse: 

(𝑋 − 2 − 4𝑃1 + 3𝑃2 + 𝑃3)
2

(1 + 5𝑃1 + 7𝑃2 − 𝑃3)2
+
(𝑌 + 1 + 𝑃2 + 11𝑃3)

2

(3 − 𝑃1 − 𝑃2 + 4𝑃3)2
= 1 

it is equivalent to: 

{
 
 
 
 

 
 
 
 

(𝑥0 − 2)
2

1
+
(𝑦0 + 1)

2

32
= 1

[(𝑥0 + 𝑥1) − 6]
2

62
+
[(𝑦0 + 𝑦1) + 1]

2

22
= 1

[(𝑥0 + 𝑥1 + 𝑥2) − 3]
2

132
+
[(𝑦0 + 𝑦1 + 𝑦2) + 2]

2

1
= 1

[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 2]
2

122
+
[(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) + 13]

2

52
= 1

 

Example. 

Consider the symbolic 3-plithogenic circle: 

(𝑋 − 2 − 4𝑃1 + 3𝑃2 + 𝑃3)
2 + (𝑌 + 1 + 𝑃2 + 11𝑃3)

2 = 1 

It is equivalent to: 

{
 
 

 
 (𝑥0 − 2)

2 + (𝑦0 + 1)
2 = 1

[(𝑥0 + 𝑥1) − 6]
2 + [(𝑦0 + 𝑦1) + 1]

2 = 1

[(𝑥0 + 𝑥1 + 𝑥2) − 3]
2 + [(𝑦0 + 𝑦1 + 𝑦2) + 2]

2 = 1

[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 2]
2 + [(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) + 13]

2 = 1

 

Example. 

Consider the symbolic 3-plithogenic hyperbola: 

(𝑋 − 2 − 4𝑃1 + 3𝑃2 + 𝑃3)
2

(1 + 5𝑃1 + 7𝑃2 − 𝑃3)2
−
(𝑌 + 1 + 𝑃2 + 11𝑃3)

2

(3 − 𝑃1 − 𝑃2 + 4𝑃3)2
= 1 

it is equivalent to: 
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{
 
 
 
 

 
 
 
 

(𝑥0 − 2)
2

1
−
(𝑦0 + 1)

2

32
= 1

[(𝑥0 + 𝑥1) − 6]
2

62
−
[(𝑦0 + 𝑦1) + 1]

2

22
= 1

[(𝑥0 + 𝑥1 + 𝑥2) − 3]
2

132
−
[(𝑦0 + 𝑦1 + 𝑦2) + 2]

2

1
= 1

[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 2]
2

122
−
[(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) + 13]

2

52
= 1

 

Conclusion 

In this paper, we defined for the first time a special AH-isometry on the symbolic 

3-plithogenic fields of reals, and we used this isometry to obtain many formulas 

and properties about the symbolic 3-plithogenic analytical concepts such as 

differentiability, continuity, and integrability. Also, symbolic 2 3-plithogenic conic 

sections were handled by using the mentioned isometry. In addition, many related 

examples were presented to clarify the novelty of our work. 
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Abstract: The objective of this paper is to find the necessary and sufficient 

conditions for a symbolic 3-plithogenic quadruple 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 + 𝑡3𝑃3, 𝑠0 + 𝑠1𝑃1 + 𝑠2𝑃2 + 𝑠3𝑃3, 𝑘0 + 𝑘1𝑃1 + 𝑘2𝑃2 + 𝑘3𝑃3, 𝑙0 + 𝑙1𝑃1 +

𝑙2𝑃2 + 𝑙3𝑃3) to be a Pythagoras quadruple, i.e. to be a solution for the non-linear 

Diophantine equation in four variables 𝑋2 + 𝑌2 + 𝑍2 = 𝑇2. 

Also, many examples will be illustrated and presented to explain how the 

theorems work. 

Keywords: symbolic 3-plithogenic ring, Pythagoras quadruple, Pythagoras 

Diophantine equation 

Introduction and Preliminaries. 

 Symbolic n-plithogenic sets were defined by Smarandache in [1-3], where these 

sets were used in generalizing classical algebraic structures such as symbolic 

2-plithogenic and symbolic 3-plithogenic structures [4-9], with many applications in

other fields [10-12]. 

It is useful to refer that symbolic n-plithogenic algebraic structures are very similar 

to neutrosophic and refined neutrosophic structures, see [13-22]. 
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In this paper, we continue other efforts to study Pythagoras triples in many 

different rings [23-26]. 

We present the concept of Pythagoras triple in a symbolic 3-plithogenic 

commutative ring with many clear examples that clarify the validity of our work. 

Definition.  

Let 𝑅 be a ring, the symbolic 3-plithogenic ring is defined as follows: 

3 − 𝑆𝑃𝑅 = {𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3;  𝑎𝑖 ∈ 𝑅, 𝑃𝑗
2 = 𝑃𝑗 , 𝑃𝑖 × 𝑃𝑗 = 𝑃𝑚𝑎𝑥(𝑖,𝑗)}. 

Smarandache has defined algebraic operations on 3 − 𝑆𝑃𝑅 as follows: 

Addition: 

[𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3] + [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 + 𝑏3𝑃3] = (𝑎0 + 𝑏0) + (𝑎1 + 𝑏1)𝑃1 +

(𝑎2 + 𝑏2)𝑃2 + (𝑎3 + 𝑏3)𝑃3. 

Multiplication: 

[𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3]. [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 + 𝑏3𝑃3] = 𝑎0𝑏0 + 𝑎0𝑏1𝑃1 + 𝑎0𝑏2𝑃2 +

𝑎0𝑏3𝑃3 + 𝑎1𝑏0𝑃1
2 + 𝑎1𝑏2𝑃1𝑃2 + 𝑎2𝑏0𝑃2 + 𝑎2𝑏1𝑃1𝑃2 + 𝑎2𝑏2𝑃2

2 + 𝑎1𝑏3𝑃3𝑃1 +

𝑎2𝑏3𝑃2𝑃3 + 𝑎3𝑏3(𝑃3)
2 + 𝑎3𝑏0𝑃3 + 𝑎3𝑏1𝑃3𝑃1 + 𝑎3𝑏2𝑃2𝑃3 + 𝑎1𝑏1𝑃1𝑃1 = 𝑎0𝑏0 +

(𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑃1 + (𝑎0𝑏2 + 𝑎1𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1 + 𝑎2𝑏2)𝑃2 + (𝑎0𝑏3 + 𝑎1𝑏3 +

𝑎2𝑏3 + 𝑎3𝑏3 + 𝑎3𝑏0 + 𝑎3𝑏1 + 𝑎3𝑏2)𝑃3. 

Definition.  

Let 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 + 𝑡3𝑃3, 𝑆 = 𝑠0 + 𝑠1𝑃1 + 𝑠2𝑃2 + 𝑠3𝑃3, 𝐾 = 𝑘0 + 𝑘1𝑃1 + 𝑘2𝑃2 +

𝑘3𝑃3, 𝐿 = 𝑙0 + 𝑙1𝑃1 + 𝑙2𝑃2 + 𝑙3𝑃3 be four symbolic 3-plithogenic elements of a 

symbolic 3-plithogenic commutative ring 3 − 𝑆𝑃𝑅, then (𝑇, 𝑆, 𝐾, 𝐿) is called a 

symbolic 3-plithogenic Pythagoras quadruple if and only if 𝑇2 + 𝑆2 + 𝐾2 = 𝐿2. 

Theorem. 

Let 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 + 𝑡3𝑃3, 𝑆 = 𝑠0 + 𝑠1𝑃1 + 𝑠2𝑃2 + 𝑠3𝑃3, 𝐾 = 𝑘0 + 𝑘1𝑃1 + 𝑘2𝑃2 +

𝑘3𝑃3, 𝐿 = 𝑙0 + 𝑙1𝑃1 + 𝑙2𝑃2 + 𝑙3𝑃3 ∈ 3 − 𝑆𝑃𝑅, then (𝑇, 𝑆, 𝐾, 𝐿) is a Pythagoras 

quadruple if and only if: 

(𝑡0, 𝑠0, 𝑘0, 𝑙0), (𝑡0 + 𝑡1, 𝑠0 + 𝑠1, 𝑘0 + 𝑘1, 𝑙0 + 𝑙1), (𝑡0 + 𝑡1 + 𝑡2, 𝑠0 + 𝑠1 + 𝑠2, 𝑘0 + 𝑘1 +

𝑘2, 𝑙0 + 𝑙1 + 𝑙2), (𝑡0 + 𝑡1 + 𝑡2 + 𝑡3, 𝑠0 + 𝑠1 + 𝑠2 + 𝑠3, 𝑘0 + 𝑘1 + 𝑘2 + 𝑘3, 𝑙0 + 𝑙1 + 𝑙2 +

𝑙3 ) are four Pythagoras quadruples in 𝑅. 

Proof. 
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We have: 

𝑇2 = 𝑡0
2 + [(𝑡0 + 𝑡1)

2 − 𝑡0
2]𝑃1 + [(𝑡0 + 𝑡1 + 𝑡2)

2 − (𝑡0 + 𝑡1)
2]𝑃2

+ [(𝑡0 + 𝑡1 + 𝑡2 + 𝑡3)
2 − (𝑡0 + 𝑡1 + 𝑡2)

2]𝑃3 

𝑆2 = 𝑠0
2 + [(𝑠0 + 𝑠1)

2 − 𝑠0
2]𝑃1 + [(𝑠0 + 𝑠1 + 𝑠2)

2 − (𝑠0 + 𝑠1)
2]𝑃2

+ [(𝑠0 + 𝑠1 + 𝑠2 + 𝑠3)
2 − (𝑠0 + 𝑠1 + 𝑠2)

2]𝑃3 

𝐾2 = 𝑘0
2 + [(𝑘0 + 𝑘1)

2 − 𝑘0
2]𝑃1 + [(𝑘0 + 𝑘1 + 𝑘2)

2 − (𝑘0 + 𝑘1)
2]𝑃2

+ [(𝑘0 + 𝑘1 + 𝑘2 + 𝑘3)
2 − (𝑘0 + 𝑘1 + 𝑘2)

2]𝑃3 

𝐿2 = 𝑙0
2 + [(𝑙0 + 𝑙1)

2 − 𝑙0
2]𝑃1 + [(𝑙0 + 𝑙1 + 𝑙2)

2 − (𝑙0 + 𝑙1)
2]𝑃2

+ [(𝑙0 + 𝑙1 + 𝑙2 + 𝑙3)
2 − (𝑙0 + 𝑙1 + 𝑙2)

2]𝑃3 

The equation 𝑇2 + 𝑆2 + 𝐾2 = 𝐿2 I equivalent to: 

𝑡0
2 + 𝑠0

2 + 𝑘0
2 = 𝑙0

2  (1) 

(𝑡0 + 𝑡1)
2 + (𝑠0 + 𝑠1)

2 + (𝑘0 + 𝑘1)
2 = (𝑙0 + 𝑙1)

2  (2) 

(𝑡0 + 𝑡1 + 𝑡2)
2 + (𝑠0 + 𝑠1 + 𝑠2)

2 + (𝑘0 + 𝑘1 + 𝑘2)
2 = (𝑙0 + 𝑙1 + 𝑙2)

2  (3) 

(𝑡0 + 𝑡1 + 𝑡2 + 𝑡3)
2 + (𝑠0 + 𝑠1 + 𝑠2 + 𝑠3)

2 + (𝑘0 + 𝑘1 + 𝑘2 + 𝑘3)
2

= (𝑙0 + 𝑙1 + 𝑙2 + 𝑙3)
2  (4) 

Thus, the proof holds. 

Theorem. 

Let (𝑡0, 𝑠0, 𝑘0, 𝑙0), (𝑡1, 𝑠1, 𝑘1, 𝑙1), (𝑡2, 𝑠2, 𝑘2, 𝑙2), (𝑡3, 𝑠3, 𝑘3, 𝑙3)  be four Pythagoras 

quadruples in 𝑅 , then the corresponding pythagoras quadruple in 3 − 𝑆𝑃𝑅  is 

(𝑇, 𝑆, 𝐾, 𝐿), where: 

𝑇 = 𝑡0 + [𝑡1 − 𝑡0]𝑃1 + [𝑡2 − 𝑡1]𝑃2 + [𝑡3 − 𝑡2]𝑃3 

𝑆 = 𝑠0 + [𝑠1 − 𝑠0]𝑃1 + [𝑠2 − 𝑠1]𝑃2 + [𝑠3 − 𝑠2]𝑃3 

𝐾 = 𝑘0 + [𝑘1 − 𝑘0]𝑃1 + [𝑘2 − 𝑘1]𝑃2 + [𝑘3 − 𝑘2]𝑃3 

𝐿 = 𝑙0 + [𝑙1 − 𝑙0]𝑃1 + [𝑙2 − 𝑙1]𝑃2 + [𝑙3 − 𝑙2]𝑃3 

Proof. 

We  must compute 𝑇2 + 𝑆2 + 𝐾2, 
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𝑇2 + 𝑆2 + 𝐾2 = 𝑡0
2 + (𝑡1

2 − 𝑡0
2)𝑃1 + (𝑡2

2 − 𝑡1
2)𝑃2 + (𝑡3

2 − 𝑡2
2)𝑃3 + 𝑠0

2

+ (𝑠1
2 − 𝑠0

2)𝑃1 + (𝑠2
2 − 𝑠1

2)𝑃2 + (𝑠3
2 − 𝑠2

2)𝑃3 + 𝑘0
2 + (𝑘1

2 − 𝑘0
2)𝑃1

+ (𝑘2
2 − 𝑘1

2)𝑃2 + (𝑘3
2 − 𝑘2

2)𝑃3

= (𝑡0
2 + 𝑠0

2 + 𝑘0
2) + (𝑡1

2 + 𝑠1
2 + 𝑘1

2 − 𝑡0
2 − 𝑠0

2 − 𝑘0
2)𝑃1

+ (𝑡2
2 + 𝑠2

2 + 𝑘2
2 − 𝑡1

2 − 𝑠1
2 − 𝑘1

2)𝑃2

+ (𝑡3
2 + 𝑠3

2 + 𝑘3
2 − 𝑡2

2 − 𝑠2
2 − 𝑘2

2)𝑃3

= 𝑙0
2 + (𝑙1

2 − 𝑙0
2)𝑃1 + (𝑙2

2 − 𝑙1
2)𝑃2 + (𝑙3

2 − 𝑙2
2)𝑃3 = 𝐿2 

O that, the proof is complete. 

Example: 

We have 𝐿1 = (1,−1, 𝑖, 1), 𝐿2 = (𝑖, 1, −1, −1), 𝐿3 = (−𝑖, −1,1, −1), 𝐿4 =

(1,−𝑖, −1,−1) are four Pythagoras quadruples in 𝐶. 

The corresponding 3-plithogenic Pythagoras quadruple is (𝑇, 𝑆, 𝐾, 𝐿), where: 

𝑇 = 1 + (−1 + 𝑖)𝑃1 − 2𝑖𝑃2 + (1 + 𝑖)𝑃3 

𝑆 = −1 + 2𝑃1 − 2𝑃2 + (1 − 𝑖)𝑃3 

𝐾 = 𝑖 + (−1 − 𝑖)𝑃1 + 2𝑃2 − 2𝑃3 

𝐿 = 1 − 2𝑃1 + 2𝑃2 − 2𝑃3 

On the other hand, we have: 

𝑇2 = 1 − 2𝑖𝑃1 − 4𝑃2 + 2𝑖𝑃3 + 2(−1 + 𝑖)𝑃1 − 4𝑖𝑃2 + 2(1 + 𝑖)𝑃3 − 4𝑖𝑃2

+ 2(−1 + 𝑖)(1 + 𝑖)𝑃3 − 4𝑖(1 + 𝑖)𝑃3

= 1 + (−2𝑖 − 2 + 2𝑖)𝑃1 + (−4 − 4𝑖 + 4𝑖 + 4)𝑃2

+ (2𝑖 + 2 + 2𝑖 − 4 − 4𝑖 + 4)𝑃3 = 1 − 2𝑃1 + 2𝑃3 

𝑆2 = 1 + 4𝑃1 + 4𝑃2 − 2𝑖𝑃3 − 4𝑃1 + 4𝑃2 + 2(−1 + 𝑖)𝑃3 − 8𝑃2 + 4(1 − 𝑖)𝑃3

− 4(1 − 𝑖)𝑃3

= 1 + (4 − 4)𝑃1 + (4 + 4 − 8)𝑃2 + (−2𝑖 − 2 + 2𝑖 + 4 − 4𝑖 − 4 + 4𝑖)𝑃3

= 1 − 2𝑃3 

𝐾2 = −1 + 2𝑃1 

𝐿2 = 1 = 𝑇2 + 𝑆2 + 𝐾2 

Example. 

Consider the following four Pythagoras quadruples in 𝑍2: 

𝐿1 = (0,0,0,0), 𝐿2 = (1,1,1,1), 𝐿3 = (1,1,0,0), 𝐿4 = (0,0,1,1) 
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For every quadruple (𝐿𝑖, 𝐿𝑗 , 𝐿𝑠, 𝐿𝑘); 1 ≤ 𝑖, 𝑗, , 𝑘 ≤ 4 , we can get a symbolic 

3-plithogenic pythagoras quadruple. 

We will find some symbolic 3-plithogenic Pythagoras quadruple in 3 − 𝑆𝑃𝑍2. 

Let us discuss the following cases: 

case (1). 

(𝐿1, 𝐿1, 𝐿1, 𝐿1): 

{
 

 
𝑌1 = 0

𝑌1́ = 0

𝑌1
′′ = 0

𝑌1
′′′ = 0

 

case (2). 

(𝐿1, 𝐿1, 𝐿1, 𝐿2): 

{
 

 
𝑌2 = 𝑃3
𝑌2́ = 𝑃3
𝑌2
′′ = 𝑃3

𝑌2
′′′ = 𝑃3

 

case (3). 

(𝐿1, 𝐿1, 𝐿1, 𝐿3): 

{
 

 
𝑌3 = 𝑃3
𝑌3́ = 𝑃3
𝑌3
′′ = 0

𝑌3
′′′ = 0

 

case (4). 

(𝐿1, 𝐿1, 𝐿1, 𝐿4): 

{
 

 
𝑌4 = 0

𝑌4́ = 0

𝑌4
′′ = 𝑃3

𝑌4
′′′ = 𝑃3

 

case (5). 

(𝐿1, 𝐿1, 𝐿2, 𝐿1): 

{
 

 
𝑌5 = 𝑃2 + 𝑃3
𝑌5́ = 𝑃2 + 𝑃3
𝑌5
′′ = 𝑃2 + 𝑃3

𝑌5
′′′ = 𝑃2 + 𝑃3

 

case (6). 

(𝐿1, 𝐿1, 𝐿3, 𝐿1): 

{
 

 
𝑌6 = 𝑃2 + 𝑃3
𝑌6́ = 𝑃2 + 𝑃3
𝑌6
′′ = 𝑃2 + 𝑃3

𝑌6
′′′ = 𝑃2 + 𝑃3

 

case (7). 
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(𝐿1, 𝐿1, 𝐿4, 𝐿1): 

{
 

 
𝑌7 = 0

𝑌7́ = 0

𝑌7
′′ = 𝑃2 + 𝑃3

𝑌7
′′′ = 𝑃2 + 𝑃3

 

case (8). 

(𝐿1, 𝐿2, 𝐿1, 𝐿1): 

{
 

 
𝑌8 = 𝑃1 + 𝑃2
𝑌8́ = 𝑃1 + 𝑃2
𝑌8
′′ = 𝑃1 + 𝑃2

𝑌8
′′′ = 𝑃1 + 𝑃2

 

case (9). 

(𝐿1, 𝐿3, 𝐿1, 𝐿1): 

{
 

 
𝑌9 = 𝑃1 + 𝑃2
𝑌9́ = 𝑃1 + 𝑃2
𝑌9
′′ = 0

𝑌9
′′′ = 0

 

case (10). 

(𝐿1, 𝐿4, 𝐿1, 𝐿1): 

{
 

 
𝑌10 = 0

𝑌10́ = 0

𝑌10
′′ = 𝑃1 + 𝑃2

𝑌10
′′′ = 𝑃1 + 𝑃2

 

case (11). 

(𝐿2, 𝐿1, 𝐿1, 𝐿1): 

{
 

 
𝑌11 = 1 + 𝑃1
𝑌11́ = 1 + 𝑃1
𝑌11

′′ = 1 + 𝑃1
𝑌11

′′′ = 1 + 𝑃1

 

case (12). 

(𝐿3, 𝐿1, 𝐿1, 𝐿1): 

{
 

 
𝑌12 = 1 + 𝑃1
𝑌12́ = 1 + 𝑃1
𝑌12

′′ = 0

𝑌12
′′′ = 0

 

case (13). 

(𝐿4, 𝐿1, 𝐿1, 𝐿1): 

{
 

 
𝑌13 = 0

𝑌13́ = 0

𝑌13
′′ = 1 + 𝑃1

𝑌13
′′′ = 1 + 𝑃1

 

case (14). 
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(𝐿2, 𝐿2, 𝐿2, 𝐿2): 

{
 

 
𝑌14 = 1

𝑌14́ = 1

𝑌14
′′ = 1

𝑌14
′′′ = 1

 

case (15). 

(𝐿2, 𝐿2, 𝐿2, 𝐿1): 

{
 

 
𝑌15 = 1 + 𝑃3
𝑌15́ = 1 + 𝑃3
𝑌15

′′ = 1 + 𝑃3
𝑌15

′′′ = 1 + 𝑃3

 

case (16). 

(𝐿2, 𝐿2, 𝐿2, 𝐿3): 

{
 

 
𝑌16 = 1

𝑌16́ = 1

𝑌16
′′ = 1 + 𝑃3

𝑌16
′′′ = 1 + 𝑃3

 

case (17). 

(𝐿2, 𝐿2, 𝐿2, 𝐿4): 

{
 

 
𝑌17 = 1 + 𝑃3
𝑌17́ = 1 + 𝑃3
𝑌17

′′ = 1

𝑌17
′′′ = 1

 

case (18). 

(𝐿2, 𝐿2, 𝐿1, 𝐿2): 

{
 

 
𝑌18 = 1 + 𝑃2 + 𝑃3
𝑌18́ = 1 + 𝑃2 + 𝑃3
𝑌18

′′ = 1 + 𝑃2 + 𝑃3
𝑌18

′′′ = 1 + 𝑃2 + 𝑃3

 

case (19). 

(𝐿2, 𝐿2, 𝐿3, 𝐿2): 

{
 

 
𝑌19 = 1

𝑌19́ = 1

𝑌19
′′ = 1 + 𝑃3

𝑌19
′′′ = 1 + 𝑃3

 

case (20). 

(𝐿2, 𝐿2, 𝐿4, 𝐿2): 

{
 

 
𝑌20 = 1 + 𝑃2 + 𝑃3
𝑌20́ = 1 + 𝑃2 + 𝑃3

𝑌20
′′ = 1

𝑌20
′′′ = 1

 

case (21). 
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(𝐿2, 𝐿1, 𝐿2, 𝐿2): 

{
 

 
𝑌21 = 1 + 𝑃1 + 𝑃2
𝑌21́ = 1 + 𝑃1 + 𝑃2
𝑌21

′′ = 1 + 𝑃1 + 𝑃2
𝑌21

′′′ = 1 + 𝑃1 + 𝑃2

 

case (22). 

(𝐿2, 𝐿3, 𝐿2, 𝐿2): 

{
 

 
𝑌22 = 1

𝑌22́ = 1

𝑌22
′′ = 1 + 𝑃1 + 𝑃2

𝑌22
′′′ = 1 + 𝑃1 + 𝑃2

 

case (23). 

(𝐿2, 𝐿4, 𝐿2, 𝐿2): 

{
 

 
𝑌23 = 1 + 𝑃1 + 𝑃2
𝑌23́ = 1 + 𝑃1 + 𝑃2

𝑌23
′′ = 1

𝑌23
′′′ = 1

 

Permutation (24). 

(𝐿1, 𝐿2, 𝐿2, 𝐿2): 

{
 

 
𝑌24 = 𝑃1
𝑌24́ = 𝑃1
𝑌24

′′ = 𝑃1
𝑌24

′′′ = 𝑃1

 

case (25). 

(𝐿3, 𝐿2, 𝐿2, 𝐿2): 

{
 

 
𝑌25 = 1

𝑌25́ = 1

𝑌25
′′ = 𝑃1

𝑌25
′′′ = 𝑃1

 

case (26). 

(𝐿4, 𝐿2, 𝐿2, 𝐿2): 

{
 

 
𝑌26 = 𝑃1
𝑌26́ = 𝑃1
𝑌26

′′ = 1

𝑌26
′′′ = 1

 

case (27). 

(𝐿3, 𝐿3, 𝐿3, 𝐿3): 

{
 

 
𝑌27 = 1

𝑌27́ = 1

𝑌27
′′ = 0

𝑌27
′′′ = 0

 

case (28). 
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(𝐿3, 𝐿3, 𝐿3, 𝐿1): 

{
 

 
𝑌28 = 1 + 𝑃3
𝑌28́ = 1 + 𝑃3
𝑌28

′′ = 0

𝑌28
′′′ = 0

 

case (29). 

(𝐿3, 𝐿3, 𝐿3, 𝐿2): 

{
 

 
𝑌29 = 1

𝑌29́ = 1

𝑌29
′′ = 𝑃3

𝑌29
′′′ = 𝑃3

 

case (30). 

(𝐿3, 𝐿3, 𝐿3, 𝐿4): 

{
 

 
𝑌30 = 1 + 𝑃3
𝑌30́ = 1 + 𝑃3
𝑌30

′′ = 𝑃3
𝑌30

′′′ = 𝑃3

 

case (31). 

(𝐿3, 𝐿3, 𝐿1, 𝐿3): 

{
 

 
𝑌31 = 1 + 𝑃3
𝑌31́ = 1 + 𝑃3
𝑌31

′′ = 𝑃3
𝑌31

′′′ = 𝑃3

 

case (32). 

(𝐿3, 𝐿3, 𝐿2, 𝐿3): 

{
 

 
𝑌32 = 1

𝑌32́ = 1

𝑌32
′′ = 𝑃2 + 𝑃3

𝑌32
′′′ = 𝑃2 + 𝑃3

 

case (33). 

(𝐿3, 𝐿3, 𝐿4, 𝐿3): 

{
 

 
𝑌33 = 1 + 𝑃2 + 𝑃3
𝑌33́ = 1 + 𝑃2 + 𝑃3
𝑌33

′′ = 𝑃2 + 𝑃3
𝑌33

′′′ = 𝑃2 + 𝑃3

 

case (34). 

(𝐿3, 𝐿1, 𝐿3, 𝐿3): 

{
 

 
𝑌34 = 1 + 𝑃2 + 𝑃3
𝑌34́ = 1 + 𝑃2 + 𝑃3

𝑌34
′′ = 0

𝑌34
′′′ = 0

 

case (35). 
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(𝐿3, 𝐿2, 𝐿3, 𝐿3): 

{
 

 
𝑌35 = 1

𝑌35́ = 1

𝑌35
′′ = 𝑃1 + 𝑃2

𝑌35
′′′ = 𝑃1 + 𝑃2

 

case (36). 

(𝐿3, 𝐿4, 𝐿3, 𝐿3): 

{
 

 
𝑌36 = 1 + 𝑃1 + 𝑃2
𝑌36́ = 1 + 𝑃1 + 𝑃2
𝑌36

′′ = 𝑃1 + 𝑃2
𝑌36

′′′ = 𝑃1 + 𝑃2

 

case (37). 

(𝐿1, 𝐿3, 𝐿3, 𝐿3): 

{
 

 
𝑌37 = 𝑃1
𝑌37́ = 𝑃1
𝑌37

′′ = 0

𝑌37
′′′ = 0

 

case (38). 

(𝐿2, 𝐿3, 𝐿3, 𝐿3): 

{
 

 
𝑌38 = 1

𝑌38́ = 1

𝑌38
′′ = 1 + 𝑃1

𝑌38
′′′ = 1 + 𝑃1

 

case (39). 

(𝐿4, 𝐿3, 𝐿3, 𝐿3): 

{
 

 
𝑌39 = 𝑃1
𝑌39́ = 𝑃1

𝑌39
′′ = 1 + 𝑃1

𝑌39
′′′ = 1 + 𝑃1

 

case (40). 

(𝐿4, 𝐿4, 𝐿4, 𝐿4): 

{
 

 
𝑌40 = 0

𝑌40́ = 0

𝑌40
′′ = 1

𝑌40
′′′ = 1

 

case (41). 

(𝐿4, 𝐿4, 𝐿4, 𝐿1): 

{
 

 
𝑌41 = 0

𝑌41́ = 0

𝑌41
′′ = 1 + 𝑃3

𝑌41
′′′ = 1 + 𝑃3

 

case (42). 
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(𝐿4, 𝐿4, 𝐿4, 𝐿2): 

{
 

 
𝑌42 = 𝑃3
𝑌42́ = 𝑃3
𝑌42

′′ = 1

𝑌42
′′′ = 1

 

case (43). 

(𝐿4, 𝐿4, 𝐿4, 𝐿3): 

{
 

 
𝑌43 = 𝑃3
𝑌43́ = 𝑃3

𝑌43
′′ = 1 + 𝑃3

𝑌43
′′′ = 1 + 𝑃3

 

case (44). 

(𝐿4, 𝐿4, 𝐿1, 𝐿4): 

{
 

 
𝑌44 = 0

𝑌44́ = 0

𝑌44
′′ = 1 + 𝑃2 + 𝑃3

𝑌44
′′′ = 1 + 𝑃2 + 𝑃3

 

case (45). 

(𝐿4, 𝐿4, 𝐿2, 𝐿4): 

{
 

 
𝑌45 = 𝑃2 + 𝑃3
𝑌45́ = 𝑃2 + 𝑃3
𝑌45

′′ = 1

𝑌45
′′′ = 1

 

case (46). 

(𝐿4, 𝐿4, 𝐿3, 𝐿4): 

{
 

 
𝑌46 = 𝑃2 + 𝑃3
𝑌46́ = 𝑃2 + 𝑃3

𝑌46
′′ = 1 + 𝑃2 + 𝑃3

𝑌46
′′′ = 1 + 𝑃2 + 𝑃3

 

case (47). 

(𝐿4, 𝐿1, 𝐿4, 𝐿4): 

{
 

 
𝑌47 = 0

𝑌47́ = 0

𝑌47
′′ = 1 + 𝑃1 + 𝑃2

𝑌47
′′′ = 1 + 𝑃1 + 𝑃2

 

case (48). 

(𝐿4, 𝐿2, 𝐿4, 𝐿4): 

{
 

 
𝑌48 = 𝑃1 + 𝑃2
𝑌48́ = 𝑃1 + 𝑃2
𝑌48

′′ = 1

𝑌48
′′′ = 1

 

case (49). 
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(𝐿4, 𝐿3, 𝐿4, 𝐿4): 

{
 

 
𝑌49 = 𝑃1 + 𝑃2
𝑌49́ = 𝑃1 + 𝑃2

𝑌49
′′ = 1 + 𝑃1 + 𝑃2

𝑌49
′′′ = 1 + 𝑃1 + 𝑃2

 

case (50). 

(𝐿1, 𝐿4, 𝐿4, 𝐿4): 

{
 

 
𝑌50 = 0

𝑌50́ = 0

𝑌50
′′ = 𝑃1

𝑌50
′′′ = 𝑃1

 

case (51). 

(𝐿2, 𝐿4, 𝐿4, 𝐿4): 

{
 

 
𝑌51 = 1 + 𝑃1
𝑌51́ = 1 + 𝑃1
𝑌51

′′ = 1

𝑌51
′′′ = 1

 

case (52). 

(𝐿3, 𝐿4, 𝐿4, 𝐿4): 

{
 

 
𝑌52 = 1 + 𝑃1
𝑌52́ = 1 + 𝑃1
𝑌52

′′ = 𝑃1
𝑌52

′′′ = 𝑃1

 

case (53). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): 

{
 

 
𝑌53 = 𝑃1 + 𝑃3
𝑌53́ = 𝑃1 + 𝑃3

𝑌53
′′ = 𝑃1 + 𝑃2 + 𝑃3

𝑌53
′′′ = 𝑃1 + 𝑃2 + 𝑃3

 

case (54). 

(𝐿1, 𝐿2, 𝐿4, 𝐿3): 

{
 

 
𝑌54 = 𝑃1 + 𝑃2 + 𝑃3
𝑌54́ = 𝑃1 + 𝑃2 + 𝑃3
𝑌54

′′ = 𝑃1 + 𝑃2
𝑌54

′′′ = 𝑃1 + 𝑃2

 

case (55). 

(𝐿1, 𝐿3, 𝐿2, 𝐿4): 

{
 

 
𝑌55 = 𝑃1 + 𝑃3
𝑌55́ = 𝑃1 + 𝑃3
𝑌55

′′ = 𝑃2
𝑌55

′′′ = 𝑃2

 

case (56). 
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(𝐿1, 𝐿3, 𝐿4, 𝐿2): 

{
 

 
𝑌56 = 𝑃1 + 𝑃2 + 𝑃3
𝑌56́ = 𝑃1 + 𝑃2 + 𝑃3

𝑌56
′′ = 𝑃2

𝑌56
′′′ = 𝑃2

 

case (57). 

(𝐿1, 𝐿4, 𝐿2, 𝐿3): 

{
 

 
𝑌57 = 𝑃2
𝑌57́ = 𝑃2

𝑌57
′′ = 𝑃1 + 𝑃3

𝑌57
′′′ = 𝑃1 + 𝑃3

 

case (58). 

(𝐿1, 𝐿4, 𝐿3, 𝐿2): 

{
 

 
𝑌58 = 𝑃2
𝑌58́ = 𝑃2

𝑌58
′′ = 𝑃1 + 𝑃2 + 𝑃3

𝑌58
′′′ = 𝑃1 + 𝑃2 + 𝑃3

 

case (59). 

(𝐿2, 𝐿1, 𝐿3, 𝐿4): 

{
 

 
𝑌59 = 1 + 𝑃1 + 𝑃2 + 𝑃3
𝑌59́ = 1 + 𝑃1 + 𝑃2 + 𝑃3
𝑌59

′′ = 1 + 𝑃1 + 𝑃3
𝑌59

′′′ = 1 + 𝑃1 + 𝑃3

 

case (60). 

(𝐿2, 𝐿1, 𝐿4, 𝐿3): 

{
 

 
𝑌60 = 1 + 𝑃1 + 𝑃3
𝑌60́ = 1 + 𝑃1 + 𝑃3
𝑌60

′′ = 𝑃2 + 𝑃3
𝑌60

′′′ = 𝑃2 + 𝑃3

 

case (61). 

(𝐿3, 𝐿1, 𝐿2, 𝐿4): 

{
 

 
𝑌61 = 1 + 𝑃1 + 𝑃2 + 𝑃3
𝑌61́ = 1 + 𝑃1 + 𝑃2 + 𝑃3

𝑌61
′′ = 𝑃2

𝑌61
′′′ = 𝑃2

 

case (62). 

(𝐿3, 𝐿1, 𝐿4, 𝐿2): 

{
 

 
𝑌62 = 1 + 𝑃1 + 𝑃3
𝑌62́ = 1 + 𝑃1 + 𝑃3

𝑌62
′′ = 𝑃2

𝑌62
′′′ = 𝑃2

 

case (63). 
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(𝐿4, 𝐿1, 𝐿2, 𝐿3): 

{
 

 
𝑌63 = 𝑃2
𝑌63́ = 𝑃2

𝑌63
′′ = 1 + 𝑃2 + 𝑃3

𝑌63
′′′ = 1 + 𝑃2 + 𝑃3

 

case (64). 

(𝐿4, 𝐿1, 𝐿3, 𝐿2): 

{
 

 
𝑌64 = 𝑃2
𝑌64́ = 𝑃2

𝑌64
′′ = 1 + 𝑃3

𝑌64
′′′ = 1 + 𝑃3

 

case (65). 

(𝐿2, 𝐿3, 𝐿1, 𝐿4): 

{
 

 
𝑌65 = 1 + 𝑃2
𝑌65́ = 1 + 𝑃2
𝑌65

′′ = 1 + 𝑃3
𝑌65

′′′ = 1 + 𝑃3

 

case (66). 

(𝐿2, 𝐿3, 𝐿4, 𝐿1): 

{
 

 
𝑌66 = 1 + 𝑃2
𝑌66́ = 1 + 𝑃2

𝑌66
′′ = 1 + 𝑃1 + 𝑃2 + 𝑃3

𝑌66
′′′ = 1 + 𝑃1 + 𝑃2 + 𝑃3

 

case (67). 

(𝐿3, 𝐿2, 𝐿1, 𝐿4): 

{
 

 
𝑌67 = 1 + 𝑃2
𝑌67́ = 1 + 𝑃2

𝑌67
′′ = 𝑃1 + 𝑃2 + 𝑃3

𝑌67
′′′ = 𝑃1 + 𝑃2 + 𝑃3

 

case (68). 

(𝐿3, 𝐿2, 𝐿4, 𝐿1): 

{
 

 
𝑌68 = 1 + 𝑃2
𝑌68́ = 1 + 𝑃2
𝑌68

′′ = 1 + 𝑃3
𝑌68

′′′ = 1 + 𝑃3

 

case (64). 

(𝐿4, 𝐿1, 𝐿3, 𝐿2): 

{
 

 
𝑌64 = 𝑃2
𝑌64́ = 𝑃2

𝑌64
′′ = 𝑃1 + 𝑃3

𝑌64
′′′ = 𝑃1 + 𝑃3

 

case (69). 
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(𝐿3, 𝐿4, 𝐿1, 𝐿2): 

{
 

 
𝑌69 = 1 + 𝑃1 + 𝑃3
𝑌69́ = 1 + 𝑃1 + 𝑃3
𝑌69

′′ = 𝑃1 + 𝑃3
𝑌69

′′′ = 𝑃1 + 𝑃3

 

case (70). 

(𝐿3, 𝐿4, 𝐿2, 𝐿1): 

{
 

 
𝑌70 = 1 + 𝑃1 + 𝑃2 + 𝑃3
𝑌70́ = 1 + 𝑃1 + 𝑃2 + 𝑃3

𝑌70
′′ = 𝑃1 + 𝑃3

𝑌70
′′′ = 𝑃1 + 𝑃3

 

case (71). 

(𝐿4, 𝐿3, 𝐿1, 𝐿2): 

{
 

 
𝑌71 = 𝑃1 + 𝑃2 + 𝑃3
𝑌71́ = 𝑃1 + 𝑃2 + 𝑃3
𝑌71

′′ = 1 + 𝑃3
𝑌71

′′′ = 1 + 𝑃3

 

case (72). 

(𝐿4, 𝐿1, 𝐿3, 𝐿2): 

{
 

 
𝑌72 = 𝑃1 + 𝑃3
𝑌72́ = 𝑃1 + 𝑃3

𝑌72
′′ = 1 + 𝑃1 + 𝑃2 + 𝑃3

𝑌72
′′′ = 1 + 𝑃1 + 𝑃2 + 𝑃3

 

case (73). 

(𝐿4, 𝐿2, 𝐿1, 𝐿3): 

{
 

 
𝑌73 = 𝑃1 + 𝑃2 + 𝑃3
𝑌73́ = 𝑃1 + 𝑃2 + 𝑃3
𝑌73

′′ = 1 + 𝑃2
𝑌73

′′′ = 1 + 𝑃2

 

case (74). 

(𝐿4, 𝐿1, 𝐿3, 𝐿2): 

{
 

 
𝑌74 = 𝑃1 + 𝑃3
𝑌74́ = 𝑃1 + 𝑃3
𝑌74

′′ = 1 + 𝑃2
𝑌74

′′′ = 1 + 𝑃2

 

case (75). 

(𝐿2, 𝐿4, 𝐿1, 𝐿3): 

{
 

 
𝑌75 = 1 + 𝑃1 + 𝑃3
𝑌75́ = 1 + 𝑃1 + 𝑃3
𝑌75

′′ = 1 + 𝑃2
𝑌75

′′′ = 1 + 𝑃2

 

case (76). 
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(𝐿2, 𝐿4, 𝐿3, 𝐿1): 

{
 

 
𝑌76 = 1 + 𝑃1 + 𝑃2 + 𝑃3
𝑌76́ = 1 + 𝑃1 + 𝑃2 + 𝑃3

𝑌76
′′ = 1 + 𝑃2

𝑌76
′′′ = 1 + 𝑃2

 

case (77). 

(𝐿2, 𝐿2, 𝐿3, 𝐿3): 

{
 

 
𝑌77 = 1

𝑌77́ = 1

𝑌77
′′ = 1 + 𝑃2

𝑌77
′′′ = 1 + 𝑃2

 

case (78). 

(𝐿2, 𝐿2, 𝐿1, 𝐿1): 

{
 

 
𝑌78 = 1 + 𝑃2
𝑌78́ = 1 + 𝑃2
𝑌78

′′ = 1 + 𝑃2
𝑌78

′′′ = 1 + 𝑃2

 

case (79). 

(𝐿2, 𝐿2, 𝐿4, 𝐿4): 

{
 

 
𝑌79 = 1 + 𝑃2
𝑌79́ = 1 + 𝑃2
𝑌79

′′ = 1

𝑌79
′′′ = 1

 

case (80). 

(𝐿1, 𝐿1, 𝐿2, 𝐿2): 

{
 

 
𝑌80 = 𝑃2
𝑌80́ = 𝑃2
𝑌80

′′ = 𝑃2
𝑌80

′′′ = 𝑃2

 

Conclusion. 

In this paper, we have studied Pythagoras quadruples in symbolic 3-plithogenic 

commutative rings, where necessary and sufficient conditions for a symbolic 

3-plithogenic quadruple (𝑥, 𝑦, 𝑧, 𝑡) to be a Pythagoras quadruple. 

Also, we have presented some related examples that explain how to find 

3-plithogenic quadruples from classical triples. 
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Abstract:  

The objective of this paper is to combine dual numbers with symbolic 

2-plithogenic numbers in one algebraic structure called dual symbolic

2-plithogenic real numbers.

Also, many elementary properties of the suggested system such as inverses and 

idempotents will be handled by many related theorems and examples. 

Keywords: Symbolic 2-plithogenic number, dual number, dual symbolic 

2-plithogenic number.

Introduction and preliminaries. 

Dual numbers are considered as a generalization of real numbers, where they are 

defined as follows: 

𝐷 = {𝑎 + 𝑏𝑡; 𝑡2 = 0, 𝑎, 𝑏 ∈ 𝑅}[1]. Dual numbers make together a commutative ring 

with many interesting properties. 

Addition on 𝐷 is defined as follows: 

(𝑎0 + 𝑏0𝑡) + (𝑎1 + 𝑏1𝑡) = (𝑎0 + 𝑎1) + (𝑏0 + 𝑏1)𝑡 

Multiplication on 𝐷 is defined as follows: 

(𝑎0 + 𝑏0𝑡). (𝑎1 + 𝑏1𝑡) = (𝑎0𝑎1) + (𝑎0𝑏1 + 𝑏0𝑎1)𝑡 
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In [2-4], Smarandache presented symbolic n-plithogenic sets, then they were used 

in generalizing many famous algebraic structures such as rings, matrices, and other 

structures [6-11]. 

We refer to many similar numerical systems that generalize real number, such as 

neutrosophic numbers, split-complex number, and weak fuzzy numbers [12-18]. 

We refer to some applications of these generalized number systems in matrix theory 

and cryptography [19-24]. 

Through this paper, we use symbolic 2-plithogenic real numbers to build a new 

generalization of real numbers, and we present some of its elementary algebraic 

properties. 

Main concepts. 

Definition.  

The set of symbolic 2-plithogenic dual numbers I defined as follows: 

2 − 𝑆𝑃𝐷 = {(𝑥0 + 𝑥1𝑡) + (𝑦0 + 𝑦1𝑡)𝑃1 + (𝑧0 + 𝑧1𝑡)𝑃2; 𝑥𝑖, 𝑦𝑖 , 𝑧𝑖 ∈ 𝑅, 𝑡2 = 0} 

Definition. 

Addition of 2 − 𝑆𝑃𝐷 is defined: 

[(𝑚0 + 𝑚1𝑡) + (𝑘0 + 𝑘1𝑡)𝑃1 + (𝑠0 + 𝑠1𝑡)𝑃2]

+ [(𝑛0 + 𝑛1𝑡) + (𝑙0 + 𝑙1𝑡)𝑃1 + (𝑞0 + 𝑞1𝑡)𝑃2]

= (𝑚0 + 𝑛0) + (𝑚1 + 𝑛1)𝑡 + [(𝑘0 + 𝑙0) + (𝑘1 + 𝑙1)𝑡]𝑃1

+ [(𝑠0 + 𝑞0) + (𝑠1 + 𝑞1)𝑡]𝑃2 

(2 − 𝑆𝑃𝐷 , +) is an abelian group. 

Remark. 

A symbolic 2-plithogenic dual number 𝑋 = (𝑥0 + 𝑥1𝑡) + (𝑦0 + 𝑦1𝑡)𝑃1 + (𝑧0 + 𝑧1𝑡)𝑃2 

can be written: 

𝑋 = (𝑥0 + 𝑦0𝑃1 + 𝑧0𝑃2) + 𝑡(𝑥1 + 𝑦1𝑃1 + 𝑧1𝑃2) 

Definition. 

Let 𝑋 = (𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) + 𝑡(𝑥́0 + 𝑥́1𝑃1 + 𝑥́2𝑃2) = 𝑀1 + 𝑀2𝑡, 

𝑌 = (𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2) + 𝑡(𝑦́0 + 𝑦́1𝑃1 + 𝑦́2𝑃2) = 𝑁1 + 𝑁2𝑡 ∈ 2 − 𝑆𝑃𝐷,  

then: 

Multiplication on 2 − 𝑆𝑃𝐷 is defined as follows: 
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𝑋. 𝑌 = 𝑀1𝑁1 + 𝑡(𝑀1𝑁2 + 𝑁1𝑀2) 

Example. 

Consider 𝑋 = (1 + 𝑃1 + 𝑃2) + 𝑡(2 − 𝑃2), 𝑌 = 𝑃1 + 𝑡(1 − 𝑃1), we have: 

𝑋 + 𝑌 = (1 + 2𝑃1 + 𝑃2) + 𝑡(3 − 𝑃1 − 𝑃2) 

𝑋. 𝑌 = (1 + 𝑃1 + 𝑃2)𝑃1 + 𝑡[(1 + 𝑃1 + 𝑃2)(1 − 𝑃1) + (2 − 𝑃2)𝑃1] = (2𝑃1 + 𝑃2) +

𝑡[(1 − 𝑃1 + 𝑃1 − 𝑃1 + 𝑃2 − 𝑃2) + 2𝑃1 − 𝑃1] = (2𝑃1 + 𝑃2) + 𝑡(1 + 𝑃1 − 𝑃2). 

Remark. 

(2 − 𝑆𝑃𝐷 , +, . ) Is a commutative ring. 

Invertibility: 

Theorem. 

Let 𝑋 = (𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2) ∈ 2 − 𝑆𝑃𝐷, then 𝑋 is invertible 

if and only if 𝑚0 ≠ 0, 𝑚0 + 𝑚1 ≠ 0, 𝑚0 + 𝑚1 + 𝑚2 ≠ 0 and: 

𝑋−1 =
1

𝑋
= [

1

𝑚0
+ (

1

𝑚0 + 𝑚1
−

1

𝑚0
) 𝑃1 + (

1

𝑚0 + 𝑚1 + 𝑚2
−

1

𝑚0 + 𝑚1
) 𝑃2]

− 𝑡 [
𝑛0

(𝑚0)2
+ (

𝑛0 + 𝑛1

(𝑚0 + 𝑚1)2
−

𝑛0

(𝑚0)2
) 𝑃1

+ (
𝑛0 + 𝑛1 + 𝑛2

(𝑚0 + 𝑚1 + 𝑚2)2
−

𝑛0 + 𝑛1

(𝑚0 + 𝑚1)2
) 𝑃2] 

Proof. 

𝑋 is invertible if and only if 
1

𝑋
 is defined as follows: 

1

𝑋
=

1

(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2)

=
(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2) − 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2)

[(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2)][(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2) − 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2)]

==
(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2) − 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2)

(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2)2
 

So that 𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 is invertible in 2 − 𝑆𝑃𝑅. 

This is equivalent to 𝑚0 ≠ 0, 𝑚0 + 𝑚1 ≠ 0, 𝑚0 + 𝑚1 + 𝑚2 ≠ 0. 

On the other hand,  
1

𝑋
=

1

𝑚0+𝑚1𝑃1+𝑚2𝑃2
− 𝑡

(𝑛0+𝑛1𝑃1+𝑛2𝑃2)2

(𝑚0+𝑚1𝑃1+𝑚2𝑃2)2 

Put 𝑌 =
1

𝑚0
+ (

1

𝑚0+𝑚1
−

1

𝑚0
) 𝑃1 + (

1

𝑚0+𝑚1+𝑚2
−

1

𝑚0+𝑚1
) 𝑃2 − 𝑡 [

𝑛0

(𝑚0)2 + (
𝑛0+𝑛1

(𝑚0+𝑚1)2 −

𝑛0

(𝑚0)2) 𝑃1 + (
𝑛0+𝑛1+𝑛2

(𝑚0+𝑚1+𝑚2)2 −
𝑛0+𝑛1

(𝑚0+𝑚1)2) 𝑃2] 
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Compute the result of 𝑋𝑌 as follows: 

𝑋𝑌 = (𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2) [
1

𝑚0
+ (

1

𝑚0 + 𝑚1
−

1

𝑚0
) 𝑃1

+ (
1

𝑚0 + 𝑚1 + 𝑚2
−

1

𝑚0 + 𝑚1
) 𝑃2]

+ 𝑡 [−(𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2) [
𝑛0

(𝑚0)2
+ (

𝑛0 + 𝑛1

(𝑚0 + 𝑚1)2
−

𝑛0

(𝑚0)2
) 𝑃1

+ (
𝑛0 + 𝑛1 + 𝑛2

(𝑚0 + 𝑚1 + 𝑚2)2
−

𝑛0 + 𝑛1

(𝑚0 + 𝑚1)2
) 𝑃2]]

+ (𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2) [
1

𝑚0
+ (

1

𝑚0 + 𝑚1
−

1

𝑚0
) 𝑃1

+ (
1

𝑚0 + 𝑚1 + 𝑚2
−

1

𝑚0 + 𝑚1
) 𝑃2]

= 1

+ 𝑡 [
−𝑛0

𝑚0
+ (−𝑚0

(𝑛0 + 𝑛1)

𝑚0 + 𝑚1
+

𝑛0

𝑚0
−

𝑚1𝑛0

(𝑚0)2
−

𝑚1(𝑛0 + 𝑛1)

(𝑚0 + 𝑚1)2
+

𝑚1𝑛0

(𝑚0)2
) 𝑃1

+ (−𝑚0

(𝑛0 + 𝑛1 + 𝑛2)

(𝑚0 + 𝑚1 + 𝑚2)2
+

𝑚0(𝑛0 + 𝑛1)

(𝑚0 + 𝑚1)2
− 𝑚1

(𝑛0 + 𝑛1 + 𝑛2)

(𝑚0 + 𝑚1 + 𝑚2)2

+
𝑚1(𝑛0 + 𝑛1)

(𝑚0 + 𝑚1)2
−

𝑚2𝑛0

(𝑚0)2
−

𝑚2(𝑛0 + 𝑛1)

(𝑚0 + 𝑚1)2
+

𝑚2𝑛0

(𝑚0)2
− 𝑚2

(𝑛0 + 𝑛1 + 𝑛2)

(𝑚0 + 𝑚1 + 𝑚2)2

+
𝑚2(𝑛0 + 𝑛1)

(𝑚0 + 𝑚1)2
) 𝑃2] +

𝑛0

𝑚0
+ (

𝑛0

𝑚0 + 𝑚1
−

𝑛0

𝑚0
+

𝑛1

𝑚0
+

𝑛1

𝑚0 + 𝑚1
−

𝑛1

𝑚0
) 𝑃1

+ (
𝑛0

𝑚0 + 𝑚1 + 𝑚2
−

𝑛0

𝑚0 + 𝑚1
+

𝑛1

𝑚0 + 𝑚1 + 𝑚2
−

𝑛1

𝑚0 + 𝑚1
+

𝑛2

𝑚0

+
𝑛2

𝑚0 + 𝑚1 + 𝑚2
−

𝑛2

𝑚0
+

𝑛2

𝑚0 + 𝑚1 + 𝑚2
−

𝑛2

𝑚0 + 𝑚1
) 𝑃2 = 1 

So that, 𝑋−1 =
1

𝑋
= 𝑌 

Example. 

Take 𝑋 = (1 + 𝑃1 + 𝑃2) + 𝑡(2 + 𝑃1 − 𝑃2) ∈ 2 − 𝑆𝑃𝐷: 

𝑋−1 =
1

1
+ (

1

2
− 1) 𝑃1 + (

1

3
−

1

2
) 𝑃2 − 𝑡 [

2

1
+ (

3

4
−

2

1
) 𝑃1 + (

2

9
−

3

4
) 𝑃2]

= 1 −
1

2
𝑃1 −

1

6
𝑃2 − 𝑡 (2 −

5

4
𝑃1 −

21

36
𝑃2) 

Natural power. 

Theorem. 
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Let 𝑋 = (𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2) ∈ 2 − 𝑆𝑃𝐷, then: 

𝑋𝑛 = (𝑚0)𝑛 + ((𝑚0 + 𝑚1)𝑛 − (𝑚0)𝑛)𝑃1 + ((𝑚0 + 𝑚1 + 𝑚2)𝑛 − (𝑚0 + 𝑚1)𝑛)𝑃2 +

𝑛(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2)[(𝑚0)𝑛−1 + ((𝑚0 + 𝑚1)𝑛−1 − (𝑚0)𝑛−1)𝑃1 + ((𝑚0 + 𝑚1 +

𝑚2)𝑛−1 − (𝑚0 + 𝑚1)𝑛−1)𝑃2] for 𝑛 ∈ 𝑁. 

Proof. 

Let 𝑋 = 𝐴 + 𝐵𝑡; 𝐴, 𝐵 ∈ 2 − 𝑆𝑃𝐷, then: 

𝐴𝑛 = 𝐴𝑛 + 𝑛𝐴𝑛−1𝐵𝑡, we get: 

𝐴𝑛 = (𝑚0)𝑛 + ((𝑚0 + 𝑚1)𝑛 − (𝑚0)𝑛)𝑃1 + ((𝑚0 + 𝑚1 + 𝑚2)𝑛 − (𝑚0 + 𝑚1)𝑛)𝑃2 , then 

the proof holds. 

Example. 

Take 𝑋 = (1 + 𝑃1 + 𝑃2) + 𝑡(2 − 𝑃1 + 𝑃2) ∈ 2 − 𝑆𝑃𝐷 

𝑋3 = 1 + (8 − 1)𝑃1 + (1 − 8)𝑃2 + 3𝑡(2 − 𝑃1 + 𝑃2)[1 + (4 − 1)𝑃1 + (1 − 4)𝑃2] = 1 +

7𝑃1 − 7𝑃2 + 3𝑡[(2 − 𝑃1 + 𝑃2)(1 + 3𝑃1 − 3𝑃2)] = 1 + 7𝑃1 − 7𝑃2 + 𝑡(6 + 6𝑃1 − 6𝑃2). 

Idempotency. 

Definition. 

Let 𝑋 ∈ 2 − 𝑆𝑃𝐷, then 𝑋 is called idempotent if and only if 𝑋2 = 𝑋. 

Theorem. 

Let 𝑋 = (𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2) + 𝑡(𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2) ∈ 2 − 𝑆𝑃𝐷 , then  𝑋  is called 

idempotent if and only if: 

1. 𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2 is idempotent. 

2. (𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2)[2𝑚0 − 1 + 2𝑚1𝑃1 + 2𝑚2𝑃2] = 0 

Proof. 

𝑋 = 𝑀 + 𝑁𝑡 is idempotent if and only if: 

𝑋2 = 𝑋 ⟹ {
𝑀2 = 𝑀

2𝑀𝑁 = 𝑁 ⟹ 𝑁(2𝑀 − 1) = 0
 

For 𝑀 = 𝑚0 + 𝑚1𝑃1 + 𝑚2𝑃2, 𝑁 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 ∈ 2 − 𝑆𝑃𝑅. 

This implies the proof. 

Remark. 
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The idempotency of 𝑀  is equivalent to 𝑚0
2 = 𝑚0, (𝑚0 + 𝑚1)2 = (𝑚0 +

𝑚1), (𝑚0 + 𝑚1 + 𝑚2)2 = (𝑚0 + 𝑚1 + 𝑚2) , hence 𝑚0, 𝑚0 + 𝑚1, 𝑚0 + 𝑚1 + 𝑚2 ∈

{0,1}. 

The equation 𝑁(2𝑀 − 1) = 0 means that 𝑁, 2𝑀 − 1 are zero divisors in 2 − 𝑆𝑃𝑅, 

so they should not invertible in 2 − 𝑆𝑃𝑅. 

Now, let's compute the result of 𝑁(2𝑀 − 1) = 0. 

𝑁(2𝑀 − 1) = (𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2)(2𝑚0 − 1 + 𝑚1𝑃1 + 𝑚2𝑃2) = 0, thus: 

{

𝑛0(2𝑚0 − 1) = 0   (1)

(𝑛0 + 𝑛1)(2𝑚0 − 1 + 2𝑚1) = 0    (2)

(𝑛0 + 𝑛1 + 𝑛2)(2𝑚0 − 1 + 2𝑚1 + 2𝑚2) = 0   (3)
 

Since 𝑚0 ∈ {0,1}, then 2𝑚0 − 1 ≠ 0 and 𝑛0 = 0. 

Equation (2) has two possible cases: 

{
𝑛1 = 0 

𝑜𝑟
2𝑚0 + 2𝑚1 = 1

 

Equation (3) has two possible cases: 

{
𝑛1 + 𝑛1 = 0 

𝑜𝑟
2𝑚0 + 2𝑚1 + 2𝑚2 = 1

 

We discuss all possible cases. 

Case1. 

𝑚0 = 0, 𝑚0 + 𝑚1 = 0, 𝑚0 + 𝑚1 + 𝑚2 = 0 , thus 𝑚1 = 𝑚2 = 0 , 𝑛0 = 0 , 𝑛1 = 0 ,  𝑛2 =

0, thus 𝑋 = 0. 

Case2. 

{

𝑚0 = 0 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑚1 = 1, 𝑚2 = −1, 𝑛0 = 0, 𝑛1 = 𝑛2 = 0 

thus 𝑋 = 𝑃1 − 𝑃2 

Case3. 

{

𝑚0 = 0 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑚1 = 0, 𝑚2 = 1, 𝑛0 = 0, 𝑛1 = 𝑛2 = 0 

thus 𝑋 = 𝑃2 

Case4. 
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{

𝑚0 = 0 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑚1 = 1, 𝑚2 = 0, 𝑛0 = 0, 𝑛1 = 𝑛2 = 0 

thus 𝑋 = 𝑃1 

Case5. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑚1 = −1, 𝑚2 = 0, 𝑛0 = 0, 𝑛1 = 𝑛2 = 0 

thus 𝑋 = 1 − 𝑃1 

Case6. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑚1 = 0, 𝑚2 = −1, 𝑛0 = 0, 𝑛1 = 𝑛2 = 0 

thus 𝑋 = 1 − 𝑃2 

Case7. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑚1 = −1, 𝑚2 = 1, 𝑛0 = 0, 𝑛1 = 𝑛2 = 0 

thus 𝑋 = 1 − 𝑃1 + 𝑃2 

Case8. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑚1 = 0, 𝑚2 = 0, 𝑛0 = 0, 𝑛1 = 𝑛2 = 0 

thus 𝑋 = 1 

remark. 

The idempotent in 2 − 𝑆𝑃𝐷 are: 

{0,1,1 − 𝑃1 + 𝑃2, 1 − 𝑃2, 1 − 𝑃1, 𝑃1, 𝑃2, 𝑃1 − 𝑃2} 

Definition. 

Let 𝑋 = 𝑀 + 𝑁𝑡 ∈ 2 − 𝑆𝑃𝐷, we say that 𝑋 is 3-potent element if and only if 𝑋3 = 𝑋. 

Remark. 

𝑋 is 3-potent if and only if 𝑋3 = 𝑋 which is equivalent to: 

{
𝑀3 = 𝑀

3𝑀2𝑁 = 𝑁 ⟹ 𝑁(3𝑀2 − 1) = 0
 

𝑀3 = 𝑀 implies: 
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{

𝑚0
3 = 𝑚0 

(𝑚0 + 𝑚1)3 = 𝑚0 + 𝑚1

(𝑚0 + 𝑚1 + 𝑚2)3 = 𝑚0 + 𝑚1 + 𝑚2

 

So that 𝑚0, 𝑚0 + 𝑚1, 𝑚0 + 𝑚1 + 𝑚2 ∈ {0,1 − 1}. 

𝑁(3𝑀2 − 1) = 0 implies: 

{

𝑛0(3𝑚0 − 1) = 0   (1)

(𝑛0 + 𝑛1)(3𝑚0 − 1 + 3𝑚1) = 0    (2)

(𝑛0 + 𝑛1 + 𝑛2)(3𝑚0 − 1 + 3𝑚1 + 3𝑚2) = 0   (3)
 

Equation (1) means that 𝑛0 = 0, that is because 𝑚0 ≠
1

3
. 

Equation (2) means that: 

{
𝑛0 + 𝑛1 = 0 

𝑜𝑟
3𝑚0 + 3𝑚1 = 1

, since 𝑚0 + 𝑚1 is integer, then 𝑛1 = 0. 

Equation (3) means that: 

{
𝑛0 + 𝑛1 + 𝑛2 = 0 

𝑜𝑟
3𝑚0 + 3𝑚1 + 3𝑚2 = 1

, since 𝑚0 + 𝑚1 + 𝑚2 is integer, then 𝑛2 = 0. 

This implies that: 

Case1. 

{

𝑚0 = 0 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑋 = 0. 

Case2. 

{

𝑚0 = 0 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑋 = 𝑃1 − 𝑃2 

Case3. 

{

𝑚0 = 0 
𝑚0 + 𝑚1 = −1

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑋 = −𝑃1 + 𝑃2 

Case4. 

{

𝑚0 = 0 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑋 = 𝑃2 

Case5. 
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{

𝑚0 = 0 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = −1
, then 𝑋 = −𝑃2 

Case6. 

{

𝑚0 = 0 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑋 = 𝑃1 

Case7. 

{

𝑚0 = 0 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = −1
, then 𝑋 = 𝑃1 − 2𝑃2 

Case8. 

{

𝑚0 = 0 
𝑚0 + 𝑚1 = −1

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑋 = −𝑃1 + 2𝑃2 

Case9. 

{

𝑚0 = 0 
𝑚0 + 𝑚1 = −1

𝑚0 + 𝑚1 + 𝑚2 = −1
, then 𝑋 = −𝑃1 

Case10. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑋 = 1 − 𝑃1 

Case11. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑋 = 1 − 𝑃2 

Case12. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = −1

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑋 = 1 − 2𝑃1 + 𝑃2 

Case13. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑋 = 1 − 𝑃1 + 𝑃2 

Case14. 
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{

𝑚0 = 1 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = −1
, then 𝑋 = 1 − 𝑃1 − 𝑃2 

Case15. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑋 = 1 

Case16. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = −1
, then 𝑋 = 1 − 2𝑃2 

Case17. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = −1

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑋 = 1 − 2𝑃1 − 2𝑃2 

Case18. 

{

𝑚0 = 1 
𝑚0 + 𝑚1 = −1

𝑚0 + 𝑚1 + 𝑚2 = −1
, then 𝑋 = 1 − 2𝑃1 

Case19. 

{

𝑚0 = −1 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑋 = −1 + 𝑃1 

Case20. 

{

𝑚0 = −1 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑋 = −1 + 2𝑃1 − 𝑃2 

Case21. 

{

𝑚0 = −1 
𝑚0 + 𝑚1 = −1

𝑚0 + 𝑚1 + 𝑚2 = 0
, then 𝑋 = −1 + 𝑃2 

Case22. 

{

𝑚0 = −1 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑋 = −1 + 𝑃1 + 𝑃2 

Case23. 
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{

𝑚0 = −1 
𝑚0 + 𝑚1 = 0

𝑚0 + 𝑚1 + 𝑚2 = −1
, then 𝑋 = −1 + 𝑃1 − 𝑃2 

Case24. 

{

𝑚0 = −1 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑋 = −1 + 2𝑃1 

Case25. 

{

𝑚0 = −1 
𝑚0 + 𝑚1 = −1

𝑚0 + 𝑚1 + 𝑚2 = −1
, then 𝑋 = −1 

Case26. 

{

𝑚0 = −1 
𝑚0 + 𝑚1 = 1

𝑚0 + 𝑚1 + 𝑚2 = −1
, then 𝑋 = −1 + 2𝑃1 − 2𝑃2 

Case27. 

{

𝑚0 = −1 
𝑚0 + 𝑚1 = −1

𝑚0 + 𝑚1 + 𝑚2 = 1
, then 𝑋 = −1 + 2𝑃2 

Conclusion 

In this paper, we have studied for the first time the combination of symbolic 

2-plithogenic numbers with dual numbers. The novel algebraic structure generated 

by them is called dual symbolic 2-plithogenic numbers. 

We have determined the invertibility condition and the formula of the inverse for 

dual symbolic 2-plithogenic numbers. Also, all idempotent elements in the ring of 

dual symbolic 2-plithogenic numbers were presented and computed. 
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Abstract: 

The objective of this paper is to find necessary and sufficient conditions for a 

symbolic 3-plithogenic triple 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 + 𝑡3𝑃3, 𝑠0 + 𝑠1𝑃1 + 𝑠2𝑃2 + 𝑠3𝑃3, 𝑘0 + 𝑘1𝑃1 + 𝑘2𝑃2 + 𝑘3𝑃3) to be a 

Pythagoras triple, i.e. to be a solution for the non-linear Diophantine equation 

𝑋2 + 𝑌2 = 𝑍2. Also, many examples will be illustrated and presented to explain 

how the theorems work. 

Keywords: symbolic 3-plithogenic ring, Pythagoras triple, Pythagoras Diophantine 

equation 

Introduction and Preliminaries. 

Symbolic n-plithogenic sets were defined by Smarandache in [1-3], where these sets 

were used in generalizing classical algebraic structures such as symbolic 

2-plithogenic and symbolic 3-plithogenic structures [4-9], with many applications in

other fields [10-12]. 

zenodo.10031198/10.5281

mailto:a.alfahal@psau.edu.sa
mailto:y.alhasan@psau.edu.sa
mailto:r.abdulfatah@psau.edu.sa
mailto:4.edinnoori45@gmail.com
mailto:a.alfahal@psau.edu.sa


Neutrosophic Sets and Systems, Vol. 59, 2023 187 

 

 

Abuobida Mohammed A. Alfahal, Yaser Ahmad Alhasan, Raja Abdullah Abdulfatah, Noor Edin Rabeh, On Pythagoras 

Triples in Symbolic 3-Plithogenic Rings 

It is useful to refer that symbolic n-plithogenic algebraic structures are very similar 

to neutrosophic and refined neutrosophic structures, see [13-21]. 

In this paper, we continue other efforts to study Pythagoras triples in many 

different rings [22-25]. 

We present the concept of Pythagoras triple in a symbolic 3-plithogenic 

commutative ring with many clear examples that clarify the validity of our work. 

Definition.  

Let 𝑅 be a ring, the symbolic 3-plithogenic ring is defined as follows: 

3 − 𝑆𝑃𝑅 = {𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3;  𝑎𝑖 ∈ 𝑅, 𝑃𝑗
2 = 𝑃𝑗 , 𝑃𝑖 × 𝑃𝑗 = 𝑃𝑚𝑎𝑥(𝑖,𝑗)}. 

Smarandache has defined algebraic operations on 3 − 𝑆𝑃𝑅 as follows: 

Addition: 

[𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3] + [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 + 𝑏3𝑃3] = (𝑎0 + 𝑏0) + (𝑎1 + 𝑏1)𝑃1 +

(𝑎2 + 𝑏2)𝑃2 + (𝑎3 + 𝑏3)𝑃3. 

Multiplication: 

[𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3]. [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 + 𝑏3𝑃3] = 𝑎0𝑏0 + 𝑎0𝑏1𝑃1 + 𝑎0𝑏2𝑃2 +

𝑎0𝑏3𝑃3 + 𝑎1𝑏0𝑃1
2 + 𝑎1𝑏2𝑃1𝑃2 + 𝑎2𝑏0𝑃2 + 𝑎2𝑏1𝑃1𝑃2 + 𝑎2𝑏2𝑃2

2 + 𝑎1𝑏3𝑃3𝑃1 +

𝑎2𝑏3𝑃2𝑃3 + 𝑎3𝑏3(𝑃3)
2 + 𝑎3𝑏0𝑃3 + 𝑎3𝑏1𝑃3𝑃1 + 𝑎3𝑏2𝑃2𝑃3 + 𝑎1𝑏1𝑃1𝑃1 = 𝑎0𝑏0 +

(𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑃1 + (𝑎0𝑏2 + 𝑎1𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1 + 𝑎2𝑏2)𝑃2 + (𝑎0𝑏3 + 𝑎1𝑏3 +

𝑎2𝑏3 + 𝑎3𝑏3 + 𝑎3𝑏0 + 𝑎3𝑏1 + 𝑎3𝑏2)𝑃3. 

Main Discussion  

Definition.  

Let 𝑅 be a ring, then (𝑡, 𝑠, 𝑘) is called a Pythagoras triple if and only if 

𝑡2 + 𝑠2 = 𝑘2; 𝑡, 𝑠, 𝑘 ∈ 𝑅.. 

Theorem. 

Let 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 + 𝑡3𝑃3, 𝑆 = 𝑠0 + 𝑠1𝑃1 + 𝑠2𝑃2 + 𝑠3𝑃3, 𝐾 = 𝑘0 + 𝑘1𝑃1 + 𝑘2𝑃2 +

𝑘3𝑃3 are three arbitrary symbolic 3-plithogenic elements 𝑇, 𝑆, 𝐾 ∈ 3 − 𝑆𝑃𝑅 , then 

(𝑇, 𝑆, 𝐾)are Pythagoras triple in 3 − 𝑆𝑃𝑅if and only if: 

{
(𝑡0, 𝑠0, 𝑘0), (𝑡0 + 𝑡1, 𝑠0 + 𝑠1, 𝑘0 + 𝑘1) 𝑎𝑟𝑒 𝑝𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑎𝑠 𝑡𝑟𝑖𝑝𝑙𝑒𝑠 𝑖𝑛 𝑅

(𝑡0 + 𝑡1 + 𝑡2, 𝑠0 + 𝑠1 + 𝑠2, 𝑘0 + 𝑘1 + 𝑘2), (𝑡0 + 𝑡1 + 𝑡2 + 𝑡3, 𝑠0 + 𝑠1 + 𝑠2 + 𝑠3, 𝑘0 + 𝑘1 + 𝑘2 + 𝑘3) 𝑎𝑟𝑒 𝑝𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑎𝑠 𝑡𝑟𝑖𝑝𝑙𝑒𝑠 𝑖𝑛 𝑅
 

Proof. 
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According to [ ], we have: 

𝑇2 = 𝑡0
2 + [(𝑡0 + 𝑡1)

2 − 𝑡0
2]𝑃1 + [(𝑡0 + 𝑡1 + 𝑡2)

2 − (𝑡0 + 𝑡1)
2]𝑃2

+ [(𝑡0 + 𝑡1 + 𝑡2 + 𝑡3)
2 − (𝑡0 + 𝑡1 + 𝑡2)

2]𝑃3 

𝑆2 = 𝑠0
2 + [(𝑠0 + 𝑠1)

2 − 𝑠0
2]𝑃1 + [(𝑠0 + 𝑠1 + 𝑠2)

2 − (𝑠0 + 𝑠1)
2]𝑃2

+ [(𝑠0 + 𝑠1 + 𝑠2 + 𝑠3)
2 − (𝑠0 + 𝑠1 + 𝑠2)

2]𝑃3 

𝑇2 = 𝑘0
2 + [(𝑘0 + 𝑘1)

2 − 𝑘0
2]𝑃1 + [(𝑘0 + 𝑘1 + 𝑘2)

2 − (𝑘0 + 𝑘1)
2]𝑃2

+ [(𝑘0 + 𝑘1 + 𝑘2 + 𝑘3)
2 − (𝑘0 + 𝑘1 + 𝑘2)

2]𝑃3 

The equation 𝑇2 + 𝑆2 = 𝐾2 is equivalent to: 

𝑡0
2 + 𝑠0

2 = 𝑘0
2  (𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 1),  

(𝑡0 + 𝑡1)
2 + (𝑠0 + 𝑠1)

2 = (𝑘0 + 𝑘1)
2  (𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2), 

(𝑡0 + 𝑡1 + 𝑡2)
2 + (𝑠0 + 𝑠1 + 𝑠2)

2 = (𝑘0 + 𝑘1 + 𝑘2)
2  (𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 3), 

(𝑡0 + 𝑡1 + 𝑡2 + 𝑡3)
2 + (𝑠0 + 𝑠1 + 𝑠2 + 𝑠3)

2 = (𝑘0 + 𝑘1 + 𝑘2 + 𝑘3)
2  (𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 4) 

Equation (1) implies that (𝑡0, 𝑠0, 𝑘0) is a Pythagoras triple in 𝑅. 

Equation (2) implies that (𝑡0 + 𝑡1, 𝑠0 + 𝑠1, 𝑘0 + 𝑘1) is a Pythagoras triple in 𝑅. 

Equation (3) implies that (𝑡0 + 𝑡1 + 𝑡2, 𝑠0 + 𝑠1 + 𝑠2, 𝑘0 + 𝑘1 + 𝑘2) is a Pythagoras 

triple in 𝑅. 

Equation (4)  implies that (𝑡0 + 𝑡1 + 𝑡2 + 𝑡3, 𝑠0 + 𝑠1 + 𝑠2 + 𝑠3, 𝑘0 + 𝑘1 + 𝑘2 + 𝑘3) is 

a Pythagoras triple in 𝑅. 

Thus, the proof is complete. 

Theorem. 

Let (𝑡0, 𝑠0, 𝑘0), (𝑡1, 𝑠1, 𝑘1), (𝑡2, 𝑠2, 𝑘2), (𝑡3, 𝑠3, 𝑘3) be four Pythagoras triples in the ring 

𝑅, then (𝑇, 𝑆, 𝐾)  Pythagoras triple in 3 − 𝑆𝑃𝑅 , where: 

𝑇 = 𝑡0 + [𝑡1 − 𝑡0]𝑃1 + [𝑡2 − 𝑡1]𝑃2 + [𝑡3 − 𝑡2]𝑃3 

𝑆 = 𝑠0 + [𝑠1 − 𝑠0]𝑃1 + [𝑠2 − 𝑠1]𝑃2 + [𝑠3 − 𝑠2]𝑃3 

𝐾 = 𝑘0 + [𝑘1 − 𝑘0]𝑃1 + [𝑘2 − 𝑘1]𝑃2 + [𝑘3 − 𝑘2]𝑃3 

Proof. 

We have: 𝑡0 + (𝑡1 − 𝑡0) = 𝑡1, 𝑡0 + (𝑡1 − 𝑡0) + (𝑡2 − 𝑡1) = 𝑡2, 𝑡0 + (𝑡1 − 𝑡0) +

(𝑡2 − 𝑡1) + (𝑡3 − 𝑡2) = 𝑡3 

𝑠0 + (𝑠1 − 𝑠0) = 𝑠1, 𝑠0 + (𝑠1 − 𝑠0) + (𝑠2 − 𝑠1)

= 𝑠2, 𝑠0 + (𝑠1 − 𝑠0) + (𝑠2 − 𝑠1) + (𝑠3 − 𝑠2) = 𝑠3 
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𝑘0 + (𝑘1 − 𝑘0) = 𝑘1, 𝑘0 + (𝑘1 − 𝑘0) + (𝑘2 − 𝑘1)

= 𝑘2, 𝑘0 + (𝑘1 − 𝑘0) + (𝑘2 − 𝑘1) + (𝑘3 − 𝑘2) = 𝑘 3 

This implies that (𝑇, 𝑆, 𝐾)  Pythagoras triple in 3 − 𝑆𝑃𝑅 according to the theorem. 

Examples. 

We have: 

{
 

 
(𝑡0, 𝑠0, 𝑘0) = (3,4,5)

(𝑡1, 𝑠1, 𝑘1) = (6,8,10)

(𝑡2, 𝑠2, 𝑘2) = (4,3,5)

(𝑡3, 𝑠3, 𝑘3) = (5,12,13)

 

Are four Pythagoras triples in 𝑍. 

The corresponding symbolic 3-plithogenic Pythagoras triple is (𝑇, 𝑆, 𝐾), where:  

𝑇 = 3 + [6 − 3]𝑃1 + [4 − 6]𝑃2 + [5 − 4]𝑃3 = 3 + 3𝑃1 − 2𝑃2 + 𝑃3 

𝑆 = 4 + [8 − 4]𝑃1 + [3 − 8]𝑃2 + [12 − 3]𝑃3 = 4 + 4𝑃1 − 5𝑃2 + 9𝑃3 

𝐾 = 5 + [10 − 5]𝑃1 + [5 − 10]𝑃2 + [13 − 5]𝑃3 = 5 + 5𝑃1 − 5𝑃2 + 8𝑃3 

Example. 

Find all Pythagoras triples in 3 − 𝑆𝑃𝑍2, where 𝑍2 I the ring of integers module 2. 

First, we find all Pythagoras triples in 𝑍. 

𝐿1 = (0,0,0), 𝐿2 = (1,0,1), 𝐿3 = (0,1,1), 𝐿4 = (1,1,0) 

Remark that for every permutation of the set {𝐿1, 𝐿2, 𝐿3, 𝐿4}, we get a different 

symbolic 3-plithogenic Pythagoras triple. 

We discuss all possible cases: 

Permutation (1). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌1 = 𝑃1 − 𝑃2 + 𝑃3 = 𝑃1 + 𝑃2 + 𝑃3
𝑌1́ = 𝑃2

𝑌1
′′ = 𝑃1 − 𝑃3 = 𝑃1 + 𝑃3

 

Permutation (2). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌2 = 𝑃2
𝑌2́ = 𝑃1 − 𝑃2 + 𝑃3 = 𝑃1 + 𝑃2 + 𝑃3

𝑌2
′′ = 𝑃1 − 𝑃3 = 𝑃1 + 𝑃3

 

Permutation (3). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌3 = 𝑃1 + 𝑃3
𝑌3́ = 𝑃1 + 𝑃2 + 𝑃3

𝑌3
′′ = 𝑃2
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Permutation (4). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌4 = 𝑃1 + 𝑃2 + 𝑃3
𝑌4́ = 𝑃1 + 𝑃3
𝑌4
′′ = 𝑃2

 

Permutation (5). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌5 = 𝑃1 + 𝑃3
𝑌5́ = 𝑃2

𝑌5
′′ = 𝑃1 + 𝑃2 + 𝑃3

 

Permutation (6). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌6 = 𝑃2
𝑌6́ = 𝑃1 + 𝑃3

𝑌6
′′ = 𝑃1 + 𝑃2 + 𝑃3

 

Permutation (7). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌7 = 1 + 𝑃2 + 𝑃3
𝑌7́ = 𝑃1

𝑌7
′′ = 1 + 𝑃1 + 𝑃2 + 𝑃3

 

Permutation (8). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌8 = 𝑃2
𝑌8́ = 1 + 𝑃1 + 𝑃2
𝑌8
′′ = 1 + 𝑃1

 

Permutation (9). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌9 = 1 + 𝑃1 + 𝑃3
𝑌9́ = 𝑃1 + 𝑃2 + 𝑃3
𝑌9
′′ = 1 + 𝑃2

 

Permutation (10). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌10 = 𝑃1 + 𝑃2 + 𝑃3
𝑌10́ = 1 + 𝑃1 + 𝑃3
𝑌10

′′ = 1 + 𝑃2

 

Permutation (11). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌11 = 1 + 𝑃2
𝑌11́ = 1 + 𝑃1 + 𝑃3
𝑌11

′′ = 𝑃1 + 𝑃2 + 𝑃3

 

Permutation (12). 
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(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌12 = 1 + 𝑃1 + 𝑃2 + 𝑃3
𝑌12́ = 1 + 𝑃1 + 𝑃3

𝑌12
′′ = 𝑃2

 

Permutation (13). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌13 = 1 + 𝑃1 + 𝑃2 + 𝑃3
𝑌13́ = 1 + 𝑃2
𝑌13

′′ = 𝑃1 + 𝑃3

 

Permutation (14). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌14 = 1 + 𝑃1 + 𝑃3
𝑌14́ = 1 + 𝑃2

𝑌14
′′ = 𝑃1 + 𝑃2 + 𝑃3

 

Permutation (15). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌15 = 1 + 𝑃1 + 𝑃3
𝑌15́ = 1 + 𝑃1 + 𝑃2 + 𝑃3

𝑌15
′′ = 𝑃2

 

Permutation (16). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌16 = 1 + 𝑃2
𝑌16́ = 1 + 𝑃1 + 𝑃2 + 𝑃3

𝑌16
′′ = 𝑃1 + 𝑃3

 

Permutation (17). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌17 = 1 + 𝑃2
𝑌17́ = 𝑃1 + 𝑃2 + 𝑃3
𝑌17

′′ = 1 + 𝑃1 + 𝑃3

 

Permutation (18). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌18 = 1 + 𝑃2
𝑌18́ = 𝑃1 + 𝑃3

𝑌18
′′ = 1 + 𝑃1 + 𝑃2 + 𝑃3

 

Permutation (19). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌19 = 𝑃1 + 𝑃3
𝑌19́ = 1 + 𝑃1 + 𝑃2 + 𝑃3

𝑌19
′′ = 1 + 𝑃2

 

Permutation (20). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌20 = 𝑃1 + 𝑃3
𝑌20́ = 1 + 𝑃1 + 𝑃2 + 𝑃3

𝑌20
′′ = 1 + 𝑃2
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Permutation (21). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌21 = 𝑃1 + 𝑃2 + 𝑃3
𝑌21́ = 1 + 𝑃2 + 𝑃3
𝑌21

′′ = 1 + 𝑃1

 

Permutation (22). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌22 = 1 + 𝑃1 + 𝑃3
𝑌22́ = 𝑃1 + 𝑃2 + 𝑃3
𝑌22

′′ = 1 + 𝑃2

 

Permutation (23). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌23 = 𝑃1 + 𝑃3
𝑌23́ = 1 + 𝑃2

𝑌23
′′ = 1 + 𝑃1 + 𝑃2 + 𝑃3

 

Permutation (24). 

(𝐿1, 𝐿2, 𝐿3, 𝐿4): {

𝑌24 = 𝑃1 + 𝑃2 + 𝑃3
𝑌24́ = 1 + 𝑃1 + 𝑃3
𝑌24

′′ = 1 + 𝑃2

 

Also, other quadraples (𝐿𝑖, 𝐿𝑗 , 𝐿𝑘, 𝐿𝑠); 1 ≤ 𝑖, 𝑗, 𝑘, 𝑠 ≤ 4 give Pythagoras triples with 

𝑖, 𝑗, 𝑘, 𝑠 are not distinct at all. 

We continuo our discussions. 

Permutation (25). 

(𝐿1, 𝐿1, 𝐿1, 𝐿1): {

𝑌25 = (0,0,0)

𝑌25́ = (0,0,0)

𝑌25
′′ = (0,0,0)

 

Permutation (26). 

(𝐿1, 𝐿1, 𝐿1, 𝐿2): {

𝑌26 = 𝑃3
𝑌26́ = 0

𝑌26
′′ = 𝑃3

 

Permutation (27). 

(𝐿1, 𝐿1, 𝐿1, 𝐿3): {

𝑌27 = 0

𝑌27́ = 𝑃3
𝑌27

′′ = 𝑃3

 

Permutation (28). 

(𝐿1, 𝐿1, 𝐿1, 𝐿4): {

𝑌28 = 𝑃3
𝑌28́ = 𝑃3
𝑌28

′′ = 0
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Permutation (29). 

(𝐿1, 𝐿2, 𝐿1, 𝐿1): {

𝑌29 = 𝑃1 + 𝑃2
𝑌29́ = 0

𝑌29
′′ = 𝑃1 + 𝑃2

 

Permutation (30). 

(𝐿1, 𝐿3, 𝐿1, 𝐿1): {

𝑌30 = 0

𝑌30́ = 𝑃1 + 𝑃2
𝑌30

′′ = 𝑃1 + 𝑃2

 

Permutation (31). 

(𝐿1, 𝐿4, 𝐿1, 𝐿1): {

𝑌31 = 𝑃1 + 𝑃2
𝑌31́ = 𝑃1 + 𝑃2
𝑌31

′′ = 0

 

Permutation (32). 

(𝐿1, 𝐿1, 𝐿2, 𝐿1): {

𝑌32 = 𝑃2 + 𝑃3
𝑌32́ = 0

𝑌32
′′ = 𝑃2 + 𝑃3

 

Permutation (33). 

(𝐿1, 𝐿1, 𝐿3, 𝐿1): {

𝑌33 = 0

𝑌33́ = 𝑃2 + 𝑃3
𝑌33

′′ = 𝑃2 + 𝑃3

 

Permutation (34). 

(𝐿1, 𝐿1, 𝐿4, 𝐿1): {

𝑌34 = 𝑃2 + 𝑃3
𝑌34́ = 𝑃2 + 𝑃3
𝑌34

′′ = 0

 

Permutation (35). 

(𝐿2, 𝐿2, 𝐿2, 𝐿2): {

𝑌35 = 1

𝑌35́ = 0

𝑌35
′′ = 1

 

Permutation (36). 

(𝐿2, 𝐿2, 𝐿2, 𝐿1): {

𝑌36 = 1 + 𝑃3
𝑌36́ = 0

𝑌36
′′ = 1 + 𝑃3

 

Permutation (37). 
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(𝐿2, 𝐿2, 𝐿2, 𝐿1): {

𝑌37 = 1 + 𝑃3
𝑌37́ = 𝑃3
𝑌37

′′ = 1

 

Permutation (38). 

(𝐿2, 𝐿2, 𝐿2, 𝐿4): {

𝑌38 = 1

𝑌38́ = 𝑃3
𝑌38

′′ = 1 + 𝑃3

 

Permutation (39). 

(𝐿2, 𝐿2, 𝐿1, 𝐿2): {

𝑌39 = 1 + 𝑃2 + 𝑃3
𝑌39́ = 0

𝑌39
′′ = 1 + 𝑃2 + 𝑃3

 

Permutation (40). 

(𝐿2, 𝐿2, 𝐿3, 𝐿2): {

𝑌40 = 1 + 𝑃2 + 𝑃3
𝑌40́ = 𝑃2 + 𝑃3
𝑌40

′′ = 1

 

Permutation (41). 

(𝐿2, 𝐿2, 𝐿4, 𝐿2): {

𝑌41 = 1

𝑌41́ = 𝑃2 + 𝑃3
𝑌41

′′ = 1 + 𝑃2 + 𝑃3

 

Permutation (42). 

(𝐿2, 𝐿1, 𝐿2, 𝐿2): {

𝑌42 = 1 + 𝑃1
𝑌42́ = 0

𝑌42
′′ = 1 + 𝑃1

 

Permutation (43). 

(𝐿2, 𝐿4, 𝐿2, 𝐿2): {

𝑌43 = 1

𝑌43́ = 𝑃1 + 𝑃2
𝑌43

′′ = 1 + 𝑃2 + 𝑃1

 

Permutation (44). 

(𝐿2, 𝐿3, 𝐿2, 𝐿2): {

𝑌44 = 1 + 𝑃2 + 𝑃3
𝑌44́ = 𝑃1 + 𝑃2

𝑌44
′′ = 1 + 𝑃1 + 𝑃3

 

Permutation (45). 

(𝐿3, 𝐿3, 𝐿3, 𝐿3): {

𝑌45 = 0

𝑌45́ = 1

𝑌45
′′ = 1
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Permutation (46). 

(𝐿3, 𝐿3, 𝐿3, 𝐿1): {

𝑌46 = 0

𝑌46́ = 𝑃3
𝑌46

′′ = 𝑃3

 

Permutation (47). 

(𝐿3, 𝐿3, 𝐿3, 𝐿2): {

𝑌47 = 𝑃3
𝑌47́ = 1 + 𝑃3
𝑌47

′′ = 1

 

Permutation (48). 

(𝐿3, 𝐿3, 𝐿3, 𝐿4): {

𝑌48 = 𝑃3
𝑌48́ = 1

𝑌48
′′ = 1 + 𝑃3

 

Permutation (49). 

(𝐿3, 𝐿3, 𝐿1, 𝐿3): {

𝑌49 = 0

𝑌49́ = 1 + 𝑃2 + 𝑃3
𝑌49

′′ = 1 + 𝑃2 + 𝑃3

 

Permutation (50). 

(𝐿3, 𝐿3, 𝐿2, 𝐿3): {

𝑌50 = 𝑃2 + 𝑃3
𝑌50́ = 1 + 𝑃2 + 𝑃3

𝑌50
′′ = 1

 

Permutation (51). 

(𝐿3, 𝐿3, 𝐿4, 𝐿3): {

𝑌51 = 𝑃2 + 𝑃3
𝑌51́ = 1

𝑌51
′′ = 1 + 𝑃2 + 𝑃3

 

Permutation (52). 

(𝐿3, 𝐿1, 𝐿3, 𝐿3): {

𝑌52 = 0

𝑌52́ = 1 + 𝑃1 + 𝑃2
𝑌52

′′ = 1 + 𝑃1 + 𝑃2

 

Permutation (53). 

(𝐿3, 𝐿2, 𝐿3, 𝐿3): {

𝑌53 = 𝑃1 + 𝑃2
𝑌53́ = 1 + 𝑃1 + 𝑃2

𝑌53
′′ = 1

 

Permutation (54). 
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(𝐿3, 𝐿4, 𝐿3, 𝐿3): {

𝑌54 = 𝑃1 + 𝑃2
𝑌54́ = 1

𝑌54
′′ = 1 + 𝑃1 + 𝑃2

 

Permutation (55). 

(𝐿4, 𝐿4, 𝐿4, 𝐿4): {

𝑌55 = 1

𝑌55́ = 1

𝑌55
′′ = 0

 

Permutation (56). 

(𝐿4, 𝐿4, 𝐿4, 𝐿1): {

𝑌56 = 1 + 𝑃3
𝑌56́ = 1 + 𝑃3
𝑌56

′′ = 0

 

Permutation (57). 

(𝐿4, 𝐿4, 𝐿4, 𝐿2): {

𝑌57 = 1

𝑌57́ = 1 + 𝑃3
𝑌57

′′ = 𝑃3

 

Permutation (58). 

(𝐿4, 𝐿4, 𝐿4, 𝐿3): {

𝑌58 = 1 + 𝑃3
𝑌58́ = 1

𝑌58
′′ = 𝑃3

 

Permutation (59). 

(𝐿4, 𝐿4, 𝐿1, 𝐿4): {

𝑌59 = 1 + 𝑃2 + 𝑃3
𝑌59́ = 1 + 𝑃2 + 𝑃3

𝑌59
′′ = 0

 

Permutation (60). 

(𝐿4, 𝐿4, 𝐿2, 𝐿4): {

𝑌60 = 1

𝑌60́ = 1 + 𝑃2 + 𝑃3
𝑌60

′′ = 𝑃2 + 𝑃3

 

Permutation (61). 

(𝐿4, 𝐿4, 𝐿3, 𝐿4): {

𝑌61 = 1 + 𝑃2 + 𝑃3
𝑌61́ = 1

𝑌61
′′ = 𝑃2 + 𝑃3

 

Permutation (62). 

(𝐿4, 𝐿1, 𝐿4, 𝐿4): {

𝑌62 = 1 + 𝑃1 + 𝑃2
𝑌62́ = 1 + 𝑃1 + 𝑃2

𝑌62
′′ = 0
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Permutation (63). 

(𝐿4, 𝐿2, 𝐿4, 𝐿4): {

𝑌63 = 1

𝑌63́ = 1 + 𝑃1 + 𝑃2
𝑌63

′′ = 𝑃1 + 𝑃2

 

Permutation (64). 

(𝐿4, 𝐿3, 𝐿4, 𝐿4): {

𝑌64 = 1 + 𝑃1 + 𝑃2
𝑌64́ = 1

𝑌64
′′ = 𝑃1 + 𝑃2

 

By continuing this argument, we can get all Pythagoras triples in 3 − 𝑆𝑃𝑍2 

Conclusion. 

In this paper, we have studied Pythagoras triples in symbolic 3-plithogenic 

commutative rings, where necessary and sufficient conditions for a symbolic 

3-plithogenic triple (𝑥, 𝑦, 𝑧) to be a Pythagoras triple. 

Also, we have presented some related examples that explain how to find 

3-plithogenic triples from classical triples. 
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Abstract: 

The equation 𝐴𝑋 + 𝐵𝑌 = 𝐶  is called symbolic 2-plithogenic linear Diophantine 

equation with two variables if 𝐴, 𝐵, 𝑋, 𝑌, 𝐶  are symbolic 2-plithogenic 

split-complex integers. 

This paper aims to find an algebraic formula for solving the symbolic 2-plithogenic 

split-complex linear Diophantine equation with two variables with necessary and 

sufficient conditions for the solvability of this class. Also, some related examples 

will be illustrated. 

Keywords: Split-complex, symbolic 2-plithogenic, linear Diophantine equation. 

Introduction. 

Diophantine equation is very interesting concept in Number theory, where they are 

considered as algebraic equations with integer solutions [1]. 

In the literature, we find many generalized kinds of Diophantine equations handled 

by many authors, see [2-5]. 

A classical linear Diophantine equation an equation with the following formula: 
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 𝐴𝑋 + 𝐵𝑌 = 𝐶, where 𝐴, 𝐵, 𝐶, 𝑋, 𝑌 are integers. 

Split-complex numbers were built over real numbers a generalization of them with 

a similar structure to the complex numbers, where a split-complex number is 

defined as follows: 

 𝑎 + 𝑏𝐽;  𝑎, 𝑏 ∈ 𝑅, 𝐽2 = 1, 𝐽 ≠ {−1,1}, and they are studied by many authors in [6-10]. 

If 𝑎, 𝑏 ∈ 𝑍, then 𝑎 + 𝑏𝐽 is called a split-complex integer. 

The concept of symbolic 2-plithogenic split-complex numbers was defined as an 

extension of symbolic 2-plithogenic numbers [12]. The generalizations of real 

numbers, especially the plithogenic numbers have many applications in many 

scientific fields, see [13-20]. 

In this work, we present an effective algorithm to find all solutions of the symbolic 

2-plithogenic split-complex linear Diophantine equation with two variables. 

Preliminaries 

Main discussion.  

Definition.  

Let 𝐴𝑋 + 𝐵𝑌 = 𝐶 with: 

𝐴 = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) + 𝐽(𝑎0́ + 𝑎1́𝑃1 + 𝑎2́𝑃2) 

𝐵 = (𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2) + 𝐽(𝑏0́ + 𝑏1́𝑃1 + 𝑏2́𝑃2) 

𝐶 = (𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2) + 𝐽(𝑐0́ + 𝑐1́𝑃1 + 𝑐2́𝑃2) 

𝑋 = (𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) + 𝐽(𝑥0́ + 𝑥1́𝑃1 + 𝑥2́𝑃2) 

𝑌 = (𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2) + 𝐽(𝑦0́ + 𝑦1́𝑃1 + 𝑦2́𝑃2) 

Where 𝑥𝑖 , 𝑦𝑖, 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑥𝑖́ , 𝑦𝑖́, 𝑎𝑖́ , 𝑏𝑖́ , 𝑐𝑖́ ∈ 𝑍. 

The previous equation is called symbolic 2-plithogenic split-complex Diophantine 

equation with two variables 𝑋 and 𝑌. 

Example 

[(2 + 𝑃1 + 𝑃2) + 𝐽(1 + 𝑃2)]𝑋 + [(1 − 𝑃1 + 3𝑃2) + 𝐽(4 − 5𝑃1 + 𝑃2)]𝑌 = 𝑃1 + 𝑃2 

Is a symbolic 2-plithogenic split-complex Diophantine equation with two variables. 

How can we find the solutions? 

First, we must transform the equation to classical Diophantine equations. 
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For this goal, we must compute the products 𝐴𝑋, 𝐵𝑌. 

𝐴𝑋 = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) + (𝑎0́ + 𝑎1́𝑃1 + 𝑎2́𝑃2)(𝑥0́ + 𝑥1́𝑃1 +

𝑥2́𝑃2) + 𝐽[(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)(𝑥0́ + 𝑥1́𝑃1 + 𝑥2́𝑃2) + (𝑎0́ + 𝑎1́𝑃1 + 𝑎2́𝑃2)(𝑥0 + 𝑥1𝑃1 +

𝑥2𝑃2)]. 

We have: 

(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = 𝑎0𝑥0 + 𝑃1[(𝑎0 + 𝑎1)(𝑥0 + 𝑥1) − 𝑎0𝑥0] +

𝑃2[(𝑎0 + 𝑎1 + 𝑎2)(𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1)(𝑥0 + 𝑥1)], 

(𝑎0́ + 𝑎1́𝑃1 + 𝑎2́𝑃2)(𝑥0́ + 𝑥1́𝑃1 + 𝑥2́𝑃2) = 𝑎0́𝑥0́ + 𝑃1[(𝑎0́ + 𝑎1́)(𝑥0́ + 𝑥1́) − 𝑎0́𝑥0́] +

𝑃2[(𝑎0́ + 𝑎1́ + 𝑎2́)(𝑥0́ + 𝑥1́ + 𝑥2́) − (𝑎0́ + 𝑎1́)(𝑥0́ + 𝑥1́)], 

(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)(𝑥0́ + 𝑥1́𝑃1 + 𝑥2́𝑃2) = 𝑎0𝑥0́ + 𝑃1[(𝑎0 + 𝑎1)(𝑥0́ + 𝑥1́) − 𝑎0𝑥0́] +

𝑃2[(𝑎0 + 𝑎1 + 𝑎2)(𝑥0́ + 𝑥1́ + 𝑥2́) − (𝑎0 + 𝑎1)(𝑥0́ + 𝑥1́)], 

(𝑎0́ + 𝑎1́𝑃1 + 𝑎2́𝑃2)(𝑥0́ + 𝑥1́𝑃1 + 𝑥2́𝑃2) = 𝑎0́𝑥0 + 𝑃1[(𝑎0́ + 𝑎1́)(𝑥0 + 𝑥1) − 𝑎0́𝑥0] +

𝑃2[(𝑎0́ + 𝑎1́ + 𝑎2́)(𝑥0 + 𝑥1 + 𝑥2) − (𝑎0́ + 𝑎1́)(𝑥0 + 𝑥1)], 

So that. 

𝐴𝑋 = (𝑎0𝑥0 + 𝑎0́𝑥0́) + 𝑃1[(𝑎0 + 𝑎1)(𝑥0 + 𝑥1) + (𝑎0́ + 𝑎1́)(𝑥0́ + 𝑥1́) − 𝑎0𝑥0 − 𝑎0́𝑥0́]

+ 𝑃2[(𝑎0 + 𝑎1 + 𝑎2)(𝑥0 + 𝑥1 + 𝑥2) + (𝑎0́ + 𝑎1́ + 𝑎2́)(𝑥0́ + 𝑥1́ + 𝑥2́)

− (𝑎0 + 𝑎1)(𝑥0 + 𝑥1) − (𝑎0́ + 𝑎1́)(𝑥0́ + 𝑥1́)]

+ 𝐽[(𝑎0𝑥0́ + 𝑎0́𝑥0)

+ 𝑃1[(𝑎0 + 𝑎1)(𝑥0́ + 𝑥1́) + (𝑎0́ + 𝑎1́)(𝑥0 + 𝑥1) − 𝑎0𝑥0́ − 𝑎0́𝑥0]

+ 𝑃2[(𝑎0 + 𝑎1 + 𝑎2)(𝑥0́ + 𝑥1́ + 𝑥2́) + (𝑎0́ + 𝑎1́ + 𝑎2́)(𝑥0 + 𝑥1 + 𝑥2)

− (𝑎0 + 𝑎1)(𝑥0́ + 𝑥1́) − (𝑎0́ + 𝑎1́)(𝑥0 + 𝑥1)]] 

By a similar argument, we can write: 

𝐵𝑌 = (𝑏0𝑦0 + 𝑏0́𝑦0́) + 𝑃1[(𝑏0 + 𝑏1)(𝑦0 + 𝑦1) + (𝑏0́ + 𝑏1́)(𝑦0́ + 𝑦1́) − 𝑏0𝑦0 − 𝑏0́𝑦0́]

+ 𝑃2[(𝑏0 + 𝑏1 + 𝑏2)(𝑦0 + 𝑦1 + 𝑦2) + (𝑏0́ + 𝑏1́ + 𝑏2́)(𝑦0́ + 𝑦1́ + 𝑦2́)

− (𝑏0 + 𝑏1)(𝑦0 + 𝑦1) − (𝑏0́ + 𝑏1́)(𝑦0́ + 𝑦1́)]

+ 𝐽 [(𝑏0𝑦0́ + 𝑏0́𝑦0)

+ 𝑃1[(𝑏0 + 𝑏1)(𝑦0́ + 𝑦1́) + (𝑏0́ + 𝑏1́)(𝑦0 + 𝑦1) − 𝑏0𝑦0́ − 𝑏0́𝑦0]

+ 𝑃2[(𝑏0 + 𝑏1 + 𝑏2)(𝑦0́ + 𝑦1́ + 𝑦2́) + (𝑏0́ + 𝑏1́ + 𝑏2́)(𝑦0 + 𝑦1 + 𝑦2)

− (𝑏0 + 𝑏1)(𝑦0́ + 𝑦1́) − (𝑏0́ + 𝑏1́)(𝑦0 + 𝑦1)]] 
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The equation 𝐴𝑋 + 𝐵𝑌 = 𝐶 is equivalent to the following system of Diophantine 

equations: 

Equation (1): 

𝑎0𝑥0 + 𝑎0́𝑥0́ + 𝑏0𝑦0 + 𝑏0́𝑦0́ = 𝑐0 

Equation (2): 

(𝑎0 + 𝑎1)(𝑥0 + 𝑥1) + (𝑎0́ + 𝑎1́)(𝑥0́ + 𝑥1́) + (𝑏0 + 𝑏1)(𝑦0 + 𝑦1) + (𝑏0́ + 𝑏1́)(𝑦0́ + 𝑦1́) −

𝑎0𝑥0 − 𝑎0́𝑥0́ − 𝑏0𝑦0 − 𝑏0́𝑦0́ = 𝑐1, thus: 

(𝑎0 + 𝑎1)(𝑥0 + 𝑥1) + (𝑎0́ + 𝑎1́)(𝑥0́ + 𝑥1́) + (𝑏0 + 𝑏1)(𝑦0 + 𝑦1) + (𝑏0́ + 𝑏1́)(𝑦0́ + 𝑦1́)

= 𝑐0 + 𝑐1 

Equation (3): 

(𝑎0 + 𝑎1 + 𝑎2)(𝑥0 + 𝑥1 + 𝑥2) + (𝑎0́ + 𝑎1́ + 𝑎2́)(𝑥0́ + 𝑥1́ + 𝑥2́) + (𝑏0 + 𝑏1 + 𝑏2)(𝑦0 +

𝑦1 + 𝑦2) + (𝑏0́ + 𝑏1́ + 𝑏2́)(𝑦0́ + 𝑦1́ + 𝑦2́) − (𝑎0 + 𝑎1)(𝑥0 + 𝑥1) − (𝑎0́ + 𝑎1́)(𝑥0́ + 𝑥1́) −

(𝑏0 + 𝑏1)(𝑦0 + 𝑦1) − (𝑏0́ + 𝑏1́)(𝑦0́ + 𝑦1́) = 𝑐2, thus: 

(𝑎0 + 𝑎1 + 𝑎2)(𝑥0 + 𝑥1 + 𝑥2) + (𝑎0́ + 𝑎1́ + 𝑎2́)(𝑥0́ + 𝑥1́ + 𝑥2́)

+ (𝑏0 + 𝑏1 + 𝑏2)(𝑦0 + 𝑦1 + 𝑦2) + (𝑏0́ + 𝑏1́ + 𝑏2́)(𝑦0́ + 𝑦1́ + 𝑦2́)

= 𝑐0 + 𝑐1 + 𝑐2 

Equation (4): 

𝑎0𝑥0́ + 𝑎0́𝑥0 + 𝑏0𝑦0́ + 𝑏0́𝑦0 = 𝑐0́ 

Equation (5): 

(𝑎0 + 𝑎1)(𝑥0́ + 𝑥1́) + (𝑎0́ + 𝑎1́)(𝑥0 + 𝑥1) + (𝑏0 + 𝑏1)(𝑦0́ + 𝑦1́) + (𝑏0́ + 𝑏1́)(𝑦0 + 𝑦1)

= 𝑐0́ + 𝑐1́ 

Equation (6): 

(𝑎0 + 𝑎1 + 𝑎2)(𝑥0́ + 𝑥1́ + 𝑥2́) + (𝑎0́ + 𝑎1́ + 𝑎2́)(𝑥0 + 𝑥1 + 𝑥2)

+ (𝑏0 + 𝑏1 + 𝑏2)(𝑦0́ + 𝑦1́ + 𝑦2́) + (𝑏0́ + 𝑏1́ + 𝑏2́)(𝑦0 + 𝑦1 + 𝑦2)

= 𝑐0́ + 𝑐1́ + 𝑐2́ 

By now, we have six linear Diophantine equation with four variables. 

We will transform them into easier forms. 

We add equation (1) to (4), we get: 

(𝑎0 + 𝑎0́)(𝑥0 + 𝑥0́) + (𝑏0 + 𝑏0́)(𝑦0 + 𝑦0́) = 𝑐0 + 𝑐0́   (𝐼) 

We add equation (2) to (5), we get: 
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(𝑎0 + 𝑎1 + 𝑎0́ + 𝑎1́)(𝑥0 + 𝑥1 + 𝑥0́ + 𝑥1́) + (𝑏0 + 𝑏1 + 𝑏0́ + 𝑏1́)(𝑦0 + 𝑦1 + 𝑦0́ + 𝑦1́)

= 𝑐0 + 𝑐1 + 𝑐0́ + 𝑐1́   (𝐼𝐼) 

We add equation (3) to (6), we get: 

(𝑎0 + 𝑎1 + 𝑎2 + 𝑎0́ + 𝑎1́ + 𝑎2́)(𝑥0 + 𝑥1 + 𝑥2 + 𝑥0́ + 𝑥1́ + 𝑥2́)

+ (𝑏0 + 𝑏1 + 𝑏2 + 𝑏0́ + 𝑏1́ + 𝑏2́)(𝑦0 + 𝑦1 + 𝑦2 + 𝑦0́ + 𝑦1́ + 𝑦2́)

= 𝑐0 + 𝑐1 + 𝑐2 + 𝑐0́ + 𝑐1́ + 𝑐2́   (𝐼𝐼𝐼) 

We subtract equation (3) from (1), we get: 

(𝑎0 − 𝑎0́)(𝑥0 − 𝑥0́) + (𝑏0 − 𝑏0́)(𝑦0 − 𝑦0́) = 𝑐0 − 𝑐0́   (𝐼𝑉) 

We subtract equation (5) to (2), we get: 

(𝑎0 + 𝑎1 − 𝑎0́ − 𝑎1́)(𝑥0 + 𝑥1 − 𝑥0́ − 𝑥1́) + (𝑏0 + 𝑏1 − 𝑏0́ − 𝑏1́)(𝑦0 + 𝑦1 − 𝑦0́ − 𝑦1́)

= 𝑐0 + 𝑐1 − 𝑐0́ − 𝑐1́   (𝐼𝐼𝑉) 

We subtract equation (6) from (3), we get: 

(𝑎0 + 𝑎1 + 𝑎2 − 𝑎0́ − 𝑎1́ − 𝑎2́)(𝑥0 + 𝑥1 + 𝑥2 − 𝑥0́ − 𝑥1́ − 𝑥2́)

+ (𝑏0 + 𝑏1 + 𝑏2 − 𝑏0́ − 𝑏1́ − 𝑏2́)(𝑦0 + 𝑦1 + 𝑦2 − 𝑦0́ − 𝑦1́ − 𝑦2́)

= 𝑐0 + 𝑐1 + 𝑐2 − 𝑐0́ − 𝑐1́ − 𝑐2́   (𝐼𝐼𝐼𝑉) 

We change the variables by the following: 

{
  
 

  
 

𝑥0 + 𝑥0́ = 𝑡0, 𝑥0 − 𝑥0́ = 𝑡0́
𝑥0 + 𝑥1 + 𝑥0́ + 𝑥1́ = 𝑡1, 𝑥0 + 𝑥1 − 𝑥0́ − 𝑥1́ = 𝑡1́

𝑥0 + 𝑥1 + 𝑥2 + 𝑥0́ + 𝑥1́ + 𝑥2́ = 𝑡2, 𝑥0 + 𝑥1 + 𝑥2 − 𝑥0́ − 𝑥1́ − 𝑥2́ = 𝑡2́ 
𝑦0 + 𝑦0́ = 𝑠0, 𝑦0 + 𝑦0́ = 𝑠0́

𝑦0 + 𝑦1 + 𝑦0́ + 𝑦1́ = 𝑠1, 𝑦0 + 𝑦1 − 𝑦0́ − 𝑦1́ = 𝑠1́
𝑦0 + 𝑦1 + 𝑦2 + 𝑦0́ + 𝑦1́ + 𝑦2́ = 𝑠2, 𝑦0 + 𝑦1 + 𝑦2 − 𝑦0́ − 𝑦1́ − 𝑦2́ = 𝑠2́ 

 

The equation can be written as follows: 

(𝑎0 + 𝑎0́)(𝑡0) + (𝑏0 + 𝑏0́)(𝑠0) = 𝑐0 + 𝑐0́   (𝐼) 

(𝑎0 + 𝑎1 + 𝑎0́ + 𝑎1́)(𝑡1) + (𝑏0 + 𝑏1 + 𝑏0́ + 𝑏1́)(𝑠1) = 𝑐0 + 𝑐1 + 𝑐0́ + 𝑐1́   (𝐼𝐼) 

(𝑎0 + 𝑎1 + 𝑎2 + 𝑎0́ + 𝑎1́ + 𝑎2́)(𝑡2) + (𝑏0 + 𝑏1 + 𝑏2 + 𝑏0́ + 𝑏1́ + 𝑏2́)(𝑠2)

= 𝑐0 + 𝑐1 + 𝑐2 + 𝑐0́ + 𝑐1́ + 𝑐2́   (𝐼𝐼𝐼) 

(𝑎0 − 𝑎0́)(𝑡0́) + (𝑏0 − 𝑏0́)(𝑠0́) = 𝑐0 − 𝑐0́   (𝐼𝑉) 

(𝑎0 + 𝑎1 − 𝑎0́ − 𝑎1́)(𝑡1́) + (𝑏0 + 𝑏1 − 𝑏0́ − 𝑏1́)(𝑠1́) = 𝑐0 + 𝑐1 − 𝑐0́ − 𝑐1́   (𝐼𝐼𝑉) 

(𝑎0 + 𝑎1 + 𝑎2 − 𝑎0́ − 𝑎1́ − 𝑎2́)(𝑡2́) + (𝑏0 + 𝑏1 + 𝑏2 − 𝑏0́ − 𝑏1́ − 𝑏2́)(𝑠2́)

= 𝑐0 + 𝑐1 + 𝑐2 − 𝑐0́ − 𝑐1́ − 𝑐2́   (𝐼𝐼𝐼𝑉) 
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According to the previous argument, we can see that the symbolic 2-plithogenic 

split-complex Diophantine equation 𝐴𝑋 + 𝐵𝑌 = 𝐶  is solvable if and only if the 

equations (𝐼, 𝐼𝐼, 𝐼𝐼𝐼, 𝐼𝑉, 𝐼𝐼𝑉, 𝐼𝐼𝐼𝑉) are solvable, which is equivalent to: 

{
 
 
 

 
 
 

𝑔𝑐𝑑(𝑎0 + 𝑎0́, 𝑏0 + 𝑏0́) ∖ 𝑐0 + 𝑐0́

𝑔𝑐𝑑(𝑎0 − 𝑎0́, 𝑏0 − 𝑏0́) ∖ 𝑐0 + 𝑐0́

𝑔𝑐𝑑(𝑎0 + 𝑎1 + 𝑎0́ + 𝑎1́, 𝑏0 + 𝑏1 + 𝑏0́ + 𝑏1́) ∖ 𝑐0 + 𝑐1 + 𝑐0́ + 𝑐1́ 

𝑔𝑐𝑑(𝑎0 + 𝑎1 − 𝑎0́ − 𝑎1́, 𝑏0 + 𝑏1 − 𝑏0́ − 𝑏1́) ∖ 𝑐0 + 𝑐1 − 𝑐0́ − 𝑐1́

𝑔𝑐𝑑(𝑎0 + 𝑎1 + 𝑎2 + 𝑎0́ + 𝑎1́ + 𝑎2́, 𝑏0 + 𝑏1 + 𝑏2 + 𝑏0́ + 𝑏1́ + 𝑏2́) ∖ 𝑐0 + 𝑐1 + 𝑐2 + 𝑐0́ + 𝑐1́ + 𝑐2́

𝑔𝑐𝑑(𝑎0 + 𝑎1 + 𝑎2 − 𝑎0́ − 𝑎1́ − 𝑎2́, 𝑏0 + 𝑏1 + 𝑏2 − 𝑏0́ − 𝑏1́ − 𝑏2́) ∖ 𝑐0 + 𝑐1 + 𝑐2 − 𝑐0́ − 𝑐1́ − 𝑐2́ 

 

The algorithm for solution: 

To solve 𝐴𝑋 + 𝐵𝑌 = 𝐶;  𝐴, 𝑋, 𝐵, 𝑌, 𝐶  are symbolic 2-plithogenic split-complex 

integers, we follow these steps: 

Step (1). 

We transform 𝐴𝑋 + 𝐵𝑌 = 𝐶  to the equivalent system of classical Diophantine 

equations (𝐼) → (𝐼𝐼𝐼𝑉). 

Step (2). 

We check if equations (𝐼) → (𝐼𝐼𝐼𝑉) are solvable in 𝑍. 

If there exists one equation which is not solvable, then 𝐴𝑋 + 𝐵𝑌 = 𝐶 I not solvable. 

Step (3). 

We solve the system (𝐼) → (𝐼𝐼𝐼𝑉). 

Step (4). 

𝑥0 =
1

2
(𝑡0 + 𝑡0́), 𝑦0 =

1

2
(𝑠0 + 𝑠0́), 𝑥0́ =

1

2
(𝑡0 − 𝑡0́), 𝑦0́ =

1

2
(𝑠0 − 𝑠0́) 

𝑥1 =
1

2
(𝑡1 + 𝑡1́) −

1

2
(𝑡0 + 𝑡0́), 𝑦1 =

1

2
(𝑠1 + 𝑠1́) −

1

2
(𝑠0 + 𝑠0́) 

𝑥1́ =
1

2
(𝑡1 − 𝑡1́) −

1

2
(𝑡0 − 𝑡0́), 𝑦1́ =

1

2
(𝑠1 − 𝑠1́) −

1

2
(𝑠0 − 𝑠0́) 

𝑥2 =
1

2
(𝑡2 + 𝑡2́) −

1

2
(𝑡1 + 𝑡1́), 𝑦2 =

1

2
(𝑠2 + 𝑠2́) −

1

2
(𝑠1 + 𝑠1́) 

𝑥2́ =
1

2
(𝑡2 − 𝑡2́) −

1

2
(𝑡1 − 𝑡1́), 𝑦2́ =

1

2
(𝑠2 − 𝑠2́) −

1

2
(𝑠1 − 𝑠1́) 

Remark. 

The available solutions are under the conditions 
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𝑡0 + 𝑡0́, 𝑡0 − 𝑡0́, 𝑡1 + 𝑡1́, 𝑡1 − 𝑡1́, 𝑡2 + 𝑡2́, 𝑡2 − 𝑡2́ ∈ 2𝑍 

𝑠0 + 𝑠0́, 𝑠0 − 𝑠0́, 𝑠1 + 𝑠1́, 𝑠1 − 𝑠1́, 𝑠2 + 𝑠2́, 𝑠2 − 𝑠2́ ∈ 2𝑍 

Example. 

Take the symbolic 2-plithogenic split-complex Diophantine equation with two 

variable: 

[(1 + 𝑃1 − 𝑃2) + 𝐽(2 + 2𝑃1 + 3𝑃2)]𝑋 + [(3 + 𝑃1 + 2𝑃2) + 𝐽(1 − 3𝑃1 + 𝑃2)]𝑌

= (11 + 7𝑃1 + 8𝑃2) + 𝐽(6 + 6𝑃1 + 6𝑃2) 

We have: 

{
  
 

  
 
𝑎0 = 1, 𝑎1 = 1, 𝑎2 = −1
𝑎0́ = 2, 𝑎1́ = 2, 𝑎2́ = 3
𝑏0 = 3, 𝑏1 = 1, 𝑏3 = 2 

𝑏0́ = 1, 𝑏1́ = −3, 𝑏2́ = 1
𝑐0 = 11, 𝑐1 = 7, 𝑐3 = 8

𝑐0́ = 6, 𝑐1́ = 6, 𝑏2́ = 6 

 

The equivalent system is: 

{
  
 

  
 

3𝑡0 + 4𝑠0 = 17   (𝐼)

6𝑡1 + 2𝑠1 = 30   (𝐼𝐼)

8𝑡2 + 5𝑠2 = 44   (𝐼𝐼𝐼) 

−𝑡0́ + 2𝑠0́ = 5   (𝐼𝑉)

−2𝑡1́ + 6𝑠1́ = 6   (𝐼𝐼𝑉)

−6𝑡2́ + 7𝑠2́ = 8𝑠   (𝐼𝐼𝐼𝑉) 

 

All equation (𝐼) → (𝐼𝐼𝐼𝑉) are solvable, that is because: 

𝑔𝑐𝑑(3,4) = 1 ∖ 17, 𝑔𝑐𝑑(6,2) = 2 ∖ 30, 𝑔𝑐𝑑(8,5) = 1 ∖ 44, 𝑔𝑐𝑑(−1,2) = 1 ∖

5, 𝑔𝑐𝑑(−2,6) = 2 ∖ 6, 𝑔𝑐𝑑(−6,7) = 1 ∖ 8  

We will take one solution for each equation: 

𝑡0 = 3, 𝑠0 = 2 is a solution of  (𝐼). 

𝑡0́ = −1, 𝑠0́ = 2 is a solution of  (𝐼𝑉). 

𝑡1 = 5, 𝑠1 = 0 is a solution of  (𝐼𝐼). 

𝑡1́ = −3, 𝑠1́ = 2 is a solution of  (𝐼𝐼𝑉). 

𝑡2 = 3, 𝑠2 = 4 is a solution of  (𝐼𝐼𝐼). 

𝑡2́ = 1, 𝑠2́ = 2 is a solution of  (𝐼𝐼𝐼𝑉). 

𝑥0 =
1

2
(𝑡0 + 𝑡0́) = 1, 𝑦0 =

1

2
(𝑠0 + 𝑠0́) = 2, 𝑥0́ =

1

2
(𝑡0 − 𝑡0́) = 2, 𝑦0́ =

1

2
(𝑠0 − 𝑠0́) = 0 
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𝑥1 =
1

2
(𝑡1 + 𝑡1́) −

1

2
(𝑡0 + 𝑡0́) = 0, 𝑦1 =

1

2
(𝑠1 + 𝑠1́) −

1

2
(𝑠0 + 𝑠0́) = −2 

𝑥1́ =
1

2
(𝑡1 − 𝑡1́) −

1

2
(𝑡0 − 𝑡0́) = 2, 𝑦1́ =

1

2
(𝑠1 − 𝑠1́) −

1

2
(𝑠0 − 𝑠0́) = 0 

𝑥2 =
1

2
(𝑡2 + 𝑡2́) −

1

2
(𝑡1 + 𝑡1́) = 1, 𝑦2 =

1

2
(𝑠2 + 𝑠2́) −

1

2
(𝑠1 + 𝑠1́) = 3 

𝑥2́ =
1

2
(𝑡2 − 𝑡2́) −

1

2
(𝑡1 − 𝑡1́) = −3, 𝑦2́ =

1

2
(𝑠2 − 𝑠2́) −

1

2
(𝑠1 − 𝑠1́) = 1 

Thus 𝑋 = (1 + 𝑃2) + 𝐽(2 + 2𝑃1 − 3𝑃2), 𝑌 = (2 − 2𝑃1 + 3𝑃2) + 𝐽(8𝑃2) is a solution of 

the original equation. 

Conclusion 

In this paper, we have presented an effective algorithm to solve a symbolic 

2-plithogenic split-complex linear Diophantine equation with two variables. Also, 

we have illustrated a related example to clarify the strength of the presented 

algorithm. 

In the future, we aim to study other Diophantine equations with symbolic 

2-plithogenic and 3-plithogenic split-complex linear and non-linear Diophantine 

equations. 
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Abstract: 

The objective of this paper is to study for the first time the concept of square real 

matrices with symbolic 2-plithogenic split-complex entries. Many of their 

algebraic properties will be discussed and handled, where we find the formula of 

computing inverses, exponents, and powers of these matrices by building a ring 

isomorphism between the ring of split-complex symbolic 2-plithogenic matrices 

and the direct product of the symbolic 2-plithogenic matrices with itself. Also, we 

give the interested reader many related examples to clarify the validity of our 

work. 

Keywords: split-complex number, symbolic 2-plithogenic number, split-complex 

2-plithogenic matrix.

Introduction 

The concept of symbolic 2-plithogenic rings is considered as a generalization of 

algebraic rings [1], and these rings were used by many authors to generalize 

classical algebraic structures such as vector space, modules, and functions into 

novel symbolic 2-plithogenic and 3-plithogenic versions, see [2-9]. 
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Symbolic 2-plithogenic matrices and other types have been studied in [10], where 

many results were obtained such as diagonalizations, and eigenvalues. 

Symbolic 2-plithogenic split-complex numbers were defined as a combination 

between split-complex numbers, and symbolic 2-plithogenic numbers, for more 

details about split-complex structures and their applications, see [11-13]. For similar 

results about neutrosophic matrices and n-plithogenic matrices check [14-19]. 

In this paper, we define symbolic 2-plithogenic split-complex matrices, and we 

present many elementary properties of these matrices, especially those are related 

to classical matrix theory and applications. 

Main Discussion  

Definition.  

Let 𝐴 = (𝑎𝑖𝑗) be a matrix, it is called symbolic 2-plithogenic split-complex if and 

only if: 

𝑎𝑖𝑗 = (𝑎𝑖𝑗
(0) + 𝑎𝑖𝑗

(1)𝑃1 + 𝑎𝑖𝑗
(2)𝑃2) + (𝑏𝑖𝑗

(0)
+ 𝑏𝑖𝑗

(1)
𝑃1 + 𝑏𝑖𝑗

(2)
𝑃2)𝐽 , where

𝑎𝑖𝑗
(𝑘), 𝑏𝑖𝑗

(𝑘)
∈ 𝑅, 𝐽2 = 1, 𝑃𝑖 × 𝑃𝑗 = 𝑃𝑚𝑎𝑥(𝑖,𝑗), 𝑃𝑖

2 = 𝑃𝑖.

Example. 

The matrix 𝐴 = (
1 + 2𝑃1 + 𝑃2 + 𝐽(1 − 𝑃2) (𝑃1 + 𝑃2)𝐽
(2 − 𝑃2) + 𝐽(3 + 𝑃1 + 𝑃2) 5 − (𝑃1 + 4𝑃2)𝐽

)  is a 2 × 2  symbolic

2-plithogenic split-complex matrix.

𝐴 = (
1 + 2𝑃1 + 𝑃2 0

2 − 𝑃2 5
) + 𝐽 (

1 − 𝑃2 𝑃1 + 𝑃2

3 + 𝑃1 + 𝑃2 −(𝑃1 + 4𝑃2)
)

Remark. 

Any symbolic 2-plithogenic split-complex matrix can be written as follows 𝐴 = 𝑇 +

𝐾𝐽 ; 𝑇, 𝐾 are two symbolic 2-plithogenic real matrices. 

Also, it can be written as follows: 

𝐴 = (𝐴0 + 𝐴1𝑃1 + 𝐴2𝑃2) + 𝐽(𝐵0 + 𝐵1𝑃1 + 𝐵2𝑃2); 𝐴𝑖, 𝐵𝑖 are classical square real 

matrices. 

The matrix presented in the previous example can be written as: 

(
1 0
2 5

) + 𝑃1 (
2 0
0 0

) + 𝑃2 (
1 0

−1 0
) + 𝐽 [(

1 0
3 0

) + 𝑃1 (
0 1
1 −1

) + 𝑃2 (
−1 1
1 −4

)] 
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Remark. 

We denote the ring of all symbolic 2-plithogenic split-complex matrices by 2 −

𝑆𝑃𝑀𝑆. 

(2 − 𝑆𝑃𝑀𝑆, +, . ) is a ring. 

Definition. 

Let 𝑋 = 𝑀0 + 𝑁0𝐽, 𝑌 = 𝑀1 + 𝑁1𝐽;  𝑀0, 𝑁0, 𝑀1, 𝑁1 ∈ 2 − 𝑃𝑀, then: 

𝑋 + 𝑌 = (𝑀0 + 𝑀1) + (𝑁0 + 𝑁1)𝐽. 

𝑋. 𝑌 = (𝑀0𝑀1 + 𝑁0𝑁1) + (𝑀0𝑁1 + 𝑁0𝑀1)𝐽. 

Example. 

Take: 

𝑋 = (
1 + 𝑃1 𝑃2

𝑃1 −𝑃1 + 𝑃2
) + 𝐽 (

2 + 𝑃1 − 𝑃2 3𝑃1

𝑃1 − 𝑃2 2𝑃2
) = 𝑀0 + 𝑁0𝐽 

𝑌 = (
1 + 𝑃1 − 𝑃2 2 − 𝑃2

1 + 𝑃2 1 + 𝑃1
) + 𝐽 (

2 − 𝑃2 𝑃1 − 𝑃2

1 + 𝑃1 𝑃2
) = 𝑀1 + 𝑁1𝐽 

𝑋 + 𝑌 = (
2 + 2𝑃1 − 𝑃2 2 − 𝑃1 + 𝑃2

1 + 𝑃1 + 𝑃2 1 + 𝑃2
) + 𝐽 (

4 + 𝑃1 − 2𝑃2 4𝑃1 − 𝑃2

1 + 2𝑃1 − 𝑃2 3𝑃2
) 

𝑀0𝑀1 = (
1 + 𝑃1 𝑃2

𝑃1 −𝑃1 + 𝑃2
) (

1 + 𝑃1 − 𝑃2 2 − 𝑃2

1 + 𝑃2 1 + 𝑃1
) = (

1 + 3𝑃1 2 + 2𝑃2

𝑃1 −𝑃1 + 2𝑃2
) 

𝑁0𝑁1 = (
2 + 𝑃1 − 𝑃2 3𝑃1

𝑃1 − 𝑃2 2𝑃2
) (

2 − 𝑃2 𝑃1 − 𝑃2

1 + 𝑃1 𝑃2
) = (

4 + 8𝑃1 − 4𝑃2 3𝑃1

2𝑃1 + 2𝑃2 𝑃1 + 𝑃2
) 

𝑀0𝑁1 = (
1 + 𝑃1 𝑃2

𝑃1 −𝑃1 + 𝑃2
) (

2 − 𝑃2 𝑃1 − 𝑃2

1 + 𝑃1 𝑃2
) = (

2 + 2𝑃1 2𝑃1 − 𝑃2

𝑃2 𝑃1 − 𝑃2
) 

𝑁0𝑀1 = (
2 + 𝑃1 − 𝑃2 3𝑃1

𝑃1 − 𝑃2 2𝑃2
) (

1 + 𝑃1 − 𝑃2 2 − 𝑃2

1 + 𝑃2 1 + 𝑃1
) = (

1 + 7𝑃1 − 𝑃2 4 + 5𝑃1 − 𝑃2

2𝑃1 + 2𝑃2 𝑃1 + 2𝑃2
) 

So that: 

𝑋. 𝑌 = (
5 + 11𝑃1 − 4𝑃2 2 + 3𝑃1 + 2𝑃2

3𝑃1 + 2𝑃2 3𝑃2
) + 𝐽 (

4 + 9𝑃1 − 𝑃2 2 + 3𝑃1 + 2𝑃2

2𝑃1 + 3𝑃2 2𝑃1 + 𝑃2
) 

Theorem. 

Let 2 − 𝑆𝑃𝑀𝑆  be the ring of all 𝑛 × 𝑛  symbolic 2-plithogenic split-complex 

matrices, let 2 − 𝑃𝑀  be the ring of all 𝑛 × 𝑛 square symbolic 2-plithogenic real 

matrices, then: 

𝑓: 2 − 𝑆𝑃𝑀𝑆 → 2 − 𝑃𝑀 × 2 − 𝑃𝑀 

Such that: 
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𝑓(𝑀 + 𝑁𝐽) = (𝑀 + 𝑁, 𝑀 − 𝑁); 𝑀, 𝑁 ∈ 2 − 𝑃𝑀 is a ring isomorphism. 

Proof. 

For 𝑀0 + 𝑁0𝐽 = 𝑀1 + 𝑁1𝐽, we have: 

𝑀0 = 𝑀1, 𝑁0 = 𝑁1, thus (𝑀0 + 𝑁0, 𝑀0 − 𝑁0) = (𝑀1 + 𝑁1, 𝑀1 − 𝑁1), 

hence 𝑓(𝑀0 + 𝑁0𝐽) = 𝑓(𝑀1 + 𝑁1𝐽). 

For 𝑋 = 𝑀0 + 𝑁0𝐽, 𝑌 = 𝑀1 + 𝑁1𝐽 ∈ 2 − 𝑆𝑃𝑀𝑆,  

we have: 

𝑓(𝑋 + 𝑌) = (𝑀0 + 𝑁0 + 𝑀1 + 𝑁1, 𝑀0 + 𝑀1 − 𝑁0 − 𝑁1) = 𝑓(𝑋) + 𝑓(𝑌). 

𝑓(𝑋. 𝑌) = 𝑓[(𝑀0𝑀1 + 𝑁0𝑁1) + (𝑀0𝑁1 + 𝑁0𝑀1)𝐽] = [(𝑀0 + 𝑁0)(𝑀1 + 𝑁1), (𝑀0 −

𝑁0)(𝑀1 − 𝑁1)] = 𝑓(𝑋). 𝑓(𝑌). 

𝑓(𝑋) = 0 ⇔ {
𝑀0 + 𝑁0 = 0
𝑀0 − 𝑁0 = 0

⇔ 𝑀0 = 𝑁0 = 0 

Thus, 𝑘𝑒𝑟(𝑓) = {0}. 

For any arbitrary element (𝑀, 𝑁) ∈ 2 − 𝑃𝑀 × 2 − 𝑃𝑀, there exists 𝑋 =
1

2
(𝑀 + 𝑁) +

1

2
(𝑀 − 𝑁)𝐽 ∈ 2 − 𝑃𝑀, such that 𝑓(𝑋) = (𝑀, 𝑁), so that 𝑓 is a ring isomorphism. 

Remark. 

The inverse isomorphism is: 

𝑓−1: 2 − 𝑃𝑀 × 2 − 𝑃𝑀 → 2 − 𝑆𝑃𝑀𝑆;  𝑓−1(𝑀, 𝑁) =
1

2
(𝑀 + 𝑁) +

1

2
(𝑀 − 𝑁)𝐽. 

Example. 

Consider: 

𝑋 = (
1 + 𝑃1 + 𝑃2 3 − 𝑃2 1 + 𝑃1

𝑃1 − 𝑃2 5 + 𝑃1 𝑃2

𝑃1 + 𝑃2 2𝑃1 −𝑃2

) + 𝐽 (
1 + 𝑃1 − 𝑃2 1 1

4 + 2𝑃1 − 𝑃2 𝑃1 2𝑃2

2𝑃1 − 𝑃2 𝑃1 5𝑃1

) = 𝑀 + 𝑁𝐽, 

then: 

𝑓(𝑋) = ((

2 + 2𝑃1 4 − 𝑃2 1 + 𝑃1

4 + 3𝑃1 − 2𝑃2 5 + 2𝑃1 3𝑃2

2𝑃1 3𝑃1 5𝑃1 − 𝑃2

) , (

2𝑃2 2 − 𝑃2 −1 + 𝑃1

−4 − 𝑃1 5 −𝑃2

−𝑃1 + 2𝑃2 𝑃1 −5𝑃1 − 𝑃2

)) 

Results from the isomorphism. 

Let 𝑋 = 𝑀 + 𝑁𝐽 ∈ 2 − 𝑆𝑃𝑀; 𝑀 = 𝑀0 + 𝑀1𝑃1 + 𝑀2𝑃2, 𝑁 = 𝑁0 + 𝑁1𝑃1 + 𝑁2𝑃2 ∈ 2 − 𝑃𝑀 , 

then: 
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1). 𝑋 is invertible if and only if 𝑀 + 𝑁, 𝑀 − 𝑁 are invertible, which is equivalent to: 

𝑀0 + 𝑁0, 𝑀0 − 𝑁0, (𝑀0 + 𝑀1) + (𝑁0 + 𝑁1), (𝑀0 + 𝑀1) − (𝑁0 + 𝑁1), 

(𝑀0 + 𝑀1 + 𝑀2) + (𝑁0 + 𝑁1 + 𝑁2), (𝑀0 + 𝑀1 + 𝑀2) + (𝑁0 + 𝑁1 − 𝑁2), 

Are invertible matrices. 

2). If 𝑋 is inverible, then: 

𝑋−1 =
1

2
[(𝑀 + 𝑁)−1 + (𝑀 − 𝑁)−1] +

1

2
[(𝑀 + 𝑁)−1 − (𝑀 − 𝑁)−1]𝐽 

Where: 

(𝑀 + 𝑁)−1 = (𝑀0 + 𝑁0)−1 + [(𝑀0 + 𝑀1 + 𝑁0 + 𝑁1)−1 − (𝑀0 + 𝑁0)−1]𝑃1

+ [(𝑀0 + 𝑀1 + 𝑀2 + 𝑁0 + 𝑁1 + 𝑁2)−1 − (𝑀0 + 𝑀1 + 𝑁0 + 𝑁1)−1]𝑃2 

(𝑀 − 𝑁)−1 = (𝑀0 − 𝑁0)−1 + [(𝑀0 + 𝑀1 − 𝑁0 − 𝑁1)−1 − (𝑀0 − 𝑁0)−1]𝑃1 +

[(𝑀0 + 𝑀1 + 𝑀2 − 𝑁0 − 𝑁1 − 𝑁2)−1 − (𝑀0 + 𝑀1 − 𝑁0 − 𝑁1)−1]𝑃2. 

3). 𝑑𝑒𝑡𝑋 =
1

2
[𝑑𝑒𝑡(𝑀 + 𝑁) + 𝑑𝑒𝑡(𝑀 − 𝑁)] +

1

2
[𝑑𝑒𝑡(𝑀 + 𝑁) − 𝑑𝑒𝑡(𝑀 − 𝑁)]𝐽 

𝑑𝑒𝑡(𝑀 + 𝑁) = 𝑑𝑒𝑡(𝑀0 + 𝑁0) + [𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑁0 + 𝑁1) − 𝑑𝑒𝑡(𝑀0 + 𝑁0)]𝑃1 +

[𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2 + 𝑁0 + 𝑁1 + 𝑁2) − 𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑁0 + 𝑁1)]𝑃2. 

𝑑𝑒𝑡(𝑀 − 𝑁) = 𝑑𝑒𝑡(𝑀0 − 𝑁0) + [𝑑𝑒𝑡(𝑀0 + 𝑀1 − 𝑁0 − 𝑁1) − 𝑑𝑒𝑡(𝑀0 − 𝑁0)]𝑃1 +

[𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2 − 𝑁0 − 𝑁1 − 𝑁2) − 𝑑𝑒𝑡(𝑀0 + 𝑀1 − 𝑁0 − 𝑁1)]𝑃2. 

4). 𝑋𝑛 =
1

2
[(𝑀 + 𝑁)𝑛 + (𝑀 − 𝑁)𝑛] +

1

2
[(𝑀 + 𝑁)𝑛 − (𝑀 − 𝑁)𝑛]𝐽 

(𝑀 + 𝑁)𝑛 = (𝑀0 + 𝑁0)𝑛 + [(𝑀0 + 𝑀1 + 𝑁0 + 𝑁1)𝑛 − (𝑀0 + 𝑁0)𝑛]𝑃1 + [(𝑀0 + 𝑀1 +

𝑀2 + 𝑁0 + 𝑁1 + 𝑁2)𝑛 − (𝑀0 + 𝑀1 + 𝑁0 + 𝑁1)𝑛]𝑃2. 

(𝑀 − 𝑁)𝑛 = (𝑀0 − 𝑁0)𝑛 + [(𝑀0 + 𝑀1 − 𝑁0 − 𝑁1)𝑛 − (𝑀0 − 𝑁0)𝑛]𝑃1 + [(𝑀0 + 𝑀1 +

𝑀2 − 𝑁0 − 𝑁1 − 𝑁2)𝑛 − (𝑀0 + 𝑀1 − 𝑁0 − 𝑁1)𝑛]𝑃2. 

Example. 

Consider the following 2 × 2 symbolic 2-plithogenic split-complex matrix: 

𝑋 = (
2 +

3

2
𝑃1 + 4𝑃2

1

2
3

2
𝑃1

3

2
+

1

2
𝑃1 +

1

2
𝑃2

) + 𝐽 (
1 −

7

2
𝑃1 + 2𝑃2

1

2
− 𝑃1 + 𝑃2

3

2
𝑃1 − 3𝑃2

1

2
−

3

2
𝑃1 −

1

2
𝑃2

) = 𝑀 +

𝑁𝐽, where: 

𝑀 = (
2 +

3

2
𝑃1 + 4𝑃2

1

2
3

2
𝑃1

3

2
+

1

2
𝑃1 +

1

2
𝑃2

) , 𝑁 = (
1 −

7

2
𝑃1 + 2𝑃2

1

2
− 𝑃1 + 𝑃2

3

2
𝑃1 − 3𝑃2

1

2
−

3

2
𝑃1 −

1

2
𝑃2

) 
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𝑀 + 𝑁 = (
3 − 𝑃1 + 6𝑃2 1 − 𝑃1 + 𝑃2

3𝑃1 − 3𝑃2 2 − 𝑃1
) 

𝑀 − 𝑁 = (
1 + 2𝑃1 + 2𝑃2 𝑃1 − 𝑃2

3𝑃2 1 + 2𝑃1 + 𝑃2
) 

We write: 

𝑀 + 𝑁 = 𝐾0 + 𝐾1𝑃1 + 𝐾2𝑃2, 𝑀 − 𝑁 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2, where: 

𝐾0 = (
3 1
0 2

) , 𝐾1 = (
−5 −1
3 −1

) , 𝐾2 = (
6 1

−3 0
) , 𝐾0 + 𝐾1 = (

−2 0
3 1

) , 𝐾0 + 𝐾1 + 𝐾2

= (
4 1
0 1

) 

𝐿0 = (
1 0
0 1

) , 𝐿1 = (
2 1
0 2

) , 𝐿2 = (
2 −1
3 1

) , 𝐿0 + 𝐿1 = (
3 1
0 3

) , 𝐿0 + 𝐿1 + 𝐿2 = (
5 0
3 4

) 

𝑑𝑒𝑡(𝑀 + 𝑁) = 𝑑𝑒𝑡(𝐾0) + [𝑑𝑒𝑡(𝐾0 + 𝐾1) − 𝑑𝑒𝑡(𝐾0)]𝑃1 + [𝑑𝑒𝑡(𝐾0 + 𝐾1 + 𝐾2) −

𝑑𝑒𝑡(𝐾0 + 𝐾1)]𝑃2 = 6 + (−2 − 6)𝑃1 + (4 + 2)𝑃2 = 6 − 8𝑃1 + 6𝑃2. 

𝑑𝑒𝑡(𝑀 − 𝑁) = 𝑑𝑒𝑡(𝐿0) + [𝑑𝑒𝑡(𝐿0 + 𝐿1) − 𝑑𝑒𝑡(𝐿0)]𝑃1 + [𝑑𝑒𝑡(𝐿0 + 𝐿1 + 𝐿2) −

𝑑𝑒𝑡(𝐿0 + 𝐿1)]𝑃2 = 1 + (9 − 1)𝑃1 + (20 − 9)𝑃2 = 1 + 8𝑃1 + 11𝑃2. 

𝑑𝑒𝑡𝑋 =
1

2
[𝑑𝑒𝑡(𝑀 + 𝑁) + 𝑑𝑒𝑡(𝑀 − 𝑁)] +

1

2
[𝑑𝑒𝑡(𝑀 + 𝑁) − 𝑑𝑒𝑡(𝑀 − 𝑁)]𝐽

=
1

2
(7 + 17𝑃2) +

1

2
𝐽(5 − 16𝑃1 − 5𝑃2)

= (
7

2
+

17

2
𝑃2) + 𝐽 (

5

2
− 8𝑃1 −

5

2
𝑃2) 

now, let's find the inverse of 𝑋: 

𝐾0
−1 = −

1

6
(

2 −1
0 3

) = (

1

3

1

6

0
1

2

) , (𝐾0 + 𝐾1)−1 = −
1

2
(

1 0
−3 −2

) = (
−

1

2
0

3

2
1

) 

(𝐾0 + 𝐾1 + 𝐾2)−1 =
1

4
(

1 −1
0 4

) = (
1

4
−

1

4
0 1

) 

𝐿0
−1 = (

1 0
0 1

) , (𝐿0 + 𝐿1)−1 =
1

9
(

3 −1
0 3

) = (

1

3
−

1

9

0
1

3

) 

(𝐿0 + 𝐿1 + 𝐿2)−1 =
1

20
(

4 0
−3 5

) = (

1

5
0

−
3

20

1

4

) 
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(𝑀 + 𝑁)−1 = (𝐾0)−1 + [(𝐾0 + 𝐾1)−1 − (𝐾0)−1]𝑃1

+ [(𝐾0 + 𝐾1 + 𝐾2)−1 − (𝐾0 + 𝐾1)−1]𝑃2

= (

1

3

1

6

0
1

2

) + (

−5

6

1

6
3

2

1

2

) 𝑃1 + (

3

4
−

1

4

−
3

2
0

) 𝑃2

= (

1

3
−

5

6
𝑃1 +

3

4
𝑃2

1

6
+

1

6
𝑃1 −

1

4
𝑃2

3

2
𝑃1 −

3

2
𝑃2

1

2
+

1

2
𝑃1

) 

(𝑀 − 𝑁)−1 = (𝐿0)−1 + [(𝐿0 + 𝐿1)−1 − (𝐿0)−1]𝑃1 + [(𝐿0 + 𝐿1 + 𝐿2)−1 − (𝐿0 + 𝐿1)−1]𝑃2

= (
1 0
0 1

) + (

−2

3

−1

9

0
−2

3

) 𝑃1 + (
−

2

15

1

9

−
3

20
−

1

12

) 𝑃2

= (
1 −

2

3
𝑃1 −

2

15
𝑃2 −

1

9
𝑃1 +

1

9
𝑃2

−
3

20
𝑃2 1 −

2

3
𝑃1 −

1

12
𝑃2

) 

𝑋−1 =
1

2
[(𝑀 + 𝑁)−1 + (𝑀 − 𝑁)−1] +

1

2
[(𝑀 + 𝑁)−1 − (𝑀 − 𝑁)−1]𝐽

=
1

2
(

4

3
−

3

2
𝑃1 +

37

60
𝑃2 −

1

6
+

1

18
𝑃1 −

5

36
𝑃2

3

2
𝑃1 −

33

20
𝑃2

3

2
−

1

6
𝑃1 −

1

12
𝑃2

)

+
1

2
𝐽 (

−3

2
−

1

6
𝑃1 +

53

60
𝑃2 −

1

6
+

5

18
𝑃1 −

13

36
𝑃2

3

2
𝑃1 −

27

20
𝑃2 −

1

2
+

7

6
𝑃1 +

1

12
𝑃2

)

= (

2

3
−

3

4
𝑃1 +

37

120
𝑃2 −

1

12
+

1

36
𝑃1 −

5

72
𝑃2

3

4
𝑃1 −

33

40
𝑃2

3

4
−

1

12
𝑃1 −

1

24
𝑃2

)

+ 𝐽 (

−1

3
−

1

12
𝑃1 +

53

120
𝑃2 −

1

12
+

5

36
𝑃1 −

13

72
𝑃2

3

4
𝑃1 −

27

40
𝑃2 −

1

4
+

7

12
𝑃1 +

1

24
𝑃2

) 

As an additional application of the matrix ring isomorphism between 2 − 𝑆𝑃𝑀 and 

2 − 𝑃𝑀 × 2 − 𝑃𝑀  is to find all possible eigenvalues/vectors for the symbolic 

2-plithogenic split-complex matrix. 
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To find the eigenvalue for a symbolic 2-plithogenic split-complex matrix, we must 

find all symbolic 2-plithogenic eigen values of 𝑀 + 𝑁, 𝑀 − 𝑁. 

For the matrix defined in the previous example, we can see: 

The eigenvalues of 𝐾0 are {3,2} = 𝑄0. 

The eigenvalues of 𝐾0 + 𝐾1 are {−2,1} = 𝑄1. 

The eigenvalues of 𝐾0 + 𝐾1 + 𝐾2 are {4,1} = 𝑄2. 

The eigenvalues of 𝑀 + 𝑁 are: 

𝑄 = {𝑎0 + (𝑎1 − 𝑎0)𝑃1 + (𝑎2 − 𝑎1)𝑃2; 𝑎𝑖 ∈ 𝑄𝑖} = {3 − 5𝑃1 + 6𝑃2, 3 − 5𝑃1 + 3𝑃2, 3 −

2𝑃1 + 3𝑃2, 3 − 2𝑃1, 2 − 4𝑃1 + 6𝑃2, 2 − 4𝑃1 + 3𝑃2, 2 − 𝑃1 + 3𝑃2, 2 − 𝑃1}. 

The eigenvalue of 𝐿0 is {1} = 𝑠0. 

The eigenvalue of 𝐿0 + 𝐿1 is {3} = 𝑆1. 

The eigenvalues of 𝐿0 + 𝐿1 + 𝐿2 are {5,4} = 𝑆2. 

The eigenvalues of 𝑀 − 𝑁 are: 

𝑆 = {𝑏0 + (𝑏1 − 𝑏0)𝑃1 + (𝑏2 − 𝑏1)𝑃2; 𝑏𝑖 ∈ 𝑆𝑖} = {1 + 2𝑃1 + 2𝑃2, 1 + 2𝑃1 + 𝑃2} 

The eigen values of the duplet (𝑀 + 𝑁, 𝑀 − 𝑁) are: 

{(3 − 5𝑃1 + 6𝑃2, 1 + 2𝑃1 + 2𝑃2), (3 − 5𝑃1 + 6𝑃2, 1 + 2𝑃1 + 𝑃2), (3 − 5𝑃1 + 3𝑃2, 1 +

2𝑃1 + 𝑃2), (3 − 5𝑃1 + 3𝑃2, 1 + 2𝑃1 + 2𝑃2), (3 − 2𝑃1 + 3𝑃2, 1 + 2𝑃1 + 2𝑃2), (3 − 2𝑃1 +

3𝑃2, 1 + 2𝑃1 + 𝑃2), (2 − 𝑃1, 1 + 2𝑃1 + 2𝑃2), (2 − 𝑃1, 1 + 2𝑃1 + 𝑃2), (2 − 4𝑃1 + 6𝑃2, 1 +

2𝑃1 + 2𝑃2), (2 − 4𝑃1 + 6𝑃2, 1 + 2𝑃1 + 𝑃2), (2 − 4𝑃1 + 3𝑃2, 1 + 2𝑃1 + 2𝑃2), (2 − 𝑃1 +

3𝑃2, 1 + 2𝑃1 + 2𝑃2), (2 − 𝑃1 + 3𝑃2, 1 + 2𝑃1 + 𝑃2), (3 − 2𝑃1, 1 + 2𝑃1 + 2𝑃2), (3 −

2𝑃1, 1 + 2𝑃1 + 𝑃2)}. 

We put: 

𝑇1 = (3 − 5𝑃1 + 6𝑃2, 1 + 2𝑃1 + 2𝑃2) 

𝑓−1(𝑇1) =
1

2
(4 − 3𝑃1 + 8𝑃2) +

1

2
(2 − 7𝑃1 + 4𝑃2)𝐽 = (2 −

3

2
𝑃1 + 4𝑃2) + (1 −

7

2
𝑃1 +

2𝑃2) 𝐽. 

𝑇2 = (3 − 5𝑃1 + 6𝑃2, 1 + 2𝑃1 + 𝑃2) 

𝑓−1(𝑇2) =
1

2
(4 − 3𝑃1 + 7𝑃2) +

1

2
(2 − 7𝑃1 + 5𝑃2)𝐽 = (2 −

3

2
𝑃1 +

7

2
𝑃2) + (1 −

7

2
𝑃1 +

5

2
𝑃2) 𝐽. 

𝑇3 = (3 − 2𝑃1 + 3𝑃2, 1 + 2𝑃1 + 2𝑃2) 
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𝑓−1(𝑇3) =
1

2
(4 + 5𝑃2) +

1

2
(2 − 4𝑃1 + 𝑃2)𝐽 = (2 +

5

2
𝑃2) + (1 − 2𝑃1 +

1

2
𝑃2) 𝐽. 

𝑇4 = (3 − 2𝑃1 + 3𝑃2, 1 + 2𝑃1 + 𝑃2) 

𝑓−1(𝑇4) =
1

2
(4 + 4𝑃2) +

1

2
(2 − 4𝑃1 + 2𝑃2)𝐽 = (2 + 2𝑃2) + (1 − 2𝑃1 + 𝑃2)𝐽. 

𝑇5 = (3 − 5𝑃1 + 3𝑃2, 1 + 2𝑃1 + 2𝑃2) 

𝑓−1(𝑇5) =
1

2
(4 − 3𝑃1 + 5𝑃2) +

1

2
(2 − 7𝑃1 + 𝑃2)𝐽 = (2 −

3

2
𝑃1 +

5

2
𝑃2) + (1 −

7

2
𝑃1 +

1

2
𝑃2) 𝐽. 

𝑇6 = (3 − 5𝑃1 + 3𝑃2, 1 + 2𝑃1 + 𝑃2) 

𝑓−1(𝑇6) =
1

2
(4 − 3𝑃1 + 4𝑃2) +

1

2
(2 − 7𝑃1 + 2𝑃2)𝐽 = (2 −

3

2
𝑃1 + 2𝑃2) + (1 −

7

2
𝑃1 +

𝑃2) 𝐽. 

𝑇7 = (2 − 𝑃1, 1 + 2𝑃1 + 2𝑃2) 

𝑓−1(𝑇7) =
1

2
(3 + 𝑃1 + 2𝑃2) +

1

2
(1 − 3𝑃1 − 2𝑃2)𝐽 = (

3

2
+

1

2
𝑃1 + 𝑃2) + (

1

2
−

3

2
𝑃1 − 𝑃2) 𝐽. 

𝑇8 = (2 − 𝑃1, 1 + 2𝑃1 + 𝑃2) 

𝑓−1(𝑇8) =
1

2
(3 + 𝑃1 + 𝑃2) +

1

2
(1 − 3𝑃1 − 𝑃2)𝐽 = (

3

2
+

1

2
𝑃1 +

1

2
𝑃2) + (

1

2
−

3

2
𝑃1 −

1

2
𝑃2) 𝐽. 

𝑇9 = (2 − 4𝑃1 + 6𝑃2, 1 + 2𝑃1 + 2𝑃2) 

𝑓−1(𝑇9) =
1

2
(3 − 2𝑃1 + 8𝑃2) +

1

2
(1 − 6𝑃1 + 4𝑃2)𝐽 = (

3

2
− 𝑃1 + 4𝑃2) + (

1

2
− 3𝑃1 +

2𝑃2) 𝐽. 

𝑇10 = (2 − 4𝑃1 + 6𝑃2, 1 + 2𝑃1 + 𝑃2) 

𝑓−1(𝑇10) =
1

2
(3 − 2𝑃1 + 7𝑃2) +

1

2
(1 − 6𝑃1 + 5𝑃2)𝐽 = (

3

2
− 𝑃1 +

7

2
𝑃2) + (

1

2
− 3𝑃1 +

5

2
𝑃2) 𝐽. 

𝑇11 = (2 − 4𝑃1 + 6𝑃2, 1 + 2𝑃1 + 2𝑃2) 

𝑓−1(𝑇11) =
1

2
(3 − 2𝑃1 + 5𝑃2) +

1

2
(1 − 6𝑃1 + 𝑃2)𝐽 = (

3

2
− 𝑃1 +

5

2
𝑃2) + (

1

2
− 3𝑃1 +

1

2
𝑃2) 𝐽. 

𝑇12 = (2 − 4𝑃1 + 3𝑃2, 1 + 2𝑃1 + 𝑃2) 

𝑓−1(𝑇12) =
1

2
(3 − 2𝑃1 + 4𝑃2) +

1

2
(1 − 6𝑃1 + 2𝑃2)𝐽 = (

3

2
− 𝑃1 + 2𝑃2) + (

1

2
− 3𝑃1 +

𝑃2) 𝐽. 

𝑇13 = (2 − 𝑃1 + 3𝑃2, 1 + 2𝑃1 + 2𝑃2) 
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𝑓−1(𝑇13) =
1

2
(3 + 𝑃1 + 5𝑃2) +

1

2
(1 − 3𝑃1 + 𝑃2)𝐽 = (

3

2
+

1

2
𝑃1 +

5

2
𝑃2) + (

1

2
−

3

2
𝑃1 +

1

2
𝑃2) 𝐽. 

𝑇14 = (2 − 𝑃1 + 3𝑃2, 1 + 2𝑃1 + 𝑃2) 

𝑓−1(𝑇14) =
1

2
(3 + 𝑃1 + 4𝑃2) +

1

2
(1 − 3𝑃1 + 2𝑃2)𝐽 = (

3

2
+

1

2
𝑃1 + 2𝑃2) + (

1

2
−

3

2
𝑃1 +

𝑃2) 𝐽. 

𝑇15 = (3 − 2𝑃1, 1 + 2𝑃1 + 2𝑃2) 

𝑓−1(𝑇15) =
1

2
(4 + 2𝑃2) +

1

2
(2 − 4𝑃1 − 2𝑃2)𝐽 = (2 + 𝑃2) + (1 − 2𝑃1 − 𝑃2)𝐽. 

𝑇16 = (3 − 2𝑃1, 1 + 2𝑃1 + 𝑃2) 

𝑓−1(𝑇16) =
1

2
(4 + 𝑃2) +

1

2
(2 − 4𝑃1 − 𝑃2)𝐽 = (2 +

1

2
𝑃2) + (1 − 2𝑃1 −

1

2
𝑃2) 𝐽. 

Conclusion 

In this paper, we studied for the first time the concept of square real matrices with 

symbolic 2-plithogenic split-complex entries, where we find the formula of 

computing inverses, exponents, and powers of these matrices by building a ring 

isomorphism between the ring of split-complex symbolic 2-plithogenic matrices 

and the direct product of the symbolic 2-plithogenic matrices with itself. Also, we 

give the interested reader many related examples to clarify the validity of our 

work. 
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Abstract: 

This paper is dedicated to finding a general algorithm for generating different 

solutions for Pythagoras' non-linear Diophantine equation in four variables 𝑥2 +

𝑦2 = 𝑧2 in symbolic 2-plithogenic rings, which are known as Pythagoras triples. 

Also, we present some examples of those triples in some finite symbolic 

2-plithogenic rings.

Keywords: symbolic 2-plithogenic ring, Pythagoras triples, Diophantine equations 

Introduction and Preliminaries 

Symbolic n-plithogenic algebraic structures are a new generalization of classical 

algebraic structures, as they have serious algebraic properties to study. 

In the previous literature, we can clearly note several algebraic studies that were 

interested in discovering the properties of these algebraic structures, for example, 

we can find some applications of plithogenic structures in probability, ring theory, 

linear spaces, matrices, and equations [1-10]. 
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Researchers have studied Pythagorean triples in the ring of ordinary algebraic 

numbers [11-14]. Several efficient algorithms for calculating these quadruples have 

been presented, as solutions to the corresponding Diophantine equation. 

This has motivated us to study Pythagoras triples in the symbolic 2-plithogenic 

commutative case, where we find a general algorithm for generating different 

solutions for Pythagoras non-linear Diophantine equation in four variables 𝒙𝟐 +

𝒚𝟐 = 𝒛𝟐 in symbolic 2-plithogenic rings. 

Definition.  

The symbolic 2-plithogenic ring of real numbers is defined as follows: 

2 − 𝑆𝑃𝑅 = {𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2; 𝑡𝑖 ∈ 𝑅, 𝑃1 × 𝑃2 = 𝑃2 × 𝑃1 = 𝑃2, 𝑃1
2 = 𝑃2

2 = 𝑃2} 

The addition operation on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2) + (𝑡0́ + 𝑡1𝑃1
́ + 𝑡2́𝑃2) = (𝑡0 + 𝑡0́) + (𝑡1 + 𝑡1́)𝑃1 + (𝑡2 + 𝑡2́)𝑃2 

The multiplication on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2)(𝑡0́ + 𝑡1𝑃1
́ + 𝑡2́𝑃2)

= 𝑡0𝑡0́ + (𝑡0𝑡1́ + 𝑡1𝑡0́ + 𝑡1𝑡1́)𝑃1 + (𝑡0𝑡2́ + 𝑡1𝑡2́ + 𝑡2𝑡2́ + 𝑡2𝑡0́ + 𝑡2𝑡1́)𝑃2 

Main Discussion  

Definition.  

Let 𝑅 be a ring, then (𝑡, 𝑠, 𝑘) is called a Pythagoras triple if and only if 

𝑡2 + 𝑠2 = 𝑘2; 𝑡, 𝑠, 𝑘 ∈ 𝑅.. 

Theorem. 

Let 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2, 𝑆 = 𝑠0 + 𝑠1𝑃1 + 𝑠2𝑃2, 𝐾 = 𝑘0 + 𝑘1𝑃1 + 𝑘2𝑃2 are three 

arbitrary symbolic 3-plithogenic elements 𝑇, 𝑆, 𝐾 ∈ 2 − 𝑆𝑃𝑅 , then (𝑇, 𝑆, 𝐾) are 

Pythagoras triple in 2 − 𝑆𝑃𝑅 if and only if: 

{
(𝑡0, 𝑠0, 𝑘0), (𝑡0 + 𝑡1, 𝑠0 + 𝑠1, 𝑘0 + 𝑘1) 𝑎𝑟𝑒 𝑝𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑎𝑠 𝑡𝑟𝑖𝑝𝑙𝑒𝑠 𝑖𝑛 𝑅
(𝑡0 + 𝑡1 + 𝑡2, 𝑠0 + 𝑠1 + 𝑠2, 𝑘0 + 𝑘1 + 𝑘2) 𝑖𝑠 𝑝𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑎𝑠 𝑡𝑟𝑖𝑝𝑙𝑒 𝑖𝑛 𝑅

 

Proof. 

According to [ ], we have: 

𝑇2 = 𝑡0
2 + [(𝑡0 + 𝑡1)2 − 𝑡0

2]𝑃1 + [(𝑡0 + 𝑡1 + 𝑡2)2 − (𝑡0 + 𝑡1)2]𝑃2 

𝑆2 = 𝑠0
2 + [(𝑠0 + 𝑠1)2 − 𝑠0

2]𝑃1 + [(𝑠0 + 𝑠1 + 𝑠2)2 − (𝑠0 + 𝑠1)2]𝑃2 
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𝑇2 = 𝑘0
2 + [(𝑘0 + 𝑘1)2 − 𝑘0

2]𝑃1 + [(𝑘0 + 𝑘1 + 𝑘2)2 − (𝑘0 + 𝑘1)2]𝑃2 

The equation 𝑇2 + 𝑆2 = 𝐾2 is equivalent to: 

𝑡0
2 + 𝑠0

2 = 𝑘0
2  (𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 1),  

(𝑡0 + 𝑡1)2 + (𝑠0 + 𝑠1)2 = (𝑘0 + 𝑘1)2  (𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2), 

(𝑡0 + 𝑡1 + 𝑡2)2 + (𝑠0 + 𝑠1 + 𝑠2)2 = (𝑘0 + 𝑘1 + 𝑘2)2  (𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 3), 

Equation (1) implies that (𝑡0, 𝑠0, 𝑘0) is a Pythagoras triple in 𝑅. 

Equation (2) implies that (𝑡0 + 𝑡1, 𝑠0 + 𝑠1, 𝑘0 + 𝑘1) is a Pythagoras triple in 𝑅. 

Equation (3) implies that (𝑡0 + 𝑡1 + 𝑡2, 𝑠0 + 𝑠1 + 𝑠2, 𝑘0 + 𝑘1 + 𝑘2) is a Pythagoras 

triple in 𝑅. 

Thus the proof is complete. 

Theorem. 

Let (𝑡0, 𝑠0, 𝑘0), (𝑡1, 𝑠1, 𝑘1), (𝑡2, 𝑠2, 𝑘2)be three Pythagoras triples in the ring 𝑅, then 

(𝑇, 𝑆, 𝐾)  Pythagoras triple in 3 − 𝑆𝑃𝑅, where: 

𝑇 = 𝑡0 + [𝑡1 − 𝑡0]𝑃1 + [𝑡2 − 𝑡1]𝑃2. 

𝑆 = 𝑠0 + [𝑠1 − 𝑠0]𝑃1 + [𝑠2 − 𝑠1]𝑃2. 

𝐾 = 𝑘0 + [𝑘1 − 𝑘0]𝑃1 + [𝑘2 − 𝑘1]𝑃2. 

Proof. 

We have: 𝑡0 + (𝑡1 − 𝑡0) = 𝑡1, 𝑡0 + (𝑡1 − 𝑡0) + (𝑡2 − 𝑡1) = 𝑡2. 

𝑠0 + (𝑠1 − 𝑠0) = 𝑠1, 𝑠0 + (𝑠1 − 𝑠0) + (𝑠2 − 𝑠1) = 𝑠2, 

𝑘0 + (𝑘1 − 𝑘0) = 𝑘1, 𝑘0 + (𝑘1 − 𝑘0) + (𝑘2 − 𝑘1) = 𝑘2. 

This implies that (𝑇, 𝑆, 𝐾)  Pythagoras triple in 2 − 𝑆𝑃𝑅 according to the theorem. 

Examples. 

We have: 

{

(𝑡0, 𝑠0, 𝑘0) = (3,4,5)

(𝑡1, 𝑠1, 𝑘1) = (6,8,10)

(𝑡2, 𝑠2, 𝑘2) = (4,3,5)
 

Are three Pythagoras triples in 𝑍. 

The corresponding symbolic 2-plithogenic Pythagoras triple is (𝑇, 𝑆, 𝐾), where:  

𝑇 = 3 + [6 − 3]𝑃1 + [4 − 6]𝑃2 = 3 + 3𝑃1 − 2𝑃2 
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𝑆 = 4 + [8 − 4]𝑃1 + [3 − 8]𝑃2 = 4 + 4𝑃1 − 5𝑃2 

𝐾 = 5 + [10 − 5]𝑃1 + [5 − 10]𝑃2 = 5 + 5𝑃1 − 5𝑃2 

Example. 

Find all Pythagoras triples in 2 − 𝑆𝑃𝑍2
, where 𝑍2 I the ring of integers module 2. 

First, we find all Pythagoras triples in 𝑍. 

𝐿1 = (0,0,0), 𝐿2 = (1,0,1), 𝐿3 = (0,1,1), 𝐿4 = (1,1,0) 

Remark that for every permutation of the set {𝐿1, 𝐿2, 𝐿3, 𝐿4}, we get a different 

symbolic 2-plithogenic Pythagoras triple. 

We discuss all possible cases: 

Permutation (1). 

{

𝑌1 = 𝑃1 − 𝑃2 = 𝑃1 + 𝑃2

𝑌1́ = 𝑃2

𝑌1
′′ = 𝑃1 = 𝑃1

 

Permutation (2). 

{

𝑌2 = 𝑃2

𝑌2́ = 𝑃1 − 𝑃2 = 𝑃1 + 𝑃2

𝑌2
′′ = 𝑃1 = 𝑃1

 

Permutation (3). 

{

𝑌3 = 𝑃1

𝑌3́ = 𝑃1 + 𝑃2

𝑌3
′′ = 𝑃2

 

Permutation (4). 

{

𝑌4 = 𝑃1 + 𝑃2

𝑌4́ = 𝑃1

𝑌4
′′ = 𝑃2

 

Permutation (5). 

{

𝑌5 = 𝑃1

𝑌5́ = 𝑃2

𝑌5
′′ = 𝑃1 + 𝑃2

 

Permutation (6). 

{

𝑌6 = 𝑃2

𝑌6́ = 𝑃1

𝑌6
′′ = 𝑃1 + 𝑃2

 

Permutation (7). 
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{

𝑌7 = 1 + 𝑃2

𝑌7́ = 𝑃1

𝑌7
′′ = 1 + 𝑃1 + 𝑃2

 

Permutation (8). 

{

𝑌8 = 𝑃2

𝑌8́ = 1 + 𝑃1 + 𝑃2

𝑌8
′′ = 1 + 𝑃1 + 𝑃2

 

Permutation (9). 

{

𝑌9 = 1 + 𝑃1

𝑌9́ = 𝑃1 + 𝑃2

𝑌9
′′ = 1 + 𝑃2

 

Permutation (10). 

: {

𝑌10 = 𝑃1 + 𝑃2

𝑌10
́ = 1 + 𝑃1

𝑌10
′′ = 1 + 𝑃2

 

Permutation (11). 

{

𝑌11 = 1 + 𝑃2

𝑌11
́ = 1 + 𝑃1

𝑌11
′′ = 𝑃1 + 𝑃2

 

Permutation (12). 

{

𝑌12 = 1 + 𝑃1 + 𝑃2

𝑌12
́ = 1 + 𝑃1

𝑌12
′′ = 𝑃2

 

Permutation (13). 

{

𝑌13 = 1 + 𝑃1 + 𝑃2

𝑌13
́ = 1 + 𝑃2

𝑌13
′′ = 𝑃1

 

Permutation (14). 

{

𝑌14 = 1 + 𝑃1

𝑌14
́ = 1 + 𝑃2

𝑌14
′′ = 𝑃1 + 𝑃2

 

Permutation (15). 

{

𝑌15 = 1 + 𝑃1

𝑌15
́ = 1 + 𝑃1 + 𝑃2

𝑌15
′′ = 𝑃2

 

Permutation (16). 



Neutrosophic Sets and Systems, Vol. 59, 2023 228 

 

 

Abuobida Mohammed A. Alfahal, Yaser Ahmad Alhasan, Raja Abdullah Abdulfatah, Ahmad Abd Al-Aziz, The Computing Of 

Pythagoras Triples In Symbolic 2-Plithogenic Rings 

{

𝑌16 = 1 + 𝑃2

𝑌16
́ = 1 + 𝑃1 + 𝑃2

𝑌16
′′ = 𝑃1

 

Permutation (17). 

{

𝑌17 = 1 + 𝑃2

𝑌17
́ = 𝑃1 + 𝑃2

𝑌17
′′ = 1 + 𝑃1

 

Permutation (18). 

{

𝑌18 = 1 + 𝑃2

𝑌18
́ = 𝑃1

𝑌18
′′ = 1 + 𝑃1 + 𝑃2

 

Permutation (19). 

: {

𝑌19 = 𝑃1

𝑌19
́ = 1 + 𝑃1 + 𝑃2

𝑌19
′′ = 1 + 𝑃2

 

Permutation (20). 

{

𝑌20 = 𝑃1

𝑌20
́ = 1 + 𝑃1 + 𝑃2

𝑌20
′′ = 1 + 𝑃2

 

Permutation (21). 

: {

𝑌21 = 𝑃1 + 𝑃2

𝑌21
́ = 1 + 𝑃2

𝑌21
′′ = 1 + 𝑃1

 

Permutation (22). 

{

𝑌22 = 1 + 𝑃1

𝑌22
́ = 𝑃1 + 𝑃2

𝑌22
′′ = 1 + 𝑃2

 

Permutation (23). 

{

𝑌23 = 𝑃1

𝑌23
́ = 1 + 𝑃2

𝑌23
′′ = 1 + 𝑃1 + 𝑃2

 

Permutation (24). 

{

𝑌24 = 𝑃1 + 𝑃2

𝑌24
́ = 1 + 𝑃1

𝑌24
′′ = 1 + 𝑃2
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Also, other quadraples (𝐿𝑖, 𝐿𝑗 , 𝐿𝑘, 𝐿𝑠); 1 ≤ 𝑖, 𝑗, 𝑘, 𝑠 ≤ 4 give Pythagoras triples with 

𝑖, 𝑗, 𝑘, 𝑠 are not distinct at all. 

We continuo our discussions. 

Permutation (25). 

{

𝑌25 = (0,0,0)

𝑌25
́ = (0,0,0)

𝑌25
′′ = (0,0,0)

 

Permutation (26). 

{

𝑌26 = 𝑃1 + 𝑃2

𝑌26
́ = 0

𝑌26
′′ = 𝑃1 + 𝑃2

 

Permutation (27). 

{

𝑌27 = 0

𝑌27
́ = 𝑃1 + 𝑃2

𝑌27
′′ = 𝑃1 + 𝑃2

 

Permutation (28). 

{

𝑌28 = 𝑃1 + 𝑃2

𝑌28
́ = 𝑃1 + 𝑃2

𝑌28
′′ = 0

 

Permutation (29). 

{

𝑌29 = 𝑃2

𝑌29
́ = 0

𝑌29
′′ = 𝑃2

 

Permutation (30). 

{

𝑌30 = 0

𝑌30
́ = 𝑃2

𝑌30
′′ = 𝑃2

 

Permutation (31). 

{

𝑌31 = 𝑃2

𝑌31
́ = 𝑃2

𝑌31
′′ = 0

 

Permutation (32). 

{

𝑌32 = 1

𝑌32
́ = 0

𝑌32
′′ = 1
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Permutation (33). 

: {

𝑌33 = 1 + 𝑃2

𝑌33
́ = 0

𝑌33
′′ = 1 + 𝑃2

 

Permutation (34). 

{

𝑌34 = 1 + 𝑃2

𝑌34
́ = 𝑃2

𝑌34
′′ = 1

 

Permutation (35). 

{

𝑌35 = 1

𝑌35
́ = 𝑃2

𝑌35
′′ = 1 + 𝑃2

 

Permutation (36). 

{

𝑌36 = 1 + 𝑃1

𝑌36
́ = 0

𝑌36
′′ = 1 + 𝑃1

 

Permutation (37). 

{

𝑌37 = 1

𝑌37
́ = 𝑃1 + 𝑃2

𝑌37
′′ = 1 + 𝑃2 + 𝑃1

 

Permutation (38). 

{

𝑌38 = 1 + 𝑃2

𝑌38
́ = 𝑃1 + 𝑃2

𝑌38
′′ = 1 + 𝑃1

 

Permutation (39). 

{

𝑌39 = 0

𝑌39
́ = 1

𝑌39
′′ = 1

 

Permutation (40). 

{

𝑌40 = 𝑃2

𝑌40
́ = 1 + 𝑃2

𝑌40
′′ = 1

 

Permutation (41). 

{

𝑌41 = 𝑃2

𝑌41
́ = 1

𝑌41
′′ = 1 + 𝑃2
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Permutation (42). 

{

𝑌42 = 0

𝑌42
́ = 1 + 𝑃1 + 𝑃2

𝑌42
′′ = 1 + 𝑃1 + 𝑃2

 

Permutation (43). 

{

𝑌43 = 𝑃1 + 𝑃2

𝑌43
́ = 1 + 𝑃1 + 𝑃2

𝑌43
′′ = 1

 

Permutation (44). 

{

𝑌44 = 𝑃1 + 𝑃2

𝑌44
́ = 1

𝑌44
′′ = 1 + 𝑃1 + 𝑃2

 

Permutation (45). 

{

𝑌45 = 1

𝑌45
́ = 1

𝑌45
′′ = 0

 

Permutation (46). 

{

𝑌46 = 1 + 𝑃2

𝑌46
́ = 1 + 𝑃2

𝑌46
′′ = 0

 

Permutation (47). 

{

𝑌47 = 1

𝑌47
́ = 1 + 𝑃2

𝑌47
′′ = 𝑃2

 

Permutation (48). 

{

𝑌48 = 1 + 𝑃2

𝑌48
́ = 1

𝑌48
′′ = 𝑃2

 

Permutation (49). 

{

𝑌49 = 1 + 𝑃1 + 𝑃2

𝑌49
́ = 1 + 𝑃1 + 𝑃2

𝑌49
′′ = 0

 

Permutation (50). 

{

𝑌50 = 1

𝑌50
́ = 1 + 𝑃1 + 𝑃2

𝑌50
′′ = 𝑃1 + 𝑃2
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Permutation (51). 

{

𝑌51 = 1 + 𝑃1 + 𝑃2

𝑌51
́ = 1

𝑌51
′′ = 𝑃1 + 𝑃2

 

By continuing this argument, we can get all Pythagoras triples in 2 − 𝑆𝑃𝑍2
 

Conclusion. 

In this paper, we have studied Pythagoras triples in symbolic 2-plithogenic 

commutative rings, where necessary and sufficient conditions for a symbolic 

2-plithogenic triple (𝑥, 𝑦, 𝑧) to be a Pythagoras triple. 

Also, we have presented some related examples that explain how to find 

2-plithogenic triples from classical triples. 
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Abstract: In this paper we present the symbolic neutrosophic and plithogenic Marshall-Olkin 

type I class of distributions. We derive the formal form of the cumulative distribution function and 

probability density function of neutrosophic and plithogenic Marshall-Olkin Type I class of 

distributions. As a special case of the mentioned class of distributions we study the generalized 

uniform distribution in both neutrosophic and plithogenic forms, we derive its PDF and CDF then 

present an algorithm of random numbers generation according to it, then we estimate its parameters 

using maximum likelihood estimation and support the results with a simulation study to show the 

efficiency of the calculated parameters and study its asymptotic properties including unbiasedness 

and consistency.  
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1. Introduction

Neutrosophic Probability Theory and Plithogenic Probability Theory are both intriguing 

extensions of traditional probability theory that deal with uncertainty and ambiguity in a more 

nuanced and comprehensive manner. These theories were developed to address situations where 

classical probability theory falls short in capturing the complexity of real-world uncertainties. 

Neutrosophic Probability Theory is an extension of classical probability theory that introduces 

the concept of "Neutrosophy." Neutrosophy deals with indeterminacy, ambiguity, and imprecision 

that arise in various fields such as philosophy, mathematics, and decision-making[1]–[31]. 

Plithogenic Probability Theory is another extension of classical probability theory that aims to 

address the limitations of traditional probability theory in handling complex uncertainties. It 

introduces the concept of "Plithogeny," which deals with the multitude of conditions that contribute 

to the occurrence or non-occurrence of an event. Unlike classical probability theory, where events are 

often treated as independent and isolated, plithogenic probability theory recognizes that events are 

influenced by a multitude of interconnected factors. It also focuses on understanding how various 

conditions interact and contribute to the overall probability of an event. This theory is particularly 

useful in scenarios involving interdependent events, network analysis, and systems with intricate 

dependencies.[32]–[47] 
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In this paper we will deal with symbolic neutrosophic sets and symbolic plithogenic sets where the 

elements of these sets take the form 𝑁 = 𝑎 + 𝑏𝐼; 𝐼2 = 𝐼  for neutrosophic sets and 𝑆 = 𝑎 + 𝑏𝑃1 +

𝑐𝑃2 ; 𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1 ∙ 𝑃2 = 𝑃2 ∙ 𝑃1 = 𝑃2 for plithogenic sets and we will generalize the well know 

Marshall Olkin class of distributions [48]–[55] to both neutrosophic and plithogenic class. 

2. Preliminaries 

Definition 2.1 

Let 𝑅(𝐼) = {𝑎 + 𝑏𝐼 ; 𝑎, 𝑏 ∈ 𝑅} be the neutrosophic field of reals where  𝐼2 = 𝐼. One-dimensional 

AH-isometry between 𝑅(𝐼) and 𝑅2 and its inverse are given by: 

𝑇:𝑅(𝐼) → 𝑅2 ;  𝑇(𝑎 + 𝑏𝐼) = (𝑎, 𝑎 + 𝑏)                              (1) 

𝑇−1: 𝑅2 → 𝑅(𝐼) ;  𝑇−1(𝑎, 𝑏) = 𝑎 + (𝑏 − 𝑎)𝐼                     (2) 

Note: 

 T is an algebraic isomorphism and it preserves distances. 

Definition 2.2  

A neutrosophic random variable 𝑋𝑁 is defined as follows: 

𝑋𝑁 = 𝑋1 + 𝑋2𝐼 ; 𝐼
2 = 𝐼   

Where 𝑋1, 𝑋2 are classical random variables. 

Definition 2.3  

Let 𝑓: 𝑅(𝐼) → 𝑅(𝐼); 𝑓 = 𝑓(𝑥𝑁), 𝑥𝑁 ∈ 𝑅(𝐼) then 𝑓 is called a neutrosophic real function with one 

neutrosophic variable. 

Definition 2.4 

Let 𝑎𝑁 = 𝑎1 + 𝑎2𝐼, 𝑏𝑁 = 𝑏1 + 𝑏2𝐼 ∈ 𝑅(𝐼) be neutrosophic numbers. We say that 𝑎𝑁 ≥𝑁 𝑏𝑁 if: 

𝑎1 ≥ 𝑏1 , 𝑎1 + 𝑎2 ≥ 𝑏1 + 𝑏2 

Definition 2.5 

Let 𝑅(𝑃1, 𝑃2) = {𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ; 𝑎0, 𝑎1, 𝑎2 ∈ 𝑅, 𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1 ∙ 𝑃2 = 𝑃2 ∙ 𝑃1 = 𝑃2} be the 

Plithogenic field of reals. One-dimensional isometry between 𝑅(𝑃1, 𝑃2) and 𝑅3 and its inverse are 

defined as follows: 

𝑇: 𝑅(𝑃1, 𝑃2) → 𝑅3 ;  𝑇(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) = (𝑎0 , 𝑎0 + 𝑎1 , 𝑎0 + 𝑎1 + 𝑎2)                   (3) 

𝑇−1: 𝑅3 → 𝑅(𝑃1, 𝑃2) ;  𝑇
−1(𝑎0, 𝑎1, 𝑎2) = 𝑎0 + (𝑎1 − 𝑎0)𝑃1 + (𝑎2 − 𝑎1)𝑃2                  (4) 

Definition 2.6 

A Plithogenic random variable 𝑋𝑃 is defined as follows: 

𝑋𝑃 = 𝑋0 + 𝑋1𝑃1 + 𝑋2𝑃2 ; 𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1 ∙ 𝑃2 = 𝑃2 ∙ 𝑃1 = 𝑃2  where 𝑋0, 𝑋1, 𝑋2  are classical random 

variables. 

Definition 2.7  

Let 𝑓: 𝑅(𝑃1 , 𝑃2) → 𝑅(𝑃1, 𝑃2); 𝑓 = 𝑓(𝑥𝑃)  , 𝑥𝑃 ∈ 𝑅(𝑃1, 𝑃2)  then 𝑓  is called a Plithogenic real 

function with one plithogenic variable. 

Definition 2.8 

Let 𝑎𝑃 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2, 𝑏𝑃 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 ∈ 𝑅(𝑃1, 𝑃2)  be two plithogenic numbers. We say 

that 𝑎𝑃 ≥𝑃 𝑏𝑃  if: 

𝑎0 ≥ 𝑏0 , 𝑎0 + 𝑎1 ≥ 𝑏0 + 𝑏1, 𝑎0 + 𝑎1 + 𝑎2 ≥ 𝑏0 + 𝑏1 + 𝑏2   
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3. Neutrosophic Marshall-Olkin Type I Class of Distributions: 

In this section we are going to derive the neutrosophic form of Marshall-Olkin Type I class of 

distributions depending on its cumulative probability distribution function and probability 

distribution function and some generalized distributions according to it. 

Definition 3.1 

Neutrosophic Marshall Olkin Type I cumulative distribution function is classical Marshall-Olkin 

Type I cumulative distribution function but defined on 𝑅(𝐼) , taking values in 𝑅(𝐼)  and with 

parameters from 𝑅(𝐼), that is its CDF is: 

𝐺(𝑥𝑁; 𝜌𝑁) =
𝐹(𝑥𝑁)

𝐹(𝑥𝑁)(1 − 𝜌𝑁) + 𝜌𝑁
;  𝑥𝑁 ∈ 𝑅(𝐼) & 0 <𝑁 𝜌𝑁 <𝑁 1                     (5) 

Theorem 3.1 

The neutrosophic formal form of (5) is: 

𝐺(𝑥𝑁; 𝜌𝑁) =
𝐹(𝑥1)

𝐹(𝑥1)(1 − 𝜌1) + 𝜌1
+ 𝐼 [

𝐹(𝑥1 + 𝑥2)

𝐹(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)
−

𝐹(𝑥1)

𝐹(𝑥1)(1 − 𝜌1) + 𝜌1
]    (6) 

Proof 

𝑇[𝐺(𝑥𝑁; 𝜌𝑁)] =
𝑇[𝐹(𝑥𝑁)]

𝑇[𝐹(𝑥𝑁)]𝑇[1 − 𝜌𝑁] + 𝑇[𝜌𝑁]

=
(𝐹(𝑥1), 𝐹(𝑥1 + 𝑥2))

(𝐹(𝑥1), 𝐹(𝑥1 + 𝑥2))(1 − 𝜌1, 1 − (𝜌1 + 𝜌2)) + (𝜌1, 𝜌1 + 𝜌2)

= (
(𝐹(𝑥1), 𝐹(𝑥1 + 𝑥2))

(𝐹(𝑥1)(1 − 𝜌1) + 𝜌1, (𝐹(𝑥1 + 𝑥2))(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2))
)

= (
𝐹(𝑥1)

𝐹(𝑥1)(1 − 𝜌1) + 𝜌1
 ,

𝐹(𝑥1 + 𝑥2)

𝐹(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)
) 

So: 

𝐺(𝑥𝑁; 𝜌𝑁) = 𝑇
−1 ((

𝐹(𝑥1)

𝐹(𝑥1)(1 − 𝜌1) + 𝜌1
 ,

𝐹(𝑥1 + 𝑥2)

𝐹(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)
))

=
𝐹(𝑥1)

𝐹(𝑥1)(1 − 𝜌1) + 𝜌1
+ 𝐼 [ 

𝐹(𝑥1 + 𝑥2)

𝐹(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)
−

𝐹(𝑥1)

𝐹(𝑥1)(1 − 𝜌1) + 𝜌1
] 

Note: 

Neutrosophic probability distribution function of Marshall-Olkin Type I class of distributions can be 

derived by direct derivation of equation (5). 

𝑔(𝑥𝑁; 𝜌𝑁) =
𝜌𝑁𝑓(𝑥𝑁)

[(1 − 𝜌𝑁)𝐹(𝑥𝑁) + 𝜌𝑁]
2
 ;  𝑥𝑁 ∈ 𝑅(𝐼) & 0 <𝑁 𝜌𝑁 <𝑁 1                 (7) 

Theorem 3.2 
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The neutrosophic formal form of (7) is: 

𝑔(𝑥𝑁; 𝜌𝑁) =
𝜌1𝑓(𝑥1)

[(1 − 𝜌1)𝐹(𝑥1) + 𝜌1]
2 + 𝐼 [

(𝜌1 + 𝜌2)𝑓(𝑥1 + 𝑥2)

[(1 − (𝜌1 + 𝜌2))𝐹(𝑥1 + 𝑥2) + 𝜌1 + 𝜌2]
2 −

𝜌1𝑓(𝑥1)

[(1 − 𝜌1)𝐹(𝑥1) + 𝜌1]
2]     (8) 

Proof 

𝑇[𝑔(𝑥𝑁; 𝜌𝑁)] =
𝑇[𝜌𝑁]𝑇[𝑓(𝑥𝑁)]

[𝑇[(1 − 𝜌𝑁)]𝑇[𝐹(𝑥𝑁)] + 𝑇[𝜌𝑁]]
2 =

(𝜌1, 𝜌1 + 𝜌2)(𝑓(𝑥1), 𝑓(𝑥1 + 𝑥2))

[(1 − 𝜌1, 1 − (𝜌1 + 𝜌2))(𝐹(𝑥1), 𝐹(𝑥1 + 𝑥2)) + (𝜌1, 𝜌1 + 𝜌2)]
2

=
(𝜌1𝑓(𝑥1), (𝜌1 + 𝜌2)𝑓(𝑥1 + 𝑥2))

[((1 − 𝜌1)𝐹(𝑥1) + 𝜌1, (1 − (𝜌1 + 𝜌2))𝐹(𝑥1 + 𝑥2) + 𝜌1 + 𝜌2)]
2

= (
𝜌1𝑓(𝑥1)

[(1 − 𝜌1)𝐹(𝑥1) + 𝜌1]
2 ,

(𝜌1 + 𝜌2)𝑓(𝑥1 + 𝑥2)

[(1 − (𝜌1 + 𝜌2))𝐹(𝑥1 + 𝑥2) + 𝜌1 + 𝜌2]
2) 

So: 

𝑔(𝑥𝑁; 𝜌𝑁) = 𝑇
−1 (

𝜌1𝑓(𝑥1)

[(1 − 𝜌1)𝐹(𝑥1) + 𝜌1]
2 ,

(𝜌1 + 𝜌2)𝑓(𝑥1 + 𝑥2)

[(1 − (𝜌1 + 𝜌2))𝐹(𝑥1 + 𝑥2) + 𝜌1 + 𝜌2]
2)

=
𝜌1𝑓(𝑥1)

[(1 − 𝜌1)𝐹(𝑥1) + 𝜌1]
2 + 𝐼 [

(𝜌1 + 𝜌2)𝑓(𝑥1 + 𝑥2)

[(1 − (𝜌1 + 𝜌2))𝐹(𝑥1 + 𝑥2) + 𝜌1 + 𝜌2]
2 −

𝜌1𝑓(𝑥1)

[(1 − 𝜌1)𝐹(𝑥1) + 𝜌1]
2] 

Theorem 3.3 

Equation (8) represents probability density function in classical sense. 

Proof 

∫ 𝑔(𝑥𝑁; 𝜌𝑁)𝑑𝑥𝑁

+∞

−∞

= ∫
𝜌1𝑓(𝑥1)

[(1 − 𝜌1)𝐹(𝑥1) + 𝜌1]
2

+∞

−∞

𝑑𝑥1

+ 𝐼 [∫
(𝜌1 + 𝜌2)𝑓(𝑥1 + 𝑥2)

[(1 − (𝜌1 + 𝜌2))𝐹(𝑥1 + 𝑥2) + 𝜌1 + 𝜌2]
2 𝑑(𝑥1 + 𝑥2)

+∞

−∞

−∫
𝜌1𝑓(𝑥1)

[(1 − 𝜌1)𝐹(𝑥1) + 𝜌1]
2

+∞

−∞

𝑑𝑥1]

= ∫ 𝑑 (
𝐹(𝑥1)

𝐹(𝑥1)(1 − 𝜌1) + 𝜌1
)

+∞

−∞

+ 𝐼 [∫ 𝑑
+∞

−∞

(
𝐹(𝑥1 + 𝑥2)

𝐹(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)
) − ∫ 𝑑 (

𝐹(𝑥1)

𝐹(𝑥1)(1 − 𝜌1) + 𝜌1
)

+∞

−∞

] = 1 

Also, it is easy to see that 𝑇[𝑔(𝑥𝑁; 𝜌𝑁)] presents two continuous and positive functions. Depending 

on [3], [25] we conclude that the given neutrosophic function is a neutrosophic probability density 

function in classical sense. 

4. Neutrosophic Marshall-Olkin Type I Uniform distribution: 

Definition 4.1 

The neutrosophic cumulative distribution function of the neutrosophic Marshall-Olkin Type I 

uniform distribution is defined as follows:  

𝐺(𝑥𝑁; 𝜌𝑁 , 𝑎𝑁 , 𝑏𝑁) =
𝑥𝑁 − 𝑎𝑁

𝑥𝑁(1 − 𝜌𝑁) + 𝜌𝑁𝑏𝑁 − 𝑎𝑁
 ; 𝑎𝑁 <𝑁 𝑥𝑁 <𝑁 𝑏𝑁 , 0 <𝑁 𝜌𝑁 <𝑁 1                    (9) 

Theorem 4.1 

The neutrosophic formal form of (9) is: 
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𝐺(𝑥𝑁; 𝜌𝑁 , 𝑎𝑁 , 𝑏𝑁) =
𝑥1−𝑎1

𝑥1(1−𝜌1)+𝜌1𝑏1−𝑎1
+ 𝐼 [ 

(𝑥1+𝑥2)−(𝑎1+𝑎2)

(𝑥1+𝑥2)(1−(𝜌1+𝜌2))+(𝜌1+𝜌2)(𝑏1+𝑏2)−(𝑎1+𝑎2)
−

𝑥1−𝑎1

𝑥1(1−𝜌1)+𝜌1𝑏1−𝑎1
]  (10) 

Proof 

𝑇[𝐺(𝑥𝑁; 𝜌𝑁, 𝑎𝑁, 𝑏𝑁)] =
𝑇[𝑥𝑁] − 𝑇[𝑎𝑁]

𝑇[𝑥𝑁]𝑇[1 − 𝜌𝑁] + 𝑇[𝜌𝑁] ∙ 𝑇[𝑏𝑁] − 𝑇[𝑎𝑁]

=
(𝑥1, 𝑥1 + 𝑥2) − (𝑎1, 𝑎1 + 𝑎2)

(𝑥1, 𝑥1 + 𝑥2)(1 − 𝜌1, 1 − (𝜌1 + 𝜌2)) + (𝜌1, 𝜌1 + 𝜌2) ∙ (𝑏1, 𝑏1 + 𝑏2) − (𝑎1, 𝑎1 + 𝑎2)

= (
(𝑥1 − 𝑎1, (𝑥1 + 𝑥2) − (𝑎1 + 𝑎2))

(𝑥1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1, (𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2))
)

= (
𝑥1 − 𝑎1

𝑥1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1
 ,

(𝑥1 + 𝑥2) − (𝑎1 + 𝑎2)

(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)
) 

𝐺(𝑥𝑁; 𝜌𝑁, 𝑎𝑁, 𝑏𝑁) = 𝑇
−1 (

𝑥1 − 𝑎1
𝑥1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1

 ,
(𝑥1 + 𝑥2) − (𝑎1 + 𝑎2)

(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)
)

=
𝑥1 − 𝑎1

𝑥1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1

+ 𝐼 [ 
(𝑥1 + 𝑥2) − (𝑎1 + 𝑎2)

(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)
−

𝑥1 − 𝑎1
𝑥1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1

] 

Definition 4.2 

The neutrosophic probability distribution function of neutrosophic Marshall-Olkin Type I uniform 

distribution is defined as follows:  

𝑔(𝑥𝑁; 𝜌𝑁 , 𝑎𝑁 , 𝑏𝑁) =
(𝑏𝑁 − 𝑎𝑁)𝜌𝑁

[𝑥𝑁(1 − 𝜌𝑁) + 𝜌𝑁𝑏𝑁 − 𝑎𝑁]
2
  ;  𝑎𝑁 <𝑁 𝑥𝑁 <𝑁 𝑏𝑁 , 0 <𝑁 𝜌𝑁 <𝑁 1                (11) 

Theorem 4.2 

The neutrosophic formal form of (11) is: 

𝑔(𝑥𝑁; 𝜌𝑁, 𝑎𝑁, 𝑏𝑁) =
(𝑏1−𝑎1)𝜌1

[𝑥1(1−𝜌1)+𝜌1𝑏1−𝑎1]
2 + 𝐼 [

((𝑏1+𝑏2)−(𝑎1+𝑎2))(𝜌1+𝜌2)

[(𝑥1+𝑥2)(1−(𝜌1+𝜌2))+(𝜌1+𝜌2)(𝑏1+𝑏2)−(𝑎1+𝑎2)]
2 −

(𝑏1−𝑎1)𝜌1

[𝑥1(1−𝜌1)+𝜌1𝑏1−𝑎1]
2]  (12) 

Proof  

𝑇[𝑔(𝑥𝑁; 𝜌𝑁, 𝑎𝑁, 𝑏𝑁)] =
(𝑇[𝑏𝑁] − 𝑇[𝑎𝑁])𝑇[𝜌𝑁]

[𝑇[𝑥𝑁]𝑇[(1 − 𝜌𝑁)] + 𝑇[𝜌𝑁] ∙ 𝑇[𝑏𝑁] − 𝑇[𝑎𝑛]]
2

=
((𝑏1, 𝑏1 + 𝑏2) − (𝑎1, 𝑎1 + 𝑎2))(𝜌1, 𝜌1 + 𝜌2)

[(𝑥1, 𝑥1 + 𝑥2)(1 − 𝜌1, 1 − (𝜌1 + 𝜌2)) + (𝜌1, 𝜌1 + 𝜌2) ∙ (𝑏1, 𝑏1 + 𝑏2) − (𝑎1, 𝑎1 + 𝑎2)]
2

=
((𝑏1 − 𝑎1)𝜌1, ((𝑏1 + 𝑏2) − (𝑎1 + 𝑎2))(𝜌1 + 𝜌2))

[(𝑥1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1, (𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2))]
2

= (
(𝑏1 − 𝑎1)𝜌1

[𝑥1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1]
2 ,

((𝑏1 + 𝑏2) − (𝑎1 + 𝑎2))(𝜌1 + 𝜌2)

[(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)]
2) 
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So: 

𝑔(𝑥𝑁; 𝜌𝑁 , 𝑎𝑁, 𝑏𝑁) = 𝑇
−1 (

(𝑏1 − 𝑎1)𝜌1
[𝑥1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1]

2 ,
((𝑏1 + 𝑏2) − (𝑎1 + 𝑎2))(𝜌1 + 𝜌2)

[(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)]
2)

=
(𝑏1 − 𝑎1)𝜌1

[𝑥1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1]
2

+ 𝐼 [
((𝑏1 + 𝑏2) − (𝑎1 + 𝑎2))(𝜌1 + 𝜌2)

[(𝑥1 + 𝑥2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)]
2 −

(𝑏1 − 𝑎1)𝜌1
[𝑥1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1]

2
] 

4.1 Parameters’ estimation using neutrosophic maximum likelihood estimation method: 

Let 𝕏𝑁 a neutrosophic random sample drawn from neutrosophic Marshall-Olkin Type I uniform 

distribution with PDF defined in (11) then the neutrosophic likelihood function will be: 

𝐿𝑁 = 𝐿(𝕏𝑁; Θ) =∏𝑓(𝑋𝑖𝑁; 𝑎𝑁 , 𝑏𝑁 , 𝜌𝑁)

𝑛

𝑖=1

=∏
(𝑏𝑁 − 𝑎𝑁)𝜌𝑁

[𝑥𝑖𝑁(1 − 𝜌𝑁) + 𝜌𝑁𝑏𝑁 − 𝑎𝑁]
2

𝑛

𝑖=1

=
(𝑏𝑁 − 𝑎𝑁)

𝑛𝜌𝑁
𝑛

∏ [𝑥𝑖𝑁(1 − 𝜌𝑁) + 𝜌𝑁𝑏𝑁 − 𝑎𝑁]
2𝑛

𝑖=1

                            (13) 

By taking log of (13), we get the loglikelihood function as follows: 

ℒ𝑁 = ln 𝐿(𝕏𝑁; Θ) = 𝑛 ln(𝑏𝑁 − 𝑎𝑁) + 𝑛 ln 𝜌𝑁 − 2∑ln[𝑥𝑖𝑁(1 − 𝜌𝑁) + 𝜌𝑁𝑏𝑁 − 𝑎𝑁]

𝑛

𝑖=1

           (14) 

Taking partial derivatives of previous equation according to 𝑎𝑁 , 𝑏𝑁 , 𝜌𝑁 yields to: 

𝜕

𝜕𝑎𝑁
ℒ𝑁 =

−𝑛

𝑏𝑁 − 𝑎𝑁
+ 2∑

1

[𝑥𝑖𝑁(1 − 𝜌𝑁) + 𝜌𝑁𝑏𝑁 − 𝑎𝑁]

𝑛

𝑖=1

                              (15) 

𝜕

𝜕𝑏𝑁
ℒ𝑁 =

𝑛

𝑏𝑁 − 𝑎𝑁
− 2∑

𝜌𝑁
[𝑥𝑖𝑁(1 − 𝜌𝑁) + 𝜌𝑁𝑏𝑁 − 𝑎𝑁]

𝑛

𝑖=1

                               (16) 

𝜕

𝜕𝑎𝑁
ℒ𝑁 =

𝑛

𝜌𝑁
+ 2∑

𝑥𝑖𝑁 − 𝑏𝑁
[𝑥𝑖𝑁(1 − 𝜌𝑁) + 𝜌𝑁𝑏𝑁 − 𝑎𝑁]

𝑛

𝑖=1

                                         (17) 

Using the AH-Isometry we get: 

{
 
 

 
 𝜕

𝜕𝑎1
ℒ1 =

−𝑛

𝑏1 − 𝑎1
+ 2∑

1

[𝑥𝑖1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1]

𝑛

𝑖=1

𝜕

𝜕(𝑎1 + 𝑎2)
(ℒ1 + ℒ2) =

−𝑛

(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)
+ 2∑

1

[(𝑥𝑖1 + 𝑥𝑖2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)]

𝑛

𝑖=1

(18) 

{
 
 

 
 𝜕

𝜕𝑏1
ℒ1 =

𝑛

𝑏1 − 𝑎1
− 2∑

𝜌1
[𝑥𝑖1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1]

𝑛

𝑖=1

𝜕

𝜕(𝑏1 + 𝑏2)
(ℒ1 + ℒ2) =

𝑛

(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)
− 2∑

(𝜌1 + 𝜌2)

[(𝑥𝑖1 + 𝑥𝑖2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)]

𝑛

𝑖=1

(19) 
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{
 
 

 
 𝜕

𝜕𝜌1
ℒ1 =

𝑛

𝜌1
+ 2∑

𝑥𝑖1 − 𝑏1
[𝑥𝑖1(1 − 𝜌1) + 𝜌1𝑏1 − 𝑎1]

𝑛

𝑖=1

𝜕

𝜕(𝜌1 + 𝜌2)
(ℒ1 + ℒ2) =

𝑛

(𝜌1 + 𝜌2)
+ 2∑

(𝑥𝑖1 + 𝑥𝑖2) − (𝑏1 + 𝑏2)

[(𝑥𝑖1 + 𝑥𝑖2)(1 − (𝜌1 + 𝜌2)) + (𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1 + 𝑎2)]

𝑛

𝑖=1

    (20) 

Solving equations (18-20) numerically yields to the desired estimators. 

4.2 Simulation and random numbers generation: 

Solving equation (9) with respect to 𝑥𝑁 yields to: 

𝑥𝑁 = 
𝑦𝑁𝜌𝑁𝑏𝑁 − 𝑎𝑁𝑦𝑁 + 𝑎𝑁
1 − 𝑦𝑁(1 − 𝜌𝑁)

                                       (21) 

Where 𝑦𝑁 = 𝐹𝑁(𝑥𝑁) is neutrosophic uniformly distributed on [0,1] 

By taking AH-isometry to (21) we get:  

𝑥1 = 
𝑦1𝜌1𝑏1 − 𝑎1𝑦1 + 𝑎1
1 − 𝑦1(1 − 𝜌1)

                                            (22) 

𝑥1 + 𝑥2 = 
(𝑦1 + 𝑦2)(𝜌1 + 𝜌2)(𝑏1 + 𝑏2) − (𝑎1+𝑎2)(𝑦1 + 𝑦2) + (𝑎1+𝑎2)

1 − (𝑦1 + 𝑦2)(1 − (𝜌1 + 𝜌2))
                                            (23) 

Using equations (22-23), we can generate classical random numbers following classical Marshall-

Olkin type I uniform distribution with chosen parameters, then using 𝑇−1 we will get neutrosophic 

Marshall-Olkin type I uniform numbers. 

Monte Carlo simulation is done using Maple software with total replication of 𝑁 = 1000 times and 

with sample sizes of 15, 50, 100, 150 and fixed parameters 𝑎𝑁 = 1 + 2𝐼, 𝑏𝑁 = 2 + 5𝐼, 𝜌𝑁 = 0.5 + 0.1𝐼. 

We can check goodness of our estimations based on bias of the estimators and mean square error of 

it using the following equations: 

𝐵𝑖𝑎𝑠 =
∑ |𝜃̂𝑖𝑁 − 𝜃𝑁|
𝑛
𝑖=1

𝑛
         (24) 

𝑀𝑆𝐸 =
∑ (𝜃̂𝑖𝑁 − 𝜃𝑁)

2𝑛
𝑖=1

𝑛
      (25) 

Table 1. Simulation results of neutrosophic Marshall-Olkin type I uniform distribution.  

𝒂𝑵 = 𝟏 + 𝟐𝑰 

𝒏 𝒂̂𝑵 𝑩𝒊𝒂𝒔 𝒂̂𝑵 𝑴𝑺𝑬 𝒂̂𝑵 

𝟏𝟓 1.03255 + 2.12169𝐼 0.03255 + 0.12169𝐼 0.00214 + 0.04528𝐼 

𝟓𝟎 1.00994 + 2.03760𝐼 0.00994 + 0.03760𝐼 0.00020 + 0.00431𝐼 

𝟏𝟎𝟎 1.00500 + 2.01894𝐼 0.00500 + 0.01894𝐼 0.00005 + 0.00446𝐼 

𝟏𝟓𝟎 1.00339 + 2.01285𝐼 0.00339 + 0.01285𝐼 0.00002 + 0.00049𝐼 

𝒃𝑵 = 𝟐 + 𝟓𝑰 

𝒏 𝒃̂𝑵 𝑩𝒊𝒂𝒔 𝒃̂𝑵 𝑴𝑺𝑬 𝒃̂𝑵 

𝟏𝟓 1.88284 + 4.71224𝐼 0.11716 + 0.28776𝐼 0.02464 + 0.27718𝐼 

𝟓𝟎 1.96282 + 4.91173𝐼 0.03718 + 0.08827𝐼 0.00267 + 0.02810𝐼 

𝟏𝟎𝟎 1.98031 + 4.95365𝐼 0.01969 + 0.04635𝐼 0.00072 + 0.00740𝐼 
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𝟏𝟓𝟎 1.98730 + 4.97020𝐼 0.01270 + 0.02980𝐼 0.00032 + 0.00323𝐼 

 𝝆𝑵 = 𝟎. 𝟓 + 𝟎. 𝟏𝑰 

𝒏 𝝆̂𝑵 𝑩𝒊𝒂𝒔 𝝆̂𝑵 𝑴𝑺𝑬 𝝆̂𝑵 

𝟏𝟓 0.61207 + 0.10236𝐼 0.23605 + 0.03591𝐼 0.11861 + 0.03663𝐼 

𝟓𝟎 0.53516 + 0.10201𝐼 0.10746 + 0.01942𝐼 0.01990 + 0.00782𝐼 

𝟏𝟎𝟎 0.51818 + 0.10096𝐼 0.07376 + 0.01414𝐼 0.00945 + 0.00391𝐼 

𝟏𝟓𝟎 0.51377 + 0.10103𝐼 0.06017 + 0.01164𝐼 0.00591 + 0.00249𝐼 

Table (1) shows that as sample size 𝑛 increases, bias of the estimators and mean square error of it 

decrease which means that our estimators are asymptotically unbiased and consistent. 

5. Plithogenic Marshall-Olkin Type I Class of Distributions 

In this section we are going to construct plithogenic form of Marshall-Olkin Type I class of 

distributions, cumulative probability distribution function, probability distribution function and 

uniform generalized distribution according to it. 

Definition 5.1 

The plithogenic form of cumulative distribution function of the first type of Marshall-Olkin Type I 

class of distributions is defined as follows:  

𝐺(𝑥𝑃; 𝜌𝑃) =
𝐹(𝑥𝑃)

𝐹(𝑥𝑃)(1 − 𝜌𝑃) + 𝜌𝑃
 ; 𝑥𝑃 ∈ 𝑅(𝑃1, 𝑃2) , 0 <𝑃 𝜌𝑃 <𝑃 1                                                (26) 

Where 𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1 ∙ 𝑃2 = 𝑃2 ∙ 𝑃1 = 𝑃2. 

Theorem 5.1 

The plithogenic formal form of (26) is: 

𝐺(𝑥𝑃; 𝜌𝑃) =
𝐹(𝑥0)

𝐹(𝑥0)(1 − 𝜌0) + 𝜌0
+ 𝑃1 [

𝐹(𝑥0 + 𝑥1)

𝐹(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)
−

𝐹(𝑥0)

𝐹(𝑥0)(1 − 𝜌0) + 𝜌0
]

+ 𝑃2 [
𝐹(𝑥0 + 𝑥1 + 𝑥2)

𝐹(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)

−
𝐹(𝑥0 + 𝑥1)

𝐹(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)
]                                                                                                (27) 

Proof 

𝑇[𝐺(𝑥𝑃; 𝜌𝑃)] =
𝑇[𝐹(𝑥𝑃)]

𝑇[𝐹(𝑥𝑃)]𝑇[1 − 𝜌𝑃] + 𝑇[𝜌𝑃]

=
(𝐹(𝑥0), 𝐹(𝑥0 + 𝑥1), 𝐹(𝑥0 + 𝑥1 + 𝑥2))

(𝐹(𝑥0), 𝐹(𝑥0 + 𝑥1), 𝐹(𝑥0 + 𝑥1 + 𝑥2)) (1 − 𝜌0, 1 − (𝜌0 + 𝜌1), (1 − (𝜌0 + 𝜌1 + 𝜌2))) + (𝜌0, (𝜌0 + 𝜌1), (𝜌0 + 𝜌1 + 𝜌2))

= (
(𝐹(𝑥0), 𝐹(𝑥0 + 𝑥1), 𝐹(𝑥0 + 𝑥1 + 𝑥2))

(𝐹(𝑥0)(1 − 𝜌0) + 𝜌0, 𝐹(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1), 𝐹(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2))
)

= (
𝐹(𝑥0)

𝐹(𝑥0)(1 − 𝜌0) + 𝜌0
 ,

𝐹(𝑥0 + 𝑥1)

𝐹(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)
,

𝐹(𝑥0 + 𝑥1 + 𝑥2)

𝐹(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)
) 

So: 
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𝐺(𝑥𝑃; 𝜌𝑃)

= 𝑇−1 (
𝐹(𝑥0)

𝐹(𝑥0)(1 − 𝜌0) + 𝜌0
 ,

𝐹(𝑥0 + 𝑥1)

𝐹(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)
,

𝐹(𝑥0 + 𝑥1 + 𝑥2)

𝐹(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)
)

=
𝐹(𝑥0)

𝐹(𝑥0)(1 − 𝜌0) + 𝜌0
 + 𝑃1 [ 

𝐹(𝑥0 + 𝑥1)

𝐹(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)
−

𝐹(𝑥0)

𝐹(𝑥0)(1 − 𝜌0) + 𝜌0
 ]

+ 𝑃2 [
𝐹(𝑥0 + 𝑥1 + 𝑥2)

𝐹(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)
−

𝐹(𝑥0 + 𝑥1)

𝐹(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)
] 

Note: 

Plithogenic probability distribution function of Marshall-Olkin Type I class of distributions can be 

derived by direct derivation of equation (26). 

𝑔(𝑥𝑃; 𝜌𝑃) =
𝜌𝑃𝑓(𝑥𝑃)

[(1 − 𝜌𝑃)𝐹(𝑥𝑃) + 𝜌𝑃]
2
 ; 𝑥𝑃 ∈ 𝑅(𝑃1 , 𝑃2), 0 <𝑃 𝜌𝑃 <𝑃 1                   (28) 

Where  𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1 ∙ 𝑃2 = 𝑃2 ∙ 𝑃1 = 𝑃2. 

Theorem 5.2 

The Plithogenic formal form of (28) is: 

𝑔(𝑥𝑃; 𝜌𝑃) =
𝜌0𝑓(𝑥0)

[(1 − 𝜌0)𝐹(𝑥0) + 𝜌0]
2 + 𝑃1 [

(𝜌0 + 𝜌1)𝑓(𝑥0 + 𝑥1)

[(1 − (𝜌0 + 𝜌1))𝐹(𝑥0 + 𝑥1) + (𝜌0 + 𝜌1)]
2 −

𝜌0𝑓(𝑥0)

[(1 − 𝜌0)𝐹(𝑥0) + 𝜌0]
2]

+ 𝑃2 [
(𝜌0 + 𝜌1 + 𝜌2)𝑓(𝑥0 + 𝑥1 + 𝑥2)

[(1 − (𝜌0 + 𝜌1 + 𝜌2))𝐹(𝑥0 + 𝑥1 + 𝑥2) + (𝜌0 + 𝜌1 + 𝜌2)]
2

−
(𝜌0 + 𝜌1)𝑓(𝑥0 + 𝑥1)

[(1 − (𝜌0 + 𝜌1))𝐹(𝑥0 + 𝑥1) + (𝜌0 + 𝜌1)]
2]                                                                             (29) 

Proof 

𝑇[𝑔(𝑥𝑃; 𝜌𝑃)] =
𝑇[𝜌𝑃]𝑇[𝑓(𝑥𝑃)]

[𝑇[(1 − 𝜌𝑃)]𝑇[𝐹(𝑥𝑃)] + 𝑇[𝜌𝑃]]
2

=
(𝜌0, 𝜌0 + 𝜌1, 𝜌0 + 𝜌1 + 𝜌2)(𝑓(𝑥0), 𝑓(𝑥0 + 𝑥1), 𝑓(𝑥0 + 𝑥1 + 𝑥2))

[(1 − 𝜌0, 1 − (𝜌0 + 𝜌1), 1 − (𝜌0 + 𝜌1 + 𝜌2))(𝐹(𝑥0), 𝐹(𝑥0 + 𝑥1), 𝐹(𝑥0 + 𝑥1 + 𝑥2)) + (𝜌0, 𝜌0 + 𝜌1, 𝜌0 + 𝜌1 + 𝜌2)]
2

=
(𝜌0𝑓(𝑥0), (𝜌0 + 𝜌1)𝑓(𝑥0 + 𝑥1), (𝜌0 + 𝜌1 + 𝜌2)𝑓(𝑥0 + 𝑥1 + 𝑥2))

[((1 − 𝜌0)𝐹(𝑥0) + 𝜌0, (1 − (𝜌0 + 𝜌1))𝐹(𝑥0 + 𝑥1) + (𝜌0 + 𝜌1), (1 − (𝜌0 + 𝜌1 + 𝜌2))𝐹(𝑥0 + 𝑥1 + 𝑥2) + (𝜌0 + 𝜌1 + 𝜌2))]
2

= (
𝜌0𝑓(𝑥0)

[(1 − 𝜌0)𝐹(𝑥0) + 𝜌0]
2 ,

(𝜌0 + 𝜌1)𝑓(𝑥0 + 𝑥1)

[(1 − (𝜌0 + 𝜌1))𝐹(𝑥0 + 𝑥1) + (𝜌0 + 𝜌1)]
2 ,

(𝜌0 + 𝜌1 + 𝜌2)𝑓(𝑥0 + 𝑥1 + 𝑥2)

[(1 − (𝜌0 + 𝜌1 + 𝜌2))𝐹(𝑥0 + 𝑥1 + 𝑥2) + (𝜌0 + 𝜌1 + 𝜌2)]
2) 

So: 

𝑔(𝑥𝑁; 𝜌𝑁)

= 𝑇−1 (
𝜌0𝑓(𝑥0)

[(1 − 𝜌0)𝐹(𝑥0) + 𝜌0]
2 ,

(𝜌0 + 𝜌1)𝑓(𝑥0 + 𝑥1)

[(1 − (𝜌0 + 𝜌1))𝐹(𝑥0 + 𝑥1) + (𝜌0 + 𝜌1)]
2 ,

(𝜌0 + 𝜌1 + 𝜌2)𝑓(𝑥0 + 𝑥1 + 𝑥2)

[(1 − (𝜌0 + 𝜌1 + 𝜌2))𝐹(𝑥0 + 𝑥1 + 𝑥2) + (𝜌0 + 𝜌1 + 𝜌2)]
2)

=
𝜌0𝑓(𝑥0)

[(1 − 𝜌0)𝐹(𝑥0) + 𝜌0]
2 + 𝑃1 [

(𝜌0 + 𝜌1)𝑓(𝑥0 + 𝑥1)

[(1 − (𝜌0 + 𝜌1))𝐹(𝑥0 + 𝑥1) + (𝜌0 + 𝜌1)]
2 −

𝜌0𝑓(𝑥0)

[(1 − 𝜌0)𝐹(𝑥0) + 𝜌0]
2]

+ 𝑃2 [
(𝜌0 + 𝜌1 + 𝜌2)𝑓(𝑥0 + 𝑥1 + 𝑥2)

[(1 − (𝜌0 + 𝜌1 + 𝜌2))𝐹(𝑥0 + 𝑥1 + 𝑥2) + (𝜌0 + 𝜌1 + 𝜌2)]
2 −

(𝜌0 + 𝜌1)𝑓(𝑥0 + 𝑥1)

[(1 − (𝜌0 + 𝜌1))𝐹(𝑥0 + 𝑥1) + (𝜌0 + 𝜌1)]
2] 
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Theorem 5.3 

Equation (29) represents probability density function in classical sense. 

Proof 

𝑇 [∫ 𝑔(𝑥𝑃; 𝜌𝑃)𝑑𝑥𝑃

+∞

−∞

]

= ∫
𝜌
0
𝑓(𝑥0)

[(1 − 𝜌
0
)𝐹(𝑥0) + 𝜌0]

2 𝑑𝑥0

+∞

−∞

+ 𝑃1 [∫
(𝜌

0
+ 𝜌

1
)𝑓(𝑥0 + 𝑥1)

[(1 − (𝜌
0
+ 𝜌

1
)) 𝐹(𝑥0 + 𝑥1) + (𝜌0 + 𝜌1)]

2 𝑑(𝑥0 + 𝑥1)
+∞

−∞

−∫
𝜌
0
𝑓(𝑥0)

[(1 − 𝜌
0
)𝐹(𝑥0) + 𝜌0]

2 𝑑𝑥0

+∞

−∞

]

+ 𝑃2 [∫
(𝜌0 + 𝜌1 + 𝜌2)𝑓(𝑥0 + 𝑥1 + 𝑥2)

[(1 − (𝜌0 + 𝜌1 + 𝜌2))𝐹(𝑥0 + 𝑥1 + 𝑥2) + (𝜌0 + 𝜌1 + 𝜌2)]
2 𝑑(𝑥0 + 𝑥1 + 𝑥2)

+∞

−∞

−∫
(𝜌

0
+ 𝜌

1
)𝑓(𝑥0 + 𝑥1)

[(1 − (𝜌
0
+ 𝜌

1
)) 𝐹(𝑥0 + 𝑥1) + (𝜌0 + 𝜌1)]

2
𝑑(𝑥0 + 𝑥1)

+∞

−∞

]

= ∫ 𝑑 (
𝐹(𝑥0)

𝐹(𝑥0)(1 − 𝜌0) + 𝜌0
)

+∞

−∞

+ 𝑃1 [∫ 𝑑 (
𝐹(𝑥0)

𝐹(𝑥0)(1 − 𝜌0) + 𝜌0
)

+∞

−∞

−∫ 𝑑 (
𝐹(𝑥0 + 𝑥1)

𝐹(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)
)

+∞

−∞

]

+ 𝑃2 [∫ 𝑑 (
𝐹(𝑥0 + 𝑥1 + 𝑥2)

𝐹(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)
)

+∞

−∞

−∫ 𝑑 (
𝐹(𝑥0 + 𝑥1)

𝐹(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)
)

+∞

−∞

] = 1 

Also, it is easy to see that 𝑇[𝑔(𝑥𝑃; 𝜌𝑃)] presents three continuous and positive functions. Depending 

on this we can see that the given plithogenic function is a plithogenic probability density function in 

classical sense. 

6.  Plithogenic Marshall-Olkin Type I Uniform distribution: 

Definition 6.1 

Plithogenic cumulative distribution function of the Marshall-Olkin Type I uniform distribution is 

defined as follows:  

𝐺(𝑥𝑃; 𝜌𝑃, 𝑎𝑃 , 𝑏𝑃) =
𝑥𝑃 − 𝑎𝑃

𝑥𝑃(1 − 𝜌𝑃) + 𝜌𝑃𝑏𝑃 − 𝑎𝑃
; 𝑎𝑃 <𝑃 𝑥𝑃 <𝑃 𝑏𝑃 , 0 <𝑃 𝜌𝑃 <𝑃 1                                (30) 

Where  𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1 ∙ 𝑃2 = 𝑃2 ∙ 𝑃1 = 𝑃2. 

Theorem 6.1 

The plithogenic formal form of (30) is: 
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𝐺(𝑥𝑃; 𝜌𝑃, 𝑎𝑃, 𝑏𝑃) =
𝑥0 − 𝑎0

𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0

+ 𝑃1 [ 
(𝑥0 + 𝑥1) − (𝑎0 + 𝑎1)

(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)
−

𝑥0 − 𝑎0
𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0

]

+ 𝑃2 [
(𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2)

(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)

−
(𝑥0 + 𝑥1) − (𝑎0 + 𝑎1)

(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)
]                                                  (31) 

Proof 

𝑇[𝐺(𝑥𝑃; 𝜌𝑃, 𝑎𝑃, 𝑏𝑃)] =
𝑇[𝑥𝑃] − 𝑇[𝑎𝑃]

𝑇[𝑥𝑃]𝑇[1 − 𝜌𝑃] + 𝑇[𝜌𝑃] ∙ 𝑇[𝑏𝑃] − 𝑇[𝑎𝑃]
 

 

 

 

= (
𝑥0 − 𝑎0

𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0
 ,

(𝑥0 + 𝑥1) − (𝑎0 + 𝑎1)

(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)
,

(𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2)

(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)
) 

𝐺(𝑥𝑃; 𝜌𝑃, 𝑎𝑃, 𝑏𝑃) = 𝑇−1 (
𝑥0 − 𝑎0

𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0
 ,

(𝑥0 + 𝑥1) − (𝑎0 + 𝑎1)

(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)
,

(𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2)

(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)
) 

=
𝑥0 − 𝑎0

𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0
+ 𝑃1 [ 

(𝑥0 + 𝑥1) − (𝑎0 + 𝑎1)

(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)
−

𝑥0 − 𝑎0
𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0

]

+ 𝑃2 [ 
(𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2)

(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)

−
(𝑥0 + 𝑥1) − (𝑎0 + 𝑎1)

(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)
] 

Definition 6.2 

Plithogenic probability distribution function of Marshall-Olkin Type I uniform distribution is defined 

as follows:  

𝑔(𝑥𝑃; 𝜌𝑃 , 𝑎𝑃 , 𝑏𝑃) =
(𝑏𝑃 − 𝑎𝑃)𝜌𝑃

[𝑥𝑃(1 − 𝜌𝑃) + 𝜌𝑃𝑏𝑝 − 𝑎𝑃]
2 ; 𝑎𝑃 <𝑃 𝑥𝑃 <𝑃 𝑏𝑃  , 0 <𝑃 𝜌𝑃 <𝑃 1             (32) 

Where  𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1 ∙ 𝑃2 = 𝑃2 ∙ 𝑃1 = 𝑃2. 

=
(𝑥0, 𝑥0 + 𝑥1, 𝑥0 + 𝑥1 + 𝑥2) − (𝑎0, 𝑎0 + 𝑎1, 𝑎0 + 𝑎1 + 𝑎2)

(𝑥0, 𝑥0 + 𝑥1, 𝑥0 + 𝑥1 + 𝑥2)(1 − 𝜌0, 1 − (𝜌0 + 𝜌1), 1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0, 𝜌0 + 𝜌1, 𝜌0 + 𝜌1 + 𝜌2) ∙ (𝑏0, 𝑏0 + 𝑏1, 𝑏0 + 𝑏1 + 𝑏2) − (𝑎0, 𝑎0 + 𝑎1, 𝑎0 + 𝑎1 + 𝑎2)

= (
(𝑥0 − 𝑎0, (𝑥0 + 𝑥1) − (𝑎0 + 𝑎1), (𝑥0 + 𝑥1 + 𝑥2) − (𝑎0 + 𝑎1 + 𝑎2))

(𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0, (𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1), (𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2))
) 
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Theorem 6.2 

Plithogenic formal form of (32) is: 

𝑔(𝑥𝑃; 𝜌𝑃, 𝑎𝑃, 𝑏𝑃) =
(𝑏0 − 𝑎0)𝜌0

[𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0]
2

+ 𝑃1 [
((𝑏0 + 𝑏1) − (𝑎0 + 𝑎1))(𝜌0 + 𝜌1)

[(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)]
2

−
(𝑏0 − 𝑎0)𝜌0

[𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0]
2]

+ 𝑃2 [
((𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2))(𝜌0 + 𝜌1 + 𝜌2)

[(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2 )(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)]
2

−
((𝑏0 + 𝑏1) − (𝑎0 + 𝑎1))(𝜌0 + 𝜌1)

[(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)]
2]                                                (33) 

Proof  

𝑇[𝑔(𝑥𝑃; 𝜌𝑃, 𝑎𝑃, 𝑏𝑃)] =
(𝑇[𝑏𝑃] − 𝑇[𝑎𝑃])𝑇[𝜌𝑃]

[𝑇[𝑥𝑃]𝑇[(1 − 𝜌𝑃)] + 𝑇[𝜌𝑃] ∙ 𝑇[𝑏𝑃] − 𝑇[𝑎𝑃]]
2 

 

 

= (
(𝑏0 − 𝑎0)𝜌0

[𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0]
2
,

((𝑏0 + 𝑏1) − (𝑎0 + 𝑎1))(𝜌0 + 𝜌1)

[(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)]
2 ,

((𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2))(𝜌0 + 𝜌1 + 𝜌2)

[(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)]
2) 

So: 

𝑔(𝑥𝑃; 𝜌𝑃 , 𝑎𝑃 , 𝑏𝑃) = 𝑇
−1 (

(𝑏0 − 𝑎0)𝜌0
[𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0]

2
,

((𝑏0 + 𝑏1) − (𝑎0 + 𝑎1))(𝜌0 + 𝜌1)

[(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)]
2 ,

((𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2))(𝜌0 + 𝜌1 + 𝜌2)

[(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)]
2)

=
(𝑏0 − 𝑎0)𝜌0

[𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0]
2

+ 𝑃1 [
((𝑏0 + 𝑏1) − (𝑎0 + 𝑎1))(𝜌0 + 𝜌1)

[(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)]
2 −

(𝑏0 − 𝑎0)𝜌0
[𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0]

2
]

+ 𝑃2 [
((𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2))(𝜌0 + 𝜌1 + 𝜌2)

[(𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)]
2

−
((𝑏0 + 𝑏1) − (𝑎0 + 𝑎1))(𝜌0 + 𝜌1)

[(𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)]
2] 

6.1 Parameters’ estimation of plithogenic Marshall-Olkin Type I Uniform distribution: 

=
((𝑏0, 𝑏0 + 𝑏1, 𝑏0 + 𝑏1 + 𝑏2) − (𝑎0, 𝑎0 + 𝑎1, 𝑎0 + 𝑎1 + 𝑎2))(𝜌0, 𝜌0 + 𝜌1, 𝜌0 + 𝜌1 + 𝜌2)

[(𝑥0, 𝑥0 + 𝑥1, 𝑥0 + 𝑥1 + 𝑥2)(1 − 𝜌0, 1 − (𝜌0 + 𝜌1), 1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0, 𝜌0 + 𝜌1, 𝜌0 + 𝜌1 + 𝜌2) ∙ (𝑏0, 𝑏0 + 𝑏1, 𝑏0 + 𝑏1 + 𝑏2) − (𝑎0, 𝑎0 + 𝑎1, 𝑎0 + 𝑎1 + 𝑎2)]
2

=
((𝑏0 − 𝑎0)𝜌0, ((𝑏0 + 𝑏1) − (𝑎0 + 𝑎1))(𝜌0 + 𝜌1), ((𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2))(𝜌0 + 𝜌1 + 𝜌2))

[(𝑥0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0, (𝑥0 + 𝑥1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1), (𝑥0 + 𝑥1 + 𝑥2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2))]
2 
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Let 𝕏𝑃  a plithogenic random sample drawn from plithogenic Marshall-Olkin Type I uniform 

distribution with PDF defined in (32) then the plithogenic likelihood function will be: 

𝐿𝑃 = 𝐿(𝕏𝑃; Θ) =∏𝑓(𝑋𝑖𝑃; 𝑎𝑃 , 𝑏𝑃 , 𝜌𝑃)

𝑛

𝑖=1

=∏
(𝑏𝑃 − 𝑎𝑃)𝜌𝑃

[𝑥𝑖𝑃(1 − 𝜌𝑃) + 𝜌𝑃𝑏𝑃 − 𝑎𝑃]
2

𝑛

𝑖=1

=
(𝑏𝑃 − 𝑎𝑃)

𝑛𝜌𝑃
𝑛

∏ [𝑥𝑖𝑃(1 − 𝜌𝑃) + 𝜌𝑃𝑏𝑃 − 𝑎𝑃]
2𝑛

𝑖=1

                            (34) 

By taking log of (34), we get the loglikelihood function as follows: 

ℒ𝑃 = ln 𝐿(𝕏𝑃; Θ) = 𝑛 ln(𝑏𝑃 − 𝑎𝑃) + 𝑛 ln 𝜌𝑃 − 2∑ln[𝑥𝑖𝑃(1 − 𝜌𝑃) + 𝜌𝑃𝑏𝑃 − 𝑎𝑃]

𝑛

𝑖=1

           (35) 

Taking partial derivatives of previous equation according to 𝑎𝑃 , 𝑏𝑃 , 𝜌𝑃 yields to: 

𝜕

𝜕𝑎𝑃
ℒ𝑃 =

−𝑛

𝑏𝑃 − 𝑎𝑃
+ 2∑

1

[𝑥𝑖𝑃(1 − 𝜌𝑃) + 𝜌𝑃𝑏𝑃 − 𝑎𝑃]

𝑛

𝑖=1

                              (36) 

𝜕

𝜕𝑏𝑃
ℒ𝑃 =

𝑛

𝑏𝑃 − 𝑎𝑃
− 2∑

𝜌𝑃
[𝑥𝑖𝑃(1 − 𝜌𝑃) + 𝜌𝑃𝑏𝑃 − 𝑎𝑃]

𝑛

𝑖=1

                              (37) 

𝜕

𝜕𝑎𝑃
ℒ𝑃 =

𝑛

𝜌𝑃
+ 2∑

𝑥𝑖𝑃 − 𝑏𝑃
[𝑥𝑖𝑃(1 − 𝜌𝑃) + 𝜌𝑃𝑏𝑃 − 𝑎𝑃]

𝑛

𝑖=1

                                         (38) 

Using the AH-Isometry equations (36-38) become: 

𝜕

𝜕𝑎0
ℒ0 =

−𝑛

𝑏0 − 𝑎0
+ 2∑

1

[𝑥𝑖0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0]

𝑛

𝑖=1

 

𝜕

𝜕(𝑎0 + 𝑎1)
(ℒ0 + ℒ1) =

−𝑛

(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)
+ 2∑

1

[(𝑥𝑖0 + 𝑥𝑖1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)]

𝑛

𝑖=1

 

𝜕

𝜕(𝑎0 + 𝑎1 + 𝑎2)
(ℒ0 + ℒ1 + ℒ2)

=
−𝑛

(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)

+ 2∑
1

[(𝑥𝑖0 + 𝑥𝑖1 + 𝑥𝑖2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)]

𝑛

𝑖=1

 

𝜕

𝜕𝑏0
ℒ0 =

𝑛

𝑏0 − 𝑎0
− 2∑

𝜌0
[𝑥𝑖0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0]

𝑛

𝑖=1

 

𝜕

𝜕(𝑏0 + 𝑏1)
(ℒ0 + ℒ1) =

𝑛

(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)
− 2∑

(𝜌0 + 𝜌1)

[(𝑥𝑖0 + 𝑥𝑖1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)]

𝑛

𝑖=1
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𝜕

𝜕(𝑏0 + 𝑏1 + 𝑏2)
(ℒ0 + ℒ1 + ℒ2)

=
𝑛

(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)

− 2∑
(𝜌0 + 𝜌1 + 𝜌2)

[(𝑥𝑖0 + 𝑥𝑖1 + 𝑥𝑖2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)]

𝑛

𝑖=1

 

𝜕

𝜕𝜌0
ℒ0 =

𝑛

𝜌0
+ 2∑

𝑥𝑖0 − 𝑏0
[𝑥𝑖0(1 − 𝜌0) + 𝜌0𝑏0 − 𝑎0]

𝑛

𝑖=1

 

𝜕

𝜕(𝜌0 + 𝜌1)
(ℒ0 + ℒ1) =

𝑛

(𝜌0 + 𝜌1)
+ 2∑

(𝑥𝑖0 + 𝑥𝑖1) − (𝑏0 + 𝑏1)

[(𝑥𝑖0 + 𝑥𝑖1)(1 − (𝜌0 + 𝜌1)) + (𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0 + 𝑎1)]

𝑛

𝑖=1

 

𝜕

𝜕(𝜌
0
+ 𝜌

1
+ 𝜌

2
)
(ℒ0 + ℒ1 + ℒ2)

=
𝑛

(𝜌
0
+ 𝜌

1
+ 𝜌

2
)

+ 2∑
(𝑥𝑖0 + 𝑥𝑖1 + 𝑥𝑖2) − (𝜌0 + 𝜌1 + 𝜌2)

[(𝑥𝑖0 + 𝑥𝑖1 + 𝑥𝑖2)(1 − (𝜌0 + 𝜌1 + 𝜌2)) + (𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1 + 𝑎2)]

𝑛

𝑖=1

 

Solving previous equations numerically give us the desired estimations. 

6.2 Simulation and random numbers generating: 

Random numbers generating can be done using the following equation: 

𝑥𝑃 = 
𝑦𝑃𝜌𝑃𝑏𝑃 − 𝑎𝑃𝑦𝑃 + 𝑎𝑃
1 − 𝑦𝑃(1 − 𝜌𝑃)

                                       (39) 

By taking AH-isometry to (39) we get:  

𝑥0 = 
𝑦0𝜌0𝑏0 − 𝑎0𝑦0 + 𝑎0
1 − 𝑦0(1 − 𝜌0)

                                            (40) 

𝑥0 + 𝑥1 = 
(𝑦0 + 𝑦1)(𝜌0 + 𝜌1)(𝑏0 + 𝑏1) − (𝑎0+𝑎1)(𝑦0 + 𝑦1) + (𝑎0+𝑎1)

1 − (𝑦0 + 𝑦1)(1 − (𝜌0 + 𝜌1))
                                            (41) 

𝑥0 + 𝑥1 + 𝑥2

= 
(𝑦0 + 𝑦1 + 𝑦2)(𝜌0 + 𝜌1 + 𝜌2)(𝑏0 + 𝑏1 + 𝑏2) − (𝑎0 + 𝑎1+𝑎2)(𝑦0 + 𝑦1 + 𝑦2) + (𝑎0 + 𝑎1+𝑎2)

1 − (𝑦0+𝑦1 + 𝑦2)(1 − (𝜌0 + 𝜌1 + 𝜌2))
               (42) 

By using equations (40-42), we can generate random numbers following classical Marshall-Olkin type 

I uniform distribution, then using 𝑇−1  we will get plithogenic Marshall-Olkin type I uniform 

distribution generated numbers. 

performance of maximum likelihood estimators based on Monte Carlo simulation using Maple 

software with total replication of 𝑁 = 1000 times and with sample size of 15,50, 100, 150 with fixed 

parameters 𝑎𝑃 = 1.5 + 0.3𝑃1 + 0.5𝑃2, 𝑏𝑃 = 2 + 0.5𝑃1 + 1.2𝑃2, 𝜌𝑃 = 1 + 0.7𝑃1 − 0.4𝑃2 is checked based 

on bias of the estimators and mean square error of it using the following equations: 

𝐵𝑖𝑎𝑠 =
∑ |𝜃̂𝑖𝑃 − 𝜃𝑃|
𝑛
𝑖=1

𝑛
         (43) 
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𝑀𝑆𝐸 =
∑ (𝜃̂𝑖𝑃 − 𝜃𝑃)

2𝑛
𝑖=1

𝑛
      (44) 

Table 2. Simulation results of plithogenic Marshall-Olkin type I uniform distribution.  

𝒂𝑷 = 𝟏. 𝟓 + 𝟎. 𝟑𝑷𝟏 + 𝟎. 𝟓𝑷𝟐 

𝒏 𝒂̂𝑷 𝑩𝒊𝒂𝒔 𝒂̂𝑷 𝑴𝑺𝑬 𝒂̂𝑷 

𝟏𝟓 1.53060 + 0.33686𝑃1 + 0.54019𝑃2 0.03060 + 0.03686𝑃1 + 0.04025𝑃2 0.00179 + 0.00643𝑃1 + 0.01337𝑃2 

𝟓𝟎 1.50975 + 0.31286𝑃1 + 0.51248𝑃2 0.00975 + 0.01286𝑃1 + 0.01248𝑃2 0.00019 + 0.00079𝑃1 + 0.00142𝑃2 

𝟏𝟎𝟎 1.50495 + 0.30667𝑃1 + 0.50629𝑃2 0.00495 + 0.00667𝑃1 + 0.00629𝑃2 0.00005 + 0.00021𝑃1 + 0.00036𝑃2 

𝟏𝟓𝟎 1.50337 + 0.30457𝑃1 + 0.50427𝑃2 0.00337 + 0.00457𝑃1 + 0.00427𝑃2 0.00002 + 0.00010𝑃1 + 0.00017𝑃2 

 𝒃𝑷 = 𝟐 + 𝟎. 𝟓𝑷𝟏 + 𝟏. 𝟐𝑷𝟐 

𝒏 𝒃̂𝑷 𝑩𝒊𝒂𝒔 𝒃̂𝑷 𝑴𝑺𝑬 𝒃̂𝑷 

𝟏𝟓 1.96711 + 0.50424𝑃1 + 1.15560𝑃2 0.03289 − 0.00424𝑃1 + 0.04441𝑃2 0.00212 − 0.00043𝑃1 + 0.00904𝑃2 

𝟓𝟎 1.99035 + 0.50158𝑃1 + 1.18710𝑃2 0.00965 − 0.00157𝑃1 + 0.01289𝑃2 0.00019 − 0.00006𝑃1 + 0.00076𝑃2 

𝟏𝟎𝟎 1.99499 + 0.50085𝑃1 + 1.19331𝑃2 0.00501 − 0.00085𝑃1 + 0.00668𝑃2 0.00005 − 0.00002𝑃1 + 0.00019𝑃2 

𝟏𝟓𝟎 1.99679 + 0.50055𝑃1 + 1.19572𝑃2 0.00321 − 0.00055𝑃1 + 0.00428𝑃2 0.00002 − 0.00001𝑃1 + 0.00009𝑃2 

𝝆𝑷 = 𝟏 + 𝟎. 𝟕𝑷𝟏 − 𝟎. 𝟒𝑷𝟐 

𝒏 𝝆̂𝑷 𝑩𝒊𝒂𝒔 𝝆̂𝑷 𝑴𝑺𝑬 𝝆̂𝑷 

𝟏𝟓 1.11156 + 0.65361𝑃1 − 0.36750𝑃2 0.41604 + 0.25464𝑃1 − 0.14580𝑃2 0.34855 + 0.50312𝑃1 − 0.31230𝑃2 

𝟓𝟎 1.04020 + 0.69063𝑃1 − 0.39240𝑃2 0.20518 + 0.13733𝑃1 − 0.07870𝑃2 0.07171 + 0.12394𝑃1 − 0.07800𝑃2 

𝟏𝟎𝟎 1.02096 + 0.69566𝑃1 − 0.39636𝑃2 0.14470 + 0.09968𝑃1 − 0.05702𝑃2 0.03574 + 0.06449𝑃1 − 0.04076𝑃2 

𝟏𝟓𝟎 1.01753 + 0.69967𝑃1 − 0.39901𝑃2 0.11841 + 0.08157𝑃1 − 0.04664𝑃2 0.02270 + 0.04158𝑃1 − 0.02633𝑃2 

Table (2) shows that as sample size 𝑛 increases, bias of the estimators and mean square error of it 

decrease which means that our estimators are asymptotically unbiased and consistent. 

7. Conclusions  

 We have studied and derived neutrosophic Marshall Olkin (I) class of distributions and 

plithogenic Marshall Olkin (I) class of distribution and found its cumulative distribution functions 

and probability distribution functions. Also, we studied a special case of these new classes that is 

uniformly generalized distribution and estimated its parameters using maximum likelihood 

estimation method and made a simulation study to show the power and efficiency of our estimators 

and the simulation results show that our estimators are unbiased and consistent. In future researches 

we are looking forward to study more special distributions generalized by Marshall Olkin class and 

study its applications in reliability theory and queueing theory. 
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Introduction 

Symbolic n-plithogenic sets were defined for the first time by Smarandache in [4, 

24-25], with many interesting algebraic properties.

In [1-3], the symbolic 2-plithogenic rings were defined as an extension of classical 

rings. Many results were obtained with respect to their ideals and homomorphisms. 

The symbolic 2-plithogenic rings and fields have many applications in generalizing 

other algebraic structures such as symbolic 2-plithogenic vector spaces, symbolic 

2-plithogenic modules, and symbolic 2-plithogenic equations [5-7].

 zenodo.10031233/10.5281

mailto:m.soueycatt55@au.edu.sy
mailto:Charchekhandrabar32@yahoo.com


Neutrosophic Sets and Systems, Vol. 59, 2023 254 

 

 

Mohamed Soueycatt, Barbara Charchekhandra, Rashel Abu Hakmeh, On The Algebraic Properties of Symbolic 

6-Plithogenic Integers 

Laterally, many authors defined and studied symbolic 3-plithogenic algebraic 

structures, such as symbolic 3-plithogenic spaces and modules, see [8, 21-23]. 

In the literature, the extended integer systems were used in number theory, for 

example neutrosophic numbers have helped with neutrosophic number theory, 

refined neutrosophic numbers generated refined number theory and split-complex 

numbers generated split-complex number theory [9-20]. 

This has motivated many authors to study symbolic 2-plithogenic and symbolic 

3-plithogenic number theoretical concepts such as congruencies, and Diophantine 

equations [26-36]. The generalized versions of number theoretical concepts are very 

applicable in other mathematical studies, especially in cryptography. 

In this paper, we study the symbolic 6-plithogenic number theoretical concepts for 

the first time, and we illustrated many examples to clarify the novel approach. 

Main discussion 

Definition:  

The rung of symbolic 6-plithogenic integer is defined as follows: 

6 − 𝑆𝑃𝑍 = {𝑥0 + ∑ 𝑥𝑖
6
𝑖=1 𝑃𝑖; 𝑥𝑖 ∈ 𝑍}, where 𝑃𝑖 × 𝑃𝑗 = 𝑝𝑚𝑎𝑥(𝑖,𝑗), 𝑃𝑖

2 = 𝑃𝑖. 

Definition. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
6
𝑖=1 𝑃𝑖 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖

6
𝑖=1 𝑃𝑖, 𝑍 = 𝑧0 + ∑ 𝑧𝑖

6
𝑖=1 𝑃𝑖 ∈ 6 − 𝑆𝑃𝑍, we say that: 

1). 𝑋 ∖ 𝑌 if there exists 𝑍 ∈ 6 − 𝑆𝑃𝑍 such that 𝑋. 𝑍 = 𝑌. 

2). 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍) if 𝑍 ∖ 𝑋 − 𝑌. 

3). 𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌) if 𝑍 ∖ 𝑋, 𝑍 ∖ 𝑌 and if 𝑇 ∖ 𝑋, 𝑇 ∖ 𝑌, then 𝑇 ∖ 𝑍. 

4). 𝑋, 𝑌 are realtively prime if 𝑔𝑐𝑑(𝑋, 𝑌) = 1. 

Theorem1. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
6
𝑖=1 𝑃𝑖 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖

6
𝑖=1 𝑃𝑖, 𝑍 = 𝑧0 + ∑ 𝑧𝑖

6
𝑖=1 𝑃𝑖 ∈ 6 − 𝑆𝑃𝑍, then: 

1). 𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌) if and only if: 

{
 
 

 
 𝑧0 = 𝑔𝑐𝑑(𝑥0, 𝑦0)

∑𝑧𝑖

𝑗

𝑖=0

= 𝑔𝑐𝑑 (∑𝑥𝑖

𝑗

𝑖=𝑜

,∑𝑦𝑖

𝑗

𝑖=0

) ; 1 ≤ 𝑗 ≤ 6
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2). 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍) if and only if ∑ 𝑥𝑖
𝑗
𝑖=0 ≡ ∑ 𝑦𝑖

𝑗
𝑖=0 (𝑚𝑜𝑑 ∑ 𝑧𝑖

𝑗
𝑖=0 ), where 0 ≤ 𝑗 ≤ 6. 

3). If 𝑋 ∖ 𝑌 then ∑ 𝑥𝑖
𝑗
𝑖=𝑜 ∖ ∑ 𝑦𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 6. 

Theorem2. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
6
𝑖=1 𝑃𝑖 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖

6
𝑖=1 𝑃𝑖 , 𝑍 = 𝑧0 + ∑ 𝑧𝑖

6
𝑖=1 𝑃𝑖, 𝐴 = 𝑎0 + ∑ 𝑎𝑖

6
𝑖=1 𝑃𝑖 , 𝐵 =

𝑏0 + ∑ 𝑏𝑖
6
𝑖=1 𝑃𝑖 , 𝐶 = 𝑐0 + ∑ 𝑐𝑖

6
𝑖=1 𝑃𝑖 ∈ 6 − 𝑆𝑃𝑍, then: 

1). If 𝑍 ∖ 𝑋, 𝑍 ∖ 𝑌, then 𝑍 ∖ 𝐴𝑋 + 𝐵𝑌. 

2). If 𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌), then there exists 𝐴, 𝐵 ∈ 6 − 𝑆𝑃𝑍 such that 𝐴𝑋 + 𝐵𝑌 = 𝑍. 

3). If 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍), then: 

{
𝑋 + 𝐶 = 𝑌 + 𝐶 (𝑚𝑜𝑑 𝑍)   (𝐼)

𝑋 − 𝐶 = 𝑌 − 𝐶 (𝑚𝑜𝑑 𝑍)   (𝐼𝐼)

𝑋. 𝐶 = 𝑌. 𝐶 (𝑚𝑜𝑑 𝑍)   (𝐼𝐼𝐼)
 

4). 𝑋 is invertible modulo 𝑍 if and only if ∑ 𝑥𝑖
𝑗
𝑖=𝑜  is invertible modulo∑ 𝑧𝑖

𝑗
𝑖=𝑜 ; 0 ≤

𝑗 ≤ 6, and: 

𝑋−1(𝑚𝑜𝑑 𝑍) = 𝑥0
−1(𝑚𝑜𝑑 𝑧0) + 𝑃1[(𝑥0 + 𝑥1)

−1(𝑚𝑜𝑑 𝑧0 + 𝑧1) − 𝑥0
−1(𝑚𝑜𝑑 𝑧0)] +

𝑃2[(𝑥0 + 𝑥1 + 𝑥2)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2) − (𝑥0 + 𝑥1)

−1(𝑚𝑜𝑑 𝑧0 + 𝑧1)] + 𝑃3[(𝑥0 + 𝑥1 +

𝑥2 + 𝑥3)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3) − (𝑥0 + 𝑥1 + 𝑥2)

−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2)] +

𝑃4[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3 + 𝑧4) − (𝑥0 + 𝑥1 + 𝑥2 +

𝑥3)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3)] + 𝑃5[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5)

−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 +

𝑧2 + 𝑧3 + 𝑧4 + 𝑧5) − (𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3 + 𝑧4)] +

𝑃6[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 + 𝑥6)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3 + 𝑧4 + 𝑧5 + 𝑧6) −

(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3 + 𝑧4 + 𝑧5)]. 

Theorem3. 

Let 𝐴𝑋 + 𝐵𝑌 = 𝐶 be symbolic 6-plithogenic Diophantine equation in two variables, 

𝐴, 𝐵, 𝐶, 𝑋, 𝑌 ∈ 6 − 𝑆𝑃𝑍, hence it is solvable if and only if: 

∑ 𝑎𝑖
𝑗
𝑖=0 ∑ 𝑥𝑖

𝑗
𝑖=0 + ∑ 𝑏𝑖

𝑗
𝑖=0 ∑ 𝑦𝑖

𝑗
𝑖=0 = ∑ 𝑐𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 6  are solvable, i.e. 

𝑔𝑐𝑑(∑ 𝑎𝑖
𝑗
𝑖=0 , ∑ 𝑏𝑖

𝑗
𝑖=0 ) ∖ ∑ 𝑐𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 6. 

Theorem4. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
6
𝑖=1 𝑝𝑖 ∈ 6 − 𝑆𝑃𝑍, then: 



Neutrosophic Sets and Systems, Vol. 59, 2023 256 

 

 

Mohamed Soueycatt, Barbara Charchekhandra, Rashel Abu Hakmeh, On The Algebraic Properties of Symbolic 

6-Plithogenic Integers 

𝑋𝑛 = 𝑥0
𝑛 + 𝑃1 [(∑𝑥𝑖

1

𝑖=0

)

𝑛

− 𝑥0
𝑛] + 𝑃2 [(∑𝑥𝑖

2

𝑖=0

)

𝑛

− (∑𝑥𝑖

1

𝑖=0

)

𝑛

]

+ 𝑃3 [(∑𝑥𝑖

3

𝑖=0

)

𝑛

− (∑𝑥𝑖

2

𝑖=0

)

𝑛

] + 𝑃4 [(∑𝑥𝑖

4

𝑖=0

)

𝑛

− (∑𝑥𝑖

3

𝑖=0

)

𝑛

]

+ 𝑃5 [(∑𝑥𝑖

5

𝑖=0

)

𝑛

− (∑𝑥𝑖

4

𝑖=0

)

𝑛

] + 𝑃6 [(∑𝑥𝑖

6

𝑖=0

)

𝑛

− (∑𝑥𝑖

5

𝑖=0

)

𝑛

] 

Theorem5. 

(𝑋, 𝑌, 𝑍) is a symbolic 6-plithogenic Pythagoras triple i.e. it is a solution of the non 

linear Diophantine equation 𝑋2 + 𝑌2 = 𝑍2 , if and only if 

(∑ 𝑥𝑖
𝑗
𝑖=0 , ∑ 𝑦𝑖

𝑗
𝑖=0 , ∑ 𝑧𝑖

𝑗
𝑖=0 ); 0 ≤ 𝑗 ≤ 6 is a Pythagoras triple in 𝑍. 

Theorem6. 

(𝑋, 𝑌, 𝑍, 𝑇) is a symbolic 6-plithogenic Pythagoras quadruple i.e. it is a solution of 

the non linear Diophantine equation 𝑋2 + 𝑌2 + 𝑍2 = 𝑇2, if and only if 

(∑ 𝑥𝑖
𝑗
𝑖=0 , ∑ 𝑦𝑖

𝑗
𝑖=0 , ∑ 𝑧𝑖

𝑗
𝑖=0 , ∑ 𝑡𝑖

𝑗
𝑖=0 ); 0 ≤ 𝑗 ≤ 6 is a Pythagoras quadruple in 𝑍. 

Proof of theorem1. 

1). We put 

𝑍 = 𝑧0 +∑𝑧𝑖

6

𝑖=1

𝑃𝑖 , 𝑧0 = 𝑔𝑐𝑑(𝑥0, 𝑦0),∑𝑧𝑖

1

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

1

𝑖=1

,∑𝑦𝑖

1

𝑖=1

) ,∑𝑧𝑖

2

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

2

𝑖=1

,∑𝑦𝑖

2

𝑖=1

) 

∑𝑧𝑖

3

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

3

𝑖=1

,∑𝑦𝑖

3

𝑖=1

) ,∑𝑧𝑖

4

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

4

𝑖=1

,∑𝑦𝑖

4

𝑖=1

) ,∑𝑧𝑖

5

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

5

𝑖=1

,∑𝑦𝑖

5

𝑖=1

) ,∑𝑧𝑖

6

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

6

𝑖=1

,∑𝑦𝑖

6

𝑖=1

) 

Assume that 𝑇 = 𝑡0 + ∑ 𝑡𝑖
6
𝑖=1 𝑃𝑖 with 𝑇 ∖ 𝑋, 𝑇 ∖ 𝑌, hence: 
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{
 
 

 
 
∑𝑧𝑖

𝑗

𝑖=0

∖∑𝑥𝑖

𝑗

𝑖=0

,∑𝑧𝑖

𝑗

𝑖=0

∖∑𝑦𝑖

𝑗

𝑖=0

; 0 ≤ 𝑗 ≤ 6

∑𝑡𝑖

𝑗

𝑖=0

∖∑𝑥𝑖

𝑗

𝑖=0

,∑𝑡𝑖

𝑗

𝑖=0

∖∑𝑦𝑖

𝑗

𝑖=0

; 0 ≤ 𝑗 ≤ 6

 

So that ∑ 𝑡𝑖
𝑗
𝑖=0 ∖ ∑ 𝑧𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 6, hence 𝑇 ∖ 𝑍 and 𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌). 

2). 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍) if and only if 𝑍 ∖ 𝑋 − 𝑌, which is equivalent to 

 ∑ 𝑧𝑖
𝑗
𝑖=0 ∖ ∑ (𝑥𝑖 − 𝑦𝑖)

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 6, hence ∑ 𝑥𝑖

𝑗
𝑖=0 ≡ ∑ 𝑦𝑖

𝑗
𝑖=0 (𝑚𝑜𝑑 ∑ 𝑧𝑖

𝑗
𝑖=0 ); 0 ≤ 𝑗 ≤ 6. 

3). Assume that 𝑋 ∖ 𝑌, hence: 

{
 
 
 

 
 
 

𝑥0𝑧0 = 𝑦0   (1)

𝑥0𝑧1 + 𝑥1𝑧0 + 𝑥1𝑧1 = 𝑦1   (2)

𝑥0𝑧2 + 𝑥1𝑧2 + 𝑥2𝑧2 + 𝑥2𝑧0 + 𝑥2𝑧1 = 𝑦2   (3)

𝑥0𝑧3 + 𝑥1𝑧3 + 𝑥2𝑧3 + 𝑥3𝑧3 + 𝑥3𝑧0 + 𝑥3𝑧1 + 𝑥3𝑧2 = 𝑦3   (4)

𝑥0𝑧4 + 𝑥1𝑧4 + 𝑥2𝑧4 + 𝑥3𝑧4 + 𝑥4𝑧4 + 𝑥4𝑧0 + 𝑥4𝑧1 + 𝑥4𝑧2 + 𝑥4𝑧3 = 𝑦4   (5)

𝑥0𝑧5 + 𝑥1𝑧5 + 𝑥2𝑧5 + 𝑥3𝑧5 + 𝑥4𝑧5 + 𝑥5𝑧5 + 𝑥5𝑧0 + 𝑥5𝑧1 + 𝑥5𝑧2 + 𝑥5𝑧3 + 𝑥5𝑧4 = 𝑦5   (6)

𝑥0𝑧6 + 𝑥1𝑧6 + 𝑥2𝑧6 + 𝑥3𝑧6 + 𝑥4𝑧6 + 𝑥5𝑧6 + 𝑥6𝑧6 + 𝑥6𝑧0 + 𝑥6𝑧1 + 𝑥6𝑧2 + 𝑥6𝑧3 + 𝑥6𝑧4 + 𝑥6𝑧5 = 𝑦6   (7)

 

By adding (1) + (2), (1) + (2) + (3), (1) + (2) + (3) + (4), (1) + (2) + (3) + (4) +

(5), (1) + (2) + (3) + (4) + (5) + (6) ,  (1) + (2) + (3) + (4) + (5) + (6) + (7)  we 

get: 

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

𝑥0𝑧0 = 𝑦0 

∑𝑥𝑖

1

𝑖=1

∑𝑧𝑖

1

𝑖=1

=∑𝑦𝑖

1

𝑖=1

∑𝑥𝑖

2

𝑖=1

∑𝑧𝑖

2

𝑖=1

=∑𝑦𝑖

2

𝑖=1

∑𝑥𝑖

3

𝑖=1

∑𝑧𝑖

3

𝑖=1

=∑𝑦𝑖

3

𝑖=1

∑𝑥𝑖

4

𝑖=1

∑𝑧𝑖

4

𝑖=1

=∑𝑦𝑖

4

𝑖=1

∑𝑥𝑖

5

𝑖=1

∑𝑧𝑖

5

𝑖=1

=∑𝑦𝑖

5

𝑖=1

∑𝑥𝑖

6

𝑖=1

∑𝑧𝑖

6

𝑖=1

=∑𝑦𝑖

6

𝑖=1

 

Which means that ∑ 𝑥𝑖
𝑗
𝑖=0 ∖ ∑ 𝑦𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 6 

Proof of theorem 2. 
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1). Assume that 𝑍 ∖ 𝑋, 𝑍 ∖ 𝑌, then we get: 

∑ 𝑧𝑖
𝑗
𝑖=0 ∖ ∑ 𝑥𝑖

𝑗
𝑖=0 , and ∑ 𝑧𝑖

𝑗
𝑖=0 ∖ ∑ 𝑦𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 5. 

So that ∑ 𝑧𝑖
𝑗
𝑖=0 ∖ (∑ 𝑎𝑖

𝑗
𝑖=0 ∑ 𝑥𝑖

𝑗
𝑖=0 + ∑ 𝑏𝑖

𝑗
𝑖=0 ∑ 𝑦𝑖

𝑗
𝑖=0 ) for 0 ≤ 𝑗 ≤ 5 and 𝑍 ∖ 𝐴𝑋 + 𝐵𝑌. 

2). Assume that 𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌), then ∑ 𝑧𝑖
𝑗
𝑖=0 = 𝑔𝑐𝑑(∑ 𝑥𝑖

𝑗
𝑖=0 , ∑ 𝑦𝑖

𝑗
𝑖=0 ) for all 0 ≤ 𝑗 ≤

5. 

According to Bezout's theorem, we can write: 

There exists 𝑎𝑗 , 𝑏𝑗 ∈ 𝑍 such that ∑ 𝑧𝑖
𝑗
𝑖=0 = 𝑎𝑗 ∑ 𝑥𝑖

𝑗
𝑖=0 + 𝑏𝑗 ∑ 𝑦𝑖

𝑗
𝑖=0  

by putting  

𝐴 = 𝑎0 + (𝑎1 − 𝑎0)𝑃1 + (𝑎2 − 𝑎1)𝑃2 + (𝑎3 − 𝑎2)𝑃3 + (𝑎4 − 𝑎3)𝑃4 + (𝑎5 − 𝑎4)𝑃5,  

𝐵 = 𝑏0 + (𝑏1 − 𝑏0)𝑃1 + (𝑏2 − 𝑏1)𝑃2 + (𝑏3 − 𝑏2)𝑃3 + (𝑏4 − 𝑏3)𝑃4 + (𝑏5 − 𝑏4)𝑃5, we 

get: 

𝑍 = 𝐴𝑋 + 𝐵𝑌. 

3). Assume that 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍), then: 

∑ 𝑧𝑖
𝑗
𝑖=0 ∖ ∑ (𝑥𝑖 − 𝑦𝑖)

𝑗
𝑖=0  for all 0 ≤ 𝑗 ≤ 6, hence: 

{
 
 

 
 
∑𝑧𝑖

𝑗

𝑖=0

∖∑(𝑥𝑖 − 𝑐𝑖 + 𝑐𝑖 − 𝑦𝑖)

𝑗

𝑖=0

∑𝑧𝑖

𝑗

𝑖=0

∖∑(𝑥𝑖 + 𝑐𝑖 − 𝑐𝑖 + 𝑦𝑖)

𝑗

𝑖=0

 

Hence 𝑋 ± 𝐶 = 𝑌 ± 𝐶(𝑚𝑜𝑑 𝑍), also: 

∑ 𝑧𝑖
𝑗
𝑖=0 ∖ ∑ (𝑥𝑖 − 𝑦𝑖)

𝑗
𝑖=0 ∑ 𝑐𝑖

𝑗
𝑖=0  i.e. ∑ 𝑧𝑖

𝑗
𝑖=0 ∖ ∑ 𝑥𝑖

𝑗
𝑖=0 ∑ 𝑐𝑖

𝑗
𝑖=0 − ∑ 𝑦𝑖

𝑗
𝑖=0 ∑ 𝑐𝑖

𝑗
𝑖=0  

Hence 𝑋. 𝐶 ≡ 𝑌. 𝐶(𝑚𝑜𝑑 𝑍). 

4).  𝑋 is invertible modulo 𝑍 If and only if there exists 𝑌 = 𝑦0 + ∑ 𝑦𝑖
𝑗
𝑖=1 𝑝𝑖 ∈ 6 −

𝑆𝑃𝑍 such that 𝑋. 𝑌 ≡ 1(𝑚𝑜𝑑 𝑍). 

This equivalent to: 

∑ 𝑥𝑖
𝑗
𝑖=0 . ∑ 𝑦𝑖

𝑗
𝑖=0 ≡ 1(𝑚𝑜𝑑 𝑍) for 0 ≤ 𝑗 ≤ 6, hence: 

∑ 𝑥𝑖
𝑗
𝑖=0  is invertible modulo ∑ 𝑧𝑖

𝑗
𝑖=0  and: 



Neutrosophic Sets and Systems, Vol. 59, 2023 259 

 

 

Mohamed Soueycatt, Barbara Charchekhandra, Rashel Abu Hakmeh, On The Algebraic Properties of Symbolic 

6-Plithogenic Integers 

𝑋−1 = 𝑥0
−1(𝑚𝑜𝑑 𝑧0) + 𝑃1 [(∑𝑥𝑖

1

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

1

𝑖=0

) − 𝑥0
−1(𝑚𝑜𝑑 𝑧0)]

+ 𝑃2 [(∑𝑥𝑖

2

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

2

𝑖=0

) − (∑𝑥𝑖

1

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

1

𝑖=0

)]

+ 𝑃3 [(∑𝑥𝑖

3

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

3

𝑖=0

) − (∑𝑥𝑖

2

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

2

𝑖=0

)]

+ 𝑃4 [(∑𝑥𝑖

4

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

4

𝑖=0

) − (∑𝑥𝑖

3

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

3

𝑖=0

)]

+ 𝑃5 [(∑𝑥𝑖

5

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

5

𝑖=0

) − (∑𝑥𝑖

4

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

4

𝑖=0

)]

+ 𝑃6 [(∑𝑥𝑖

6

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

6

𝑖=0

) − (∑𝑥𝑖

5

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

5

𝑖=0

)] 

Proof of theorem3. 

It is easy to check that 𝐴𝑋 + 𝐵𝑌 = 𝐶 is equivalent to: 

∑𝑎𝑖

𝑗

𝑖=0

∑𝑥𝑖

𝑗

𝑖=0

+∑𝑏𝑖

𝑗

𝑖=0

∑𝑦𝑖

𝑗

𝑖=0

=∑𝑐𝑖

𝑗

𝑖=0

; 0 ≤ 𝑗 ≤ 6 

The previous six Diophantine equations are solvable if and only if: 

𝑔𝑐𝑑 (∑𝑎𝑖

𝑗

𝑖=0

,∑𝑏𝑖

𝑗

𝑖=0

) ∖∑𝑐𝑖

𝑗

𝑖=0

; 0 ≤ 𝑗 ≤ 6 

proof on theorem4. 

For 𝑛 = 1, it holds directly. 

We assume that it I true for 𝑘, we prove it for 𝑘 + 1. 
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𝑋𝑘+1 = 𝑋𝑋𝑘 = (𝑥0 +∑𝑥𝑖

6

𝑖=0

𝑝𝑖) [𝑥0
𝑘 + 𝑃1 ((∑𝑥𝑖

1

𝑖=0

)

𝑘

− 𝑥0
𝑘)

+ 𝑃2 ((∑𝑥𝑖

2

𝑖=0

)

𝑘

− (∑𝑥𝑖

1

𝑖=0

)

𝑘

) + 𝑃3 ((∑𝑥𝑖

3

𝑖=0

)

𝑘

− (∑𝑥𝑖

2

𝑖=0

)

𝑘

)

+ 𝑃4 ((∑𝑥𝑖

4

𝑖=0

)

𝑘

− (∑𝑥𝑖

3

𝑖=0

)

𝑘

) + 𝑃5 ((∑𝑥𝑖

5

𝑖=0

)

𝑘

− (∑𝑥𝑖

4

𝑖=0

)

𝑘

)

+ 𝑃6 ((∑𝑥𝑖

6

𝑖=0

)

𝑘

− (∑𝑥𝑖

5

𝑖=0

)

𝑘

)]

= 𝑥0
𝑘+1 + 𝑃1 [𝑥0

𝑘 (∑𝑥𝑖

1

𝑖=0

)

𝑘

− 𝑥0
𝑘+1 + 𝑥1𝑥0

𝑘 + 𝑥1 (∑𝑥𝑖

1

𝑖=0

)

𝑘

− 𝑥1𝑥0
𝑘]

+ 𝑃2 [𝑥0 (∑𝑥𝑖

2

𝑖=0

)

𝑘

− 𝑥0 (∑𝑥𝑖

1

𝑖=0

)

𝑘

+ 𝑥1 (∑𝑥𝑖

2

𝑖=0

)

𝑘

− 𝑥1 (∑𝑥𝑖

1

𝑖=0

)

𝑘

+ 𝑥2𝑥0
𝑘

+ 𝑥1 (∑𝑥𝑖

1

𝑖=0

)

𝑘

− 𝑥2𝑥0
𝑘 + 𝑥2 (∑𝑥𝑖

2

𝑖=0

)

𝑘

− 𝑥2 (∑𝑥𝑖

1

𝑖=0

)

𝑘

]

+ 𝑃3 [𝑥0 (∑𝑥𝑖

3

𝑖=0

)

𝑘

− 𝑥0 (∑𝑥𝑖

2

𝑖=0

)

𝑘

+ 𝑥1 (∑𝑥𝑖

3

𝑖=0

)

𝑘

− 𝑥1 (∑𝑥𝑖

2

𝑖=0

)

𝑘

+ 𝑥2 (∑𝑥𝑖

3

𝑖=0

)

𝑘

− 𝑥2 (∑𝑥𝑖

2

𝑖=0

)

𝑘

+ 𝑥2𝑥0
𝑘 + 𝑥3 (∑𝑥𝑖

1

𝑖=0

)

𝑘

− 𝑥3𝑥0
𝑘

+ 𝑥3 (∑𝑥𝑖

2

𝑖=0

)

𝑘

− 𝑥2 (∑𝑥𝑖

1

𝑖=0

)

𝑘

+ 𝑥3 (∑𝑥𝑖

3

𝑖=0

)

𝑘

− 𝑥2 (∑𝑥𝑖

2

𝑖=0

)

𝑘

] + ⋯

= 𝑥0
𝑘+1 ++𝑃1 [(∑𝑥𝑖

1

𝑖=0

)

𝑘+1

− 𝑥0
𝑘+1] + 𝑃2 [(∑𝑥𝑖

2

𝑖=0

)

𝑘+1

− (∑𝑥𝑖

1

𝑖=0

)

𝑘+1

]

+ ⋯ 

And the proof holds. 

Proof of theorem5. 

𝑋2 + 𝑌2 = 𝑍2 implies that: 
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{
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

𝑥0
2 + 𝑦0

2 = 𝑧0
2

(∑𝑥𝑖

1

𝑖=0

)

2

+ (∑𝑦𝑖

1

𝑖=0

)

2

= (∑𝑧𝑖

1

𝑖=0

)

2

 

(∑𝑥𝑖

2

𝑖=0

)

2

+ (∑𝑦𝑖

2

𝑖=0

)

2

= (∑𝑧𝑖

2

𝑖=0

)

2

(∑𝑥𝑖

3

𝑖=0

)

2

+ (∑𝑦𝑖

3

𝑖=0

)

2

= (∑𝑧𝑖

3

𝑖=0

)

2

(∑𝑥𝑖

4

𝑖=0

)

2

+ (∑𝑦𝑖

4

𝑖=0

)

2

= (∑𝑧𝑖

4

𝑖=0

)

2

(∑𝑥𝑖

5

𝑖=0

)

2

+ (∑𝑦𝑖

5

𝑖=0

)

2

= (∑𝑧𝑖

5

𝑖=0

)

2

(∑𝑥𝑖

6

𝑖=0

)

2

+ (∑𝑦𝑖

6

𝑖=0

)

2

= (∑𝑧𝑖

6

𝑖=0

)

2

 

Which implies the proof. 

Theorem 6 can be proved by the same argument. 

Definition. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
6
𝑖=0 ∈ 6 − 𝑆𝑃𝑍 , hence we say that 𝑋 > 0  if and only if 𝑥0 >

0, ∑ 𝑥𝑖
𝑘
𝑖=0 > 0 ; 1 ≤ 𝑘 ≤ 6 

For example: 𝑋 = 3 + 𝑃1 − 𝑃2 + 2𝑃3 − 𝑃4 − 𝑃5 > 0, that is because: 

3 > 0,4 > 0,3 > 0,5 > 0,4 > 0,3 > 0. 

If 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖
6
𝑖=0 ∈ 6 − 𝑆𝑃𝑍, we ay that 𝑋 ≥ 𝑌 if and only if 𝑥0 ≥ 𝑦0, ∑ 𝑥𝑖

𝑘
𝑖=0 ≥

∑ 𝑦𝑖
𝑘
𝑖=0 ; 1 ≤ 𝑘 ≤ 6. 

For 𝑋 = 2 + 𝑃1 + 2𝑃2 + 5𝑃3 + 𝑃4 + 6𝑃5, 𝑌 = 1 + 𝑃1 + 𝑃2 + 𝑃3 + 3𝑃4 + 𝑃5, 𝑋 ≥ 𝑌 , that 

is because: 

2 ≥ 1,3 ≥ 2,5 ≥ 3,10 ≥ 4,11 ≥ 7,17 ≥ 8 

Definition. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
6
𝑖=0 , 𝑦 = 𝑦0 +∑ 𝑦𝑖

6
𝑖=0 𝑃𝑖 ≥ 0, hence: 
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𝑋𝑌 = 𝑥0
𝑦0 + 𝑃1 [(∑𝑥𝑖

1

𝑖=0

)

∑ 𝑦𝑖
1
𝑖=0

− 𝑥0
𝑦0] + 𝑃2 [(∑𝑥𝑖

2

𝑖=0

)

∑ 𝑦𝑖
2
𝑖=0

− (∑𝑥𝑖

1

𝑖=0

)

∑ 𝑦𝑖
1
𝑖=0

]

+ 𝑃3 [(∑𝑥𝑖

3

𝑖=0

)

∑ 𝑦𝑖
3
𝑖=0

− (∑𝑥𝑖

2

𝑖=0

)

∑ 𝑦𝑖
2
𝑖=0

]

+ 𝑃4 [(∑𝑥𝑖

4

𝑖=0

)

∑ 𝑦𝑖
4
𝑖=0

− (∑𝑥𝑖

3

𝑖=0

)

∑ 𝑦𝑖
3
𝑖=0

]

+ 𝑃5 [(∑𝑥𝑖

5

𝑖=0

)

∑ 𝑦𝑖
5
𝑖=0

− (∑𝑥𝑖

4

𝑖=0

)

∑ 𝑦𝑖
4
𝑖=0

]

+ 𝑃6 [(∑𝑥𝑖

6

𝑖=0

)

∑ 𝑦𝑖
6
𝑖=0

− (∑𝑥𝑖

5

𝑖=0

)

∑ 𝑦𝑖
5
𝑖=0

] 

Definition. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
6
𝑖=0 𝑃𝑖 > 0, then: 

𝜑(𝑋) = 𝜑(𝑥0) + 𝑃1 [𝜑 (∑𝑥𝑖

1

𝑖=0

) − 𝜑(𝑥0)] + 𝑃2 [𝜑 (∑𝑥𝑖

2

𝑖=0

) − 𝜑 (∑𝑥𝑖

1

𝑖=0

)]

+ 𝑃3 [𝜑 (∑𝑥𝑖

3

𝑖=0

) − 𝜑 (∑𝑥𝑖

2

𝑖=0

)] + 𝑃4 [𝜑 (∑𝑥𝑖

4

𝑖=0

) − 𝜑 (∑𝑥𝑖

3

𝑖=0

)]

+ 𝑃5 [𝜑 (∑𝑥𝑖

5

𝑖=0

) − 𝜑 (∑𝑥𝑖

4

𝑖=0

)] + 𝑃6 [𝜑 (∑𝑥𝑖

6

𝑖=0

) − 𝜑 (∑𝑥𝑖

5

𝑖=0

)] 

Where 𝜑 is Euler's function on 𝑍. 

Theorem. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
6
𝑖=0 𝑃𝑖𝑖 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖

6
𝑖=0 𝑃𝑖 ∈ 6 − 𝑆𝑃𝑍, 𝑔𝑐𝑑(𝑋, 𝑌) = 1  and 𝑋, 𝑌 > 0 , 

hence: 

𝑋𝜑(𝑌) ≡ 1(𝑚𝑜𝑑 𝑌) 

Proof. 

𝑔𝑐𝑑(𝑥0, 𝑦0) = 1, hence 𝑥0
𝜑(𝑦0) ≡ 1(𝑚𝑜𝑑 𝑦0). 

𝑔𝑐𝑑(∑ 𝑥𝑖
1
𝑖=0 , ∑ 𝑦𝑖

1
𝑖=0 ) = 1, hence (∑ 𝑥𝑖

1
𝑖=0 )𝜑(∑ 𝑦𝑖

1
𝑖=0 ) ≡ 1(𝑚𝑜𝑑 ∑ 𝑦𝑖

1
𝑖=0 ) 
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By a similar argument, we get: 

(∑𝑥𝑖

2

𝑖=0

)

𝜑(∑ 𝑦𝑖
2
𝑖=0 )

≡ 1(𝑚𝑜𝑑 ∑𝑦𝑖

2

𝑖=0

) , (∑𝑥𝑖

3

𝑖=0

)

𝜑(∑ 𝑦𝑖
3
𝑖=0 )

≡ 1(𝑚𝑜𝑑 ∑𝑦𝑖

3

𝑖=0

) 

(∑𝑥𝑖

4

𝑖=0

)

𝜑(∑ 𝑦𝑖
4
𝑖=0 )

≡ 1(𝑚𝑜𝑑 ∑𝑦𝑖

4

𝑖=0

) , (∑𝑥𝑖

5

𝑖=0

)

𝜑(∑ 𝑦𝑖
5
𝑖=0 )

≡ 1(𝑚𝑜𝑑 ∑𝑦𝑖

5

𝑖=0

) , (∑𝑥𝑖

6

𝑖=0

)

𝜑(∑ 𝑦𝑖
6
𝑖=0 )

≡ 1(𝑚𝑜𝑑 ∑𝑦𝑖

6

𝑖=0

) 

This implies 

𝑋𝜑(𝑌) ≡ 1 + (1 − 1)𝑃1 + (1 − 1)𝑃2 + (1 − 1)𝑃3 + (1 − 1)𝑃4 + (1 − 1)𝑃5 +

(1 − 1)𝑃6 ≡ 1(𝑚𝑜𝑑 𝑌). 

Remark. 

We call previous result by symbolic 6-plithogenic Euler's theorem. 

Conclusion 

In this work, we have studied the properties of symbolic 6-plithogenic integers for 

the first time, where concepts such as symbolic 6-plithogenic divisors, 

congruencies, and linear Diophantine equations were handled by many theorems 

and examples. 

Also, we have presented the conditions of symbolic 6-plithogenic Pythagoras triples 

and quadruples in the corresponding symbolic 6-plithogenic ring of integers. 
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Abstract: This paper is dedicated to study the properties of symbolic 5-plithogenic 
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examples to explain the validity and the scientific contribution of our work. 
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Introduction 

Symbolic n-plithogenic sets were defined for the first time by Smarandache in [4, 

24-25], with many interesting algebraic properties.

In [1-3], the symbolic 2-plithogenic rings were defined as an extension of classical 

rings. Many results were obtained with respect to their ideals and homomorphisms. 

The symbolic 2-plithogenic rings and fields have many applications in generalizing 

other algebraic structures such as symbolic 2-plithogenic vector spaces, symbolic 

2-plithogenic modules, and symbolic 2-plithogenic equations [5-7].

Laterally, many authors defined and studied symbolic 3-plithogenic algebraic 

structures, such as symbolic 3-plithogenic spaces and modules, see [8, 21-23]. 
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In the literature, the extended integer systems were used in number theory, for 

example neutrosophic numbers have helped with neutrosophic number theory, 

refined neutrosophic numbers generated refined number theory and split-complex 

numbers generated split-complex number theory [9-20]. 

This has motivated many authors to study symbolic 2-plithogenic and symbolic 

3-plithogenic number theoretical concepts such as congruencies, and Diophantine

equations [26-36]. The generalized versions of number theoretical concepts are very 

applicable in other mathematical studies, especially in cryptography. 

In this paper, we study the symbolic 5-plithogenic number theoretical concepts for 

the first time, and we illustrated many examples to clarify the novel approach. 

Main discussion 

Definition:  

The ring of symbolic 5-plithogenic integers is defined as follows: 

5 − 𝑆𝑃𝑍 = {𝑥0 + ∑ 𝑥𝑖
5
𝑖=1 𝑃𝑖; 𝑥𝑖 ∈ 𝑍}, where 𝑃𝑖 × 𝑃𝑗 = 𝑝𝑚𝑎𝑥(𝑖,𝑗), 𝑃𝑖

2 = 𝑃𝑖.

Definition. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
5
𝑖=1 𝑃𝑖 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖

5
𝑖=1 𝑃𝑖, 𝑍 = 𝑧0 + ∑ 𝑧𝑖

5
𝑖=1 𝑃𝑖 ∈ 5 − 𝑆𝑃𝑍, we say that: 

1). 𝑋 ∖ 𝑌 if there exists 𝑍 ∈ 5 − 𝑆𝑃𝑍 such that 𝑋. 𝑍 = 𝑌. 

2). 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍) if 𝑍 ∖ 𝑋 − 𝑌. 

3). 𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌) if 𝑍 ∖ 𝑋, 𝑍 ∖ 𝑌 and if 𝑇 ∖ 𝑋, 𝑇 ∖ 𝑌, then 𝑇 ∖ 𝑍. 

4). 𝑋, 𝑌 are relatively prime if 𝑔𝑐𝑑(𝑋, 𝑌) = 1. 

Theorem1. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
5
𝑖=1 𝑃𝑖 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖

5
𝑖=1 𝑃𝑖, 𝑍 = 𝑧0 + ∑ 𝑧𝑖

5
𝑖=1 𝑃𝑖 ∈ 5 − 𝑆𝑃𝑍, then: 

1). 𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌) if and only if: 

{
 
 

 
 𝑧0 = 𝑔𝑐𝑑(𝑥0, 𝑦0)

∑𝑧𝑖

𝑗

𝑖=0

= 𝑔𝑐𝑑 (∑𝑥𝑖

𝑗

𝑖=𝑜

,∑𝑦𝑖

𝑗

𝑖=0

) ; 1 ≤ 𝑗 ≤ 5

2). 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍) if and only if ∑ 𝑥𝑖
𝑗
𝑖=0 ≡ ∑ 𝑦𝑖

𝑗
𝑖=0 (𝑚𝑜𝑑 ∑ 𝑧𝑖

𝑗
𝑖=0 ), 0 ≤ 𝑗 ≤ 5. 

3). If 𝑋 ∖ 𝑌 then ∑ 𝑥𝑖
𝑗
𝑖=𝑜 ∖ ∑ 𝑦𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 5. 
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Theorem2. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
5
𝑖=1 𝑃𝑖 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖

5
𝑖=1 𝑃𝑖 , 𝑍 = 𝑧0 + ∑ 𝑧𝑖

5
𝑖=1 𝑃𝑖, 𝐴 = 𝑎0 + ∑ 𝑎𝑖

5
𝑖=1 𝑃𝑖 , 𝐵 =

𝑏0 + ∑ 𝑏𝑖
5
𝑖=1 𝑃𝑖 , 𝐶 = 𝑐0 + ∑ 𝑐𝑖

5
𝑖=1 𝑃𝑖 ∈ 5 − 𝑆𝑃𝑍, then: 

1). If 𝑍 ∖ 𝑋, 𝑍 ∖ 𝑌, then 𝑍 ∖ 𝐴𝑋 + 𝐵𝑌. 

2). If 𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌), then there exists 𝐴, 𝐵 ∈ 5 − 𝑆𝑃𝑍 such that 𝐴𝑋 + 𝐵𝑌 = 𝑍. 

3). If 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍), then: 

{
𝑋 + 𝐶 = 𝑌 + 𝐶 (𝑚𝑜𝑑 𝑍)   (𝐼)

𝑋 − 𝐶 = 𝑌 − 𝐶 (𝑚𝑜𝑑 𝑍)   (𝐼𝐼)

𝑋. 𝐶 = 𝑌. 𝐶 (𝑚𝑜𝑑 𝑍)   (𝐼𝐼𝐼)
 

4). 𝑋 is invertible modulo 𝑍 if and only if ∑ 𝑥𝑖
𝑗
𝑖=𝑜  is invertible modulo∑ 𝑧𝑖

𝑗
𝑖=𝑜 ; 0 ≤

𝑗 ≤ 5, and: 

𝑋−1(𝑚𝑜𝑑 𝑍) = 𝑥0
−1(𝑚𝑜𝑑 𝑧0) + 𝑃1[(𝑥0 + 𝑥1)

−1(𝑚𝑜𝑑 𝑧0 + 𝑧1) − 𝑥0
−1(𝑚𝑜𝑑 𝑧0)] +

𝑃2[(𝑥0 + 𝑥1 + 𝑥2)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2) − (𝑥0 + 𝑥1)

−1(𝑚𝑜𝑑 𝑧0 + 𝑧1)] + 𝑃3[(𝑥0 + 𝑥1 +

𝑥2 + 𝑥3)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3) − (𝑥0 + 𝑥1 + 𝑥2)

−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2)] +

𝑃4[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3 + 𝑧4) − (𝑥0 + 𝑥1 + 𝑥2 +

𝑥3)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3)] + 𝑃5[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5)

−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 +

𝑧2 + 𝑧3 + 𝑧4 + 𝑧5) − (𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4)
−1(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3 + 𝑧4)]. 

Theorem3. 

Let 𝐴𝑋 + 𝐵𝑌 = 𝐶 be symbolic 5-plithogenic Diophantine equation in two variables, 

𝐴, 𝐵, 𝐶, 𝑋, 𝑌 ∈ 5 − 𝑆𝑃𝑍, hence it is solvable if and only if: 

∑ 𝑎𝑖
𝑗
𝑖=0 ∑ 𝑥𝑖

𝑗
𝑖=0 + ∑ 𝑏𝑖

𝑗
𝑖=0 ∑ 𝑦𝑖

𝑗
𝑖=0 = ∑ 𝑐𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 5  are solvable, i.e. 

𝑔𝑐𝑑(∑ 𝑎𝑖
𝑗
𝑖=0 , ∑ 𝑏𝑖

𝑗
𝑖=0 ) ∖ ∑ 𝑐𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 5. 

Theorem4. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
5
𝑖=1 𝑝𝑖 ∈ 5 − 𝑆𝑃𝑍, then: 
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𝑋𝑛 = 𝑥0
𝑛 + 𝑃1 [(∑𝑥𝑖

1

𝑖=0

)

𝑛

− 𝑥0
𝑛] + 𝑃2 [(∑𝑥𝑖

2

𝑖=0

)

𝑛

− (∑𝑥𝑖

1

𝑖=0

)

𝑛

]

+ 𝑃3 [(∑𝑥𝑖

3

𝑖=0

)

𝑛

− (∑𝑥𝑖

2

𝑖=0

)

𝑛

] + 𝑃4 [(∑𝑥𝑖

4

𝑖=0

)

𝑛

− (∑𝑥𝑖

3

𝑖=0

)

𝑛

]

+ 𝑃5 [(∑𝑥𝑖

5

𝑖=0

)

𝑛

− (∑𝑥𝑖

4

𝑖=0

)

𝑛

] 

Theorem5. 

(𝑋, 𝑌, 𝑍) is a symbolic 5-plithogenic Pythagoras triple i.e. it is a solution of the non 

linear Diophantine equation 𝑋2 + 𝑌2 = 𝑍2 , if and only if 

(∑ 𝑥𝑖
𝑗
𝑖=0 , ∑ 𝑦𝑖

𝑗
𝑖=0 , ∑ 𝑧𝑖

𝑗
𝑖=0 ); 0 ≤ 𝑗 ≤ 5 is a Pythagoras triple in 𝑍. 

Theorem6. 

(𝑋, 𝑌, 𝑍, 𝑇) is a symbolic 5-plithogenic Pythagoras quadruple i.e. it is a solution of 

the non linear Diophantine equation 𝑋2 + 𝑌2 + 𝑍2 = 𝑇2, if and only if 

(∑ 𝑥𝑖
𝑗
𝑖=0 , ∑ 𝑦𝑖

𝑗
𝑖=0 , ∑ 𝑧𝑖

𝑗
𝑖=0 , ∑ 𝑡𝑖

𝑗
𝑖=0 ); 0 ≤ 𝑗 ≤ 5 is a Pythagoras quadruple in 𝑍. 

Proof of theorem1. 

1). We put 

𝑍 = 𝑧0 +∑𝑧𝑖

5

𝑖=1

𝑃𝑖 , 𝑧0 = 𝑔𝑐𝑑(𝑥0, 𝑦0),∑𝑧𝑖

1

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

1

𝑖=1

,∑𝑦𝑖

1

𝑖=1

) ,∑𝑧𝑖

2

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

2

𝑖=1

,∑𝑦𝑖

2

𝑖=1

) 

∑𝑧𝑖

3

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

3

𝑖=1

,∑𝑦𝑖

3

𝑖=1

) ,∑𝑧𝑖

4

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

4

𝑖=1

,∑𝑦𝑖

4

𝑖=1

) ,∑𝑧𝑖

5

𝑖=1

= 𝑔𝑐𝑑 (∑𝑥𝑖

5

𝑖=1

,∑𝑦𝑖

5

𝑖=1

) 

Assume that 𝑇 = 𝑡0 + ∑ 𝑡𝑖
5
𝑖=1 𝑃𝑖 with 𝑇 ∖ 𝑋, 𝑇 ∖ 𝑌, hence: 

{
 
 

 
 
∑𝑧𝑖

𝑗

𝑖=0

∖∑𝑥𝑖

𝑗

𝑖=0

,∑𝑧𝑖

𝑗

𝑖=0

∖∑𝑦𝑖

𝑗

𝑖=0

; 0 ≤ 𝑗 ≤ 5

∑𝑡𝑖

𝑗

𝑖=0

∖∑𝑥𝑖

𝑗

𝑖=0

,∑𝑡𝑖

𝑗

𝑖=0

∖∑𝑦𝑖

𝑗

𝑖=0

; 0 ≤ 𝑗 ≤ 5

 

So that ∑ 𝑡𝑖
𝑗
𝑖=0 ∖ ∑ 𝑧𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 5, hence 𝑇 ∖ 𝑍 and 𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌). 
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2). 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍) if and only if 𝑍 ∖ 𝑋 − 𝑌, which is equivalent to 

 ∑ 𝑧𝑖
𝑗
𝑖=0 ∖ ∑ (𝑥𝑖 − 𝑦𝑖)

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 5, hence ∑ 𝑥𝑖

𝑗
𝑖=0 ≡ ∑ 𝑦𝑖

𝑗
𝑖=0 (𝑚𝑜𝑑 ∑ 𝑧𝑖

𝑗
𝑖=0 ); 0 ≤ 𝑗 ≤ 5. 

3). Assume that 𝑋 ∖ 𝑌, hence: 

{
  
 

  
 

𝑥0𝑧0 = 𝑦0   (1)

𝑥0𝑧1 + 𝑥1𝑧0 + 𝑥1𝑧1 = 𝑦1   (2)

𝑥0𝑧2 + 𝑥1𝑧2 + 𝑥2𝑧2 + 𝑥2𝑧0 + 𝑥2𝑧1 = 𝑦2   (3)

𝑥0𝑧3 + 𝑥1𝑧3 + 𝑥2𝑧3 + 𝑥3𝑧3 + 𝑥3𝑧0 + 𝑥3𝑧1 + 𝑥3𝑧2 = 𝑦3   (4)

𝑥0𝑧4 + 𝑥1𝑧4 + 𝑥2𝑧4 + 𝑥3𝑧4 + 𝑥4𝑧4 + 𝑥4𝑧0 + 𝑥4𝑧1 + 𝑥4𝑧2 + 𝑥4𝑧3 = 𝑦4   (5)

𝑥0𝑧5 + 𝑥1𝑧5 + 𝑥2𝑧5 + 𝑥3𝑧5 + 𝑥4𝑧5 + 𝑥5𝑧5 + 𝑥5𝑧0 + 𝑥5𝑧1 + 𝑥5𝑧2 + 𝑥5𝑧3 + 𝑥5𝑧4 = 𝑦5   (6)

 

By adding (1) + (2), (1) + (2) + (3), (1) + (2) + (3) + (4), (1) + (2) + (3) + (4) +

(5), (1) + (2) + (3) + (4) + (5) + (6), we get: 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝑥0𝑧0 = 𝑦0 

∑𝑥𝑖

1

𝑖=1

∑𝑧𝑖

1

𝑖=1

=∑𝑦𝑖

1

𝑖=1

∑𝑥𝑖

2

𝑖=1

∑𝑧𝑖

2

𝑖=1

=∑𝑦𝑖

2

𝑖=1

∑𝑥𝑖

3

𝑖=1

∑𝑧𝑖

3

𝑖=1

=∑𝑦𝑖

3

𝑖=1

∑𝑥𝑖

4

𝑖=1

∑𝑧𝑖

4

𝑖=1

=∑𝑦𝑖

4

𝑖=1

∑𝑥𝑖

5

𝑖=1

∑𝑧𝑖

5

𝑖=1

=∑𝑦𝑖

5

𝑖=1

 

Which means that ∑ 𝑥𝑖
𝑗
𝑖=0 ∖ ∑ 𝑦𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 5 

Example on theorem1. 

Take 𝑋 = 3 + 2𝑃1 + 2𝑃2 + 𝑃3 − 𝑃4 + 4𝑃5, 𝑌 = 6 + 𝑃1 + 𝑃2 − 𝑃3 − 𝑃4 + 2𝑃5 

{
  
 

  
 

𝑔𝑐𝑑(𝑥0, 𝑦0) = 𝑔𝑐𝑑(3,6) = 3 

𝑔𝑐𝑑(𝑥0 + 𝑥1, 𝑦0 + 𝑦1) = 𝑔𝑐𝑑(5,7) = 1

𝑔𝑐𝑑(𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2) = 𝑔𝑐𝑑(7,7) = 7

𝑔𝑐𝑑(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) = 𝑔𝑐𝑑(8,7) = 1

𝑔𝑐𝑑(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 + 𝑦4) = 𝑔𝑐𝑑(7,6) = 1

𝑔𝑐𝑑(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 + 𝑦4 + 𝑦5) = 𝑔𝑐𝑑(11,8) = 1

 

Thus 

𝑧0 = 3, 𝑧1 = 1 − 3 = −2, 𝑧2 = 7 − 1 = 6, 𝑧3 = 1 − 7 = −6, 𝑧4 = 1 − 1 = 0, 𝑧5 = 1 −

1 = 0, hence: 
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𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌) = 3 − 2𝑃1 + 6𝑃2 − 6𝑃3 

For 𝐿 = 1 + 𝑃1 − 𝑃2 + 2𝑃5, we can see: 

𝐿 ∖ 𝑋 − 𝑌, that is because: 

{
 
 

 
 
1 ∖ −3
2 ∖ −2
1 ∖ −1
1 ∖ 1
3 ∖ 3

, thus 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝐿). 

Proof of theorem 2. 

1). Assume that 𝑍 ∖ 𝑋, 𝑍 ∖ 𝑌, then we get: 

∑ 𝑧𝑖
𝑗
𝑖=0 ∖ ∑ 𝑥𝑖

𝑗
𝑖=0 , and ∑ 𝑧𝑖

𝑗
𝑖=0 ∖ ∑ 𝑦𝑖

𝑗
𝑖=0 ; 0 ≤ 𝑗 ≤ 5. 

So that ∑ 𝑧𝑖
𝑗
𝑖=0 ∖ (∑ 𝑎𝑖

𝑗
𝑖=0 ∑ 𝑥𝑖

𝑗
𝑖=0 + ∑ 𝑏𝑖

𝑗
𝑖=0 ∑ 𝑦𝑖

𝑗
𝑖=0 ) for 0 ≤ 𝑗 ≤ 5 and 𝑍 ∖ 𝐴𝑋 + 𝐵𝑌. 

2). Assume that 𝑍 = 𝑔𝑐𝑑(𝑋, 𝑌), then ∑ 𝑧𝑖
𝑗
𝑖=0 = 𝑔𝑐𝑑(∑ 𝑥𝑖

𝑗
𝑖=0 , ∑ 𝑦𝑖

𝑗
𝑖=0 ) for all 0 ≤ 𝑗 ≤

5. 

According to Bezout's theorem, we can write: 

There exists 𝑎𝑗 , 𝑏𝑗 ∈ 𝑍 such that ∑ 𝑧𝑖
𝑗
𝑖=0 = 𝑎𝑗 ∑ 𝑥𝑖

𝑗
𝑖=0 + 𝑏𝑗 ∑ 𝑦𝑖

𝑗
𝑖=0  

by putting  

𝐴 = 𝑎0 + (𝑎1 − 𝑎0)𝑃1 + (𝑎2 − 𝑎1)𝑃2 + (𝑎3 − 𝑎2)𝑃3 + (𝑎4 − 𝑎3)𝑃4 + (𝑎5 − 𝑎4)𝑃5,  

𝐵 = 𝑏0 + (𝑏1 − 𝑏0)𝑃1 + (𝑏2 − 𝑏1)𝑃2 + (𝑏3 − 𝑏2)𝑃3 + (𝑏4 − 𝑏3)𝑃4 + (𝑏5 − 𝑏4)𝑃5, we 

get: 

𝑍 = 𝐴𝑋 + 𝐵𝑌. 

3). Assume that 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍), then: 

∑ 𝑧𝑖
𝑗
𝑖=0 ∖ ∑ (𝑥𝑖 − 𝑦𝑖)

𝑗
𝑖=0  for all 0 ≤ 𝑗 ≤ 5, hence: 

{
 
 

 
 
∑𝑧𝑖

𝑗

𝑖=0

∖∑(𝑥𝑖 − 𝑐𝑖 + 𝑐𝑖 − 𝑦𝑖)

𝑗

𝑖=0

∑𝑧𝑖

𝑗

𝑖=0

∖∑(𝑥𝑖 + 𝑐𝑖 − 𝑐𝑖 + 𝑦𝑖)

𝑗

𝑖=0

 

Hence 𝑋 ± 𝐶 = 𝑌 ± 𝐶(𝑚𝑜𝑑 𝑍), also: 

∑ 𝑧𝑖
𝑗
𝑖=0 ∖ ∑ (𝑥𝑖 − 𝑦𝑖)

𝑗
𝑖=0 ∑ 𝑐𝑖

𝑗
𝑖=0  i.e. ∑ 𝑧𝑖

𝑗
𝑖=0 ∖ ∑ 𝑥𝑖

𝑗
𝑖=0 ∑ 𝑐𝑖

𝑗
𝑖=0 − ∑ 𝑦𝑖

𝑗
𝑖=0 ∑ 𝑐𝑖

𝑗
𝑖=0  

Hence 𝑋. 𝐶 ≡ 𝑌. 𝐶(𝑚𝑜𝑑 𝑍). 
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4).  𝑋 is invertible modulo 𝑍 If and only if there exists 𝑌 = 𝑦0 + ∑ 𝑦𝑖
𝑗
𝑖=1 𝑝𝑖 ∈ 5 −

𝑆𝑃𝑍 such that 𝑋. 𝑌 ≡ 1(𝑚𝑜𝑑 𝑍). 

This equivalent to: 

∑ 𝑥𝑖
𝑗
𝑖=0 . ∑ 𝑦𝑖

𝑗
𝑖=0 ≡ 1(𝑚𝑜𝑑 𝑍) for 0 ≤ 𝑗 ≤ 5, hence: 

∑ 𝑥𝑖
𝑗
𝑖=0  is invertible modulo ∑ 𝑧𝑖

𝑗
𝑖=0  and: 

𝑋−1 = 𝑥0
−1(𝑚𝑜𝑑 𝑧0) + 𝑃1 [(∑𝑥𝑖

1

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

1

𝑖=0

) − 𝑥0
−1(𝑚𝑜𝑑 𝑧0)]

+ 𝑃2 [(∑𝑥𝑖

2

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

2

𝑖=0

) − (∑𝑥𝑖

1

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

1

𝑖=0

)]

+ 𝑃3 [(∑𝑥𝑖

3

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

3

𝑖=0

) − (∑𝑥𝑖

2

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

2

𝑖=0

)]

+ 𝑃4 [(∑𝑥𝑖

4

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

4

𝑖=0

) − (∑𝑥𝑖

3

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

3

𝑖=0

)]

+ 𝑃5 [(∑𝑥𝑖

5

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

5

𝑖=0

) − (∑𝑥𝑖

4

𝑖=0

)

−1

(𝑚𝑜𝑑∑𝑧𝑖

4

𝑖=0

)] 

Example on theorem 2. 

Take:  

𝑋 = 4 + 2𝑃1 − 𝑃2 + 5𝑃3 − 𝑃4 + 𝑃5, 𝑌 = 2 + 𝑃1 − 𝑃2 + 𝑃3 − 𝑃4 + 4𝑃5, 𝑍

= 2 − 𝑃1 + 𝑃2 − 𝑃3 + 𝑃4 + 𝑃5, 𝐴 = 1 + 𝑃1, 𝐵 = 2 − 𝑃1 + 3𝑃2 

we have 𝑍 ∖ 𝑋, that is because 2 ∖ 4,1 ∖ 6,2 ∖ 4,1 ∖ 9,2 ∖ 8,3 ∖ 9. 

𝑍 ∖ 𝑌, that I because 2 ∖ 2,1 ∖ 3,2 ∖ 2,1 ∖ 3,2 ∖ 2,3 ∖ 6. 

On the other hand, 

 𝐴𝑋 + 𝐵𝑌 = (1 + 𝑃1)(4 + 2𝑃1 − 𝑃2 + 5𝑃3 − 𝑃4 + 𝑃5)

+ (2 − 𝑃1 + 3𝑃2)(2 + 𝑃1 − 𝑃2 + 𝑃3 − 𝑃4 + 4𝑃5)

= 4 + 4𝑃1 + 2𝑃1 + 2𝑃1 − 2𝑃2 − 2𝑃2 + 5𝑃3 + 5𝑃3 − 𝑃4 − 𝑃4 + 𝑃5 + 𝑃5 + 4

+ 2𝑃1 − 2𝑃2 + 2𝑃3 − 2𝑃4 + 8𝑃5 − 2𝑃1 − 𝑃1 + 𝑃2 − 𝑃3 + 𝑃4 − 4𝑃5 + 6𝑃2

+ 3𝑃2 − 3𝑃4 + 12𝑃5 = 8 + 7𝑃1 + 𝑃2 + 14𝑃3 − 6𝑃4 + 18𝑃5 

𝑍 ∖ 𝐴𝑋 + 𝐵𝑌, that is because 2 ∖ 8,1 ∖ 15,2 ∖ 16,1 ∖ 30,2 ∖ 24,3 ∖ 42. 
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For 𝑇 = 3 + 2𝑃1 − 2𝑃2 − 𝑃3 − 𝑃4, we can see: 

𝑔𝑐𝑑(𝑋, 𝑇) = 𝑔𝑐𝑑(4,3) + 𝑃1[𝑔𝑐𝑑(5,6) − 𝑔𝑐𝑑(4,3)] + 𝑃2[𝑔𝑐𝑑(3,4) − 𝑔𝑐𝑑(5,6)] +

𝑃3[𝑔𝑐𝑑(9,2) − 𝑔𝑐𝑑(3,4)] + 𝑃4[𝑔𝑐𝑑(8,1) − 𝑔𝑐𝑑(9,2)] + 𝑃5[𝑔𝑐𝑑(8,1) − 𝑔𝑐𝑑(9,1)] , 

hence 𝑋 is invertible modulo 𝑇. 

4−1(𝑚𝑜𝑑 3) = 1, 6−1(𝑚𝑜𝑑 5) = 1, 9−1(𝑚𝑜𝑑 2) = 5, 8−1(𝑚𝑜𝑑 1) = 1, 9−1(𝑚𝑜𝑑 1)

= 1, 4−1(𝑚𝑜𝑑 3) = 1 

𝑋−1(𝑚𝑜𝑑 𝑇) = 1 + 𝑃1[1 − 1] + 𝑃2[1 − 1] + 𝑃3[5 − 1] + 𝑃4[1 − 5] + 𝑃5[1 − 1] = 1 +

4𝑃3 − 4𝑃4. 

Proof of theorem3. 

It is easy to check that 𝐴𝑋 + 𝐵𝑌 = 𝐶 is equivalent to: 

∑𝑎𝑖

𝑗

𝑖=0

∑𝑥𝑖

𝑗

𝑖=0

+∑𝑏𝑖

𝑗

𝑖=0

∑𝑦𝑖

𝑗

𝑖=0

=∑𝑐𝑖

𝑗

𝑖=0

; 0 ≤ 𝑗 ≤ 5 

The previous six Diophantine equations are solvable if and only if: 

𝑔𝑐𝑑 (∑𝑎𝑖

𝑗

𝑖=0

,∑𝑏𝑖

𝑗

𝑖=0

) ∖∑𝑐𝑖

𝑗

𝑖=0

; 0 ≤ 𝑗 ≤ 5 

Example on theorem3. 

Consider the following 5-plithogenic linear Diophantine equation in two variables: 

(1 + 𝑃2 − 3𝑃3 + 5𝑃4 + 𝑃5)𝑋 + (1 − 𝑃1 + 𝑃2)𝑌 = 𝑃1 + 𝑃2 − 3𝑃3 + 6𝑃4 + 2𝑃5 

The equivalent system is: 

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

𝑥0 + 𝑦0 = 0   (1)

∑𝑥𝑖

1

𝑖=0

= 1   (2)

∑𝑥𝑖

2

𝑖=0

+∑𝑦𝑖

2

𝑖=0

= 2   (3)

−∑𝑥𝑖

3

𝑖=0

+∑𝑦𝑖

3

𝑖=0

= −1   (4)

4∑𝑥𝑖

4

𝑖=0

+∑𝑦𝑖

4

𝑖=0

= 5   (5)

5∑𝑥𝑖

5

𝑖=0

+∑𝑦𝑖

5

𝑖=0

= 7   (6)
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Equation (1) has a solution 𝑥0 = 𝑦0 = 0. 

Equation (2) has a solution 𝑥0 + 𝑥1 = 1, hence 𝑥1 = 1, 𝑦1 = 0. 

Equation (3) has a solution 𝑥0 + 𝑥1 + 𝑥2 = 1, 𝑦0 + 𝑦1 + 𝑦2 = 1, hence 𝑥2 = 0, 𝑦2 =

0. 

Equation (4)  has a solution 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 = 1, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 = 0 , hence 

𝑥3 = 0, 𝑦3 = 0. 

Equation (5) has a solution 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 = 1, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 + 𝑦4 = 1, 

hence 𝑥4 = 0, 𝑦4 = 1. 

Equation (6)  has a solution 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 = 1, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 +

𝑦4 + 𝑦5 = 1, hence 𝑥5 = 0, 𝑦5 = 1. 

This means that 𝑋 = 𝑃1, 𝑌 = 𝑃4 + 𝑃5 is a solution. 

proof on theorem4. 

For 𝑛 = 1, it holds directly. 

We assume that it is true for 𝑘 , we prove it for 𝑘 + 1 .𝑋𝑘+1 = 𝑋𝑋𝑘 = (𝑥0 +

∑ 𝑥𝑖
5
𝑖=0 𝑝𝑖) [𝑥0

𝑘 + 𝑃1((∑ 𝑥𝑖
1
𝑖=0 )𝑘 − 𝑥0

𝑘) + 𝑃2((∑ 𝑥𝑖
2
𝑖=0 )𝑘 − (∑ 𝑥𝑖

1
𝑖=0 )𝑘) + 𝑃3((∑ 𝑥𝑖

3
𝑖=0 )𝑘 −

(∑ 𝑥𝑖
2
𝑖=0 )𝑘) + 𝑃4((∑ 𝑥𝑖

4
𝑖=0 )𝑘 − (∑ 𝑥𝑖

3
𝑖=0 )𝑘) + 𝑃5 ((∑ 𝑥𝑖

5
𝑖=0 )

𝑘
− (∑ 𝑥𝑖

4
𝑖=0 )𝑘)] = 𝑥0

𝑘+1 +

𝑃1[𝑥0
𝑘(∑ 𝑥𝑖

1
𝑖=0 )𝑘 − 𝑥0

𝑘+1 + 𝑥1𝑥0
𝑘 + 𝑥1(∑ 𝑥𝑖

1
𝑖=0 )𝑘 − 𝑥1𝑥0

𝑘] + 𝑃2[𝑥0(∑ 𝑥𝑖
2
𝑖=0 )𝑘 −

𝑥0(∑ 𝑥𝑖
1
𝑖=0 )𝑘 + 𝑥1(∑ 𝑥𝑖

2
𝑖=0 )𝑘 − 𝑥1(∑ 𝑥𝑖

1
𝑖=0 )𝑘 + 𝑥2𝑥0

𝑘 + 𝑥1(∑ 𝑥𝑖
1
𝑖=0 )𝑘 − 𝑥2𝑥0

𝑘 +

𝑥2(∑ 𝑥𝑖
2
𝑖=0 )𝑘 − 𝑥2(∑ 𝑥𝑖

1
𝑖=0 )𝑘] + 𝑃3[𝑥0(∑ 𝑥𝑖

3
𝑖=0 )𝑘 − 𝑥0(∑ 𝑥𝑖

2
𝑖=0 )𝑘 + 𝑥1(∑ 𝑥𝑖

3
𝑖=0 )𝑘 −

𝑥1(∑ 𝑥𝑖
2
𝑖=0 )𝑘 + 𝑥2(∑ 𝑥𝑖

3
𝑖=0 )𝑘 − 𝑥2(∑ 𝑥𝑖

2
𝑖=0 )𝑘 + 𝑥2𝑥0

𝑘 + 𝑥3(∑ 𝑥𝑖
1
𝑖=0 )𝑘 − 𝑥3𝑥0

𝑘 +

𝑥3(∑ 𝑥𝑖
2
𝑖=0 )𝑘 − 𝑥2(∑ 𝑥𝑖

1
𝑖=0 )𝑘 + 𝑥3(∑ 𝑥𝑖

3
𝑖=0 )𝑘 − 𝑥2(∑ 𝑥𝑖

2
𝑖=0 )𝑘] + ⋯ = 𝑥0

𝑘+1 +

+𝑃1[(∑ 𝑥𝑖
1
𝑖=0 )𝑘+1 − 𝑥0

𝑘+1] + 𝑃2[(∑ 𝑥𝑖
2
𝑖=0 )𝑘+1 − (∑ 𝑥𝑖

1
𝑖=0 )𝑘+1] + ⋯ 

And the proof holds. 

Proof of theorem5. 

𝑋2 + 𝑌2 = 𝑍2 implies that: 
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{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

𝑥0
2 + 𝑦0

2 = 𝑧0
2

(∑𝑥𝑖

1

𝑖=0

)

2

+ (∑𝑦𝑖

1

𝑖=0

)

2

= (∑𝑧𝑖

1

𝑖=0

)

2

 

(∑𝑥𝑖

2

𝑖=0

)

2

+ (∑𝑦𝑖

2

𝑖=0

)

2

= (∑𝑧𝑖

2

𝑖=0

)

2

(∑𝑥𝑖

3

𝑖=0

)

2

+ (∑𝑦𝑖

3

𝑖=0

)

2

= (∑𝑧𝑖

3

𝑖=0

)

2

(∑𝑥𝑖

4

𝑖=0

)

2

+ (∑𝑦𝑖

4

𝑖=0

)

2

= (∑𝑧𝑖

4

𝑖=0

)

2

(∑𝑥𝑖

5

𝑖=0

)

2

+ (∑𝑦𝑖

5

𝑖=0

)

2

= (∑𝑧𝑖

5

𝑖=0

)

2

 

Which implies the proof. 

Theorem 6 can be proved by the same argument. 

Example on theorem5. 

Consider 𝑋 = 3 + 𝑃5, 𝑌 = 4 − 𝑃5, 𝑍 = 5, we have: 

𝑋2 + 𝑌2 = 𝑍2, hence (𝑋, 𝑌, 𝑍) is a Pythagoras triple. 

We can see clearly that: 

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

𝑥0 = 3, 𝑦0 = 4, 𝑧0 = 5

∑𝑥𝑖

1

𝑖=0

= 3,∑𝑦𝑖

1

𝑖=0

= 4 

∑𝑥𝑖

2

𝑖=0

= 3,∑𝑦𝑖

2

𝑖=0

= 4

∑𝑥𝑖

3

𝑖=0

= 3,∑𝑦𝑖

3

𝑖=0

= 4

∑𝑥𝑖

4

𝑖=0

= 3,∑𝑦𝑖

4

𝑖=0

= 4

𝑎𝑛𝑑 ∑𝑥𝑖

5

𝑖=0

= 3,∑𝑦𝑖

5

𝑖=0

= 4,∑𝑧𝑖

𝑘

𝑖=0

= 4 ; 1 ≤ 𝑘 ≤ 5

 

Definition. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
5
𝑖=0 ∈ 5 − 𝑆𝑃𝑍 , hence we say that 𝑋 > 0  if and only if 𝑥0 >

0, ∑ 𝑥𝑖
𝑘
𝑖=0 > 0 ; 1 ≤ 𝑘 ≤ 5 
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For example: 𝑋 = 3 + 𝑃1 − 𝑃2 + 2𝑃3 − 𝑃4 − 𝑃5 > 0, that is because: 

3 > 0,4 > 0,3 > 0,5 > 0,4 > 0,3 > 0. 

If 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖
5
𝑖=0 ∈ 5 − 𝑆𝑃𝑍, we ay that 𝑋 ≥ 𝑌 if and only if 𝑥0 ≥ 𝑦0, ∑ 𝑥𝑖

𝑘
𝑖=0 ≥

∑ 𝑦𝑖
𝑘
𝑖=0 ; 1 ≤ 𝑘 ≤ 5. 

For 𝑋 = 2 + 𝑃1 + 2𝑃2 + 5𝑃3 + 𝑃4 + 6𝑃5, 𝑌 = 1 + 𝑃1 + 𝑃2 + 𝑃3 + 3𝑃4 + 𝑃5, 𝑋 ≥ 𝑌 , that 

is because: 

2 ≥ 1,3 ≥ 2,5 ≥ 3,10 ≥ 4,11 ≥ 7,17 ≥ 8 

Definition. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
5
𝑖=0 , 𝑦 = 𝑦0 +∑ 𝑦𝑖

5
𝑖=0 𝑃𝑖 ≥ 0, hence: 

𝑋𝑌 = 𝑥0
𝑦0 + 𝑃1 [(∑𝑥𝑖

1

𝑖=0

)

∑ 𝑦𝑖
1
𝑖=0

− 𝑥0
𝑦0] + 𝑃2 [(∑𝑥𝑖

2

𝑖=0

)

∑ 𝑦𝑖
2
𝑖=0

− (∑𝑥𝑖

1

𝑖=0

)

∑ 𝑦𝑖
1
𝑖=0

]

+ 𝑃3 [(∑𝑥𝑖

3

𝑖=0

)

∑ 𝑦𝑖
3
𝑖=0

− (∑𝑥𝑖

2

𝑖=0

)

∑ 𝑦𝑖
2
𝑖=0

]

+ 𝑃4 [(∑𝑥𝑖

4

𝑖=0

)

∑ 𝑦𝑖
4
𝑖=0

− (∑𝑥𝑖

3

𝑖=0

)

∑ 𝑦𝑖
3
𝑖=0

]

+ 𝑃5 [(∑𝑥𝑖

5

𝑖=0

)

∑ 𝑦𝑖
5
𝑖=0

− (∑𝑥𝑖

4

𝑖=0

)

∑ 𝑦𝑖
4
𝑖=0

] 

Example. 

Let 𝑋 = 2 + 3𝑃1 − 𝑃2 − 𝑃3 − 𝑃4 + 𝑃5, 𝑌 = 1 + 𝑃1 − 𝑃2 + 𝑃3 − 𝑃4 + 𝑃5, we have: 
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{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

𝑥0 = 2, 𝑦0 = 1, 𝑥0
𝑦0 = 2

∑𝑥𝑖

1

𝑖=0

= 5,∑𝑦𝑖

1

𝑖=0

= 2, 52 = 25 

∑𝑥𝑖

2

𝑖=0

= 4,∑𝑦𝑖

2

𝑖=0

= 1, 41 = 4

∑𝑥𝑖

3

𝑖=0

= 3,∑𝑦𝑖

3

𝑖=0

= 2, 32 = 9

∑𝑥𝑖

4

𝑖=0

= 2,∑𝑦𝑖

4

𝑖=0

= 1, 21 = 2

∑𝑥𝑖

5

𝑖=0

= 3,∑𝑦𝑖

5

𝑖=0

= 2, 32 = 9

 

Hence 𝑋𝑌 = 2 + (25 − 2)𝑃1 + (4 − 25)𝑃2 + (9 − 4)𝑃3 + (2 − 9)𝑃4 + (9 − 2)𝑃5 = 2 +

23𝑃1 − 21𝑃2 + 5𝑃3 − 7𝑃4 + 7𝑃5 

Definition. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
5
𝑖=0 𝑃𝑖 > 0, then: 

𝜑(𝑋) = 𝜑(𝑥0) + 𝑃1 [𝜑 (∑𝑥𝑖

1

𝑖=0

) − 𝜑(𝑥0)] + 𝑃2 [𝜑 (∑𝑥𝑖

2

𝑖=0

) − 𝜑 (∑𝑥𝑖

1

𝑖=0

)]

+ 𝑃3 [𝜑 (∑𝑥𝑖

3

𝑖=0

) − 𝜑 (∑𝑥𝑖

2

𝑖=0

)] + 𝑃4 [𝜑 (∑𝑥𝑖

4

𝑖=0

) − 𝜑 (∑𝑥𝑖

3

𝑖=0

)]

+ 𝑃5 [𝜑 (∑𝑥𝑖

5

𝑖=0

) − 𝜑 (∑𝑥𝑖

4

𝑖=0

)] 

Where 𝜑 is Euler's function on 𝑍. 

Example. 

Let 𝑋 = 3 + 2𝑃1 + 𝑃2 + 𝑃3 − 𝑃4 + 𝑃5, then: 

𝜑(𝑥0) = 𝜑(3) = 2, 𝜑 (∑𝑥𝑖

1

𝑖=0

) = 𝜑(5) = 4, (∑𝑥𝑖

2

𝑖=0

) = (6) = 2, 𝜑 (∑𝑥𝑖

3

𝑖=0

) = 𝜑(7)

= 6, 𝜑 (∑𝑥𝑖

4

𝑖=0

) = 𝜑(8) = 2, 𝜑 (∑𝑥𝑖

5

𝑖=0

) = 𝜑(7) = 6 

𝜑(𝑋) = 2 + (4 − 2)𝑃1 + (2 − 4)𝑃2 + (6 − 2)𝑃3 + (2 − 6)𝑃4 + (6 − 2)𝑃5

= 2 + 2𝑃1 − 2𝑃2 + 4𝑃3 − 4𝑃4 + 4𝑃5 
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Theorem. 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
5
𝑖=0 𝑃𝑖𝑖 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖

5
𝑖=0 𝑃𝑖 ∈ 5 − 𝑆𝑃𝑍, 𝑔𝑐𝑑(𝑋, 𝑌) = 1  and 𝑋, 𝑌 > 0 , 

hence: 

𝑋𝜑(𝑌) ≡ 1(𝑚𝑜𝑑 𝑌) 

Proof. 

𝑔𝑐𝑑(𝑥0, 𝑦0) = 1, hence 𝑥0
𝜑(𝑦0) ≡ 1(𝑚𝑜𝑑 𝑦0). 

𝑔𝑐𝑑(∑ 𝑥𝑖
1
𝑖=0 , ∑ 𝑦𝑖

1
𝑖=0 ) = 1, hence (∑ 𝑥𝑖

1
𝑖=0 )𝜑(∑ 𝑦𝑖

1
𝑖=0 ) ≡ 1(𝑚𝑜𝑑 ∑ 𝑦𝑖

1
𝑖=0 ) 

By a similar argument, we get: 

(∑𝑥𝑖

2

𝑖=0

)

𝜑(∑ 𝑦𝑖
2
𝑖=0 )

≡ 1(𝑚𝑜𝑑 ∑𝑦𝑖

2

𝑖=0

) , (∑𝑥𝑖

3

𝑖=0

)

𝜑(∑ 𝑦𝑖
3
𝑖=0 )

≡ 1(𝑚𝑜𝑑 ∑𝑦𝑖

3

𝑖=0

) 

(∑𝑥𝑖

4

𝑖=0

)

𝜑(∑ 𝑦𝑖
4
𝑖=0 )

≡ 1(𝑚𝑜𝑑 ∑𝑦𝑖

4

𝑖=0

) , (∑𝑥𝑖

5

𝑖=0

)

𝜑(∑ 𝑦𝑖
5
𝑖=0 )

≡ 1(𝑚𝑜𝑑 ∑𝑦𝑖

5

𝑖=0

) 

This implies 

𝑋𝜑(𝑌) ≡ 1 + (1 − 1)𝑃1 + (1 − 1)𝑃2 + (1 − 1)𝑃3 + (1 − 1)𝑃4 + (1 − 1)𝑃5 ≡ 1(𝑚𝑜𝑑 𝑌). 

Example. 

Consider 𝑋 = 5 + 2𝑃1 + 4𝑃2 + 2𝑃3 − 2𝑃4 + 2𝑃5, 𝑌 = 7 + 4𝑃1 − 4𝑃2 + 𝑃3 + 𝑃4 + 𝑃5. 

𝑔𝑐𝑑(𝑋, 𝑌) = 𝑔𝑐𝑑(5,7) + +𝑃1[𝑔𝑐𝑑(7,11) − 𝑔𝑐𝑑(5,7)] + 𝑃2[𝑔𝑐𝑑(11,7) − 𝑔𝑐𝑑(7,11)]

+ 𝑃3[𝑔𝑐𝑑(13,9) − 𝑔𝑐𝑑(11,7)] + 𝑃4[𝑔𝑐𝑑(11,9) − 𝑔𝑐𝑑(13,9)]

+ 𝑃5[𝑔𝑐𝑑(13,10) − 𝑔𝑐𝑑(11,9)] ≡ 1 

Also, we have: 

𝑥0 = 5, 𝑦0 = 7,𝜑(𝑦0) = 6, 𝑥0
𝜑(𝑦0) = 56 ≡ 1(𝑚𝑜𝑑 7) 

∑𝑥𝑖

1

𝑖=0

= 7,∑𝑦𝑖

1

𝑖=0

= 11, 𝜑 (∑𝑦𝑖

1

𝑖=0

) = 10, 710 ≡ 1(𝑚𝑜𝑑 11) 

∑𝑥𝑖

2

𝑖=0

= 11,∑𝑦𝑖

2

𝑖=0

= 7,𝜑 (∑𝑦𝑖

2

𝑖=0

) = 6, 116 ≡ 1(𝑚𝑜𝑑 7) 

∑𝑥𝑖

3

𝑖=0

= 13,∑𝑦𝑖

3

𝑖=0

= 81, 𝜑 (∑𝑦𝑖

3

𝑖=0

) = 4, 134 ≡ 1(𝑚𝑜𝑑 8) 

∑𝑥𝑖

4

𝑖=0

= 11,∑𝑦𝑖

4

𝑖=0

= 91, 𝜑 (∑𝑦𝑖

4

𝑖=0

) = 6, 116 ≡ 1(𝑚𝑜𝑑 9) 
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∑𝑥𝑖

5

𝑖=0

= 13,∑𝑦𝑖

5

𝑖=0

= 10, 𝜑 (∑𝑦𝑖

5

𝑖=0

) = 4, 134 ≡ 1(𝑚𝑜𝑑 10) 

Hence 𝑋𝜑(𝑌) ≡ 1(𝑚𝑜𝑑 𝑌) 

Remark. 

We call the previous result by symbolic 5-plithogenic Euler's theorem. 

Conclusion 

In this work, we have studied the properties of symbolic 5-plithogenic integers for 

the first time, where concepts such as symbolic 5-plithogenic divisors, 

congruencies, and linear Diophantine equations were handled by many theorems 

and examples. 

Also, we have presented the conditions of symbolic 5-plithogenic Pythagoras triples 

and quadruples in the corresponding symbolic 5-plithogenic ring of integers. 
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Abstract:  

The goal of this paper is to define for the first time the concept of symbolic 

2-plithogenic weak fuzzy complex number as new generalization generated by

combining real numbers with symbolic 2-plithogenic numbers. 

We study the elementary properties of this new class such as Invertibility and 

nilpotency, with many related examples that explain its novelty. 

Keywords: symbolic 2-plithogenic number, weak fuzzy complex number, real 

number. 

Introduction and preliminaries. 

The concept of weak fuzzy complex numbers was defined firstly in [7] by the 

following form: 𝐶𝑤 = {𝑎 + 𝑏𝐽; 𝐽
2 = 𝑡 ∈ ]0,1[, 𝑎, 𝑏 ∈ 𝑅}.

It is clear that 𝐶𝑤 contains the real field 𝑅. 

Weak fuzzy complex numbers were used to study vector space theory in [10], and 

programmed with Python [3]. 

Weak fuzzy complex numbers and their similar real extensions [8-9,15] are very 

useful in algebraic studies and computer science, especially split-complex numbers. 

The concept of symbolic 2-plithogenic numbers was presented in [4] as a direct 

application of symbolic n-plithogenic sets in algebraic structures [1-3]. Also, many 
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generalizations of symbolic 2-plithogenic algebraic structures and 3-plithogenic 

structures were defined by many authors, see [5-6,11-14]. 

In this paper, we combine symbolic 2-plithogenic real ring 2 − 𝑆𝑃𝑅  with weak 

fuzzy complex ring 𝐶𝑤, to get a novel generalization of real numbers. 

We discuss some of their elementary algebraic properties in terms of theorems with 

many easy and clear illustrated examples. 

 

Main concepts. 

Definition.  

We define the set of symbolic 2-plithogenic weak complex numbers as follow: 

2 − 𝑆𝑃𝑤 = {(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) + 𝐽(𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2); 𝑥𝑖, 𝑦𝑖, ∈ 𝑅, 𝐽
2 = 𝑡 ∈ ]0,1[} 

Addition on 2 − 𝑆𝑃𝑤 is defined as follows: 

For 𝑋 = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) + 𝐽(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2), 

𝑌 = (𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2) + 𝐽(𝑑0 + 𝑑1𝑃1 + 𝑑2𝑃2). 

𝑋 + 𝑌 = [(𝑎0 + 𝑐0) + (𝑎1 + 𝑐1)𝑃1 + (𝑎2 + 𝑐2)𝑃2] + 𝐽[(𝑏0 + 𝑑0) + (𝑏1 + 𝑑1)𝑃1 +

(𝑏2 + 𝑑2)𝑃2]. 

Multiplication on 2 − 𝑆𝑃𝑤 is defined as follows: 

𝑋. 𝑌 = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)(𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2) + 𝑡(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2)(𝑑0 + 𝑑1𝑃1 +

𝑑2𝑃2) + 𝐽[(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)(𝑑0 + 𝑑1𝑃1 + 𝑑2𝑃2) + (𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2)(𝑐0 + 𝑐1𝑃1 +

𝑐2𝑃2)] = (𝑎0𝑐0 + 𝑡𝑏0𝑑0) + 𝑃1(𝑎0𝑐1 + 𝑎1𝑐0 + 𝑎1𝑐1 + 𝑡𝑏0𝑑1 + 𝑡𝑏1𝑑0 + 𝑡𝑏1𝑑1) +

𝑃2(𝑎0𝑐2 + 𝑎1𝑐2 + 𝑎2𝑐0 + 𝑎2𝑐1 + 𝑎2𝑐2 + 𝑡𝑏0𝑑2 + 𝑡𝑏1𝑑2 + 𝑡𝑏2𝑑0 + 𝑡𝑏2𝑑1 + 𝑡𝑏2𝑑2) +

𝐽[(𝑎0𝑑0 + 𝑏0𝑐0) + 𝑃1(𝑎0𝑑1 + 𝑎1𝑑0 + 𝑎1𝑑1 + 𝑏0𝑐1 + 𝑏1𝑐0 + 𝑏1𝑐1) + 𝑃2(𝑎0𝑑2 + 𝑎1𝑑2 +

𝑎2𝑑0 + 𝑎2𝑑1 + 𝑎1𝑑2 + 𝑎2𝑑2 + 𝑏0𝑐2 + 𝑏1𝑐2 + 𝑏2𝑐0 + 𝑏2𝑐1 + 𝑏2𝑐2)]. 

Example. 

Take 𝑋 = (𝑃1 − 𝑃2) + 𝐽(3 − 𝑃2), 𝑌 = (1 + 𝑃2) + 𝐽(𝑃2); 𝐽
2 = 𝑡 =

1

2
. 

𝑋 + 𝑌 = (1 + 𝑃1) + 𝐽(3) = (1 + 𝑃1) + 3𝐽. 

𝑋. 𝑌 = 𝑃1 + 𝑃1 − 𝑃2 − 𝑃2 +
1

2
(3𝑃2 − 𝑃2) + 𝐽[𝑃2 − 𝑃2 + 3 + 3𝑃2 − 𝑃2 − 𝑃2] =

(2𝑃1 − 2𝑃2 + 𝑃2) + 𝐽(3 − 𝑃2) = (2𝑃1 − 𝑃2) + 𝐽(3 + 𝑃2). 

Remark. 
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(2 − 𝑆𝑃𝑤, +, . ) Is a commutative ring. 

Invertibility 

It is known that 𝐴 + 𝐵𝐽 is invertible if and only if 𝐴 + 𝐵√𝑡, 𝐴 − 𝐵√𝑡; 𝐽2 = 𝑡 ∈ ]0,1[ 

are invertible. 

This means that 𝑋 = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) + 𝐽(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2) is invertible if and 

only if 

𝐴 + 𝐵√𝑡 = (𝑎0 + 𝑏0√𝑡) + (𝑎1 + 𝑏1√𝑡)𝑃1 + (𝑎2 + 𝑏2√𝑡)𝑃2 

𝐴 − 𝐵√𝑡 = (𝑎0 − 𝑏0√𝑡) + (𝑎1 − 𝑏1√𝑡)𝑃1 + (𝑎2 − 𝑏2√𝑡)𝑃2 

Are invertible in 2 − 𝑆𝑃𝑅. 

It is known from the invertibility of symbolic 2-plithogenic real numbers that: 

𝐴 + 𝐵√𝑡 is invertible if and only if: 

𝑎0 + 𝑏0√𝑡 ≠ 0, (𝑎0 + 𝑎1) + (𝑏0 + 𝑏1)√𝑡 ≠ 0, (𝑎0 + 𝑎1 + 𝑎2) + (𝑏0 + 𝑏1 + 𝑏2)√𝑡 ≠ 0 

which is equivalent to: 

{
 
 

 
 √𝑡 ≠ −

𝑎0

𝑏0
  𝑜𝑟

√𝑡 ≠ −
(𝑎0+𝑎1)

𝑏0+𝑏1
 𝑜𝑟

√𝑡 ≠ −
(𝑎0+𝑎1+𝑎2)

𝑏0+𝑏1+𝑏2
 

 for 𝑏0, 𝑏0 + 𝑏1, 𝑏0 + 𝑏1 + 𝑏2 ≠ 0. 

Or {

𝑏0 ≠ 0
𝑏0 + 𝑏1 ≠ 0

𝑏0 + 𝑏1 + 𝑏2 ≠ 0 
 

𝐴 − 𝐵√𝑡 is invertible if and only if: 

𝑎0 − 𝑏0√𝑡 ≠ 0, (𝑎0 + 𝑎1) − (𝑏0 + 𝑏1)√𝑡 ≠ 0, (𝑎0 + 𝑎1 + 𝑎2) − (𝑏0 + 𝑏1 + 𝑏2)√𝑡 ≠ 0 

which is equivalent to: 

𝑏0 ≠ 0, 𝑏0 + 𝑏1 ≠ 0, 𝑏0 + 𝑏1 + 𝑏2 ≠ 0. 

Or 

{
 
 

 
 √𝑡 ≠

𝑎0

𝑏0
  𝑜𝑟

√𝑡 ≠
(𝑎0+𝑎1)

𝑏0+𝑏1
 𝑜𝑟

√𝑡 ≠
(𝑎0+𝑎1+𝑎2)

𝑏0+𝑏1+𝑏2
 

 

Example. 

We try to find all non-invertible elements in 2 − 𝑆𝑃𝑤. 

Case1. 
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For 𝑏0 = 0, 𝑋 = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) + 𝐽(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2); 𝑎𝑖, 𝑏𝑖 ∈ 𝑅. 

Case2. 

For 𝑏0 ≠ 0, 𝑏0 + 𝑏1 = 0, 𝑋 = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) + 𝐽(𝑏0 − 𝑏1𝑃1 + 𝑏2𝑃2); 𝑎𝑖, 𝑏𝑖 ∈ 𝑅. 

Case3. 

For 𝑏0 ≠ 0, 𝑏0 + 𝑏1 ≠ 0, 𝑏0 + 𝑏1 + 𝑏2 = 0, 𝑋 = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) + 𝐽(𝑏0 + 𝑏1𝑃1 +

(−𝑏0 − 𝑏1)𝑃2); 𝑎𝑖, 𝑏𝑖 ∈ 𝑅. 

Case4. 

√𝑡 =
𝑎0

𝑏0
 or √𝑡 = −

𝑎0

𝑏0
, 𝑋 = (√𝑡𝑏0 + 𝑎1𝑃1 + 𝑎2𝑃2) + 𝐽(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2); 𝑎𝑖, 𝑏𝑖 ∈ 𝑅. 

Case5. 

√𝑡 =
(𝑎0+𝑎1)

𝑏0+𝑏1
 or √𝑡 = −

(𝑎0+𝑎1)

𝑏0+𝑏1
, then: 

𝑋 = 𝑎0 + 𝑃1(√𝑡(𝑏0 + 𝑏1) − 𝑎0) + 𝑎2𝑃2 + 𝐽(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2); 𝑎𝑖 , 𝑏𝑖 ∈ 𝑅. 

Case6. 

√𝑡 =
(𝑎0+𝑎1+𝑎2)

𝑏0+𝑏1+𝑏2
 or √𝑡 = −

(𝑎0+𝑎1+𝑎2)

𝑏0+𝑏1+𝑏2
, then: 

𝑋 = 𝑎0 + 𝑎1𝑃1 + 𝑃2(−√𝑡(𝑏0 + 𝑏1 + 𝑏2) − 𝑎0 − 𝑎1) + 𝐽(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2); 𝑎𝑖, 𝑏𝑖 ∈ 𝑅 

Example. 

For 𝐽2 = 𝑡 =
1

9
, take 𝑋 = (2 + 𝑃1 − 5𝑃2) + 𝐽(5 + 6𝑃1 + 12𝑃2), 𝑋 is invertible that is 

because: 

𝑏0 ≠ 0, 𝑏0 + 𝑏1 ≠ 0, 𝑏0 + 𝑏1 + 𝑏2 ≠ 0, and  

{
 
 
 
 
 
 

 
 
 
 
 
 √𝑡 =

1

3
≠
𝑎0
𝑏0
=
2

5
  

√𝑡 =
1

3
≠ −

𝑎0
𝑏0
= −

2

5

√𝑡 =
1

3
≠
(𝑎0 + 𝑎1)

𝑏0 + 𝑏1
=
3

11
 

√𝑡 =
1

3
≠ −

(𝑎0 + 𝑎1)

𝑏0 + 𝑏1
= −

3

11

√𝑡 =
1

3
≠
(𝑎0 + 𝑎1 + 𝑎2)

𝑏0 + 𝑏1 + 𝑏2
= −

2

23

√𝑡 =
1

3
≠ −

(𝑎0 + 𝑎1 + 𝑎2)

𝑏0 + 𝑏1 + 𝑏2
=
2

23
 

 

Theorem. 

Let 𝑋 = 𝐴 + 𝐵𝐽 ∈ 2 − 𝑆𝑃𝑤, 𝐴, 𝐵 ∈ 2 − 𝑆𝑃𝑅, then if 𝑋 is invertible, we get: 
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𝑋−1 =
1

2
[(𝐴 + 𝐵√𝑡)

−1
+ (𝐴 − 𝐵√𝑡)

−1
] +

1

2√𝑡
𝐽 [(𝐴 + 𝐵√𝑡)

−1
− (𝐴 − 𝐵√𝑡)

−1
] 

Proof. 

Put 𝑌 =
1

2
[(𝐴 + 𝐵√𝑡)

−1
+ (𝐴 − 𝐵√𝑡)

−1
] +

1

2√𝑡
𝐽 [(𝐴 + 𝐵√𝑡)

−1
− (𝐴 − 𝐵√𝑡)

−1
]. 

𝑋. 𝑌 =
1

2
[𝐴(𝐴 + 𝐵√𝑡)

−1
+ 𝐴(𝐴 − 𝐵√𝑡)

−1
] +

√𝑡

2
𝐵(𝐴 + 𝐵√𝑡)

−1
−
√𝑡

2
𝐵(𝐴 − 𝐵√𝑡)

−1
+

1

2√𝑡
𝐽 [
1

2
𝐵(𝐴 + 𝐵√𝑡)

−1
+
1

2
𝐵(𝐴 − 𝐵√𝑡)

−1
+

1

2√𝑡
𝐴(𝐴 + 𝐵√𝑡)

−1
−

1

2√𝑡
𝐴(𝐴 − 𝐵√𝑡)

−1
] =

1

2
(𝐴 + 𝐵√𝑡)(𝐴 + 𝐵√𝑡)

−1
+
1

2
(𝐴 − 𝐵√𝑡)(𝐴 − 𝐵√𝑡)

−1
+ 𝐽 [

1

2
(𝐵 +

𝐴

√𝑡
) (𝐴 + 𝐵√𝑡)

−1
+

1

2
(𝐵 −

𝐴

√𝑡
) (𝐴 − 𝐵√𝑡)

−1
] = 1 + 𝐽 [

1

2
(𝐵 +

𝐴

√𝑡
) (𝐴 + 𝐵√𝑡)

−1
−
1

2
(
𝐴−𝐵√𝑡

√𝑡
) (𝐴 − 𝐵√𝑡)

−1
] =

1 + 𝐽(0) = 1, thus 𝑋−1 = 𝑌. 

Remark. 

𝐴 + 𝐵√𝑡 = (𝑎0 + 𝑏0√𝑡) + (𝑎1 + 𝑏1√𝑡)𝑃1 + (𝑎2 + 𝑏2√𝑡)𝑃2. 

(𝐴 + 𝐵√𝑡)
−1
=

1

𝑎0 + 𝑏0√𝑡
+ [

1

(𝑎0 + 𝑎1) + (𝑏0 + 𝑏1)√𝑡
−

1

𝑎0 + 𝑏0√𝑡
] 𝑃1

+ [
1

(𝑎0 + 𝑎1 + 𝑎2) + (𝑏0 + 𝑏1 + 𝑏2)√𝑡
−

1

(𝑎0 + 𝑎1) + (𝑏0 + 𝑏1)√𝑡
]𝑃2 

𝐴 − 𝐵√𝑡 = (𝑎0 − 𝑏0√𝑡) + (𝑎1 − 𝑏1√𝑡)𝑃1 + (𝑎2 − 𝑏2√𝑡)𝑃2. 

(𝐴 + 𝐵√𝑡)
−1
=

1

𝑎0−𝑏0√𝑡
+ [

1

(𝑎0+𝑎1)−(𝑏0+𝑏1)√𝑡
−

1

𝑎0−𝑏0√𝑡
] 𝑃1 + [

1

(𝑎0+𝑎1+𝑎2)−(𝑏0+𝑏1+𝑏2)√𝑡
−

1

(𝑎0+𝑎1)−(𝑏0+𝑏1)√𝑡
] 𝑃2. 

On the other hand, we have: 

1

𝑎0 + 𝑏0√𝑡
+

1

𝑎0 − 𝑏0√𝑡
=
𝑎0 − 𝑏0√𝑡 + 𝑎0 + 𝑏0√𝑡

𝑎02 − 𝑏0
2𝑡

=
2𝑎0

𝑎02 − 𝑏0
2𝑡
… (1) 

1

𝑎0 + 𝑏0√𝑡
−

1

𝑎0 − 𝑏0√𝑡
=
𝑎0 − 𝑏0√𝑡 − 𝑎0 − 𝑏0√𝑡

𝑎02 − 𝑏0
2𝑡

=
−2𝑏0√𝑡

𝑎02 − 𝑏0
2𝑡
… (1)́  

1

(𝑎0 + 𝑎1) + (𝑏0 + 𝑏1)√𝑡
+

1

(𝑎0 + 𝑎1) − (𝑏0 + 𝑏1)√𝑡
=

2(𝑎0 + 𝑎1)

(𝑎0 + 𝑎1)2 − (𝑏0 + 𝑏1)2𝑡
… (2) 

1

(𝑎0 + 𝑎1) + (𝑏0 + 𝑏1)√𝑡
−

1

(𝑎0 + 𝑎1) − (𝑏0 + 𝑏1)√𝑡
=

−2(𝑏0 + 𝑏1)√𝑡

(𝑎0 + 𝑎1)2 − (𝑏0 + 𝑏1)2𝑡
… (2)́  
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1

(𝑎0 + 𝑎1 + 𝑎2) + (𝑏0 + 𝑏1 + 𝑏2)√𝑡
+

1

(𝑎0 + 𝑎1 + 𝑎2) − (𝑏0 + 𝑏1 + 𝑏2)√𝑡

=
2(𝑎0 + 𝑎1 + 𝑎2)

(𝑎0 + 𝑎1 + 𝑎2)2 − (𝑏0 + 𝑏1 + 𝑏2)2𝑡
… (3) 

1

(𝑎0 + 𝑎1 + 𝑎2) + (𝑏0 + 𝑏1 + 𝑏2)√𝑡
−

1

(𝑎0 + 𝑎1 + 𝑎2) − (𝑏0 + 𝑏1 + 𝑏2)√𝑡

=
2(𝑏0 + 𝑏1 + 𝑏2)√𝑡

(𝑎0 + 𝑎1 + 𝑎2)2 − (𝑏0 + 𝑏1 + 𝑏2)2𝑡
… (3)́  

This implies that: 

𝑋−1 =
𝑎0

𝑎02−𝑏0
2𝑡
+ (

𝑎0+𝑎1

(𝑎0+𝑎1)2−(𝑏0+𝑏1)2𝑡
−

𝑎0

𝑎02−𝑏0
2𝑡
) 𝑃1 + (

𝑎0+𝑎1+𝑎2

(𝑎0+𝑎1+𝑎2)2−(𝑏0+𝑏1+𝑏2)2𝑡
−

𝑎0+𝑎1

(𝑎0+𝑎1)2−(𝑏0+𝑏1)2𝑡
)𝑃2 + 𝐽 [−

𝑏0

𝑎02−𝑏0
2𝑡
+ (

−(𝑏0+𝑏1)

(𝑎0+𝑎1)2−(𝑏0+𝑏1)2𝑡
+

𝑏0

𝑎02−𝑏0
2𝑡
) 𝑃1 +

(
−(𝑏0+𝑏1+𝑏2)

(𝑎0+𝑎1+𝑎2)2−(𝑏0+𝑏1+𝑏2)2𝑡
+

(𝑏0+𝑏1)

(𝑎0+𝑎1)2−(𝑏0+𝑏1)2𝑡
)𝑃2]. 

Examples. 

Take 𝐽2 = 𝑡 =
1

100
 𝑋 = (1 + 𝑃1 + 𝑃2) + 𝐽(5 − 𝑃1 + 𝑃2), then √𝑡 =

1

10
, 𝑎0 = 𝑎1 = 𝑎2 =

1, 𝑏0 = 5, 𝑏1 = −1, 𝑏2 = 1. 

𝑋−1 =
1

1 −
25

10

+ (
2

4 −
16

10

−
1

1 −
25

10

)𝑃1 + (
3

9 −
25

10

−
2

4 −
16

10

)𝑃2

+ 𝐽 [
−5

1 −
25

10

+ (
−4

4 −
16

10

+
5

1 −
25

10

)𝑃1 + (
−5

1 −
25

10

+
4

4 −
16

10

)𝑃2]

=
−10

15
+ (

20

24
+
10

15
)𝑃1 + (

30

65
−
20

24
)𝑃2

+ 𝐽 [
50

15
+ (

−40

24
−
50

15
)𝑃1 + (

−50

65
+
40

24
)𝑃2]

=
−2

3
+ (

5

6
+
2

3
)𝑃1 + (

6

13
−
5

6
)𝑃2

+ 𝐽 [
10

3
+ (

−5

3
−
10

3
)𝑃1 + (

−10

3
+
5

3
)𝑃2]

= (
−2

3
+
3

2
𝑃1 −

29

79
𝑃2) + 𝐽 [(

10

3
− 5𝑃1 +

35

39
𝑃2)] 

Natural power. 

Let 𝑋 = 𝐴 + 𝐵𝐽; 𝐴, 𝐵 ∈ 2 − 𝑆𝑃𝑅, then: 



Neutrosophic Sets and Systems, Vol. 59, 2023 292 

 

 

Mohamed Soueycatt, On The Symbolic 2-Plithogenic Weak Fuzzy Complex Numbers 

𝑋𝑛 =
1

2
[(𝐴 + 𝐵√𝑡)

𝑛
+ (𝐴 − 𝐵√𝑡)

𝑛
] +

1

2√𝑡
𝐽 [(𝐴 + 𝐵√𝑡)

𝑛
− (𝐴 − 𝐵√𝑡)

𝑛
] 

The previous result can be proven easily by induction. 

We have: 

𝐴 + 𝐵√𝑡 = (𝑎0 + 𝑏0√𝑡) + (𝑎1 + 𝑏1√𝑡)𝑃1 + (𝑎2 + 𝑏2√𝑡)𝑃2 

(𝐴 + 𝐵√𝑡)
𝑛
= (𝑎0 + 𝑏0√𝑡)

𝑛
+ [(𝑎0 + 𝑎1 + (𝑏0 + 𝑏1)√𝑡)

𝑛
− (𝑎0 + 𝑏0√𝑡)

𝑛
] 𝑃1

+ [(𝑎0 + 𝑎1 + 𝑎2 + (𝑏0 + 𝑏1 + 𝑏2)√𝑡)
𝑛
− (𝑎0 + 𝑎1 + (𝑏0 + 𝑏1)√𝑡)

𝑛
] 𝑃2 

𝐴 − 𝐵√𝑡 = (𝑎0 − 𝑏0√𝑡) + (𝑎1 − 𝑏1√𝑡)𝑃1 + (𝑎2 − 𝑏2√𝑡)𝑃2 

(𝐴 + 𝐵√𝑡)
𝑛
= (𝑎0 − 𝑏0√𝑡)

𝑛
+ [(𝑎0 + 𝑎1 − (𝑏0 + 𝑏1)√𝑡)

𝑛
− (𝑎0 − 𝑏0√𝑡)

𝑛
] 𝑃1

+ [((𝑎0 + 𝑎1 + 𝑎2) − (𝑏0 + 𝑏1 + 𝑏2)√𝑡)
𝑛

− (𝑎0 + 𝑎1 − (𝑏0 + 𝑏1)√𝑡)
𝑛
] 𝑃2 

This implies that: 

𝑋𝑛 =
1

2
[(𝑎0 + 𝑏0√𝑡)

𝑛
+ (𝑎0 − 𝑏0√𝑡)

𝑛
+ ((𝑎0 + 𝑎1 + (𝑏0 + 𝑏1)√𝑡)

𝑛
+ (𝑎0 + 𝑎1 −

(𝑏0 + 𝑏1)√𝑡)
𝑛
− (𝑎0 + 𝑏0√𝑡)

𝑛
− (𝑎0 − 𝑏0√𝑡)

𝑛
) 𝑃1 + (((𝑎0 + 𝑎1 + 𝑎2) + (𝑏0 + 𝑏1 +

𝑏2)√𝑡)
𝑛

+ ((𝑎0 + 𝑎1 + 𝑎2) − (𝑏0 + 𝑏1 + 𝑏2)√𝑡)
𝑛

− (𝑎0 + 𝑎1 + (𝑏0 + 𝑏1)√𝑡)
𝑛
−

(𝑎0 + 𝑎1 − (𝑏0 + 𝑏1)√𝑡)
𝑛
) 𝑃2] +

1

2√𝑡
𝐽
1

2
[(𝑎0 + 𝑏0√𝑡)

𝑛
+ (𝑎0 − 𝑏0√𝑡)

𝑛
+ ((𝑎0 + 𝑎1 +

(𝑏0 + 𝑏1)√𝑡)
𝑛
− (𝑎0 + 𝑎1 − (𝑏0 + 𝑏1)√𝑡)

𝑛
− (𝑎0 + 𝑏0√𝑡)

𝑛
+ (𝑎0 − 𝑏0√𝑡)

𝑛
) 𝑃1 +

(((𝑎0 + 𝑎1 + 𝑎2) + (𝑏0 + 𝑏1 + 𝑏2)√𝑡)
𝑛

+ ((𝑎0 + 𝑎1 + 𝑎2) − (𝑏0 + 𝑏1 + 𝑏2)√𝑡)
𝑛

−

(𝑎0 + 𝑎1 + (𝑏0 + 𝑏1)√𝑡)
𝑛
+ (𝑎0 + 𝑎1 − (𝑏0 + 𝑏1)√𝑡)

𝑛
)𝑃2]. 

Definition. 

Let 𝑋 = 𝐴 + 𝐵𝐽 ∈ 2 − 𝑆𝑃𝑤; 𝐴, 𝐵 ∈ 2 − 𝑆𝑃𝑅, we say that: 

1). 𝑋 is 2-nilpotent if and only if 𝑋2 = 0. 

2). 𝑋 is 3-nilpotent if and only if 𝑋3 = 0. 

The equation 𝑋2 = 0 is equivalent to: 

{
𝐴2 + 𝐵2𝑡 = 0… (1)

2𝐴𝐵 = 0… (2)
 

We multiply (1) by 𝐴 to get 𝐴3 = 0 ⟹ 𝐴 = 0. 

We multiply (2) by 𝐵 to get 𝐵3 = 0 ⟹ 𝐵 = 0 

So that the only 2-nilpotent element in 2 − 𝑆𝑃𝑤 is 0. 
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By a similar discussion, we get that only m-nilpotent element in 2 − 𝑆𝑃𝑤 is 0. 

Conclusion: 

In this paper, we have defined for the first time the class of symbolic 2-plithogenic 

weak fuzzy complex numbers by combining two algebraic classes (symbolic 

2-plithogenic numbers and weak fuzzy complex numbers). Also, we have studied 

some of their elementary properties such as Invertibility and nilpotency, where a 

formula to compute the invers of a symbolic 2-plithogenic weak fuzzy complex 

number is obtained. 

In the future, we encourage other researchers to study matrices with symbolic 

2-plithogenic weak fuzzy complex numbers. 
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Abstract. A ring is said to be clean if every element of the ring can be written as a sum of an idempotent

element and a unit element of the ring and a ring is said to be nil-clean if every element of the ring can be

written as a sum of an idempotent element and a nilpotent element of the ring. In this paper, we generalize

these arguments to symbolic 2-plithogenic structure. We introduce the structure of clean and nil-clean symbolic

2-plithogenic rings and some of its elementary properties are presented. Also, we have found the equivalence

between classical clean(nil-clean) ring R and the corresponding symbolic 2-plithogenic ring 2 − SPR.

Keywords: Clean ring; nil-clean ring; symbolic 2-plithogenic ring; clean symbolic 2-plithogenic ring; nil-

clean symbolic 2-plithogenic ring.

—————————————————————————————————————————-

1. Introduction

The concept of refined neutrosophic structure was studied by many authors in [1–5]. Sym-

bolic plithogenic algebraic structures are introduced by Smarandache, that are very similar

to refined neutrosophic structures with some differences in the definition of the multiplication

operation [17].

In [14], the algebraic properties of symbolic 2-plithogenic rings generated from the fusion of

symbolic plithogenic sets with algebraic rings, and some of the elementary properties and sub-

structures of symbolic 2-plithogenic rings such as AH-ideals, AH-homomorphisms, and AHS-

isomorphisms are studied. In [7], some more algebraic properties of symbolic 2-plithogenic
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using Cramer’s Rule

zenodo.10031256/10.5281
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rings are studied. Further, Taffach [15,16] studied the concepts of symbolic 2-plithogenic vec-

tor spaces and modules.

In [8], the concept of symbolic 2-plithogenic matrices with symbolic 2-plithogenic entries,

determinants, eigen values and vectors, exponents, and diagonalization are studied. Hamiyet

Merkepci et.al [12], studied the the symbolic 2-plithogenic number theory and integers. Ah-

mad Khaldi et.al [11], studied the different types of algebraic symbolic 2-plithogenic equations

and its solutions.

In [18], H. Suryoto and T. Uidjiani studied the concept of neutrosophic clean ring with many

elementary interesting properties. Recently, M. Abobala [6], proved that a neutrosophic ring

R(I) is clean if and only if R is clean. Motivated by this works, in this paper we have introduced

and studied the notion of clean and nil-clean symbolic 2-plithogenic rings. Also, we proved

that a symbolic 2-plithogenic 2− SPR is clean(nil-clean) if and only if R is clean(nil-clean).

2. Preliminaries

Definition 2.1. [14] Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:

2− SPR =
{
a0 + a1P1 + a2P2; ai ∈ R,P 2

j = Pj , P1 × P2 = Pmax(1,2) = P2

}
Smarandache has defined algebraic operations on 2− SPR as follows:

Addition:

[a0 + a1P1 + a2P2] + [b0 + b1P1 + b2P2] = (a0 + b0) + (a1 + b1)P1 + (a2 + b2)P2

Multiplication:

[a0 +a1P1 +a2P2].[b0 + b1P1 + b2P2] = a0b0 +a0b1P1 +a0b2P2 +a1b0P
2
1 +a1b2P1P2 +a2b0P2 +

a2b1P1P2 + a2b2P
2
2 + a1b1P1P1 = (a0b0) + (a0b1 + a1b0 + a1b1)P1 + (a0b2 + a1b2 + a2b0 + a2b1 +

a2b2)P2.

It is clear that 2−SPR is a ring. If R is a field, then 2−SPR is called a symbolic 2-plithogenic

field. Also, if R is commutative, then 2− SPR is commutative, and if R has a unity (1), than

2− SPR has the same unity (1).

Example 2.2. [14] Consider the ring R = Z4 = {0, 1, 2, 3, 4}, the corresponding 2− SPR is:

2− SPR = {a + bP1 + cP2; a, b, c ∈ Z4}.

If X = 1 + 2P1 + 3P2, Y = P1 + 2P2; then, X + Y = 1 + 3P1 + P2, X − Y = 1 + P1 + P2,

X.Y = 3P1 + 3P2.

Theorem 2.3. [14] Let 2 − SPR be a 2-plithogenic symbolic ring, with unity (1). Let X =

x0 + x1P1 + x2P2 be an arbitrary element, then:

(1) X is invertible if and only if x0, x0 + x1, x0 + x1 + x2 are invertible.

P. Prabakaran and Florentin Smarandache, On Clean and Nil-clean Symbolic 2-Plithogenic
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(2) X−1 = x−1
0 + [(x0 + x1)

−1 − x−1
0 ]P1 + [(x0 + x1 + x2)

−1 − (x0 + x1)
−1]P2

Definition 2.4. [14] Let X = a + bP1 + cP2 ∈ 2− SPR, then X is idempotent if and only if

X2 = X.

Theorem 2.5. [14] Let X = a + bP1 + cP2 ∈ 2 − SPR, then X is idempotent if and only if

a, a + b, a + b + c are idempotent.

Theorem 2.6. [14] Let 2 − SPR be a commutative symbolic 2-plithogenic ring, hence if

X = a + bP1 + cP2, then Xn = an + [(a + b)n − an]P1 + [(a + b + c)n − (a + b)n]P2 for every

n ∈ Z+.

Definition 2.7. [14] X is called nilpotent if there exists n ∈ Z+ such that Xn = 0.

Theorem 2.8. [14] Let X = a+ bP1 + cP2 ∈ 2−SPR, where R is commutative ring, then X

is nilpotent if and only if a, a + b, a + b + c are nilpotent.

3. Clean Symbolic 2-Plithogenic Rings

We begin with the following definition.

Definition 3.1. Let R be any ring, 2−SPR be its corresponding symbolic 2-plithogenic ring.

An element x ∈ 2− SPR is said to be clean if x = e + u, where e is an idempotent and u is a

unit element of 2− SPR. If, in addition, the existing idempotent e and the unit u are unique,

then x is called uniquely clean element.

In this section, we use the notation U(2 − SPR) to the set of all units in 2 − SPR and

Id(2− SRR) to the set of all idempotent elements in 2− SPR.

Example 3.2. Consider the symbolic 2-plithogenic ring

2− SPZ2 = {a + bP1 + cP2; a, b, c ∈ Z2}

=
{

0, 1, P1, P2, P1 + P2, 1 + P1, 1 + P2, 1 + P1 + P2

}
.

Here, U(2−SPZ2) = 1 and Id(2−SRZ2) = {0, 1, P1, P2, P1 + P2, 1 + P1, 1 + P2, 1 + P1 + P2}.
We can easily verify that every element of 2−SPZ2 can be expressed as a sum of an idempotent

and a unit in 2− SPZ2 . Hence, all the elements in 2− SPZ2 are clean elements. Since 1 is the

only unit element in 2− SPZ2 , so all the elements in 2− SPZ2 are uniquely clean elements.

Definition 3.3. A symbolic 2-plithogenic ring in which all elements are clean, then the ring

is called a clean symbolic 2-plithogenic ring. Furthermore, if each element of the symbolic 2-

plithogenic ring is uniquely clean, then the ring is called a uniquely clean symbolic 2-plithogenic

ring.
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Example 3.4. By the Example 3.2, the ring 2−SPZ2 is a uniquely clean symbolic 2-plithogenic

ring.

Example 3.5. Consider the symbolic 2-plithogenic ring

2− SPZ3 = {a + bP1 + cP2; a, b, c ∈ Z3}

=


0, 1, 2, P1, P2, 2P1, 2P2, P1 + P2, 2P1 + 2P2, P1 + 2P2, 2P1 + P2, 1 + P1,

1 + P2, 1 + P1 + P2, 1 + 2P1, 1 + 2P2, 1 + 2P1 + 2P2, 1 + P1 + 2P2,

1 + 2P1 + P2, 2 + P1, 2 + P2, 2 + P1 + P2, 2 + 2P1, 2 + 2P2, 2 + 2P1 + 2P2,

2 + P1 + 2P2, 2 + 2P1 + P2

 .

Here, U(2 − SPZ3) = {1, 2, 1 + P1, 1 + P2, 2 + 2P1, 2 + 2P2, 1 + P1 + 2P2, 2 + 2P1 + P2} and

Id(2 − SRZ3) = {0, 1, P1, P2, P1 + 2P2, 1 + 2P1, 1 + 2P2, 1 + 2P1 + P2}. All the elements of

2 − SPZ3 are clean elements. Hence 2 − SPZ3 is a clean symbolic 2-plithogenic ring. Take

2 + 2P1 + P2 ∈ 2 − SPZ3 , clearly 2 + 2P1 + P2 = (1 + 2P1 + P2) + 1 and also we have

2 + 2P1 + P2 = 0 + (2 + 2P1 + P2). Therefore 2 + 2P1 + P2 is not a uniquely clean element in

2− SPZ3 and hence 2− SPZ3 is not a uniquely clean.

Lemma 3.6. Let R be a ring. Then the class of clean symbolic 2-plithogenic rings is closed

under homomorphic images.

Proof. It is clear since the homomorphic image of an idempotent element in a symbolic 2-

plithogenic ring is again an idempotent.

Theorem 3.7. Let R be any ring, 2 − SPR be its corresponding symbolic 2-plithogenic ring.

2− SPR is clean if and only if R is clean.

Proof. Assume that 2 − SPR is clean. Since R is a homomorphic image of 2 − SPR, so R is

clean by Lemma 3.6.

Conversely, assume that R is clean, we must prove that 2−SPR is clean. Let x = a+bP1+cP2 ∈
2−SPR then a, a+b, a+b+c ∈ R. Since R is clean we have a = e1+u1, a+b = e2+u2, a+b+c =

e3 + u3, where ei are idempotent elements and ui are unit elements of R. Now,

x = a + bP1 + cP2

= a + [(a + b)− a]P1 + [(a + b + c)− (a + b)]P2

= (e1 + u1) + [(e2 + u2)− (e1 + u1)]P1 + [(e3 + u3)− (e2 + u2)]P2

= (e1 + u1) + [(e2 − e1) + (u2 − u1)]P1 + [(e3 − e2) + (u3 − u2)]P2

= [e1 + (e2 − e1)P1 + (e3 − e2)P2] + [u1 + (u2 − u1)P1 + (u3 − u2)P2]

= x1 + x2.
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where, x1 = e1+(e2−e1)P1+(e3−e2)P2 and x2 = u1+(u2−u1)P1+(u3−u2)P2. By Theorem

2.5, e1, e1 + (e2 − e1) = e2, e1 + (e2 − e1) + (e3 − e2) = e3 are idempotents in R. Therefore, x1

is a idempotent element of R. Also, x2 is a unit element of R by a similar discussion. Hence

2− SPR is clean.

Definition 3.8. Let 2 − SPR be a symbolic 2-plithogenic ring. An idempotent element e ∈
2−SPR is called a central idempotent if e.x = x.e for every x ∈ 2−SPR. The set of all central

idempotents of 2− SPR is denoted by C(2− SPR).

Example 3.9. In the symbolic 2-plithogenic ring 2− SPZ3 , we have

Id(2− SPZ3) = {0, 1, P1, P2, P1 + 2P2, 1 + 2P1, 1 + 2P2, 1 + 2P1 + P2}.

As 2− SPZ3 is commutative so all the idempotents of 2− SPZ3 are central. Hence

C(2− SPZ3) = {0, 1, P1, P2, P1 + 2P2, 1 + 2P1, 1 + 2P2, 1 + 2P1 + P2} = Id(2− SPZ3).

Lemma 3.10. If x is an idempotent element of 2 − SPR, then 1 − x is also an idempotent

element of 2− SPR, where 1 is the unit element of 2− SPR.

Proof. If x an idempotent element of 2−SPR then x2 = x. But then, (1−x)2 = 1−2x−x2 =

1− x and so 1− x an idempotent element of 2− SPR.

Lemma 3.11. Let 2 − SPR be a symbolic 2-plithogenic ring with the identity 1. If e ∈
C(2− SPR) then 1− e ∈ C(2− SPR), where 1 is the unit element of 2− SPR.

Proof. Assume that e ∈ C(2−SPR). For any x ∈ 2−SPR, we have (1−e).x = (1.x)− (e.x) =

(x.1)− (x.e) = x(1− e). Hence, 1− e ∈ C(2− SPR).

Theorem 3.12. In any symbolic 2-plithogenic ring 2 − SPR, every central idempotent is a

uniquely clean element.

Proof. Let x ∈ C(2− SPR). Then we have, x2 = x and x = (1− x) + (2x− 1) = e + u, where

e = 1− x is an idempotent by Lemma 3.10 and u = 2x− 1 is a unit element by Lemma 3.11.

Hence x is a clean element. Also, if x.y = y.x we obtain e + u = (e + u)2 = e + 2eu + u2, so

u = 1− 2e. Hence e = 1− x. Thus x is a uniquely clean element.

Theorem 3.13. Every idempotent element in a uniquely clean 2-plithogenic ring is a central

idempotent.
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Proof. Assume that 2 − SPR is a uniquely clean 2-plithogenic ring. Let e ∈ 2 − SPR be an

idempotent element and x be any element of 2− SPR. Now, the element e + (ex− exe) is an

idempotent and 1 + (ex− exe) is a unit and [e + (ex− exe)] + 1 = e + [1 + (ex− exe)]. Since,

2 − SPR is a uniquely clean 2-plithogenic ring we have e + (ex − exe) = e. Hence ex = exe

and xe = exe, so ex = ex as required.

Definition 3.14. A symbolic 2-plithogenic ring 2 − SPR is called a boolean symbolic 2-

plithogenic ring if x2 = x for all x ∈ 2− SPR.

Example 3.15. In the symbolic 2-plithogenic ring 2−SRZ2 , all the elements are idempotent

so 2− SRZ2 is a boolean symbolic 2-plithogenic ring

For any boolean symbolic 2-plithogenic ring, we have the following result.

Theorem 3.16. Every boolean symbolic 2-plithogenic ring is uniquely clean.

Proof. If 2 − SPR is a boolean symbolic 2-plithogenic ring, then 2 − SPR = Id(2 − SPR).

Since boolean rings are abelian, we have Id(2 − SPR) = C(2 − SPR). This implies that,

2 − SPR = C(2 − SPR). By Theorem 3.12, every element of the ring 2 − SPR are uniquely

clean. Hence 2− SPR is uniquely clean ring.

4. Nil-clean Symbolic 2-Plithogenic Rings

We begin with the following definition.

Definition 4.1. Let R be any ring, 2−SPR be its corresponding symbolic 2-plithogenic ring.

An element x ∈ 2−SPR is said to be nil-clean if x = e+n, where e is an idempotent and n is a

nil-potent element of 2−SPR. If, in addition, the existing idempotent element and nil-potent

elements are unique, then x is called uniquely nil-clean element.

Example 4.2. Consider the symbolic 2-plithogenic ring

2− SPZ3 = {a + bP1 + cP2; a, b, c ∈ Z3}

=


0, 1, 2, P1, P2, 2P1, 2P2, P1 + P2, 2P1 + 2P2, P1 + 2P2, 2P1 + P2, 1 + P1,

1 + P2, 1 + P1 + P2, 1 + 2P1, 1 + 2P2, 1 + 2P1 + 2P2, 1 + P1 + 2P2,

1 + 2P1 + P2, 2 + P1, 2 + P2, 2 + P1 + P2, 2 + 2P1, 2 + 2P2, 2 + 2P1 + 2P2,

2 + P1 + 2P2, 2 + 2P1 + P2

 .

Since 0 is a nil-potent element in 2−SPZ3 , so the idempotent elements 0, 1, P1, P2, P1+2P2, 1+

2P1, 1 + 2P2, 1 + 2P1 + P2 are nil-clean elements of 2− SPZ3 . The only nilpotent elements of

2 − SPZ3 is 0, so 0, 1, P1, P2, P1 + 2P2, 1 + 2P1, 1 + 2P2, 1 + 2P1 + P2 are uniquely nil-clean

elements of 2− SPZ3 .
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Definition 4.3. A symbolic 2-plithogenic ring in which all elements are nil-clean, then the ring

is called a nil-clean symbolic 2-plithogenic ring. Furthermore, if each element of the symbolic

2-plithogenic ring is uniquely nil-clean, then the ring is called a uniquely nil-clean symbolic

2-plithogenic ring.

Example 4.4. 2 − SPZ2 = {0, 1, P1, P2, P1 + P2, 1 + P1, 1 + P2, 1 + P1 + P2} is a nil-clean

symbolic 2-plithogenic ring, that is because all the elements in 2− SPZ2 are idempotents and

0 is a nilpotent element in 2− SPZ2 .

Lemma 4.5. If x is a nilpotent element of 2− SPR, then 1 + x is a unit in 2− SPR.

Proof. If x is a nilpotent element of 2 − SPR then xk = 0 for some k > 0. But then,

(1 + x)(1− x + x2 − x3 + ... + (−1)k−1xk−1) = 1 and so 1 + x is unit in 2− SPR.

Theorem 4.6. Every nil-clean symbolic 2-plithogenic ring is clean symbolic 2-plithogenic ring.

Proof. Suppose that 2− SPR is a nil-clean symbolic 2-plithogenic ring, and let x ∈ 2− SPR.

Then x−1 is an element of 2−SPR and hence x−1 = e+n, where e is an idempotent element

and n is a nilpotent element of 2− SPR.

This implies that, x = e + (1 + n) is a nil-clean element of 2 − SPR because 1 + n is a unit

element of 2− SPR by Lemma 4.5.

The converse of the Theorem 4.6 is not true. See the following example.

Example 4.7. Consider, the clean symbolic 2-plithogenic ring 2− SPZ3 . All the elements of

2− SPZ3 are clean elements. The only nilpotent element of 2− SPZ3 is 0 and P1 + P2 is not

an idempotent element in 2 − SPZ3 so it is not nil-clean. Hence 2 − SPZ3 is not a nil-clean

ring.

Lemma 4.8. Let R be a ring. Then the class of nil-clean symbolic 2-plithogenic rings is closed

under homomorphic images.

Proof. It is clear since the homomorphic image of a nil-potent element of a symbolic 2-

plithogenic rings is again a nil-potent.

Theorem 4.9. Let R be any ring, 2 − SPR be its corresponding symbolic 2-plithogenic ring.

2− SPR is nil-clean if and only if R is nil-clean.
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Proof. Assume that 2− SPR is nil-clean. Since R is a homomorphic image of 2− SPR, so R

is nil-clean by Lemma 4.8.

Conversely, assume that R is nil-clean, we must prove that 2 − SPR is nil-clean. Let x =

a + bP1 + cP2 ∈ 2 − SPR then a, a + b, a + b + c ∈ R. Since R is nil-clean we have a =

e1 + n1, a + b = e2 + n2, a + b + c = e3 + n3, where ei are idempotent elements and ni are

nilpotent elements of R. Now,

x = a + bP1 + cP2

= a + [(a + b)− a]P1 + [(a + b + c)− (a + b)]P2

= (e1 + n1) + [(e2 + n2)− (e1 + n1)]P1 + [(e3 + n3)− (e2 + n2)]P2

= (e1 + n1) + [(e2 − e1) + (n2 − n1)]P1 + [(e3 − e2) + (n3 − n2)]P2

= [e1 + (e2 − e1)P1 + (e3 − e2)P2] + [n1 + (n2 − n1)P1 + (n3 − n2)P2]

= x1 + x2.

where, x1 = e1 + (e2 − e1)P1 + (e3 − e2)P2 and x2 = n1 + (n2 − n1)P1 + (n3 − n2)P2. By

Theorem 2.5, e1, e1 + (e2 − e1) = e2, e1 + (e2 − e1) + (e3 − e2) = e3 are idempotents in R.

Therefore, x1 is a idempotent element of R. Also, x2 is a nilpotent element of R by a similar

discussion and by Theoerem 2.8. Hence 2− SPR is nil-clean.

Theorem 4.10. If 2− SPR is a symbolic 2-plithogenic ring, then every central idempotent of

2− SPR is uniquely nil-clean element.

Proof. We know that, every idempotent element of 2− SPR are nil-clean. Let x be a central

idempotent element of 2 − SPR. Then x = (1 − x) + (2x − 1). Suppose that x = e + n,

where e is an idempotent and n is a nilpotent element of 2− SPR. Since nx = xn, we obtain

e + n = (e + n)2 = e + 2en + n2. So, we have n = 1− 2e and hence e = 1− x, as reuired.

Lemma 4.11. Let 2− SPR be uniquely nil-clean symbolic 2-plithogenic ring. Then all idem-

potents of 2− SPR are central.

Proof. Let e ∈ 2 − SPR be an idempotent element and x be any element of 2 − SPR. Now,

the element e+ ex− exe can be written as e+ (ex− exe) or (e+ (ex− exe)) + 0 each time as

the sum of an idempotent and a nilpotent element of 2− SPR. Since 2− SPR is uniquely nil

clean, we have e = e + (ex − exe). This implies that ex − exe = 0 and so ex = exe. In the

similar way, we can show that xe = exe. Hence ex = xe as required.

Theorem 4.12. Every boolean symbolic 2-plithogenic ring is uniquely nil-clean.
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Proof. If 2 − SPR is a boolean symbolic 2-plithogenic ring, then 2 − SPR = Id(2 − SPR).

Since boolean rings are abelian, we have Id(2 − SPR) = C(2 − SPR). This implies that,

2 − SPR = C(2 − SPR). By Theorem 4.10, every element of the ring 2 − SPR are uniquely

nil-clean. Hence 2− SPR is uniquely nil-clean ring.

5. Conclusion

In this article, we have introduced the the new classes of rings called, clean symbolic 2-

plithogenic rings and nil-clean symbolic 2-plithogenic rings and we have studied various prop-

erties of clean and nil-clean symbolic 2-plithogenic rings with proper examples. Also, we have

determined necessary and sufficient condition for a symbolic 2-plithogenic ring to be clean and

nil-clean.
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Abstract. In this article, the concept of system of symbolic 2-plithogenic linear equations and its solutions

are introduced and studied. The Cramer’s rule was applied to solve the system of symbolic 2-plithogenic linear

equations. Also, provided enough examples for each case to enhance understanding.
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equations.

—————————————————————————————————————————-

1. Introduction

The concept of refined neutrosophic structure was studied by many authors in [1–5]. Sym-

bolic plithogenic algebraic structures are introduced by Smarandache, that are very similar

to refined neutrosophic structures with some differences in the definition of the multiplication

operation [10].

In [7], the algebraic properties of symbolic 2-plithogenic rings generated from the fusion of

symbolic plithogenic sets with algebraic rings, and some of the elementary properties and sub-

structures of symbolic 2-plithogenic rings such as AH-ideals, AH-homomorphisms, and AHS-

isomorphisms are studied. In [11], some more algebraic properties of symbolic 2-plithogenic

rings are studied. Further, Taffach [8,9] studied the concepts of symbolic 2-plithogenic vector

spaces and modules.
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In [14], the concept of symbolic 2-plithogenic matrices with symbolic 2-plithogenic entries,

determinants, eigen values and vectors, exponents, and diagonalization are studied. Hamiyet

Merkepci et.al [13], studied the the symbolic 2-plithogenic number theory and integers. Ah-

mad Khaldi et.al [12], studied the different types of algebraic symbolic 2-plithogenic equations

and its solutions.

In [6], Yaser Ahmad Alhasan studied the types of the nuetrosophic linear equations and

Cramer’s rule to solve the system of nuetrosophic linear equations. Motivated by this work,

in this article the symbolic 2-plithogenic linear equations and its solutions are introduced and

studied. Also, enough examples are given for all the cases to enhance understanding.

2. Preliminaries

Definition 2.1. [7] Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:

2− SPR =
{
a0 + a1P1 + a2P2; ai ∈ R,P 2

j = Pj , P1 × P2 = Pmax(1,2) = P2

}
Smarandache has defined algebraic operations on 2− SPR as follows:

Addition:

[a0 + a1P1 + a2P2] + [b0 + b1P1 + b2P2] = (a0 + b0) + (a1 + b1)P1 + (a2 + b2)P2

Multiplication:

[a0 +a1P1 +a2P2].[b0 + b1P1 + b2P2] = a0b0 +a0b1P1 +a0b2P2 +a1b0P
2
1 +a1b2P1P2 +a2b0P2 +

a2b1P1P2 + a2b2P
2
2 + a1b1P1P1 = (a0b0) + (a0b1 + a1b0 + a1b1)P1 + (a0b2 + a1b2 + a2b0 + a2b1 +

a2b2)P2.

It is clear that 2−SPR is a ring. If R is a field, then 2−SPR is called a symbolic 2-plithogenic

field. Also, if R is commutative, then 2− SPR is commutative, and if R has a unity (1), than

2− SPR has the same unity (1).

Theorem 2.2. [7] Let 2 − SPR be a 2-plithogenic symbolic ring, with unity (1). Let X =

x0 + x1P1 + x2P2 be an arbitrary element, then:

(1) X is invertible if and only if x0, x0 + x1, x0 + x1 + x2 are invertible.

(2) X−1 = x−1
0 + [(x0 + x1)

−1 − x−1
0 ]P1 + [(x0 + x1 + x2)

−1 − (x0 + x1)
−1]P2

Definition 2.3. [14] A symbolic 2-plithogenic square real matrix is a matrix with symbolic

2-plithogenic real entries.

Theorem 2.4. [14] Let S = S0 +S1P1 +S2P2 be a symbolic 2-plithogenic square real matrix,

then

(1) S is invertible if and only if S0, S0 + S1, S0 + S1 + S2 are invertible.

(2) If S is invertible then

S−1 = S−1
0 + [(S0 + S1)

−1 − S−1
0 ]P1 + [(S0 + S1 + S2)

−1 − (S0 + S1)
−1]
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3. The Symbolic 2-Plithogenic Linear Equations

We begin this section with the following definition.

Definition 3.1. The symbolic 2-plithogenic linear equation of n variables x1, x2, x3, ..., xn, is

each equation that takes the form:

(a01 + a11P1 + a21P2)x1 + (a02 + a12P1 + a22P2)x2 + (a03 + a13P1 + a2P23)x3 + · · ·+ (a0n +

a1nP1 + a2nP2)xn = b0 + b1P1 + b2P2

where a0i, a1i, a2i, i = 1, 2, ..., n are real coefficients. We call (a01 + a11P1 + a21P2), (a02 +

a12P1 + a22P2), (a03 + a13P1 + a23P2) symbolic 2-plithogenic coefficients of the borders of the

equation, and b0 + b1P1 + b2P2 constant symbolic 2-plithogenic border of the equation.

Remark 3.2.

(1) We call each equation of the form:

(a0 + a1P1 + a2P2)x+ (b0 + b1P1 + b2P2)y = c0 + c1P1 + c2P2

the two-variable symbolic 2-plithogenic linear equation, where, a0, a1, a2, b0, b1, b2, and

c0, c1, c2 are real coefficients.

(2) We call each equation of the form:

(a0 + a1P1 + a2P2)x+ (b2 + b1P1 + b2P2)y + (c0 + c1P1 + c2P2)z = d0 + d1P1 + d2P2

the three-variable symbolic 2-plithogenic linear equation, where, a0, a1, a2, b0, b1, b2,

c0, c1, c2, and d0, d1, d2 are real coefficients.

Example 3.3.

(1) (1 + P2)x+ (3− P1)y + (1 + P1 − P2)z = 5

(2) P2x+ P1y + (P1 − P2)z = 2P1 + 2P2

(3) (1 + P1 − P2)x+ (4 + P1 − P2)y = 11 + 4P2

Definition 3.4. Solution of the symbolic 2-plithogenic linear equation,

(a01 + a11P1 + a21P2)x1 + (a02 + a12P1 + a22P2)x2 + (a03 + a13P1 + a2P23)x3 + · · ·+ (a0n +

a1nP1 + a2nP2)xn = b0 + b1P1 + b2P2

is finding the values of the variables x1, x2, x3, ..., xn that satisfies the equation, where

a0i, a1i, a2i, i = 1, 2, ..., n are real coefficients.

Example 3.5. Consider the following the two-variable symbolic 2-plithogenic linear equation:

(1 + P1 − P2)x+ (4 + P1 − P2)y = 4 +
11

2
P1 −

15

2
P2

The solution of this equation is

x = 2 + P1 + 2P2, y =
1

2
− P2.
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Definition 3.6. For the two variable symbolic 2-plithogenic linear equation

(a0 + a1P1 + a2P2)x+ (b0 + b1P1 + b2P2)y = c0 + c1P1 + c2P2

the infinite number of solutions defined by

y = −a0 + a1P1 + a2P2

b0 + b1P1 + b2P2
x+

c0 + c1P1 + c2P2

b0 + b1P1 + b2P2

where, a0, a1, a2, b0, b1, b2, c0, c1, c2 are real coefficients, b0 6= 0, b0 + b1 6= 0 and b0 + b1 + b2 6= 0

by given a value for one of the two variables, we obtain a value for the other variable.

Example 3.7. Consider the two variable symbolic 2-plithogenic linear equation

(1 + P1 − P2)x+ (4 + P1 − P2)y = 1 + P1 − 2P2.

This implies that,

y = −
(

1 + P1 − P2

4 + P1 − P2

)
x+

(
1 + P1 − 2P2

4 + P1 − P2

)
Then the set of solution is:

S =

{
x, y ∈ 2− SPR : y = −

(
1 + P1 − P2

4 + P1 − P2

)
x+

(
1 + P1 − 2P2

4 + P1 − P2

)}
i.e., S =

{
x, y ∈ 2− SPR : y =

(
−1

4
− 3

20
P1 +

3

20
P2

)
x+

(
1

4
− 3

20
P1 −

2

5
P2

)}
By given any value for the variable x, we obtain a value of the variable y.

Definition 3.8. For the n-variable symbolic 2-plithogenic linear equation

(a01 + a11P1 + a21P2)x1 + (a02 + a12P1 + a22P2)x2 + (a03 + a13P1 + a2P23)x3 + · · ·+ (a0n +

a1nP1 + a2nP2)xn = b0 + b1P1 + b2P2

where a0i, a1i, a2i, i = 1, 2, ..., n are real coefficients, the infinite number of solutions are the

unknown values x1, x2, ...., xn that satisfies the equation.

Definition 3.9. A non-homogeneous system of n-variable symbolic 2-plithogenic linear equa-

tions is given by the form:

(a101 + a111P1 + a121P2)x1 + (a102 + a112P1 + a122P2)x2 + (a103 + a113P1 + a123P2)x3 + · · ·+ (a10n +

a11nP1 + a12nP2)xn = b10 + b11P1 + b12P2

(a201 + a211P1 + a221P2)x1 + (a202 + a212P1 + a222P2)x2 + (a203 + a213P1 + a223P2)x3 + · · ·+ (a20n +

a21nP1 + a22nP2)xn = b20 + b21P1 + b22P2

· · ·
(am01 + am11P1 + am21P2)x1 + (am02 + am12P1 + am22P2)x2 + (am03 + am13P1 + am23P2)x3 + · · ·+ (am0n +

am1nP1 + am2nP2)xn = bm0 + bm1 P1 + bm2 P2

where, aj0i, a
j
1i, a

j
2i, b

j
0, b

j
1, b

j
2 are real coefficients, i = 1, 2, ..., n, j = 1, 2, ...,m.

Definition 3.10. The solution of non-homogeneous system of n-variable symbolic 2-

plithogenic linear equations:
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(a101 + a111P1 + a121P2)x1 + (a102 + a112P1 + a122P2)x2 + (a103 + a113P1 + a123P2)x3 + · · ·+ (a10n +

a11nP1 + a12nP2)xn = b10 + b11P1 + b12P2

(a201 + a211P1 + a221P2)x1 + (a202 + a212P1 + a222P2)x2 + (a203 + a213P1 + a223P2)x3 + · · ·+ (a20n +

a21nP1 + a22nP2)xn = b20 + b21P1 + b22P2

· · ·
(am01 + am11P1 + am21P2)x1 + (am02 + am12P1 + am22P2)x2 + (am03 + am13P1 + am23P2)x3 + · · ·+ (am0n +

am1nP1 + am2nP2)xn = bm0 + bm1 P1 + bm2 P2

where, aj0i, a
j
1i, a

j
2i, b

j
0, b

j
1, b

j
2 are real coefficients, i = 1, 2, ..., n, j = 1, 2, ...,m, is the values of

the variables x1, x2, x3, ..., xn that satisfies the system of equations.

Remark 3.11. We distinguish three cases to solve the system given in Definition 3.10:

(1) The system is consistent, it has unique solution.

(2) The system is consistent, it has infinite number of solutions.

(3) The system is inconsistent, it has no solution.

4. Solving System of Symbolic 2-Plithogenic Linear Equations using Cramer’s Rule

Consider the non-homogeneous system of n symbolic 2-plithogenic linear equations with

n-variables:

(a101 + a111P1 + a121P2)x1 + (a102 + a112P1 + a122P2)x2 + (a103 + a113P1 + a123P2)x3 + · · ·+ (a10n +

a11nP1 + a12nP2)xn = b10 + b11P1 + b12P2

(a201 + a211P1 + a221P2)x1 + (a202 + a212P1 + a222P2)x2 + (a203 + a213P1 + a223P2)x3 + · · ·+ (a20n +

a21nP1 + a22nP2)xn = b20 + b21P1 + b22P2

· · ·
· · ·

(an01 + an11P1 + an21P2)x1 + (an02 + an12P1 + an22P2)x2 + (an03 + an13P1 + an23P2)x3 + · · ·+ (an0n +

an1nP1 + an2nP2)xn = bn0 + bn1P1 + bn2P2

Let AX = B be the matrix form of this system and let, ∆ = det(A) = a0 + a1P1 + a2P2. We

distinguish the following cases:

(1) If a0 6= 0, a0 + a1 6= 0 and a0 + a1 + a2 6= 0 then the system is consistent and the

system has unique solution given by the formula:

xi =
∆xi

∆
, i = 1, 2, 3, ..., n

where ∆xi is the determinant of the matrix A where the ith column is replaced by the

column matrix B.

(2) If a0 = 0, or a0 + a1 = 0 or a0 + a1 + a2 = 0. Then the system is inconsistent or

it have infinite number of solutions.
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Remark 4.1. Consider a system of 2 linear symbolic 2-plithogenic equations with 2 unknowns

x and y with

∆ = det(A) = a0 + a1P1 + a2P2

∆x = det(Ax) = ax0 + ax1P1 + ax2P2

∆y = det(Ay) = ay0 + ay1P1 + ay2P2

We distinguish the following cases:

(1) If a0 6= 0, a0 + a1 6= 0 and a0 + a1 + a2 6= 0 then the system is consistent and the

system has unique solution given by the formula:

x =
∆x

∆
, y =

∆y

∆

(2) If the determinants satisfies any one of the following conditions, then the system is

inconsistent and it has no solutions.

(i). a0 = 0 and ax0 , a
y
0 are not all zero.

(ii). a0 + a1 = 0 and ax0 + ax1 , a
y
0 + ay1 are not all zero.

(iii). a0 + a1 + a3 = 0 and ax0 + ax1 + ax2 , a
y
0 + ay1 + ay2 are not all zero.

(3) In all other cases the system is consistent with infinite number of solutions.

Example 4.2. Consider the system of equations:

(2 + P1 + 3P2)x+ (1− P1 − P2)y = 5 + P1 + 11P2

(3 + 4P2)x+ (1 + P1)y = 7 + 3P1 + 13P2.

The coefficient matrix is, A =

(
2 + P1 + 3P2 1− P1 − P2

3 + 4P2 1 + P1

)
.

∆ = det(A) =

∣∣∣∣∣2 + P1 + 3P2 1− P1 − P2

3 + 4P2 1 + P1

∣∣∣∣∣ = −1 + 7P1 + 13P2

Here, a0 6= 0, a0 + a1 6= 0 and a0 + a1 + a2 6= 0, the system is consistent and its has unique

solution.

∆x = det(Ax) =

∣∣∣∣∣ 5 + P1 + 11P2 1− P1 − P2

7 + 3P1 + 13P2 1 + P1

∣∣∣∣∣ = −2 + 14P1 + 45P2

∆y = det(Ay) =

∣∣∣∣∣2 + P1 + 3P2 5 + P1 + 11P2

3 + 4P2 7 + 3P1 + 13P2

∣∣∣∣∣ = −1 + 13P1 + 7P2

So the solution of the given system is,

x =
∆x

∆
=
−2 + 14P1 + 45P2

−1 + 7P1 + 13P2
= 2 + P2,

y =
∆y

∆
=
−1 + 13P1 + 7P2

−1 + 7P1 + 13P2
= 1 + P1 − P2
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Example 4.3. Consider the system of equations:

(1 + P1 + P2)x+ (3− P1 + 2P2)y = 5 + 3P1 + 5P2

P1x+ (P1 + P2)y = 4P1 + P2.

The coefficient matrix is, A =

(
1 + P1 + P2 3− P1 + 2P2

P1 P1 + P2

)
.

∆ = det(A) =

∣∣∣∣∣1 + P1 + P2 3− P1 + 2P2

P1 P1 + P2

∣∣∣∣∣ = 0 + 0P1 + 2P2

∆ = det(Ax) =

∣∣∣∣∣5 + 3P1 + 5P2 3− P1 + 2P2

4P1 + P2 P1 + P2

∣∣∣∣∣ = 0 + 0P1 + 6P2

∆ = det(Ay) =

∣∣∣∣∣1 + P1 + P2 5 + 3P1 + 5P2

P1 4P1 + P2

∣∣∣∣∣ = 0 + 0P1 + 2P2

Hence, by condition (3) of Remark 4.1 the system is consistent with infinite number of solutions

and the solutions are given by:

For all x = a0 + a1P1 + a2P2 ∈ 2− SPR with a0 + a1 + a2 = 3,

y = −
(

1 + P1 + P2

3− P1 + 2P2

)
x+

(
5 + 3P1 + 5P2

3− P1 + 2P2

)

That is, for all x = a0 + a1P1 + a2P2 ∈ 2− SPR with a0 + a1 + a2 = 3,

y =

(
−1

3
− 2

3
P1 +

1

4
P2

)
x+

(
5

3
+

7

3
P1 −

3

4
P2

)
Example 4.4. Consider the system of equations:

(2 + P1 + 3P2)x+ (1 + P1 + P2)y = 5 + P1 + 11P2

(4 + 2P1 + 6P2)x+ (2 + 2P1 + 2P2)y = 10 + 2P1 + 22P2

The coefficient matrix is, A =

(
2 + P1 + 3P2 1 + P1 + P2

4 + 2P1 + 6P2 2 + 2P1 + 2P2

)
.

∆ = det(A) =

∣∣∣∣∣ 2 + P1 + 3P2 1 + P1 + P2

4 + 2P1 + 6P2 2 + 2P1 + 2P2

∣∣∣∣∣ = 0 + 0P1 + 0P2

Also,

∆x = det(Ax) =

∣∣∣∣∣ 5 + P1 + 11P2 1 + P1 + P2

10 + 2P1 + 22P2 2 + 2P1 + 2P2

∣∣∣∣∣ = 0 + 0P1 + 0P2

∆y = det(Ay) =

∣∣∣∣∣ 2 + P1 + 3P2 5 + P1 + 11P2

4 + 2P1 + 6P2 10 + 2P1 + 22P2

∣∣∣∣∣ = 0 + 0P1 + 0P2
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Hence, by condition (3) of Remark 4.1 the system is consistent with infinite number of solutions

and the solutions are given by:

S =

{
x, y ∈ 2− SPR : y = −

(
2 + P1 + 3P2

1 + P1 + P2

)
x+

(
5 + P1 + 11P2

1 + P1 + P2

)}
i.e, S =

{
x, y ∈ 2− SPR : y =

(
−2 +

1

2
P1 −

1

2
P2

)
x+

(
5− 2P1 +

8

3
P2

)}
Example 4.5. Consider the system of equations:

(1 + P1 + P2)x+ (1− P1 + P2)y = 1 + P1

(2 + 2P1 + 2P2)x+ (2− 2P1 + 2P2)y = 3 + P2

The coefficient matrix is, A =

(
1 + P1 + P2 1− P1 + P2

2 + 2P1 + 2P2 2− 2P1 + 2P2

)
.

∆ = det(A) =

∣∣∣∣∣ 1 + P1 + P2 1− P1 + P2

2 + 2P1 + 2P2 2− 2P1 + 2P2

∣∣∣∣∣ = 0 + 0P1 + 0P2

Also,

∆x = det(Ax) =

∣∣∣∣∣1 + P1 1− P1 + P2

3 + P2 2− 2P1 + 2P2

∣∣∣∣∣ = −1 + P1

∆y = det(Ay) =

∣∣∣∣∣ 1 + P1 + P2 1 + P1

2 + 2P1 + 2P2 3 + P2

∣∣∣∣∣ = 1− 3P1 − 2P2

Here, a0 = 0 and ax0 6= 0, hence the system is inconsistent.

Remark 4.6. Consider a system of 3 linear symbolic 2-plithogenic equations with 3 unknowns

x, y and z with

∆ = det(A) = a0 + a1P1 + a2P2

∆x = det(Ax) = ax0 + ax1P1 + ax2P2

∆y = det(Ay) = ay0 + ay1P1 + ay2P2

∆z = det(Az) = az0 + az1P1 + az2P2

We distinguish the following cases:

(1) If a0 6= 0, a0 + a1 6= 0 and a0 + a1 + a2 6= 0 then the system is consistent and the

system has unique solution given by the formula:

x =
∆x

∆
, y =

∆y

∆
& z =

∆z

∆

(2) If the determinants satisfies any one of the following conditions, then the system is

inconsistent and it has no solutions.

(i). a0 = 0 and ax0 , a
y
0, a

z
0 are not all zero.

(ii). a0 + a1 = 0 and ax0 + ax1 , a
y
0 + ay1, a

z
0 + az1 are not all zero.

(iii). a0 + a1 + a3 = 0 and ax0 + ax1 + ax2 , a
y
0 + ay1 + ay2, a

z
0 + az1 + az2 are not all zero.
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(3) If ∆ = 0+0P1+0P2, ∆x = 0+0P1+0P2, ∆y = 0+0P1+0P2 and ∆z = 0+0P1+0P2

then by solving two equations of the system we will obtain the equation 0 = α. If α = 0,

then the system is consistent with infinite number of solutions and if α 6= 0, then the

system is inconsistent.

Example 4.7. Consider the system of equations:

(1 + P1)x+ (1− P1)y + (1 + P1 − P2)z = 1 + 5P1 − P2

(1 + P2)x+ (−1 + P1 + P2)y + (2 + P1)z = 1 + 4P1 + 3P2

(1− P1 + P2)x+ (−1 + P2)y + (1 + P1)z = 1 + P1 + 2P2.

The coefficient matrix is, A =

 1 + P1 1− P1 1 + P1 − P2

1 + P2 −1 + P1 + P2 2 + P1

1− P1 + P2 −1 + P2 1 + P1

.

∆ = det(A) =

∣∣∣∣∣∣∣
1 + P1 1− P1 1 + P1 − P2

1 + P2 −1 + P1 + P2 2 + P1

1− P1 + P2 −1 + P2 1 + P1

∣∣∣∣∣∣∣ = 2 + 2P1 − P2

∆x = det(Ax) =

∣∣∣∣∣∣∣
1 + 5P1 − P2 1− P1 1 + P1 − P2

1 + 4P1 + 3P2 −1 + P1 + P2 2 + P1

1 + P1 + 2P2 −1 + P2 1 + P1

∣∣∣∣∣∣∣ = 2 + 6P1 − 2P2

∆y = det(Ay) =

∣∣∣∣∣∣∣
1 + P1 1 + 5P1 − P2 1 + P1 − P2

1 + P2 1 + 4P1 + 3P2 2 + P1

1− P1 + P2 1 + P1 + 2P2 1 + P1

∣∣∣∣∣∣∣ = 3P2

∆z = det(Az) =

∣∣∣∣∣∣∣
1 + P1 1− P1 1 + 5P1 − P2

1 + P2 −1 + P1 + P2 1 + 4P1 + 3P2

1− P1 + P2 −1 + P2 1 + P1 + 2P2

∣∣∣∣∣∣∣ = 4P1 − P2

Here, a0 6= 0, a0 + a1 6= 0, & a0 + a1 + a2 6= 0. Hence, the system is consistent with unique

solution given by:

x =
∆x

∆
=

2 + 6P1 − 2P2

2 + 2P1 − P2
= 1 + P1,

y =
∆y

∆
=

3P2

2 + 2P1 − P2
= P2,

z =
∆z

∆
=

4P1 − P2

2 + 2P1 − P2
= P1.
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Example 4.8. Consider the system of equations:

(1 + P2)x+ (3− P1)y + (1 + P1 − P2)z = 5

P2x+ P1y + (P1 + P2)z = 2P1 + 2P2

(2 + P1 − P2)x+ (4 + 3P1 − P2)y + (5 + 2P2)z = 11 + 4P1.

The coefficient matrix is, A =

 1 + P2 3− P1 1 + P1 − P2

P2 P1 P1 + P2

2 + P1 − P2 4 + 3P1 − P2 5 + 2P2

.

∆ = det(A) =

∣∣∣∣∣∣∣
1 + P2 3− P1 1 + P1 − P2

P2 P1 P1 + P2

2 + P1 − P2 4 + 3P1 − P2 5 + 2P2

∣∣∣∣∣∣∣ = 0− 2P1 − 10P2

∆x = det(Ax) =

∣∣∣∣∣∣∣
5 3− P1 1 + P1 − P2

2P1 + 2P2 P1 P1 + P2

11 + 4P1 4 + 3P1 − P2 5 + 2P2

∣∣∣∣∣∣∣ = 0− 2P1 − 10P2

∆y = det(Ay) =

∣∣∣∣∣∣∣
1 + P2 5 1 + P1 − P2

P2 2P1 + 2P2 P1 + P2

2 + P1 − P2 11 + 4P1 5 + 2P2

∣∣∣∣∣∣∣ = 0− 2P1 − 10P2

∆z = det(Az) =

∣∣∣∣∣∣∣
1 + P2 3− P1 5

P2 P1 2P1 + 2P2

2 + P1 − P2 4 + 3P1 − P + 2 11 + 4P1

∣∣∣∣∣∣∣ = 0− 2P1 − 10P2

Here, a0 = 0, ax0 = 0, ay0 = 0 & az0 = 0. Hence, the system is consistent with infinite number

of solutions and the solutions are given by:

S =

{
x, y, z ∈ 2− SPR : x =

(
−11

2
+

3

2
P1 + 5P2

)
z +

(
13

2
− 3

2
P1 − 5P2

)
,

y =

(
3

2
− 1

2
P1 −

5

2
P2

)
z +

(
−1

2
+

1

2
P1 +

5

2
P2

)
, z

}
Example 4.9. Consider the system of equations:

(1 + P1)x+ (1− P2)y + (1 + P1 − P2)z = 2 + P1

(2 + 2P1)x+ (2− 2P2)y + (2 + 2P1 − 2P2)z = 4 + 2P1

(3 + 3P1)x+ (3− 3P2)y + (3 + 3P1 − 3P2)z = 6 + 3P1

Here, ∆ = 0 + 0P1 + 0P2, ∆x = 0 + 0P1 + 0P2, ∆y = 0 + 0P1 + 0P2, ∆z = 0 + 0P1 + 0P2. By

solving first two equations of the given system we will get 0 = 0. Hence the system consistent

with infinite number of solutions. In this case the system is reduced to a single equation. To

solve we can assign arbitrary values to any two variables and can determine the value of the

third variable.
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Example 4.10. Consider the system of equations:

(1 + P1)x+ (1− P2)y + (1 + P1 − P2)z = 2 + P1

(2 + 2P1)x+ (2− 2P2)y + (2 + 2P1 − 2P2)z = 1− P2

(3 + 3P1)x+ (3− 3P2)y + (3 + 3P1 − 3P2)z = 3 + P2

Here, ∆ = 0 + 0P1 + 0P2, ∆x = 0 + 0P1 + 0P2, ∆y = 0 + 0P1 + 0P2, ∆z = 0 + 0P1 + 0P2.

By solving first two equations of the given system we will get 0 = 3 + 2P1 + P2. Hence the

system inconsistent and it has no solution.

Other than the above mentioned cases there are some special cases in which the system of

linear symbolic 2-plithogenic equations is inconsistent.

Remark 4.11. If all coefficients of a the system of n linear symbolic 2-plithogenic equations

with n variables are non invertible the the system is inconsistent. For example,

(1− P1 + P2)x+ (2 + 2P1 − 4P2)y + (1− P1)z = 3 + P1

(1− P2)x+ P1y + p2z = 3P2

(2− P − 1− P2)x+ P2y + (1− P1)z = 2 + P1 + P2

5. System of Homogeneous Symbolic 2-Plithogenic Linear Equations

Definition 5.1. Consider the homogeneous system of n-variable symbolic 2-plithogenic linear

equations:

(a101 + a111P1 + a121P2)x1 + (a102 + a112P1 + a122P2)x2 + (a103 + a113P1 + a123P2)x3 + ...+ (a10n +

a11nP1 + a12nP2)xn = 0 + 0P1 + 0P2

(a201 + a211P1 + a221P2)x1 + (a202 + a212P1 + a222P2)x2 + (a203 + a213P1 + a223P2)x3 + ...+ (a20n +

a21nP1 + a22nP2)xn = 0 + 0P1 + 0P2

...

(an01 + an11P1 + an21P2)x1 + (an02 + an12P1 + an22P2)x2 + (an03 + an13P1 + an23P2)x3 + ...+ (an0n +

an1nP1 + an2nP2)xn = 0 + 0P1 + 0P2

Remark 5.2. Let AX = B be the coefficient matrix of this system and let ∆ = det(A) =

a0 + a1P1 + a2P2. We distinguish the following cases:

(1) If a0 6= 0 and a0 + a1 6= 0 and a0 + a1 + a2 6= 0 then the system is consistent

and the system has unique solution xi = 0, i = 1, 2, ..., n.

(2) If a0 = 0 or a0 + a1 = 0 or a0 + a1 + a2 = 0, then the system is consistent with

infinite number of solutions.

Example 5.3. Consider the system of equations:

(2 + P1 + 3P2)x+ (1− P1 − P2)y = 0

(3 + 4P2)x+ (1 + P1)y = 0.
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The coefficient matrix is, A =

(
2 + P1 + 3P2 1− P1 − P2

3 + 4P2 1 + P1

)
.

∆ = det(A) =

∣∣∣∣∣2 + P1 + 3P2 1− P1 − P2

3 + 4P2 1 + P1

∣∣∣∣∣ = −1 + 7P1 + 13P2

Here, a0 6= 0, a0 + a1 6= 0 and a0 + a1 + a2 6= 0, the system is consistent with unique solution.

∆x = det(Ax) =

∣∣∣∣∣0 1− P1 − P2

0 1 + P1

∣∣∣∣∣ = 0

∆y = det(Ay) =

∣∣∣∣∣2 + P1 + 3P2 0

3 + 4P2 0

∣∣∣∣∣ = 0

So the solution of the given system is,

x =
∆x

∆
=

0

−1 + 7P1 + 13P2
= 0,

y =
∆y

∆
=

0

−1 + 7P1 + 13P2
= 0

Example 5.4. Consider the system of equations:

(1 + P2)x+ (3− P1)y + (2 + P2)z = 0

P2x+ P1y + (P1 − 1
2P2)z = 0

(2 + P1 − P2)x+ (4 + 3P1 − P2)y + (3 + 4P1 + 2P2)z = 0.

The coefficient matrix is, A =

 1 + P2 3− P1 2 + P2

P2 P1 P1 − 1
2P2

2 + P1 − P2 4 + 3P1 − P2 3 + 4P1 + 2P2

.

∆ = det(A) =

∣∣∣∣∣∣∣
1 + P2 3− P1 2 + P2

P2 P1 P1 − 1
2P2

2 + P1 − P2 4 + 3P1 − P2 3 + 4P1 + 2P2

∣∣∣∣∣∣∣ = 0 + 0P1 + 8P2

Here, a0 = 0, the system is consistent with infinite number of solutions and the solutions are

given by:

S =

{
x, y, z ∈ 2− SPR : x =

(
−1

2
+

1

2
P1

)
z, y =

(
−1

2
− 1

2
P1 −

1

2
P2

)
z, z

}
6. Conclusion

In this article, the solutions of symbolic 2-plithogenic linear equations are studied using

Cramer’s rule. The conditions are given for a system of symbolic 2-plithogenic linear equa-

tions to be consistent with unique solution, consistent with infinite solutions, and inconsitent.

Further, many examples are given for the case of system of two symbolic 2-plithogenic linear

equations with two variables and for the case of system of three symbolic 2-plithogenic linear
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equations with three variables.
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Abstract. In this article, the adjoint of symbolic 2-plithogenic square matrices are defined and the inverse of

symbolic 2-plithogenic square matrices are studied in terms of symbolic 2-plithogenic determinant and symbolic

2-plithogenic adjoint. We have introduced the concept of symbolic 2-plithogenic characteristic polynomial of

symbolic 2-plithogenic square matrices and the symbolic 2-plithogenic version of Cayley-Hamilton theorem.

Also, provided enough examples to enhance understanding.

Keywords: Symbolic 2-plithogenic matrix; symbolic 2-plithogenic adjoint; symbolic 2-plithogenic determi-

nant; symbolic 2-plithogenic inverse.

—————————————————————————————————————————-

1. Introduction

The concept of refined neutrosophic structure was studied by many authors in [1–4]. Sym-

bolic plithogenic algebraic structures are introduced by Smarandache, that are very similar

to refined neutrosophic structures with some differences in the definition of the multiplication

operation [15].

In [12], the algebraic properties of symbolic 2-plithogenic rings generated from the fusion of

symbolic plithogenic sets with algebraic rings are studied. In [8], some more algebraic proper-

ties of symbolic 2-plithogenic rings are studied. Further, Taffach [17,18] studied the concepts

P. Prabakaran and S. Kalaiselvan, On Some Algebraic Properties of Symbolic 2-Plithogenic Square Matrices

zenodo.10031262/10.5281



Neutrosophic Sets and Systems, Vol. 59, 2023 320

of symbolic 2-plithogenic vector spaces and modules.

Recently, in [7], the concept of symbolic 2-plithogenic matrices with symbolic 2-plithogenic

entries, determinants, eigen values and vectors, exponents, and diagonalization are studied.

Hamiyet Merkepci et.al [13], studied the the symbolic 2-plithogenic number theory and inte-

gers. Ahmad Khaldi et.al [11], studied the different types of algebraic symbolic 2-plithogenic

equations and its solutions.

As a continuation of the previous study of symbolic 2-plithogenic matrices, this work dis-

cusses the symbolic 2-plithogenic adjoint, where the inverse of symbolic 2-plithogenic matri-

ces will be defined in terms of the symbolic 2-plithogenic adjoint. We present the symbolic

2-plithogenic characteristic polynomials and the symbolic 2-plithogenic version of the Cayley-

Hamilton theorem. Also, we illustrate many examples to clarify the validity of our work.

2. Preliminaries

Definition 2.1. [12] Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:

2− SPR =
{
a0 + a1P1 + a2P2; ai ∈ R,P 2

j = Pj , P1 × P2 = Pmax(1,2) = P2

}
Smarandache has defined algebraic operations on 2− SPR as follows:

Addition:

[a0 + a1P1 + a2P2] + [b0 + b1P1 + b2P2] = (a0 + b0) + (a1 + b1)P1 + (a2 + b2)P2

Multiplication:

[a0 +a1P1 +a2P2].[b0 + b1P1 + b2P2] = a0b0 +a0b1P1 +a0b2P2 +a1b0P
2
1 +a1b2P1P2 +a2b0P2 +

a2b1P1P2 + a2b2P
2
2 + a1b1P1P1 = (a0b0) + (a0b1 + a1b0 + a1b1)P1 + (a0b2 + a1b2 + a2b0 + a2b1 +

a2b2)P2.

It is clear that 2−SPR is a ring. If R is a field, then 2−SPR is called a symbolic 2-plithogenic

field. Also, if R is commutative, then 2− SPR is commutative, and if R has a unity (1), than

2− SPR has the same unity (1).

Theorem 2.2. [12] Let 2 − SPR be a 2-plithogenic symbolic ring, with unity (1). Let X =

x0 + x1P1 + x2P2 be an arbitrary element, then:

(1) X is invertible if and only if x0, x0 + x1, x0 + x1 + x2 are invertible.

(2) X−1 = x−1
0 + [(x0 + x1)

−1 − x−1
0 ]P1 + [(x0 + x1 + x2)

−1 − (x0 + x1)
−1]P2

Definition 2.3. [7] A symbolic 2-plithogenic real square matrix is a matrix with symbolic

2-plithogenic real entries.

Theorem 2.4. [7] Let S = S0 + S1P1 + S2P2 be a symbolic 2-plithogenic real square matrix,

then
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(1) S is invertible if and only if S0, S0 + S1, S0 + S1 + S2 are invertible.

(2) If S is invertible then

S−1 = S−1
0 + [(S0 + S1)

−1 − S−1
0 ]P1 + [(S0 + S1 + S2)

−1 − (S0 + S1)
−1]

(3) Sm = Sm
0 + [(S0 + S1)

m − Sm
0 ]P1 + [(S0 + S1 + S2)

m − (S0 + S1)
m] for m ∈ N .

Definition 2.5. [7] Let L = L0 + L1P1 + L2P2 ∈ 2− SPM , we define:

detL = det(L0) + [det(L0 + L1)− detL0]P1 + [det(L0 + L1 + L2)− det(L0 + L1)]P2.

3. Adjoint of Symbolic 2-Plithogenic Square Matrices

We begin this section with the following definition.

Definition 3.1. Let L = L0 + L1P1 + L2P2 be a symbolic 2-plithogenic square matrix with

real entries. The adjoint matrix of L is defined as

adjL = adjL0 + [adj(L0 + L1)− adjL0]P1 + [adj(L0 + L1 + L2)− adj(L0 + L1)]P2.

Example 3.2. Consider the following symbolic 2-plithogenic 2× 2 matrix:

L =

(
2 + P1 + 3P2 1− P1 − P2

3 + 4P1 1 + P2

)
Here,

L0 =

(
2 1

3 1

)
, L0 + L1 =

(
3 0

7 1

)
and L0 + L1 + L2 =

(
6 −1

7 2

)
,

Then,

adjL0 =

(
1 −1

−3 2

)
, adj(L0 + L1) =

(
1 0

−7 3

)
and adj(L0 + L1 + L2) =

(
2 1

−7 6

)
.

Therefore,

adjL = adjL0 + [adj(L0 + L1)− adjL0]P1 + [adj(L0 + L1 + L2)− adj(L0 + L1)]P2

=

(
1 + P1 −1 + P1 + P2

−3− 4P2 2 + P1 + 3P2

)
Example 3.3. Consider the following symbolic 2-plithogenic 3× 3 matrix:

L =

 −3 + P1 − P2 1 + P1 5

−P1 + P2 3P1 4P2

−1 + 2P1 − P2 5 + 2P2 7 + P1 + 10P2


Here,

L0 =

−3 1 5

0 0 0

−1 5 7

 , L0 + L1 =

−2 2 5

−1 3 0

−1 5 8

 and L0 + L1 + L2 =

−3 2 5

0 3 4

0 7 18

,

Then,
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adjL0 =

0 18 0

0 −16 0

0 14 0

 , adj(L0 + L1) =

24 9 −15

8 −21 −5

−8 12 −4

 and

adj(L0 + L1 + L2) =

26 −1 −7

0 −54 12

0 21 9

.

Therefore,

adjL = adjL0 + [adj(L0 + L1)− adjL0]P1 + [adj(L0 + L1 + L2)− adj(L0 + L1)]P2

=

24P1 + 2P2 18− 9P1 − 10P2 −15P1 + 8P2

8P1 − 8P2 −16 + 5P1 + 33P2 −5P1 + 17P2

−8P1 + 8P2 14− 2P1 + 9P2 −4P1 + 13P2



Using the definition of adjoint of symbolic 2-plithogenic matrix we can modify the Theorem

2.4 as follows:

Theorem 3.4. Let L = L0 + L1P1 + L2P2 be a symbolic 2-plithogenic square matrix, then L

is invertible if and only if detL0 6= 0, det(L0 + L1) 6= 0 and det(L0 + L1 + L2) 6= 0 and

L−1 =
1

detL
(adjL).

Proof. By Theorem 2.4, L is invertible if and only if detL0 6= 0, det(L0 + L1) 6= 0 and

det(L0 + L1 + L2) 6= 0.

Also,

1

detL
(adjL) =

(
1

detL0 + [det(L0 + L1)− det(L0)]P1 + [det(L0 + L1 + L2)− det(L0 + L1)]P2

)
(adjL0 + [adj(L0 + L1)− adjL0]P1 + [adj(L0 + L1 + L2)− adj(L0 + L1)]P2)

=
adjL0

detL0
+

[
adj(L0 + L1)

det(L0 + L1)
− adjL0

detL0

]
P1 +

[
adj(L0 + L1 + L2)

det(L0 + L1 + L2)
− adj(L0 + L1)

det(L0 + L1)

]
P2

= L−1
0 +

[
(L0 + L1)

−1 − L−1
0

]
P1 +

[
(L0 + L1 + L2)

−1 − (L0 + L1)
−1
]
P2

= L−1

Hence the result holds by Theorem 2.4.

Example 3.5. Consider the symbolic 2-plithogenic 2× 2 matrix

L =

(
1 + P1 + P2 −1 + P1

1− P2 1

)
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Here, detL = 2 + P2, and adjL =

(
1 1− P1

−1 + P2 1 + P1 + P2

)
.

Hence,

L−1 =
1

detL
(adjL)

=
1

2 + P2

(
1 1− P1

−1 + P2 1 + P1 + P2

)

=

(
1

2
− 1

6
P2

)(
1 1− P1

−1 + P2 1 + P1 + P2

)

=

(
1
2 −

1
6P2

1
2 −

1
2P1

−1
2 + 1

2P2
1
2 + 1

2P1

)

Example 3.6. Consider the symbolic 2-plithogenic 3× 3 matrix

L =

 1 + P1 1− P1 1 + P1 − P2

1 + P2 −1 + P1 + P2 2 + P1

1− P1 + P2 −1 + P2 1 + P1


Here, detL = 2 + 2P1 − P2, and

adj(L) =

1 + 2P1 − P2 −2 + 2P2 3− 3P1 − P2

1− 3P1 + P2 4P1 − P2 −1− 3P1

−P1 2− 2P2 −2 + 2P1 + 2P2


L−1 =

1

detL
(adjL)

=
1

2 + 2P1 − P2

1 + 2P1 − P2 −2 + 2P2 3− 3P1 − P2

1− 3P1 + P2 4P1 − P2 −1− 3P1

−P1 2− 2P2 −2 + 2P1 + 2P2



=

(
1

2
− 1

4
P1 +

1

12
P2

)1 + 2P1 − P2 −2 + 2P2 3− 3P1 − P2

1− 3P1 + P2 4P1 − P2 −1− 3P1

−P1 2− 2P2 −2 + 2P1 + 2P2



=


1
2 + 1

4P1 − 1
12P2 −1 + P2

3
2 −

3
2P1 − 1

3P2

1
2 − P1 + 1

6P2 P1 + 8
3P2 −1

2 −
1
2P1 − 1

3P2

−1
4P1 − 1

12P2 1− 1
2P1 − 1

2P2 −1 + P1 + 2
3P2


Remark 3.7. If X is a invertible symbolic 2-plithogenic square matrix and X−1 is its inverse,

then adjX = detX ·X−1.

Theorem 3.8. Let X = A+BP1+CP2 and Y = M+NP1+SP2 be two symbolic 2-plithogenic

invertible square matrices. Then XY is also invertible and (XY )−1 = Y −1X−1.
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Proof. By Theorem 3.4, if X is invertible then

det(A) 6= 0, det(A+B) 6= 0 and det(A+B + C) 6= 0.

Similarly, if Y is invertible then

detM 6= 0 , det(M +N) 6= 0 and det(M +N + S) 6= 0.

This implies that,

det(AM) = detA detM 6= 0

det[(A+B)(M +N)] = det(A+B) det(M +N) 6= 0

det[(A+B + C)(M +N + S)] = det(A+B + C) det(M +N + S) 6= 0.

Now,

det(XY ) = det(AM) + [det((A+B)(M +N))]P1 + [det((A+B + C)(M +N + S))]P2 6= 0

and hence XY is invertible. Also by associativity of matrix multiplication, we have

(XY )(Y −1X−1) = X(Y Y −1)X−1 = XX−1 = Un×n

(Y −1X−1)(XY ) = Y −1(X−1X)Y = Y −1Y = Un×n.

Thus,(MN)−1 = N−1M−1.

Theorem 3.9. Let X and Y be two m×m symbolic 2-plithogenic invertible matrices. Then

the following properties holds.

(1) det(adjX) = (detX)m−1.

(2) adj(XY ) = adjX adjY .

(3) adj(Xk) = (adjX)k for any positive integer k.

(4) adj(XT ) = (adjX)T .

(5) adj(adjX) = (detX)m−2X

Proof. We can prove this results based on the properties adjoint of classical matrices.

4. Characteristic Polynomial of Symbolic 2-Plithogenic Square Matrices

We begin this section with the following definition.

Definition 4.1. Let L = L0 + L1P1 + L2P2 be a symbolic 2-plithogenic n× n square matrix

with real entries. The characteristic polynomial of L is defined as

φ(λ) = α(λ) + [β(λ)− α(λ)]P1 + [γ(λ)− β(λ)]P2
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where,

α(λ) = det(L0 − λUn×n)

β(λ) = det(L0 + L1 − λUn×n)− det(L0 − λUn×n)

γ(λ) = det(L0 + L1 + L2 − λUn×n)− det(L0 + L1 − λUn×n).

Example 4.2. Consider the following symbolic 2-plithogenic 2× 2 matrix:

L =

(
2 + P1 + 3P2 1− P1 − P2

3 + 4P1 1 + P2

)
with

L0 =

(
2 1

3 1

)
, L0 + L1 =

(
3 0

7 1

)
and L0 + L1 + L2 =

(
6 −1

7 2

)
.

Here,

α(λ) = det(L0 − λUn×n) =

(
2− λ 1

3 1− λ

)
= λ2 − 3λ− 1.

β(λ) = det(L0 + L1 − λUn×n)− det(L0 − λUn×n)

=

(
3− λ 0

7 1− λ

)
= λ2 − 4λ+ 3.

γ(λ) = det(L0 + L1 + L2 − λUn×n)− det(L0 + L1 − λUn×n)

=

(
6− λ −1

7 2− λ

)
= λ2 − 8λ− 19.

Hence the characteristic polynomial of L is

φ(λ) = λ2 − 3λ− 1 + [(λ2 − 4λ+ 3)− (λ2 − 3λ− 1)]P1 + [(λ2 − 8λ− 19)− (λ2 − 4λ+ 3)]P2

= λ2 − 3λ− 1 + (−λ+ 4)P1 + (−4λ+ 16)P2.

Example 4.3. Consider the symbolic 2-plithogenic 3× 3 matrix

L =

 1 + P1 1− P1 1 + P1 − P2

1 + P2 −1 + P1 + P2 2 + P1

1− P1 + P2 −1 + P2 1 + P1


with

L0 =

1 1 1

1 −1 2

1 −1 1

 , L0 + L1 =

2 0 2

1 0 3

0 −1 2

 , and L0 + L1 + L2 =

2 0 1

2 1 3

1 0 2

.
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Here,

α(λ) = det(L0 − λUn×n) =

1− λ 1 1

1 −1− λ 2

1 −1 1− λ

 = −λ3 + λ2 + λ+ 2.

β(λ) = det(L0 + L1 − λUn×n)− det(L0 − λUn×n)

=

2− λ 0 2

1 −λ 3

0 −1 2− λ


= −λ3 + 4λ2 − 7λ+ 4.

γ(λ) = det(L0 + L1 + L2 − λUn×n)− det(L0 + L1 − λUn×n)

=

2− λ 0 1

2 1− λ 3

1 0 2− λ


= −λ3 + 5λ2 − 7λ+ 3.

Hence the characteristic polynomial of L is

φ(λ) = −λ3 + λ2 + λ+ 2 + [(−λ3 + 4λ2 − 7λ+ 4)− (−λ3 + λ2 + λ+ 2)]P1

+[(−λ3 + 5λ2 − 7λ+ 3)− (−λ3 + 4λ2 − 7λ+ 4)]P2

= −λ3 + λ2 + λ+ 2 + (3λ2 − 8λ+ 2)P1 + (λ2 − 1)P2.

Theorem 4.4 (Symbolic 2-plithogenic Cayely-Hamilton Theorem). Every symbolic

2-plithogenic square matrix satisfies its characteristic polynomial.

Proof. We can prove this result based on the Cayely-Hamilton theorem for classical matrices.

Example 4.5. Consider the symbolic 2-plithogenic 2× 2 matrix given in Example 4.2

L =

(
1 + P1 + P2 −1 + P1

1− P2 1

)
The characteristic polynomial of L is φ(λ) = λ2 − 3λ− 1 + (−λ+ 4)P1 + (−4λ+ 16)P2. This

implies that,

φ(L) = L2 − 3L− 1 + (−L+ 4)P1 + (−4L+ 16)P2.

=

(
−P1 + 11P2 −5P2

7P1 + 28P2 −3P1 − 7P2

)
+

(
P1 − 3P2 P2

−7P1 3P1 − P2

)
+

(
−8P2 4P2

−28P1 8P2

)

=

(
0 0

0 0

)
Hence, φ(L) = 0.
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Remark 4.6. If L is a invertible symbolic 2-plithogenic matrix, then using Cayely-Hamilton

theorem we can compute the inverse of L. See the following example.

Example 4.7. Consider the symbolic 2-plithogenic 2× 2 matrix

L =

(
1 + P1 + P2 −1 + P1

1− P2 1

)
with

L0 =

(
1 −1

1 1

)
, L0 + L1 =

(
2 0

1 1

)
, and L0 + L1 + L2 =

(
3 0

0 1

)
.

Here,

α(λ) = det(L0 − λUn×n) =

(
1− λ −1

1 1− λ

)
= λ2 − 2λ+ 2.

β(λ) = det(L0 + L1 − λUn×n)− det(L0 − λUn×n)

=

(
2− λ 0

1 1− λ

)
= λ2 − 3λ+ 2.

γ(λ) = det(L0 + L1 + L2 − λUn×n)− det(L0 + L1 − λUn×n)

=

(
3− λ 0

0 1− λ

)
= λ2 − 4λ+ 3.

Hence the characteristic polynomial of L is

φ(λ) = α(λ) + [β(λ)− α(λ)]P1 + [γ(λ)− β(λ)]P2

= λ2 − 2λ+ 2− λP1 + (−λ+ 1)P2.

Now, by Cayely-Hamilton theorem we have φ(λ) = 0, we have,

L2 − 2L+ 2− LP1 + (−L+ 1)P2 = 0

(2 + P2)LL
−1 = −L2 + 2L+ LP1 + LP2.

This implies that,

L−1 =
1

2 + P2
[−L+ (2 + P1 + P2)Un×n]

=
1

2 + P2

(
1 1− P1

−1 + P2 1 + P1 + P2

)

=

(
1

2
− 1

6
P2

)(
1 1− P1

−1 + P2 1 + P1 + P2

)

=

(
1
2 −

1
6P2

1
2 −

1
2P1

−1
2 + 1

2P2
1
2 + 1

2P1

)
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5. Conclusion

In this work, the adjoint of symbolic 2-plithogenic square matrices was defined and the

inverse of invertible symbolic 2-plithogenic square matrices was studied in terms of symbolic

2-plithogenic adjoint and symbolic 2-plithogenic determinant. Also, we have presented the

concept of the characteristic polynomial of symbolic 2-plithogenic matrices and we have proved

the symbolic 2-plithogenic version of of Cayley-Hamilton theorem with many examples that

clarify the validity of this work.
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Abstract: In this work, we present a generalized isomorphism between field of symbolic n-

plithogenic set and 𝑅𝑛+1, use it to study the most general form of symbolic plithogenic random 

variables and study its probabilistic properties including expectation, variance and moments 

generating function. We also use this isomorphism to study symbolic n-plithogenic probability 

density function and present many theorems related to it. As an application to this new theory, we 

study exponential distribution in its symbolic n-plithogenic form and derive its properties, like 

expected value and variance. Many examples were presented and solved successfully. This paper 

closes the grand gap in-plithogenic probability theory and paves the way to study many related 

theories like stochastic modeling and its applications. 

Keywords: Plithogenic; Exponential Distribution; Expected Value; Variance; Isomorphism. 

1. Introduction

Professor Florentin Smarandache presented a new set of numbers called neutrosophic numbers 

similar to hypercomplex numbers presented by Kantor, I.L. and Solodovnikov, A.S. [1] where this 

new set is defined by 𝑅(𝐼) = {𝑎 + 𝑏𝐼 ; 𝐼2 = 𝐼, 𝑎, 𝑏 ∈ 𝑅}  [2]–[6]. This theory built new algebraic 

structures and new geometry. Hence, new theories in algebra, real analysis, probability, etc. 

In neutrosophic probability theory, or as it is called by researchers “literal neutrosophic probability 

theory”, many continuous probability distributions have been studied well, estimation theory was 

rebuilt under indeterminacy and many methods of estimation were well-defined including: 

maximum likelihood, moments and bayes. Researchers developed strong theories and many 

applications in real-life. From our point of view, the most important applications of this theory are in 

stochastic processes and stochastic modelling. [7]–[17]. 

Another extension to this set was then developed by professor Smarandache to what is known by 

plithogenic sets and it is said to be the most general form of a set until this moment. Plithogenic set 

is defined by 𝑅(𝑃1, 𝑃2, … , 𝑃𝑛) = {𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + ⋯ + 𝑎𝑛𝑃𝑛; 𝑎0, 𝑎2, … , 𝑎𝑛 ∈ 𝑅} ;  𝑃𝑖
2 = 𝑃𝑖 , 𝑃𝑖𝑃𝑗 =

𝑃𝑗𝑃𝑖 = 𝑃𝑚𝑎𝑥(𝑖,𝑗) and 𝑖 = 1,2, … , 𝑛 , 𝑗 = 1,2, … , 𝑛. This last set was studied in many fields of mathematics 

but with 𝑛 = 2. [18]–[34]. 

This paper can be considered a generalization of our work in [22] where we first presented the 

symbolic 2 plithogenic probability theory and studied its properties. This paper will close the gap in 
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symbolic n-plithogenic probability theory and pave the way for many researches related to it 

including statistical inference, stochastic modelling, sampling theory, queueing theory, distributions 

theory, stable distributions, reliability theory, etc. 

 

2. Preliminaries  

Definition 2.1 

Let 𝑹(𝑰) = {𝒂 + 𝒃𝑰; 𝑰𝟐 = 𝑰}, we call 𝑹(𝑰) the neutrosophic field of reals.  

Definition 2.2 

Set of symbolic n-plithogenic real numbers is defined as follows: 

𝑅(ℙ) = 𝑅(𝑃1, 𝑃2, … , 𝑃𝑛) = {𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + ⋯ + 𝑎𝑛𝑃𝑛; 𝑎0, 𝑎2, … , 𝑎𝑛 ∈ 𝑅} 

Where: 

𝑃𝑖
2 = 𝑃𝑖 , 𝑃𝑖𝑃𝑗 = 𝑃𝑗𝑃𝑖 = 𝑃max(𝑖,𝑗) ; 𝑖 = 1,2, … , 𝑛 , 𝑗 = 1,2, … , 𝑛 

Definition 2.3 

Symbolic 2 plithogenic random variable is defined as follows: 

𝑋2𝑃: Ω2𝑃 → 𝑅(𝑃1, 𝑃2); Ω2𝑃 = Ω0 × Ω1(𝑃1) × Ω2(𝑃2); 

𝑋2𝑃 = 𝑋0 + 𝑋1𝑃1 + 𝑋2𝑃2; 𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1𝑃2 = 𝑃2𝑃1 = 𝑃2 

Where random variables 𝑋0, 𝑋1, 𝑋2 are classical random variables defined on Ω0, Ω1, Ω2 respectively. 

3. Symbolic n-plithogenic random variables 

Definition 3.1  

Let 𝑅(ℙ) be the symbolic n-plithogenic set of reals, we define 𝐵 isomorphism and its inverse 𝐵−1 

between 𝑅(ℙ) and 𝑅𝑛+1 as follows: 

𝐵: 𝑅(ℙ) → 𝑅𝑛+1; 

𝐵(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + ⋯ + 𝑎𝑛𝑃𝑛) = (𝑎0, 𝑎0 + 𝑎1, … , 𝑎0 + 𝑎1 + ⋯ + 𝑎𝑛) 

𝐵−1: 𝑅𝑛+1 → 𝑅(ℙ); 

𝐵−1(𝑎0, 𝑎1, … , 𝑎𝑛) = 𝑎0 + (𝑎1 − 𝑎0)𝑃1 + (𝑎2 − 𝑎1)𝑃2 + ⋯ + (𝑎𝑛 − 𝑎𝑛−1)𝑃𝑛 

Theorem 3.1 

Isomorphism presented in definition 3.1 is an algebraic isomorphism. 

Proof 

Let 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + ⋯ + 𝑎𝑛𝑃𝑛 , 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 + ⋯ + 𝑏𝑛𝑃𝑛 ∈ 𝑅(ℙ). 

𝐵(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + ⋯ + 𝑎𝑛𝑃𝑛 + 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 + ⋯ + 𝑏𝑛𝑃𝑛)

= 𝐵([𝑎0 + 𝑏0] + [𝑎1 + 𝑏1]𝑃1+. . +[𝑎𝑛 + 𝑏𝑛]𝑃𝑛)

= (𝑎0 + 𝑏0, 𝑎0 + 𝑏0 + 𝑎1 + 𝑏1, … , 𝑎0 + 𝑏0 + 𝑎1 + 𝑏1 + ⋯ + 𝑎𝑛 + 𝑏𝑛)

= (𝑎0, 𝑎0 + 𝑎1, … , 𝑎0 + 𝑎1 + ⋯ + 𝑎𝑛) + (𝑏0, 𝑏0 + 𝑏1, … , 𝑏0 + 𝑏1 + ⋯ + 𝑏𝑛)

= 𝐵(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + ⋯ + 𝑎𝑛𝑃𝑛) + 𝐵(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 + ⋯ + 𝑏𝑛𝑃𝑛). 

We also have: 

𝐵([𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + ⋯ + 𝑎𝑛𝑃𝑛] ∙ [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 + ⋯ + 𝑏𝑛𝑃𝑛])

= 𝐵(𝑎0𝑏0 + [𝑎0𝑏1 + 𝑎1𝑏1 + 𝑎1𝑏0]𝑃1 + [𝑎0𝑏2 + 𝑎1𝑏2 + 𝑎2𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1]𝑃2 + ⋯

+ [𝑎0𝑏𝑛 + 𝑎1𝑏𝑛 + ⋯ + 𝑎𝑛𝑏𝑛 + 𝑎𝑛𝑏𝑛−1 + 𝑎𝑛𝑏𝑛−2 + ⋯ + 𝑎𝑛𝑏0]𝑃𝑛)

= (𝑎0𝑏0, 𝑎0𝑏0 + 𝑎0𝑏1 + 𝑎1𝑏1 + 𝑎1𝑏0, 𝑎0𝑏0 + 𝑎0𝑏1 + 𝑎1𝑏1 + 𝑎1𝑏0 + 𝑎0𝑏2 + 𝑎1𝑏2

+ 𝑎2𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1, … , 𝑎0𝑏0 + 𝑎0𝑏1 + 𝑎1𝑏1 + 𝑎1𝑏0 + 𝑎0𝑏𝑛 + 𝑎1𝑏𝑛 + ⋯ + 𝑎𝑛𝑏𝑛

+ 𝑎𝑛𝑏𝑛−1 + 𝑎𝑛𝑏𝑛−2 + ⋯ + 𝑎𝑛𝑏0)

= 𝐵(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + ⋯ + 𝑎𝑛𝑃𝑛)𝐵(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 + ⋯ + 𝑏𝑛𝑃𝑛). 
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Also, 𝐵  is correspondence one-to-one because 𝐾𝑒𝑟(𝐵) = {0}  and for every (𝑎0, 𝑎1, … , 𝑎𝑛) ∈ 𝑅𝑛+1 

exists 𝑎0 + (𝑎1 − 𝑎0)𝑃1 + (𝑎2 − 𝑎1)𝑃2 + ⋯ + (𝑎𝑛 − 𝑎𝑛−1)𝑃𝑛 ∈ 𝑅(ℙ)  that satisfies 𝐵(𝑎0 + (𝑎1 −

𝑎0)𝑃1 + (𝑎2 − 𝑎1)𝑃2 + ⋯ + (𝑎𝑛 − 𝑎𝑛−1)𝑃𝑛) = (𝑎0, 𝑎1, … , 𝑎𝑛) ∈ 𝑅𝑛+1 so 𝐵 is an algebraic isomorphism. 
Definition 3.2 

We say that 𝒂𝟎 + 𝒂𝟏𝑷𝟏 + 𝒂𝟐𝑷𝟐 + ⋯ + 𝒂𝒏𝑷𝒏 ≥𝑷 𝒃𝟎 + 𝒃𝟏𝑷𝟏 + 𝒃𝟐𝑷𝟐 + ⋯ + 𝒃𝒏𝑷𝒏 if 𝒂𝟎 ≥ 𝒃𝟎, 𝒂𝟎 + 𝒂𝟏 ≥

𝒃𝟎 + 𝒃𝟏, … , 𝒂𝟎 + 𝒂𝟏 + ⋯ + 𝒂𝒏 ≥ 𝒃𝟎 + 𝒃𝟏 + ⋯ + 𝒃𝒏. 

Theorem 3.2 

Relation defined in definition 3.2 is a partial order relation. 

Proof 

Straightforward. 

Definition 3.3 

Symbolic n-plithogenic random variable is defined by: 

𝑋𝑃: Ω𝑃 → 𝑅(ℙ); Ω𝑃 = Ω0 × Ω1(𝑃1) × Ω2(𝑃2) … × Ω𝑛(𝑃𝑛); 

𝑋𝑃 = 𝑋0 + 𝑋1𝑃1 + 𝑋2𝑃2 + ⋯ + 𝑋𝑛𝑃𝑛; 𝑃𝑖
2 = 𝑃𝑖 , 𝑃𝑖𝑃𝑗 = 𝑃𝑗𝑃𝑖 = 𝑃max(𝑖,𝑗) ; 𝑖 = 1,2, … , 𝑛 , 𝑗 = 1,2, … , 𝑛 

Where 𝑋0, 𝑋1, 𝑋2, … , 𝑋𝑛 are classical random variables defined on Ω0, Ω1, Ω2, … , Ω𝑛 respectively. 

Theorem 3.3 

Let 𝑋𝑝 be a symbolic n-plithogenic random variable then the following equations hold: 

1. 𝐸(𝑋𝑃) = 𝐸(𝑋0) + ∑ 𝐸(𝑋𝑖)𝑃𝑖
𝑛
𝑖=1 . 

2. 𝑉𝑎𝑟(𝑋0) + ∑ [𝑉𝑎𝑟(∑ 𝑋𝑗
𝑖
𝑗=0 ) − 𝑉𝑎𝑟(∑ 𝑋𝑗

𝑖−1
𝑗=0 )]𝑃𝑖

𝑛
𝑖=1 . 

3. 𝜎(𝑋0) + ∑ [𝜎(∑ 𝑋𝑗
𝑖
𝑗=0 ) − 𝜎(∑ 𝑋𝑗

𝑖−1
𝑗=0 )]𝑃𝑖

𝑛
𝑖=1 . 

Proof 

Without loss of generality, we can prove the theorem assuming that 𝑋𝑝 is a discrete random variable. 

1. 𝐸(𝑋𝑃) = ∑ 𝑥𝑃𝑓(𝑥𝑃) = 
𝑥𝑃

∑ (𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + ⋯ + 𝑥𝑛𝑃𝑛)𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + ⋯ + 𝑥𝑛𝑃𝑛) 
𝑥𝑃

 

The isomorphic expectation of last equation is: 

 

𝐵[𝐸(𝑋𝑃)] = 𝐵 [∑(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + ⋯ + 𝑥𝑛𝑃𝑛)𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + ⋯ + 𝑥𝑛𝑃𝑛)

𝑥𝑃

]

= ∑ 𝐵[(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + ⋯ + 𝑥𝑛𝑃𝑛)𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + ⋯ + 𝑥𝑛𝑃𝑛)]

𝑥𝑃

= (∑ 𝑥0𝑓(𝑥0)

𝑥0

, ∑ (𝑥0 + 𝑥1)𝑓(𝑥0 + 𝑥1)

𝑥0+𝑥1

, … , ∑ (𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)𝑓(𝑥0 + 𝑥1

𝑥0+𝑥1+⋯+𝑥𝑛

+ ⋯ + 𝑥𝑛)) = (𝐸(𝑋0), 𝐸(𝑋0 + 𝑋1), … , 𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛))

= (𝐸(𝑋0), 𝐸(𝑋0) + 𝐸(𝑋1), … , 𝐸(𝑋0) + 𝐸(𝑋1) + ⋯ + 𝐸(𝑋𝑛)) 

Taking 𝐵−1: 

𝐸(𝑋𝑃) = 𝐵−1(𝐸(𝑋0), 𝐸(𝑋0) + 𝐸(𝑋1), … , 𝐸(𝑋0) + 𝐸(𝑋1) + ⋯ + 𝐸(𝑋𝑛))

= 𝐸(𝑋0) + [𝐸(𝑋0) + 𝐸(𝑋1) − 𝐸(𝑋0)]𝑃1 + ⋯

+ [𝐸(𝑋0) + 𝐸(𝑋1) + ⋯ + 𝐸(𝑋𝑛) − 𝐸(𝑋0) − 𝐸(𝑋1) − ⋯ − 𝐸(𝑋𝑛−1)]𝑃𝑛

= 𝐸(𝑋0) + 𝐸(𝑋1)𝑃1 + ⋯ + 𝐸(𝑋𝑛)𝑃2 
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2. 𝐸(𝑋𝑃
2) = 𝐸(𝑋0 + 𝑋1𝑃1 + ⋯ + 𝑋𝑛𝑃𝑛)2 = ∑ (𝑥0 + 𝑥1𝑃1 + ⋯ + 𝑥𝑛𝑃𝑛)2𝑓(𝑥0 + 𝑥1𝑃1 + ⋯ + 𝑥𝑛𝑃𝑛)𝑥𝑃

 

Taking 𝐵: 

𝐵[𝐸(𝑋𝑃
2)] = 𝐵 [∑(𝑥0 + 𝑥1𝑃1 + ⋯ + 𝑥𝑛𝑃𝑛)2𝑓(𝑥0 + 𝑥1𝑃1 + ⋯ + 𝑥𝑛𝑃𝑛)

𝑥𝑃

]

= ∑ 𝐵[(𝑥0 + 𝑥1𝑃1 + ⋯ + 𝑥𝑛𝑃𝑛)2𝑓(𝑥0 + 𝑥1𝑃1 + ⋯ + 𝑥𝑛𝑃𝑛)] 

𝑥𝑃

=

= (∑ 𝑥0
2𝑓(𝑥0)

𝑥0

, ∑ (𝑥0 + 𝑥1)2𝑓(𝑥0 + 𝑥1)

𝑥0+𝑥1

, … , ∑ (𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)2𝑓(𝑥0

𝑥0+𝑥1+⋯+𝑥𝑛

+ 𝑥1 + ⋯ + 𝑥𝑛)) = (𝐸(𝑋0
2), 𝐸(𝑋0 + 𝑋1)2, … , 𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛)2) 

Now by taking the inverse isometry we get: 

𝐸(𝑋𝑃
2) = 𝐵−1(𝐸(𝑋0

2), 𝐸(𝑋0 + 𝑋1)2, … , 𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛)2)

= 𝐸(𝑋0
2) + [𝐸(𝑋0 + 𝑋1)2 − 𝐸(𝑋0

2)]𝑃1 + ⋯

+ [𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛)2 − 𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛−1)2]𝑃𝑛 

Also, we can prove in similar way that: 

[𝐸(𝑋𝑃)]2 = [𝐸(𝑋0)]2 + [[𝐸(𝑋0 + 𝑋1)]2 − [𝐸(𝑋0)]2]𝑃1 + ⋯

+ [[𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛)]2 − [𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛−1)]2]𝑃𝑛 

Hence, we have: 

𝑉𝑎𝑟(𝑋𝑃) = 𝐸(𝑋𝑃
2) − [𝐸(𝑋𝑃)]2

= 𝐸(𝑋0
2) + [𝐸(𝑋0 + 𝑋1)2 − 𝐸(𝑋0

2)]𝑃1 + ⋯

+ [𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛)2 − 𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛−1)2]𝑃𝑛

− {[𝐸(𝑋0)]2 + [[𝐸(𝑋0 + 𝑋1)]2 − [𝐸(𝑋0)]2]𝑃1 + ⋯

+ [[𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛)]2 − [𝐸(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛−1)]2]𝑃𝑛}

= 𝑉𝑎𝑟(𝑋0) + [𝑉𝑎𝑟(𝑋0 + 𝑋1) − 𝑉𝑎𝑟(𝑋0)]𝑃1 + ⋯

+ [𝑉𝑎𝑟(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛) − 𝑉𝑎𝑟(𝑋0 + 𝑋1 + ⋯ + 𝑋𝑛−1)]𝑃𝑛

= 𝑉𝑎𝑟(𝑋0) + ∑ [𝑉𝑎𝑟 (∑ 𝑋𝑗

𝑖

𝑗=0

) − 𝑉𝑎𝑟 (∑ 𝑋𝑗

𝑖−1

𝑗=0

)] 𝑃𝑖

𝑛

𝑖=1

 

3. Straightforward. 

Theorem 3.4 

A symbolic n-plithogenic function 𝑓(𝑥𝑃) = 𝑓(𝑥0 + 𝑥1𝑃1 + ⋯ + 𝑥𝑛𝑃𝑛) is a probability density function 

in classical scene if and only if it satisfies the following conditions: 

1. 𝑓(𝑥0), 𝑓(𝑥0 + 𝑥1), … , 𝑓(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛) are all continuous nonnegative functions. 

2. ∫ 𝑓(𝑥0)𝑑𝑥0
 

𝑥0
= 1, ∫ 𝑓(𝑥0 + 𝑥1)𝑑(𝑥0 + 𝑥1)

 

𝑥0+𝑥1
= 1, … , ∫ 𝑓(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)𝑑(𝑥0 +

 

𝑥0+𝑥1+⋯+𝑥𝑛

𝑥1 + ⋯ + 𝑥𝑛) = 1. 

Proof 

The isometric image of 𝑓(𝑥𝑃) is: 
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𝐵(𝑓(𝑥𝑃)) = (𝑓(𝑥0), 𝑓(𝑥0 + 𝑥1), … , 𝑓(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)) 

According to theorem 3.2 we can see that if 𝑓(𝑥0), 𝑓(𝑥0 + 𝑥1), … , 𝑓(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)  are all 

nonnegative then 𝑓(𝑥𝑃) is a nonnegative function and vice-versa. 

Also, according to the properties of the isomorphism 𝐵  we can conclude that 𝑓(𝑥𝑃)  will be a 

continuous function if and only if 𝑓(𝑥0), 𝑓(𝑥0 + 𝑥1), … , 𝑓(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)  are all continuous 

functions. 

Finally, let us assume that: 

∫ 𝑓(𝑥0)𝑑𝑥0

 

𝑥0

= 1, ∫ 𝑓(𝑥0 + 𝑥1)𝑑(𝑥0 + 𝑥1)

 

𝑥0+𝑥1

= 1, … , ∫ 𝑓(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)𝑑(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛) = 1

 

𝑥0+𝑥1+⋯+𝑥𝑛

. 

Then taking 𝐵−1 yields to: 

𝐵−1 ( ∫ 𝑓(𝑥0)𝑑𝑥0

 

𝑥0

, ∫ 𝑓(𝑥0 + 𝑥1)𝑑(𝑥0 + 𝑥1)

 

𝑥0+𝑥1

, … , ∫ 𝑓(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)𝑑(𝑥0 + 𝑥1 + ⋯

 

𝑥0+𝑥1+⋯+𝑥𝑛

+ 𝑥𝑛)) = 𝐵−1(1,1, … ,1) = 1 + (1 − 1)𝑃1 + ⋯ + (1 − 1)𝑃𝑛 = 1 

And this completes the proof. 

Example 

Let 𝑓(𝑥𝑃) = 2𝑥0 + (𝑒−𝑥1 − 2𝑥0)𝑃1 + (1 − 𝑒−𝑥1)𝑃2; 𝑥0 ∈ [0,1], 𝑥0 + 𝑥1 > 0, 𝑥0 + 𝑥1 + 𝑥2 ∈ [0,1] 

1. prove that 𝑓(𝑥𝑃) is a probability density function. 

2. Calculate the probability 𝑃 (𝑋𝑃 <
1

2
+ 𝑃1 −

3

4
𝑃2). 

Solution 

1. 𝐵(𝑓(𝑥𝑃)) = 𝐵(2𝑥0 + (𝑒−(𝑥0+𝑥1) − 2𝑥0)𝑃1 + (1 − 𝑒−(𝑥0+𝑥1))𝑃2) = (2𝑥0, 2𝑥0 +

(𝑒−(𝑥0+𝑥1) − 2𝑥0), 2𝑥0 + (𝑒−(𝑥0+𝑥1) − 2𝑥0) + (1 − 𝑒−(𝑥0+𝑥1))) = (2𝑥0, 𝑒−(𝑥0+𝑥1), 1) 

We conclude that: 

𝑓(𝑥0) = 2𝑥0; 𝑥0 ∈ [0,1] 

𝑓(𝑥0 + 𝑥1) = 𝑒−(𝑥0+𝑥1); 𝑥0 + 𝑥1 > 0 

𝑓(𝑥0 + 𝑥1 + 𝑥2) = 1; 𝑥0 + 𝑥1 + 𝑥2 ∈ [0,1] 

All previous functions are continuous nonnegative functions and integrate to one on their defined 

domain. 

2. Calculating  𝑃 (𝑋𝑃 <
1

2
+ 𝑃1 −

3

4
𝑃2) is equivalent to calculating the following three 

probabilities: 
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∫ 2𝑥0𝑑𝑥0

1
2

0

= 𝑥0
2|0

1
2 =

1

4
, ∫ 𝑒−(𝑥0+𝑥1)𝑑(𝑥0 + 𝑥1)

1
2

+1

0

= [1 − 𝑒−(𝑥0+𝑥1)]
0

3
2 = 1 − 𝑒−

3
2, ∫ 𝑑(𝑥0 + 𝑥1 + 𝑥2)

1
2

+1−
3
4

0

=
3

4
 

So 𝑃 (𝑋𝑃 <
1

2
+ 𝑃1 −

3

4
𝑃2) = 𝐵−1 (

1

4
, 1 − 𝑒−

3

2,
3

4
) =

1

4
+ (1 − 𝑒−

3

2 −
1

4
) 𝑃1 + (

3

4
− 1 + 𝑒−

3

2) 𝑃2 =
1

4
+ (

3

4
−

𝑒−
2

3) 𝑃1 + (𝑒−
3

2 −
1

4
) 𝑃2. 

Theorem 3.5 

Let 𝑋𝑃 be a symbolic n-plithogenic random variable then its moments generating function is: 

𝑀𝑋𝑃
(𝑡) = 𝑀𝑋0

(𝑡) + ∑ [𝑀
∑ 𝑋𝑗

𝑖
𝑗=0

(𝑡) − 𝑀
∑ 𝑋𝑗

𝑖−1
𝑗=0

(𝑡)] 𝑃𝑖

𝑛

𝑖=1

 

Proof 

𝑀𝑋𝑃
(𝑡) = 𝐸(𝑒𝑡𝑋𝑃) = ∫ 𝑒𝑡𝑥𝑃𝑓(𝑥𝑃)𝑑𝑥𝑃

+∞

−∞

= 𝐵−1𝐵 [ ∫ 𝑒𝑡𝑥𝑃𝑓(𝑥𝑃)𝑑𝑥𝑃

+∞

−∞

] 

= 𝐵−1 ( ∫ 𝑒𝑡𝑥0𝑓(𝑥0)𝑑𝑥0

+∞

−∞

, ∫ 𝑒𝑡(𝑥0+𝑥1)𝑓(𝑥0 + 𝑥1)𝑑(𝑥0 + 𝑥1)

+∞

−∞

, … , ∫ 𝑒𝑡(𝑥0+𝑥1+⋯+𝑥𝑛)𝑓(𝑥0 + 𝑥1 + ⋯

+∞

−∞

+ 𝑥𝑛)𝑑(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)) 

= 𝐵−1 (𝑀𝑋0
(𝑡), 𝑀𝑋0+𝑋1

(𝑡), … , 𝑀𝑋0+𝑋1+⋯+𝑋𝑛
(𝑡)) 

= 𝑀𝑋0
(𝑡) + [𝑀𝑋0+𝑋1

(𝑡) − 𝑀𝑋0
(𝑡)]𝑃1 + ⋯ + [𝑀𝑋0+𝑋1+⋯+𝑋𝑛

(𝑡) − 𝑀𝑋0+𝑋1+⋯+𝑋𝑛−1
(𝑡)]𝑃𝑛 = 𝑀𝑋𝑃

(𝑡) 

= 𝑀𝑋0
(𝑡) + ∑ [𝑀∑ 𝑋𝑗

𝑖
𝑗=0

(𝑡) − 𝑀∑ 𝑋𝑗
𝑖−1
𝑗=0

(𝑡)] 𝑃𝑖

𝑛

𝑖=1

 

Theorem 3.6  

Let 𝑋𝑃 be a symbolic n-plithogenic random variable and let its moments generating function be 𝑀𝑋𝑃
(𝑡) then: 

𝑑𝑘

𝑑𝑡𝑘
𝑀𝑋𝑃

(𝑡)|𝑡=0 = 𝐸(𝑋𝑃
𝑘) 

Proof 

We have 

𝑀𝑋𝑃
(𝑡) = 𝑀𝑋0

(𝑡) + ∑ [𝑀
∑ 𝑋𝑗

𝑖
𝑗=0

(𝑡) − 𝑀
∑ 𝑋𝑗

𝑖−1
𝑗=0

(𝑡)] 𝑃𝑖

𝑛

𝑖=1

 

By taking kth derivative of the last equation and substituting 𝑡 = 0 we get: 
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𝑑𝑘

𝑑𝑡𝑘
𝑀𝑋𝑃

(𝑡)|𝑡=0 =
𝑑𝑘

𝑑𝑡𝑘
(𝑀𝑋0

(𝑡) + ∑ [𝑀∑ 𝑋𝑗
𝑖
𝑗=0

(𝑡) − 𝑀∑ 𝑋𝑗
𝑖−1
𝑗=0

(𝑡)] 𝑃𝑖

𝑛

𝑖=1

)

𝑡=0

=
𝑑𝑘

𝑑𝑡𝑘
𝑀𝑋0

(0) + ∑ [
𝑑𝑘

𝑑𝑡𝑘
𝑀

∑ 𝑋𝑗
𝑖
𝑗=0

(0) −
𝑑𝑘

𝑑𝑡𝑘
𝑀

∑ 𝑋𝑗
𝑖−1
𝑗=0

(0)] 𝑃𝑖

𝑛

𝑖=1

= 𝐸(𝑋0
𝑘) + ∑ [𝐸 (∑ 𝑋𝑗

𝑖

𝑗=0

)

𝑘

− 𝐸 (∑ 𝑋𝑗

𝑖−1

𝑗=0

)

𝑘

] 𝑃𝑖

𝑛

𝑖=1

= 𝐸(𝑋𝑃
𝑘) 

4. Application to symbolic n-plithogenic exponential distribution 

Definition 4.1 

A symbolic n-plithogenic random variable is said to follow exponential distribution with parameter 𝜆𝑁 = 𝜆0 +

𝜆1𝑃1 + ⋯ + 𝜆𝑛𝑃𝑛 if its probability density function is given by: 

𝑓(𝑥𝑃) = 𝜆0𝑒−𝜆0𝑥0 + ∑ [∑ 𝜆𝑗

𝑖

𝑗=0

𝑒− ∑ 𝜆𝑗
𝑖
𝑗=0 ∑ 𝑥𝑗

𝑖
𝑗=0 − ∑ 𝜆𝑗

𝑖−1

𝑗=0

𝑒− ∑ 𝜆𝑗
𝑖−1
𝑗=0 ∑ 𝑥𝑗

𝑖−1
𝑗=0 ] 𝑃𝑖  ; 𝑥𝑃 , 𝜆𝑃 >𝑃 0

𝑛

𝑖=1

 

Theorem 4.1 

If 𝑋𝑃 is a symbolic n-plithogenic exponential random variable with parameter 𝜆𝑁 = 𝜆0 + 𝜆1𝑃1 + ⋯ +

𝜆𝑛𝑃𝑛 then: 

1. 𝐹(𝑥𝑃) = 1 − 𝜆0𝑒−𝜆0𝑥0 + ∑ [𝑒− ∑ 𝜆𝑗
𝑖−1
𝑗=0 ∑ 𝑥𝑗

𝑖−1
𝑗=0 − 𝑒− ∑ 𝜆𝑗

𝑖
𝑗=0 ∑ 𝑥𝑗

𝑖
𝑗=0 ] 𝑃𝑖  ; 𝑥𝑃 , 𝜆𝑃 >𝑃 0𝑛

𝑖=1  

2. 𝐸(𝑋𝑃) =
1

𝜆0
+ ∑ [

1

∑ 𝜆𝑗
𝑖
𝑗=0

−
1

∑ 𝜆𝑗
𝑖−1
𝑗=0

] 𝑃𝑖  
𝑛
𝑖=1  

3. 𝑉𝑎𝑟(𝑋𝑃) =
1

𝜆0
2 + ∑ [

1

(∑ 𝜆𝑗
𝑖
𝑗=0 )

2 −
1

(∑ 𝜆𝑗
𝑖−1
𝑗=0 )

2] 𝑃𝑖  𝑛
𝑖=1  

Proof 

1. 𝐹(𝑥𝑃) = ∫ 𝑓(𝑥𝑃)𝑑𝑥𝑃
𝑥𝑃

0
= ∫ [𝜆0𝑒−𝜆0𝑥0 + ∑ [∑ 𝜆𝑗

𝑖
𝑗=0 𝑒− ∑ 𝜆𝑗

𝑖
𝑗=0 ∑ 𝑥𝑗

𝑖
𝑗=0 −𝑛

𝑖=1
𝑥0+𝑥1𝑃1+⋯+𝑥𝑛𝑃𝑛

0

∑ 𝜆𝑗
𝑖−1
𝑗=0 𝑒− ∑ 𝜆𝑗

𝑖−1
𝑗=0 ∑ 𝑥𝑗

𝑖−1
𝑗=0 ] 𝑃𝑖  ] 𝑑(𝑥0 + 𝑥1𝑃1 + ⋯ + 𝑥𝑛𝑃𝑛) = 𝐵−1[∫ 𝜆0𝑒−𝜆0𝑥0𝑑𝑥0

𝑥0

0
, ∫ (𝜆0 +

𝑥0+𝑥1

0

𝜆1)𝑒−(𝜆0+𝜆1)(𝑥0+𝑥1)𝑑(𝑥0 + 𝑥1), … , ∫ (𝜆0 + 𝜆1 + ⋯ + 𝜆𝑛)𝑒−(𝜆0+𝜆1+⋯+𝜆𝑛)(𝑥0+𝑥1+⋯+𝑥𝑛)𝑑(𝑥0 + 𝑥1 +
𝑥0+𝑥1+⋯+𝑥𝑛

0

⋯ + 𝑥𝑛)] = 𝐵−1(1 − 𝑒−𝜆0𝑥0 , 1 − 𝑒−(𝜆0+𝜆1)(𝑥0+𝑥1), … ,1 − 𝑒−(𝜆0+𝜆1+⋯+𝜆𝑛)(𝑥0+𝑥1+⋯+𝑥𝑛)) = 1 − 𝜆0𝑒−𝜆0𝑥0 +

∑ [𝑒− ∑ 𝜆𝑗
𝑖−1
𝑗=0 ∑ 𝑥𝑗

𝑖−1
𝑗=0 − 𝑒− ∑ 𝜆𝑗

𝑖
𝑗=0 ∑ 𝑥𝑗

𝑖
𝑗=0 ] 𝑃𝑖  

𝑛
𝑖=1  

2. 𝐸(𝑋𝑃) = ∫ 𝑥𝑃𝑓(𝑥𝑃)𝑑𝑥𝑃
∞

0
= ∫ (𝑥0 + 𝑥1𝑃1 + ⋯ + 𝑥𝑛𝑃𝑛) [𝜆0𝑒−𝜆0𝑥0 + ∑ [∑ 𝜆𝑗

𝑖
𝑗=0 𝑒− ∑ 𝜆𝑗

𝑖
𝑗=0 ∑ 𝑥𝑗

𝑖
𝑗=0 −𝑛

𝑖=1
∞

0

∑ 𝜆𝑗
𝑖−1
𝑗=0 𝑒− ∑ 𝜆𝑗

𝑖−1
𝑗=0 ∑ 𝑥𝑗

𝑖−1
𝑗=0 ] 𝑃𝑖  ] 𝑑(𝑥0 + 𝑥1𝑃1 + ⋯ + 𝑥𝑛𝑃𝑛) = 𝐵−1[∫ 𝑥0𝜆0𝑒−𝜆0𝑥0𝑑𝑥0

∞

0
, ∫ (𝑥0 + 𝑥1)(𝜆0 +

∞

0

𝜆1)𝑒−(𝜆0+𝜆1)(𝑥0+𝑥1)𝑑(𝑥0 + 𝑥1), … , ∫ (𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)(𝜆0 + 𝜆1 + ⋯ +
∞

0
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𝜆𝑛)𝑒−(𝜆0+𝜆1+⋯+𝜆𝑛)(𝑥0+𝑥1+⋯+𝑥𝑛)𝑑(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)] = 𝐵−1 (
1

𝜆0
, 1

𝜆0+𝜆1
, … , 1

𝜆0+𝜆1+⋯+𝜆𝑛
) =

1

𝜆0
+

∑ [
1

∑ 𝜆𝑗
𝑖
𝑗=0

−
1

∑ 𝜆𝑗
𝑖−1
𝑗=0

] 𝑃𝑖  
𝑛
𝑖=1  

3. 𝑉𝑎𝑟(𝑋𝑃) = 𝐵−1𝐵(∫ [𝑥𝑃 − 𝐸(𝑋𝑃)]2𝜆𝑃𝑒−𝜆𝑃 𝑥𝑃𝑑𝑥𝑃
∞

0
) = 𝐵−1 (∫ (𝑥0 −

∞

0

1

𝜆0
)

2

𝜆0𝑒−𝜆0 𝑥0𝑑𝑥0 , ∫ (𝑥0 + 𝑥1 −
1

𝜆0+𝜆1
)

2

(𝜆0 + 𝜆1)𝑒−(𝜆0+𝜆1)(𝑥0+𝑥1)𝑑(𝑥0 +
∞

0

𝑥1) , … , ∫ (𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛 −
1

𝜆0+𝜆1+⋯+𝜆𝑛
)

2

(𝜆0 + 𝜆1 + ⋯ +
∞

0

𝜆𝑛)𝑒−(𝜆0+𝜆1+⋯+𝜆𝑛)(𝑥0+𝑥1+⋯+𝑥𝑛)𝑑(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛)) =

𝐵−1 (
1

𝜆0
2 ,

1

(𝜆0+𝜆1)2 , … ,
1

(𝜆0+𝜆1+⋯+𝜆𝑛)2) =
1

𝜆0
2 + ∑ [

1

(∑ 𝜆𝑗
𝑖
𝑗=0 )

2 −
1

(∑ 𝜆𝑗
𝑖−1
𝑗=0 )

2] 𝑃𝑖 
𝑛
𝑖=1  

5. Conclusion 

We have presented an important introduction to symbolic n-plithogenic probability theory and 

studied random variables related to it. Many theorems were demonstrated and proved successfully. 

As an application to this new theory, exponential distribution was defined and its properties were 

studied. Many examples have been solved successfully. In future researches, we are going to study 

symbolic n-plithogenic stochastic processes and its real-life applications in communication using 

queueing theory.  
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Abstract 

The main goal of this paper is to study the representation of the symbolic 

n-plithogenic differential operator for many different values of n by classical

algebraic matrices and plithogenic matrices. We present many examples about the

representation of symbolic n-plithogenic differential operators by matrices. As

well as, we compute the symbolic 2-plithogenic, 3-plithogenic, and 4-plithogenic

Wronsckian, and anti-Wronsckian.

Keywords: Differential operator, Wronsckian, anti-Wronsckian, symbolic 

n-plithogenic matrix

Introduction 

Symbolic n-plithogenic structures and sets are defined for the first time by 

Smarandache [4], as extensions of classical algebraic structures. Where they were 

used widely by many researchers to generalize famous algebraic structures. For 

example, we can see symbolic n-plithogenic rings, probability, spaces, and matrices 

[1-3, 5-8, 14-19]. 

The main results about symbolic n-plithogenic structures are the similarity between 

them and refined neutrosophic structures, see [9-13]. 

In this work, we concentrate on the analytical side of symbolic n-plithogenic 

algebraic structures, where we provide many examples about the applications of 

matrices in representing symbolic n-plithogenic differential operators. Also, we 

present the concept of symbolic n-plithogenic Wronsckian, and anti-Wronsckian, 

zenodo.10031274/10.5281
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with many computable examples. For the definitions of symbolic n-plithogenic 

rings and structures, check [1,6,8,19]. 

Main Discussion 

Definition:  

Let 𝑓: 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑅 be a symbolic 2-plithogenic real function, we define the 

symbolic 2-plithogenic differential operator as: 𝐷2(𝑓) = 𝑓́. 

Definition. 

Let 𝑓: 3 − 𝑆𝑃𝑅 → 3 − 𝑆𝑃𝑅 be a symbolic 3-plithogenic real function, we define the 

symbolic 2-plithogenic differential operator as: 𝐷3(𝑓) = 𝑓́. 

Definition. 

Let 𝑓: 4 − 𝑆𝑃𝑅 → 4 − 𝑆𝑃𝑅 be a symbolic 4-plithogenic real function, we define the 

symbolic 2-plithogenic differential operator as: 𝐷4(𝑓) = 𝑓́. 

Definition. 

Let 𝑓: 5 − 𝑆𝑃𝑅 → 5 − 𝑆𝑃𝑅 be a symbolic 5-plithogenic real function, we define the 

symbolic 2-plithogenic differential operator as: 𝐷5(𝑓) = 𝑓́. 

Example. 

Consider 𝑓: 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑅; 𝑓(𝑋) = 𝑋2 + (𝑃1 + 𝑃2)𝑋 − 𝑃1 ,where 𝑋 = 𝑥0 +

𝑥1𝑃1 + 𝑥2𝑃2 ∈ 2 − 𝑆𝑃𝑅, then 𝐷2(𝑓) = 2𝑋 + (𝑃1 + 𝑃2). 

Consider 𝑔: 3 − 𝑆𝑃𝑅 → 3 − 𝑆𝑃𝑅; 𝑔(𝑋) = 𝑋2 + 𝑃3𝑋 + 𝑃3 + 𝑃2 ,where 𝑋 = 𝑥0 + 𝑥1𝑃1 +

𝑥2𝑃2 + 𝑥3𝑃3 ∈ 3 − 𝑆𝑃𝑅, then 𝐷3(𝑔) = 2𝑋 + 𝑃3. 

Consider ℎ: 4 − 𝑆𝑃𝑅 → 4 − 𝑆𝑃𝑅; ℎ(𝑋) = 𝑋
3 + (𝑃1 + 𝑃4)𝑋 − 1 ,where 𝑋 = 𝑥0 + 𝑥1𝑃1 +

𝑥2𝑃2 + 𝑥3𝑃3 + 𝑥4𝑃4 ∈ 4 − 𝑆𝑃𝑅, then 𝐷3(ℎ) = 3𝑋
2 + 𝑃1 + 𝑃4. 

Example. 

Consider 𝐷2  the symbolic 2-plithogenic differential operator on the space of 

symbolic 2-plithogenic quadratic polynomials {𝑎𝑋2 + 𝑏𝑋 + 𝑐; 𝑎, 𝑏, 𝑐, 𝑋 ∈ 2 − 𝑆𝑃𝑅}, 

then: 

{

𝐷2(𝑋
2) = 2𝑋 = 2𝑥0 + 2𝑥1𝑃1 + 2𝑥2𝑃2 = 0𝑋

2 + 2𝑋 + 0.1

𝐷2(𝑋) = 1 = 0𝑋
2 + 0. 𝑋 + 1.1

𝐷2(1) = 0 = 0𝑋2 + 0. 𝑋 + 0.1
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Hence [𝐷2] = (
0 0 0
2 0 0
1 1 0

). 

Example. 

Consider 𝐷3, 𝐷4, 𝐷5  be the symbolic 3-plithogenic, 4-plithogenic, 5-plithogenic 

differential operators on the spaces of cubic symbolic 30plithogenic, 4-plithogenic, 

and 5-plithogenic spaces. 

𝐿1 = {𝑎𝑋
3 + 𝑏𝑋2 + 𝑏𝑋 + 𝑑; 𝑎, 𝑏, 𝑐, 𝑑, 𝑋 ∈ 3 − 𝑆𝑃𝑅} 

𝐿2 = {𝑎𝑋3 + 𝑏𝑋2 + 𝑏𝑋 + 𝑑; 𝑎, 𝑏, 𝑐, 𝑑, 𝑋 ∈ 4 − 𝑆𝑃𝑅} 

𝐿3 = {𝑎𝑋3 + 𝑏𝑋2 + 𝑏𝑋 + 𝑑; 𝑎, 𝑏, 𝑐, 𝑑, 𝑋 ∈ 5 − 𝑆𝑃𝑅} 

Then 𝐷𝑛(𝑋
3) = 3𝑋2 = 0. 𝑋3 + 3𝑋2 + 0. 𝑋 + 0.1. 

𝐷𝑛(𝑋
2) = 2𝑋 = 0. 𝑋3 + 0. 𝑋2 + 2. 𝑋 + 0.1. 

𝐷𝑛(𝑋) = 1 = 0. 𝑋3 + 0. 𝑋2 + 0. 𝑋 + 1.1. 

𝐷𝑛(1) = 0 = 0. 𝑋
3 + 0. 𝑋2 + 0. 𝑋 + 0.1 

For all 3 ≤ 𝑛 ≤ 5, hence: 

[𝐷𝑛] = (

0 0 0 0
3 0 0 0
0
0

2
0

0
1

0
1

) 

Example. 

For 𝑠𝑖𝑛𝑋 = 𝑠𝑖𝑛(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2), 𝑐𝑜𝑠𝑋 = 𝑐𝑜𝑠(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2). 

We have: 

{

𝐷2(𝑠𝑖𝑛𝑋) = 𝑐𝑜𝑠𝑋 = 0. 𝑠𝑖𝑛𝑋 + 1. 𝑐𝑜𝑠𝑋 + 0.1

𝐷2(𝑐𝑜𝑠𝑋) = −𝑠𝑖𝑛𝑋 = −1. 𝑠𝑖𝑛𝑋 + 0. . 𝑐𝑜𝑠𝑋 + 0.1

𝐷2(1) = 0 = 0. 𝑠𝑖𝑛𝑋 + 0. 𝑐𝑜𝑠𝑋 + 0.1

 

Hence [𝐷2] = (
0 −1 0
1 0 0
0 0 0

). 

For 𝑠𝑖𝑛𝑋 = 𝑠𝑖𝑛(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3), 𝑐𝑜𝑠𝑋 = 𝑐𝑜𝑠(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3). 

We have: 

{

𝐷3(𝑠𝑖𝑛𝑋) = 𝑐𝑜𝑠𝑋

𝐷3(𝑐𝑜𝑠𝑋) = −𝑠𝑖𝑛𝑋

𝐷3(1) = 0

 

Hence [𝐷3] = (
0 −1 0
1 0 0
0 0 0

). 



Neutrosophic Sets and Systems, Vol. 59, 2023 343 

 

 

Basheer Abd Al Rida Sadiq, On The Representation of Some n-Plithogenic Differential Operators by Matrices 

For 𝑠𝑖𝑛𝑋 = 𝑠𝑖𝑛(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3 + 𝑥4𝑃4), 𝑐𝑜𝑠𝑋 = 𝑐𝑜𝑠(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 +

𝑥3𝑃3 + 𝑥4𝑃4). 

We have: 

𝑐 

Hence [𝐷4] = (
0 −1 0
1 0 0
0 0 0

). 

Example. 

For {1, 𝑋, 𝑋2, 𝑋3, 𝑋4}; 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2,we have: 

{
 
 

 
 
𝐷2(𝑋

4) = 4𝑋3

𝐷2(𝑋
3) = 3𝑋2

𝐷2(𝑋
2) = 2𝑋

𝐷2(𝑋) = 1

𝐷2(1) = 0

 

Hence [𝐷2] =

(

 
 

0 0 0 0 0
4 0 0 0 0
0
0
0

3
0
0

0
2
0

0
0
1

0
0
0)

 
 

 

For 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
5
𝑖=1 , we have: 

{
 
 

 
 
𝐷5(𝑋

4) = 4𝑋3

𝐷5(𝑋
3) = 3𝑋2

𝐷5(𝑋
2) = 2𝑋

𝐷5(𝑋) = 1

𝐷5(1) = 0

 

Hence [𝐷5] =

(

 
 

0 0 0 0 0
4 0 0 0 0
0
0
0

3
0
0

0
2
0

0
0
1

0
0
0)

 
 

 

Example. 

Consider 𝐴 = {1, 𝑒𝑋 , 𝑒2𝑋}, where 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, 𝐵 = {1, 𝑒𝑌, 𝑒2𝑌}, where 𝑌 =

𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 + 𝑦3𝑃3, 𝐶 = {1, 𝑒𝑍, 𝑒2𝑍}, where 𝑍 = 𝑧0 + 𝑧1𝑃1 + 𝑧2𝑃2 + 𝑧3𝑃3 + 𝑧4𝑃4, 

𝐷 = {1, 𝑒𝑇 , 𝑒2𝑇}, where 𝑇 = 𝑡0 ++∑ 𝑡𝑖𝑃𝑖
5
𝑖=1 , then: 

{

𝐷2(1) = 0

𝐷2(𝑒
𝑋) = 𝑒𝑋

𝐷2(𝑒
2𝑋) = 2𝑒2𝑋
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Hence [𝐷3] = (
0 0 0
0 1 0
0 0 2

). 

{

𝐷3(1) = 0

𝐷3(𝑒
𝑌) = 𝑒𝑌

𝐷3(𝑒
2𝑌) = 2𝑒2𝑌

 

Hence [𝐷3] = (
0 0 0
0 1 0
0 0 2

). 

{

𝐷4(1) = 0

𝐷4(𝑒
𝑍) = 𝑒𝑍

𝐷4(𝑒
2𝑍) = 2𝑒2𝑍

 

Hence [𝐷4] = (
0 0 0
0 1 0
0 0 2

). 

{

𝐷5(1) = 0

𝐷5(𝑒
𝑇) = 𝑒𝑇

𝐷5(𝑒
2𝑇) = 2𝑒2𝑇

 

Hence [𝐷5] = (
0 0 0
0 1 0
0 0 2

). 

Another possible representation. 

We have shown that symbolic n-plithogenic differential operators can be 

represented by classical real matrices, now we will try to explain how they can be 

represented by plithogenic matrices. 

Example. 

Consider {1, 𝑋, 𝑋2}; 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 , with 𝐷2  the symbolic 2-plithogenic 

differential operator, then: 

{

𝐷2(1) = 0 = 0. 𝑥0 + 0. 𝑥1𝑃1 + 0. 𝑥2𝑃2
𝐷2(𝑋) = 1

𝐷2(𝑋
2) = 2𝑋

 

The basis {1, 𝑋, 𝑋2} can be represented as follows: 

𝐵1 = {1, 𝑥0, 𝑥0
2}, 𝐵2 = {1, (𝑥0 + 𝑥1), (𝑥0 + 𝑥1)

2}, 𝐵3

= {1, (𝑥0 + 𝑥1 + 𝑥2), (𝑥0 + 𝑥1 + 𝑥2)
2} 

Any quadratic polynomial 𝑃(𝑋) = 𝑎𝑋2 + 𝑏𝑋 + 𝑐; 𝑎, 𝑏, 𝑐, 𝑋 ∈ 2 − 𝑆𝑃𝑅, with: 



Neutrosophic Sets and Systems, Vol. 59, 2023 345 

 

 

Basheer Abd Al Rida Sadiq, On The Representation of Some n-Plithogenic Differential Operators by Matrices 

{

𝑎 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2
𝑏 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2
𝑐 = 𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2
𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2

 

𝑃(𝑋) = 𝑎𝑋2 + 𝑏𝑋 + 𝑐

= (𝑎0𝑥0
2 + 𝑏0𝑥0 + 𝑐0)

+ 𝑃1[(𝑎0 + 𝑎1)(𝑥0 + 𝑥1)
2 − 𝑎0𝑥0

2 + (𝑏0 + 𝑏1)(𝑥0 + 𝑥1) − 𝑏0𝑥0 + 𝑐1]

+ 𝑃2[(𝑎0 + 𝑎1 + 𝑎2)(𝑥0 + 𝑥1 + 𝑥2)
2 − (𝑎0 + 𝑎1)(𝑥0 + 𝑥1)

2

+ (𝑏0 + 𝑏1 + 𝑏2)(𝑥0 + 𝑥1 + 𝑥2) − (𝑏0 + 𝑏1)(𝑥0 + 𝑥1) + 𝑐2]

= 𝑞1(𝑥0) + 𝑃1[𝑞2(𝑥0 + 𝑥1) − 𝑞1(𝑥0)]

+ 𝑃2[𝑞3(𝑥0 + 𝑥1 + 𝑥2) − 𝑞2(𝑥0 + 𝑥1)] 

Hence, 𝐷2(𝑃(𝑋)) = 𝐷2(𝑞1) + 𝑃1[𝐷2(𝑞2) − 𝐷2(𝑞1)] + 𝑃2[𝐷2(𝑞3) − 𝐷2(𝑞2)], hence: 

[𝐷2] = (
0 0 0
0 0 2
0 1 0

) + 𝑃1 [(
0 0 0
0 0 2
0 1 0

)] + 𝑃2 [(
0 0 0
0 0 2
0 1 0

)]

= (
0 0 0
0 0 2 + 2𝑃1 + 2𝑃2
0 1 + 𝑃1 + 𝑃2 0

) 

The symbolic plithogenic Wronsckian. 

Consider the following functions independent set: 

𝐸 = {𝑓1, … , 𝑓𝑛}, their wronsckian is defined as follows: 

𝑊(𝐸) = ||

𝑓1 … 𝑓𝑛
𝑓1́ … 𝑓𝑛́
⋮

𝑓1
(𝑛−1)

⋮
…

⋮

𝑓𝑛
(𝑛−1)

|| 

We show some examples for finding the symbolic n-plithogenic Wronsckian. 

Example. 

Consider 𝐸1 = {𝑒
𝑋 , 𝑒2𝑋; 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2}, 𝐸2 = {1, 𝑠𝑖𝑛𝑋, 𝑐𝑜𝑠𝑋; 𝑋 = 𝑥0 + 𝑥1𝑃1 +

𝑥2𝑃2 + 𝑥3𝑃3}, 𝐸3 = {1, 𝑡𝑎𝑛𝑋; 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3 + 𝑥4𝑃4}, 𝐸4 =

{1, 𝑋, 𝑋2, 𝑋3; 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
5
𝑖=1 }, we have: 

𝑊(𝐸1) = |
𝐷2

(0)(𝑒𝑋) 𝐷2
(0)(𝑒2𝑋)

𝐷2(𝑒
𝑋) 𝐷2(𝑒

2𝑋)
| = |𝑒

𝑥0+𝑥1𝑃1+𝑥2𝑃2 𝑒2𝑥0+2𝑥1𝑃1+2𝑥2𝑃2

𝑒𝑥0+𝑥1𝑃1+𝑥2𝑃2 2𝑒2𝑥0+2𝑥1𝑃1+2𝑥2𝑃2
|

= 𝑒3𝑥0+3𝑥1𝑃1+3𝑥2𝑃2 
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𝑊(𝐸2) =

|

|

|
1 𝑠𝑖𝑛 (𝑥0 +∑𝑥𝑖𝑃𝑖

3

𝑖=1

) 𝑐𝑜𝑠 (𝑥0 +∑𝑥𝑖𝑃𝑖

3

𝑖=1

)

0 𝑐𝑜𝑠 (𝑥0 +∑𝑥𝑖𝑃𝑖

3

𝑖=1

) −𝑠𝑖𝑛 (𝑥0 +∑𝑥𝑖𝑃𝑖

3

𝑖=1

)

0 −𝑠𝑖𝑛 (𝑥0 +∑𝑥𝑖𝑃𝑖

3

𝑖=1

) −𝑐𝑜𝑠 (𝑥0 +∑𝑥𝑖𝑃𝑖

3

𝑖=1

)
|

|

|

= −𝑐𝑜𝑠2 (𝑥0 +∑𝑥𝑖𝑃𝑖

3

𝑖=1

) 

𝑊(𝐸3) =
|

|
1 𝑡𝑎𝑛 (𝑥0 +∑𝑥𝑖𝑃𝑖

4

𝑖=1

)

0 1 + 𝑡𝑎𝑛2 (𝑥0 +∑𝑥𝑖𝑃𝑖

4

𝑖=1

)
|

|
= 1 + 𝑡𝑎𝑛2 (𝑥0 +∑𝑥𝑖𝑃𝑖

4

𝑖=1

) 

𝑊(𝐸4) =

|

|

|
1 𝑥0 +∑𝑥𝑖𝑃𝑖

5

𝑖=1

(𝑥0 +∑𝑥𝑖𝑃𝑖

5

𝑖=1

)

2

(𝑥0 +∑𝑥𝑖𝑃𝑖

5

𝑖=1

)

3

0 1 2(𝑥0 +∑𝑥𝑖𝑃𝑖

5

𝑖=1

) 3(𝑥0 +∑𝑥𝑖𝑃𝑖

5

𝑖=1

)

0
0

0
0

2
0

6(𝑥0 +∑𝑥𝑖𝑃𝑖

5

𝑖=1

)

6

|

|

|

= 12 

Example. 

Consider 𝐸1 = {𝑙𝑛𝑋, 𝑒
𝑋; 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖

5
𝑖=1 }, 𝐸2 = {𝑙𝑛𝑋, √𝑋; 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖

4
𝑖=1 }, 𝐸3 =

{𝑒𝑋 , 𝑠𝑖𝑛𝑋; 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
3
𝑖=1 }, then: 

𝑊(𝐸1) = |
𝑙𝑛𝑋 𝑒𝑋

1

𝑋
𝑒𝑋
| = 𝑒𝑥0+∑ 𝑥𝑖𝑃𝑖

3
𝑖=1 [𝑙𝑛 (𝑥0 +∑𝑥𝑖𝑃𝑖

3

𝑖=1

) −
1

𝑥0 + ∑ 𝑥𝑖𝑃𝑖
3
𝑖=1

] 

𝑊(𝐸2) = |
𝑙𝑛𝑋 √𝑋
1

𝑋

1

2√𝑋

| =
𝑙𝑛𝑋

2√𝑋
−
1

√𝑋
=
𝑙𝑛𝑋 − 2

2√𝑋

=
1

√𝑥0 + ∑ 𝑥𝑖𝑃𝑖
4
𝑖=1

[𝑙𝑛 (𝑥0 +∑𝑥𝑖𝑃𝑖

4

𝑖=1

) − 2] 

  

𝑊(𝐸3) = |
𝑒𝑋 𝑠𝑖𝑛𝑋
𝑒𝑋 𝑐𝑜𝑠𝑋

| = 𝑒𝑥0+∑ 𝑥𝑖𝑃𝑖
5
𝑖=1 [𝑐𝑜𝑠 (𝑥0 +∑𝑥𝑖𝑃𝑖

5

𝑖=1

) − 𝑠𝑖𝑛 (𝑥0 +∑𝑥𝑖𝑃𝑖

5

𝑖=1

)] 

Symbolic n-plithogenic anti-Wronsckian. 

Let 𝐸 = {𝑓1, … , 𝑓𝑛} be a set of n functions, then: 
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𝐴𝑊(𝐸) =

|

|

|

𝑓1 𝑓2 … 𝑓𝑛

∫𝑓1 ∫𝑓2

∫(∫𝑓1) ⋮

…
…

⋮
⋮

⋮

∫𝑓1⏟
𝑛−1 𝑡𝑖𝑚𝑒𝑠

∫𝑓2⏟
𝑛−1 𝑡𝑖𝑚𝑒𝑠

⋮
…

⋮

∫𝑓𝑛⏟
𝑛−1 𝑡𝑖𝑚𝑒𝑠

|

|

|

 

Now, we will clarify how (AW) can be computed. 

Example. 

Consider 𝐸1 = {1, 𝑋, 𝑋
2; 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖

2
𝑖=1 }, 𝐸2 = {𝑒

𝑋 , 𝑒2𝑋; 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
3
𝑖=1 }, 𝐸3 =

{𝑠𝑖𝑛𝑋, 𝑐𝑜𝑠𝑋; 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
4
𝑖=1 }, then: 

𝐴𝑊(𝐸1) = |
|

1 𝑋 𝑋2

𝑋
1

2
𝑋2

1

3
𝑋3

1

2
𝑋2

1

6
𝑋3

1

12
𝑋4
|
|

= 1. |

1

2
𝑋2

1

3
𝑋3

1

6
𝑋3

1

12
𝑋4
| − 𝑋 |

𝑋
1

3
𝑋3

1

2
𝑋2

1

12
𝑋4
| + 𝑋2 |

𝑋
1

2
𝑋2

1

2
𝑋2

1

6
𝑋3
|

= (
1

24
−
1

18
)𝑋6 − 𝑋 (

1

12
−
1

6
)𝑋5 + 𝑋2 (

1

6
−
1

4
)𝑋4

= 𝑋6 (
1

24
−
1

18
−
1

12
+
1

6
+
1

6
−
1

4
) = 𝑋6 (

1

24
+
8

24
−
6

24
−
2

24
−
1

18
)

= 𝑋6 (
1

24
−
1

18
) = −

1

72
(𝑥0 +∑𝑥𝑖𝑃𝑖

3

𝑖=1

) 

  

𝐴𝑊(𝐸2) = |
𝑒𝑋 𝑒2𝑋

𝑒𝑋
1

2
𝑒2𝑋

| =
1

2
𝑒𝑋𝑒2𝑋 − 𝑒𝑋𝑒2𝑋 = −

1

2
𝑒3𝑋 = −

1

2
𝑒(𝑥0+∑ 𝑥𝑖𝑃𝑖

3
𝑖=1 ) 
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𝐴𝑊(𝐸3) = |

𝑠𝑖𝑛𝑋 𝑐𝑜𝑠𝑋 1
−𝑐𝑜𝑠𝑋 −𝑠𝑖𝑛𝑋 𝑋

−𝑠𝑖𝑛𝑋 −𝑐𝑜𝑠𝑋
1

2
𝑋2
|

= 𝑠𝑖𝑛𝑋. |
𝑠𝑖𝑛𝑋 𝑋

−𝑐𝑜𝑠𝑋
1

2
𝑋2
| − 𝑐𝑜𝑠𝑋 |

−𝑐𝑜𝑠𝑋 𝑋

−𝑠𝑖𝑛𝑋
1

2
𝑋2
| + 1. |

−𝑐𝑜𝑠𝑋 𝑠𝑖𝑛𝑋
−𝑠𝑖𝑛𝑋 −𝑐𝑜𝑠𝑋

|

= 𝑠𝑖𝑛𝑋 (
1

2
𝑋2𝑠𝑖𝑛𝑋 + 𝑋𝑐𝑜𝑠𝑋) − 𝑐𝑜𝑠𝑋 (−

1

2
𝑋2𝑐𝑜𝑠𝑋 + 𝑋𝑠𝑖𝑛𝑋)

+ (𝑐𝑜𝑠2𝑋 + 𝑠𝑖𝑛2𝑋)

=
1

2
𝑋2𝑠𝑖𝑛2𝑋 + 𝑋𝑐𝑜𝑠𝑋𝑠𝑖𝑛𝑋 +

1

2
𝑋2𝑐𝑜𝑠2𝑋 − 𝑋𝑐𝑜𝑠𝑋𝑠𝑖𝑛𝑋 + 1

=
1

2
𝑋2(1) + 1 =

1

2
(𝑥0 +∑𝑥𝑖𝑃𝑖

4

𝑖=1

) + 1 

Conclusion 

In this paper, we have studied the representation of the symbolic n-plithogenic 

differential operator for many different values of n by classical algebraic matrices 

and plithogenic matrices. We presented many examples about the representation 

of symbolic n-plithogenic differential operators by matrices. As well as, we 

computed the symbolic 2-plithogenic, 3-plithogenic, and 4-plithogenic 

Wronsckian, and anti-Wronsckian. 
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