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Preface to “Neutrosophic Multi-Criteria
Decision Making”

The notion of a neutrosophic quadruple BCK/BCI-number is considered in the first article
(“Neutrosophic Quadruple BCK/BCI-Algebras”, by Young Bae Jun, Seok-Zun Song, Florentin
Smarandache, and Hashem Bordbar), and a neutrosophic quadruple BCK/BCI-algebra, which
consists of neutrosophic quadruple BCK/BCI-numbers, is constructed. Several properties are
investigated, and a (positive implicative) ideal in a neutrosophic quadruple BCK-algebra and a
closed ideal in a neutrosophic quadruple BCl-algebra are studied. Given subsets A and B of a
BCK/BCl-algebra, the set NQ(A,B), which consists of neutrosophic quadruple BCK/BCI-
numbers with a condition, is established. Conditions for the set NQ(A,B) to be a (positive
implicative) ideal of a neutrosophic quadruple BCK-algebra are provided, and conditions for
the set NQ(A,B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra are given.

Techniques for the order of preference by similarity to ideal solution (TOPSIS) and
elimination and choice translating reality (ELECTRE) are widely used methods to solve multi-
criteria decision-making problems. In the second research article (“Decision-Making with
Bipolar Neutrosophic TOPSIS and Bipolar Neutrosophic ELECTRE-1”), Muhammad Akram,
Shumaiza, and Florentin Smarandache present the bipolar neutrosophic TOPSIS method and
the bipolar neutrosophic ELECTRE-I method to solve such problems. The authors use the
revised closeness degree to rank the alternatives in the bipolar neutrosophic TOPSIS method.
The researchers describe the bipolar neutrosophic TOPSIS method and the bipolar neutrosophic
ELECTRE-I method by flow charts, also solving numerical examples by the proposed methods
and providing a comparison of these methods.

In the third article (“Interval Neutrosophic Sets with Applications in BCK/BCI-Algebra”,
by Young Bae Jun, Seon Jeong Kim and Florentin Smarandache), the notion of
(T(i,j),1(k 1), F(mn))-interval neutrosophic subalgebra in BCK/BCl-algebra is introduced for
ijklmmn infoNumber 1,2,3,4, and properties and relations are investigated. The notion of
interval neutrosophic length of an interval neutrosophic set is also introduced, and the related
properties are investigated.

The bipolar neutrosophic set is an important extension of the bipolar fuzzy set. The
bipolar neutrosophic set is a hybridization of the bipolar fuzzy set and the neutrosophic set.
Every element of a bipolar neutrosophic set consists of three independent positive membership
functions and three independent negative membership functions. In the fourth paper (“Cross-
Entropy Measures of Bipolar and Interval Bipolar Neutrosophic Sets and Their Application for
Multi-Attribute Decision-Making”), Surapati Pramanik, Partha Pratim Dey, Florentin
Smarandache, and Jun Ye develop cross-entropy measures of bipolar neutrosophic sets and
prove their basic properties. They also define cross-entropy measures of interval bipolar
neutrosophic sets and prove their basic properties. Thereafter, they develop two novel multi-
attribute decision-making strategies based on the proposed cross-entropy measures. In the
decision-making framework, the authors calculate the weighted cross entropy measures
between each alternative and the ideal alternative to rank the alternatives and choose the best
one, solving two illustrative examples of multi-attribute decision-making problems and

comparing the obtained result with the results of other existing strategies to show the
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applicability and effectiveness of the developed strategies. At the end, the main conclusion and
future scope of research are summarized.

Soft sets (SSs), neutrosophic sets (NSs), and rough sets (RSs) are different mathematical
models for handling uncertainties, but they are mutually related. In the fifth research paper
(“Multi-Attribute Decision-Making Method Based on Neutrosophic Soft Rough Information”),
Muhammad Akram, Sundas Shahzadi, and Florentin Smarandache introduce the notions of soft
rough neutrosophic sets (SRNSs) and neutrosophic soft rough sets (NSRSs) as hybrid models
for soft computing. The researchers describe a mathematical approach to handle decision-
making problems in view of NSRSs and also present an efficient algorithm of the proposed
hybrid model to solve decision-making problems.

Neutrosophic sets (NSs) handle uncertain information, while fuzzy sets (FSs) and
intuitionistic fuzzy sets (IFs) fail to handle indeterminate information. Soft set theory,
neutrosophic set theory, and rough set theory are different mathematical models for handling
uncertainties and they are mutually related. The neutrosophic soft rough set (NSRS) model is a
hybrid model combining neutrosophic soft sets with rough sets. Muhammad Akram, Hafsa M.
Malik, Sundas Shahzadi, and Florentin Smarandache apply neutrosophic soft rough sets to
graphs in the sixth research paper (“Neutrosophic Soft Rough Graphs with Application”),
introducing the idea of neutrosophic soft rough graphs (NSRGs) and describing different
methods for their construction. The authors consider the application of NSRG in decision-
making problems, developing, in particular, efficient algorithms to solve decision-making
problems.

In practical situations, one often has to handle programming problems involving
indeterminate information. Building on the concepts of indeterminacy I and neutrosophic
number (NN) (z = p+ qI for p,q infoNumber R), the seventh paper (“Neutrosophic Number
Nonlinear Programming Problems and Their General Solution Methods under Neutrosophic
Number Environments”, by Jun Ye, Wenhua Cui, and Zhikang Lu) introduces some basic
operations of NNs and concepts of NN nonlinear functions and inequalities. These functions
and/or inequalities contain indeterminacy I and naturally lead to a formulation of NN nonlinear
programming (NN-NP). These techniques include NN nonlinear optimization models for
unconstrained and constrained problems and their general solution methods. Additionally,
numerical examples are provided to show the effectiveness of the proposed NN-NP methods. It
is obvious that the NN-NP problems usually yield NN optimal solutions, but not always. The
possible optimal ranges of the decision variables and NN objective function are indicated when
the indeterminacy I is considered for possible interval ranges in real situations. A neutrosophic
number (a + bl) is a significant mathematical tool to deal with indeterminate and incomplete
information which generally exists in real-world problems, where a and bl denote the
determinate component and indeterminate component, respectively. Kalyan Mondal, Surapati
Pramanik, Bibhas C. Giri, and Florentin Smarandache define score functions and accuracy
functions for ranking neutrosophic numbers in the eighth paper, entitled “NN-Harmonic Mean
Aggregation Operators-Based MCGDM Strategy in a Neutrosophic Number Environment”. The
authors then define a cosine function to determine the unknown weight of the criteria. The
researchers define the neutrosophic number harmonic mean operators and prove their basic
properties. Then, they develop two novel multi-criteria group decision-making (MCGDM)
strategies using the proposed aggregation operators, solving a numerical example to

demonstrate the feasibility, applicability, and effectiveness of the two proposed strategies.



Sensitivity analysis with the variation of “I” on neutrosophic numbers is performed to
demonstrate how the preference for the ranking order of alternatives is sensitive to the change
of “I”. The efficiency of the developed strategies is ascertained by comparing the results
obtained from the proposed strategies with the results obtained from the existing strategies in
the literature.

A rough neutrosophic set model is a hybrid model, which deals with vagueness by using
the lower and upper approximation spaces. In the ninth research paper (“Rough Neutrosophic
Digraphs with Application”), Sidra Sayed, Nabeela Ishfag, Muhammad Akram, and Florentin
Smarandache apply the concept of rough neutrosophic sets to graphs, introducing rough
neutrosophic digraphs and describing methods of their construction. Moreover, the researchers
present the concept of self-complementary rough neutrosophic digraphs and, finally, consider
an application of rough neutrosophic digraphs in decision-making.

The notion of a neutrosophic positive implicative N-ideal in BCK-algebras is introduced,
and several properties are investigated in the tenth paper (“Neutrosophic Positive Implicative
N-Ideals in BCK-Algebras”, by Young Bae Jun, Florentin Smarandache, Seok-Zun Song, and
Madad Khan). Relations between a neutrosophic N-ideal and a neutrosophic positive
implicative N-ideal are discussed. Characterizations of a neutrosophic positive implicative N-
ideal are considered. Conditions for a neutrosophic N-ideal to be a neutrosophic positive
implicative N-ideal are provided. An extension property of a neutrosophic positive implicative
N-ideal based on the negative indeterminacy membership function is discussed.

Hough transform (HT) is a useful tool for both pattern recognition and image processing
communities. In regard to pattern recognition, it can extract unique features for the description
of various shapes, such as lines, circles, ellipses, etc. In regard to image processing, a dozen of
applications can be handled with HT, such as lane detection for autonomous cars, blood cell
detection in microscope images, and so on. As HT is a straightforward shape detector in a given
image, its shape detection ability is low in noisy images. To alleviate its weakness in noisy
images analysis and improve its shape-detection performance, in the eleventh paper
(“Neutrosophic Hough Transform”), "Umit Budak, Yanhui Guo, Abdulkadir S eng "ur, and
Florentin Smarandache propose neutrosophic Hough transform (NHT). As it was proved
earlier, neutrosophy theory-based image processing applications were successful in noisy
environments. To this end, the Hough space is initially transferred into the NS domain by
calculating the NS membership triples (T, I, and F). An indeterminacy filtering is constructed
where the neighborhood information is used in order to remove the indeterminacy in the
spatial neighborhood of neutrosophic Hough space. The potential peaks are detected on the
basis of thresholding on the neutrosophic Hough space, and these peak locations are then used
to detect the lines in the image domain. Extensive experiments on noisy and noise-free images
are performed in order to show the efficiency of the proposed NHT algorithm. The authors also
compare their proposed NHT with the traditional HT and fuzzy HT methods on a variety of

images. The obtained results show the efficiency of the proposed NHT for noisy images.

Florentin Smarandache, Jun Ye, Yanhui Guo
Guest Editors
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Abstract: The notion of a neutrosophic quadruple BCK/BCI-number is considered, and a neutrosophic
quadruple BCK/BCl-algebra, which consists of neutrosophic quadruple BCK/BCI-numbers,
is constructed. Several properties are investigated, and a (positive implicative) ideal in a neutrosophic
quadruple BCK-algebra and a closed ideal in a neutrosophic quadruple BCI-algebra are studied.
Given subsets A and B of a BCK/BCl-algebra, the set NQ(A, B), which consists of neutrosophic
quadruple BCK/BCI-numbers with a condition, is established. Conditions for the set NQ(A, B) to be
a (positive implicative) ideal of a neutrosophic quadruple BCK-algebra are provided, and conditions for
the set NQ(A, B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra are given. An example
to show that the set {0} is not a positive implicative ideal in a neutrosophic quadruple BCK-algebra is
provided, and conditions for the set {0} to be a positive implicative ideal in a neutrosophic quadruple
BCK-algebra are then discussed.

Keywords: neutrosophic quadruple BCK/BCI-number; neutrosophic quadruple BCK/BCI-algebra;
neutrosophic quadruple subalgebra; (positive implicative) neutrosophic quadruple ideal

MSC: 06F35; 03G25; 08A72

1. Introduction

The notion of a neutrosophic set was developed by Smarandache [1-3] and is a more general platform
that extends the notions of classic sets, (intuitionistic) fuzzy sets, and interval valued (intuitionistic)
fuzzy sets. Neutrosophic set theory is applied to a different field (see [4-8]). Neutrosophic algebraic
structures in BCK/BClI-algebras are discussed in [9-16]. Neutrosophic quadruple algebraic structures
and hyperstructures are discussed in [17,18].

In this paper, we will use neutrosophic quadruple numbers based on a set and construct
neutrosophic quadruple BCK/BCI-algebras. We investigate several properties and consider ideals and
positive implicative ideals in neutrosophic quadruple BCK-algebra, and closed ideals in neutrosophic
quadruple BCI-algebra. Given subsets A and B of a neutrosophic quadruple BCK/BCI-algebra,
we consider sets NQ(A, B), which consist of neutrosophic quadruple BCK/BCI-numbers with a
condition. We provide conditions for the set NQ(A, B) to be a (positive implicative) ideal of a
neutrosophic quadruple BCK-algebra and for the set NQ(A, B) to be a (closed) ideal of a neutrosophic
quadruple BCI-algebra. We give an example to show that the set {0} is not a positive implicative ideal
in a neutrosophic quadruple BCK-algebra, and we then consider conditions for the set {0} to be a
positive implicative ideal in a neutrosophic quadruple BCK-algebra.

Axioms 2018, 7, 41; doi:10.3390/axioms7020041 1 www.mdpi.com/journal /axioms
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2. Preliminaries

A BCK/BClI-algebra is an important class of logical algebras introduced by Iséki (see [19,20]).
By a BClI-algebra, we mean a set X with a special element 0 and a binary operation * that satisfies
the following conditions:

O (Yvy,zeX) (((x*xy)x(x*xz))*(zxy) =0);

M (VxyeX) ((x*(xxy))*y=0);

I (vx € X) (xxx =0);

(V) (VryeX) (xxy=0yxx=0 = x=y).
If a BCI-algebra X satisfies the identity

(V) (VxeX) (0xx=0),

then X is called a BCK-algebra. Any BCK/BCl-algebra X satisfies the following conditions:

(Vx € X) (x*x0=1x) (1)
(VvyzeX)(x<y = xxz<yxz,z*xy <z%x) )
(Vx,y,z€ X) ((xxy) xz = (x*2) xy) 3)
(Vx,y,z€ X) ((xxz) % (yxz) < x%y) 4)

where x <y if and only if x * y = 0. Any BClI-algebra X satisfies the following conditions (see [21]):

(Vx,y € X)(xx (xx (xxy)) = xxy), )
(Vx,y € X)(0* (x+y) = (0% x) % (0xy)). (6)

A BCK-algebra X is said to be positive implicative if the following assertion is valid.
(Vx,y,z€ X) ((xx2z)* (yxz) = (x*y) *z). (7)

A nonempty subset S of a BCK/BCl-algebra X is called a subalgebra of X if x xy € S for all
x,y € S. A subset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies

0€el, ®)
VxeX)(Vyel)(xxyel = xel). 9)

A subset I of a BCI-algebra X is called a closed ideal (see [21]) of X if it is an ideal of X which satisfies
(VxeX)(xel = 0xxel). (10)

A subset I of a BCK-algebra X is called a positive implicative ideal (see [22]) of X if it satisfies (8) and
(Vx,y,ze X)(((xxy)*xzel, yxzel = xxzel). (11)

Observe that every positive implicative ideal is an ideal, but the converse is not true (see [22]).
Note also that a BCK-algebra X is positive implicative if and only if every ideal of X is positive
implicative (see [22]).

We refer the reader to the books [21,22] for further information regarding BCK/BCI-algebras,
and to the site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding
neutrosophic set theory.

3. Neutrosophic Quadruple BCK/BCI-Algebras

We consider neutrosophic quadruple numbers based on a set instead of real or complex numbers.
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Definition 1. Let X be a set. A neutrosophic quadruple X-number is an ordered quadruple (a,xT,yI,zF)
where a,x,y,z € X and T, I, F have their usual neutrosophic logic meanings.
The set of all neutrosophic quadruple X-numbers is denoted by NQ(X), that is,
NQ(X) := {(a,xT,yl,zF) | a,x,y,z € X},

and it is called the neutrosophic quadruple set based on X. If X is a BCK/BC]I-algebra, a neutrosophic
quadruple X-number is called a neutrosophic quadruple BCK/BCI-number and we say that NQ(X) is
the neutrosophic quadruple BCK/BCI-set.

Let X be a BCK/BCI-algebra. We define a binary operation ® on NQ(X) by

(a,xT,yl,zF) ® (b,uT,vl,wF) = (a*b, (x«u)T,(y*v)I, (z* w)F)

for all (a,xT,yI,zF), (b,uT,vl,wF) € NQ(X). Given ay,a,a3,as € X, the neutrosophic quadruple
BCK/BCI-number (a1,a,T,asl,asF) is denoted by 4, that is,

a = (ay,a,T,a31,a4F),
and the zero neutrosophic quadruple BCK/BCI-number (0,0T,0I, 0F) is denoted by 0, that is,
0= (0,0T,01I,0F).
We define an order relation “<” and the equality “=" on NQ(X) as follows:

X <]7¢>x,‘ Syifori:1,2,3,4

forall ¥, 7 € NQ(X). Itis easy to verify that “<” is an equivalence relation on NQ(X).
Theorem 1. If X is a BCK/BCl-algebra, then (NQ(X); ®,0) is a BCK/BCI-algebra.
Proof. Let X be a BCI-algebra. For any %, 7,Z € NQ(X), we have

(FO7) O (XoZ) = (x1xy1, (x2xy2)T, (x3 % y3), (x4 % y4)F)
© (x1 %21, (xp % 22)T, (x3 % 23)I, (x4 % z4)F)
= ((x1#y1) * (x1 % 21), ((x2 % y2) * (x2 % 22)) T,
((x3 % y3) * (x3 % 23)) I, ((xq % ya) * (x4 % 24))T)
< (z1 %Y1, (z2*y2)T, (z3 * y3)1, (z4 * y4)F)
=207

TO (X607 = (x1,%2T,x31, x4F) © (x1 % y1, (x2 % y2) T, (x3 * y3) 1, (x4 * ya)F)
= (x1 % (x1 % y1), (x2 % (x2 % y2)) T, (3 % (x3 % y3)) I, (x4 * (x4 % ys))F)
< (y1, 42T, y31, y4F)
=y

O % = (x1, 07T, x31, x4F) ® (x1, x2T, x31, x4F)
= (xq#x1, (x2 % x2)T, (x3 % x3) 1, (x4 * x4)F)
= (0,0T,0I,0F) = 0.
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= 0. Then

=

Assume that ¥ © 7 = 0 and 7 ©
(x1%y1, (x2 % y2) T, (x3 xy3)L, (x4 * y4)F) = (0,0T,01,0F)

and
(y1 % x1, (y2 % x2)T, (y3 * x3) 1, (ya * x4)F) = (0,0T,0I,0F).

It follows that x; xy; = 0 = yp*xx1, Xoxyo = 0 = Yaxxp, x3%xy3 = 0 = y3*x3 and
X4 *Ya = 0 = ya * x4. Hence, x1 = y1, X2 = y2, x3 = y3, and x4 = y4, which implies that
¥ = (x1, 0T, 531, x4F) = (y1, 92T, y3L, yaF) = 4.

Therefore, we know that (NQ(X); ®,0) is a BCI-algebra. We call it the neutrosophic quadruple
BCl-algebra. Moreover, if X is a BCK-algebra, then we have

00 %= (0%x,(0%x2)T,(0%x3)I,(0%x4)F) = (0,0T,0I,0F) = 0.
Hence, (NQ(X); ®,0) is a BCK-algebra. We call it the neutrosophic quadruple BCK-algebra. [

Example 1. If X = {0, a}, then the neutrosophic quadruple set NQ(X) is given as follows:

where
0 = (0,0T,0I,0F), 1 = (0,0T,0I,aF),2 = (0,0T,al,0F),3 = (0,0T,al,aF),
4 =(0,aT,0I,0F),5 = (0,aT,01I,aF), 6 = (0,aT,al,0F),7 = (0,aT,al,aF),
8 = (a,0T,0I,0F),9 = (a,0T,0I,aF), 10 = (a,0T,al,0F), 11 = (a,0T,al,aF),
12 = (a,aT,01,0F), 13 = (a,aT,01I,aF), 14 = (a,aT,al,0F), and 15 = (a,aT,al, aF).
Consider a BCK-algebra X = {0, a} with the binary operation %, which is given in Table 1.

"y

Table 1. Cayley table for the binary operation “+”.

*x 0 a
0 0 0
a a 0

Then (NQ(X), ®,0) is a BCK-algebra in which the operation ® is given by Table 2.

Table 2. Cayley table for the binary operation “®”.

® 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
o6 0 0 0 0 0 0 OO OO0 O 0 0 0 0 0
i 1 0 10 1 o 1 0 1 0 1 o0 1 o0 1 0
3 2 2 0 0 2 2 0 0 2 2 0 0 2 2 0 0
3 3 2 10 3 2 10 3 2 1 0 3 2 1 0
4 4 4 4 4 0 0 O 0 4 4 4 4 0 0 0 0
5 5 4 5 4 1 0 1 0 5 4 5 4 1 0 1 0
6 6 6 4 4 2 2 0 0 6 6 4 4 2 2 0 0
7 7 6 5 4 3 2 10 7 6 5 4 3 2 1 0
§ 8 8 8 8 8 8 8 8 0 0 0O 0 0 0 0 O
9 9 8§ 8 8 9 8 9 8 9 0 1 0o 1 0 1 0
i 1 1 8 8 1 10 8 § 2 2 0 2 2 2 0 0
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Table 2. Cont.

® 0 1 2 3 4 5 & 7 8 9 10 11 12 13 14 15
17 1n 10 9 8§ 11 10 9 8§ 3 2 1 0 3 2 1 0
7 12 12 2 2 8 8 8 8 4 4 4 4 0 0 0 0
3 13 12 3 2 9 8 9 8 5 4 5 4 1 0 1 0
4 14 14 12 12 10 10 8 8 6 6 4 4 2 2 0 0
% 15 14 B3 2 101 10 9 8 7 6 5 4 3 2 1 0

Theorem 2. The neutrosophic quadruple set NQ(X) based on a positive implicative BCK-algebra X is a
positive implicative BCK-algebra.

Proof. Let X be a positive implicative BCK-algebra. Then X is a BCK-algebra, so (NQ(X); ®,0) is a
BCK-algebra by Theorem 1. Let %, , Z € NQ(X). Then

(xj % zi) % (yi % zi) = (%% y;) * 2
foralli = 1,2,3,4 since x;,y;,z; € X and X is a positive implicative BCK-algebra. Hence, (¥ ®2) ®
(7*z) = (¥ ©F) ©Z; therefore, NQ(X) based on a positive implicative BCK-algebra X is a positive
implicative BCK-algebra. [

Proposition 1. The neutrosophic quadruple set NQ(X) based on a positive implicative BCK-algebra X satisfies
the following assertions.

(V%,7,2€ NQ(X)) RO <=0 <K JOZ) 12)
(V&7 € NQ(X)) (07 < j= % < 7). 13)

sox@F=01ie, ¥y O
Let X be a BCK/BClI-algebra. Given a,b € X and subsets A and B of X, consider the sets
NQ(a,B) := {(a,aT,yl,zF) € NQ(X) | y,z € B}
NQ(A,b) :={(a,xT,bl,bF) € NQ(X) | a,x € A}
NQ(A,B) :={(a,xT,yl,zF) € NQ(X) | a,x € A;y,z € B}
NQ(A*,B) := |JNQ(s,B)

acA

NQ(A,B*) := | JNQ(A,b)

beB
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and
NQ(AUB) := NQ(A,0) UNQ(0, B).
The set NQ(A, A) is denoted by NQ(A).

Proposition 2. Let X be a BCK/BClI-algebra. Given a, b € X and subsets A and B of X, we have

(1) NQ(A*,B) and NQ(A, B*) are subsets of NQ(A, B).
(1) If0 € ANBthen NQ(AU B) is a subset of NQ(A, B).

Proof. Straightforward. [

Let X be a BCK/BClI-algebra. Given a,b € X and subalgebras A and B of X, NQ(a, B) and
NQ(A, b) may not be subalgebras of NQ(X) since

(a,aT,x31,x4F) © (a,aT,usl, vsF) = (0,0T, (x3 * uz)l, (x4 *v4)F) ¢ NQ(a, B)
and
(x1,x2T, b1, bF) ® (u1,usT,bl, bF) = (xq1 % uq, (xp * up)T,0I,0F) ¢ NQ(A,b)

for (a, aT, x31, x4F) € NQ(a,B), (a, aT, uzl, v4F) € NQ(a,B), (x1, xoT, bl, bF) € NQ(A,b),
and (uy, upT, bI, bF) € NQ(A,b).

Theorem 3. If A and B are subalgebras of a BCK/BCI-algebra X, then the set NQ(A, B) is a subalgebra of
NQ(X), which is called a neutrosophic quadruple subalgebra.

Proof. Assume that A and B are subalgebras of a BCK/BClI-algebra X. Let ¥ = (x1, 22T, x3I, x4F)
and 7 = (y1, 2T, y31, y4F) be elements of NQ(A, B). Then x1, x2, y1, y» € A and x3, x4, Y3, ya € B,
which implies that x; *y; € A, xp *y» € A, x3*y3 € B, and x4 * y4 € B. Hence,

TOF= (x1%y1, (x2xy2)T, (x3 % y3)L, (x4 xys)F) € NQ(A, B),
so NQ(A, B) is a subalgebra of NQ(X). O

Theorem 4. If A and B are ideals of a BCK/BCI-algebra X, then the set NQ(A, B) is an ideal of NQ(X),
which is called a neutrosophic quadruple ideal.

Proof. Assume that A and B are ideals of a BCK/BClI-algebra X. Obviously, 0 € NQ(A,B).
Let ¥ = (x1, xoT, x3I, x4F) and § = (y1, v2T, y3I, y4F) be elements of NQ(X) such that
¥®7§ € NQ(A,B) and j € NQ(A, B). Then

Jz@yN = (x] *Y1, (x2 *yZ)T/ (x3 *]/3)1/ (x4 *]/4)F) € NQ(A/B)/
sox;xy; € A xp%y, € A, x3%xy; € Band x4*xyy € B. Since j € NQ(A,B), we have

y1,y2 € Aand y3,y4 € B. Since A and B are ideals of X, it follows that x,x2 € A and x3,x4 € B.
Hence, ¥ = (x1, x2T, x31, x4F) € NQ(A, B), so NQ(A, B) is anideal of NQ(X). O

Since every ideal is a subalgebra in a BCK-algebra, we have the following corollary.
Corollary 1. If A and B are ideals of a BCK-algebra X, then the set NQ(A, B) is a subalgebra of NQ(X).

The following example shows that Corollary 1 is not true in a BCI-algebra.
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Example 2. Consider a BCI-algebra (Z,—,0). If we take A = N and B = 7Z, then NQ(A, B) is an ideal of
NQ(Z). However, it is not a subalgebra of NQ(Z) since
(2,3T, —51,6F) ® (3,5T, 61, —7F) = (—1,—2T, —111,13F) ¢ NQ(A, B)
for (2,3T,—51,6F), (3,5T,61,—7F) € NQ(A, B).
Theorem 5. If A and B are closed ideals of a BCI-algebra X, then the set NQ(A, B) is a closed ideal of NQ(X).

Proof. If A and B are closed ideals of a BCI-algebra X, then the set NQ(A, B) is an ideal of NQ(X) by
Theorem 4. Let ¥ = (xq,x2T, x3I, x4F) € NQ(A, B). Then

00 %= (0xx1,(0%x2)T, (0% x3)I, (0% x4)F) € NQ(A,B)
since 0 % x1,0% xy € A and 0 * x3,0 % x4 € B. Therefore, NQ(A, B) is a closed ideal of NQ(X). O
Since every closed ideal of a BCI-algebra X is a subalgebra of X, we have the following corollary.
Corollary 2. If A and B are closed ideals of a BCI-algebra X, then the set NQ(A, B) is a subalgebra of NQ(X).

In the following example, we know that there exist ideals A and B in a BCI-algebra X such that
NQ(A, B) is not a closed ideal of NQ(X).

Example 3. Consider BCI-algebras (Y, *,0) and (Z,—,0). Then X = Y x Z is a BCI-algebra (see [21]).
Let A=Y xNand B = {0} x N. Then A and B are ideals of X, so NQ(A, B) is an ideal of NQ(X) by
Theorem 4. Let ((0,0),(0,1)T, (0,2)I,(0,3)F) € NQ(A, B). Then

((0,
= (

Hence, NQ(A, B) is not a closed ideal of NQ(X).

0),(0,0)T, (0,0)1,(0,0)F) ® ((0,0), (0,1)T, (0,2)1,(0,3)F)
(0,0), (0, —1)T, (0, —2)1, (0, —3)F) ¢ NQ(A, B).

We provide conditions wherethe set NQ(A, B) is a closed ideal of NQ(X).
Theorem 6. Let A and B be ideals of a BCI-algebra X and let
I'={ae NQ(X)| (Vi e NQ(X))(¥<a = x=a)}.
Assume that, if T € NQ(A, B), then || < co. Then NQ(A, B) is a closed ideal of NQ(X).

Proof. If A and B are ideals of X, then NQ(A,B) is an ideal of NQ(X) by Theorem 4.
Letd = (ay,a2T,a31,a4F) € NQ(A, B). Forany n € N, denote n(a) := 0® (0 ®@)". Then n(a) € T and

n(@) = (0% (0xay)", (0% (0% ax)")T, (0% (0%az)")I, (0 (0xay)")F)
= (0% (0*af), (0% (0%a5))T, (0 (0%a5))I, (0 (0xa}))F)

=0o(0oa").

Hence,
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so n(@) € NQ(A,B), since @ € NQ(A,B), and NQ(A, B) is an ideal of NQ(X). Since |T| < oo,
it follows that k € N such that n(@) = (1 + k)(a), thatis, n(d) = n(d) © (0 © 4)*, and thus

k(@) =00 (0 0 a)
= (n(ad) ® 00 1)) o n(a)
=n(d) ®n(a) =0,

ie, (k—1)(@) ®(0®d) = 0. Since0©®a € T, it follows that 0 ®a@ = (k—1)(d) € NQ(A,B).
Therefore, NQ(A, B) is a closed ideal of NQ(X). [

Theorem 7. Given two elements a and b in a BCI-algebra X, let
Ag:i={xeX|axx=a}and B, := {x € X | b*xx =b}. (14)
Then NQ(Aq, By) is a closed ideal of NQ(X).

Proof. Since a0 = aand bx0 = b, we have 0 € A; N B,. Thus, 0 € NQ(Ag4 Bp). If x € Ay and
Y € By, then

Oxx=(asxx)xa=axa=0and0xy = (b*xy)xb=>bxb=0. (15)

Let x,y,¢,d € Xbesuch that x,y *x € A; and ¢,d * c € By. Then

(axy)xa=0xy=(0xy)*x0=(0xy)*(0xx) =0x%(y*xx)=0
and
(bxd)xb=0%d= (0xd)*0=(0xd)*(0xc) =0x%(dxc) =0,
thatis,a*y < aand b*d < b. On the other hand,
a=ax(yxx)=(axx)*(y*xx) <axy
and
b="bx(dxc)=(bxc)x(d*c) <bxd.

Thus, axy =aand bxd = b,ie,y € A;and d € B,. Hence, A, and B, are ideals of X, and
NQ(Aq, By) is therefore an ideal of NQ(X) by Theorem 4. Let ¥ = (x1, x2T, x31, x4F) € NQ(A,, Bp).
Then x1,xp € Ag, and x3, x4 € By. It follows from Equation (15) that 0xx; =0 € A, 0% xp =0 € A,
0% x3 =0 € By, and 0% x4 = 0 € B,. Hence,

00 %= (0xx1,(0%x2)T,(0%x3)I,(0%x4)F) € NQ(Ay, By).
Therefore, NQ(A,, By) is a closed ideal of NQ(X). [
Proposition 3. Let A and B be ideals of a BCK-algebra X. Then
NQ(A)NNQ(B) = {0} & (V& € NQ(A))(V§ € NQ(B))(X©§ = %). (16)

Proof. Note that NQ(A) and NQ(B) are ideals of NQ(X). Assume that NQ(A) N NQ(B) = {0}. Let
% = (x1, 2T, x31, x4F) € NQ(A) and 7 = (y1, v2T, y3I, yaF) € NQ(B).
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Since ¥ (¥ ©F) < fand ¥ © (¥ © 7) < 7, it follows that ¥ ® (¥ ©® 7#) € NQ(A) N NQ(B) = {0}.
Obviously, (¥ ®7) ® ¥ € {0}. Hence, ¥ ® § = %.

Conversely, suppose that ¥ © 7 = X forall ¥ € NQ(A) and 7 € NQ(B). If Z € NQ(A) N NQ(B),
then z € NQ(A) and £ € NQ(B), which is implied from the hypothesis that z = z®z = 0
Hence NQ(A)NNQ(B) = {0}. O
Theorem 8. Let A and B be subsets of a BCK-algebra X such that

(Va,b € ANB)(K(a,b) C ANB) 17)

where K(a,b) := {x € X | xxa < b}. Then the set NQ(A, B) is an ideal of NQ(X).
Proof. If x € AN B, then 0 € K(x, x) since 0 x < x. Hence, 0 € AN B by Equation (17), so it is clear
that0 € NQ(A, B). Let ¥ = (x1, xoT, x31, x4F) and § = (y1, 2T, y31, y4F) be elements of NQ(X) such
that ¥ © 7 € NQ(A,B) and 7 € NQ(A, B). Then
FOF = (x1xy1, (xaxy2)T, (x3 % y3)I, (x4 xy4)F) € NQ(A,B),

soxy*y; € A, xpxys € A, x3%y3 € B,and x4 * y4 € B. Using (II), we have x; € K(x1 xy1,1) € A,
xp € K(xp*y2,12) € A, x3 € K(xz*y3,y3) C B, and x4 € K(x4 *ys,y4) C B. This implies that
% = (x1, 2T, x31, x4F) € NQ(A, B). Therefore, NQ(A, B) is an ideal of NQ(X). O
Corollary 3. Let A and B be subsets of a BCK-algebra X such that

(Va,x,y € X)(x,y€ ANB, (axx)*xy=0 = ac ANB). (18)

Then the set NQ(A, B) is an ideal of NQ(X).

Theorem 9. Let A and B be nonempty subsets of a BCK-algebra X such that

(Va,x,y € X)(x,y € A(orB),axx <y = ac A(orB)). (19)

Then the set NQ(A, B) is an ideal of NQ(X).

Proof. Assume that the condition expressed by Equation (19) is valid for nonempty subsets A and B
of X. Since 0 * x < x for any x € A (or B), we have 0 € A (or B) by Equation (19). Hence, it is clear
that0 € NQ(A, B). Let ¥ = (x1, xoT, x31, x4F) and § = (y1, 2T, y31, y4F) be elements of NQ(X) such
that ¥ @7 € NQ(A, B) and # € NQ(A, B). Then

TOF= (x1 %y, (x2xy2)T, (x3 % y3)L, (x4 xys)F) € NQ(A, B),

sox1 kY] € A, xa*xyp € A, x3%y3 € B, and x4 * y4 € B. Note that x; * (x; xy;) < y; fori =1,2,3,4.
It follows from Equation (19) that x1, x, € A and x3, x4 € B. Hence,

X = (xl, xT, x31, X4F) € NQ(A,B);
therefore, NQ(A, B) is an ideal of NQ(X). O

Theorem 10. If A and B are positive implicative ideals of a BCK-algebra X, then the set NQ(A, B) is a positive
implicative ideal of NQ(X), which is called a positive implicative neutrosophic quadruple ideal.
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Proof. Assume that A and B are positive implicative ideals of a BCK-algebra X. Obviously, 0 € NQ(A, B).
Let ¥ = (x1, x2T, x3l, x4F), § = (y1, v2T, y31, yaF), and Z = (21, 22T, 231, z4F) be elements of NQ(X)
such that (¥ ©®7) ®2 € NQ(A,B) and § ® 2 € NQ(A, B). Then

(FOP) 0zZ=((x1*xy1)*21, ((x2*y2) x22)T,
((x3xy3) *z3)I, (x4 * ya) x24)F) € NQ(A, B),

and
JOZ=(y1+21, (y2+22)T, (y3%23)1, (ya % 24)F) € NQ(4, B),
so (x1xy1)xz1 €A, (xp%yp) %z € A, (x3%Yy3) %23 € B, (Xxg%ys) %24 € B,y1 %21 € A, ypx2zp € A,
y3*z3 € B, and y4 *z4 € B. Since A and B are positive implicative ideals of X, it follows that
X1 %21,X2 %290 € A and x3 * z3, X4 * 24 € B. Hence,
TOZ=(x;xz1, (xp%22)T, (x3%23)1, (x4 *z4)F) € NQ(A, B),
so NQ(A, B) is a positive implicative ideal of NQ(X). O
Theorem 11. Let A and B be ideals of a BCK-algebra X such that
(Vx,y,z € X)((x*y)*z € A(or B) = (xxz)*(y+z) € A(orB)). (20)
Then NQ(A, B) is a positive implicative ideal of NQ(X).
Proof. Since A and B are ideals of X, it follows from Theorem 4 that NQ(A, B) is an ideal of NQ(X).
Let £ = (x1, 22T, x31, x4F), § = (y1, ¥2T, y3I, yaF), and Z = (21, 22T, 231, z4F) be elements of NQ(X)

such that (¥ ©7) ©Z € NQ(A,B) and § ® Z € NQ(A, B). Then

(FOFH) ©zZ=((x1xy1)*21, ((x2%y2) *22)T,
((x3#y3) * z3)I, (x4 * ya) *24)F) € NQ(A, B),

and
§OZ=(y1xz1,(y2*22)T, (y3*23)], (ya xz4)F) € NQ(A, B),
S0 (x1*%y1) %21 € A, (xakyn)*zp € A, (X3%Y3) %23 € B, (xa*ys)*24 € B,y1 %21 € A, ypxzp € A,
Y3 %23 € B, and y4 * z4 € B. It follows from Equation (20) that (xq % z1) * (y1 x21) € A, (xp % 2p) * (y2 *
z3) € A, (x3#23) % (y3 *2z3) € B, and (x4 * z4) * (y4 * z4) € B. Since A and B are ideals of X, we get
X1 %21 € A, xp%20 € A, x3%23 € B,and x4 * z4 € B. Hence,
TOZ=(xyxz1, (xa%22)T, (x3%23)], (x4 xz4)F) € NQ(A, B).
Therefore, NQ(A, B) is a positive implicative ideal of NQ(X). O
Corollary 4. Let A and B be ideals of a BCK-algebra X such that
(Vx,y € X)((x+xy)*y € A(or B) = x*y € A (or B)). (21)
Then NQ(A, B) is a positive implicative ideal of NQ(X).
Proof. If the condition expressed in Equation (21) is valid, then the condition expressed in Equation (20)

is true. Hence, NQ(A, B) is a positive implicative ideal of NQ(X) by Theorem 11. [

10
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Theorem 12. Let A and B be subsets of a BCK-algebra X such that 0 € AN B and

((x*y)*y)*xz€ A(orB), z€ A(or B) = xxy € A (or B) (22)
forall x,y,z € X. Then NQ(A, B) is a positive implicative ideal of NQ(X).
Proof. Since 0 € AN B, itis clear that 0 € NQ(A, B). We first show that

(Vx,y € X)(x*y € A(or B), y € A(or B)=x € A (or B)). (23)

Let x,y € X besuch that x*y € A (or B)and y € A (or B). Then
((x%0)%0)*y =x*y € A(or B)

by Equation (1), which, based on Equations (1) and (22), implies that x = x*0 € A (or B).
Let ¥ = (x1, x2T, x31, x4F), 7 = (y1, ¥2T, y31, y4F), and 2 = (21, 22T, z31, z4F) be elements of NQ(X)

such that (¥ ©#) ©®% € NQ(A,B) and # ©® 2 € NQ(A, B). Then

(Fo7)©z2=((x1*y1)*21, (x2*y2) ¥22)T,
((x3xy3) xz3)I, (x4 * ya) xz4)F) € NQ(A, B),

and
§OZ=(y1x21,(y2*22)T, (y3*23)], (ya * z4)F) € NQ(A, B),

so (x1xy1) xz1 €A, (xpxyp) %z € A, (x3%Y3) %23 € B, (Xxa%ys) ¥z4 € B,y1 %21 € A, ypxzp € A,
Y3 %23 € B, and y4 * z4 € B. Note that

(((xi % 2;) % 2;) % (yi* zi)) = ((x; % y;) *z;) = 0 € A (or B)
fori =1,2,3,4. Since (x; *y;) *z; € Afori =1,2 and (x]- * y/-) xzj € B for j = 3,4, it follows from
Equation (23) that ((x; * z;) % z;) * (y; *z;) € Afori=1,2,and ((xj *z;) *z;) * (yj *z;) € Bforj=3,4.
Moreover, since y; *z; € A fori =1,2, and yj*zj € Bforj=3,4, wehavex; xz1 € A, xpx2p € A,
x3 *z3 € B, and x4 * z4 € B by Equation (22). Hence,
TOZ=(x1%xz1, (x2%22)T, (x3x23)I, (x4 % 24)F) € NQ(A, B).
Therefore, NQ(A, B) is a positive implicative ideal of NQ(X). O

Theorem 13. Let A and B be subsets of a BCK-algebra X such that NQ(A, B) is a positive implicative ideal of
NQ(X). Then the set

Oz = {¥€ NQ(X) | #®a € NQ(A, B)} (24)
is an ideal of NQ(X) for any € NQ(X).
Proof. Obviously, 0 € Q. Let % § € NQ(X) be such that ¥ ®§ € Qz and § € Qz Then
(¥©7)©d € NQ(A,B)and 7 ©®ad € NQ(A,B). Since NQ(A, B) is a positive implicative ideal of

NQ(X), it follows from Equation (11) that ¥ © 4 € NQ(A, B) and therefore that ¥ € ;. Hence, ); is
anideal of NQ(X). O

Combining Theorems 12 and 13, we have the following corollary.

11
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Corollary 5. If A and B are subsets of a BCK-algebra X satisfying 0 € A N B and the condition expressed in
Equation (22), then the set Q) in Equation (24) is an ideal of NQ(X) for all @ € NQ(X).

Theorem 14. For any subsets A and B of a BCK-algebra X, if the set O in Equation (24) is an ideal of NQ(X)
foralla € NQ(X), then NQ(A, B) is a positive implicative ideal of NQ(X).

Proof. Since 0 € Qs we have 0 = 0©4 € NQ(A,B). Let % §, £ € NQ(X) be such that
(fo7)©z € NQ(A,B)and 7@z € NQ(A,B). Then @7 € Qs and § € Qs. Since Qs is an
ideal of NQ(X), it follows that ¥ € Q:. Hence, ¥ ® Z € NQ(A, B). Therefore, NQ(A, B) is a positive
implicative ideal of NQ(X). O

Theorem 15. For any ideals A and B of a BCK-algebra X and for any & € NQ(X), if the set Oy in
Equation (24) is an ideal of NQ(X), then NQ(X) is a positive implicative BCK-algebra.

Proof. Let Q) be any ideal of NQ(X). For any %, 7, Z € NQ(X), assume that (¥ ®§) ®Z € Q and
7Oz e Q. ThenXOF € Qs and § € Qs Since Q) is an ideal of NQ(X), it follows that ¥ € Q.
Hence, ¥ ® Z € ), which shows that Q) is a positive implicative ideal of NQ(X). Therefore, NQ(X) is
a positive implicative BCK-algebra. [

In general, the set {0} is an ideal of any neutrosophic quadruple BCK-algebra NQ(X), but it is
not a positive implicative ideal of NQ(X) as seen in the following example.

Example 4. Consider a BCK-algebra X = {0,1,2} with the binary operation , which is given in Table 3.

o

Table 3. Cayley table for the binary operation “x”.

N = o

N~ oo
_ O O e
coo|N

Then the neutrosophic quadruple BCK-algebra NQ(X) has 81 elements. If we take a = (2,2T,21,2F)
and b = (1,1T,11,1F) in NQ(X), then

(@b ob=(2+1)*1,(2+1)*1)T,((2%1) 1)L ((2%1) x1)F)
=(1*1,(1*1)T,(1*1)I,(1%1)F) = (0,0T,0I,0F) =0,

and b ® b = 0. However,
iob=(2%1,2+«1)T,(2+1)I,(2+1)F) = (1,1T,11,1F) # 0.
Hence, {0} is not a positive implicative ideal of NQ(X).

We now provide conditions for the set {0} to be a positive implicative ideal in the neutrosophic
quadruple BCK-algebra.

Theorem 16. Let NQ(X) be a neutrosophic quadruple BCK-algebra. If the set
Q(a) := {¥ € NQ(X) | ¥ < d} (25)

is an ideal of NQ(X) for all # € NQ(X), then {0} is a positive implicative ideal of NQ(X).

12
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Proof. We first show that
(V5,7 NQ(X))((foy)0og=0 = x07=0). (26)
Assume that (¥ ©7) ©7 = 0 forall £,7 € NQ(X). Then # ©§ < #,s0 ¥ ® 7 € Q(F). Since

7 € Q(7) and Q(¥) is an ideal of NQ(X), we have ¥ € Q(j). Thus, ¥ < 7, thatis, ¥ O 7 =
Letii:= (£ ©®F) ©§F. Then

which implies, based on Equations (3) and (26), that
Fono(Fopo) =EFonoid=(Fa)of=0,
thatis, ¥ © 7 < (¥ © 7) © 7. Since (¥ ©®7) ® § < ¥ ® 7, it follows that
(0P =507 (27)

Ifweputj =X (7O (§ ® X)) in Equation (27), then

TOFOFoFe))=EFo(Fo@o(e))o(Fo(fe(iox))
L@FOFoX)o(Fo ([ Fo))
< (@FOEon)o(Foy)

={FoFEey))oFOT)
=(Fo@Eop))e o
< (0 (F0F) o FO D).

On the other hand,

Hence,

TOEFOFo (o) =((F0(x0g)o (o I)). (28)

If we use 7 ® ¥ instead of & in Equation (28), then

jox=Fox) o0
=@Fono(fer)o@o e (§ox)))
=(@ono((@oreyn) oo (o)
={FoxoFo[o)

13
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which, by taking ¥ = 7 © £, implies that

FOHo)=FoFo))oFo@o{ox))
=[O [Fox)o[Hoi).
It follows that
Fo@ex)o ey =(FeFo)oHox)o(xoy)
L (FOFOX)OFOY)
=(f0(x¥07)o[Fe),
S0,
jor=({o([Fe[Hox)) e
=@Fo@Fo@or))e((fox) o)
< (Fox)o(Fox)on)) o @ (o)
={lFoyoFe o)
< (JoOT) O
Since (§© %) ©® ¥ < § O %, it follows that
Jox)or=7o% (29)
Based on Equation (29), it follows that
(e Foz2)o(fo0f) 02)
=(((Fo2)02e(oi)e (foy) 02)
< (0207 o ((Foy) 0F)
=,
thatis, (¥ ©2)* (J©Z) < (¥ ©F) © 2. Note that
(Fonez)o(x0z) o (Jo2))
=((Fon oo ((xe(fo) o)
LK (FONOEOWHOI)
<(FoeF=0

which shows that (0 7) ©Z < (¥©Z)© (§©Z). Hence, (0§) 0z = (¥0Z)0 (§JO2I).
Therefore, NQ(X) is a positive implicative, so {0} is a positive implicative ideal of NQ(X). O

4. Conclusions

We have considered a neutrosophic quadruple BCK/BCI-number on a set and established
neutrosophic quadruple BCK/ BClI-algebras, which consist of neutrosophic quadruple BCK/BCI-numbers.
We have investigated several properties and considered ideal theory in a neutrosophic quadruple
BCK-algebra and a closed ideal in a neutrosophic quadruple BCI-algebra. Using subsets A and B
of a neutrosophic quadruple BCK/BCI-algebra, we have considered sets NQ(A, B), which consist of
neutrosophic quadruple BCK/BCI-numbers with a condition. We have provided conditions for the
set NQ(A, B) to be a (positive implicative) ideal of a neutrosophic quadruple BCK-algebra, and the set
NQ(A, B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra. We have provided an example

14
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to show that the set {0} is not a positive implicative ideal in a neutrosophic quadruple BCK-algebra,
and we have considered conditions for the set {0} to be a positive implicative ideal in a neutrosophic
quadruple BCK-algebra.
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Abstract: Technique for the order of preference by similarity to ideal solution (TOPSIS) and elimination
and choice translating reality (ELECTRE) are widely used methods to solve multi-criteria decision
making problems. In this research article, we present bipolar neutrosophic TOPSIS method and bipolar
neutrosophic ELECTRE-I method to solve such problems. We use the revised closeness degree to rank
the alternatives in our bipolar neutrosophic TOPSIS method. We describe bipolar neutrosophic TOPSIS
method and bipolar neutrosophic ELECTRE-I method by flow charts. We solve numerical examples by
proposed methods. We also give a comparison of these methods.

Keywords: neutrosophic sets; bipolar neutrosophic TOPSIS; bipolar neutrosophic ELECTRE-I;
normalized Euclidean distance

1. Introduction

The theory of fuzzy sets was introduced by Zadeh [1]. Fuzzy set theory allows objects to be members
of the set with a degree of membership, which can take any value within the unit closed interval [0,1].
Smarandache [2] originally introduced neutrosophy, a branch of philosophy which examines the origin,
nature, and scope of neutralities, as well as their connections with different intellectual spectra. To apply
neutrosophic set in real-life problems more conveniently, Smarandache [2] and Wang et al. [3] defined
single-valued neutrosophic sets which takes the value from the subset of [0,1]. Thus, a single-valued
neutrosophic set is an instance of neutrosophic set, and can be used feasibly to deal with real-world
problems, especially in decision support. Deli et al. [4] dealt with bipolar neutrosophic sets, which is
an extension of bipolar fuzzy sets [5].

Multi-criteria decision making (MCDM) is a process to make an ideal choice that has the highest
degree of achievement from a set of alternatives that are characterized in terms of multiple conflicting
criteria. Hwang and Yoon [6] developed the TOPSIS method, which is one of the most favorable
and effective MCDM methods to solve MCDM problems. In classical MCDM methods, the attribute
values and weights are determined precisely. To deal with problems consisting of incomplete and
vague information, in 2000 Chen [7] conferred the fuzzy version of TOPSIS method for the first time.
Chung and Chu [8] presented fuzzy TOPSIS method under group decision for facility location selection
problem. Hadi et al. [9] proposed the fuzzy inferior ratio method for multiple attribute decision making
problems. Joshi and Kumar [10] discussed the TOPSIS method based on intuitionistic fuzzy entropy
and distance measure for multi criteria decision making. A comparative study of multiple criteria
decision making methods under stochastic inputs is described by Kolios et al. [11]. Akram et al. [12-14]
considered decision support systems based on bipolar fuzzy graphs. Applications of bipolar fuzzy
sets to graphs have been discussed in [15,16]. Faizi et al. [17] presented group decision making for
hesitant fuzzy sets based on characteristic objects method. Recently, Alghamdi et al. [18] have studied

Axioms 2018, 7, 33; doi:10.3390/axioms7020033 17 www.mdpi.com/journal /axioms
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multi-criteria decision-making methods in bipolar fuzzy environment. Dey et al. [19] considered
TOPSIS method for solving the decision making problem under bipolar neutrosophic environment.

On the other hand, the ELECTRE is one of the useful MCDM methods. This outranking
method was proposed by Benayoun et al. [20], which was later referred to as ELECTRE-I method.
Different versions of ELECTRE method have been developed as ELECTRE-L II, III, IV and TRI.
Hatami-Marbini and Tavana [21] extended the ELECTRE-I method and gave an alternative fuzzy
outranking method to deal with uncertain and linguistic information. Aytac et al. [22] considered
fuzzy ELECTRE-I method for evaluating catering firm alternatives. Wu and Chen [23] proposed
the multi-criteria analysis approach ELECTRE based on intuitionistic fuzzy sets. In this research
article, we present bipolar neutrosophic TOPSIS method and bipolar neutrosophic ELECTRE-I method
to solve MCDM problems. We use the revised closeness degree to rank the alternatives in our
bipolar neutrosophic TOPSIS method. We describe bipolar neutrosophic TOPSIS method and bipolar
neutrosophic ELECTRE-I method by flow charts. We solve numerical examples by proposed methods.
We also give a comparison of these methods. For other notions and applications that are not mentioned
in this paper, the readers are referred to [24-29].

2. Bipolar Neutrosophic TOPSIS Method
Definition 1. Ref. [4] Let C be a nonempty set. A bipolar neutrosophic set (BNS) B on C is defined as follows

B={c, <T§+(c),1g(c),lfg(c),Tg’(c),lg (c),F5(c)) [ceC},
where, Tg(c),lg(c),l:g(c) :C—[0,1] and Tg(c),lé(c),lg(c) :C— [-1,0]

We now describe our proposed bipolar neutrosophic TOPSIS method.

Let S = {S1,S2,---,Sm} be a set of m favorable alternatives and let T = {Ty,T5,- -+, Ty} be
a set of n attributes. Let W = [w; wp --- wn]T be the weight vector such that 0 < wi <1 and
Z wj = 1. Suppose that the rating value of each alternative S;, (i = 1,2,---,m) with respect to the
j=1
attributes T]-, (j=1,2,---,n) is given by decision maker in the form of bipolar neutrosophic sets (BNSs).
The steps of bipolar neutrosophic TOPSIS method are described as follows:

(i)  Each value of alternative is estimated with respect to n criteria. The value of each alternative
under each criterion is given in the form of BNSs and they can be expressed in the decision

matrix as
ki koo ki
koi ko o ko
K= [kij}mxn =
kml km2 kmn

Each entry kij =< YZT,IIT,FJ,TU , Il] ,F >, where, Tj,]ar and 1-"Jr represent the degree of
positive truth, indeterminacy and fa151ty membership, respectlvely, whereas, T,]’, I 17 and Fl]’
represent the degree of negative truth, indeterminacy and falsity membership, respectively,

+ 7+ + + + - - -
§uch that Tij,lij',FJ € [0,1], Tl] ’If/ F €[-1,0]and 0 < T,.j + I].]- +F,.j - T,-j — Il.]. - Fij <6,
i=1,23,.,mj=123,.,n
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(if)

(iii)

(iv)

Suppose that the weights of the criteria are not equally assigned and they are totally unknown
to the decision maker. We use the maximizing deviation method [30] to determine the unknown
weights of the criteria. Therefore, the weight of the attribute T; is given as

m m
Y X ki — kyj
iZ1u=1

w]‘ = ’

n m m 2
B (E L ki —klj\>

j=1\i=11=1

and the normalized weight of the attribute T is given as

m m
.2”21“(1‘]‘ = kijl
x i=1l=
wi =

i <£Zgl\kij*klj\)

j=1\i=1I=

The accumulated weighted bipolar neutrosophic decision matrix is computed by multiplying
the weights of the attributes to aggregated decision matrix as follows:

- W wy Wy
kll k12 kln
wy Wa w
" kot k3 kan
KoW= [kij]]mxn =
w w; w;
Lkt Koz Koy
where
wj wit Wit Wit Wi wi— Wi
Ky =<Ty Ly By Ty Ly B>

=< 1= (=T, (1) (B, = (=T ), = (= 1), =(1 = (1= (=F;)Y) >,

ij ij

Two types of attributes, benefit type attributes and cost type attributes, are mostly applicable in
real life decision making. The bipolar neutrosophic relative positive ideal solution (BNRPIS) and
bipolar neutrosophic relative negative ideal solution (BNRNIS) for both type of attributes are
defined as follows:

+ g + wy+ wy+ W) — wy— Wy — + vy + wy+ Wy + Wy —

BNRPIS:<< Tll /+11] /+F11 ,+Tl1 ’+Ill /+F11 >,< T22 ,+122 ,+F22 /+T22 ,
Wy— + pWy— + — W — Wy —

L2 ERTY, L (T et et T+ o+ pon >),

Wit — W+ — pWt+ — W — — W — — pW— — Wyt — Wyt — plo+ — Wy —

BNRNIS:(( R e e e S D M G S A P

Wy — — pWp— - — — — Wy — — Wy —
[927,7 F27Y, L (T, et - Fet = TOn - [~ pn >),
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such that, for benefit type criteria, j = 1,2,...,n

+ Wit wj+ wj+ wj— wj— wj— wj+ . wi+ . wi+
T R AT L TFT ) = (max(Ty ), min(z ), min(E),
. w;— wi— wi—
mln(Tij] ),max(I,-]-] ),max(Fi].’ )
w

— Wit o wit . wit _ wi— i— _ LWwi— . wi+ wi+ w;+
( Tj’ , Ij7 , Fj’ , Tj’ , Ij’ , F].f >:<mm(Ti].7 ),max(Ii/ ),max(Fj].’ ),

max(Tiz;.’"i),mm(I;]/i),min(Fl.Z;/f))
Similarly, for cost type criteria, j = 1,2,...,n
+ W Wi Wi Wi W= W= . wi+ wj+ wi+
( T].’ , Ij’ , Fj’ , Tj’ , Ij’ , F].] >—<m1n(Ti].7 ),max(li/ ),maX(Fij] ),
wi— . wi— . wi—
max(Tl.j/ ), min(I;;’ ),mm(Fi/ )
— Wit wit . wit . wi— . wi— . Wi— Wi+ . wi+ . Wi+
T LR T L T E ) = (max(Ty ), min( ), min(E),

min(TiZ]f)F ), max(L;

ij 7),max(F;;)j7)>.

. . . . + o wit wit - Wi wi—
(v)  The normalized Euclidean distance of each alternative <Tf]07 , Iiz;-}’ , F;)] , T:]()’ , IZ.]’ , F:]U’ > from

the BNRPIS <+T;Uf +,+ Iw’ + Fw’ + Tw’ + I;Uf s Fjwf 7> can be calculated as

_+ ]}’f"f’)z + (f‘f}’ _+ 1;“;'*)2 + (F_Zf’f’

(Tz'?;;]+ _+ 7“j.wj+)2 + (IZ_’J+ _+ I;U’+)2 T (1::]”1+ _+ F]_“’j*)z_,’_ }
5 (7
lj )

wj— _+FYiT
]

dy(S;, BNRPIS) = | & ¥
=1 (Ty

g g

. . . . i+
and the normalized Euclidean distance of each alternative <T;)] e ].’ , F SR R

Ty oLy
from the BNRNIS (" T/7",~ 17"~ F

w0t W Wi w—
4 ST T I; b F; ") can be calculated as

w/

dn(S;, BNRNIS) = | L v oy T
N(Si ) 6n]_§1 (T:;’J _- T]wj )2 (ij _ I )2+(Fi7;’1 Fw, )2

ZU/

"{(W—T?"fﬂuu”"f TR (BT

(vi) Revised closeness degree of each alternative to BNRPIS represented as p; and it is calculated

using formula

(S) = dn(Si, BNRNIS)  dn(Si, BNRPIS) o
P 7max{dN(Sl,BNRNIS)} mm{dN(SZ,BNRPIS)}/ =1,Z,..,m

(vii) By using the revised closeness degrees, the inferior ratio to each alternative is determined

as follows:

N p(Si)
RO = in (p(5))"

1<i<m

It is clear that each value of IR (i) lies in the closed unit interval [0,1].

(viii) The alternatives are ranked according to the ascending order of inferior ratio values and the best

alternative with minimum choice value is chosen.

Geometric representation of the procedure of our proposed bipolar neutrosophic TOPSIS method

is shown in Figure 1.
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Technique for the order of preference by similarity

to ideal solution (TOPSIS)

[}

Identification of alternatives and criteria

Construct bipolar neutrosophic decision matrix

¥

Calculate weights of criteria by maximizing deviation

method

¥

Construct weighted bipolar neutrosophic decision

matrix
!

Compute BNRPIS and BNRNIS

¥

Calculate the distance of each alternative from
BNRPIS and BNRNIS

[}

Calculate the revised closeness degree of

each alternative to BNRPIS

Calculate the inferior ratio of each alternative

¥

Rank the alternatives according to ascending

order of inferior ratio values

Figure 1. Flow chart of bipolar neutrosophic TOPSIS.

3. Applications

In this section, we apply bipolar neutrosophic TOPSIS method to solve real life problems: the best
electronic commerce web site, heart surgeon and employee were chosen.
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3.1. Electronic Commerce Web Site

Electronic Commerce (e-commerce, for short) is a process of trading the services and goods
through electronic networks like computer structures as well as the internet. In recent times e-commerce
has become a very fascinating and convenient choice for both the businesses and customers.
Many companies are interested in advancing their online stores rather than the brick and mortar
buildings, because of the appealing requirements of customers for online purchasing. Suppose that
a person wants to launch his own online store for selling his products. He will choose the e-commerce
web site that has comparatively better ratings and that is most popular among internet users. After
initial screening four web sites, S; = Shopify, Sp = 3d Cart, S3 = BigCommerce and S4 = Shopsite,
are considered. Four attributes, T} = Customer satisfaction, T, = Comparative prices, T3 = On-time
delivery and T, = Digital marketing, are designed to choose the best alternative.

Step 1. The decision matrix in the form of bipolar neutrosophic information is given as in Table 1:

Table 1. Bipolar neutrosophic decision matrix.

S\T T T T; T

S (04,02,0.5, (0.5,0.3,0.3, (0.2,07,0.5, (0.4,0.6,0.5,
—0.6,-04,-04) —07,-02,—04) —0.4,-04,-03) —0.3,-0.7, —04)

S (0.3,0.6,0.1, (0.2,0.6,0.1, (0.4,02,0.5, (0.2,0.7,0.5,
—05,-07,-05) —05,-03,-07) —0.6,—03,-0.1) —0.5,—0.3,-0.2)

S (0.3,05,0.2, (0.4,05,02, (0.9,05,0.7, (0.3,0.7,0.6,
—04,-03,-07) —03,-08,—05) —03,—04,-03) —0.5,—0.5,—04)

S (0.6,0.7,0.5, (0.8,0.4,0.6, (0.6,03,0.6, (0.8,0.3,0.2,

-02,-01,-03) -0.1,-03,-04) -0.1,-04,-02) —0.1,-0.3,-0.1)

Step 2. The normalized weights of the criteria are calculated by using maximizing deviation method
as given below:

4

w1 = 0.2567, wy = 0.2776, w3 = 0.2179, w4 = 0.2478, where Zw/- =1.
j=1

Step 3. The weighted bipolar neutrosophic decision matrix is constructed by multiplying the weights
to decision matrix as given in Table 2:

Table 2. Weighted bipolar neutrosophic decision matrix.

S\T T; T2 T3 T,

S (0.123,0.662,0.837, (0.175,0.716,0.716, (0.047,0.925,0.86, (0.119,0.881,0.842,
—0.877,-0.79, —0.123) —0.906, —0.64, —0.132) ~ —0.819, -0.819, —-0.075)  —0.742, —0.915, —0.119)

Sy (0.087,0.877,0.554, (0.06,0.868,0.528, (0.105,0.704, 0.86, (0.054,0.915,0.842,
—0.837,-0.913,—0.163)  —0.825,—0.716, —0.284)  —0.895, —0.769, —0.023)  —0.842, —0.742, —0.054)

S3 (0.087,0.837,0.662, (0.132,0.825,0.64, (0.395,0.86,0.925, (0.085,0.915,0.881,
—0.79, —0.734, —0.266) —0.716, —0.94,-0.175)  —0.769, —0.819, —0.075) ~ —0.842, —0.842, —0.119)

Sy (0.21,0.913,0.837, (0.36,0775,0.868, (0.181,0.769,0.895, (0.329,0.742,0.671,

—0.662, —0.554, —0.087)  —0.528,—0.716, —0.132) ~ —0.605, —0.819, —0.047)  —0.565, —0.742, —0.026)

Step 4. The BNRPIS and BNRNIS are given by

BNRPIS =< (0.21,0.662,0.554, —0.877, —0.554, —0.087),
(0.06,0.868,0.868, —0.528, —0.94, —0.284),
(0.395,0.704,0.86, —0.895, —0.769, —0.023),
(0.329,0.742,0.671, —0.842, —0.742, —0.062) >;
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BNRNIS =< (0.087,0.913,0.837, —0.662, —0.913, —0.266),
(0.36,0.716,0.528, —0.906, —0.64, —0.132),
(0.047,0.925,0.925, —0.605, —0.819, —0.075),
(0.054,0.915,0.881, —0.565, —0.915, —0.119) > .

Step 5. The normalized Euclidean distances of each alternative from the BNRPISs and the BNRNISs
are given as follows:

dn(S1, BNRPIS) = 0.1805, dy(Sy, BNRNIS) = 0.1125,
dn(Sy, BNRPIS) = 0.1672, dn(So, BNRNIS) = 0.1485,
dn(Ss, BNRPIS) = 0.135,  dy(S3, BNRNIS) = 0.1478,
dn(S4, BNRPIS) = 0.155,  dy(S4, BNRNIS) = 0.1678.

Step 6. The revised closeness degree of each alternative is given as
p(S1) = —0.667,p(S2) = —0.354,p(S3) = —0.119, p(S4) = —0.148.
Step 7. The inferior ratio to each alternative is given as
IR(1) =1,IR(2) = 0.52,IR(3) = 0.18, IR(4) = 0.22.

Step 8. Ordering the web stores according to ascending order of alternatives, we obtain: S3 < 54 <
Sy < S1. Therefore, the person will choose the BigCommerce for opening a web store.

3.2. Heart Surgeon

Suppose that a heart patient wants to select a best cardiac surgeon for heart surgery. After initial
screening, five surgeons are considered for further evaluation. These surgeons represent the
alternatives and are denoted by Si, S, 53,54, and S5 in our MCDM problem. Suppose that he
concentrates on four characteristics, ) = Availability of medical equipment, T, = Surgeon reputation,
Tz = Expenditure and T; = Suitability of time, in order to select the best surgeon. These characteristics
represent the criteria for this MCDM problem.

Step 1. The decision matrix in the form of bipolar neutrosophic information is given as in Table 3:

Table 3. Bipolar neutrosophic decision matrix.

S\T T T T T,

S (0.6,0.5,0.3, (0.5,0.7,0.4, (0.3,0.5,0.5, (0.5,0.3,0.6,
—05,-0.7,-04) —0.6,—04,—05) —0.7,—-0.3,—04) —04,—0.7,—0.5)

S (0.9,0.3,0.2, (0.7,04,0.2, (0.4,0.7,0.6, (0.8,0.3,0.2,
~03,-0.6,-05) —0.4,-05,—0.7) —0.6,—0.3,—-03) —0.2,—0.5,—0.7)

S (0.4,0.6,0.6, (0.5,0.3,0.6, (0.7,05,0.3, (0.4,0.6,0.7,
—0.7,-0.4,—-03) —0.6,—0.4,—04) —0.4,—04,—0.6) —0.5,—0.4,—0.4)

S (0.8,0.5,0.3, (0.6,0.4,0.3, (0.4,05,0.7, (0.5,0.4,0.6,
—03,-0.4,-05) —05,-0.7,—0.8) —0.5,—04,—0.2) —0.6,—0.7,—0.3)

Ss (0.6,0.4,0.6, (0.4,0.7,0.6, (0.6,0.3,0.5, (0.5,0.7,0.4,

-04,-0.7,-03) —0.7,-05,-0.6) —0.3,—-0.7,—04) —0.3,—0.6,—0.5)
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Step 2. The normalized weights of the criteria are calculated by using maximizing deviation method
as given below:

4

w1 = 0.2480, wy = 0.2424, w3 = 0.2480, w4 = 0.2616, where ij =1
j=1

Step 3. The weighted bipolar neutrosophic decision matrix is constructed by multiplying the weights
to decision matrix as given in Table 4:

Table 4. Weighted bipolar neutrosophic decision matrix.

S\.T T T, T3 Ta

S (0.203,0.842,0.742, (0.155,0.917,0.801, (0.085,0.842,0.842, (0.166,0.730,0.875,
—0.842, -0.915,—0.119)  —0.884, —0.801, —0.155)  —0.915,—0.742, —0.119)  —0.787, —0.911, —0.166)

Sy (0.435,0.742,0.671, (0.253,0.801,0.677, (0.119,0.915,0.881, (0.344,0.730, 0.656,
—0.742,-0.881,—0.158)  —0.801, —0.845,~0.253)  —0.881, —0.742, —0.085)  —0.656, —0.834, —0.270)

S3 (0.119,0.881,0.881, (0.155,0.747,0.884, (0.258,0.842,0.742, (0.125,0.875,0.911,
—0.915,—0.797, —0.085)  —0.884, —0.801, —0.116)  —0.797, —0.797,—0.203)  —0.834, —0.787, —0.125)

Sy (0.329,0.842,0.742, (0.199,0.801,0.747, (0.119,0.842,0.915, (0.166,0.787,0.875,
—0.742,-0.797,—-0.158)  —0.845,—0.917,-0.323) —0.842, —0.797,-0.054) —0.875,—0.911, —0.089)

S5 (0.203,0.797,0.881, (0.116,0.917,0.884, (0.203,0.742,0.842, (0.166,0.911,0.787,

—0.797,-0.915, -0.085) —0.917,—0.845,—-0.199) —0.742, -0.915,—0.119) —0.730, —0.875, —0.166)

Step 4. The BNRPIS and BNRNIS are given by

BNRPIS =< (0.435,0.742,0.671, —0.915, —0.797, —0.085),
(0.253,0.747,0.677, —0.917, —0.801, —0.116),
(0.085,0.915,0.915, —0.742, —0.915, —0.203),

(0.344,0.730,0.656, —0.875, —0.787, —0.089) >;

BNRNIS =< (0.119,0.881,0.881, —0.742, —0.915, —0.158),
(0.116,0.917,0.884, —0.801, —0.917, —0.323),
(0.258,0.742,0.742, —0.915, —0.742, —0.054),

(0.125,0.911,0.911, —0.656, —0.911, —0.270) > .

Step 5. The normalized Euclidean distances of each alternative from the BNRPISs and the BNRNISs
are given as follows:

dn(S1, BNRPIS) = 0.1176,
dn(S2, BNRPIS) = 0.0974,

dn(S1, BNRNIS) = 0.0945,
dn(S2, BNRNIS) = 0.1402,

dN(Ss, BNRPIS) = 0.1089, dn(Ss, BNRNIS) = 0.1093,

( ) ( )
(S2 ) (S2 )
dn(S3, BNRPIS) = 0.1348,  dn(S3, BNRNIS) = 0.1043,
(S4 ) (S4 )

dn(Ss, BNRPIS) = 0.1292,  dn(Ss, BNRNIS) = 0.0837.
Step 6. The revised closeness degree of each alternative is given as

p(S1) = —0.553,p(S5) = 0,p(S3) = —0.64,p(S4) = —0.338,p(S5) = —0.729

Step 7. The inferior ratio to each alternative is given as

IR(1) = 0.73,IR(2) = 0, IR(3) = 0.88, IR(4) = 0.46, IR(5) = 1.
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Step 8. Ordering the alternatives in ascending order, we obtain: S, < S4 < S1 < S3 < Ss. Therefore,
S is best among all other alternatives.

3.3. Employee (Marketing Manager)

Process of employee selection has an analytical importance for any kind of business. According to
firm hiring requirements and the job position, this process may vary from a very simple process
to a complicated procedure. Suppose that a company wants to hire an employee for the post of
marketing manager. After initial screening, four candidates are considered as alternatives and
denoted by S1, Sz, S3 and Sy in our MCDM problem. The requirements for this post, T; = Confidence,
T, = Qualification, T3 = Leading skills and T, = Communication skills, are considered as criteria in
order to select the most relevant candidate.

Step 1. The decision matrix in the form of bipolar neutrosophic information is given as in Table 5:

Table 5. Bipolar neutrosophic decision matrix.

S\T T T T T

S (0.8,0.5,0.3, (0.7,03,0.2, (0.5,0.4,0.6, (0.9,03,0.2,
—-03,-0.6,-05) —03,-0.5,—-04) —05,-0.3,—-04) —0.3,—0.4,—0.2)

S, (0.5,0.7,0.6 (0.4,0.7,0.5, (0.6,0.8,0.5, (0.5,0.3,0.6,
—04,-02,-04) —06,-02,—-03) —03,-05,—07) —0.6,—0.4,—0.3)

S5 (0.4,0.6,0.8, (0.6,0.3,0.5, (0.3,05,0.7, (0.5,0.7,0.4,
—0.7,-03,-04) —02,-04,-0.6) —08,—04,—02) —0.6,—0.3,—0.5)

S (0.7,0.3,0.5, (0.5,0.4,0.6, (0.6,0.4,0.3, (0.4,05,0.7,

—04,-02,-05) —0.4,-05,-03) —03,-05,-07) —0.6,—0.5,—0.3)

Step 2. The normalized weights of the criteria are calculated by using maximizing deviation method
as given below:

4
wy = 0.25, wy = 0.2361, w3 = 0.2708, w4 = 0.2431, where Zw]— =1.
j=1

Step 3. The weighted bipolar neutrosophic decision matrix is constructed by multiplying the weights
to decision matrix as given in Table 6:

Table 6. Weighted bipolar neutrosophic decision matrix.

S\.T Ty T T3 Ty

51 (0.3313,0.8409, 0.7401, (0.2474,0.7526,0.6839, (0.1711,0.7803, 0.8708, (0.4287,0.7463,0.6762,
—0.7401, —0.8801, —0.1591)  —0.7526, —0.8490, —0.1136)  —0.8289, —0.7218, —0.1292)  —0.7463, —0.8003, —0.0528)

Sy (0.1591,0.9147,0.8801, (0.1136,0.9192, 0.8490, (0.2197,0.9414,0.8289, (0.1551,0.7463,0.8832,
—0.7953, —0.6687, —0.1199)  —0.8864, —0.6839, —0.0808)  —0.7218, —0.8289, —0.2782)  —0.8832, —0.8003, —0.0831)

S3 (0.1199,0.8801,0.9457, (0.1945,0.7526, 0.8490, (0.0921,0.8289,0.9079, (0.1551,0.9169, 0.8003,
—0.9147, —0.7401, —0.1199)  —0.6839, —0.8055, —0.1945)  —0.9414, —0.7803, —0.0586)  —0.8832, —0.7463, —0.1551)

Sy (0.2599,0.7401, 0.8409, (0.1510, 0.8055, 0.8864, (0.2197,0.7803,0.7218, (0.1168,0.8449,0.9169,

—0.7953, —0.6687, —0.1591)  —0.8055, —0.8490, —0.0808)  —0.7218, —0.8289, —0.2782)  —0.8832, —0.8449, —0.0831)

Step 4. The BNRPIS and BNRNIS are given by

BNRPIS =< (0.3313,0.7401,0.7401, —0.9147, —0.6687, —0.1199),
(0.2474,0.7526,0.6839, —0.8864, —0.6839, —0.0808),
(0.2197,0.7803,0.7218, —0.9414, —0.7218, —0.0586),

(0.4287,0.7463,0.6762, —0.8832, —0.7463, —0.0528) >;
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BNRNIS =< (0.1199,0.9147,0.9457, —0.7401, —0.8801, —0.1591),
(0.1136,0.9192, 0.8864, —0.6839, —0.8490, —0.1945),
(0.0921,0.9414,0.9079, —0.7218, —0.8289, —0.2782),

(0.1168,0.9169,0.9169, —0.7463, —0.8449, —0.1551) > .

Step 5. The normalized Euclidean distances of each alternative from the BNRPISs and the BNRNISs
are given as follows:

dn(S1, BNRPIS) = 0.0906, dy(Sy, BNRNIS) = 0.1393,
dn(Sy, BNRPIS) = 0.1344,  dn(Sp, BNRNIS) = 0.0953,
dn(Ss, BNRPIS) = 0.1286, dy(Ss, BNRNIS) = 0.1011,
dn(Sy, BNRPIS) = 0.1293,  dn(Ss, BNRNIS) = 0.0999.

Step 6. The revised closeness degree of each alternative is given as

p(51) = 0,0(Sy) = —0.799, p(S3) = —0.694, p(S4) = —0.780.

Step 7. The inferior ratio to each alternative is given as

IR(1) =0,IR(2) =1,IR(3) = 0.87,IR(4) = 0.98.
Step 8. Ordering the alternatives in ascending order, we obtain: S; < S3 < S4 < S. Therefore, the
company will select the candidate S; for this post.
4. Bipolar Neutrosophic ELECTRE-I Method

In this section, we propose bipolar neutrosophic ELECTRE-I method to solve MCDM problems.
Consider a set of alternatives, denoted by S = {S1, 52,53, - -, S} and the set of criteria, denoted by
T={T1, T», T3, - -, T} which are used to evaluate the alternatives.

(i-iii) As in the section of bipolar neutrosophic TOPSIS, the rating values of alternatives with respect
to the criteria are expressed in the form of matrix [kij]mx». The weights w; of the criteria T; are
evaluated by maximizing deviation method and the weighted bipolar neutrosophic decision
matrix [kjj] Jmxn is constructed.

(iv) The bipolar neutrosophic concordance sets Eyy and bipolar neutrosophic discordance sets Fyy
are defined as follows:

Ewy={1<j<nlpg>py}, x#y x,y=12---,m,
Foy={1<j<n|pg<py}, x#y x,y=12,---,m,

where, p;j = T,f + [ + Ff + T +1; +F;, i=1,2,,m, j=12,-,n

(v)  The bipolar neutrosophic concordance matrix E is constructed as follows:

— el . . . e
€21 - .. Oy

em1 €m2 - - -
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where, the bipolar neutrosophic concordance indices eyy’s are determined as

Exy = Z wj-
]EEW

The bipolar neutrosophic discordance matrix F is constructed as follows:

(vi)
- fi - - . fim
fa = o fom
F= ,
fml fmZ -
where, the bipolar neutrosophic discordance indices fr,’s are determined as
N B R e T
max (%n ! w,»fy] Wi—\o ! w,»fj] wj—\o ! w/-—y] W=\ o
jEFs T P ] _F
j€hy (T -1,/ P+(Lj -1/ P+(F] —F/)
Wit wityo Wit wityo Wit Wity o
L A e R )
T _1YT)\2 I _r%iTy2
L) )+ (k] —F;)

fxy =
{(wa w yj v

i~ i7\2
T. ) +(Ix]. i

AR\ G o
X] y]

(vii) Concordance and discordance levels are computed to rank the alternatives. The bipolar
neutrosophic concordance level ¢ is defined as the average value of the bipolar neutrosophic

concordance indices as

similarly, the bipolar neutrosophic discordance level f is defined as the average value of the

bipolar neutrosophic discordance indices as
1 m
L Y fu-

f= m(m—1) o

The bipolar neutrosophic concordance dominance matrix ¢ on the basis of € is determined

(viii)
as follows:
- 2 - - . Pim
¢ — . . . P

¢= ,

(Pml 47mz -

where, ¢y is defined as
1, ifey >
P =N 0, if exy <@
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(ix) The bipolar neutrosophic discordance dominance matrix ¢ on the basis of f is determined
as follows:

- Yz . . . P
1l]21 - . 1/72111

1pml l/’mZ o -

where, ¥y, is defined as

_ oy ity <
Py =90, if fay > f.

(x)  Consequently, the bipolar neutrosophic aggregated dominance matrix 7t is evaluated by
multiplying the corresponding entries of ¢ and v, that is

- T2 Tm
721 - Tlom
= ,
Tl Tom2 -+ - —
where, 77,y is defined as
Ty = PxyPxy-

(xi)  Finally, the alternatives are ranked according to the outranking values 7ty,’s. That is, for each
pair of alternatives Sy and Sy, an arrow from Sy to Sy exists if and only if 71y, = 1. As a result,
we have three possible cases:

(a) There exits a unique arrow from Sy into S,,.
(b) There exist two possible arrows between Sy and Sy.
(c) There is no arrow between Sy and Sy,.

For case a, we decide that Sy is preferred to S,. For the second case, Sy and S, are indifferent,
whereas, Sy and Sy are incomparable in case c.

Geometric representation of proposed bipolar neutrosophic ELECTRE-I method is shown
in Figure 2.
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Elimination and choice translating reality I
(ELECTRE-I)

v

Identification of alternatives and criteria

Construct bipolar neutrosophic decision matrix

v

Calculate the weights of criteria by maximizing

deviation method

¥

Construct weighted bipolar neutrosophic decision

matrix

¥

Construct bipolar neutrosophic concordance sets

¥

Construct bipolar neutrosophic discordance sets

v

Compute the bipolar neutrosophic concordance

dominance matrix

!

Compute the bipolar neutrosophic discordance

dominance matrix

¥
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dominance matrix

¥

Sketching of decision graph

Figure 2. Flow chart of bipolar neutrosophic ELECTRE-I.
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Numerical Example

In Section 3, MCDM problems are presented using the bipolar neutrosophic TOPSIS method.
In this section, we apply our proposed bipolar neutrosophic ELECTRE-I method to select the “electronic
commerce web site” to compare these two MCDM methods. Steps (1-3) have already been done in
Section 3.1. So we move on to Step 4.

Step 4. The bipolar neutrosophic concordance sets Ey,’s are given as in Table 7:

Table 7. Bipolar neutrosophic concordance sets.

Exy\y 1 2 3 4
Eyy - {1,2,3} {2t {}
Eyy {4} - {4} {}
Egy (3,4} 1,2,3 - {3}

{1,2,3)
Ey  {1,2,3,4 (1,234} {1,2,4 -

Step 5. The bipolar neutrosophic discordance sets Fy,’s are given as in Table 8.

Table 8. Bipolar neutrosophic discordance sets.

Ey\y 1 2 3 4
F - {4} {3, 4} {1,2,3,4}
Fy {1, 2,3} - {1,2,3} {1,2,3,4}
Fsy {1,2} {4} - {1,2,4}
Fyy {) S -

Step 6. The bipolar neutrosophic concordance matrix E is computed as follows

— 0.7522 0.5343 0

0.2478 — 0.2478 0
0.4657 0.7522 — 0.2179
1 1 0.7821 —

Step 7. The bipolar neutrosophic discordance matrix F is computed as follows

— 05826 0.9464
1 - 1
1 0.3534 -
0 0 0.6009 —

_

Step 8. The bipolar neutrosophic concordance level is ¢ = 0.5003 and bipolar neutrosophic discordance
level is f = 0.7069. The bipolar neutrosophic concordance dominance matrix ¢ and bipolar
neutrosophic discordance dominance matrix ¢ are as follows

-1 1 0 -1 0 O
0 - 0 0o - 0 0
¢= 01 — 0 ¥ 01 - 0
11 1 - 0 0 -

Step 9. The bipolar neutrosophic aggregated dominance matrix 7r is computed as
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-1 0 0
S 0 - 0 O
01 — 0
0 0 0 -

According to nonzero values of 7y, we get the alternatives in the following sequence:
S1— Sy« S5
Therefore, the most favorable alternatives are Sz and S.

5. Comparison of Bipolar Neutrosophic TOPSIS and Bipolar Neutrosophic ELECTRE-I

TOPSIS and ELECTRE-I are the most commonly used MCDM methods to solve decision making
problems, in which the best possible alternative is selected among others. The main idea of the
TOPSIS method is that the chosen alternative has the shortest distance from positive ideal solution and
the greatest distance from negative ideal solution, whereas the ELECTRE-I method is based on the
binary comparison of alternatives. The proposed MCDM methods TOPSIS and ELECTRE-I are based
on bipolar neutrosophic information. In the bipolar neutrosophic TOPSIS method, the normalized
Euclidean distance is used to compute the revised closeness coefficient of alternatives to BNRPIS and
BNRNIS. Alternatives are ranked in increasing order on the basis of inferior ratio values. Bipolar
neutrosophic TOPSIS is an effective method because it has a simple process and is able to deal with
any number of alternatives and criteria. Throughout history, one drawback of the TOPSIS method is
that more rank reversals are created by increasing the number of alternatives. The proposed bipolar
neutrosophic ELECTRE-I is an outranking relation theory that compares all pairs of alternatives and
figures out which alternatives are preferred to the others by systematically comparing them for each
criterion. The connection between different alternatives shows the bipolar neutrosophic concordance
and bipolar neutrosophic discordance behavior of alternatives. The bipolar neutrosophic TOPSIS
method gives only one possible alternative but the bipolar neutrosophic ELECTRE-I method sometimes
provides a set of alternatives as a final selection to consider the MCDM problem. Despite all of the
above comparisons, it is difficult to determine which method is most convenient, because both methods
have their own importance and can be used according to the choice of the decision maker.

6. Conclusions

A single-valued neutrosophic set as an instance of a neutrosophic set provides an additional
possibility to represent imprecise, uncertainty, inconsistent and incomplete information which exist
in real situations. Single valued neutrosophic models are more flexible and practical than fuzzy
and intuitionistic fuzzy models.We have presented the procedure, technique and implication of
TOPSIS and ELECTRE-I methods under bipolar neutrosophic environment. The rating values of
alternatives with respect to attributes are expressed in the form of BNSs. The unknown weights of
the attributes are calculated by maximizing the deviation method to construct the weighted decision
matrix. The normalized Euclidean distance is used to calculate the distance of each alternative from
BNRPIS and BNRNIS. Revised closeness degrees are computed and then the inferior ratio method
is used to rank the alternatives in bipolar neutrosophic TOPSIS. The concordance and discordance
matrices are evaluated to rank the alternatives in bipolar neutrosophic ELECTRE-I. We have also
presented some examples to explain these methods.
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1. Introduction

Intuitionistic fuzzy set, which is introduced by Atanassov [1], is a generalization of Zadeh’s
fuzzy sets [2], and consider both truth-membership and falsity-membership. Since the sum of degree
true, indeterminacy and false is one in intuitionistic fuzzy sets, incomplete information is handled
in intuitionistic fuzzy sets. On the other hand, neutrosophic sets can handle the indeterminate
information and inconsistent information that exist commonly in belief systems in a neutrosophic
set since indeterminacy is quantified explicitly and truth-membership, indeterminacy-membership
and falsity-membership are independent, which is mentioned in [3]. As a formal framework that
generalizes the concept of the classic set, fuzzy set, interval valued fuzzy set, intuitionistic fuzzy set,
interval valued intuitionistic fuzzy set and paraconsistent set, etc., the neutrosophic set is developed by
Smarandache [4,5], which is applied to various parts, including algebra, topology, control theory,
decision-making problems, medicines and in many real-life problems. The concept of interval
neutrosophic sets is presented by Wang et al. [6], and it is more precise and more flexible than
the single-valued neutrosophic set. The interval neutrosophic set can represent uncertain, imprecise,
incomplete and inconsistent information, which exists in the real world. BCK-algebra is introduced by
Imai and Iséki [7], and it has been applied to several branches of mathematics, such as group theory,
functional analysis, probability theory and topology, etc. As a generalization of BCK-algebra, Iséki
introduced the notion of BCI-algebra (see [8]).

In this article, we discuss interval neutrosophic sets in BCK/BCI-algebra. We introduce the notion
of (T(i,f), I(k,1), F(m,n))-interval neutrosophic subalgebra in BCK/BCl-algebra for i,j,k,I,m,n €
{1,2,3,4}, and investigate their properties and relations. We also introduce the notion of interval
neutrosophic length of an interval neutrosophic set, and investigate related properties.
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2. Preliminaries

By a BCI-algebra, we mean a system X := (X, *,0) € K(7) in which the following axioms hold:

@ ((xxy)*(xxz))*(zxy) =0,
@M (xx(xxy))xy=0,

([ xxx=0,

V) xxy=yxx=0= x=y

forall x,y,z € X.If a BCl-algebra X satisfies 0 x x = 0 for all x € X, then we say that X is BCK-algebra.

A non-empty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x xy € S for all
x,y €8S.

The collection of all BCK-algebra and all BCI-algebra are denoted by By(X) and Bj(X),
respectively. In addition, B(X) := Bx(X) U Bj(X).

We refer the reader to the books [9,10] for further information regarding BCK/BCI-algebra.

By a fuzzy structure over a nonempty set X, we mean an ordered pair (X, p) of X and a fuzzy set p
on X.

Definition 1 ([11]). For any (X, *,0) € B(X), a fuzzy structure (X, u) over (X, ,0) is called a
o fuzzy subalgebra of (X, *,0) with type 1 (briefly, 1-fuzzy subalgebra of (X, *,0)) if

(Vx,y € X) (p(x xy) = min{p(x), u(y)}), ©)
o fuzzy subalgebra of (X, x,0) with type 2 (briefly, 2-fuzzy subalgebra of (X, *,0)) if

(Vx,y € X) (p(xxy) < minfp(x), u(y)}), @
o fuzzy subalgebra of (X, *,0) with type 3 (briefly, 3-fuzzy subalgebra of (X, *,0)) if

(Vx,y € X) (u(x *y) = max{p(x), u(y)}), ®)
o fuzzy subalgebra of (X, *,0) with type 4 (briefly, 4-fuzzy subalgebra of (X, *,0)) if

(Vx,y € X) (pxxy) < max{pu(x), p(y)}) - )

Let X be a non-empty set. A neutrosophic set (NS) in X (see [4]) is a structure of the form:
A= {(x;Ar(x), Ar(x), Ap(x)) | x € X},

where A7 : X — [0,1] is a truth-membership function, A; : X — [0, 1] is an indeterminate membership
function, and Ar : X — [0, 1] is a false membership function.

An interval neutrosophic set (INS) A in X is characterized by truth-membership function Ty,
indeterminacy membership function I4 and falsity-membership function F4. For each point x in X,
Ta (x), Ia (x), Fy (x) S [0, 1] (see [3,6]).

3. Interval Neutrosophic Subalgebra

In what follows, let (X, %,0) € B(X) and P*([0,1]) be the family of all subintervals of [0, 1] unless

otherwise specified.

Definition 2 ([3,6]). An interval neutrosophic set in a nonempty set X is a structure of the form:

T :={{xZ[T)(x), Z[1](x), Z[F](x)) | x € X},
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where
Z[T] : X — P*([0,1]),

which is called interval truth-membership function,
Il : X — P*([0,1]),
which is called interval indeterminacy-membership function, and
Z[F]: X — P*([0,1]),
which is called interval falsity-membership function.

For the sake of simplicity, we will use the notation Z := (Z[T|,Z[I],Z[F]) for the interval

neutrosophic set
T := {(x, Z[T](x), Z[1](x), Z[F](x)) | x € X}

Given an interval neutrosophic set Z := (Z[T], Z[I], Z[F]) in X, we consider the following functions:
Z[T)ins : X — [0,1], x — inf{Z[T](x)},
Iine : X = [0,1], x — inf{Z[I](x)},
I[Fling : X = [0,1], x — inf{Z[F](x)},
and

Z[T]sup : X = [0,1], x = sup{Z[T](x)},

I[I}Sup : X = [0,1], x — sup{Z[I](x)},

I[F]Sup : X —[0,1], x — sup{Z[F](x)}.
Definition 3. Forany i,j,k,1,m,n € {1,2,3,4}, an interval neutrosophic set T := (Z[T), Z|I], Z[F]) in X
is called a (T(i, ), I(k, 1), F(m,n))-interval neutrosophic subalgebra of X if the following assertions are valid.

(1) (X, Z[Ting) is an i-fuzzy subalgebra of (X, *,0) and (X, Z[Tsup) is a j-fuzzy subalgebra of (X, x,0),
(2) (X, Z[I]ing) is a k-fuzzy subalgebra of (X, *,0) and (X, Z[I]sup) is an I-fuzzy subalgebra of (X, *,0),
() (X, Z[Flin¢) is an m-fuzzy subalgebra of (X, *,0) and (X, Z[Flsup) is an n-fuzzy subalgebra of (X, *,0).

Example 1. Consider a BCK-algebra X = {0,1,2,3} with the binary operation , which is given in Table 1
(see [10]).

Table 1. Cayley table for the binary operation “x”.

WN = O %
WN R Oo|o
Wk OoO|m
WooOo|N
oON R O|w

(1) Let I := (Z[T], Z|1], Z[F)) be an interval neutrosophic set in (X, *,0) for which Z[T], Z[I] and Z[F]
are given as follows:
[04,05) ifx=0,
(0.3,05] ifx=1,
02,06) ifx=2,
0.1,07] ifx=3,

Z[T]: X = P*([0,1]) x>
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[0.5,08) ifx=0,
(02,07) ifx=1,
[0.5,0.6] ifx=2,
[04,08) ifx=3,

Il X = P*([0,1]) x —

and
[04,05) ifx=0,
(0.2,09) ifx=1,
[0.1,06] ifx=2,
(04,0.7) ifx=3.

It is routine to verify that T := (Z[T|, Z[I), Z|F]) isa (T(1,4), I(1,4), F(1,4))-interval neutrosophic
subalgebra of (X, *,0).

(2) Let I := (Z[T], Z|1], Z[F)) be an interval neutrosophic set in (X, *,0) for which Z[T], Z[I] and Z[F]
are given as follows:

TIF): X — P*([0,1]) x —

[0.1,04) ifx=0,
(03,05) ifx=1,
[02,07] ifx=2,
[04,06) ifx=3,

Z[T): X — P*([0,1]) x —

(0.2,05) ifx=0,
[05,08] ifx=1,
(04,05 ifx=2,
[02,06] ifx=3,

T[] : X — PH([0,1]) x —

and
[0.3,04) ifx=0,

(04,07) ifx=1,
(0.6,08) ifx=2,
[0.4,0.6] ifx =3.

IIF : X = P([0,1]) x —

By routine calculations, we know that T := (Z[T|, Z[I], Z[F]) is a (T(4,4), I(4,4), F(4,4))-interval
neutrosophic subalgebra of (X, *,0).

Example 2. Consider a BCI-algebra X = {0,a,b, c} with the binary operation , which is given in Table 2
(see [10]).

“w

Table 2. Cayley table for the binary operation “x”.

* 0 a b c
0 0 a b ¢
a a 0 ¢ b
b b ¢ 0 a
c ¢ b a 0

Let T := (Z[T|, Z[I], Z|F]) be an interval neutrosophic set in (X, *,0) for which Z|T|, Z[I| and Z[F] are
given as follows:
03,09) ifx=0,
(0.7,09) ifx=a,
[0.7,08) ifx =D,
(05,08] ifx=c,

I[T): X = P*([0,1]) x —
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02,0.65) ifx =0,
[0.5,0.55] ifx=a,
(0.6,0.65) ifx=b,
05,055 ifx=c

I : X = P*([0,1]) x—

and

(0.3,0.6) ifx=0,
[04,06] ifx=a,
(04,05 ifx=b,
[0.3,05) ifx=c.

Routine calculations show that T := (Z[T], Z[I], Z[F]) is a (T(4,1), 1(4,1), F(4,1))-interval
neutrosophic subalgebra of (X, *,0). However, it is not a (T(2,1), I(2,1), F(2,1))-interval neutrosophic
subalgebra of (X, x,0) since

IIF): X — P*([0,1]) x —

I[Tline(c % a) = Z[Ting(b) = 0.7 > 0.5 = min{Z[T}in¢(c), Z[T]in¢(a) }
and/or
IIin(a * c) = I[I)ing(b) = 0.6 > 0.5 = min{Z[I}in¢(a), Z[I]in¢(c) }-
In addition, it is not a (T(4,3), 1(4,3), F(4,3))-interval neutrosophic subalgebra of (X, *,0) since

I[T]sup(a*b) = I[T]sup(c) = 0.8 < 0.9 = max{Z[T]int(a), Z[Tin(c)}

and/or
Z[Flsup(a * b) = Z[F]sup(c) = 0.5 < 0.6 = max{Z[F|in¢(a), Z[Flins(c)}.

Let Z := (Z[T), Z[I], Z[F]) be an interval neutrosophic set in X. We consider the following sets:

U(Z[Tling; 1) == {x € X | Z[T]ins(x) = a1},
L(Z[T]sup;as) := {x € X [ Z[T]sup(x) < as},
U(Z[Ting 1) := {x € X | Z{I]ine(x) = Br},
L(Z[I]sup; Bs) := {x € X | I[I]sup(x) < Bs},

and

U(Z[Fling; v1) = {x € X | Z[Fing(x) > 71},
L(I[F]sup?'YS) ={reX| I[F]Sup(x) <7s},

where ap, as, B1, Bs, v1 and 7yg are numbers in [0, 1].

Theorem 1. If an interval neutrosophic set T := (Z[T|, Z|I], Z|F]) in X isa (T(i,4), I(i,4), F(i,4))-interval
neutrosophic subalgebra of (X, *,0) for i € {1,3}, then U(Z[Tling; 1), L(Z[Tlsup;s), U(Z[Iing; B1),
L(Z[Isup; Bs), U(Z[Fing; 1) and L(Z[Flsup; vs) are either empty or subalgebra of (X, *,0) for all ay, as, By,
Bs, 11, vs € [0,1].

Proof. Assume that Z := (Z[T], Z[I], Z|F]) is a (T(1,4), I(1,4), F(1,4))-interval neutrosophic
subalgebra of (X, *,0). Then, (X, Z[Tlinf), (X, Z[I]inf) and (X, Z[FJin¢) are 1-fuzzy subalgebra of X;
and (X, Z[T]sup), (X, Z[I]sup) and (X, Z[F]syp) are 4-fuzzy subalgebra of X. Let aj, ag € [0,1] be such
that U(Z[T]ing; 1) and L(Z[T]sup; &s) are nonempty. For any x,y € X, if x,y € U(Z[T]ins; &1), then
Z[T)ins(x) > ay and Z[T)ine(y) > a;, and so

Z[Tling(x * y) = min{Z[T]ing(x), Z[Tline ()} > a1,
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thatis, x *y € U(Z[T)ing;ar). If X,y € L(Z[T]sup; &s), then I[T]sup(x) < ag and I[T]sup(y) < as,
which imply that
I[T}sup(x xy) < max{I[T]Sup(x),I[T]sup(y)} <ug,

that is, x * y € L(Z[T]sup;as). Hence, U(Z[T]in;; &) and L(Z[T]sup;&s) are subalgebra of (X, *,0)
for all aj, ag € [0,1]. Similarly, we can prove that U(Z[I]ing; B1), L(Z[I]sup; Bs), U(Z[Fling; 1) and
L(Z[Flsup;vs) are either empty or subalgebra of (X, *,0) for all B, Bs, 71, s € [0,1]. Suppose
that Z := (Z[T|, Z[I], Z|F]) is a (T(3,4), I(3,4), F(3,4))-interval neutrosophic subalgebra of
(X,,0). Then, (X, Z[T}int), (X, Z[I]inf) and (X, Z[FJin¢) are 3-fuzzy subalgebra of X; and (X, Z[T]sup),
(X, Z[Isup) and (X, Z[Flsup) are 4-fuzzy subalgebra of X. Let f; and Bs € [0,1] be such that
U(Z[Iing B1) and L(Z[I]sup; Bs) are nonempty. Let x,y € U(Z[Iinf; B1). Then, Z[I]ine(x) > By and
Z[1ins(y) > Bi- It follows that

IMing(x xy) > max{Z[Iine(x), Z[I]ine(y) } > B1

and so x *y € U(Z[I]ing; B1)- Thus, U(Z[Iing; Br) is a subalgebra of (X, *,0). If x,y € L(Z[I]ing; Bs),
then Z[I]ins(x) < Bs and Z[I]ine(y) < Bs. Hence,

Z[ing(x *y) < max{Z[Iin(x), Z[Iine(y) } < Bs,

and so x xy € L(Z[I]ing Bs). Thus, L(Z[I]ing; Bs) is a subalgebra of (X, *,0). Similarly, we can show
that U(Z[T]ing; 1), L(Z[Tsup; &s), U(Z[Fling; v1) and L(Z[Flsup; ¥s) are either empty or subalgebra of
(X, *,0) forall wy, ag, y;, vs € [0,1]. O

Since every 2-fuzzy subalgebra is a 4-fuzzy subalgebra, we have the following corollary.

Corollary 1. Ifan interval neutrosophic set T := (Z[T|, Z[I|, Z[F])in X isa (T(i,2), 1(i,2), F(i,2))-interval
neutrosophic subalgebra of (X, *,0) for i € {1,3}, then U(Z[Tling;ar), L(Z[T]sup;es), U(Z[]ing; B1),
L(Z[I]sup; Bs), U(Z[Fling; 1) and L(Z[Flsup;ys) are either empty or subalgebra of (X, *,0) for all a, as, By,
Bs: 1, vs € 0,1].

By a similar way to the proof of Theorem 1, we have the following theorems.

Theorem 2. If an interval neutrosophic set T := (Z[T], Z|1], Z|F]) in X isa (T(i,4), 1(i,4), F(i,4))-interval
neutrosophic subalgebra of (X,*,0) for i € {2,4}, then L(Z[T)ing;ar), L(Z[T]sup;&s), L(Z[I]ing; B1),
L(Z{I)sup; Bs), L(Z[Fling; 1) and L(Z[Flsup; vs) are either empty or subalgebra of (X, *,0) for all ay, as, By,
Bs, 11, 7s € [0,1].

Corollary 2. Ifan interval neutrosophic set T := (Z[T|, Z[I|, Z[F])in X isa (T(i,2), 1(i,2), F(i,2))-interval
neutrosophic subalgebra of (X, *,0) for i € {2,4}, then L(Z[T|inga1), L(Z[Tlsup;&s), L(Z[Iing; B1),
L(Z[Isup; Bs), L(Z[Fling; v1) and L(Z[Flsup; vs) are either empty or subalgebra of (X, *,0) for all ay, as, By,
Bs, 11, vs € [0,1].

Theorem 3. Ifan interval neutrosophic set 7 := (Z[T|, Z[I], Z[F])in Xisa (T(k, 1), I(k,1), F(k,1))-interval
neutrosophic subalgebra of (X, *,0) for k € {1,3}, then U(Z[T)ing; 1), U(Z[Tsup; as), U(Z[T]ing; B1),
U(Z[Isup; Bs), U(Z[Fling; 1) and U(Z[Flsup; vs) are either empty or subalgebra of (X, *,0) for all ay, asg,
Br Bs, 1, vs € [0,1].

Corollary 3. If an interval neutrosophic set T := (Z[T|, Z[I], Z[F]) in X is a (T(k,3), I(k,3),
F(k,3))-interval neutrosophic subalgebra of (X, *,0) for k € {1,3}, then U(Z[T]ing a1), U(Z[Tsup; &s),
U(Z[I)ing; Br), U(ZI]sup; Bs), U(Z[Fling; 1) and U(Z[Flsup; vs) are either empty or subalgebra of (X, *,0)
fOI’ all ay, ag, /51, ﬁs, YI, Vs € [O, 1]
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Theorem 4. Ifan interval neutrosophic set Z := (Z[T|, Z[I], Z[F))in Xisa (T(k, 1), I(k,1), F(k,1))-interval
neutrosophic subalgebra of (X, *,0) for k € {2,4}, then L(Z[T|in;; 1), U(Z[Tlsup;as), L(Z[Iing; B1),
U(Z[Isup; Bs), L(Z[Fling; 1) and U(Z[Flsup;ys) are either empty or subalgebra of (X, *,0) for all ay, as,
Bi, Bs, 11, vs € [0,1].

Corollary 4. If an interval neutrosophic set T := (Z[T], Z[I], Z[F]) in X is a (T(k,3), 1(k,3),
F(k,3))-interval neutrosophic subalgebra of (X, x,0) for k € {2,4}, then L(Z[T)ing; 1), U(Z[T]sup; as),
L(Z{Iing; B1), U(Z(1]sup; Bs), L(Z[Fling; v1) and U(Z[Flsup; vs) are either empty or subalgebra of (X, *,0)
fOT’ all Xy, &g, .BI/ ;BS/ YL Us € [O’ 1]

Theorem 5. Let T := (Z[T|, Z[I], Z[F]) be an interval neutrosophic set in X in which U(Z[Ting a1),
L(Z[T)sup; &s), U(Z[I]ing; Br), L(Z[Lsup; Bs), U(Z[Fling; 1) and L(Z[Flsup; vs) are nonempty subalgebra
of (X,%,0) for all «y, as, Br, Bs, v1, vs € [0,1]. Then, T := (Z[T], Z[I], Z[F]) is a (T(1,4), I(1,4),
F(1,4))-interval neutrosophic subalgebra of (X, *,0).

Proof. Suppose that (X, Z[T]iy¢) is not a 1-fuzzy subalgebra of (X, ,0). Then, there exists x,y € X
such that
Z[Ting(x * y) < min{Z[T]ing(x), Z[Tine(y) }-

If we take oy = min{Z[T)ins(x), Z[Tine(y) }, then x,y € U(Z[Ting; 1), but x x y & U(Z[Ting a1)-
This is a contradiction, and so (X, Z[T];ns) is a 1-fuzzy subalgebra of (X, *,0). If (X, Z[T]syp) is not a
4-fuzzy subalgebra of (X, %,0), then

Z[T]sup(a xb) > max{Z[T]sup(a),I[T}Sup(b)}
for somea,b € X,andsoa,b € L(I[T]Sup,' as)and axb ¢ L(I[T]Sup; ag) by taking
ag := max{Z[T]sup(a), Z[T]sup(b)}.

This is a contradiction, and therefore (X, Z[T]syp) is a 4-fuzzy subalgebra of (X, x,0). Similarly, we
can verify that (X, Z[I];n¢) is a 1-fuzzy subalgebra of (X, *,0) and (X, Z[I]sup) is a 4-fuzzy subalgebra
of (X, *,0); and (X, Z[Flin¢) is a 1-fuzzy subalgebra of (X, *,0) and (X, Z[Flsyp) is a 4-fuzzy subalgebra
of (X, *,0). Consequently, Z := (Z[T], Z[I], Z|F]) is a (T(1,4), I(1,4), F(1,4))-interval neutrosophic
subalgebra of (X, *,0). O

Using the similar method to the proof of Theorem 5, we get the following theorems.

Theorem 6. Let Z := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in X in which L(Z[T|ing;a1),
U(Z[T)sup; &s), LIZ[I]ing; B1), U(Z[I]sup; Bs), L(Z[Fling; 1) and U(Z[Fsup; vs) are nonempty subalgebra
of (X,%,0) for all «y, as, Br, Bs, v1, vs € [0,1]. Then, T := (Z[T], Z|[I], Z|F]) is a (T(4,1), I(4,1),
F(4,1))-interval neutrosophic subalgebra of (X, *,0).

Theorem 7. Let 7 := (Z[T|, Z|[I|, Z[F]) be an interval neutrosophic set in X in which L(Z[T | ap),
L(Z[T)sup; &s), L(Z[I}ing; B1), L(Z[I}sup; Bs), L(Z[Fling; 1) and L(Z[Flsup;ys) are nonempty subalgebra
of (X,%,0) for all ay, as, Br, Bs, v1, vs € [0,1]. Then, T := (Z[T], Z[I], Z[F]) is a (T(4,4), I(4,4),
F(4,4))-interval neutrosophic subalgebra of (X, *,0).

Theorem 8. Let Z := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in X in which U(Z[Ting; a1),
U(Z[T)sup; &s), U(Z[]ing; B1), U(Z[I]sup; Bs), U(Z[Fling; 1) and U(Z[Flsup; vs) are nonempty subalgebra
of (X,%,0) for all ay, as, Br, Bs, v1, vs € [0,1]. Then, T := (Z[T], Z|[I], Z|F]) is a (T(1,1), I(1,1),
F(1,1))-interval neutrosophic subalgebra of (X, *,0).

40



Axioms 2018, 7,23

4. Interval Neutrosophic Lengths

Definition 4. Given an interval neutrosophic set T := (Z[T|,Z[I],Z[F]) in X, we define the interval
neutrosophic length of T as an ordered triple T, := (Z[T);, Z[1]y, Z[F),) where

I[T]y: X = [0,1], x = Z[T]sup(x) — Z[Tling(x),
I X = [0,1], x = Z{I]sup(x) — Z[I]ins(x),

and
Z[Fl: X = [0,1], x = I[F]sup(x) — I[Fling(x),

which are called interval neutrosophic T-length, interval neutrosophic I-length and interval neutrosophic
F-length of Z, respectively.

Example 3. Consider the interval neutrosophic set T := (Z[T|, Z|I], Z[F]) in X, which is given in Example 2.
Then, the interval neutrosophic length of T is given by Table 3.

Table 3. Interval neutrosophic length of Z.

X Z[T], Z[I]e ZI[F]e
0 0.6 0.45 0.3
a
b
[

0.2 0.05 0.2
0.1 0.05 0.1
0.3 0.05 0.2

Theorem 9. If an interval neutrosophic set T := (Z[T], Z|I], Z|F]) in X isa (T(i,3), 1(i,3), F(i,3))-interval
neutrosophic subalgebra of (X, *,0) for i € {2,4}, then (X,Z[T|y), (X,Z[I)¢) and (X, Z[F]y) are 3-fuzzy
subalgebra of (X, ,0).

Proof. Assume that 7 := (Z[T], Z[I], Z|F]) is a (T(2,3), 1(2,3), F(2,3))-interval neutrosophic
subalgebra of (X, ,0). Then, (X, Z[Tlinf), (X, Z[I]inf) and (X, Z[Flin¢) are 2-fuzzy subalgebra of X, and
(X, Z[T]sup), (X, Z[I]sup) and (X, Z[Flsup) are 3-fuzzy subalgebra of X. Thus,

I(Tline(x * y) < min{Z[T]ine(x), Z[Tline(y) },
Iin(x * y) < min{Z[Iing(x), Z[Iine(y) },
I[Fling(x *y) < min{Z[Flin¢(x), Z[Fline(y) },

and

I[T]sup(x *y) = max{Z[T]sup(x), Z[T]sup(¥)},
I[I]sup(x *y) > maX{I[I]sup(x)/I[I]sup(y)}r
I[F}sup(x *y) > maX{I[F]sup(x)rI[F]sup(y)}f
forall x,y € X. It follows that
Z[T]e(x xy) = Z{T]sup (x *y) = Z[Ting(x *y) = Z[Tsup(x) = Z[T]in(x) = Z[T]s(x),
I[T)(x *y) = I[T}sup(x #y) = L[ Tling(x xy) > I[T]sup(y) I(Tline(y) = Z[
Zy(x#y) = I[Tsup(x xy) — Z[ing(x *y) = Z[sup(x) — Z[Iine(x) = (x)
Ze(xxy) = ITsup(x xy) = Z[ine(x *y) = Zsup(y) — Z[Tline(y) = Z[Ie(y),

41



Axioms 2018, 7,23

and
Z[F)(x*+y) = Z[Flsup(x * y) — Z[Fling(x *y) = Z[Flsup(x) — Z[Flins(x) = Z[F]o(x),
ZIF]e(x#y) = Z[Flsup(x #y) — Z[Fling(x *y) = Z[Flsup(y) — Z[Fline(y) = Z[Fle(y)-
Hence,
Z[T]e(x xy) = max{Z[T](x), Z[T]e(y)},
ZHe(x*y) = max{Z[I],(x), Z[1].(y)},
and

Z[Fle(xxy) = max{Z[F],(x), Z[Fl:(v)},

for all x,y € X. Therefore, (X, Z[T],), (X, Z[I];) and (X, Z[F],) are 3-fuzzy subalgebra of (X, ,0).

Suppose that Z := (Z[T], Z[I], Z[F]) isa (T(4,3), I(4,3), F(4, 3))-interval neutrosophic subalgebra
of (X,%,0). Then, (X,Z[Tlinf), (X,Z[I]ins) and (X, Z[Flin¢) are 4-fuzzy subalgebra of X, and
(X, Z[T]sup), (X, Z[I]sup) and (X, Z[F]syp) are 3-fuzzy subalgebra of X. Hence,

I[T}inf(x * y) < maX{I[T}inf(x)/I[T]inf(y)},
IHing(x * y) < max{Z[Iin¢(x), Z[I]ine(y) }, ®)
Z[Fling(x xy) < max{Z[Flin¢(x), Z[Fling(y)},

and

I[T}sup(x *y) > maX{I[T]sup(x)rI[T}sup(y)}r
TMsup (x xy) = max{Z[I]sup(x), Z[Ilsup(y)},
I[F}sup(x *y) > maX{Z[F]sup(x)rI[F]sup(y)}f

for all x,y € X. Label (5) implies that

I[Tling(x #y) < Z[Ting(x) or Z[Ting(x # y) < Z[Tling(
IMing(x *y) < Z]ine(x) or Z[Tine(x * y) < Z[Ting(y)
Z[Fline(x * y) < Z[Fline(x) or Z[Fline(x * y) < Z[Fline(y)-

Y),

’

I Z[Tling(x * y) < Z[Tling(x), then

Z[T)e(x *y) = Z{T]sup (x * y) = Z[Tling(x *y) = Z[Tlsup(x) = Z[Tine(x) = Z[T] ().
If Z[T}ing (x * y) < Z[T]int(y), then

Z[T)e(x *y) = Z[Tlsup (x * y) = Z{Tine(x ¥ y) = Z[Tlsup(y) = Z[Tine(y) = Z[T]e(y)-

It follows that Z[T]y(x xy) > max{Z[T],(x),Z[T],(y)}. Therefore, (X,Z[T];) is a 3-fuzzy
subalgebra of (X, *,0). Similarly, we can show that (X, Z[I],) and (X, Z[F],) are 3-fuzzy subalgebra of
(X,%,0). O

Corollary 5. Ifan interval neutrosophic set T := (Z[T|, Z[I|, Z[F]) in X isa (T(7,3),1(i,3), F(i,3))-interval

neutrosophic subalgebra of (X, *,0) for i € {2,4}, then (X,Z[T),), (X,Z[1],) and (X,Z[F]y) are 1-fuzzy
subalgebra of (X, ,0).
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Theorem 10. If an interval neutrosophic set T := (Z[T|, Z[I], Z[F]) in X is a (T(3,4), 1(3,4),
F(3,4))-interval neutrosophic subalgebra of (X, *,0), then (X,Z[T],), (X, Z[I];) and (X,Z[F],) are 4-fuzzy
subalgebra of (X, *,0).

Proof. LetZ := (Z[T], Z[I], Z[F]) be a (T(3,4), I(3,4), F(3,4))-interval neutrosophic subalgebra of
(X,,0). Then, (X, Z[T}ing), (X, Z[I]inf) and (X, Z[FJin¢) are 3-fuzzy subalgebra of X, and (X, Z[T]sup),
(X, Z[I]sup) and (X, Z[F]syp) are 4-fuzzy subalgebra of X. Thus,

I[Tin(x * y) > max{Z[Tins(x), Z[Tlins(v) },

Zin(x x y) > max{Z[Iins(x), Z[]ine(¥) },

I[Fling(x xy) > max{Z[Flins(x), Z[Fling(y) },
and

I[T}sup(x *y) < maX{Z[T]sup(x)/I[T]sup(y)}r
I[I]SUP(X xy) < maX{I[I]suP(x)rI[I]sup(y)}/ (6)
I[F}sup(x xy) < maX{I[F]sup(x)rI[F]sup(y)}/

for all x,y € X. It follows from Label (6) that

I[T]sup(x *y) < I[T}sup(x) OTI[T]sup(x xy) < I[T]sup(]/)r
Imsup(x xy) < Imsup(x) OTI[I]sup(x xy) < I[I]sup(y)r
T[Flsup(x * y) < Z[Flsup(x) or Z[Flsup(x * ¥) < Z[Flsup(y)-
Assume that Z[T]sup (x * i) < Z[T]sup(x). Then,
Z[Tlo(x # y) = Z{Tlsup(x * ¥) = Z[Tin(x  y) < Z[T]sup(x) = Z[Tine(x) = Z[T](x).
If Z[T]sup (x * y) < Z[T]sup(y), then
Z[T]y(x * y) = Z[Tlsup(x * y) = Z[Tine(x * ¥) < Z[Tlsup(y) — Z[Tine(y) = Z[T]e(y)-

Hence, Z[T];(x xy) < max{Z[T],(x),Z[T];(y)} for all x,y € X. By a similar way, we can
prove that

Z[I]e(x +y) < max{Z[I],(x), Z[1]¢(y)}
and
Z[Fle(x +y) < max{Z[F];(x), Z[Fl¢(y)}
for all x,y € X. Therefore, (X,Z[T],), (X,Z[I]¢) and (X, Z[F];) are 4-fuzzy subalgebra of (X, ,0). O

Theorem 11. If an interval neutrosophic set T := (Z[T], Z[I], Z[F]) in X is a (T(3,2), 1(3,2),
F(3,2))-interval neutrosophic subalgebra of (X, *,0), then (X, Z[T|y), (X, Z[I]y) and (X, Z[F),) are 2-fuzzy
subalgebra of (X, *,0).

Proof. Assume that Z := (Z[T], Z[I], Z|F]) is a (T(3,2), I(3,2), F(3,2))-interval neutrosophic
subalgebra of (X, ,0). Then, (X, Z[Tlint), (X, Z[I]inf) and (X, Z[Flin¢) are 3-fuzzy subalgebra of X, and
(X, Z[T]sup), (X, Z[I]sup) and (X, Z[Flsup) are 2-fuzzy subalgebra of X. Hence,

Z[Ting(x % y) > max{Z[Tling(x), Z[Tine(y) },
I(Iin(x +y) > max{Z[I]ine(x), Z[Ting(y) },
Z[Fline(x #y) > max{Z[Flin¢(x), Z[Fline(y) },
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and

Z[T]sup (x * y) < min{Z[T]sup(x), Z[T]sup(y)},
I[I]sup(x xy) < mm{Imsup(x)/I[I]sup(y)}r
I[F]sup(x *y) < min{I[F]sup(x)rI[F}sup(y)}/

for all x,y € X, which imply that

Z(T]o(x xy) = Z[Tlsup (x * y) — Z[Tins (x * y) < I[Tlsup(x) — Z[Tline(x) = Z[T]s(x),
ZIT]o(x xy) = I[Tlsup (x * y) = Z[Tline (x x y) < Z[Tlsup(y) — Z[Tline(y) = Z[T]e(y)
T (x xy) [Usup(x xy) — Iins(x xy) < [I]sup x) = Z[Iine(x) = Z[I],(x),
Z(x#y) = I[Tsup(x *y) — Z[Tine(x *y) < Zsup(y) — Z[Iins(v) = Z[Te(y),
and
ZIF)y(x#y) = Z[Flsup(x #y) — Z[Fling(x #y) < Z[Flsup(x) — Z[Flins(x) = Z[F]o(x),
Z[F)o(x xy) = Z[Flsup(x *y) — Z[Fling(x *y) < Z[Flsup(y) — Z[Fline(v) = Z[Fle(y)-
It follows that
Z[T]e(x *y) < min{Z[T],(x), Z[T],(y)},
Z{1] (v y) < mindZ{1], (), Z{1o (1)},
and

Z[Flo(x xy) < min{Z[F](x), Z[Fl¢(y)},
forall x,y € X. Hence, (X,Z[T],), (X,Z[1];) and (X, Z[F],) are 2-fuzzy subalgebra of (X, *,0). [
Corollary 6. If an interval neutrosophic set T := (Z[T|, Z[I], Z|F]) in X is a (T(3,2), 1(3,2),

F(3,2))-interval neutrosophic subalgebra of (X, *,0), then (X, Z[T|;), (X,Z[I];) and (X, Z[F],) are 4-fuzzy
subalgebra of (X, *,0).

Theorem 12. If an interval neutrosophic set T := (Z[T], Z[I|, Z[F]) in X is a (T(i,3), 1(3,4),
F(3,2))-interval neutrosophic subalgebra of (X, *,0) fori € {2,4}, then
(1) (X, Z[T)y) is a 3-fuzzy subalgebra of (X, *,0).

(
(2 (X, Z[I)y) is a 4-fuzzy subalgebra of (X, *,0).
(3) (X, Z[F]y) is a 2-fuzzy subalgebra of (X, *,0).

Proof. Assume that 7 := (Z[T], Z[I], Z|F]) is a (T(4,3), 1(3,4), F(3,2))-interval neutrosophic
subalgebra of (X, *,0). Then, (X,Z[T}iy) is a 4-fuzzy subalgebra of X, (X, Z[T|sup) is a 3-fuzzy
subalgebra of X, (X, Z[I};n¢) is a 3-fuzzy subalgebra of X, (X, Z[I]sup) is a 4-fuzzy subalgebra of X,
(X, Z[Fling) is a 3-fuzzy subalgebra of X, and (X, Z[Flsup) is a 2-fuzzy subalgebra of X. Hence,

I[Tling(x xy) < max{Z[T]ins(x), Z[T]int(y) }, @)
Z[T]sup(x * y) = max{Z[T]sup(x), Z[T]sup(y)}, ®)
I[Ning(x xy) = max{Z[in¢(x), Z[in¢(y) }, 9
Z[Tsup(x *y) < max{Z{I]sup(x), Z[Isup(y)}, (10)
Z[Fling(x * y) = max{Z[FJins(x), Z[Flin¢(y)}, (11)
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and
I[P]sup(x xy) < min{I[F}suP(x)rI[F}sup(]/)}r (12)

forall x,y € X. Then,
I[Tling(x *y) < Z[Ting(x) o1 Z[Tling(x % y) < Z[T]in(y)
by Label (7). It follows from Label (8) that
Z[To(x xy) = Z[Tlsup(x * y) = Z[Tlin(x * y) = Z[T]sup (x) = Z[Tline(x) = Z[T](x)
or

Z[T]e(x * y) = Z[T]sup(x *y) = Z{Tlins(x * y) = Z{Tsup(y) = Z[Tline(y) = Z[T]e(v),
and so that Z[T],(x * y) > max{Z[T|,(x),Z[T],(y)} for all x,y € X. Thus, (X,Z[T],) is a 3-fuzzy
subalgebra of (X, %,0). The condition (10) implies that
IMsup(x *y) < I[I]sup(x) or Z[Isup (x *y) < Z[I]sup(y)- (13)
Combining Labels (9) and (13), we have
Ze(x *y) = Zsup(x *y) = Z[Ting(x * y) < TToup(x) = Z{ine(x) = Z[I]e(x)
or
Z[I)e(x +y) = THsup (x * y) = Z[Iine(x * y) < Z[Isup(y) — Z{Ting(y) = ZIo(y)-
It follows that Z[I]y(x * y) < max{Z[I],(x),Z[I],(y)} forall x,y € X. Thus, (X, Z[I],) is a 4-fuzzy
subalgebra of (X, %,0). Using Labels (11) and (12), we have
Z[Fle(x *y) = Z[Floup(x * y) = Z[Fling(x * ¥) < Z[Flsup(x) = Z[Fline(x) = Z[Fl¢(x)
and
Z[Fle(x *y) = Z[Flsup(x y) — Z[Fling(x ¥ y) < Z[Flsup(¥) — Z[Fline(y) = Z[Fle(y),
and so Z[Fy(x * y) < min{Z[F],(x),Z[F];(y)} for all x,y € X. Therefore, (X,Z[F],) is a 2-fuzzy
subalgebra of (X, *,0). Similarly, we can prove the desired results fori = 2. [
Corollary 7. Ifan interval neutrosophic set T := (Z(T|, Z[I], Z[F]) in X isa (T(7,3), 1(3,4), F(3,2))-interval
neutrosophic subalgebra of (X, *,0) fori € {2,4}, then
(1) (X, Z[T)y) is a 1-fuzzy subalgebra of (X, *,0).
(2) (X, Z[I)y) and (X, Z|F];) are 4-fuzzy subalgebra of (X, *,0).
By a similar way to the proof of Theorem 12, we have the following theorems.
Theorem 13. If an interval neutrosophic set T := (Z[T], Z[I|, Z[F]) in X is a (T(i,3), 1(3,2),
F(3,2))-interval neutrosophic subalgebra of (X, *,0) fori € {2,4}, then
(1) (X, Z[T)y) is a 3-fuzzy subalgebra of (X, *,0).
(2) (X, Z[I]y) and (X, Z[F])) are 2-fuzzy subalgebra of (X, *,0).
Corollary 8. Ifan interval neutrosophic set T := (Z[T|, Z[1], Z[F]) in X isa (T(i,3), 1(3,2), F(3,2))-interval
neutrosophic subalgebra of (X, *,0) fori € {2,4}, then
(1) (X, Z[T)y) is a 1-fuzzy subalgebra of (X, *,0).
(2) (X, Z[I)y) and (X, Z|F];) are 4-fuzzy subalgebra of (X, *,0).
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Theorem 14. If an interval neutrosophic set T = (I[T|, Z[I], Z[F]) in X is a (T(i,3), 1(3,2),
F(2,3))-interval neutrosophic subalgebra of (X, *,0) fori € {2,4}, then

(1) (X, Z[T);) and (X, Z[F)y) are 3-fuzzy subalgebra of (X, x,0).
(2 (X, Z[I]y) is a 2-fuzzy subalgebra of (X, *,0).

Corollary 9. Ifan interval neutrosophic set T := (Z[T|, Z[1], Z[F]) in X isa (T(i,3), 1(3,2), F(2,3))-interval
neutrosophic subalgebra of (X, *,0) fori € {2,4}, then

(1) (X, Z[T];) and (X, Z[F)y) are 1-fuzzy subalgebra of (X, *,0).
(2) (X, Z[I)y) is a 4-fuzzy subalgebra of (X, *,0).
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Abstract: The bipolar neutrosophic set is an important extension of the bipolar fuzzy set. The bipolar
neutrosophic set is a hybridization of the bipolar fuzzy set and neutrosophic set. Every element of
a bipolar neutrosophic set consists of three independent positive membership functions and three
independent negative membership functions. In this paper, we develop cross entropy measures of
bipolar neutrosophic sets and prove their basic properties. We also define cross entropy measures of
interval bipolar neutrosophic sets and prove their basic properties. Thereafter, we develop two novel
multi-attribute decision-making strategies based on the proposed cross entropy measures. In the
decision-making framework, we calculate the weighted cross entropy measures between each
alternative and the ideal alternative to rank the alternatives and choose the best one. We solve
two illustrative examples of multi-attribute decision-making problems and compare the obtained
result with the results of other existing strategies to show the applicability and effectiveness of the
developed strategies. At the end, the main conclusion and future scope of research are summarized.

Keywords: neutrosophic set; bipolar neutrosophic set; interval bipolar neutrosophic set; multi-attribute
decision-making; cross entropy measure

1. Introduction

Shannon and Weaver [1] and Shannon [2] proposed the entropy measure which dealt formally
with communication systems at its inception. According to Shannon and Weaver [1] and Shannon [2],
the entropy measure is an important decision-making apparatus for computing uncertain information.
Shannon [2] introduced the concept of the cross entropy strategy in information theory.

The measure of a quantity of fuzzy information obtained from a fuzzy set or fuzzy system is
termed fuzzy entropy. However, the meaning of fuzzy entropy is quite different from the classical
Shannon entropy because it is defined based on a nonprobabilistic concept [3-5], while Shannon
entropy is defined based on a randomness (probabilistic) concept. In 1968, Zadeh [6] extended
the Shannon entropy to fuzzy entropy on a fuzzy subset with respect to the concerned probability
distribution. In 1972, De Luca and Termini [7] proposed fuzzy entropy based on Shannon’s function
and introduced the axioms with which the fuzzy entropy should comply. Sander [8] presented Shannon
fuzzy entropy and proved that the properties sharpness, valuation, and general additivity have to
be imposed on fuzzy entropy. Xie and Bedrosian [9] proposed another form of total fuzzy entropy.
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To overcome the drawbacks of total entropy [8,9], Pal and Pal [10] introduced hybrid entropy that can
be used as an objective measure for a proper defuzzification of a certain fuzzy set. Hybrid entropy [10]
considers both probabilistic entropies in the absence of fuzziness. In the same study, Pal and Pal [10]
defined higher-order entropy. Kaufmann and Gupta [11] studied the degree of fuzziness of a fuzzy set
by a metric distance between its membership function and the membership function (characteristic
function) of its nearest crisp set. Yager [12,13] introduced a fuzzy entropy card as a fuzziness measure
by observing that the intersection of a fuzzy set and its complement is not the void set. Kosko [14,15]
studied the fuzzy entropy of a fuzzy set based on the fuzzy set geometry and distances between them.
Parkash et al. [16] proposed two new measures of weighted fuzzy entropy.

Burillo and Bustince [17] presented an axiomatic definition of an intuitionistic fuzzy entropy
measure. Szmidt and Kacprzyk [18] developed a new entropy measure based on a geometric
interpretation of the intuitionistic fuzzy set (IFS). Wei et al. [19] proposed an entropy measure for
interval-valued intuitionistic fuzzy sets (IVIFSs) and employed it in pattern recognition and multi
criteria decision-making (MCDM). Li [20] presented a new multi-attribute decision-making (MADM)
strategy combining entropy and technique for order of preference by similarity to ideal solution
(TOPSIS) in the IVIFS environment.

Shang and Jiang [21] developed cross entropy in the fuzzy environment. Vlachos and Sergiadis [22]
presented intuitionistic fuzzy cross entropy by extending fuzzy cross entropy [21]. Ye [23] proposed
a new cross entropy in the IVIES environment and developed an optimal decision-making strategy.
Xia and Xu [24] defined a new entropy and a cross entropy and presented multi-attribute group
decision-making (MAGDM) strategy in the IFS environment. Tong and Yu [25] defined cross entropy
in the IVIFS environment and employed it to solve MADM problems.

Smarandache [26] introduced the neutrosophic set, which is a generalization of the fuzzy set [27] and
intuitionistic fuzzy set [28]. The single-valued neutrosophic set (SVNS) [29], an instance of the neutrosophic
set, has caught the attention of researchers due to its applicability in decision-making [30-61], conflict
resolution [62], educational problems [63,64], image processing [65-67], cluster analysis [68,69], social
problems [70,71], etc.

Majumdar and Samanta [72] proposed an entropy measure and presented an MCDM strategy
in the SVNS environment. Ye [73] defined cross entropy for SVNS and proposed an MCDM strategy
which bears undefined phenomena. To overcome the undefined phenomena, Ye [74] defined improved
cross entropy measures for SVNSs and interval neutrosophic sets (INSs) [75], which are straightforward
symmetric, and employed them to solve MADM problems. Since MADM strategies [73,74] are suitable for
single-decision-maker-oriented problems, Pramanik et al. [76] defined NS-cross entropy and developed
an MAGDM strategy which is straightforward symmetric and free from undefined phenomena and
suitable for group decision making problem. Sahin [77] proposed two techniques to convert the
interval neutrosophic information to single-valued neutrosophic information and fuzzy information.
In the same study, Sahin [77] defined an interval neutrosophic cross entropy measure by utilizing
two reduction methods and an MCDM strategy. Tian et al. [78] developed a transformation operator
to convert interval neutrosophic numbers to single-valued neutrosophic numbers and defined cross
entropy measures for two SVNSs. In the same study, Tian et al. [78] developed an MCDM strategy
based on cross entropy and TOPSIS [79] where the weight of the criterion is incomplete. Tian et al. [78]
defined a cross entropy for INSs and developed an MCDM strategy based on the cross entropy and
TOPSIS. The MCDM strategies proposed by Sahin [77] and Tian et al. [78] are applicable for a single
decision maker only. Therefore, multiple decision-makers cannot participate in the strategies in [77,78].
To tackle the problem, Dalapati et al. [80] proposed IN-cross entropy and weighted IN-cross entropy
and developed an MAGDM strategy.

Deli et al. [81] proposed bipolar neutrosophic set (BNS) by hybridizing the concept of bipolar fuzzy
sets [82,83] and neutrosophic sets [26]. A BNS has two fully independent parts, which are positive
membership degree T* — [0, 1], I" — [0, 1], F* — [0, 1], and negative membership degree T~ — [—1, 0],
I~ — [-1, 0], F~ — [-1, 0], where the positive membership degrees T*, I*, F* represent truth
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membership degree, indeterminacy membership degree, and false membership degree, respectively,
of an element and the negative membership degrees T, I, F~ represent truth membership degree,
indeterminacy membership degree, and false membership degree, respectively, of an element to some
implicit counter property corresponding to a BNS. Deli et al. [81] defined some operations, namely,
score, accuracy, and certainty functions, to compare BNSs and provided some operators in order to
aggregate BNSs. Deli and Subas [84] defined a correlation coefficient similarity measure for dealing
with MCDM problems in a single-valued bipolar neutrosophic setting. Sahin et al. [85] proposed
a Jaccard vector similarity measure for MCDM problems with single-valued neutrosophic information.
Ulugay et al. [86] introduced a Dice similarity measure, weighted Dice similarity measure, hybrid vector
similarity measure, and weighted hybrid vector similarity measure for BNSs and established an MCDM
strategy. Dey et al. [87] investigated a TOPSIS strategy for solving multi-attribute decision-making
(MADM) problems with bipolar neutrosophic information where the weights of the attributes are
completely unknown to the decision-maker. Pramanik et al. [88] defined projection, bidirectional
projection, and hybrid projection measures for BNSs and proved their basic properties. In the same
study, Pramanik et al. [88] developed three new MADM strategies based on the proposed projection,
bidirectional projection, and hybrid projection measures with bipolar neutrosophic information.
Wang et al. [89] defined Frank operations of bipolar neutrosophic numbers (BNNs) and proposed
Frank bipolar neutrosophic Choquet Bonferroni mean operators by combining Choquet integral
operators and Bonferroni mean operators based on Frank operations of BNNs. In the same study,
Wang et al. [89] established an MCDM strategy based on Frank Choquet Bonferroni operators of BNNs
in a bipolar neutrosophic environment. Pramanik et al. [90] developed a Tomada de decisao interativa
e multicritévio (TODIM) strategy for MAGDM in a bipolar neutrosophic environment. An MADM
strategy based on cross entropy for BNSs is yet to appear in the literature.

Mahmood et al. [91] and Deli et al. [92] introduced the hybridized structure called interval bipolar
neutrosophic sets (IBNSs) by combining BNSs and INSs and defined some operations and operators
for IBNSs. An MADM strategy based on cross entropy for IBNSs is yet to appear in the literature.

Research gap:

An MADM strategy based on cross entropy for BNSs and an MADM strategy based on cross
entropy for IBNSs.

This paper answers the following research questions:

i. Is it possible to define a new cross entropy measure for BNSs?
ii. Is it possible to define a new weighted cross entropy measure for BNSs?
ii. Is it possible to develop a new MADM strategy based on the proposed cross entropy measure

in a BNS environment?
iv. Is it possible to develop a new MADM strategy based on the proposed weighted cross entropy
measure in a BNS environment?

V. Is it possible to define a new cross entropy measure for IBNSs?
Vi. Is it possible to define a new weighted cross entropy measure for IBNSs?
vii. Is it possible to develop a new MADM strategy based on the proposed cross entropy measure

in an IBNS environment?
viii.  Isit possible to develop a new MADM strategy based on the proposed weighted cross entropy
measure in an IBNS environment?

Motivation:

The above-mentioned analysis presents the motivation behind proposing a cross-entropy-based
strategy for tackling MADM in BNS and IBNS environments. This study develops two novel
cross-entropy-based MADM strategies.

The objectives of the paper are:
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1.  To define a new cross entropy measure and prove its basic properties.

2. To define a new weighted cross measure and prove its basic properties.

3.  To develop a new MADM strategy based on the weighted cross entropy measure in a BNS
environment.

4. To develop a new MADM strategy based on the weighted cross entropy measure in an IBNS
environment.

To fill the research gap, we propose a cross-entropy-based MADM strategy in the BNS
environment and the IBNS environment.

The main contributions of this paper are summarized below:

1. We propose a new cross entropy measure in the BNS environment and prove its basic properties.
2. We propose a new weighted cross entropy measure in the IBNS environment and prove its
basic properties.

3. We develop a new MADM strategy based on weighted cross entropy to solve MADM problems
in a BNS environment.

4. We develop a new MADM strategy based on weighted cross entropy to solve MADM problems
in an IBNS environment.

5. Two illustrative numerical examples are solved and a comparison analysis is provided.

The rest of the paper is organized as follows. In Section 2, we present some concepts regarding
SVNSs, INSs, BNSs, and IBNSs. Section 3 proposes cross entropy and weighted cross entropy measures
for BNSs and investigates their properties. In Section 4, we extend the cross entropy measures for BNSs
to cross entropy measures for IBNSs and discuss their basic properties. Two novel MADM strategies
based on the proposed cross entropy measures in bipolar and interval bipolar neutrosophic settings are
presented in Section 5. In Section 6, two numerical examples are solved and a comparison with other
existing methods is provided. In Section 7, conclusions and the scope of future work are provided.

2. Preliminary

In this section, we provide some basic definitions regarding SVNSs, INSs, BNSs, and IBNSs.

2.1. Single-Valued Neutrosophic Sets

An SVNS [29] S in U is characterized by a truth membership function Ts(x), an indeterminate
membership function Is(x), and a falsity membership function Fs(x). An SVNS S over U is defined by

§ = {x, (Ts(x), Is(x), Fs(x))|x € U}
where, Ts(x), Is(x), Fs(x): U— [0, 1] and 0 < Tg(x) + Is(x) + Fs(x) < 3 for each point x € U.

2.2. Interval Neutrosophic Set

An interval neutrosophic set [75] P in U is expressed as given below:

P = {x, (Tp(x), Ip(x), Fp(x))|x € U}
= {x, [infT,(x), supTy(x)]; [infl,(x), supl,(x)]; [infF,(x) supF,(x)]|x € U}

where Tp(x), Ip(x), Fp(x) are the truth membership function, indeterminacy membership function, and

falsity membership function, respectively. For each point x in U, Tp(x), Ip(x), Fp(x) < [0, 1] satisfying
the condition 0 < sup Tp(x) + sup Ip(x) + sup Fp(x) < 3.
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2.3. Bipolar Neutrosophic Set
A BNS [81] E in U is presented as given below:

E = (o (TE (), 1 (0, B (), Ty (3), T (v), Fy (0)lx e U}

where T (x), I} (x), Ff (x): U — [0, 1] and T (x), I; (x), F; (x): U — [-1, 0]. Here, T} (x), I} (x),
F (x) denote the truth membership, indeterminate membership, and falsity membership functions
corresponding to BNS E on an element x € U, and T, (x), I (x), F; (x) denote the truth membership,
indeterminate membership, and falsity membership of an element x € U to some implicit counter
property corresponding to E.

Definition 1. Ref. [81]: Let, E; = {x, <T,;fl(x),1,;fl(x), Fi (x), Ty, (v), Ig, (), F, (x)> lx e U} and
E; ={x, <Tgr2(x),IE+2(x), Ff (x), Tg, (%), I, (%), ng(x)> | x € X} be any two BNSs. Then

e E; CE,if and only if,

Tf (x) < T, (%), I, (%) < IE, (x), FE (x) = F (x); T, () > Tp, (%), I (%) = I, (x), Fg, (x) < Fp, (%)
forall x e U.

e E;=Eif and only if,

Tf (x) = TE, (x), I, (%) = If, (%), FZ, (x) = FZ (x); Tg, (x) = Tp, (%), I, (x) = Ig, (%), Fg, (%) = Fg, (%)
forall x e U.

o The complement of E is E€ = {x, (Tg (x), Ife(x), Ffe(x), Tge(x), Ige(x), Fre(x)) lxe U}

where

Th(x) = Ff (%), If(x) = 1 —If (x), F(x) = T# (x);

Tpe(x) = Fp (%), Ipe(x) = =1 = I (x), Fpe(x) = Tp (%)
e Theunion E; U E; is defined as follows:

E; v E; = {Max (Tg; (x), Tg’z(x)), Min (Ig'1 (x), Ig’z(x)), Min (Fg; (x), Fg'z(x)), Min (TE_1 (x), Tg, (x)),
Max (Igl(x), Igz(x)), Max (Fgl (x), ng(x))}, Vxel.

e The intersection E1 n E, [88] is defined as follows:

Eq 0 Ep = {Min ( T (x), Tg, (x)), Max (I, (x), I, (x)), Max (Fg (x), F£, (x)), Max (T, (x), Tg, (x)),
Min (IE_1 (x), Ig, (x)), Min (FE_1 (x), Fg,(x))}, ¥V x e U.

2.4. Interval Bipolar Neutrosophic Sets

An IBNS [91,92] R = {x, <[inng(x), supTE‘(x)]; [ian;{(x), suplg(x)]; [ianI;r(x), supFR+(x)];
[infTy (x), supTy (x)]; [inflg (x), suply (x)]; [infFg (x), supF; (x)]>1x € U} is characterized by
positive and negative truth membership functions TE’ (x), T (x), respectively; positive and negative
indeterminacy membership functions I IJ{ (x), I (x), respectively; and positive and negative falsity
membership functions Fl'{ (x), Fg (x), respectively. Here, for any x € U, T,'{ (x), I;’ (x), F,g' (x) = [0, 1]
and Ty (x), Iz (x), Fg (x) < [-1, 0] with the conditions 0 < supTEr (x) + supl f{ (x) + supFR+ (x) <3 and
=3 < supTy (x) + suply (x) + supFg (x) <O0.

Definition 2. Ref. [91,92]: Let R = {x, <[inf Ty (x), supTy (x)I; [inf I} (x), supIi{ (x)I; [inf F (x), supF (x)];
[infTg (x), supTg (X)I; linflg (x), suply (x)I; [infFg (x), supFy (x)]>1x € U} and S = {x, <[infTS+(x),
supT;'(x)]; [inf I (x), sttplg'(x)]; [ianS'*'(x), supF;'(x)]; [infTg (x), supTg (x)I; [inflg (x), supls (x)];
[infFg (x), supFg (x)]> | x € U} be two IBNSs in U. Then
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R < S if, and only if,

inf Ty (x) < inf Tg (x), supTg (x) < supTy (x),
inf I (x) > inf I3 (x), supl{ (x) >
infFf (x) > infFS (x), supFg (x) > supFg (x),
infTg (x) = infTg (x), supTy (x) = supTg (x),
inflg (x) <
infFg (x) < infFg (x), supF (x) <
forall x e U.

R =S if, and only if,

supld (x),

inf Ig (x), suplp (x) < suplg (x),
supFg (x),

inf T (x) = inng'(x), supTq (x) = supT;'(x), infI3 (x) = ian;'(x), supl(x) = supI;'(x),
infF (x) = inf F§ (x), supFg (x) = supFg (x), inf Ty (x) = inf Tg (x), supTg (x) = supT; (x),
inflg (x) = inflg (x), suplg (x) = suplg (x), inf Fg (x) = infFg (x), supFg (x) = supFg (x),

forall x e U.

The complement of R is defined as The complement of R is defined as R® = {x, < [inf T C(x),

supT c(]; [1an (), supI+C(x)] [1an;C(x) supF;C(x)] [meRC(x) supTRC(x)] [1an o),

supIRC(x)] [inf Rc(x) sup

inf T (x) = infF{ (x), sup T (x) = supFy (x)

inf I;’C (x)=1—suply T(x), supI T =
ian;c (x) = infTg, supF, RC F(x) =supTq
infTpc(x) =

infFr, supTpc(x) =supFy

ianI;C(x) =—1—suply (x), supII;C(x) =-1-

infF C(x) =infTy (x), supF C(x) =supTy (%)

for all xe U.

Fec(®)]> | xe U} where

1 —infI# (%)

infly (x)

3. Cross Entropy Measures of Bipolar Neutrosophic Sets

In this section we define a cross entropy measure between two BNSs and establish some of its

basic properties.

Definition 3. For any two BNSs M and N in U, the cross entropy measure can be defined as follows.
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Theorem 1. If M = <Ty;(x;), I3;(x;), Fay(xi), Tas(xi), Ing(xi), Fap(xi)> and N <Ty; (x;), L (), Frt (x;),
Ty (xi), Iy(x;), Fy(xi)> are two BNSs in U, then the cross entropy measure Cp(M, N) satisfies the
following properties:

(1) Cs(M,N)=0;
(2) Cp(M, N)=0if, and only if, Ty;(x;) = T (x;), Iy (xi) = I (x3), Fp(xi) = Fy (x), Tag(x;) = Toy (i),
Iy(xi) = Iy (xi), Fyy(xi) = By (xi), Vx e U;
(3) Cg(M,N)=Cg(N, M);
4) Cp(M,N)=Cp(ME, N).
Proof
1 1 1
(1) We have the inequality (%) ? > 22402 for all positive numbers a and b. From the inequality
we can easily obtain Cg(M, N) > 0
1 11 1 11
(2) The inequality (”—#) P 192 becomes the equality (#) a2 102 if, and only if, a = b and
therefore Cg(M, N) = 0if, and only if, M= N, i.e., Ty (x;) = Tar (x;), I (x z-) =I5 (%), By (i) = By (%),
Ty (xi) = Ty (xi), Ipg (xi) = I (xi), Fpg(xi) = Fy (x;) Vx e UL
[ [ eosrion (»"TJ(%)H’T.M-\» ) e (w )+ >) ]
2 2 2
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The proof is completed. O
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Example 1. Suppose that M = <0.7, 0.3, 0.4, —0.3, —0.5, —0.1> and N = <0.5, 0.2, 0.5, —0.3, —0.3, —0.2> are
two BNSs; then the cross entropy between M and N is calculated as follows:

/07405 0.7 0.5 03402 0.3 0.2 1-0.3)+(1-0.2 1-03 1-02 04405
vt%,(@)+v/%,(f§f)+v/( N >,(«/7;«ﬁ)+\/t%,

Cg(M,N) =

[ —(=03—0. —(—03)++/—(—03] —(—05-03 —(—05)++/—(—03]
<«/0742r«/075)+v ( uzz 03) _ ( )2 (=03) +V/ ( Uzs 03) _ ( )2 ( )) — 0.01738474.

[(1=05)+(1-03) VT=05+4/[1-03] [—(=01-02) A/ = (=01)++/—(-02)
+1/ 2 - 2 +/ 2 - 2

n
Definition 4. Suppose that w is the weight of each element x;,i=1, 2, ..., n, where w; € [0, 1] and Y, w; = 1;

i=1
then the weighted cross entropy measure between any two BNSs M and N in U can be defined as follows.
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Theorem 2. If M = <Ty(x;), II\*/'[(xi), i (xi), Tag(xi), Ing(x), Faq(xi)> and N <T§]'(xi), Ig(xi), F(x),
Ty (%), Iy (x7), Fy (x)> are two BNSs in U, then the weighted cross entropy measure Cg(M, N)y, satisfies the
following properties:

(1) Cp(M,N)y = 0;

(2) Cp(M, N)y = 01if, and only if, Ty;(x;) = Ty (x;), Li(xi) = I (x;), Fip(xi) = Fiy (x7), Tag(x1) = Toy (%),
Iy (xi) = Iy (xi), Fyq(xi) = Fy (xi), Yx e U;

(3)  Cp(M, N)y = Ca(N, M)y;

(4) CB(MC, Nc)w = CB(M, N)w-

Proof is given in Appendix A.

Example 2. Suppose that M = <0.7, 0.3, 0.4, —0.3, —0.5, —0.1> and N = <0.5, 0.2, 0.5, —0.3, —0.3, —0.2> are
two BNSs and w = 0.4; then the weighted cross entropy between M and N is calculated as given below.

(07405 _ ( A07++/05 [03%02 _ [ ~03++/02
V=2 7 +VTT b

+y
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4. Cross Entropy Measure of IBNSs

This section extends the concepts of cross entropy and weighted cross entropy measures of BNSs
to IBNSs.

Definition 5. The cross entropy measure between any two IBNSs R = <[infTq (x;), supTq (x;)],
[inf I (x;), supI (x;)], [inf ER (x;), supFg (x;)], [inf Ty (x;), supTg (x;)], [inf Ix (x;), suplg (x;)], [inf Fx (x;),
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supFg (x;)1> and S = <[inf TS (x;), supTg (x;)], linf I3 (x;), supId (x;)], linf FS (x;), supFg (x;)], [inf Tg (x;),
supTg (x;)], [inflg (x;), sup Ig (x;)], [inf Fg (x;), supFg (x;)]> in U can be defined as follows.

Crp(R,S) =

— e finfT ¥ [p— — " foapTF [—
\ inf‘l;(xl);mfl;r(xz) [ VinfTg (Xl);\f’nﬂ-s (%) +\‘ supl;(xl);supl;r(xl) [ VTR (—*;)ZWUPTS (%) N

v

s finf I () ++ i1 (x; I fouplT (x:) 41 [suplt
[infrf (x,);rmfl;(r,) B (\‘mﬂR () +yinflg (x,))+vsup,; (X,)zsuplg’(w B (Vsule () suptd (A‘>)+

[(1=inrf () + (1=iniid () y‘lfinffg(X,)+\s“‘[1*inﬂ;r(ﬁ<g)] [ (=suprd )+ (1=swpid ()
z - z +V z -

Visuplf (x; )+\11 supl (x; )>+ \J\s“mﬂ»; (x,)-;mfl»;(y,) B (\f‘mfl';(r,):x‘f“mﬂ»;’(x’))+

[supd (x i) +supFed (%) (\S'*PF+(X )+\5“PF (xi ))+ \‘ff(lnfTE(X;)erfTs*(xi)) _
®3)

1=
i

V(i <x>+\ —infTg () | [~ (supTg () rsuptg () [y (ZsupTR () +y (—sueTs (5)
+\ P — - 7 +

iy () ity () (\( il (1)) + Ns‘(-m~;<x,>))+ \mf

\ —supl (x;) +\ —suplg (x; ))+Vg“(1+m{IR_(Yi))+(1+infls_(r,))_(\f‘l‘anIRi(x,):»\“‘slﬁﬂnil;(xl))+

(1+suplg (3 >+(l+>uplg ) (& Isuply («)+\1+ suplg (x))+\'ff(inff,;(,\,)Jrian;(;i))
/ z -

z
=
=
=

|G )+ (s (x,)))+\‘; (ol () ourly (X’))7(G(—supF‘;(A‘i))Jr\‘f‘(fsupFSf(rz)))

Theorem 3. If R = <[infTg (x;), supTg (x;)], linf, supld (x;)], linfFg (x;), supFg (x;)], [infTg (x;),
supTy (x;)], [inflg (x;), suply (x;)], [infFg (x;), supFg (x))I> and S = <[infTJ (x;), supTS'*'(xi)],
[inf1J (x;), supld (xi)l, linf Fg (x;), supFe (xi)], [inf Tg (x7), supTg (x;)], linflIg (x;), suplg (x;)], linfFg (x;),
supFg (x;)]> are two IBNSs in U, then the cross entropy measure Cip(R, S) satisfies the following properties:

(1) Ci(R,S) =0

(2) Cm(R,S)=0forR=Sie,inf T{ (x;) = infTg (x;), supTg (x;) = supTg (x;), inf I (x;) = infIJ (x;),
supliy (x;) = supld (x;), infF (x;) = infEF (x;), supEyf (xi) = supFg (x;), infTy (x;) = inf T (x,),
supTy (x;) = supTg (x;), inflg (x;) = inflg (x;), suply (x;) = suplg (x;), infFg (x;) = infFg (x;),
supFg (x;) = supFg (x;) ¥V x e U;

() Cm(R,S)=Cp(S,R);

4) CIB(RC, SC) =Cp(R, S).

Proof

(1) From the inequality stated in Theorem 1, we can easily get Cjp(R, S) > 0.

(2) Since 1nfT+( x;) =infTg (x;), supT+(xl) = supT+(x,) mfI+(x,) 'mfIg'(xi), supll'{(xi) = supI;'(xi),

infF (x;) = infF¢ (x;), supFyg (x;) = supF (x;), infTy (x;) = infTg (x;), supTy (x;) = supTg (x;),
infl (x;) = inflg (x;), suply (x;) = suplg (x;), ianR_(xl-) = infFg (x;), supFy (x;) = supFg (x;) ¥V
x € U, we have Cj3(R, S) =0
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|

N —suplp (x \( suplg (.n)))+\;(1+inf1,;(x‘))+(1+inf1§ () (V‘Hinﬂ;(»,)ﬂhﬂmg (,\',))Jr

(1+supi ) (1+suplg (x) (\,“1+>up1’;(x‘v)+\;1+supl\;(x,))+\““‘
_ : |

me

( )+me

=
=
==
=

| (Sinteg (5) ( infFy” (x;))) — (supFy () +supFy () 7(\‘3‘“‘(75“}3;,:(A,)){»V““(fsupl:;(xi))]
2 2

) (s )i ) Joot e st (s (TS )+ o ()

& ) +suptd +x=uvl§( )

| (1=inti (7))

/ - 7

\ suplg +suplg
/ p

+
W (\mplg )

supld (x7)) + (1=suplid (7)) B
2

)+

\lfsupl+( 1)

+(1-inftd () (\‘s“l—inﬂ; (xi);r\“l—mfl; (xi) .

+\ fi—supf

Gi) | | finted o) inted () \inEg )+t () .
\‘ 2 2

) +infTe (x;))

Nl—=

it2-

supF+(Y,)+supF () “suPF?(XJ*’VsuPF;(n))+\“J‘7(£nf757(x
3 /

N [(—imer (Y,»))Ws“(fmn,; )]

Z

[ = (inf1g (x;)+is

z REc N (e A A

uplg (xi)+suply (xi))

nilg () (V“‘(ﬂnug (1)) +\§(7.an§ ) ) . \‘c

(1+>upl§ (x1)

x‘(—supl; (x)+y/ (—suplg (x) ) . \W ~ V“‘Hinug (x7) /T inflg () )

+

= (infFg” (x;) +infFg (1))
. _

+ (sl () (\;“usup:; (x7)+/ T suply. (x‘)])ﬂj‘

supFg (x;) +supFg (x;))
y _

=C5(S, R).

V(Sinteg (59) + (it (1) )

+y

[(=suprg i)+ (—sopr () )
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4)  Cp(RS, 89 =
)bt () (\* € >f\*w'\+<~‘>)+ Vit @)t () (\* )+t ) >+
F oy o) (\5<*~M*<~>)w T ol (=—=To) (4
O]

wfmvau\vﬂmjiW%

(W““*“*\ (o)), ettt ) ( it )+ »+<>)

V= «l—u<>)<f—h<n>,(@%ﬂ*~«»fv<f~w*»>+¢—«—~wf«»+«~wfw»,
(V’(ﬂ*wfﬂﬂfv’(ﬂ*%fﬁﬁ)+gﬂ(fww70ﬁ+*(ﬂﬁ“7ﬂ),(Gﬁ(*“wfﬂﬁfﬁ*(ﬂfw’“ﬂ]+
N el 0) il et ) N ( J+(= ﬂ.‘r(‘))mm(ﬂf.w:(q))ﬂ;mi
(«&wr«»fsvwf«n)+¢ f‘f??ﬁ)

O @) (\
[inTd () +infTd () VinfT (x; )+\me (%) [supT; (x,)+supr+(x,) \“SUPT:?(Xi>+G5“PT§r(‘i) |
V 2 - +V - 3 +

[t ()t (1) 7< Jeort ()t ))

=
Tbgs

Jinfid () +infId (x;) v““”;(*z)+\§s‘“f’;(—*z) [supld (x) +supld () sl (—‘;)+\;S“P’;(v“x)
\ 7 - 7 +V 7 - p +

[(i- .nn+<y,)) (1t () V17 G+ 1-iiid (0) | [(—saplf () + (1—swpld (1))
- 7 +V 7 -

supl T N —suptt (x: I +
Vo G 1o o,))w i GO () (wfrk (v,>+\mfr <x,>)+

[suprd G )+5upﬁ+(xt> VsupEg () +yfsupFg” () m
2 + \ -

I
N|—

e

[Nag!

\‘(—mn;<a>)+\;‘°(—mn;<xi>)) Ty G oy ) (Q(—s--pf,nxl))ms’(—suﬂ;<r,>))+
- Z

[ (it () +imilg (x7)) V“‘(finflk’(X,))+\f(7llwfl§(xy>) [=(supig () +suply (7))
b - 7 +V 7 -

\(—suplg (x,)):xf(fsupl;(x,)))Jr\jﬁ(umﬂ;(x,)%(umu (x; )) B (\,“1‘*“““[(7(’(1)':\‘;1*"““57(‘1))+

fFg (x;)+infFg (x,.)) B

/ (l+5llpl )+ (rswply (1)) [ V/THsuply ()4 1supls (x)) |
- b3 +\

—

\(m;,;<x1>)+\§(7inf;;<x,))) i o) rorry () (Nﬁ(ﬂupp,;(;,))Wf(fsupp;(x,)))
2 2 2

=Cip(R, 9). O
Example 3. Suppose that R = <[0.5, 0.8], [0.4, 0.6], [0.2, 0.6], [-0.3, —0.1], [-0.5, —0.1], [-0.5, —0.2]>

and S = <[0.5,0.9],[0.4, 0.5],[0.1, 0.4], [-0.5, —0.3], [-0.7, —0.3], [-0.6, —0.3]> are two IBNSs; the cross
entropy between R and S is computed as follows:

Vr 0.54505 - (\/ﬁg\/ﬁ) +er.BJZrOQ - (\/lﬁ;r\/(ﬁ) +v10.44504 - (m;m) + \”rO.b+O.5 _ (fzf)+

,[1704]+[170.4]_(\/m+ 04T JT1=06]+[1—05] _ ( ~/I=06+ [1705]) ,oz+o1 F 01
A% 2 2 vV 2 2 A%

¥
/0.6+04 0.6 04 [—=(=03—05 —(=03)++/—(=05 [ —=(=01-03 —(=01 + —(=03)
V%_(f;f)ﬂ, 0308 (V/EOI/ET0 ) | /200 (/I )

CiB(RS) = = 0.02984616.
[=(=05—0.7) —(=05) ++/=(=07) [=(=01-03) —(=0D++/=(=03) [1=05]+[1-07]
v 2 - 5 +4/ 5 - 7 +/ 7

\/m+\/[1—07]> ‘*’N” [—011+[1—03] _ («/7170“1/[1703]) +v'7(7o.570.e) _( —(—05)+ —(7o.s)>+

v —(=02-03) _( —(—02)+ 7(70.3))
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n
Definition 6. Let w; be the weight of each element x;,i=1, 2, ..., n, and w; € [0, 1] with Y w; = 1; then the
i=1
weighted cross entropy measure between any two IBNSs R = <[inf T (x;), supTy (x;)], linf I (x;), supI (x;)],
[inf F§ (x;), supFg (x;)], [inf Tg (x;), supTg (x;)], [infIg (x;), suplg (x;)], [inf Fg (x;), supFg (x;)]> and
S = <[infTS+(x,-), supT;(xi)], [ian;(x,-), supI;r(x,-)], [ian;(xi), sungr(xi)], [infTg (x;), supTg (x;)],
[infIg (x;), suplg (x;)], [infFg (x;), supFg (x;)]> in U can be defined as follows.

\

f fniT T finfT f f——— JsupTF
JintT (x) +infTd (x) VInfTg” (x) +4/infTg" (x) [supTd (x) +supTg (7) /supTg” (x) +4/supTs” (x;)
/ T - 7 +y > - +

\

[intig (xp) +infrd () (x“lnflﬁr(vﬁ)Jr\flnf’;r(M) N \fauplg(x‘)ﬂupﬁ(xl) (wuplﬁr(-ﬂ)ﬂﬁupl; (~“,))+
/ 7 - 2 / 7 - 7

-

[O=intd (0)+ (—inilg () (V1= )yt () | [(—supl () + (1—suplg ()
/ 7 - 7 +V 7 -

i + / + r /i i
Vimsuplf )+ (1-supid <x,)))+ PR G ) (ymfﬁf(Y,')+\smfF5+(X,'))+

— S

[suprgf (x) +supEd () (\ﬁsuprﬁ(»’;)+@SUPF§'(&))+ \;“—(infTR’ (x)+infT5 (x))
/ 7 - 7 V 2 -

Ci(R,S)y =

*)

V(TR () (infTg () N \;7(supr,‘,;<n>+sup1;(xt>)7 \;“(—supv‘ﬂa>)Z\§(—sup7‘;<r,)))+

[ (it Goyimitg () (4 (Finitg () (=miig () | /= (sopig () rswlg (1))
2 - z +V z -

N (x,));v(ﬁupzs ) ) o

[ (1+inflg (59))+(1+inflg (%)) ( \/1+infI (x‘)+\‘s“‘l+infl; (x,))
/ 7 - - 7 +

intFp (x;)+infFg (%))
. _

NE

[Tirsuply )+ (Lsuply () [ 1+swel (X,)Ws"[usup:; )1

¥ 3 - 3 +

) ) e R (\;’(—supr; () (ot <xi>))
2 V 2 2

—

Theorem 4. For any two IBNSs R = <[infT1'{(xi), sup T[{(xi)], [inf];(x,-), supll*{'(x,-)], [ianlg' (x7),
supF (x;)], [inf Tg (x;), supTx (x;)], [inf I (x;), suply (x;)], [inf F (x;), supFg (x;)]> and S = <[infTS+(xi),
supTg (xi)], [infI (x;), supld (x)], [infFd (x;), supFg (x)], [infTg (x;), supTg (x7)], linflg (x;),
suplg (x;)], [infFg (x;), supFg (x;)]> in U, the weighted cross entropy measure Cig(R, S)q also satisfies
the following properties:

(1) CB(R, Sy =0;

() Ci(R, Sy =01if, and only if, R = Si.e., inf T (x;) = infTg (x;), supTg (x;) = supTg (x;), inf I (x;)
= infI (x;), suply (x;) = supld (x;), infFg (x;) = infFg (x;), supFg (x;) = supFg (x;), infTg (x;)
=infTg (x;), supTy (x;) = supTg (x;), inflg (x;) = inflg (x;), suply (x;) = suplg (x;), inf Fg (x;) =
infFg (x;), supFg (x;) = supFg (x;) ¥V x e U;

(3) Ci(R, S)w = Cig(S, R)w;

(4) C[B(RCr Sc)w = CIB(R/ S)w

The proofs are presented in Appendix B.
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Example 4. Consider the two IBNSs R = <[0.5, 0.8], [0.4, 0.6], [0.2, 0.6], [-0.3, —0.1], [-0.5, —0.1],
[-05, —0.2]> and S = <[0.5, 0.9], [0.4, 0.5], [0.1, 0.4], [-0.5, —0.3], [-0.7, —0.3], [-0.6, —0.3]>, and let
w = 0.3; then the weighted cross entropy between R and S is calculated as follows:

¥

PESV)
\;|\—04]-§-[|—U4| _ (mtv/[\fm]) + \ \\—w]-;—h—usl _ (m+2\/[\—ns]) +VOZJ{U1 -~ (\/ﬁ+\/ﬂ>+

7

05405 A05++/05 08+09 A08++/05 [04+04 A0a++/04 [06+05 A06++/05
Ve (T )t o\ )W o T )PV —

\‘Wf( Tt n4)+\“s‘mi( ’mi W)HW% SIS ’—(—a.s>)+

—_— R —_—— L —_— = 0.00895385.
[=(= 025 07) _ \'—(—us);\/—(—w))Jr 37(—021—03) _ \/7(70‘)2’\/*(703))+\“;‘[1703];[\7ﬂ7]7

1
Cin(R,S) =5 x 03 x

v v
(W+Z\ h— U7J) \ [1701]45[1703] 7(\/m+z\r[|—u3j) +\“‘s‘—(—025—01)) 7( /7(—0.5)4{\,—(—05))Jr
vV

[=(—02—03) (\W+\,’W)

5. MADM Strategies Based on Cross Entropy Measures

In this section, we propose two new MADM strategies based on weighted cross entropy measures

in bipolar neutrosophic and interval bipolar neutrosophic environments. Let B = {By, By, ..., By}

(m > 2) be a discrete set of m feasible alternatives which are to be evaluated based on n attrlbutes

C={Cy,Cy,...,Cy} (n=2)and let wj be the weight vector of the attributes such that 0 < w; < 1 and
n

Z w/ =1.

1

]

5.1. MADM Strategy Based on Weighted Cross Entropy Measures of BNS

The procedure for solving MADM problems in a bipolar neutrosophic environment is presented
in the following steps:

Step 1. The rating of the performance value of alternative B; (i=1, 2, ... , m) with respect to the
predefined attribute C; (j=1,2, ..., n) can be expressed in terms of bipolar neutrosophic information
as follows:

B = {C;, < T(Cy), I,(C)), F5.(C)), T (C)), I5.(Cy), Fg (Cj) > [Cje Cjj = 1,2, ...,n},
where 0 < T3 (C)) + I (C)) + F (Cj) <3and -3 < T (C)) + I (C)) + Fg (C}) <0,i=1,2,...,m;j=1,
2,...,1.

Assume that d = <T+ I + FJ' T_ I Fi7> is the bipolar neutrosophic decision matrix whose
entries are the ratmg Values of the alternatlves with respect to the attributes provided by the expert or
decision-maker. The bipolar neutrosophic decision matrix [dNZ i1,xn €N be expressed as follows:

C, C...Ch
N By din dip ... di,
(il = B2 dy dy ... dyy

Bm dml dmZ dmn
Step 2. The positive ideal solution (PIS) <p* = (d}, d3, ..., d;;)> of the bipolar neutrosophic
information is obtained as follows:
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p = <Tj*+,1;+,pj*+,Tj*—,I;—,pj*—> =< [{Max (T;)lj € Hik; {A/Jiin(Ti;r)\je Hy}l,
[{Min (LD)lj € Hi}; {Max (I;)lj € Ha}l, [{Min (F)lj € Hi); {Max (F)lj € Ha}l,
[{Mm( i )i € Hil; {Max( Tyj)lj € o}, [{Max (L;)|j € Hi}; {Min (I;)[j € Hp}],
[{Max( ij )i € Hil; {Mm( Fjlie Ha}l >, j = 1,2, ...,m;

1

where H; and Hj represent benefit and cost type attributes, respectively.
Step 3. The weighted cross entropy between an alternative B;, i = 1, 2, ... , m, and the ideal
alternative p" is determined by

[ (VT RS il i (-1 1+ 01
\/ P 2 + 2 + 2 -
<V'171/++¥’[171;“+] ) N /FUM-ZF/*Jr _ (Xk*Z\ F*+ ) . ;i

[y, | - — / = - — |. 5

Bi, px)q Zw, <\(T‘] )+\;(7T]* ))+ /7(11/ ) <\< I )*\( 1) N [0 ] ©®)

2 2 2
- (I ) (\<a>+\<ﬁ*>)
2 2 2
Step 4. A smaller value of Cg(Bj, p*)w, i = 1,2, ..., m represents that an alternative B;,i=1,2,... ,m

is closer to the PIS p*. Therefore, the alternative with the smallest weighted cross entropy measure is
the best alternative.

5.2. MADM Strategy Based on Weighted Cross Entropy Measures of IBNSs

The steps for solving MADM problems with interval bipolar neutrosophic information are
presented as follows.

Step 1. In an interval bipolar neutrosophic environment, the rating of the performance value
of alternative B; (i =1, 2, ... , m) with respect to the predefined attribute C]- G=1,2,...,n)can be
represented as follows:

B; = {Cj, < [me*( i) supT*( nIg [mfI*(C) supI*( ), [mfP*( i) supFy. ( Dl
[me ( i), supTy ( )], [infI, ( i), suply ( )1, [infFp. ( -), supFy ( )] > |C; eC,
j= , .. 1)

where 0 < supT+( i) +supI+( i) +supF+( i) <3and -3 <supTy ( j) +suply ( j) +supFp. ( i) <0;
j=1,2,..., nLetg;= <[LT1], T*] [LII], I+] [LFU, F*] [LTU, uT il [LIl], L], [LF”, Fi1>
be the blpolar neutrosophic dec1s10n matrix whose entries are the rating Values of the alternatlves with
respect to the attributes provided by the expert or decision-maker. The interval bipolar neutrosophic

decision matrix [gj;]  canbe presented as follows:

C C ... Cy
By 811 812 --- 8n

[gij]rnxn = B 821 822 - §2n

By, 8ml §m2 -+ §mn
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Step 2. The PIS <q* = (g}, &3, - §1)> of the interval bipolar neutrosophic information is obtained
as follows:
[LT;kj+, UT;;‘F], [LI;I;Jr/ LII;I;Jr], [LF;+, UF;;‘F], [LT;_kjfl UT?T], [LI;k]f, LII;k]f], [LF;kjf, UF;k]f] >,

[{Max ("T)lje Hil; {Min ("T3)lj e Ha}, {Max (MT;)lje Hi}; {Min (MT3)lj € Ha}l,

[{Min (L1+)|J € Hi}; {Max (“I;7)lj € Ha}, {Min MIiH)lj € Hiys {Max (MI)lj € Ha}l,
[{Min (“Fi9)lj e Hi); {Max (“Fif)lj e Ha}, {Min (UFi9)lj e Hi); {Max (UF)lj e Ha}l,
[{Min (*T})|j € H}; {Max (*T;;)lj € Ha}, {Min (UT;)lje Hi); {Max (UT;)lj e Ha}l,
[{Max (“I;7)|j € Hi}; {Min (“1;;)lj € Ha}, {Max (UI;)lj € Hi); Min (M1;)lj € Ha}l,
[ )
j=

/\/\

i ij
i ( i
{M,u (LF3)lj € Hi; (Min (\F;)|j € Ha}, {Max (UF})|j € Hi; {Min (UF)|j < Ha)] >
1,2 ...,n

where H; and Hj stand for benefit and cost type attributes, respectively.
Step 3. The weighted cross entropy between an alternative B;, i = 1, 2, ..., m, and the ideal
alternative g* under an interval bipolar neutrosophic setting is computed as follows:

\‘f‘.ft‘u’“,(v‘?th** +\ ot gkt “?ts\w**k\‘@*ﬁu’k*, V‘Ft"“"ﬁ N

(\ —o i *+] S aEt o +\s““"‘++j"*+ B N +V“‘—(‘rf+‘r‘*7>7
artaak), = L x S ( ) ) (\;(Q,r)ﬂg(a,*f))ﬂ;f(www*—)7“(7‘;)“;(,‘,*—)} (6)

\“ (¥ \( _ \‘ﬁ[+wil+lw+u*’l,(\“’+"7+\:‘[\+"‘*’])H‘s“‘lwuvTJJrlwwe*’J,

Step 4. A smaller value of Cip(B;, p*)w, i = 1, 2, ..., m indicates that an alternative B;,i=1,2,... ,m
is closer to the PIS ¢*. Hence, the alternative with the smallest weighted cross entropy measure will be
identified as the best alternative.

A conceptual model of the proposed strategy is shown in Figure 1.

Decision- maker or Expert Step 1:

Step 3: Determine the weighted Step 2: Identify the

positive ideal

solution (PIS)

Ccross entropy measures

Step 4: Rank the Step 5:

alternatives

Step 6: Stop

Figure 1. Conceptual model of the proposed strategy.
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6. Illustrative Example

In this section we solve two numerical MADM problems and a comparison with other existing
strategies is presented to verify the applicability and effectiveness of the proposed strategies in bipolar
neutrosophic and interval bipolar neutrosophic environments.

6.1. Car Selection Problem with Bipolar Neutrosophic Information

Consider the problem discussed in [81,86-88] where a buyer wants to purchase a car based on
some predefined attributes. Suppose that four types of cars (alternatives) B;, (i = 1, 2, 3, 4) are available
in the market. Four attributes are taken into consideration in the decision-making environment, namely,
Fuel economy (C;), Aerod (C;), Comfort (C3), Safety (Cy), to select the most desirable car. Assume that
the weight vector for the four attributes is known and given by w = (wq, wy, w3, ws) = (0.5, 0.25, 0.125,
0.125). Therefore, the bipolar neutrosophic decision matrix {d;; 14 €an be obtained as given below.

The bipolar neutrosophic decision matrix [d;;]

4x4 "
G G Cs Cy
By <05,07,02,-0.7,-0.3, —0.6> <04,04,0.5,-0.7, —0.8, 04> <0.7,0.7,0.5, —0.8, —0.7, —=0.6> <0.1,0.5,0.7, —0.5, —0.2, —0.8>
B, <09,0705,-07,-0.7,-0.1> <0.7,06,08, —0.7, —0.5, —0.1> <0.9,04,0.6, —0.1, —0.7, =0.5>  <0.5,0.2,0.7, —0.5, —0.1, —0.9>
By  <03,04,02,-06,—0.3, -0.7> <0.2,0.2,0.2, -04, —0.7, 04> <0.9,0.5,0.5, —0.6, —0.5, —0.2> <0.7,0.5,0.3, —0.4, —0.2, —0.2>
By <0.9,0.7,0.2, -0.8, —0.6, —=0.1>  <0.3,0.5,0.2, —0.5, —0.5, —0.2> <0.5,0.4,0.5, 0.1, —0.7, —0.2> <0.2,0.4,0.8, —0.5, —0.5, —0.6>

The positive ideal bipolar neutrosophic solutions are computed from [dN,]] 14 as follows:

p*=[<09,04,0.2,-0.8,-0.3, -0.1>,<0.7,0.2,0.2, 0.7, —0.5, —0.1>,
<0.9,04,0.5, -0.8, —0.5, —0.2>, <0.7,0.2, 0.3, —0.5, —=0.1, —0.2>].

Using Equation (5), the weighted cross entropy measure Cg(B;, p*)w is obtained as follows:

Cg(B1, p*)w = 0.0734, Cp(By, p*)w = 0.0688, Cp(B3, p*)w = 0.0642, Cp(By, p*)s = 0.0516. ()

According to the weighted cross entropy measure Cg(B;, p*)w, the order of the four alternatives is
By < B3 < By < By; therefore, By is the best car.

We compare our obtained result with the results of other existing strategies (see Table 1), where
the known weight of the attributes is given by w = (wq, w, w3, wy) = (0.5, 0.25, 0.125, 0.125). It is to be
noted that the ranking results obtained from the other existing strategies are different from the result
of the proposed strategies in some cases. The reason is that the different authors adopted different
decision-making strategies and thereby obtained different ranking results. However, the proposed
strategies are simple and straightforward and can effectively solve decision-making problems with
bipolar neutrosophic information.

Table 1. The results of the car selection problem obtained from different methods.

Methods Ranking Results Best Option
The proposed weighted cross entropy measure By < B3 < By < By By
Dey et al.’s TOPSIS strategy [87] By < B3 < By < By By
Deli et al.’s strategy [81] By < By <B4y <Bjs B3
Projection measure [88] B3 <By < By < By B,
Bidirectional projection measure [88] By < By < By <Bj B3
Hybrid projection measure [88] with p = 0.25 By < By < B3 < By By
Hybrid projection measure [88] with p = 0.50 B3 < By, < By <By By
Hybrid projection measure [88] with p = 0.75 By < B3 <B4y <By By
Hybrid projection measure [88] with p = 0.90 B3 < By < By < By By
Hybrid similarity measure [88] with p = 0.25 By, < By < By <Bj B3
Hybrid similarity measure [88] with p = 0.30 By, <By<By<Bj B3
Hybrid similarity measure [88] with p = 0.60 By < By <Bj <Bj Bs
Hybrid similarity measure [88] with p = 0.90 By, < By < B3 < By By
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6.2. Interval Bipolar Neutrosophic MADM Investment Problem

Consider an interval bipolar neutrosophic MADM problem studied in [91] with four possible
alternatives with the aim to invest a sum of money in the best choice. The four alternatives are:

> a food company (B1),

> a car company (B»),

> an arms company (B3), and
> a computer company (By).

The investment company selects the best option based on three predefined attributes, namely,
growth analysis (C;), risk analysis (C;), and environment analysis (C3). We consider C; and C; to be
benefit type attributes and C3 to be a cost type attribute based on Ye [93]. Assume that the weight
vector [91] of Cy, Cp, and Cj3 is given by w = (wq, wy, wsz) = (0.35, 0.25, 0.4). The interval bipolar
neutrosophic decision matrix [§;],, , presented by the decision-maker or expert is as follows.

Interval bipolar neutrosophic decision matrix [gj;]

4x3 =

G
By [[04, 0.5], [0.2, 03], [0.3, 0.4],[-0.3, —0.2], [~ 04 ~0.3], [~0.5,— 04]]
B, [[0.6,0.7], [0.1,0.2], [0.2, 0.3],[~0.2, —0.1], [~0.3, —0.2], [~0.7, — 0.6]]
Bs [[0.3, 0.6], [0.2, 0.3], [0.3, 0.4],[~0.3, —0.2], [-0.4, —0.3], [~0.6, — 0.3]]
By [[0.7, 0.8], [0.0, 0.1], [0.1, 0.2],[~0.1, —0.0], [-0.2, —0.1], [~0.8, — 0.7]]

G
By [[04, 0.6], [0.1, 0.3], [0.2, 0.4],[~0.3, —0.1], [-0.4, —0.2], [~0.6, — 0.4]]
B, [[0.6,0.7], [0.1,0.2], [0.2, 0.3],[~0.2, —0.1], [~0.3, —0.2], [~0.7, — 0.6]]
Bs [[0.5, 0.6], [0.2, 0.3], [0.3, 0.4],[~0.3, —0.2], [-0.4, —0.3], [~0.6, — 0.5]]
By [[0.6,0.7], [0.1, 0.2], [0.1, 0.3],[-0.2 —0.1], [-0.3, —0.1], [~0.7, — 0.6]]

G
B; [[0.7,09], [0.2, 0.3], [0.4, 0.5],[~0.3, —0.2], [-0.5, —0.4], [-0.9, —0.7]]
B, [[0.3,0.6], [0.3, 0.5], [0.8, 0.9],[~0.5, —0.3], [-0.9, —0.8], [~0.6, — 0.3]]
By [[04, 0.5], [0.2, 0.4], [0.7, 0.9],[~0.4, —0.2], [~0.9, —0.7], [~0.5, — 0.4]]
By [[0.6,0.7], [0.3, 0.4], [0.8, 0.9],[—0.4, —0.3], [-0.9, —0.8], [~0.7, — 0.6]]

From the matrix [gj;],, ,, we determine the positive ideal interval bipolar neutrosophic solution

(9%) by using Equation (6) as follows:

7+ =<[0.7,0.8],[0.0,0.1], [0.1,0.2], [-0.3, —0.2], [-0.2, —0.1], [0.5, —0.3]>;
<[0.6,0.7], [0.1,0.2], [0.1, 0.3], [=0.3, —0.2], [=0.3, —0.1], [-0.6, —0.4]>;
<[0.3, 0.5, [0.3, 0.5], [0.8, 0.9], [-0.3, —0.2], [-0.9, —0.8], [-0.9, —0.7]>.

The weighted cross entropy between an alternative B;, i =1, 2, ..., m, and the ideal alternative ¢*
can be obtained as given below:

Cia(B1, ) = 0.0606, Ci5(Ba, 7*)w = 0.0286, Ci5(B3, ¢*)e = 0.0426, Crp(By, §*)w = 0.0423.

On the basis of the weighted cross entropy measure Cjg(B;, §%)w, the order of the four alternatives
is B, < B4 < B3 < By; therefore, B, is the best choice.

Next, the comparison of the results obtained from different methods is presented in Table 2 where
the weight vector of the attribute is given by w = (wy, wy, w3) = (0.35, 0.25, 0.4). We observe that B; is the
best option obtained using the proposed method and By is the best option obtained using the method
of Mahmood et al. [91]. The reason for this may be that we use the interval bipolar neutrosophic
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cross entropy method whereas Mahmood et al. [91] derived the most desirable alternative based on a
weighted arithmetic average operator in an interval bipolar neutrosophic setting.

Table 2. The results of the investment problem obtained from different methods.

Methods Ranking Results Best Option
The proposed weighted cross entropy measure By < By < B3 < By By
Mahmood et al.’s strategy [91] By, < B3 <By <By By

7. Conclusions

In this paper we defined cross entropy and weighted cross entropy measures for bipolar
neutrosophic sets and proved their basic properties. We also extended the proposed concept to
the interval bipolar neutrosophic environment and proved its basic properties. The proposed cross
entropy measures were then employed to develop two new multi-attribute decision-making strategies.
Two illustrative numerical examples were solved and comparisons with existing strategies were
provided to demonstrate the feasibility, applicability, and efficiency of the proposed strategies. We hope
that the proposed cross entropy measures can be effective in dealing with group decision-making,
data analysis, medical diagnosis, selection of a suitable company to build power plants [94], teacher
selection [95], quality brick selection [96], weaver selection [97,98], etc. In future, the cross entropy
measures can be extended to other neutrosophic hybrid environments, such as bipolar neutrosophic
soft expert sets, bipolar neutrosophic refined sets, etc.
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Proof of Theorem 4
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problems in view of NSRSs. We also present an efficient algorithm of our proposed hybrid model to
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1. Introduction

Smarandache [1] initiated the concept of neutrosophic set (NS). Smarandache’s NS is characterized
by three parts: truth, indeterminacy, and falsity. Truth, indeterminacy and falsity membership values
behave independently and deal with the problems of having uncertain, indeterminant and imprecise
data. Wang et al. [2] gave a new concept of single valued neutrosophic set (SVNS) and defined the set
of theoretic operators in an instance of NS called SVNS. Ye [3-5] studied the correlation coefficient and
improved correlation coefficient of NSs, and also determined that, in NSs, the cosine similarity measure
is a special case of the correlation coefficient. Peng et al. [6] discussed the operations of simplified
neutrosophic numbers and introduced an outranking idea of simplified neutrosophic numbers.

Molodtsov [7] introduced the notion of soft set as a novel mathematical approach for handling
uncertainties. Molodtsov’s soft sets give us new technique for dealing with uncertainty from the
viewpoint of parameters. Maji et al. [8-10] introduced neutrosophic soft sets (NSSs), intuitionistic
fuzzy soft sets (IFSSs) and fuzzy soft sets (FSSs). Babitha and Sunil gave the idea of soft set relations [11].
In [12], Sahin and Kucuk presented NSS in the form of neutrosophic relation.

Rough set theory was initiated by Pawlak [13] in 1982. Rough set theory is used to study the
intelligence systems containing incomplete, uncertain or inexact information. The lower and upper
approximation operators of RSs are used for managing hidden information in a system. Therefore,
many hybrid models have been built such as soft rough sets (SRSs), rough fuzzy sets (RFSs),
fuzzy rough sets (FRSs), soft fuzzy rough sets (SFRSs), soft rough fuzzy sets (SRFSs), intuitionistic
fuzzy soft rough sets (IFSRS), neutrosophic rough sets (NRSs), and rough neutrosophic sets (RNSs) for
handling uncertainty and incomplete information effectively. Soft set theory and RS theory are two
different mathematical tools to deal with uncertainty. Evidently, there is no direct relationship between
these two mathematical tools, but efforts have been made to define some kind of relation [14,15].
Feng et al. [15] took a significant step to introduce parametrization tools in RSs. They introduced SRSs,
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in which parameterized subsets of universal sets are elementary building blocks for approximation
operators of a subset. Shabir et al. [16] introduced another approach to study roughness through SSs,
and this approach is known as modified SRSs (MSR-sets). In MSR-sets, some results proved to be
valid that failed to hold in SRSs. Feng et al. [17] introduced a modification of Pawlak approximation
space known as soft approximation space (SAS) in which SAS SRSs were proposed. Moreover, they
introduced soft rough fuzzy approximation operators in SAS and initiated a idea of SRFSs, which is an
extension of RFSs introduced by Dubois and Prade [18] . Meng et al. [19] provide further discussion
of the combination of SSs, RSs and FSs. In various decision-making problems, RSs have been used.
The existing results of RSs and other extended RSs such as RFSs, generalized RFSs, SFRSs and IFRSs
based decision-making models have their advantages and limitations [20,21]. In a different way,
RS approximations have been constructed into the IF environment and are known as IFRSs, RIFSs and
generalized IFRSs [22-24]. Zhang et al. [25,26] presented the notions of SRSs, SRIFSs, and IFSRSs,
its application in decision-making, and also introduced generalized IFSRSs. Broumi et al. [27,28]
developed a hybrid structure by combining RSs and NSs, called RNSs. They also presented interval
valued neutrosophic soft rough sets by combining interval valued neutrosophic soft sets and RSs.
Yang et al. [29] proposed single valued neutrosophic rough sets (SVNRSs) by combining SVNSs and
RSs, and established an algorithm for decision-making problems based on SVNRSs in two universes.
For some papers related to NSs and multi-criteria decision-making (MCDM), the readers are referred
to [30-38]. The notion of SRNSs is a extension of SRSs, SRIFSs, IFSRSs, introduced by Zhang et al.
motivated by the idea of single valued neutrosophic rough sets (SVNRSs) introduced, we extend the
single valued neutrosophic rough sets” lower and upper approximations to the case of a neutrosophic
soft rough set. The concept of a neutrosophic soft rough set is introduced by coupling both the
neutrosophic soft sets and rough sets. In this research paper, we introduce the notions of SRNSs
and NSRSs as hybrid models for soft computing. Approximation operators of SRNSs and NSRSs are
described and their relevant properties are investigated in detail. We describe a mathematical approach
to handle decision-making problems in view of NSRSs. We also present an efficient algorithm of our
proposed hybrid model to solve decision-making problems.

2. Construction of Soft Rough Neutrosophic Sets

In this section, we introduce the notions of SRNSs by combining soft sets with RNSs and soft
rough neutrosophic relations (SRNRs). Soft rough neutrosophic sets consist of two basic components,
namely neutrosophic sets and soft relations, which are the mathematical basis of SRNSs. The basic idea
of soft rough neutrosophic sets is based on the approximation of sets by a couple of sets known as the
lower soft rough neutrosophic approximation and the upper soft rough neutrosophic approximation
of a set. Here, the lower and upper approximation operators are based on an arbitrary soft relation.
The concept of soft rough neutrosophic sets is an extension of the crisp set, rough set for the study
of intelligent systems characterized by inexact, uncertain or insufficient information. It is a useful
tool for dealing with uncertainty or imprecision information. The concept of neutrosophic soft
sets is powerful logic to handle indeterminate and inconsistent situations, and the theory of rough
neutrosophic sets is also powerful mathematical logic to handle incompleteness. We introduce the
notions of soft rough neutrosophic sets (SRNSs) and neutrosophic soft rough sets (NSRSs) as hybrid
models for soft computing. The rating of all alternatives is expressed with the upper soft rough
neutrosophic approximation and lower soft rough neutrosophic approximation operator and the pair
of neutrosophic sets that are characterized by truth-membership degree, indeterminacy-membership
degree, and falsity-membership degree from the view point of parameters.

Definition 1. Let Y be an initial universal set and M a universal set of parameters. For an arbitrary soft relation
PoverY x M, let Py : Y — N (M) be a set-valued function defined as Ps(u) = {k € M| (u,k) € P},ucy.

Let (Y, M, P) be an SAS. For any NS C = {(k, Tc(k), Ic (k), Fc(k)) | k € M} € N (M), where N'(M)
is a neutrosophic power set of parameter set M, the lower soft rough neutrosophic approximation (LSRNA) and
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the upper soft rough neutrosophic approximation (USRNA) operators of C w.r.t (Y, M, P) denoted by P(C) and
P(C), are, respectively, defined as follows:

=

(C) ={(n, Tﬁ(c)(“)/Iﬁ(c)(”)rpp(c)(u)) lueY},

P(C) = {(u, Tp(c)(u), Ip(cy (1), Fp(cy(u)) | u € Y},

where
Tp(c)(u) = \/ Tc(k), Iﬁ(c)(u) = /\ Ic(k), ILP(C)(M) = /\ Fc(k),
kePs(u) kePs(u) kePs(u)
Tpoy(w) = N Tck), Ipcyw)= \ Ic(k), Fpey(u)= \/ Fe(k).
kePs(u) kePs(u) kePs(u)

It is observed that P(C) and P(C) are two NSs on Y, P(C), P(C) : N'(M) — P(Y) are referred to as the
LSRNA and the USRNA operators, respectively. The pair (P(C), P(C)) is called SRNS of C w.r.t (Y, M, P).

Remark 1. Let (Y, M,P) be an SAS. If C € IF(M) and C € P(M), where IF(M) and P(M) are
intuitionistic fuzzy power set and crisp power set of M, respectively. Then, the above SRNA operators P(C) and
P(C) degenerate to SRIFA and SRA operators, respectively. Hence, SRNA operators are an extension of SRIFA
and SRA operators.

Example 1. Suppose that Y = {w,wy, w3, wa, w5} is the set of five careers under observation, and Mr. X
wants to select best suitable career. Let M = {ky,ka, k3, ka} be a set of decision parameters. The parameters
ki, ko, k3 and kg stand for “aptitude”, “work value”, “skill” and “recent advancement”, respectively. Mr. X
describes the “most suitable career” by defining a soft relation P from Y to M, which is a crisp soft set as shown
in Table 1.

Table 1. Crisp soft relation P.

P w1 wa w3 wy ws

k1 1 0 1 0
kh 0 1 1 0 1
ks 0 1 0 0 0
ke 1 1 1 0 1
Po Y — N(M) is a set valued function, and we have Ps(wy) = {ki,ka}, Ps(wp) =

{k1, ko, ks, ks }, Ps(ws) = {ka, ka}, Ps(ws) = {k1} and Ps(ws) = {ko, ks }. Mr. X gives most the favorable
parameter object C, which is an NS defined as follows:

C = {(k,02,0.5,0.6), (kp,0.4,0.3,0.2), (k3,0.2,0.4,0.5), (ks,0.6,0.2,0.1)}.

From the Definition 1, we have

Tpo(w) =\ Telk) =\/{02,06} =06,
kePs(wy)

Lcy(w) = A Ic(k) = A{0502} =02,
ke Ps(wy)

Esoy(w) = A\ Fe(k) = \{06,01} =0.1,
ke Ps(wy)

Tp(cy(w2) = 0.6, Ipic)(wa) =02, Fpey(wz) =011,
Tpcy(w3) = 0.6, Ipic)(ws) =02, Fpe)(ws) =01,
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Tp(o)(ws) =02, Ipc)(ws) =05, Fp(c)(ws) =06,
Tp(c)(ws) =06, Ip(c)(ws) = 0.2, Fp(c)(ws) =01
Similarly,
Tpoy(w1) = N\ Telk) = \{02,06} =02,
kePs(w)
Ipoyw) =\ Ic(k) =\/{0502} =05,
kePs(wy)
Fpoy(w1) =/ Fe(k) =\/{06,0.1} =06,
ke Ps(wy)
TP(C)(wz) =02, IB(c)(HQ) =05, FB(C)(Wz) =0.6,
TP(C)(w3) =04, IB(C)(WS) =0.3, FB(C)(w3) =0.2,
Tp(c)(ws) =02, Ipicy(ws) =05, Fpc)(ws) = 0.6,
Tp(c)(ws) =04, Ipc)(ws) =03, Fpicy(ws) =0.2.
Thus, we obtain
P(C) = {(w1,0.6,0.2,0.1), (w2,0.6,0.2,0.1), (w3,0.6,0.2,0.1), (w4,0.2,0.5,0.6), (w5,0.6,0.2,0.1)},
P(C) = {(w,02,05,06),(w,02,05,0.6), (w3,0.4,0.3,0.2), (w4,0.2,0.5,0.6), (ws,04,0.3,02)}.

Hence, (P(C), P(C)) is an SRNS of C.

Theorem 1. Let (Y, M, P) be an SAS. Then, the LSRNA and the USRNA operators P(C) and P(C) satisfy
the following properties for all C,D € N (M):

i P(C)=~P(~C),
(i) n
(i) CSCD=P(C)CP
(iv) P(CUD)2>P(C)U
(v) P(C)=~P(~C),

(vij P(CUD)=P(C)uU
(vi) CC D= P(C)C P
(viii) P(CND) C P(C)N

i}
(@]
D

S
I

o2

O

o I

where ~ C is the complement of C.

Proof. (i) By definition of SRNS, we have

2
(@]
\

{(k, Fc(k),1 — Ic(k), Tc(k))},
P(~C) = {(u, Tpiac)(t), Ip(cy (), Fpiacy(u)) [ u €Y},

~DP(~C) = {(uFpc)(u),1=Ip(c)(u), Tp(cy(u)) w0 €Y},
where
Fp =V Tctk), Ipecy(u) =\ (1 =Ic(k), Tpocy(w) = A\ Felk
k€P5( ) kePs(u) kGP;(u)

Hence, ~ P(~ C) = P(C).

75



Axioms 2018,7,19

(i)

P(CND)

{(u, Tpcnpy (), Ipccrpy (), Fpienpy (#)) [ € Y3}

A Teooy®), V' Iicopy®), \/ Fenp)(k
kePs(u) kePs(u) kePs(u)

» N\ Ty ATp(K), \/ (Tc(k) vV Ip(K)),

keP;( ) kePs(u)
\/ (Fe(k)VFp(k) |ueY}
kePs(u)
{(u, Tp(cy(u) A Tp(py (), Ip(cy (1) V Ipipy (1), Fpey (1) V Fp(p
P(C)NP(D).

) |ueY}

y(w)) [ ueY}

(iii) It can be easily proved by Definition 1.

(iv)

N Tcup(k)
kePs(u)

= N (Tc(k) VTp(k)

kePs(u)
( A\ Teo)v A Tp(k)
kePs(u)

kePs(u)
(Tpc)(u) V Tpp) (1)),

TB( >(”)UT£< ) ()

Tpcupy(u) =

Y

AV

Tp(cup) (1)

Similarly, we can prove that

Thus, P

Ip(cy(u) U Ippy (1),

INIA

Ip(cupy ()
Fp(cup)(u

P(CUD) 2 P(C) UP(D).

The properties (v)—(viii) of the USRNA P(C) can be easily proved similarly. [J

Example 2. Considering Example 1, we have

{(ky,0.6,0.5,0.2), (k»,0.2,0.7,0.4), (k3,0.5,0.6,0.2), (ks,0.1,0.8,0.6)},
{(w,0.6,0.5,0.2), (w5,0.6,0.5,0.2), (w3,0.2,0.7,0.4), (ws,0.6,0.5,0.2),
(ws,0.2,0.7,0.4)},

{(w1,0.2,0.5,0.6), (w5,0.2,0.5,0.6), (w3,0.4,0.3,0.2), (w4,0.2,0.5,0.6),
(ws,0.4,0.3,02)},

P(C).

{(k1,0.4,0.2,0.6), (kz,0.5,0.3,0.2), (ks,0.5,0.5,0.1), (ks,0.6,0.4,0.7) },
{(w,0.4,0.4,0.7), (w5,0.4,0.5,0.6), (w3,0.5,0.4,0.7), (ws,0.4,0.2,0.6),
(ws,0.5,04,0.7)},

{(k1,02,0.5,0.6), (kp,0.4,0.3,0.2), (k3,0.2,0.5,0.5), (ks,0.6,0.4,0.7)},
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P(CND) = {(w,02,05,0.7), (ws,0.2,0.5,0.6), (ws,0.4,04,0.7), (ws,0.2,0.5,0.6),
(ws,04,04,07)},

P(C)NP(D) = {(wy,02,05,0.7), (ws, 0.2,05,0.6), (w3,0.4,0.4,0.7), (ws,0.2,05,0.6),
(ws,04,04,0.7)},

P(CND) = P(C)NP(D),

CUD = {(ki,04,02,0.6), (k»,05,0.3,0.2), (ks,0.5,0.4,0.1), (ks,0.6,0.2,0.1)},

P(CUD) = {(wy,04,02,0.6), (ws,0.4,0.4,0.6), (w3,0.5,03,0.2), (ws,0.4,0.2,0.6),
(ws,0.5,03,02)},

P(C)UP(D) = {(wy,0.4,04,0.6), (ws,0.4,0.5,0.6), (w3,0.5,0.3,0.2), (ws,0.4,02,0.6),
(w5,05,0.3,02)}.

Clearly, P(CUD) D P(C) U P(D). Hence, properties of the LSRNA operator hold, and we can easily
verify the properties of the USRNA operator.

The conventional soft set is a mapping from a parameter to the subset of universe and let (P, M)
be a crisp soft set. In [11], Babitha and Sunil introduced the concept of soft set relation. Now, we present
the constructive definition of SRNR by using a soft relation R from M x M = M to P(Y x Y = Y),
where Y is a universal set and M is a set of parameter.

Definition 2. A SRNR (R(D),R(D)) on Y isa SRNS, R : M — P(Y) is a soft relation on Y defined by
R(klk]) = {uiuj ‘ Ju; € P(ki), uj € P(k/)}, ujuj € Y.
Let Rs : Y — P(M) be a set-valued function by
Rs(uiuj) = {k,k] (S M | (u,‘u]‘,k,‘kj) (S R}, ujuj € Y
For any D € N'(M), the USRNA and the LSRNA operators of D w.r.t (Y, M, R) defined as follows:

R(D) = {(uiuj, Tg(py (uittj), I py (witt)), Frpy (win))) | winj € Y},

R(D) = {(ujuj, Tg(p) (i), Ig(p) (uitt;), Fr(py (uin)) | wiuj € Y},

where

TE(D) (u,—uj) = \/ TD(klkj)r IK(D) (u,-uj) = /\ ID(klk]),
kikj€Rs (uj11;) kik;€Rs (uuj)

Fr(p) (uin) = N Folkikj),
kikj€Rs (uju;)

Tr(p)(uiu;) = AN To(kik)), Igpy(uwiny) = \/  Ip(kik)),
kik;€Rs (uu;) kikj€Rs (ujuj)

FB(D)(uiuj) = \/ FD(klk])

kikj€Rs (uuj)

The pair (R(D),R(D)) is called SRNR and R,R : N'(M) — P(Y) are called the LSRNA and the
USRNA operators, respectively.
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Remark 2. Foran NS D on M and an NS C on M,

IN

Tp (kik;) gg\r}l{TC(ki)},
Ip(kikj) < min{lc(k)},

Fp (kik;) ;?ei,\r}[{FC (ki)}.

A

IN

According to the definition of SRNR, we get

Tr(p) (#itt})
Igpy (uiuj)
Fr(p) (uit)

min{TmC) (ui), TE(C) ()},
max{lﬁ(c) (ui), IR ()},
max{%(c) (u7), Fre (uj)}-

INCIN A

Similarly, for the LSRNA operator R(D

~

7

Tr(p)(uiu;)
Ir(py(uiuj)
Fg(p) (uiu})

min{ Tg(c)(#4:), Tr(c) (1)},
max{IK(C) (lli), IB(C) (uj)},
max{Fgc)(u;), Fr(c) (1)) }-

ININ N

Example 3. Let Y = {uq,up, us} be a universal set and M = {ky,kp, k3} be a set of parameters. A soft set
(P, M) on Y can be defined in tabular form (see Table 2) as follows:

Table 2. Soft set (P, M).

P u u us

o1 1 0
kh 0 0 1
kB 1 1 1

Let E = {uqus, uouz, upus, usuyy € Y and L = {kyks, kok1, ksky} C M. Then, a soft relation R on E
(from L to E) can be defined in tabular form (see Table 3) as follows:

Table 3. Soft relation R.

R ujuy uxuz 1/53%) uzuy
kiks 1 1 1 0
kokq 0 0 0 1
ksko 0 1 0 0

Now, we can define set-valued function Rs such that

Rs(uguz) = {kiks}, Rs(uous) = {kiks, kskz}, Rs(uauz) = {kiks}, Rs(usuz) = {koki}.

Il
—_~
—

=
2
<
!\)
<
K
<
(=)}
=
—
=
N
L
o
'S
s
o
a1
<
o
N
—
N
—
=
@
<
=
<
!\)
<
=~
N
—
=
m
)
=
95
Q
=
-
=
)
N

C
R(C) = {(11,0.2,0.2,04), (12,0.2,0.4,0.4), (u3,0.4,0.2,0.2)},
R(C) = {(u1,0.1,0.4,0.6), (112,0.1,0.4,0.6), (13,0.1,0.5,0.4) },
Let D = {(kiks,0.1,0.2,0.2), (kak1,0.1,0.1,0.2), (kska, 0.1,0.2,0.1)} be an NS on L, then
R(D) = {(u1u,0.1,0.2,0.2), (u213,0.1,0.2,0.1), (1215,0.1,0.2,0.2), (u3u2,0.1,0.1,0.2) },
R(D) = {(u11,0.1,0.2,0.2), (t1o113,0.1,0.2,0.1), (u2112,0.1,0.2,0.2), (u3115,0.1,0.1,0.2) }.

Hence, R(D) = (R(D),R(D)) is SRNR.
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3. Construction of Neutrosophic Soft Rough Sets

In this section, we will introduce the notions of NSRSs, neutrosophic soft rough relations (NSRRs).

Definition 3. Let Y be an initial universal set and M a universal set of parameters. For an arbitrary
neutrosophic soft relation P from Y to M, (Y, M, P) is called neutrosophic soft approximation space (NSAS).
For any NS C € N(M), we define the upper neutrosophic soft approximation (UUNSA) and the lower
neutrosophic soft approximation (LNSA) operators of C with respect to (Y, M, P) denoted by P(C) and P(C),
respectively as follows:

BO) = {(, Ty ey (), Iy o (), F o () | w € Y},
BC) = {(u,Tpc) (), Ip(c) (), Fp(c)(w) [ u € Y},
where
Toe) ) = kyM(Tﬁ<c>(”fk)ATc(k))f Hc)(u):ké\M(Iﬁm(u,k)vlc(k)),
PP(C)(”) = kQA(FP(C)(”/k)VFC(k)),
Tp(cy(u) = ké\M(Fﬁ(c)(”,k)\/Tc(k)), Ig(c>(u):kl{w((l—Ip(c)(u,k))/\lc(k)),
Fyey(u) =\ (Tp(c) (k) NFe(k)).
keM

The pair (P(C), P(C)) is called NSRS of C w.r.t (Y, M, P),and P and P are referred to as the LNSRA
and the UNSRA operators, respectively.

Remark 3. A neutrosophic soft relation over Y x M is actually a neutrosophic soft set on Y. The NSRA
operators are defined over two distinct universes Y and M. As we know, universal set Y and parameter set M are
two different universes of discourse but have solid relations. These universes can not be considered as identical
universes; therefore, the reflexive, symmetric and transitive properties of neutrosophic soft relations from'Y to M
do not exist.

Let P be a neutrosophic soft relation from Y to M, if, for each u € Y, there exists k € M such that
Tp(u, k) =1,15(u,k) = 0, Fs(u, k) = 0. Then, P is referred to as a serial neutrosophic soft relation from Y to
parameter set M.

Example 4. Suppose that Y = {wq, wy, w3, wa} is the set of careers under consideration, and Mr. X wants
to select the most suitable career. M = {ky, ko, k3} is a set of decision parameters. Mr. X describes the “most
suitable career” by defining a neutrosophic soft set (P, M) on Y that is a neutrosophic relation from Y to M as
shown in Table 4.

Table 4. Neutrosophic soft relation P.

P w1 w2 w3 Wy
ky (0.3,0.4,0.5) (0.4,0.2,0.3) (0.1,0.5,0.4) (0.2,0.3,0.4)

ko (01,0504) (0.3,04,06) (04,04,03) (05,03,08)
ks (03,04,04) (04,06,07) (03,0504) (0.504,06)
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Now, Mr. X gives the most favorable decision object C, which is an NS on M defined as follows:
C = {(k1,0.5,0.2,0.4), (k,0.2,0.3,0.1), (k3,0.2,0.4,0.6) }. By Definition 3, we have

TT(C) (ZU]) = k\/M (TP(C) (wl,k) A Tc(k)) = \/{03,01,02} = 03,

T k/\ (Ip(c) (w1, k) V Ic(k)) = \{04,05,0.4} = 0.4,
eM

Fyo)(w1) = A (Fpc)(wi,k) Vv Fe(k)) = A\{05,04,0.6} = 0.4,
keM

P(
Similarly,
Tpoy(w1) = ké}ﬂ (Fp(c) (w1, k) V Te(k)) = N\{05,04,04} = 0.4,
Ipcy(w1) = kXA (1= Ipic) (w1, k) A c(k)) = \/{02,03,04} =04,
Fpo)(w1) = k\@ (Tp(c) (w1, k) A Fe(k)) = \/{0.3,0.1,03} = 0.3,
e

TE(C)(WZ) = 0.5, IB(C)('{Uz) = 0.4, FP(C)(WZ) = 0.4,
Tp(cy(ws) =04, Ipc)(ws) =04, Fpc(ws) =03,

Thus, we obtain

(C) = {(w1,03,04,04), (w,0.4,0.2,0.4), (w3,0.2,0.4,0.3), (ws,02,0.3,0.4)},
(C) = {(w,04,04,03), (w,0.5,0.4,0.4), (w3,0.4,0.4,0.3), (wy,0.5,0.4,0.5)}.

= ==l

Hence, (P(C), P(C)) is an NSRS of C.

Theorem 2. Let (Y, M, P) be an NSAS. Then, the UNSRA and the LNSRA operators B(C) and B(C) satisfy
the following properties for all C,D € N (M):

@) P(C) =~ P(~ A),
P

(i) P(CND)=P(C)NnP(D),
(iii) C <D= P(C) < P(D),
(iv) P(CuD) D P(C)uP(D),
(v) P(C) =~ P(~C),

(vi) P(CUD) = P(C)UP(D),
(vi) CC D = P(C) C P(D),
(viii) P(C N D) € B(C) N B(D).
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Proof. (i)
~C = {(kFc(k),1-Ic(k),Tc(k)) | k € M}.
By definition of NSRS, we have
P(~C) = {(uT; B~y () 5 (NC)(M)er(NC)(”)) |uey},
~ p("’ C) = {(” F(NQ(”‘)/l - Iﬁ(wc)(”)/ Tﬁ(wc)(”)) ‘ ue Y}/
FTB(NC)(M) = /\ (Fﬁ(urk) \ TC(k))
keM
= )(u)
1-Is u) = [Ip(u, k) V Ic(
Aoy (ké}w o c(®))
= ((1 — (k) A(1— INC(k)))
keM
= (171Puk 17(171C(k))))
keM
- (1—1puk Ae(k))
= Ipc)(u),
Tsio®) =V (Tp(u, k) ATc(k))
keM
= \/ (Tp(u,k) /\Fc(k))
keM
= Fp(cy(u)
Thus, B(C) = ~ P(~ Q).
(ii)
b(CnD) = {(u Tpcrp) ) Ipcrp) (), Fcrp (1)) 3,
P(C)NP(D) = {(u Tpic)(u) A Tppy (1), Lp(cy (1) V Ip(py (1), Fp(cy (1) V Fp(py (1)) }-
Now, consider
Tocopy () = N\ (Fp(u, k) V Tenp (k)
keM
= A (Fp(u k) Vv (Tc(k) A Tp(k)))
keM
= /\ (F (uk V Te(k /\ uk )V Tp(k))
keM keM

= TE(C)(u) A TE(D)(“)’
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Ipcopy () = \/ (1= Ip(u, k) Alcrp (k)
keM
=V (=TI, k) A (Ic(k) V Ip(k)))
keM
= V (A=Ip(w k) Alc(k)) v \/ (1= Ip(u,k)) VIp(k))
keM keM
= IB(C)(M) V IE(D)(M)’
Epcrpy() = \/ (Tp(u, k) A Ferp (k)
keM
=\ (Tp(uk) A (Fe(k) Vv Fp(K)))
keM
= \/ ( (u k) A Fe(k \/ Ll k) /\FD(k))
keM keM

Thus, P(CND) = P(C)NP(D).

(iii) It can be easily proven by Definition 3.

(iv)

P(cuD) = {(u Tp(cup) (u), Ipcup) (u), Fp(cup) ()},
P(CYUD(D) = {(u,Tpic) () V Tp(py (), Ipic) (#) A Iy (), Fpcy (1) A Fp(py ()},
Tpcupy(u) = (Fp(u, k) vV Teup (k)

(Fp(,k) v [Telk) v To (K)))
= A (IFpu, k) v Te(R)] V [Fp(u, k) v To (k)

Fp(u,k) \/TC(k)) v A (Fp(u,k) \/TD(k))
keM keM

IE(CUD)(”) =

=V (= Ipk) Allc(k) A Tp(0)])
@*@MHM%MWWO*%%WAb®D
(

(1 *IE(M k /\IC \/ 1 — IP u, k)) /\ID(k))
keM

= Ipcy(u) ANlp(py (1),

Escopy() =/ (Tp(u,k) A Feup (k)
keM

=\ (Tp(u k) A[Fe(k) A Fp(K)])

keM
= VQ%@MA&@»WEWMA%@D
keM

<V (Tp(u, k) NFe(R) A\ (Tp(u, k) A Fp(k))
keM keM

= FB(C)(u) A FE(D)(”)‘
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(vii)

CﬂD ) 5 (CmD)( ), ILP(CQD)( ))},
) (u

(T
(u, Ty () A Tﬁ(m( ), Loy () V I ) (1), i ) () V ILP(D)(M)) b
(Tp(u, k) A Tenp (k)

BcnD) = {(u

/’_ﬁ\z
o
D
=t
)
Il
—_—

(Tt k) A [Te() A To ()]
(ITp(, ) A T ()] A [Tp(u, k) A To ()] )
(

Tp(1,k) A Tc(k)) Y (Tp(u,k) A TD(k))
keM keM

B(crD) ()

> A (k) VIck) v A (( k)) v Ip(k))
M
)

PP(CmD)(”) = A (Fs(uk)V Feap(k))

= A(ﬁva&<nw%va&wm

> (Fs(u,k) vV Fe(k)) v N\ (F5(u,k) v Fp(k))
keM keM

N

o
o

D
/’Ez‘
S

Thus, E(C NnD) C
The properties (v)-(vii) of the UNSRA operator B(C) can be easily proved similarly. [

Theorem 3. Let (Y, M, P) be an NSAS. The UNSRA and the LNSRA operators Pand P satisfy the following

properties for all C,D € N'(M):

() P(C-D)
p

)
P(C—-D) C

(i)
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Proof. (i) By Definition 3 and definition of difference of two NSs, forallu € Y,

Tpic—py(u) =

Ipc_py(u) =

Fpc_py(u) =

Thus, P(C — D)

N

N (Fp(u,k) v Te_p(k))
keM

A (Fs(,5) v (Te(k) A Fo(K)))

keM

A ([Fp(u k) v Te ()] A [Fp (1, k) V Fo (K)))
keM

N (Fs(u, k) v Tc(k)) A A (Fs(u,k) v Fp(k))

keM keM
TB(C) (u) A ILP(D) (u)

Th(c)-p(o) )

V (= 1Ip(u, k) Ae—p(K))

(1 — Ip(u,k)) PN Ic(k)) A \/ (l — (Ip(u,k) Vv ID(k)))
keM keM

(1= Ip(u, k) A e (k) A (1 — A (Ip(u,k) VID(k)))
keM
() A (1= I (1))

o)5(p)():
(Tp(u, k) A FC,D(k))

—_—
s @

N =

o

=~

(Tp(u, k) A (Fe(k) ATp(k)))

P

s<E<kt<

(ITp(,k) A Ee(0)] A [Tp(u,k) A To (K)))

-~

(Tp(u,k) A Fc(k)) A \/ (Tp(u, k) A TD(k))

ke keM

FE Q) (u) A Tﬁ(D) (M)

=

(ii) By Definition 3 and definition of difference of two NSs, forallu € Y,
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Tocpy(#) = kgﬂ Tp(u, k) A Te_p(k))
=\ (Tp(, k) A (Te (k) A Fp(K)))
keM
=V (ITplu k) A Te(k)) A [Tp(u, k) A Fp (k)] )
keM
<\ (Tpw k) ATc(k)) A\ (Tp(u, k) A Fp(k))
keM keM

Il
R

5(c) () A Fop) (1)

I
7

o)-p0) )

P(
If(ciD)(u) = kg/[(lp(u,k)\/lc,lj(k))
= A Ik v (Ic(k) A (1= Ip(k))))
keM
= A (s k) VIR A lIp(,K) v (1= In(k))])
keM
= A (k) VIc) A L = (= Ip,K) v (1 = Ip(K))])
keM
= AUk VIe®)A (1= (1= Ipwk) A b))
keM keM
= Iy () A (1= Iy ()
= 15c)-pi0) )
Fﬁ(c_D)(u) = Ay (FP(u k)VFC—D(k))
= A (Fplwk)V (Fe(k) A Tp (k)
keM
= A (IFp(u,K) v Fe(R)] A [Fp(, k) v T (K)])
keM
= A (Es(w k) VE(R) A N (Fp(u k) v Tp(k))
keM keM
= FTB(C)(”)/\TE(D)( )
= Fe)-pm) )
Thus, P(C—D) C P(C)—DP(D).

O

Theorem 4. Let (Y, M, P) be an NSAS. If P is serial, then the UNSA and the LNSA operators P and P satisfy
the following properties for all @, M, C € N (M):

G) P(@) =@, P(M) =Y,
(i) P(C) < P(O).
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Proof. (i)

=
=
Il

Since @ is a null NS on M, Ty (k)
Tﬁ(@)(”) =0, Iz(u) =1, F5(u)

{(M, Tﬁ(@)(”)l IF(@)(”)/%(@)(”)) | ue Y},
\ (Tp(u, k) A To(k)),

keM

/\ (Ip(u,k) Vv 1@(}()),

keM

N (Fp(i,k) V Fo (k).

keM
=0, Ip(k) =1,Fp(k) = 1,and this implies
= 1. Thus, P(?) = @.

Now,
PM) = {(u, Ty (), Ipgny (1), Fpy () [ w € Y},
TE(]M)(”) = /\ (Pp(u, k) vV T]]\/I(k)), IB(]M)(”) = \/ ((] — Ip(u,k)) AN I]N[(k)),
keM keM

FE(]M)(”) = \/ (Tp(u,

keM

k) A Fai (k).

Since M is full NS on M, Tyy(k) = 1, (k) = 0, (k) = 0, for all k € M, and this implies
Tpy (1) = 1, Ipgy (1) = 0, Fp(pyyy (1) = 0. Thus, P(IM) = Y.
(i) Since (Y, M, 15) is an NSAS and P is a serial neutrosophic soft relation, then, for each 1 € Y, there

exists k € M, such that Tj(u, k)

= 1,I5(u,k) = 0, and Fs(u,k) = 0. The UNSRA and LNSRA

operators ﬁ(C), and B(C) of an NS C can be defined as:

Clearly, Tp(cy(u) < TT<C)(u),

Thus, B(C) C P(C).
O

= \/ TC(k)r Iﬁ(c)(u) = /\ IC(k)r

keM keM

= A FEe(k),

keM

= N Tck), Ipe)(w) =\ Ic(k),

keM keM

— \/ Eelk).

keM

Ipcy(u) = TT(C)(u), Fpey(u) = Pp(c)(u) for all u € Y.

The conventional NSS is a mapping from a parameter to the neutrosophic subset of universe and
let (P, M) be NSS. Now, we present the constructive definition of neutrosophic soft rough relation by
using a neutrosophic soft relation R from M x M = M to N'(Y x Y = Y), where Y is a universal set

and M is a set of parameters.

Definition 4. A neutrosophic soft rough relation (R(D), R(D)) on Y is an NSRS, R : M — N (Y) is
a neutrosophic soft relation on Y defined by

R(k,k]) = {uiu/- ‘ Eu,- S p(kl), M]' S ﬁ(k])}, “i“j c Y,
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such that

T (ujuj, kikj) <
IR(uiuj,kik/)g max{Ip(ui,ki),I-(uj,k]-)},
Fr(ujuj, kikj) <

Forany D € N (M), the UNSA and the LNSA of B w.r.t (Y, M, R) are defined as follows:

R(D) = { (i, T (w4, ) (it ), gy (i) | iy € Y,
R(D) = {(uiuf’ TE(D>(”1'”J')'IE(D)(”i”j)rFE(m(uiuj)) | uilj € Y},
where
Trpy (Wing) = \/  (Tr(uu; kikj) A Tp(kik;)),
kikjeM
) uit) = /\ (T (wiuj, kikj) V Ip (kik;)),
kikjeM
Froy (i) =\ (Frluiuj kiky) v Fp (kik;)),
kikje M
TB(D)(MiMj) = /\ (FR(”i”]'/kikj)VTD(kikj)),
kikjeM
Iy uiny) =\ (1= Ig(wiuy kiky) A Ip(kiky)),
kik/eM
Fypy(uiny) =\ (Tg(uiwj kikj) A Fp(kik;)).
kikjeM

The pair (R(D), R(D)) is called NSRR and R, R : N'(M) — N (Y) are called the LNSRA and the
UNSRA operators, respectively.

Remark 4. Consideer an NS D on M and an NS C on M,

Tp(kikj) < min{Tc(k;), Tc(k;)},
Ip(kikj) < max{lc(k), Ic(k;j)},
Fp(kikj) < max{Fc(k;), Fc(kj)}-

According to the definition of NSRR, we get

TE(D)(ufuj) < min{TE<C)(ui)/ TT(Q (u])}/
IE(D)(uiuj) < max{lﬁ(c)(u,-), IE(C)(u])}’
ILR(D)(MI'M]') < max{l;ﬁ(c) (ui)'l;fq(c)(uj)}'
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Similarly, for LNSRA operator R(D),

Trepy(uij) - < min{Tgc) (1), Ty(c)(uj)},
Igpy(winj) < max{Igc) (i), Ig(cy(u)},
F; D)(u,u]) < max{FRC (u 1)'FB(C)( ])}

Example 5. Let Y = {uy,up, u3} be a universal set and M = {ky,kp, k3} a set of parameters. A neutrosophic
soft set (P, M) on Y can be defined in tabular form (see Table 5) as follows:

Table 5. Neutrosophic soft set (P, M).

P u Uy u3
k1 (04,05,06) (0.7,03,0.2) (0.6,0.3,0.4)

ko (05,03,06) (0.3,04,03) (0.7,0.2,03)
ks (07,02,03) (0.6,05,04) (0.7,0.2,0.4)

Let E = {uluz, Upuz, Uslly, u3u2} C Yand L = {k1k3,k2k],k3k2} - M.
Then, a soft relation R on E (from L to E) can be defined in tabular form (see Table 6) as follows:

Table 6. Neutrosophic soft relation R.

R Uy U3 Uusly uzuy
kiks  (04,04,05) (0.6,0.3,0.4) (0.5,04,0.2) (0.5,0.4,0.3)

koky  (03,03,04) (03,02,03) (02,03,03) (0.7,02,02)
kska (03,03,02) (05,0.3,02) (0.2,04,04) (0.3,04,04)

Let C = {(k;,0.2,0.4,0.6), (k2,0.4,0.5,0.2), (k3,0.1,0.2,0.4) } be an NS on M, then
R(C) = {(u1,0.4,02,0.4), (12,0.3,0.4,0.3), (u3,0.4,0.2,0.3)},

R(C) = {(11,0.3,05,0.4), (11,0.2,0.5,0.6), (3,0.4,0.5,0.6) },

Let B = {(k1k3,0.1,03,0.5), (k2k1,0.2,0.4,0.3), (k3kz,0.1,0.2,03) } be an NS on L, then
R(D) = {(u114,0.2,0.3,0.3), (1113,0.2,0.3,0.3), (11312,0.2,0.4,0.3), (11312,0.2,0.4,0.3)},

R(D) = {(1142,02,0.4,0.4), (15113,0.2,0.4,0.5), (t1215,0.3,0.4,05), (1u3142,02,0.4,0.5) }.
Hence, R(D) = (R(D), R(D)) is NSRR.

Theorem 5. Let Py, P, be two NSRRs from universal Y to a parameter set M; for all C N (M), we have

() PLUB(C) = A(C)N A(C),
(ii) P u PZ(C) = 151((?) U PZ(C)

Theorem 6. Let Py, P, be two neutrosophic soft relations from universal Y to a parameter set M; for all
C € N (M), we have

(i) Anh(C)

2 (C) 2 A(C)NA(C),
(i) PLNP(C)C
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4. Application

In this section, we apply the concept of NSRSs to a decision-making problem. In recent times,
the object recognition problem has gained considerable importance. The object recognition problem
can be considered as a decision-making problem, in which final identification of object is founded on
a given amount of information. A detailed description of the algorithm for the selection of the most
suitable object based on an available set of alternatives is given, and the proposed decision-making
method can be used to calculate lower and upper approximation operators to address deep concerns
of the problem. The presented algorithms can be applied to avoid lengthy calculations when dealing
with a large number of objects. This method can be applied in various domains for multi-criteria
selection of objects. A multicriteria decision making (MCDM) can be modeled using neutrosophic soft
rough sets and is ideally suited for solving problems.

In the pharmaceutical industry, different pharmaceutical companies develop, produce and
discover pharmaceutical medicines (drugs) for use as medication. These pharmaceutical companies
deal with “brand name medicine” and “generic medicine”. Brand name medicine and generic medicine
are bioequivalent, have a generic medicine rate and element of absorption. Brand name medicine and
generic medicine have the same active ingredients, but the inactive ingredients may differ. The most
important difference is cost. Generic medicine is less expensive as compared to brand names in
comparison. Usually, generic drug manufacturers have competition to produce products that cost less.
The product may possibly be slightly dissimilar in color, shape, or markings. The major difference is
cost. We consider a brand name drug “u = Claritin (loratadink)” with an ideal neutrosophic value
number 1, = (1,0,0) used for seasonal allergy medication. Consider

Y = {u; = Nasacort Aq (Triamcinolone), u, = Zyrtec D (Cetirizine/Pseudoephedrine),
u3 = Sudafed (Pseudoephedrine), uy = Claritin-D (loratadine/pseudoephedrine),

us = Flonase (Fluticasone) }

is a set of generic versions of “Clarition”. We want to select the most suitable generic version of Claritin
on the basis of parameters ¢; = Highly soluble, e; = Highly permeable, e3 = Rapidly dissolving.
M = {e1,e5,e3} be a set of paraments. Let P be a neutrosophic soft relation from Y to parameter set
M as shown in Table 7.

Table 7. Neutrosophic soft set (P, M).

13 e1 ez es3

. (04,05,06) (0.7,03,02) (0.6,03,04)
u;  (05,03,06) (03,04,03) (0.7,02,03)
uz  (07,02,03) (0.6,05,04) (0.7,02,04)
us  (05,07,05) (0.8,04,0.6) (0.8,0.7,0.6)
us  (0.6,05,04) (0.7,08,05) (0.7,03,0.5)

Suppose C = {(e1,0.2,0.4,0.5), (¢2,0.5,0.6,0.4), (¢3,0.7,0.5,0.4) } is the most favorable object
that is an NS on the parameter set M under consideration. Then, (P(C), P(C)) is an NSRS in
NSAS (Y, M, P), where

=l

{(11,0.6,0.5,0.4), (112,0.7,0.4,0.4), (13,0.7,0.4,0.4), (114,0.7,0.6,0.5), (15,0.7,0.5,0.5)},
{(u1,0.5,0.6,0.4), (1,0.5,0.6,0.5), (u3,0.3,0.3,0.5), (114,0.5,0.6,0.5), (us,0.4,0.5,0.5) }.

(©)
C)

\Ex
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In [6], the sum of two neutrosophic numbers is defined. The sum of LNSRA and the UNSRA
operators P(C) and P(C) is an NS P(C) & P(C) defined by

P(C)BB(C) = {(11,08,0.3,0.16), (12,0.85,0.24,0.2), (u3,0.79,0.2,0.2), (114,0.85,0.36,0.25),
(15,0.82,0.25,0.25) }.

Letn,, = (T”"i A F”"i) be a neutrosophic value number of generic versions medicine ;. We can
calculate the cosine similarity measure S(1,,, 1, ) between each neutrosophic value number 1, of
generic version u; and ideal value number 1, of brand name drug u, and the grading of all generic
version medicines of Y can be determined. The cosine similarity measure is calculated as the inner
product of two vectors divided by the product of their lengths. It is the cosine of the angle between
the vector representations of two neutrosophic soft rough sets. The cosine similarity measure is
a fundamental measure used in information technology. In [3], the cosine similarity is measured
between neutrosophic numbers and demonstrates that the cosine similarity measure is a special case
of the correlation coefficient in SVNS. Then, a decision-making method is proposed by the use of
the cosine similarity measure of SVNSs, in which the evaluation information for alternatives with
respect to criteria is carried out by truth-membership degree, indeterminacy-membership degree,
and falsity-membership degree under single-valued neutrosophic environment. It defined as follows:

) T+ Ty, + Ty - Iy, + Fy, - By,
T Bt [T T,

)

S(1y, ny,

Through the cosine similarity measure between each object and the ideal object, the ranking order
of all objects can be determined and the best object can be easily identified as well. The advantage is
that the proposed MCDM approach has some simple tools and concepts in the neutrosophic similarity
measure approach among the existing ones. An illustrative application shows that the proposed
method is simple and effective.

The generic version medicine u; with the larger similarity measure S (nux., ny) is the most suitable
version u; because it is close to the brand name drug u. By comparing the cosine similarity measure
values, the grading of all generic medicines can be determined, and we can find the most suitable
generic medicine after selection of suitable NS of parameters. By Equation (1), we can calculate the
cosine similarity measure between neutrosophic value numbers 7, of u and n,,, of u; as follows:

S(mu,me) = 09203, S(y,ny,) = 0.9386, S(1y,my,) = 0.9415,
0.8888 S (11,,, 1145) = 0.9183.

S(nu,nu4)

We get S(ny, nuy) > S(1y, uy) > S(nu, nyy) > S(ny, nus) > S(ny, ny,). Thus, the optimal decision
is uz, and the most suitable generic version of Claritin is Sudafed (Pseudoephedrine). We have used
software MATLAB (version 7, MathWorks, Natick, MA, USA) for calculations in the application. The
flow chart of the algorithm is general for any number of objects with respect to certain parameters.
The flow chart of our proposed method is given in Figure 1. The method is presented as an algorithm
in Algorithm 1.
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l=1+1

1=1+1

Read the number of elements in universal set Y’
‘and number of elements in parameter set M.

Read neutrosophic soft relation
and neutrosophic set C' on M.

P

TF(C) = zeros(n, 1)
o) = ones(n, 1)
By = ones(n, 1) E=k+1
Tp(cy = ones(n, 1)
Ipcy = zeros(n, 1)
Fpcy = zeros(n, 1)
False

lTTue

P(C) @ P(C) = zeros(n, 3)

S(nu,nu,;) = zeros(n, 1)

fprintf(“ it is a neutrosophic set on universal set")

fprintf(*“ you can choice the element u,j'")

Figure 1. Flow chart for selection of most suitable objects.
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Algorithm 1: Algorithm for selection of the most suitable objects

1
2
3.
4.
5
6
7

®

10.
11.

12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.

30.
31.
32.
33.
34.
35.
36.

37.
38.
39.
40.
41.

. Begin

Input the number of elements in universal set Y = {uy,u,...,u,}.
Input the number of elements in parameter set M = {eq,e,...,en}.
Input a neutrosophic soft relation P from Y to M.
Input an NS C on M.
if size(P) # [n,3 = m]
fprintf(\ size of neutrosophic soft relation from universal set to parameter
set is not correct, it should be of order %dx%d; ', n,3 * m)
error(\ Dimemsion of neutrosophic soft relation on vertex set is not correct. ’)
end
if size(C) # [m, 3]
fprintf(\ size of NS on parameter set is not correct,
it should be of order %dx3; ’,m)

error('Dimemsion of NS on parameter set is not correct.”)
end
TF(C) = zeros(n,1);
IF(C) = ones(n,1);
[lp(c) = ones(n,1);

if size(P) == [n,3 x m]

if size(C) == [m, 3]
ifP>=0&&DP <=1
fC>=0&&C<=1
fori=1:n
fork=1:m
j=3*k-2;

Tﬁ(o(i,l):max(Tﬁ(c)( 1), min(P(i, ), C(k,1)));
B ey (i,1) = min(F5 (i, 1), max(P(i,j + 1), C(k,2)));

P,a(c)(i,l) :min(FTs( )( 1), max(P(i,j +2),C(k,3)));
Tp(c)(i,1) = min(Tp(c) (i, 1), m P(i,j+2),C(k,1)));
( 1-—

ax(
Ip(c)(i,l) = max IE(C)( 1), min((
i, 1

5 1 P(i,j+1)),C(k,2)));
Fpe) (1) = max(Fp(c) (i, 1), min(P(i, ), C(k,3)));
end
- end
PEC) (Ts(c) ey Foic))
P(C) = (Tmc)flﬁ(c)'FI’(C))

if P(C) == P(C)

fprintf(\ it is a neutrosophic set on universal set. ')
else

fprintf(\it is an NSRS on universal set. /)

P(C) ® P(C) = zeros(n,3);
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42.
43.

44.
45.

46.
47.
48.
49.

50.

51.
52.
53.
54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.
71.
72.
73.
74. End

fori=1:n
50y (1) @ Tp(c) (1) = T ) (1) + Tp(c)

Ip(c)( i) & IP(C)(i) = IT(C)(i)- * IE(C)(i);
F(O)) @ Foc) (i) = By (i) * Foc (0
end
ny = (1,0,0);
S(ny,ny;) = zeros(n,1);

fori=1:n
T”u ' Tn,,, + Inu . Inu + an : Fnul
S(Vlur Vlu,) = ;
VT + T T B+ Th, + T +Fm,

end

S(nu,nui)

D=max(S);

1=0;

m=zeros(n,1);
D2=zeros(n,1);
forj=1n
if S(j,1)==
1=1+1;
D2(j,1)=5(.1);
m(j)=j;
end
end
forj=1:n
ifm(j) =0
fprintf(* you can choice the element u9,5 ' j)
end
end
end
end
end
end

end

5. Conclusions and Future Directions

Rough set theory can be considered as an extension of classical set theory. Rough set theory
is a very useful mathematical model to handle vagueness. NS theory, RS theory and SS theory are
three useful distinguished approaches to deal with vagueness. NS and RS models are used to handle
uncertainty, and combining these two models with another remarkable model of SSs gives more
precise results for decision-making problems. In this paper, we have first presented the notion of
SRNSs. Furthermore, we have introduced NSRSs and investigated some properties of NSRSs in detail.
The notion of NSRS can be utilized as a mathematical tool to deal with imprecise and unspecified
information. In addition, a decision-making method based on NSRSs has been proposed. This research
work can be extended to (1) rough bipolar neutrosophic soft sets; (2) bipolar neutrosophic soft rough
sets; (3) interval-valued bipolar neutrosophic rough sets; and (4) neutrosophic soft rough graphs.
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Abstract: Neutrosophic sets (NSs) handle uncertain information while fuzzy sets (FSs) and
intuitionistic fuzzy sets (IFs) fail to handle indeterminate information. Soft set theory, neutrosophic
set theory, and rough set theory are different mathematical models for handling uncertainties and
they are mutually related. The neutrosophic soft rough set (NSRS) model is a hybrid model by
combining neutrosophic soft sets with rough sets. We apply neutrosophic soft rough sets to graphs.
In this research paper, we introduce the idea of neutrosophic soft rough graphs (NSRGs) and describe
different methods of their construction. We consider the application of NSRG in decision-making
problems. In particular, we develop efficient algorithms to solve decision-making problems.

Keywords: neutrosophic soft rough sets; neutrosophic soft rough graphs; decision-making; algorithm

1. Introduction

Smarandache [1] initiated the concept of neutrosophic set (NS). Smarandache’s NS is characterized
by three parts: truth, indeterminacy, and falsity. Truth, indeterminacy and falsity membership
values behave independently and deal with problems having uncertain, indeterminant and imprecise
data. Wang et al. [2] gave a new concept of single valued neutrosophic sets (SVNSs) and defined
the set theoretic operators on an instance of NS called SVNS. Peng et al. [3] discussed the
operations of simplified neutrosophic numbers and introduced an outranking idea of simplified
neutrosophic numbers.

Molodtsov [4] introduced the notion of soft set (SS) as a novel mathematical approach for handling
uncertainties. Molodtsov’s SSs gave us a new technique for dealing with uncertainty from the
viewpoint of parameters. Maji et al. [5-7] introduced neutrosophic soft sets (NSSs), intuitionistic
fuzzy soft sets and fuzzy soft sets (FSSs). In [8], Sahin and Kucuk presented NSS in the form of
neutrosophic relations.

Theory of rough set (RS) was proposed by Pawlak [9] in 1982. Rough set theory is used to study
the intelligence systems containing incomplete, uncertain or inexact information. The lower and upper
approximation operators of RSs are used for managing hidden information in a system. Feng et al. [10]
took a significant step to introduce parametrization tools in RSs. Meng et al. [11] provide further
discussion of the combination of SSs, RSs and FSs. The existing results of RSs and other extended
RSs such as rough fuzzy sets, generalized rough fuzzy sets, soft fuzzy rough sets and intuitionistic
fuzzy rough sets based decision-making models have their advantages and limitations [12,13].
In a different way, rough set approximations have been constructed into the intuitionistic fuzzy
environment and are known as intuitionistic fuzzy rough sets and rough intuitionistic fuzzy sets [14,15].
Zhang et al. [16,17] presented the notions of soft rough sets, soft rough intuitionistic fuzzy sets,
intuitionistic fuzzy soft rough sets, its application in decision-making, and also introduced generalized
intuitionistic fuzzy soft rough sets. Broumi et al. [18,19] developed a hybrid structure by combining
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RSs and NSs, called RNSs, they also presented interval valued neutrosophic soft rough sets by
combining interval valued neutrosophic soft sets and RSs. Yang et al. [20] proposed single valued
neutrosophic rough sets (SVNRSs) by combining SVNSs and RSs and defined SVNRSs on two universes
and established an algorithm for a decision-making problem based on SVNRSs on two universes.
Akram and Nawaz [21] have introduced the concept of soft graphs and some operation on soft
graphs. Certain concepts of fuzzy soft graphs and intuitionistic fuzzy soft graphs are discussed
in [22-24]. Akram and Shahzadi [25] have introduced neutrosophic soft graphs. Zafar and Akram [26]
introduced a rough fuzzy digraph and several basic notions concerning rough fuzzy digraphs. In this
research paper, a neutrosophic soft rough set is a generalization of a neutrosophic rough set, and we
introduce the idea of neutrosophic soft rough graphs (NSRGs) that are made by combining NSRSs
with graphs and describe different methods of their construction. We consider the application of NSRG
in decision-making problems and resolve the problem. In particular, we develop efficient algorithms
to solve decision-making problems.

For other notations, terminologies and applications not mentioned in the paper, the readers are
referred to [27-35].

2. Neutrosophic Soft Rough Information

In this section, we will introduce the notions of neutrosophic soft rough relation (NSRR),
and NSRGs.

Definition 1. Let Y be an initial universal set, P a universal set of parameters and M < IP. For an arbitrary

neutrosophic soft relation Q over Y x M, (Y, M, Q) is called neutrosophic soft approximation space (NSAS).
For any NS A € N (M), we define the upper neutrosophic soft rough approximation (UNSRA) and the

lower neutrosophic soft rough approximation (LNSRA) operators of A with respect to (Y, M, Q) denoted by

Q(A) and Q(A), respectively as follows:

Q4 = Ty (), Igeay (), Fgay () [u € Y},
Ql4) = { 0

where

Tguy) = \/ (Toeay(u,e) A Tale)), Ig(a) (1) = /\ (Ig(a)(u,e) v 1a(e)),

eeM eeM

Fom () = I\ (Fo(ay(e) v Exe)); Toa)(u) = /\ (Fg(a)(i,e) v Ta(e)),
eeM eeM

Igay(w) = \/ (1= Igay(u,0) A Ta(e)), Fo(ay(u) = \/ (To(ay(u,e) A Fale)).
eeM eeM

The pair (Q(A), Q(A)) is called NSRS of A w.rt (Y, M, Q), Q and Q are referred to as the LNSRA and
the UNSRA operators, respectively.

Example 1. Suppose that Y = {wq, wy, w3, wa} is the set of careers under consideration, and Mr. X wants to
select the best suitable career. Ml = {e1, ey, e3} is a set of decision parameters. Mr. X describes the “most suitable
career” by defining a neutrosophic soft set (Q, M) on Y that is a neutrosophic relation from Y to M as shown in
Table 1.

Table 1. Neutrosophic soft relation Q.

Q wy wa w3 wy
ey (03,04,05) (04,02,03) (0.1,0504) (0.2,03,0.4)

e, (0.1,0504) (0.3,04,06) (04,04,03) (0.5,03,08)
es  (0.3,04,04) (04,06,07) (0.3,0504) (0.5,04,0.6)
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Now, Mr. X gives the most favorable decision object A, which is an NS on M defined as follows: A =
{(e1,0.5,0.2,0.4), (e2,0.2,0.3,0.1), (e3,0.2,0.4,0.6)}. By Definition 1, we have

T@(A) (W1) =0.3,

I@(A)(wl) =04,
I@(A)(WZ) = 0.2,
IQ(A)(Z(]y,) =04,
I@(A)(ZU4) =03,

Foay(w1) = 04,

Ib(/\) (ZUZ) = 0.4,
FQ(A)(w?’) =0.3,

Similarly,
To(a) (wq1) =04, IQ(A)(wl) =04, FQ(A)(wl) =0.3,
Tg(a)(w2) = 0.5, Ii(A)(wz) =04, Fou) (wy) =04,
To(ay(ws) = 04, Ig(ay(ws) = 04, Foa)(ws) =03,
To(ay(wa) = 0.5, Iga)(ws) =04, FQ(A)(w4) =0.5.

Thus, we obtain

>

(A4) =
(A)

Hence, (Q(A), Q(A)) is an NSRS of A.

{(w1,0.3,0.4,0.4), (w5,0.4,0.2,0.4), (w3,0.2,0.4,0.3), (wy,0.2,0.3,0.4)},
{(w1,0.4,0.4,0.3), (w5,0.5,0.4,0.4), (w3,0.4,0.4,0.3), (1y,0.5,0.4,0.5)}.

o ol
B

The conventional neutrosophic soft set is a mapping from a parameter to the neutrosophic
subset of the universe and letting (Q, M) be neutrosophic soft set. Now, we present the constructive
definition of neutrosophic soft rough relation by using a neutrosphic soft relation S from M x M = M
to N'(Y x Y = Y), where Y is a universal set and M be a set of parameters.

Definition 2. A neutrosophic soft rough relation (S(B),S(B)) on Y is an NSRS, S : M — N(Y) is a
neutrosophic soft relation on'Y defined by

S(eiej) = A{uuj|3u; e Qle;), uj € Qlej)}, uuj € Y, such that
Ts(uiuj,eie)) < min{To(u;e;), To(uj ej)}
Is(u,vu]-,e,vej) < maX{IQ(ui,ei),IQ(uj, E])}

N

FS (u,'u]', 6,'8]'
For any B € N'(M),

max{FQ(ui,e,-), FQ(M]', E])}
{(eiej, Ta(eie)), Ip(eie;), Fy(eie;)) uju; € M},

os]
Il

Tp(eiej) < min{Ta(e;), Talej)},
Ip(ere;) < max{Ia(e;), Ia(ej)},
Fp(eiej) < max{Fa(e;), Fa(e))}-

The UNSA and the LNSA of B w.r.t (Y, M, S) are defined as follows:
S(B) = {(ujuj, gy (uiuij), Iy (uitaj), F(gy (uiny)) | uinj € Y},

S(B) = {(ujuj, Tg(p) (uiuy), Is(py (uintj), Fsp) (uintj)) | uinj € Y},
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where
Tg(B)(LliMj) = \/ (Ts(ui”jzeiej)/\TB(EiE]')),
eie;eNl
Iy (uivj) - = /\ (Is(uiuj, ejej) v Ig(eie;)),
eie; M
PS(B)(uiuj) = /\ (Fs(uiuj,eiej)\/FB(eiej));
e,-e/-eM
Toy(wiy) = /\ (Fs(wu eie) v Ta(eiey)),
eie;eNl
Isgy(uin) = \/ (1= Is(uuj,eie)) A Ip(eiey)),
e,-e/-eM
Fgpy(uiuj) = \/ (Ts(uuj eiej) A F(eie;)).
eje ;M

The pair (S(B),S(B)) is called NSRR and S, S : N' (M) — N (Y) are called the LNSRA and the UNSRA
operators, respectively.

Remark 1. Consider an NS B on M and an NS A on M, according to the definition of NSRR, we get

Tgpy (i) < min{Tg (i), Tg 4y (1))},

Ig(B) (u,-uj) < max{lg(A) (u,-), Ig(A)(uj)},

Fopy(uiuj) < max{Fg 4 (ui)-Fg 4 (uf)}-
Similarly, for LNSRA operator S(B),

T§<B)(uiuj) < mil’l{T§<A)(Mi), Tﬁ(A)(uj)},

Ispy(uing) < max{Iga)(us), I ay(uj)},

F§(B) (uiu]') < max{FE(A) (ui).F§<A)(M]‘)}.

Example 2. Let Y = {uq, up, uz} be a universal set and M = {eq, e, e3} a set of parameters. A neutrosophic
soft set (Q, M) on Y can be defined in tabular form in Table 2 as follows:

Table 2. Neutrosophic soft set (Q, M).

Q uq U u3

e;  (04,05,06) (0.7,03,02) (0.6,0.3,0.4)
e; (05,03,06) (03,04,03) (0.7,02,0.3)
es (0.7,02,03) (0.6,05,04) (0.7,02,04)

Let E = {uquy, upuz, tpin, uzus} Y and L = {ee3,e2e1, 362} = ML
Then, a soft relation S on E (from L to E) can be defined in Table 3 as follows:

9
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Table 3. Neutrosophic soft relation S.

S uuy Uuaus Uz uzuy
eres (04,04,05) (0.6,0.3,04) (0.5,04,02) (0.5,04,03)

eer (0.3,03,04) (03,02,03) (02,03,03) (0.7,02,0.2)
ez (0.3,03,02) (0503,02) (02,04,04) (0.3,04,04)

Let A = {(e1,0.2,0.4,0.6), (¢2,0.4,0.5,0.2), (e3,0.1,0.2,0.4)} be an NS on M, then
S(A) = {(u1,0.4,0.2,0.4), (12,0.3,0.4,0.3), (u3,0.4,0.2,0.3)},
S(A) = {(u1,0.3,0.5,0.4), (11,0.2,0.5,0.6), (113,0.4,0.5,0.6)}.

Let B = {(e1e3,0.1,0.3,0.5), (e2e1,0.2,0.4,0.3), (e3e2,0.1,0.2,0.3)} be an NS on L, then
S(B) = {(u1112,0.2,0.3,0.3), (u13,0.2,0.3,0.3), (112112,0.2,0.4,0.3), (uz11,0.2,0.4,0.3)},

{( )
S(B) = {(u112,0.2,0.4,0.4), (12113,0.2,0.4,0.5), (t1211,0.3,0.4,0.5), (3112,0.2,0.4,0.5)}.
Hence, S(B) = (S(B),S(B)) is NSRR.

Definition 3. A neutrosophic soft rough graph (NSRG) on a non-empty V is an 4-ordered tuple

(V,M, Q(A), S(B)) such that

(i) Mis a set of parameters,

(i) Q is an arbitrary neutrosophic soft relation over V x M,

(iii) S is an arbitrary | neutrosophlc soft relation over V x M,

(vi) Q(A) = (QA,QA) isan NSRS of A,

(v) S(B)=(SB,SB)isan NSRRonV c V x V,

(iv) G = (Q(A),S(B)) is a neutrosophic soft rough graph, where G = (QA, SB) and G = (QA, SB) are lower
neutrosophic approximate graph (LNAG) and upper neutrosophic approximate graph (UNAG), respectively
of neutrosophic soft rough graph (NSRG) G = (Q(A), S(B)).

Example 3. Let V = {v1, 02, 03,04, 05,06} be a vertex set and Ml = {eq, e, e3} a set of parameters. A neutrosophic
soft relation over V x M can be defined in tabular form in Table 4 as follows:

Table 4. Neutrosophic soft relation Q.

Q U1 (%3 U3 Uy (%] U6
e;  (04,0506) (0.7,03,05) (0.6,02,03) (04,04,02) (050.506) (04,05,0.6)

e, (05,04,02) (0.6,04,05) (0.7,03,04) (05,03,02) (0.4,0504) (0.6,05,0.4)
e (05,04,01) (0.6,03,02) (0504,03) (0.602,03) (0.504,04) (0.7,03,05)

Let A = {(e1,0.5,0.4,0.6), (e2,0.7,0.4,0.5), (e3,0.6,0.2,0.5) } be an NS on M, then

S(A) = {(01,0.5,0.4,0.5),(vy,0.6,0.3,0.5), (v3,0.7,0.4,0.5), (v4,0.6,0.2,0.5), (vs, 0.5,
0.4,0.5), (v6,0.6,0.3,0.5)},
S(A) = {(01,0.6,0.4,0.5), (vy,0.5,0.4,0.6), (v3,0.5,0.4,0.6), (v4,0.5,0.4,0.5), (vs, 0.6,

0.4,0.5), (vs,0.6,0.4,0.5)}.

Let E = {0101, 0102, 0301, 0203, U4U5, U304, U502, U506} © V and L = {eje3, exeq, e3¢5} < M.
Then, a neutrosophic soft relation S on E (from L to E) can be defined in Tables 5 and 6 as follows:

Table 5. Neutrosophic soft relation S.

S 101 0102 V201 0203
erep (04,04,02) (04,04,05) (0.4,04,05) (0.6,0.3,0.4)

ees  (0.5,04,01) (04,03,02) (04,03,02) (0.5,03,02)
eres  (04,04,01) (04,02,02) (04,02,02) (0.5,03,0.3)
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Table 6. Neutrosophic soft relation S.

S V304 V405 V502 U506
erer (04,02,02) (0.4,04,02) (0.4,03,04) (0.3,02,03)

ees  (0.6,02,04) (03,02,01) (04,03,02) (0.4,03,04)
eres  (04,02,03) (04,03,01) (05,03,02) (0.5,03,0.5)

Let B = {(e1ep,0.4,04,0.5;), (e2e3,0.5,0.4,0.5), (e1e3,0.5,0.2,0.5)} be an NS onL, then
SB = {(v1v1,0.5,0.4,0.5), (v1v2,0.4,0.2,0.5), (v201,0.4,0.2,0.5), (v203,0.5,0.3,0.5),
(v304,0.5,0.2,0.5), (v405,0.4,0.3,0.5), (v5v2,0.5,0.3,0.5), (v5v6,0.5,0.3,0.5)},
SB = {(v1v1,0.4,0.4,0.5)(v102,0.5,0.4,0.4), (v01,0.5,0.4,0.4), (v2v3,0.4,0.4,0.5),
(v304,0.4,0.4,0.5), (v405,0.4,0.4,0.4), (vs05,0.4,0.4,0.5), (v5v6,0.4,0.4,0.5)}.
Hence, S(B) = (SB,SB) is NSRRon V.

Thus, G = (QA, SB) and G = (QA, SB) are LNAG and UNAG, respectively, are shown in Figure 1.

(00,0.5,04,05)  (o,0.6,0.5,0.5) Q(Wo 6,0.4,0.5) (U2)0.5,04>0E)(
' @
(04,0.2,0.5) - (0.5,0.4,0.4) ;

(vg, 0.6,0.2,0.5)

[
(507070

(90‘7'0‘9@

(0.5,0.3,0.5)

(20900 en)

(0e0, 0.5)

(23,0.5,0.4, 0.6) -
0504,05

5 (4,05, 0.4,0.5)
=

b
o
(vg,0.6,0.8,0.5) (52,07, 0.4,0.5) (wg, 0.6,0.4,0.5)

T = (QA,5B) G =(Q4,5B)

Figure 1. Neutrosophic soft rough graph G = (G, G)
Hence, G = (G, G) is NSRG.

Definition 4. Let G = (V,M, Q, S) be a neutrosophic soft rough graph on a non-empty set V. The order of G
can be denoted by O(G), defined by

O(G) = O(G)+0O(G), where
0(G) = ) QA(0),0(G) = )] QA().

veV veV

The size of neutrosophic soft rough graph G, denoted by S(G), defined by

S(G) = (SG+SG), where
S(G) = . SB(uv),S(G)= Y. SB(uv).
uvekE uvekE

Example 4. Let G be a neutrosophic soft rough graph as shown in Figure 1. Then,

O(G) = (3.5,2.0,3.0), O(G) = (3.3,24,3.2),
O(G) = O(G)+O0(G) = (6.8,44,6.2), and
S(G) = (3.2,18,3.0)S(G) = (2.5,24,2.8)
S(G) = S(G)+S(G)=(57,42,5.8).
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Definition 5. Let G1 = (Gy, G1) and Gy = (G,, Ga) be two neutrosophic soft rough graphs on V. The union
of Gy and G, is a neutrosophic soft rough graph G = G1 U Gy = (G; U G,, Gy U Gy), where G, U G, =
(QA1 U QA3, 5By U SBy) and Gy U Gy = (QA1 U QAy, SBy U SBy) are neutrosophic graphs, such that

(i) Voe QA butvé QA,.

T a,004, ) =Tga, (©), Toa,004,(0) = Tga, (v),
154,004, (@) =Iga, (), Igayu0a,(v) = IQAl (©),
F5a,004,(©) =Fga, (), Fga, 004, (v) = Foa, (0).

(i) Yo¢ QA butve QA;.

T a,004, ) =Tga,(©), Toa,004,(0) = Toa, (v),
I54,054,(©) =Iga,(v), Iga,004,(0) = Iga, (v),
Fou,004,(0) =Fga, (0), Fga,u04,(0) = Fga, (v).
(i) Vo e QA1 n QA

Toa,004, () =max{T5, (0), Tga, (0)}, Toa, w04, (v) = max{Tga, (v), Toa, (v)},
I5a, ooa,(0) =min{lg, (0),I54,(0)}, Iga,u04,(v) = min{lga, (v), Iga, (v)},
Foa,004,(©) = min{Fgy (0), QAZ( 0)}, Foa,004,(v) = min{Foa, (v), Foa, (v)}.

(iv) You € SBy but vu ¢ SBs.
TgBlung(vu) :TgBl (vu), T§Blu§Bz(v”) = ngl(vu),

Isp, uss, (1) =Igp (vu), Is,usp, (Vi) = Isp, (vu),

Fgp, sg, (vu) =Fgp (vut), Fsp, usp, (vut) = Fsp, (vu).
(v)  You ¢ SBy but vu € SBy

Tsg, U5, (1) =Tgp, (v11), Tsp, usB, (vit) = Tsp, (vu),
Isp, U5, (1) =Igp, (vut), Is,usp, (Vi) = Isp, (ou),

Fgp, _3p,(v1t) =Fgp, (vu), Fsp, usp, (vi) = Fsp, (vu).
(vi) You e SBynSBy
Tsp, ung(vu) = max{TgB1 (vu), Tsp, (ou)}, Tsp, usB, (vu) = max{TsB(vu), Tsp, (vu)},

I?Blu§32(v”) :min{lgB1 (vu),lng(vu)}, I§Bw§32(vu) = rnin{IiB1 (vu), Isg, (vu)},

PSBNEBZ(U“) = min{FgBl (vu),Fng(vu)}, F§BIU§BZ(UM) = mir1{F§B1 (vu),Fﬁgz(vu)}.

Example 5. Let V = {vy,v2,v3,v4} be a set of universes, and M = {e1, e, e3} a set of parameters. Then,
a neutrosophic soft relation over V x M can be written as in Table 7.

Table 7. Neutrosophic soft relation Q.

Q vy vy v3 (2

e1 (05,04,03) (07,0605 (0.7,0604) (0.50.7,04)
e (03,05,06) (04,0501) (03,0605 (0.4,0802)
es (07,0508 (02,03,08) (0.7,03,05) (0.6,0.4,03)
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Let Ay = {(e1,0.5,0.7,0.8), (e2,0.7,0.5,0.3), (e3,0.4,0.5,0.3)}, and Ay = {(ey,0.6,0.3,0.5),

(2,0.5,0.8,0.2), (e3,0.5,0.7,0.2)} are two neutrosophic sets on M, Then, Q(A1) = (Q(A1), Q(A1)) and

Q(A) = (Q(A2), Q(A»)) are NSRSs, where

=

{(01,0.5,0.6,0.5), (v3,0.5,0.5,0.7)(v3,0.5,0.5,0.7), (v40.4,0.5,0.5)},
{(01,0.5,0.5,0.6), (v3,0.5,0.5,0.3), (v3,0.5,0.5,0.5), (v40.5,0.5,0.3)},
{(01,0.6,0.5,0.5), (v3,0.5,0.7,0.5), (v3,0.5,0.7,0.5), (v4,0.5,0.6,0.5)},
{(01,0.5,0.4,0.5), (v3,0.6,0.6,0.2), (v3,0.6,0.6,0.5), (v4,0.5,0.7,0.2)}.

Ol o Ol o

' X=

S S

o =

= = - =
I

Let E = {0100, 0104, 0202, 0203, 0303, 0304} = V x V, and L = {ees, eqe3,e0e3} < N Then,
a neutrosophic soft relation on E can be written as in Table 8.

Table 8. Neutrosophic soft relation S.

S V102 V104 V202 V203 U303 U304
eje;  (0.3,04,01) (04,04,02) (04,0501) (0.3,0504) (0.3,04,04) (04,05,02)

eres (02,03,03) (04,03,02) (02,03,05) (04,03,03) (0503,03) (0.504,03)
ees (02,0305  (03,03,03) (02,03,01) (04,03,01) (0.3,03,05) (0.3,04,03)

Let By = {(e1e2,0.5,0.4,0.5), (e1e3,0.3,0.4,0.5), (epe3,0.4,0.4,0.3)}, and B, = {(e1e2,0.5,0.3,0.2),
(ere3,0.4,0.3,0.3), (exe3,0.4,0.6,0.2)} are two neutrosophic sets on L, Then, S(By) = (S(B1),S(By)) and

S(By) = (S(By),S(B,)) are NSRRs, where

S(B1) = {(v1v2,0.3,0.4,0.3), (v104,0.3,0.4,0.4), (v202,0.4,0.4,0.4), (v203,0.3,0.4,0.4),
(’03’03, 0.3, 0.4, 0.5), (U3U4, 0.3, 0.4, 0.5)},

S(B1) = {(0102,03,0.4,0.5), (v104,0.4,0.4,0.3), (0202, 0.4,0.4,0.3), (v503,0.4,0.4,0.3),
(v3v3,0.3,0.4,0.5), (v3v4,0.4,0.4,0.3)};

S(By) = {(0102,0.4,0.6,0.2), (v104,0.4,0.6,0.3), (v202,0.4,0.6,0.2), (v503,0.4,0.6,0.3),
(v303,0.4,0.6,0.3), (v304,0.4,0.6,0.3)},

S5(By) = {(0102,0.3,0.3,0.2), (v104,0.4,0.3,0.2), (0302,0.4,0.3,0.2), (v203,0.4,0.3,0.2),

(v3v3,04,0.3,0.3), (0304,0.4,0.4,0.2)}.

Thus, G = (G1,G1) and Gy = (G,, Gy) are NSRGs, where G,
(Q(A1),S(By)) as shown in Figure 2.
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Figure 2. Neutrosophic soft rough graph Gy = (G4, G;)

G, = (Q(A2),5(Ba)), G2 = (Q(A2), 5(By)) as shown in Figure 3.
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Figure 3. Neutrosophic soft rough graph G, = (G,, G,)

The union of G1 = (Gy,G1) and Gy = (G,,G,) is NSRG G = Gy U G, = (G U G,, Gy U Gy) as shown
in Figure 4.
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Figure 4. Neutrosophic soft rough graph G; U Gy = (G; U G,, G1 U G))

Definition 6. Let Gy = (Gy, Gy) and Gy = (G,, G2) be two NSRGs on V. The intersection of Gy and Gy is a
neutrosophic soft rough graph G = G1 n G = (G n Qz,él N Gy), where Gy NGy = (QA1 n QA SBy
SBy) and Gy n Gy = (QA1 n QA, SBy n SBy) are neutrosophic graphs, respectively, such that

(i) Voe QA butvé¢ QA,.

Toa,na4, () =Tga, (0): Toa 04, (v) = Tga, (v),
154,034,(0) =Iga, (0), Igaina, (v) = Iga, (v),

(i) Voué¢ QA butve QA,.

T5a,n04,(©) =Tga,(©), Toa,na, (0) = Tga,(v),

I5a, ~0a,(0) =I5, (0), Iga,nga,(v) = Iga,(v),
Foa,04,(0) =Fga, (0), Fayn 0, (v) = Foa, (0).
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(iii) Vve QA1 n QA

TQAmQAz (U) = min{TaAl (U), TGAZ (’0)}, TQA1 ﬁQAZ (U) = min{TQA] (Z)), TQAZ (ZJ)},
Iga, ~oa, (0) =max{ls, (0),I5,,(0)}, Ioa,nga,(v) = max{lga, (v), Iga, (v)},
FQA1 nQA; (v) = max{F@‘h (), F@Az (@)}, FQAl nQA> (v) = maX{FQAl (0), FQAZ (0)}.

(iv) You € SBy but vu ¢ SBs.

Tsp, s, (V) =Tgp, (1), Tsp, 5B, (v1) = Tsp, (vu),
Isp, 58, (V1) =Isp, (v11), Isp,nsp, (vit) = Isp, (01),

Fsp, 58, (v4) =Fsp, (v11), Fsp, s, (vit) = Fsp, (vu).
(v) You ¢ SBy but vu € SBy

Tgp, 38, (V1) =Tsp, (vu), Tsp, ~sB, (vu) = Tsp, (vu),
I§Bl r@BZ(W) :I§32(vu), Isp, sB, (V1) = Igp, (vu),

Fgp, ~g8, (v1t) =Fgp, (vit), Fsp, nsp, (vit) = Fsp, (vu1).
(vi) You e SBynSBy

TgBmng(vu) = min{TgB1 (vu), Tng(vu)}, TsB,~sB, (vit) = min{TsBy(vu), Tsp, (vu)},
I ~5p,(0u) =max{lgg (vu), I (0u)}, Isp, ~sp,(0u) = max{Isp, (vu), Isp, (vu)},

PSB] mng(vu) = max{PSB1 (vu),PSBZ(W)}, Esp, ~sB, (vu) = max{Fsp, (vut), Fsp, (vu)}.

Definition 7. Let Gy = (Gy, G1) and Gy = (G,, Gy) be two neutrosophic soft rough graphs on V. The join
of Gy and G, is a neutrosophic soft rough graph G = Gy + Gy = (G + G,, Gy + Gy), where G; + G, =
(QA1 + QAz, SBy + SBy) and Gy + Gy = (QA1 + QAy, SBy + SBy) are neutrosophic graph, respectively,
such that

(i) Yve QA butvé¢ QA;.

T a,+04,(®) =Tga, (©), Toa,+0a,(0) = Tga, (v),
Iga,+04,(©) =Iga, (), Iga,+0a,(0) = Iga, (v),
Foa,+04,(0) =Fga, (9), Foa,+04,(0) = Fa, (0).

(i) Yo¢ QA butve QA;.

T34, +04,(®) =Tg4,(©), Toa,+04,(0) = Tga,(v),

=1I54,(0), Iga,+0a,(v) = Iga,(v),

Foa,+04,(0) =Fg,(0), Foa,+04,(v) = Fga,(v).
(iii) Vve QA1 n QA

TaAlJr@Az(v) = rnax{TaA1 (0), Taa,(0)}, Toa, +04, (v) = max{Tga, (v), Ta, (v)},
Iga, 404, (0) =min{l5, (v),I54,(©)}, Iga,+04,(v) = min{lga, (v), Iga, (v)},
Fa s, (0) =min{Fa, (0), Fga, (0)}, Foa 0, (0) = min{Foa, (0), Fa, (0)}-
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(iv) You € SBy but vu ¢ SBs.

Tog, 155, (04) =Tgp (vu), Tsp, 4 g8, (vit) = Tsp, (vu),

Isp, 158, (0u) =Igp, (vu), Isp, +sB,(vu) = Isp, (vu),

Fsp, 155, (V1) =Fsp (vut), Fsp, 5B, (vu) = Fsp, (ou).

(v) You ¢ SBy but vu € SBy

Tsp, 458, (01t) =Tgp, (vu), Tsp, +sB, (v1t) = Tsp, (vu),
Isp, ygp, (vu) =Igp, (vu), Isp,+sp, (vu) = Isp, (vu),
Fsp, ysp,(vu) =Fsp, (vu1), Fsp, + 5B, (v1t) = Fsp, (vu).

(vi) You e SBynSB;
)}, Tspy +sB, (vu) = max{Ts By (vu), Tsp, (vu)},
= min{I§B1 (vu), I§Bz (vu)},

= min{Fsp, (vu), Fsp, (vu)}.

5B, 458, (01) =max{Tgy (ou), Tgp, (vu

SBy+5B,
=min{lgp (0u), I, (vu)}, Isp, +s8, (01)

~

Isp, 458, (vu)

Fsp, 5, (vut) =min{Fgp (vu), Fgp (0u)}, Fsp, 158, (v1t)

(vii) You e E, where E is the set of edges joining vertices of QA1 and QAj.
Tsp, 458, Tga,(1)}, Tspy+sB,(vu) = min{Tga, (v), Toa, (1)},
IgBﬁng(vu) =max{I§A1 (v),IGAZ(u)}, I§31+§Bz(vu) = max{IQAl(v),IgAz( )},

(vu) =max{Fg, (v), Fgu, (1)}, Fsp,+sB,(0u) = max{Fga, (v), Fga, (11)}.

(vu) = min{ Toa, (0),

FEBl +SB,

Definition 8. The Cartesian product of Gy and Gy isa G = Gy x Gy = (Gy x Qz,al x Gy), where Gy x Gy
(QA1 x QAy,SBy x SBy) and G1 x Gy = (QA7 x QAy, SBy w SBy) are neutrosophic digraph, such that

() ¥ (v1,v2) € QA1 x QAs.
=min{Tg, (01), Tgu, (©1)}, T(ga,xQay) (v1,02) = min{Tga, (01), Toa, (v1)},
=max{Ig, (v1), Iga,(v1)}, Liga,xQa,)(v1,02)

=max{Fq, (v1), Fga, (v1)}, Fga,x0ay) (v1,02)

T(@aixay) (1:02)
= max{lga, (v1), Iga,(v1)},

I(@Al KQAZ) (vll '02)
= rna[x{FgA1 (v1), FQAZ (v1)}-

F(QAl xQAz) (01,02)

(ii) Vl)l’()z € SBz,Z) € QAl.

T(sB,x58y) (0,01) (0, 02)) =min{Tg, (0), Tg, (v102)},
T(sB, xsBy) (2, 01)(v,02)) =min{Tga, (v), Tsp, (v102)},
I5p, w38y (0,01)(0,02)) =max{lgy (v), g, (v102)},
I(sB,xsB,) (v, 01)(v,02)) =max{lga, (v), Isp, (v102)},
Fsp, x5,) ((0,01)(0,02)) =max{Fg, (0), Fsp, (v102)},
F(sp, wsB,) ((0,01)(v,02)) = max{Fga, (v), Fsp, (v102)}
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(iii) Vovyvp € SBy,v € QA,.

T(sB, x58,) ((01,9)(v2,0)) =min{Tsp, (v102), Tga, (v)},
T(SB“X;BZ) ((v1,0)(v2,0)) :mm{T§B1 (v102), Tga, (0)},
I(s8,38,) (01, 0) (v2,0)) =max{Igg (0102), 50, (0)},
I(sB,xsBy) ((01,0)(02,0)) = max{Isp, (0102), Iga, (v)},
F(SBIIXEBz) ((vl,v)(vz,v)) = max{PSB1 (Ulvz),PQAz(v)},
F(sp, wsB,) ((01,0)(v2,0)) = max{Fsp, (v102), Fga, (v)}.

Definition 9. The cross product of Gy and G, is a neutrosophic soft rough graph G = G1© Gy = (G; ®
Gy, G1©Gy), where Gy © G, = (QA1 © QA2,5B1 ©SBy) and G1 ® G2 = (QA1 ® QA2,SB; © SBy) are
neutrosophic graphs, respectively, such that

(i) V(01,02) € QA1 x QAs.

= min{TQA1 (v1), TQAZ(Ul)}' T(th@QAz) (v1,02) = min{TgA1 (v1), TQAZ(TH)}/
=max{Ig, (v1), Iga,(v1)}, Liga,0Q4,)(01,02) = max{Iga, (v1), Iga, (v1)},

Tameaay) (01,02)

I@aeaay) (01,02)
F(§A1@GA2) (Ul, '()z) = I‘I\EIX{F*QA1 (Ul), PQAZ ('l)])}, F(QA1@QA2) ('01, '02) = max{FQA] (Z)l), FQAZ ('01)}.

(ii) Vvlul € SB],Z)zuz € SBz.

T(SBl@SBz)((01'02)(”1'”2)) mm{TSBl (vlul),TgB (v1up)}
T(sB,0sB,) ((v1,02) (1, u2)) =min{Tsp, (v1111), Tsp, (v1142)},
Isp,058, (v1,02) (11, 12)) =max{Igg (vi11), Igp, (0112)},
I(sp,@sB,) ((v1,02) (U1, U2)) =max{Isp, (01141), Isp, (v1112)},
Fsp,058, ((v1,02) (1, u2)) = max{Fgp (v1111), Fgp, (v1112)},
F(sp,sB,) ((v1,v2)(141, 42)) =max{Fsp, (v111), Fsp, (v112)}

Definition 10. The rejection of Gy and G, is a neutrosophic soft rough graph G = G1|Gy = (G;|G,, G1/Ga),
where G1|G, = (SA1|SAy, SB1|SBy) and G1|Gy = (SA1|S Az, SB1|SBa) are neutrosophic graphs such that

() ¥ (v1,v2) € QA1 x QA».
T@a,[@a,)(01,02) =min{Tg, (v1), Tg s, (02)}, T(a,|Qay) (v1,02) = min{Tga, (01), Toa, (v2)},

I(GAI‘QAZ)(Z)LZQ) =max{lg, (1), g4, (02)}, I(gAl\gAz)(UlrUZ) = max{lga, (v1), Iga, (v2)},

Q
Fioayjoay) (v1,v2) =max{Fs, (01), Fg,, (02)}, Fga,|ay) (v1,v2) = max{Fga, (v1), Foa, (02)}.

(ii) V’Dzuz ¢ SBz, ve QAl.

T(5131|582) ((v,v2)(v,u2)) = mm{T@h (v), T@Az(vz)f QAZ(MZ)}r
T(sB,|0B,) (v, 02) (v, 12)) =min{Tga, (), Tga, (v2), Tga, (12)},
(Isp, (s5,) (0, 02) (0, 2)) =max{Ig,, (v), Iga, (02), Iga, (12)},
(I, |sB,) (v, 02) (0, u2)) =max{Iga, (v), Iga,(v2), Iga, (U2)},
(Fsp, 58, ((0,02)(v,u2)) = max{Fgy (v), Fgu,(02), Fg, (12)},
(Fsp,|sBy) ((v,02)(0, u2)) = max{Foa, (v), Fga, (v2), Foa, (12)}
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(iii) Vvlul ¢ SB1, ve QAz,

(iv) Yoviuy ¢ SBy, vaunr ¢ SBy, v1 = u.

SB1 |SB,) (V1,02

SB1 |SB,) (V1,02
SB1 |SB,) (V1,02

01,02

Ts,[58,)
SBﬂSBz)

((
((
((
((
((
((

Fisp 58, (01,22

Faa,(u

G4, (1), T,

%Al(ul)’lL

Tga, (1), Tga, (v

Q4 (v2),

QA

, Toa, (1), Tga,(0)},
Iga, (1), Iga, (0)},
, FQAl (Lll), FQAZ (ZJ

5

)
)},

@Al( 1), QAZ( )},
1), Fg

()}

, Toa, (1), Tga, (02), Toa, (12)},
oa, (1), 1ga, (02), Iga, (12)},
Faa, (1), Fga, (v2), Foa, (12)},

TQAZ (u2)},

QA (1), IQAz (02), IQAZ (12)},
(02),

%Az

(u2)},

Example 6. Let G| = (G;,Gy) and Gy = (G,, Gy) be two neutrosophic soft rough graphs on V, where

= (QA4,SBy) and Gy = (QAy, SBy) are neutrosophic graphs as shown in Figure 2 and G, = (QA, SB,)
and G, = (QAy, SBy) are neutrosophic graphs as shown in Figure 3. The Cartesian product of G = (G4, G1)
and Gy = (G,,G,) is NSRG G = Gy x Gy = (G; x Gy, Gy x Gy) as shown in Figure 5.
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Figure 5. Cont.
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Figure 5. Cartesian product of two neutrosophic soft rough graphs G; x G,

Definition 11. The symmetric difference of Gy and G, is a neutrosophic soft rough graph G = Gy @ G =
(G1®G,, G1®Ga), where G ® G, = (QA1®QA2,SB1 ®SBy) and G1 ® G2 = (QA1 ® QA2,SB1 ® SBy)
are neutrosophic graphs, respectively, such that

(i) ¥V (v1,v2) € QA1 x QA,.

Tioa@04,)(01,02) =min{Tq, (01), Tga, (02)}, Tioa,@Qa,) (01, 02) = min{Tga, (01), Tga, (v2)},
I@Al@@AZ) (v1,v2) = max{IQA1 (01), Iga,(02)}, I(Q/‘h@gf\z) (v1,02) = max{Iga, (v1), Iga,(v2)},
Foneoa) (v1,02) = max{Fg, (v1), Fgu,(02)}, Foa@q4y) (01,02) = max{Fgu, (v1), Fga,(02)}.

(ii) VUll)z € SBz, ve QA].

T(sp,a58,) (0, 01)(0,02)) =min{Tg, (v), Tgp, (v102)},
T(sB,@sby) (0, 01)(v,02)) =min{Tga, (v), Tsp, (v102)},
I5p,a58,) ((0,01)(v,02)) =max{lg,, (v), g, (v102)},
I(sp,@sB,) (v, 01)(v,02)) =max{Iga, (v), Isp, (v1702)},
Fsp,a58,) (0,01)(0,02)) =max{Fg,, (v), Fsp, (0102)},
Fisp,@sp,) ((0,01)(v,02)) = max{Fga, (v), Fsp, (v102)}.
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(iii) Vvi0, € SB1,v € QA,.

T(SBleaSBz)((vl'v)(UZ' v)) :mm{T§B1 (vlvz),TaAZ(v)},
T(sBi@sy) ((01,9)(v2,0)) =min{Tsp, (v1v2), Tga, (v)},
I(sp,@58,) ((01,0)(02,0)) =max{Igy (v102), I5 4, (v)},
I(§Bl®§32)((vl,v)(vz,v)) =max{lﬁgl(vlvz),lgAz(v)},
F(SBI(BEBZ) ((vl,v)(vz,v)) = max{PSB1 (vlvz),PQAz(v)},
Fisp,@sp,) ((01,0)(v2,v)) = max{Fsp, (v102), Fga, ()}

(iv) Yvqiuq ¢ SBy, vouy € SBy.

T(sp,@58,) (v1,02) (11, 142)) = min{Tgy (01111), Tg a, (v2), Tg, (12)},
T(sB,@s,) ((01,02) (1, u2)) =min{Tsp, (v111), Tga, (v2), Toa, (12)},
Isp,@58,) (01, 02) (11, u2)) =max{Igp (01111), Iga, (v2), Igp, (42)},
Iisp,@sB,) ((v1,02) (U1, 12)) =max{Isp, (01141), Iga,(02), Iga, (42)},
Fsp,a558,) (v1,02) (11, 12)) = max{Fgp (vi11), Fg, (02), Fga, (12)},
Fisp,@ss,) (01, 02)(u1,u2)) =max{Fsp, (v111), Foa,(02), Fga, (42)}.

(v)  Yovyuq ¢ SBy, vouy € SBy.

T(sp,@s,) ((01,02) (11, 12)) =min{Tg, (01), Tgu, (1), Tep, (0212)},
T(sp,@sB,) ((01,02)(u1,U2)) =min{Toa, (v1), Toa, (u1), Tsp, (v2112)},
Isp,@58,) (01, 02) (11, 12)) = max{lg, (1), Ig,, (1), L5, (v2u2)},
I(sp,@sB,) ((v1,02) (U1, U2)) =max{Iga, (v1), Iga, (u1), Isp, (v2112)},
Fsp,a58,) (v1,02) (11, 12)) = max{Fg, (v1), Fga, (1), Fep, (v212)},
Fisp,@ss,) ((v1,02)(u1, u2)) =max{Fqa, (v1), Fga, (u1), Fsp, (v2112)}.

Example 7. Let G1 = (G;,Gy) and Gy = (G,, Gy) be two neutrosophic soft rough graphs on V, where
= (QA4,SBy) and Gy = (QAy, SBy) are neutrosophic graphs as shown in Figure 6 and G, = (QA, SB,)
and Gy = (QAy, SBy) are neutrosophic graphs as shown in Figure 7.

(0.2,0.4,0.3) (02,04,02)

8
.
(8,0.8,0.9,,0.5) (¢,0.5,0.4,0.3) (6,0.4,0.5,0.8) (¢,06,0.2,0.1)

= (QA:, 9B) G = (G A1, 5B)

Figure 6. Neutrosophic soft rough graph G1 = (Gy, G1)
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(0.1,0.3,0.2) (0.5,0.3,0.1)

(#,08,0.3,0.0) (2,0.1,0 370 2) (@, 1.0,0.2,0.9) (¢,0.6,0 3,-0 3)
= (Q4s,5Bs) Gy = (QAg, 5Bz)

Figure 7. Neutrosophic soft rough graph G, = (G,, G,)

The symmetric difference of Gy and Gy is G = G1® Gy = (G; ® Gy, G1 ® Gy), where G, ® G, =
(QA1 ® QA,, SB; @ SB,) and Gy ® Go = (QA; @ QA,, SBy @ SBy) are neutrosophic graphs as shown
in Figure 8.

(06c,0.1,0.3,0.2)(a0,0.4,03,0.1)  (ab,0.4,0.3,0.3) (06,0.1,0.3,0.2) (ag,0.4,0.8,09) (ab04,0.60.3)
r (0.1,0.3,02) (0.4,0.3,0.3) (0.4,0.6,0.3) (0.4,0.6,0.9) i
e
=) =3
o I
= =)
© =
= = = o
2 Bleg ® 2|5
3 e s
s L] w
9 = <
= ¥ 2 1.5, 4
. =) 5| = =l %
£l 2 g & z , Loy 3
< o %5 ©
> » g B
=3 I .‘5}
& z oo §
o
0.4,0.3,0.2
(0.1,0.4,0.3) (0.4,0.4,0.5) (0.5,0.5,0.1) (¢ ) A
(¢¢,0.1,0.9,0.3)  (22,0,5,0.4,0.3) (¢5,0.4,0.4,0.3) ce,0.6,0.3,08) (ce,0.6,0.2,0.9) (ab 0.4,0.6,0.3)
Gio6 fefgeges

Figure 8. Neutrosophic soft rough graph G; ® G, = (G; ® G, G1 ® G,)

Definition 12. The lexicographic product of Gy and G, is a neutrosophic soft rough graph G = G1© G, = (G1,©
G, G © G3), where Gy, © Goy = (QA1 © QA2,SB1 © SBy) and G © G5 = (QA; ®QA,,SB; ®SBy) are
neutrosophic graphs, respectively, such that

(1) Y (v1,v2) € QA1 x QA.

Tiqa,004,)(01,02) = min{Ty . (01), T a, (02)}, Tiga,0Q4,) (01, 02) = min{Tga, (01), Tga, (v2)},
Lga,00my) (V1,02) =max{ls, (01),Ig,, (02)}, L(Qa,004,) (01, 02) = max{lga, (v1), Iga, (v2)},
F(§A1®§A2) (’01, ’02) = max{l"bAl (271), PQAZ (Uz)}, F(QA@QAz) (1)1, Uz) = max{FQA1 (01), FQAZ (Uz)}.

(ii)  Vovyvp € SBy, ve QA;g.

T5p,0558,) (v, 01) (0, 02)) = min{Tg . (v), Tap, (v102)},
T(sB,0s8,) ((0,91)(v,v2)) =min{Tga, (v), Tsp, (v102)},
Iisp,os8,) ((Ur 01)(0,02)) :maX{IQA] (U)IIEBZ(Ule)}r
I(sp,08B,) ((v,01)(v,v2)) =max{Iga, (v), Isp, (v172)},
Fsp,es8,) ((0,01)(0,02)) =max{Fy, (0), Fgp, (v122)},
F(sp,0s,) ((0,01)(v,02)) = max{Fga, (v), Fsp, (v102)}
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(iii) V'Ulbll € SB1,v1u2 € SBz.

TisB,058y) (01, 01) (U1, 2
T(sB,@sB,) ((v1,01) (1, 142

( )
(01, 01)(
( )
( )
(01, 01)(
( )

U

<

Isp,0s8,

Iis,os8,) (V1,01

F(§B1®§Bz 01,01)(U1

(
(
(v1, 01
(
(
(

Fisp,0s8,) (01,01

Definition 13. The strong product of Gy and Gy is a neutrosophic soft rough graph G = G1 ® G = (G1, ®
Goy, Gf ® G;), where Gl* ® Gz* = (QAl ®QA2,§31 ®§Bz) and GT ® G; = (QAl ®§A2,§B] @ng)

are neutrosophic graphs, respectively, such that

(i) ¥V (v1,v2) € QA1 x QAs.
T(Qa,&04,)(01,02) =min{T,
Lioa,@04,) (01, 02)
F(§A1®§A2) (v1,v2) = max{l“bAl (1), F@Az
(ii) Vvivp € SBy, v e QAy.
T(sp,qism,) (0, 01) (0,02
T(s,@s8,) ((0,01) (0, 02
I(§31®§Bz) ((v/ v1)(v, v2
LisB,@sB,) ((v,01)(v, 02
Fsp,g358,) (v,01)(0, 02
Fsp,@ssy) ((v,01)(0, 02

(iii) \'/'1)1’02 € SBl, ve QAz.

T(s,@58,)

I(5p,&58,)

I(sB,@s8,)

)
(%21
=
®
%1
&
S
N\
i~
s
S
o~
nN

04,01, Tgu, (02)} Tigaea,) (V1,02)
= max{IQAl (7}1), I@Az ('02)}, I(QA1®QA2) (Ul, 7}2)
(v2)}, Fga,@Q4,)(01,02)

= min{ TQAl (U]); TQAZ (UZ)}/
= max{IQA1 (v1), IQAZ(UZ)}r
= max{FgAl (v1), FQAZ (02)}‘
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(iv) Yoiug € SB1,v1u2 € SB;.

Tisp,@58y) (01, 01) (U1, 2
T(sB,@sB,) ((v1,01) (1, 112

(
(
(
(
(
(

U

<

Isp,@s8,

Lisp@spy) (V1,01

=
)

F(§B1®§Bz 01,01)(U1

(v1,01)(
(v1,01)(
(v1,01)(
(v1,01)(
(v1,01)(
(v1,01)(

Fisp,@s,) (01,01

Definition 14. The composition of Gy and Gy is a neutrosophic soft rough graph G
(G14[G24), GF[G3]), where Gy, [Ga.] = (QA1[QA2], SB1[SB2])] and G [G5] =

are neutrosophic graphs, respectively, such that

(i) V(v1,02) € QA1 x QA
T(Qa,x04,) (01, 02) =min{Tg
liga,xQay (01,02) =max{Igy, (01), Igs, (02)} L x0ay)(01,02)
Foa,x0ay) (01, 02) =max{F5, (v1), Fg,,
(i)  Yvivy € SBy, v e QA;.
(3B, x38y) (0, 01)(0,02)) =
T(s,xs8,) (0, 01)(0,02)) =
Isp, 38y ((0,01)(0,02)) =
I(sB, xsBy) (0, 01)(0,02)) =
Fsp, x58,) (0,01)(0,02)) =
F(sp, xsBy) ((0,01)(0,02)) =

(iii) \'/'1)1’02 € SBl, ve QAz.

Tisp, x38,)

I(§Bl xSBy)

I(sBy x5B,)

™
(%21
=
X
%1
&
S
N\
i~
s
S
o~
N
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4, (1), Tga, (©2)}, Tga,xa,)(01,02)

(v2)}, F(QAl ngz)(Ulr 02)

aph G_= Gi[Go]
(QA1[QA2], 5B1[SB])

= min{ TQAl (U]); TQAZ (UZ)}/
= max{IQA1 (v1), IQAZ(UZ)}r
= max{FgAl (v1), FQAZ (02)}‘
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(iv) Yovyuq € SBy, v1 # up € QA,.

T(5p, x58,) (v1,01) (11, 12)) = min{Tgy (01111), Tg, (v1112)},
T(sB, xsB,) ((01,01) (11, u2)) =min{Tsp, (v1111), Tsp, (01142)},
Isp, x38, ((01,01) (11, 12)) =max{Lsy (v1111), L5, (v112)},
I, xsB,) ((v1,01) (U1, u2)) =max{Isp, (01141), Isp, (v1112)},
Fsp, x5, (v1,01)(u1,12)) =max{Fgp (v1u1), Fp, (01112)},
Fsp, xs8,) (01, 01) (11, u2)) = max{Fsp, (01141), Fsp, (v1112)}-

Definition 15. Let G = (G, G) be a neutrosophic soft rough graph. The complement of G, denoted by

G = (G, G) is a neutrosophic soft rough graph, where G = (QA SB) and G = (QA SB) are neutrosophic
graphs such that

(i) VYveQA.

(i) Vo,uceQA.

Tap(vu) = min{Tg,(0), Tg,(u)} — Top(vu),
Ep(ou) = max{Ig,(v), Iga(u)} = Igp(ou),
Fgp(ou) = max{Fg,(0), Fga(u)} — Fsp(ou),
Tsp(vu) = min{Toa(v), Tga ()} — Tsp(vu),
Isg(vu) = max{Iga(v), Iga(u)} — Igp(ou),
Fsp(vu) = max{Fga(v), Foa(u)} — Fsg(vu).

Example 8. Consider an NSRGs G as shown in Figure 9.

(g; 0.5,0,5,0.1) {2,04,01,02) (v,0.2,0.5,0.85) {a,0.5,0.3,0.1)
(09,0.501) T (0.1,0.3,058)

w,0.8,0.1,0.1
(2,0.2,0.3,0.2) ¢ ) (2, 0.8,0.8,0.2) fe,0.3,0.0,0.1)

G = (QA.5B) T - QASE)

Figure 9. Neutrosophic soft rough graph G = (G, G)

The complement of Gis G = (G, E) is obtained by using the Definition 15, where G = (gA,SB) and
(QA SB) are neutrosophic graphs as shown in Figure 10.
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(0.2,0.0,0.1)

(e, 0.4, 04 {2, 0.5, "8

— P * fed
[ (0.4>0‘3>0‘2) e (0.2,0.3,0.8) @
= S 2 o <
e oy (0_3 32 "
o =3
= | 0.8,0.8,09
o 0.5,01,0.1) - (05,0509 (0.3,0.0,0.1)
(,0.2,0.8,0,8) (0,0.8,0T70.1) {2,0.3,0.3,0.2) (0,03, 000.1)
G=(Q4,58) T = (QATB)

Figure 10. Neutrosophic soft rough graph G = (G, 6)

Definition 16. A graph G is called self complement, if G = G, i.e.,

(i) Voe QA.

Tga(®) = Toay Tga(®) = Igaw) Faa(®) = Faaw)
= Toa() 10a(®) = Iga(w), Foa(v) = Foa()-

(ii) Vo,ueQA.

Definition 17. A neutrosophic soft rough graph G is called strong neutrosophic soft rough graph if Yuv € SB,

=

)} Ip(ou) = max{Ig, (0), Ig, (u)}), Fsp(vu) = max{F5,(v), Fa, (1)},
)} Isp(ou) = max{lga(v), Iga(u)}, Fsp(ou) = max{Fga(v), Fga(u)}.

Tgp(vu) = min{TQA(v), TQA(
Tsp(vu) =min{Tga(v), Toa(

=

Example 9. Consider a graph G such that V = {u,v,w} and E = {uv, vw, wu}, as shown in Figure 11. Let
QA be a neutrosophic soft rough set of V and let SB be a neutrosophic soft rough set of E defined in the Tables 9
and 10, respectively.

Table 9. Neutrosophic soft rough set on V.

v (oY} QA

u  (08,0502) (0.7,05,02)
v (09,05,01) (07,0.5,0.2)
w  (07,05,01) (07,0.5,0.2)

Table 10. Neutrosophic soft rough set on E.

E SB SB

uwo  (0.8,05,02) (0.7,05,0.2)
ow  (07,05,01) (0.7,05,02)
wu  (07,05,02) (0.7,05,0.2)
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v(0.9,0.5,0.1) 1(0.8,0.5.0.2) v(0.7,0.5,0.2) u(0.7,0.5,0.2)
Z;? (0.8,0.5,0.2) (0.7,0.5,0.2)
<

w(0.7,0.5,0.2) w(0.7,0.5,0.2}
G =(QA,5B) G =(QA5B)

Figure 11. Strong neutrosophic soft rough graph G = (QA, SB)

Hence, G = (QA, SB) is a strong neutrosophic soft rough graph.

Definition 18. A neutrosophic soft rough graph G is called a complete neutrosophic soft rough graph if
Voue QA,

Tgp(vu) = min{TaA(v), TQA(u)}, Lsp(vu) = rnax{I@A(v), IQA(u)}, Fgp(ou) = max{FQA(v), %A(u)},
Tsp(vu) =min{Tga(v), Toa ()}, Isp(vi) = max{lga(v), Iga(u)}, Fsp(ou) = max{Fqa(v), Foa(u)}.

Remark 2. Every complete neutrosophic soft rough graph is a strong neutrosophic soft rough graph. However,
the converse is not true.

Definition 19. A neutrosophic soft rough graph G is isolated, if Vx,y € QA.
Tsp(vu) = 0, Isp(vu) =0, Fsp(vu) =0, Tgg(vu) =0, Lgp(vu) =0, Fgp(vu) = 0.
Theorem 1. The rejection of two neutrosophic soft rough graphs is a neutrosophic soft rough graph.

Proof. Let G| = (G;,G1) and G, = (G,, G2) be two NSRGs. Let G = G1|G; = (G;|G,, G1|G>) be the
rejection of Gy and Gy, where G|G, = (QA1|QA, SB1|SB,) and G1|G, = (QA1|QAz, SB1|SB,). We
claim that G = G1|G; is a neutrosophic soft rough graph. It is enough to show that SB;|SB; and
SB4|SB, are neutrosophic relations on QA;|QA; and QA1|QA,, respectively. First, we show that
SB1|SB; is a neutrosophic relation on QA1|QA>.

Ifve QAl, 0102 ¢ SBy, then

T(sp,|sB,) (0, 01)(v,v2)) = (Tga,(v) A (Tga,(v2) A Tga,(v2))
= (Tga, (v) A Tga,(v2)) A (Tga, (v) A Tga,(v2))
= T(Qa|gay)(¥:01) A T(Qa,|Qay) (v, 02)
T(spy|sy) (0. 01)(0,02)) = Ta,1Qay) (0, 01) A T(gay|Qa,) (¥, 02)
Similarly, I(sp,|sp,)((0,v1)(0,v2)) = I(QA]‘QAZ)(U,UQ v I(QA”QAZ)(U,UQ)
Fisp,|sp,) (v, 01)(v,02)) = Fqa,|qa,)(©,01) v Figa,|qa,) (0, v2).

If v, ¢ SBy,v e QAz, then

T(sB,|sB,) ((v1,0)(v2,0)) = ((Tga, (v1) A Tga, (v2)) A Tga,(v))
= ((Tga,(v1) A Tga,(©)) A (Tga, (v2) A Tga,(v)))
= Tialay)(©1,9) A T(ga,|@ay) (02,0)
T(sB,|sB,) (01, 0)(02,0)) = TQa,|Qa,)(01,0) A T(qa,|Qa,) (v2,0)
Similarly, I(sp, s8,)((v1,0)(02,0)) = I(ga,|0a,)(¥1,0) v I(Qa,|Qa,)(02,0)
Fisp,|sB,) (v1,0)(v2,0)) = Fga,|0a,)(v1,0) v Fga,|qa,)(02,0).
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If v1v3 ¢ SBy, u1, uz ¢ SBy, then

T(sB,|sy) ((v1,11)(v2,12)) = ((Tga, (01) A Tga, (v2)) A (Tga, (1) A Toa, (u2)))
= (Tqa,(v1) A Tga,(u1)) A (Tga, (v2) A Tga,(12))
= TiQa|gay)(¥1,11) A Tigay|Qay) (V2. 12)

Tispy|spy) (01,11)(02,42)) = T(ga,j0ay) (01, 41) A Tiga,|0ay) (1, 12)
Similarly, I(sp, sp,) (01, 41)(v2,42)) = IiQa,|Qa,) (01, 11) v L(ga|0ay) (11, U2)
Fspy|spy) (01, u1)(02,12)) - = Fga|gay) (01, 1u1) v Figa,|gay) (1, 12)-

Thus, SB1|SB; is a neutrosophic relation on QA1|QA,. Similarly, we can show that SBy|SByisa
neutrosophic relation on QA1|QA;. Hence, G is a neutrosophic soft rough graph. O

Theorem 2. The Cartesian product of two NSRGs is a neutrosophic soft rough graph.

Proof. Let G| = (G1,G1) and G, = (G,, G2) be two NSRGs. Let G = Gy x Gy = (G1 x G, Gy x Gp)
be the Cartesian product of Gy and G,, where G; x G, = (QA; x QA3,SBy x §By) and Gix Gy =
(QA1 x QAy, SBy x SBy). We claim that G = G; x G is a neutrosophic soft rough graph. It is enough
to show that SBy x SB, and SB; x SB; are neutrosophic relations on QA7 x QAs and QA7 x QAy,
respectively. We have to show that SBy x SB; is a neutrosophic relation on QA x QA».

If v e QAy, v1u; € SBy, then

T(sB, xsB,) (0, 01)(0,11)) T(qay)(©) ~ T(sp,)(01141)

< Tiga) () A (Tigay) (1) A T(QA2)(u1))
(Tigay) (@) ~ Tigay) (©1)) A (T(a,) () A T(gay) (1))
= Tiga,xQay) (0 01) A T(ga,xQay) (v, 1)
T(sB,x5B,) (0, 01)(v,11)) < TQa,x0Qa,)(0,01) A T(Qa, xQay) (0 11)
Similarly, I(sp, « s8,) (2, 01)(0,41)) < IQa,xQa,) (¥, 01) v I(ga,x Qay) (Vs 1)
Fispyxsy) (0, 01)(0,11)) < Foa,x0ay) (01) v Fga,x0ay) (v, 1h1)-

If vuy € SBy, z € QA, then

T(sB, x5B,) ((01,2) (11, 2)) Tisy)(0111) A Toa,) (2)

< (Tigay) (o) (Qay) (1)) A Tiga,) (2)
= TiQa;xQay)(01,2) A Tiqa,xQay) (11, 2)
T(sB,xsBy) ((01,2)(11,2)) < T(0a,xQay)(01,2) A T(oa,xQa,) (11, 2)
Similarly, I(sp, «s8,)((01,2)(41,2)) < I(Qa,xQ4,)(?1,2) v T(Qa,xQa,) (1,2)
F(sp,xsp,) ((01,2)(11,2)) < Fga,xa,) (1,2) v Fga,xa,) (11,2).

Therefore, SBy x SB is a neutrosophic relation on QA; x QA,. Similarly, SBy x SB; is a
neutrosophic relation on QA; x QA,. Hence, G is a neutrosophic rough graph. [

Theorem 3. The cross product of two neutrosophic soft rough graphs is a neutrosophic soft rough graph.

Proof. Let G| = (G1,G1) and G, = (G,, G2) be two NSRGs. Let G = G ® Gy = (G1® G5, G1 © Gy)
be the cross product of G; and G, where G; © G, = (QA1 ® QA2,5B1 © SBy) and GGy = (QA10
QAj,SB1 ® SBy). We claim that G = G; ® G; is a neutrosophic soft rough graph. It is enough to show
that SB; ® SB, and SB; ® SB; are neutrosophic relations on QA1 ® QA, and QA1 ® QA,, respectively.
First, we show that SB; ® SB; is a neutrosophic relation on QA1 © QA.
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If v1u1 € SBy, v1uy € SBy, then

T(sp,@sB,)((01,01) (11, 12)) T(sp,)(v1u1) A T(sp,)(v12)

< (Tay) (@) A Tigay) (1) A (Tigay) (v1) A Tiga,)(u2))
(Tgay)(©1) A Tigay) (1)) A (T(gay) (1) A Tiga,)(42))
= T(Qa,004,)(01,91) A T(ga,004,) (11, 2)
T(sBi@sB,) (01, 01)(u1,12)) < Tioa,004,)(¥1,01) A Tioa,004,) (v, U2)
Similarly, Isp,@ss,) (01, 01) (11, 142)) < I(QA1©QA2)(ULU1) v I(gAl@gAz)(U/ uy)
Fisp,osBy) (01,01)(u1,12)) - < Foae04,) (01, 01) v Foa,004,) (0 2)-

Thus, SB1 © SB; is a neutrosophic relation on QA; @ QA;. Similarly, we can show that SB1®SB,
is a neutrosophic relation on QA; ® QA,. Hence, G is a neutrosophic soft rough graph. [

3. Application

In this section, we apply the concept of NSRSs to a decision-making problem. In recent times,
the object recognition problem has gained considerable importance. The object recognition problem
can be considered as a decision-making problem, in which final identification of objects is founded on
a given set of information. A detailed description of the algorithm for the selection of most suitable
objects based on an available set of alternatives is given, and purposed decision-making method
can be used to calculate lower and upper approximation operators to progress deep concerns of the
problem. The presented algorithms can be applied to avoid lengthy calculations when dealing with
large number of objects. This method can be applied in various domains for multi-criteria selection
of objects.

Selection of Most Suitable Generic Version of Brand Name Medicine

In the pharmaceutical industry, different pharmaceutical companies develop, produce and
discover pharmaceutical medicine (drugs) for use as medication. These pharmaceutical companies
deals with “brand name medicine” and “generic medicine”. Brand name medicine and generic
medicine are bioequivalent, and have a generic medicine rate and element of absorption. Brand name
medicine and generic medicine have the same active ingredients, but the inactive ingredients may
differ. The most important difference is cost. Generic medicine is less expensive as compared to
brand name comparators. Usually, generic drug manufacturers face competition to produce cost less
products. The product may possibly be slightly dissimilar in color, shape, or markings. The major
difference is cost. We consider a brand name drug “u = Loratadine” used for seasonal allergies
medication. Consider

V= {u3 = Triamcinolone, u = Cetirizine/Pseudoephedrine,
u3 = Pseudoephedrine, u4 = loratadine/pseudoephedrine,

us = Fluticasone}

is a set of generic versions of “Loratadine”. We want to select the most suitable generic version of
Loratadine on the basis of parameters ¢; = Highly soluble, e; = Highly permeable, e3 = Rapidly
dissolving. Ml = {e;, e, e3} be a set of paraments. Let Q be a neutrosophic soft relation from V to
parameter set M, and describe truth-membership, indeterminacy-membership and false-membership
degrees of generic version medicine corresponding to the parameters as shown in Table 11.
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Table 11. Neutrosophic soft set (Q, M).

Q uy uy u3 m us
er (04,0506) (0503,06) (07,0203 (050705 (0.60504)

er (07,03,02) (03,04,03) (0.6,05,04) (0.8,04,06) (07,058,0.5)
es (06,03,04) (07,02,03) (0.7,02,04) (0.8,07,06) (07,03,0.5)

Suppose A = {(e1,0.2,0.4,0.5), (¢2,0.5,0.6,0.4), (e3,0.7,0.5,0.4)} is the most favorable object that

is an NS on the parameter set M under consideration. Then, (Q(A), Q(A)) is an NSRS in NSAS
(V,M, Q), where

Q(A) = {(u1,0.6,0.5,0.4), (112,0.7,0.4,0.4), (u3,0.7,0.4,0.4), (114,0.7,0.6,0.5), (15,0.7,0.5,0.5)},
Q(A) = {(11,0.5,0.6,0.4), (i12,0.5,0.6,0.5), (u3,0.3,0.3,0.5), (1u4,0.5,0.6,0.5), (u5,0.4,0.5,0.5)}.

Let E = {102, u1u3, Ugliq, Uiz, Usiiz, Ustly, ntis} = V and L = {eqe3, exeq, e3¢0} < ML
Then, a neutrosophic soft relation S on E (from L to E) can be defined as follows in Table 12:

Table 12. Neutrosophic soft relation S.

S ujuy ujuz uguq uuz Uususz Uzuy Uzus

ere; (0.3,04,02) (04,04,05) (04,04,05) (0.6,03,04) (04,02,02) (04,04,02) (04,0.3,04)
ees  (05,04,01) (04,03,02) (04,03,02) (03,03,02) (0.60204) (03,0201) (03,03,02)
eres (040401)  (04,02,02) (04,02,02) (05,03,03) (04,0203) (04,03,01) (050.3,02)

Let B = {(e1e,0.2,0.4,0.5), (e2¢3,0.5,0.4,0.4), (e1e3,0.5,0.2,0.5)} be an NS on L that describes some
relationship between the parameters under consideration; then, SB = (S B,SB ) is an NSRR, where

SB = {(u1u,0.5,0.4,0.4), (ujus,0.4,0.2,0.4), (u4u1,0.4,0.2,0.4), (upu3,0.5,0.3,0.4),
(us1t3,0.5,0.2,0.4), (12114,0.4,0.3,0.4), (uou5,0.5,0.3,0.4)},
{(u112,0.2,0.4,0.4)(uqu3,0.5,0.4,0.4), (ugu1,0.5,0.4,0.4), (upu3,0.4,0.4,0.5),
(us13,0.2,0.4,0.4), (11214,0.2,0.4,0.4), (112us5,0.4,0.4,0.5)}.
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Thus, G = (G, G) is an NSRG as shown in Figure 12.

(0.4,0.2,0.4)

ws,0.7,0.4,04)

(w1,0.6,05,0.4)

ot

(14,0.5,0.6, 0.

(0.4,0.2,0.4)
{0.5,0.2, 0.4)

0.2,0.4,0.4,

G =(QA,5B) T —(QA3B)

Figure 12. Neutrosophic soft rough graph G = (G, G)

In [3], the sum of two neutrosophic numbers is defined.
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Definition 20. [3] Let C and D be two single valued neutrosophic numbers, and the sum of two single valued
neutrosophic number is defined as follows:

CO®D =<Tc+Tp—Tc xTp,Ic x Ip,Fc x Fp > . 1)

Algorithm 1: Algorithm for selection of most suitable objects

1. Input the number of elements in vertex set V = {uy,u,..., uy}.
2. Input the number of elements in parameter set Ml = {eq, ez, ..., en}.
3. Input a neutrosophic soft relation Q from V to M.
4. Input a neutrosophic set A on M.
5. Compute neutrosophic soft rough vertex set QA = (QA, Q(A)).
6. Input the number of elements in edge set E = {uquy, uquy,. .., ugus}.
7. Input the number of elements in parameter set M = {eje;, ejen, ..., eje1}.
8.  Input a neutrosophic soft relation S from V to M.
9. Input a neutrosophic set B on M.
10. Compute neutrosophic soft rough edge set SB = (SB, S(B)).
11.  Compute neutrosophic set & = (T (1;), Io(14;), Fx(u;)), where
Ta(ui) = Tg(ay (i) + Toay (i) — Ty (ui) x Toeay (),
In(ui) = Tgeay(ui) x To(ay(ui),
Fa(ui) = Fgoay(i) x Fo(ay(ug)-

12.  Compute neutrosophic set 8 = (Tg(u;u;), Ig(u;u;), Fg(uiu;)), where

Tp(uinj) = Tg(g)(uiny) + To(p) (uitty) — Tgg) (uintj) x To() (uitty),
Ip(uinj) = Tg(g) (wittj) x Ts(p) (uitsj),
Flg(u,-u/-) = 115(3) (uiuj) x FQ(B)(uﬂ’l/)

13.  Calculate the score values of each object u;, and the score function is defined as follows:

N To(11f) + Lo (1) — Fa(u))
S(u) = ), 3_(Tﬁ(ui;j)+15(L]¢,~uj)—1-";(u,‘u,'))'

u,u/-EE

14. The decisionis S; if S; = nj\nax S;.

15.  If i has more than one Val{;e, then any one of S; may be chosen.

The sum of UNSRS QA and the LNSRS QA and sum of LNSRR SB and the UNSRR SB are NSs
QA ® QA and SB® SB, respectively defined by

x=QA®QA = {(11,08,03,0.16), (112,0.85,0.24,0.2), (13,0.79,0.2,0.2), (14,0.85,0.36,0.25),
(u5,0.82,0.25,0.25)},
B=SB®SB = {(u112,0.6,0.16,0.16), (u113,0.7,0.8,0.16), (i14u1,0.7,0.8,0.16), (u2113,0.7,

0.12,0.2), (usu3,0.6,0.08,0.16), (u14,0.52,0.12,0.16), (1zu5,0.7,0.12,0.2) }.
The score function S(uy) defines for each generic version medicine u; € V,

T (1) + La(uj) — Fa(u))
3 — (Tp(uinj) + Ig(ujuj) — Fp(uju;))

S(u;) =

u,ujeE

@
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and uy, with the larger score value u; = maxS(u;) is the most suitable generic version medicine.
1

By calculations, we have
S(uq) = 0.88,5(uy) = 0.69, S(u3) = 0.26 S(uy) = 0.57, and S(us) = 0.33. (3)

Here, u; is the optimal decision, and the most suitable generic version of “Loratadine” is
“Triamcinolone”. We have used software MATLAB (version 7, MathWorks, Natick, MA, USA) for
calculating the required results in the application. The algorithm is given in Algorithm 1. The algorithm
of the program is general for any number of objects with respect to certain parameters.

4. Conclusions

Rough set theory can be considered as an extension of classical set theory. Rough set theory
is a very useful mathematical model to handle vagueness. NS theory, RS theory and SS theory are
three useful distinguished approaches to deal with vagueness. NS and RS models are used to handle
uncertainty, and combining these two models with another remarkable model of SSs gives more precise
results for decision-making problems. In this paper, we have presented the notion of NSRGs and
investigated some properties of NSRGs in detail. The notion of NSRGs can be utilized as a mathematical
tool to deal with imprecise and unspecified information. In addition, a decision-making method based
on NSRGs is proposed. This research work can be extended to (1) Rough bipolar neutrosophic
soft sets; (2) Bipolar neutrosophic soft rough sets, (3) Interval-valued bipolar neutrosophic rough sets,
and (4) Soft rough neutrosophic graphs.
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Abstract: In practical situations, we often have to handle programming problems involving
indeterminate information. Building on the concepts of indeterminacy I and neutrosophic number
(NN) (z =p + gl for p, q € R), this paper introduces some basic operations of NNs and concepts of
NN nonlinear functions and inequalities. These functions and/or inequalities contain indeterminacy
I and naturally lead to a formulation of NN nonlinear programming (NN-NP). These techniques
include NN nonlinear optimization models for unconstrained and constrained problems and their
general solution methods. Additionally, numerical examples are provided to show the effectiveness
of the proposed NN-NP methods. It is obvious that the NN-NP problems usually yield NN
optimal solutions, but not always. The possible optimal ranges of the decision variables and NN
objective function are indicated when the indeterminacy I is considered for possible interval ranges
in real situations.

Keywords: neutrosophic number; neutrosophic number function; neutrosophic number nonlinear
programming; neutrosophic number optimal solution

1. Introduction

Traditional mathematical programming usually handles optimization problems involving
deterministic objective functions and/or constrained functions. However, uncertainty also exists
in real problems. Hence, many researchers have proposed uncertain optimization methods, such as
approaches using fuzzy and stochastic logics, interval numbers, or uncertain variables [1-6].
Uncertain programming has been widely applied in engineering, management, and design problems.
In existing uncertain programming methods, however, the objective functions or constrained functions
are usually transformed into a deterministic or crisp programming problem to yield the optimal feasible
crisp solution of the decision variables and the optimal crisp value of the objective function. Hence,
existing uncertain linear or nonlinear programming methods are not really meaningful indeterminate
methods because they only obtain optimal crisp solutions rather than indeterminate solutions necessary
for real situations. However, indeterminate programming problems may also yield an indeterminate
optimal solution for the decision variables and the indeterminate optimal value of the objective function
suitable for real problems with indeterminate environments. Hence, it is necessary to understand how
to handle indeterminate programming problems with indeterminate solutions.

Since there exists indeterminacy in the real world, Smarandache [7-9] first introduced a concept
of indeterminacy—which is denoted by I, the imaginary value—and then he presented a neutrosophic
number (NN) z = p + gl for p, g € R (R1is all real numbers) by combining the determinate part p with the
indeterminate part gI. It is obvious that this is a useful mathematical concept for describing incomplete
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and indeterminate information. After their introduction, NNs were applied to decision-making [10,11]
and fault diagnosis [12,13] under indeterminate environments.

In 2015, Smarandache [14] introduced a neutrosophic function (i.e., interval function or thick
function), neutrosophic precalculus, and neutrosophic calculus to handle more indeterminate problems.
He defined a neutrosophic thick function g: R — G(R) (G(R) is the set of all interval functions) as the
form of an interval function g(x) = [g1(x), g2(x)]. After that, Ye et al. [15] introduced the neutrosophic
functions in expressions for the joint roughness coefficient and the shear strength in the mechanics of
rocks. Further, Ye [16] and Chen et al. [17,18] presented expressions and analyses of the joint roughness
coefficient using NNs. Ye [19] proposed the use of neutrosophic linear equations and their solution
methods in traffic flow problems with NN information.

Recently, NNs have been extended to linguistic expressions. For instance, Ye [20] proposed
neutrosophic linguistic numbers and their aggregation operators for multiple attribute group
decision-making. Further, Ye [21] presented hesitant neutrosophic linguistic numbers—based on
both the neutrosophic linguistic numbers and the concept of hesitant fuzzy logic—calculated their
expected value and similarity measure, and applied them to multiple attribute decision-making.
Additionally, Fang and Ye [22] introduced linguistic NNs based on both the neutrosophic linguistic
number and the neutrosophic set concept, and some aggregation operators of linguistic NNs for
multiple attribute group decision-making.

In practical problems, the information obtained by decision makers or experts may be
imprecise, uncertain, and indeterminate because of a lack of data, time pressures, measurement
errors, or the decision makers’ limited attention and knowledge. In these cases, we often have
to solve programming problems involving indeterminate information (indeterminacy I). However,
the neutrosophic functions introduced in [14,15] do not contain information about the indeterminacy
I and also cannot express functions involving indeterminacy I. Thus, it is important to define NN
functions containing indeterminacy I based on the concept of NN, in order to handle programming
problems under indeterminate environments. Jiang and Ye [23] and Ye [24] proposed NN linear
and nonlinear programming models and their preliminary solution methods, but they only handled
some simple/specified NN optimization problems and did not propose effective solution methods for
complex NN optimization problems. To overcome this insufficiency, this paper first introduces some
operations of NNs and concepts of NN linear and nonlinear functions and inequalities, which contain
indeterminacy I. Then, various NN nonlinear programming (NN-NP) models and their general solution
methods are proposed in order to obtain NN/indeterminate optimal solutions.

The rest of this paper is structured as follows. On the basis of some basic concept of NN,
Section 2 introduces some basic operations of NNs and concepts of NN linear and nonlinear functions
and inequalities with indeterminacy I. Section 3 presents NN-NP problems, including NN nonlinear
optimization models with unconstrained and constrained problems. In Section 4, general solution
methods are introduced for various NN-NP problems, and then numerical examples are provided to
illustrate the effectiveness of the proposed NN-NP methods. Section 5 contains some conclusions and
future research.

2. Neutrosophic Numbers and Neutrosophic Number Functions

Smarandache [7-9] first introduced an NN, denoted by z = p + ¢l for p, g € R, consisting of a
determinate part p and an indeterminate part qI, where I is the indeterminacy. Clearly, it can express
determinate information and indeterminate information as in real world situations. For example,
consider the NN z =5 + 3 for I € [0, 0.3], which is equivalent to z € [5, 5.9]. This indicates that
the determinate part of z is 5, the indeterminate part is 31, and the interval of possible values for the
number z is [5,5.9]. If I € [0.1, 0.2] is considered as a possible interval range of indeterminacy I, then the
possible value of z is within the interval [5.3, 5.6]. For another example, the fraction 7/15 is within
the interval [0.46, 0.47], which is represented as the neutrosophic number z = 0.46 + 0.011 for I € [0, 1].
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The NN z indicates that the determinate value is 0.46, the indeterminate value is 0.011, and the possible
value is within the interval [0.46, 0.47].

It is obvious that an NN z = p + ql may be considered as the possible interval range (changeable
interval number) z = [p + g-inf{I}, p + q-supi{l}] for p, g € Rand I € [inf{I}, sup{I}]. For convenience, z is
denoted by z = [p + gI*, p + qIY] for z € Z (Z is the set of all NNs) and I € [I*, IY] for short. In special
cases, z can be expressed as the determinate part z = p if gI = 0 for the best case, and, also, z can be
expressed as the indeterminate part z = gl if p = 0 for the worst case.

Let two NNs be z; = p1 + g11 and z = pp + qo! for z1, zp € Z, then their basic operational laws for
I € [IF, 1Y] are defined as follows [23,24]:

D) zi+zm=pi+p+ @+ =[p1+p2+qnlt+ gl pr+ po + @ IH + g21Y];

Q@ z—zm=pi—p2+(a—q)=[p1—p2+ It — gl p1 — po + @ IH — g2 1Y5;
21 X2y = pip2 + (p1ga + p2q1) 1 + q1g2 1

- (pr+ gl (p2 + g21"),
min u L

®) _ (P + @) (p2 +q2I%),
- L L

max (11 +1111U)(P2+K121L),

(p1+q1 %) (p2 + q21%),

2 _ ptal _ [ttt pota Y
z p2ta2l " [pataaIt pat+gaIY]

@) |:min(P1+ﬂ11L pitq It pr+qi! P1+ﬂ11u)’:| )

—

p1+ql") (p2 + g214),
p1+ @) (p2 + q21Y) ;
p1+ 115 (p2 + q21Y),
p1+ a1 1) (p2 + q21Y)

—~

P

p2tal" patll” part el pataalt
max( pitail” prta !t pta Y pital )
P20 pataalt’ patqal¥” patqalt

For a function containing indeterminacy I, we can define an NN function (indeterminate function)
in n variables (unknowns) as F(x, I): Z" — Z for x = [x1, xp, ..., x:]¥ € Z" and I € [IX, IY], which is
either an NN linear or an NN nonlinear function. For example, Fi(x,I) = x; — Ix, + 1+ 2I for
x =[x1, %]T € Z2and I € [I£, [Y] is an NN linear function, and F(x) = x% + x% —2Ixy — Ix, + 31 for
x =[x1, %]T € Z2and I € [I%, IY] is an NN nonlinear function.

For an NN function in n variables (unknowns) g(x, I): Z" — Z, we can define an NN inequality
gx, I) < (>)0forx =[x, xp, ..., |7 € Z" and I € [IL, IY], where g(x, I) is either an NN linear
function or an NN nonlinear function. For example, g1(x,I) = 2x; — Ix, +4+ 3] < 0and g»(x,I) =
Zx% - x% +2 451 < 0forx=[x;, x]T € Z2and I € [I¥, IU] are NN linear and NN nonlinear inequalities
in two variables, respectively.

Generally, the values of x, F(x, I), and g(x, I) are NNs (usually but not always). In this study,
we mainly research on NN-NP problems and their general solution methods.

3. Neutrosophic Number Nonlinear Programming Problems

An NN-NP problem is similar to a traditional nonlinear programming problem, which is
composed of an objective function, general constraints, and decision variables. The difference is
that an NN-NP problem includes at least one NN nonlinear function, which could be the objective
function, or some or all of the constraints. In the real world, many real problems are inherently
nonlinear and indeterminate. Hence, various NN optimization models need to be established to
handle different NN-NP problems.

In general, NN-NP problems in n decision variables can be expressed by the following NN
mathematical models:

(1)  Unconstrained NN optimization model:
min F(x, I),x € Z", (1)

where x = [x1, %o, ..., x,]T € Z", F(x, I): Z" — Z,and I € [IF, IY].

125



Axioms 2018,7,13

(2) Constrained NN optimization model:

min F(x, I)
s.tt. gilx, ) <0,1=1,2,...,m
hi(x,)=0,j=1,2,...,1
xeZ",

@

where g1(x, I), g2(x, 1), ..., gm(x, 1), i(x, ), ho(x, D), ..., ly(x, I): Z" — Z,and I € [I-, 14].

In special cases, if the NN-NP problem only contains the restrictions /;(x, I) = 0 without inequality
constraints, g;(x, I) < 0, then the NN-NP problem is called the NN-NP problem with equality
constraints. If the NN-NP problem only contains the restrictions g;(x, I) < 0, without constraints
hj(x, I) = 0, then the NN-NP problem is called the NN-NP problem with inequality constraints. Finally,
if the NN-NP problem does not contain either restrictions, h]-(x, I)=0orgi(x,I) <0, then the constrained
NN-NP problem is reduced to the unconstrained NN-NP problem.

The NN optimal solution for the decision variables is feasible in an NN-NP problem if it satisfies
all of the constraints. Usually, the optimal solution for the decision variables and the value of the NN
objective function are NNs, but not always). When the indeterminacy I is considered as a possible
interval range (possible interval number), the optimal solution of all feasible intervals forms the feasible
region or feasible set for x and I € [I%, IY]. In this case, the value of the NN objective function is an
optimal possible interval (NN) for F(x, I).

In the following section, we shall introduce general solution methods for NN-NP problems,
including unconstrained NN and constrained NN nonlinear optimizations, based on methods of
traditional nonlinear programming problems.

4. General Solution Methods for NN-NP Problems

4.1. One-Dimension Unconstrained NN Nonlinear Optimization

The simplest NN nonlinear optimization only has a nonlinear NN objective function with one
variable and no constraints. Let us consider a single variable NN nonlinear objective function F(x, I)
for x € Z and I € [IX, IY]. Then, for a differentiable NN nonlinear objective function F(x, I), a local
optimal solution x” satisfies the following two conditions:

(1) Necessary condition: The derivative is dF(x", ) /dx = 0 for I € [IF, IU];

(2) Sulfficient condition: If the second derivative is d2F(x", I)/dx? < 0 for I € [IF, IY], then x" is an
optimal solution for the maximum F(x", I); if the second derivative is d>F(x", I)/dx? > 0, then x" is
an optimal solution for the minimum F ", D).

Example 1. An NN nonlinear objective function with one variable is F(x, I) = 2Ix? + 51 for x € Z and
I € [1L, 1Y]. Based on the optimal conditions, we can obtain:

dF(x,I)
dx

=4Ix=0=x"=0,

d?F(x, 1)
dx?
Assume that we consider a specific possible range of I € [I¥, I'] according to real situations or actual
requirements, then we can discuss its optimal possible value. If I € [1, 2] is considered as a possible interval
range, then d2F(x", D/dx% > 0, and x* = 0 is the optimal solution for the minimum F(x", I). Thus, the minimum
value of the NN objective function is E(x", I) = [5, 10], which, in this case, is a possible interval range, but not
always. Specifically if I = 1 (crisp value), then F(x", I) = 5.

ymo = 4L
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4.2. Multi-Dimension Unconstrained NN Nonlinear Optimization

Assume that a multiple variable NN function F(x, I) for x = [x1, x2, ..., x"T e z"and I € [I, Y]
is considered as an unconstrained differentiable NN nonlinear objective function in 7 variables. Then,
we can obtain the partial derivatives:

 [0F(x, 1) 9F(x,I) oF(x,1)]" .
VF(x, 1) = v ax o =0=x=x"

Further, the partial second derivatives, structured as the Hessian matrix H(x, I), are:

F(x,1) &F(x1) PF(x,1)

ax% 7 0x10xp 7" dx10x,

’F(x,1) 9F(x,1) PF(x,1)

H(x, I) _ 9x,0x1 * Bx% 4 7 0xp0Xy
9°F(x,1) &F(xI) 9F(x,1)

0x,0x1 7 0xpdxp 7" 9x2 x—x*

Then, the Hessian matrix H(x, I) is structured as its subsets H;(x,I) (i=1, 2, ... , n), where H;(x, I)
indicate the subset created by taking the first i rows and columns of H(x, I). You calculate the
determinant of each of the 1 subsets at x:

PF(x*,1)  9*F(x*1)

azF(x* I) ox? dx10x

* _ ’ * _ 10X2

Hl (x 7 I) - axz ’ HZ (x ’ I) = BZF(xl*,I) 32F<x*,1) s
! 001 3

from the sign patterns of the determinates of H;(x", 1) (i=1,2, ..., n) for I € [I*, IY], as follows:

(1) IfH;(x",I)>0,then H(x", I)is positive definite at x5

(2) IfH;(x",I) <0and the remaining H, i(x", I) alternate in sign, then H (', D) is negative definite at x;

(3) If some of the values which are supposed to be nonzero turn out to be zero, then H (x", I) can be
positive semi-definite or negative semi-definite.

A local optimal value of x'in neutrosophic nonlinear objective function Fi (", 1) for I € [IX, IU] can
be determined by the following categories:

(1) " isalocal maximum if VF(x", I) = 0 and H(x', I) is negative definite;

(2) «"isalocal minimum if VF(x", I) = 0 and H(x", I) is positive definite;

(3) x is a saddle point if VF(x', ) = 0 and H(x", I) is neither positive semi-definite nor
negative semi-definite.

Example 2. Consider an unconstrained NN nonlinear objective function with two variables x; and x; is
F(x,I) = x3 +x3 — 4Ix; — 2Ix, + 5 forx € Z2 and I € [I*, IV]. According to optimal conditions, we first
obtain the following derivative and the optimal solution:

IF (x,1) "
2x1 —41 " x 21
VEF(x,I) = { aF D) } = [ 29;721 } =0=x" = { x% ] = { | ]

dxy

Then, the NN Hessian matrix is given as follows:

RE(I)  PE(RD) -
oy ox? 0x10x _
H(x" 1) = PEED) PR | T { 0 2 }
9x20x1 0x3
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20
0 2
solution is x™ = [2I, " and the minimum value of the NN objective function is F(x", I) = 5(1 — I?) in this
optimization problem.

If the indeterminacy I € [0, 1] is considered as a possible interval range, then the optimal solution of
X is x]* =10, 2] and xz* = [0, 1] and the minimum value of the NN objective function is F(x", I) = [0, 5].
Specifically, when I = 1 is a determinate value, then x; =2,x =1, and F(x", I) = 0. In this case, the NN
nonlinear optimization is reduced to the traditional nonlinear optimization, which is a special case of the NN
nonlinear optimization.

Thus, |Hy(x*,I)] = 2 > 0and |H(x*,I)| = = 4 > 0. Hence, the NN optimal

4.3. NN-NP Problem Having Equality Constraints
Consider an NN-NP problem having NN equality constraints:

min F(x, I)
st hix,1)=0,j=1,2,...,1 3)
xeZ"

where hy(x, ), ho(x, 1), ..., ly(x, I): Z" — Z and I € [I*, IY].
Here we consider Lagrange multipliers for the NN-NP problem. The Lagrangian function that
we minimize is then given by:

]
L(x,I,A) = F(x, 1)+ Y_ Ajhj(x,1),A € Z!,x € Z", (4)
j=1

where A; (j=1,2,..., 1) is a Lagrange multiplier and I € [IL, 1U]. Tt is obvious that this method
transforms the constrained optimization into unconstrained optimization. Then, the necessary
condition for this case to have a minimum is that:

oL(x,I,A) —0,i=12 .1
axi
oL(x, I, M)
=0,j=1,2 l
o, j=12 ...,
By solving 1 + I equations above, we can obtain the optimum solution x* = [x;", x,", ... , x,]T and

the optimum multiplier values /\/-’e G=12,...,0.
Example 3. Let us consider an NN-NP problem having an NN equality constraint:
minF(x,I) = 4Ix; + 5x;
st.h(x, 1) =2x; +3x, —6I =0, x € Z%
Then, we can construct the Lagrangian function:
L(x,I,A) = 4lx| +5x5 + A(2x1 +3x, — 61), A € Z,x € Z*%
The necessary condition for the optimal solution yields the following:

oL(x, I, A)
axl

oL(x,I,\)
aXZ

JoL(x, I,M)

=8Ix; +2A =0, o

=10x, + 31 =0, and = 2%, +3x, — 6] = 0.
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By solving these equations, we obtain the results x; = —A/(41), xo = —3A/10, and A = —122/(1 + 1.8).
Hence, the NN optimal solution is obtained by the results of x;” = 3I/(1 + 1.81) and x;" = 181°/(5 + 91). If the
indeterminacy I € [1, 2] is considered as a possible interval range, then the optimal solution is xq *=10.6522,
4.2857] and x," = [0.7826, 5.1429]. Specifically, if I = 1 (crisp value), then the optimal solution is x;" = 1.0714
and x;" = 1.2857, which are reduced to the crisp optimal solution in classical optimization problems.

4.4. General Constrained NN-NP Problems

Now, we consider a general constrained NN-NP problem:

min F(x, I)
st gix, ) <0,k=1,2,...,m 5)
hi(x,)=0,j=1,2,...,1
xeZzZ"

where g1(x, I), $2(x, 1), ..., gm(x, 1), hi(x, D), hao(x, 1), ..., ly(x, I): Z" — Z for I € [I£, 1Y]. Then, we can
consider the NN Lagrangian function for the NN-NP problem:

m !
L(x, L A) =F(x, 1)+ Y mege(x, 1)+ Y Ahi(x, 1), p€ Z" A e Zx € Z". (6)
k=1 j=1
The usual NN Karush-Kuhn-Tucker (KKT) necessary conditions yield:
m 1
VF(, D)+ Y {mVee(x, D)} + Y {AVhi(x, )} =0 )
k=1 j=1

combined with the original constraints, complementary slackness for the inequality constraints,
and p > 0fork=1,2,...,m.

Example 4. Let us consider an NN-NP problem with one NN inequality constraint:
minF(x, I) = Ix? + 2x3
stgx,I)=I—-x1—x<0,x¢€ 72,
Then, the NN Lagrangian function is constructed as:
Lix, Lp) = I3 4223 + u(l —x; —x3), p € Z,x € Z2.
The usual NN KKT necessary conditions yield:

oL(x,I,u)
a.X'1

oL(x, I, 1)

:21X1—]/l:0, axz

=4x, —p =0, and p(I —x3 —xp) = 0.

By solving these equations, we can obtain the results of x; = u/(2I), x; = /4, and u = 41/2 +1) (u=0
yields an infeasible solution for I > 0). Hence, the NN optimal solution is obtained by the results of x;” = 21/(2 + )
and x;" = /2 + D).

If the indeterminacy I € [1, 2] is considered as a possible interval range corresponding to some specific
actual requirement, then the optimal solution is x; =1[0.5,1.3333] and x," = [0.25, 1.3333]. As another case,
if the indeterminacy I € [2, 3] is considered as a possible interval range corresponding to some specific actual
requirement, then the optimal solution is x;” = [0.8, 1.5] and x;" = [0.8, 2.25]. Specifically, if I = 2 (a crisp
value), then the optimal solution is x;" = 1 and x;" = 1, which is reduced to the crisp optimal solution of the
crisp/classical optimization problem.
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Compared with existing uncertain optimization methods [1-6], the proposed NN-NP methods
can obtain ranges of optimal solutions (usually NN solutions but not always) rather than the crisp
optimal solutions of previous uncertain optimization methods [1-6], which are not really meaningful
in indeterminate programming of indeterminate solutions in real situations [23,24]. The existing
uncertain optimization solutions are the special cases of the proposed NN-NP optimization solutions.
Furthermore, the existing uncertain optimization methods in [1-6] cannot express and solve the NN-NP
problems from this study. Obviously, the optimal solutions in the NN-NP problems are intervals
corresponding to different specific ranges of the indeterminacy I € [I*, IY] and show the flexibility
and rationality under indeterminate/NN environments, which is the main advantage of the proposed
NN-NP methods.

5. Conclusions

On the basis of the concepts of indeterminacy I and NNs, this paper introduced some basic
operations of NNs and concepts of both NN linear and nonlinear functions and inequalities,
which involve indeterminacy I. Then, we proposed NN-NP problems with unconstrained and
constrained NN nonlinear optimizations and their general solution methods for various optimization
models. Numerical examples were provided to illustrate the effectiveness of the proposed NN-NP
methods. The main advantages are that: (1) some existing optimization methods like the Lagrange
multiplier method and the KKT condition can be employed for NN-NP problems, (2) the indeterminate
(NN) programming problems can show indeterminate (NN) optimal solutions which can indicate
possible optimal ranges of the decision variables and NN objective function when indeterminacy
I e[t 1Y] is considered as a possible interval range for real situations and actual requirements,
and (3) NN-NP is the generalization of traditional nonlinear programming problems and is more
flexible and more suitable than the existing unconcerned nonlinear programming methods under
indeterminate environments. The proposed NN-NP methods provide a new effective way for avoiding
crisp solutions of existing unconcerned programming methods under indeterminate environments.

It is obvious that the NN-NP methods proposed in this paper not only are the generalization
of existing certain or uncertain nonlinear programming methods but also can deal with determinate
and/or indeterminate mathematical programming problems. In the future, we shall apply these
NN-NP methods to engineering fields, such as engineering design and engineering management.
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Abstract: A neutrosophic number (a + bl) is a significant mathematical tool to deal with indeterminate
and incomplete information which exists generally in real-world problems, where 2 and bl denote the
determinate component and indeterminate component, respectively. We define score functions and
accuracy functions for ranking neutrosophic numbers. We then define a cosine function to determine
the unknown weight of the criteria. We define the neutrosophic number harmonic mean operators
and prove their basic properties. Then, we develop two novel multi-criteria group decision-making
(MCGDM) strategies using the proposed aggregation operators. We solve a numerical example to
demonstrate the feasibility, applicability, and effectiveness of the two proposed strategies. Sensitivity
analysis with the variation of “I” on neutrosophic numbers is performed to demonstrate how the
preference ranking order of alternatives is sensitive to the change of “I”. The efficiency of the
developed strategies is ascertained by comparing the results obtained from the proposed strategies
with the results obtained from the existing strategies in the literature.

Keywords: neutrosophic number; neutrosophic number harmonic mean operator (NNHMO);
neutrosophic number weighted harmonic mean operator (NNWHMO); cosine function; score
function; multi-criteria group decision-making

1. Introduction

Multi-criteria decision-making (MCDM), and multi-criteria group decision-making (MCGDM)
are significant branches of decision theories which have been commonly applied in many scientific
fields. They have been developed in many directions, such as crisp environments [1,2], and uncertain
environments, namely fuzzy environments [3-13], intuitionistic fuzzy environments [14-24],
and neutrosophic set environments [25-45]. Smarandache [46,47] introduced another direction of
uncertainty by defining neutrosophic numbers (NN), which represent indeterminate and incomplete
information in a new way. A NN consists of a determinate component and an indeterminate component.
Thus, the NNs are more applicable to deal with indeterminate and incomplete information in real
world problems. The NN is expressed as the function N = p + gl in which p is the determinate
component and gl is the indeterminate component. If N = gl, i.e., the indeterminate part reaches the
maximum label, the worst situation occurs. If N = p, i.e., the indeterminate part does not appear, the
best situation occurs. Thus, the application of NNs is more appropriate to deal with the indeterminate
and incomplete information in real-world decision-making situations.

Axioms 2018, 7, 12; d0i:10.3390/axioms7010012 132 www.mdpi.com/journal /axioms
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Information aggregation is an essential practice of accumulating relevant information from various
sources. It is used to present aggregation between the min and max operators. The harmonic mean is
usually used as a mathematical tool to accumulate the central tendency of information [48].

The harmonic mean (HM) is widely used in statistics to calculate the central tendency of a set of
data. Park et al. [49] proposed multi-attribute group decision-making (MAGDM) strategy based on
HM operators under uncertain linguistic environments. Wei [50] proposed a MAGDM strategy based
on fuzzy-induced, ordered, weighted HM. In a fuzzy environment, Xu [48] studied a fuzzy-weighted
HM operator, fuzzy ordered weighted HM operator, and a fuzzy hybrid HM operator, and employed
them for MADM problems. Ye [51] proposed a multi-attribute decision-making (MADM) strategy
based on harmonic averaging projection for a simplified neutrosophic sets (SNS) environment.

In a NN environment, Ye [52] proposed a MAGDM using de-neutrosophication strategy and
a possibility degree ranking strategy for neutrosophic numbers. Liu and Liu [53] proposed a NN
generalized weighted power averaging operator for MAGDM. Zheng et al. [54] proposed a MAGDM
strategy based on a NN generalized hybrid weighted averaging operator. Pramanik et al. [55]
studied a teacher selection strategy based on projection and bidirectional projection measures in
a NN environment.

Only four [52-55] MCGDM strategies using NNs have been reported in the literature. Motivated
from the works of Ye [52], Liu and Liu [53], Zheng et al. [54], and Pramanik et al. [55], we consider the
proposed strategies to handle MCGDM problems in a NN environment.

The strategies [52-55] cannot deal with the situation when larger values other than arithmetic
mean, geometric mean, and harmonic mean are necessary for experimental purposes. To fill the
research gap, we propose two MCGDM strategies.

In this paper, we develop two new MCGDM strategies based on a NN harmonic mean operator
(NNHMO) and a NN weighted harmonic mean operator (NNWHMO) to solve MCGDM problems.
We define a cosine function to determine unknown weights of the criteria. To develop the proposed
strategies, we define score and accuracy functions for ranking NN for the first time in the literature.

The rest of the paper is structured as follows: Section 2 presents some preliminaries of NNs and
score and accuracy functions of NNs. Section 3 devotes NN harmonic mean operator (NNHMO)
and NN weighted harmonic mean operator NNWHMO). Section 4 defines the cosine function to
determine unknown criteria weights. Section 5 presents two novel decision-making strategies based
on NNHMO and NNWHMO. In Section 6, a numerical example is presented to illustrate the proposed
MCGDM strategies and the results show the feasibility of the proposed MCGDM strategies. Section 7
compares the obtained results derived from the proposed strategies and the existing strategies in NN
environment. Finally, Section 8 concludes the paper with some remarks and future scope of research.

2. Preliminaries

In this section, definition of harmonic and weighted harmonic mean of positive real numbers,
concepts of NNs, operations on NNs, score and accuracy functions of NNs are outlined.

2.1. Harmonic Mean and Weighted Harmonic Mean
Harmonic mean is a traditional average, which is generally used to determine central tendency of

data. The harmonic mean is commonly considered as a fusion method of numerical data.

Definition 1. [48]: The harmonic mean H of the positive real numbers x1, X, ..., X, is defined as:
H= +—%—~=52;i=1,2,...,n

1 1
R TI o
i=1""
Definition 2. [49]: The weighted harmonic mean H of the positive real numbers x1, x, ... , Xy is defined as
WH= oo = 55 7i=12,... 1
T Tl T 1Ly
T vzl%;
i=
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n
Here, Y w; = 1.
i=1

2.2. NNs

A NN [46,47] consists of a determinate component x and an indeterminate component yl,
and is mathematically expressed as z = x + yl for x, ¥ € R, where [ is indeterminacy interval and
R is the set of real numbers. A NN z can be specified as a possible interval number, denoted by
z=[x+ yIL, X+ yIu] for z € Z (Z is set of all NNs) and I € [I%, IY]. The interval I € [I%, IY] is considered
as an indeterminate interval.

e Ifyl =0, then z is degenerated to the determinate component z = x
e Ifx =0, then z is degenerated to the indeterminate component z = yI
o Iflt=1Y thenzis degenerated to a real number.

LettwoNNsbezy =x; +y1land zp =xy + Yol forzy,zp € Z,and I € [I£, IY]. Some basic operational
rules for z; and z; are presented as follows:

1 P=I

2 10=0

(3) I/I=Undefined
)

—
N

Dz =x X+ (Y1 +y) = [+ 2o+ (1 + y)IE, 2 + 20 + (1 + y2)IY]

G) zr—zm=x—x+01—y)=[x—x+ W1 — )L x —x+ @ — )Y
(6) z1 X zp =112 + (X112 + 1) + yayal? = X130 + (12 + Xo11 + Y1y2)]

) z1 _ xatnl _ox 4 Xa— xlyzl X £ 0, xp # 1

2~ xtpl T ox Xz(x2+yz
1 1400 _ L
(8) z xl+]/11 + ’CI(X1+]/1 I X1 7é 0 X1 # —Y1

© #=xi+ (2x1y1 +up)l
(10) }\Z] = ?\xl -+ Ay11

Theorem 1. If z is a neutrosophic number then, (2)171 =z,z#0.

Proof. Let z = x + yI. Then,

_ _1 A
=@ 7§+x(x+y)1'x7é0'x¢_y

v
1 _ 1 x(xty)
=T ——+71 x#0,x
T 7Ty (1/’(7;(””) # # -y

=x+yl =z
O

Definition 3. For any NN z = x + yI = [x + yI*, x + yIY], (x and y not both zeroes), its score and accuracy
functions are defined, respectively, as follows:

x+y(IY—14) IL)
Ac(z) :1—exp<—‘x+y(lu—1L‘> ()

Theorem 2. Both score function Sc(z) and accuracy function Ac(z) are bounded.
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Proof.
x, yeRandIe [0, 1]
~0< <1,0< D) <
N VT
< a1t < < ay(IU-1h | < <1
#o_' L <250 | <120 <5() <1
Since 0 < Sc(z) < 1, score function is bounded.
Again:

0<exp{—|x+y(I¥-TF) <1
= 1< —exp(—|x+y(I¥—T1") <0
=0< 1—exp<—|x+y(IU—IL‘> <1
Since 0 < Ac(z) < 1, accuracy function is bounded. [J

Definition 4. Let two NNs be z; = x1 + y11 = [x1 + y1I5, x1 + y1 1], and zp = x5 + yol =[x + yolIX, xp + 114,
then the following comparative relations hold:

o IfS(z1) > S(zp), then z; > zp
o IfS(z1) = S(zp) and A(z1) < A(zp), then z; < zp
o IfS(z1) = S(zp) and A(z1) = A(zp), then z1 = zp.

Example 1. Let three NNs be zy = 10 + 21, zp = 12 and z3 = 12 + 5] and I € [0, 0.2]. Then,
S(z1) = 0.5099, S(z5) = 0.5, S(z3) = 0.5577, A(z1) = 0.999969, A(z,) = 0.999994, A(z3) = 0.999997.
We see that, S(z1) = S(z2) = S(z3), and A(z3) = S(z2).

Using Definition 2, we conclude that, zy = z3 > zj.

3. Harmonic Mean Operators for NNs

In this section, we define harmonic mean operator and weighted harmonic mean operator for
neutrosophic numbers.

3.1. NN-Harmonic Mean Operator (NNHMO)

Definition 5. Let z; = x; + ;I (i=1, 2, ..., n) be a collection of NNs. Then the NNHMO is defined as follows:

NNHMO (21, 23, ,z0) = (Z <zi>1) - ®

i=1

Theorem 3. Let z; = x; + y;l (i =1, 2, ..., n) be a collection of NNs. The aggregated value of the
NNHMO(z1, zp,- - ,zy) operator is also a NN.

Proof.

NNHMO(z1, 2o, , z4) =1 ( » (Zf)”) !
i=1

n n -~
2”(12 RV e 1>71; xi #0, xi # —y;

i=1"" =1
n
1L STt
:n”1+ i ’{11 n'w IZ - 70, ):Xl# ):xlxwz)
1;71 (21’T’> (1217’+):1 %l ‘V')> =l

This shows that NNHMO is alsoa NN. [
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3.2. NN-Weighted Harmonic Mean Operator (NNWHMO)

Definition 6. Let z; =x; + y;[ (i=1,2, ..., n) be a collection of NNs and w; (i=1, 2, ..., n) is the weight of
n
zi(i=1,2,...,n)and Y, w; = 1. Then the NN-weighted harmonic mean (NNWHMO) is defined as follows:
i=1

-1

n .
NNWHMO(z1, 25, - - ,24) = (2 Z”’) 2 £ 0 @)
i=1 “i

Theorem 4. Let z; = x; + y;l (i =1, 2, ..., n) be a collection of NNs. The aggregated value of the
NNWHMO(zy, 23, -+ ,zq) operator is also a NN.
Proof. »
n
NNWHMO(z, 23, - - - ,2) = (z 7’) ,zi #0

<£ <’ X‘(;iiiyi)l)>7;xi7é0,xi7é—yi

n —
< ;% ;xxli’jl)>_1;xi7é0rxi7é_yi

n

) —wj- 21 xi(;ﬁug I # 0, ;A —y; i 1
n + n o M ; Wi w;- —wj- i w; =
g xl (wl z);l 3 > (w, i; 4w ; t(%ﬂ\/ﬁ) ¢ 1‘,1 t 1'7 i i—1 v,(11+y,) P i
ThlS shows that NNWHMO is also a NN. [
Example 2. Let two NNs be z; =3 + 2l and zy =2 + Iand I € [0, 0.2]. Then:
NNHMO(z1, z3) = 2 T R (I N T A
v=l=A\n ") T \8+2 T2+1) "~ ° oo

Example 3. Let two NNs bez; =3 + 2l and zp =2 + 1,1 € [0, 0.2] and w1 = 0.4, wy = 0.6, then:

1 1 1 9
NNWHMO(z1, z2) = <wlz + wzg) <0 4m +0. 62—+I> = 2.308 + 1.3701.

The NNHMO operator and the NNWHMO operator satisfy the following properties.

P1. Idempotent law: 1f z; = z for i = 1, 2, ..., n then, NNHMO(zy, zp,---,z,) = z and
NNWHMO(zy, 22, -+ ,zn) = 2.

n
Proof. For, z; =2z, Y w; =1,
i=1

NNHMO(z1, 3, -+ ,20) = 1 (i (Zi)_1> t=n (i (Z)_1> o= % =z

O
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P2. Boundedness: Both the operators are bounded.

Proof. Let zpin = min(zy, 22, ,2n), Zmax = Max(zy, za,- -+ ,2zn) fori=1,2,..., nthen,
Zmin < NNHMO(ZL 2,00 rzn) < Zmax and Zmin < NNWHMO(er 2,00 rzn) < Zmax-
Hence, both the operators are bounded. [J

P3. Monotonicity: If z; < z7 fori=1,2,... ,nthen, NNHMO(z1, 2, - - - ,z4) < NNHMO(z], z3, - - -, z};)

and NNWHMO(zy, 22, - -+ ,z) < NNWHMO(z}, z5,-- -, z}).

Proof. NNHMO(z1, 2, - -+ ,z4) — NNHMO(z}, z5,- - -, z;) = +—= - — & — <0, since
gtntetn FrEeeta
z; <z orzl > Zi*,fori=l,2,... 1.
. ! 1
Again,
NNWHMO(ZL 22,0 /Zn) - NNWHMO(ZT/ Z;/ Tty Z;kz) = wzl wn | O] wzl Wn < 0/
Tt Fedeer

n
since z; < z} orzlx_ > %,So,forzi <z Yw=10=12...,n).
i=1

This proves the monotonicity of the functions NNHMO(z;, zp,---,z4) and
NNWHMO(z1, z3,- -+ ,2zn). O

P4.  Commutativity: 1f (z7, z5, ---, z;) be any permutation of (zi, z1,---, zp) then,
NNHMO(z1, zp,---,zp) = NNHMO(z], z3,---, z) and NNWHMO(z1, 2o, --,z;) =
NNWHMO(z3, 25, -+, zj).

n

Proof. NNHMO(z1, 23, -+ ,z4) — NNHMO(z§, 25, -+, z§)) = n( Y (z,-)’l)’1 - n(): (zf)’1>’1 =0,
i=1 i=1

because, (25, 25, - -, z;) is any permutation of (z1, zp, -+, zn)-

Hence, we have NNHMO(z1, 2, - -+ ,z4) = NNHMO(z{, z3,-- -, z).
Again:

-1 -1
n n
NNWHMO(zy, 23, - ,z4) — NNWHMO(ZS, 25, -, 25) = <21 w,-(zl-)’1> - (zl w; (z;f)*) =0,
i= =
because, (23, z5,- - -, z;) is any permutation of (z1, zp, - ,Zn)-
Hence, we have NNWHMO(z1, 2y, - - ,z,) = NNWHMO(23, 25,-- -, z;). O

4. Cosine Function for Determining Unknown Criteria Weights

When criteria weights are completely unknown to decision-makers, the entropy measure [56] can
be used to calculate criteria weights. Biswas et al. [57] employed entropy measure for MADM problems
to determine completely unknown attribute weights of single valued neutrosophic sets (SVNSs).
Literature review reflects that, strategy to determine unknown weights in the NN environment is yet
to appear. In this paper, we propose a cosine function to determine unknown criteria weights.

Definition 7. The cosine function of a NN P = x; + y;l = [x;; + yijIL, xjj + yijIU], (i=1,2 ..., m
j=1,2,...,n)is defined as follows:

1 T Yij

COS;(P) = Eg cos o ‘\/m , (xl] and y;j are not both zeroes) )
- g P
The weight structure is defined as follows:
COS;(P) 1

] .

w; = 7;]:1,2,-“,7[& wi =1 (6)
17 ¥, COS,(P) L
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The cosine function COS;(P) satisfies the following properties:

P1. COS](P) = 1,lfyl‘j =0and Xij 7&0.

P2. COS](P) =0, lf xl‘]‘ =0and y,] 7é 0.

P3. COS;(P) > COS;(Q), if xij of P > x; of Q or y;; of P < y;j of Q or both.

Proof.
n
PL y;j=0= COS;(P) = %,Zl[cos 0] =1
=
n
P2 xij =0 = COS;(P) = 1 ¥ [cos 5] =0
=

P3. For, Xij of P> Xij of Q

Determinate part of P > Determinate part of Q
COS;(Q) < COS;(P).

4y

For, y;; of P <y;; of Q
Indeterminacy part of P < Indeterminacy part of Q
COS;(Q) > COS;(P).

44

For, x;; of P > x;; of Q and y;j of P <y;; of Q
(Real part of P > Real part of Q) & (Indeterminacy part of P < Indeterminacy part of Q)

=
= COSj(Q) > COS;(P). O

Example 4. Let two NNs be zy = 3 + 21, and zp = 3 + 51, then, COS(z1) = 0.9066, COS(z;) = 0.7817.

Example 5. Let two NNs be z1 =3 + I, and zy = 7 + I, then, COS(z1) = 0.9693, COS(z;) = 0.9938.

Example 6. Let two NNs be zy = 10 + 21, and z; = 2 + 101, then, COS(z1) = 0.9882, COS(z;) = 0.7178.

5. Multi-Criteria Group Decision-Making Strategies Based on NNHMO and NNWHMO

Two MCGDM strategies using the NNHMO and NNWHMO respectively are developed in this
section. Suppose that A = {A, Ay, ..., Ay} is a set of alternatives, C = {Cy, Cp, ..., Cy} is a set of
criteria and DM = {DM3y, DMy, ... , DMy} is a set of decision-makers. Decision-makers’ assessment for
each alternative A; will be based on each criterion C;. All the assessment values are expressed by NNs.
Steps of decision making strategies based on proposed NNHMO and NNWHMO to solve MCGDM
problems are presented below.

5.1. MCGDM Strategy 1 (Based on NNHMO)
Strategy 1 is presented (see Figure 1) using the following six steps:
Step 1. Determine the relation between alternatives and criteria.

Each decision-maker forms a NN decision matrix. The relation between the alternative A;
(i=1,2,...,m)and the criterion Cj (j=1,2,...,n)is presented in Equation (7).

Cl CZ U Cn
Aq (xntyil)y  (xptyl), o (Xatyied)
DM[AC] = A2 (tyaul)e  (x2tynl)y -0 (x2ntyanl); 7)
Am <xml+]/m1[>k <xmz+ym21>k <xmn+ymnl>k
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Note 1: Here, <x,-]- +yil > « represents the NN rating value of the alternative A; with respect to the
criterion C; for the decision-maker DMj.

Step 2. Using Equation (3), determine the aggregation values (DMZggr(Ai)), (i=1,2,...,n)forall
decision matrices.

Step 3. To fuse all the aggregation values (DMZ‘QS "(A;)), corresponding to alternatives A;, we define

the averaging function as follows:

k
DM (A;) = Y wy (DM (A;));
i=1

M»

w=1((=12...,m;t=1,2,...,k) (8)

1
Here, w; (t=1,2, ..., k) is the weight of the decision-maker DM;.
Step 4. Determine the preference ranking order.

Using Equation (1), determine the score values Sc(z;) (accuracy degrees Ac(z;), if necessary)
(i=1,2, ..., m)of all alternatives A;. All the score values are arranged in descending order.
The alternative corresponding to the highest score value (accuracy values) reflects the best choice.

Step 5. Select the best alternative from the preference ranking order.

Step 6. End.
Determine the relation Determine the
Start H between alternatives and acereoation values
criteria 888
|
Calculate the Determine the Select the best
averaging —> | preferenceranking —>| ", 00 ——>| End
functional value | order

Figure 1. Steps of MCGDM Strategy 1 based on NNHMO.

5.2. MCGDM Strategy 2 (Based on NNWHMO)

Strategy 2 is presented (see Figure 2) using the following seven steps:
Step 1. This step is similar to the first step of Strategy 1.
Step 2. Determine the criteria weights.

Using Equation (6), determine the criteria weights from decision matrices (DM;[A|C]),
(t=1,2...,k.

Step 3. Determine the weighted aggregation values (DMnggy(Ai) )-

Using Equation (4), determine the weighted aggregation values (DMZ’”ggr(Ai)), i=1,2,...,n)
for all decision matrices.
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Step 4. Determine the averaging values.

To fuse all the weighted aggregation values (DM;WXSW(AZ')), corresponding to alternatives A;,

we define the averaging function as follows:

k
DM™S8"(A;) = Y w(DM{™¥ (A)(i=1,2, ...,m; t =1,2, ...,k ©9)
t=1

Here, w; (t=1,2, ..., k) is the weight of the decision maker DM;.
Step 5. Determine the ranking order.

Using Equation (1), determine the score values S(z;) (accuracy degrees A(z;), if necessary)
(i=1,2,...,m)of all alternatives A;. All the score values are arranged in descending order. The
alternative corresponding to the highest score value (accuracy values) reflects the best choice.

Step 6. Select the best alternative from the preference ranking order.

Step 7. End.
. . . |
Start Determine the relatlon.bet.ween D.etermm(? the
alternatives and criteria criteria weights ’
Determine the | Calculate the
weighted aggregation ——>| averaging functional
values | value
\Z
s Select the best ‘
preference —> alternative End
ranking order

Figure 2. Steps of MCGDM strategy based on NNWHMO.

6. Simulation Results

We solve a numerical example studied by Zheng et al. [54]. An investment company desires
to invest a sum of money in the best investment fund. There are four possible selection options to
invest the money. Feasible selection options are namely, A;: Car company (CARC); A;: Food company
(FOODCQ); Az: Computer company (COMC); Ay: Arms company (ARMC). Decision-making must
be based on the three criteria namely, risk analysis (C;), growth analysis (C), environmental impact
analysis (C3). The four possible selection options/alternatives are to be selected under the criteria by
the NN assessments provided by the three decision-makers DM;, DM;, and DM3.
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6.1. Solution Using MCGDM Strategy 1

Step 1. Determine the relation between alternatives and criteria.

All assessment values are provided by the following three NN based decision matrices (shown in
Equations (10)—(12).

Gy C Cs
Ay | 4+1 5 341
DM;[LIC] = A, 6 6 5 (10)

As 3 541 6
Ay 7 6 4+1

Ci G G
A 5 4 4
DM[LIC] = A, | 541 6 6 (11)

As 4 5 5+1
Ay \ 641 6 5

Ci G G
A 4 541 4

DM;[LIC] = Ay 6 7 541 12)
Ay | 441 5 6
Ay 8 6 4+1

Note 2: Here, DM [L|C], DM;[L|C] and DMS3[L|C] are the decision matrices for the decision makers
DM, DM, and DM3 respectively.

Step 2. Determine the weighted aggregation values (DMiggr(Ai) )-

Using Equation (3), we calculate the aggregation values (DMZggr (A;)) as follows:
DM{*" (A1) = 3.829 4 0.785I; DM*¥" (A;) = 5.625; DM{**" (A3) = 4.285 + 0.214; DM*¥" (A4) = 5.362 + 0.5141;

DM;*¥"(Ay) = 4.285; DM*¥"(Ap) = 5.206 + 0.4151; DM, (A3) = 4.196 + 0.5321; DM, (A4) = 5.234 + 0.6181;

DM5*" (A1) = 4.019 + 0.6051; DM5*¥" (Ay) = 5.817 + 0.4331; DM;*¥" (A3) = 4.876 + 0.3871; DM5*8"(A4) = 6.023 + 0.2571.

Step 3. Determine the averaging values.

Using Equation (8), we calculate the averaging values (Considering equal importance of all the
decision makers) to fuse all the aggregation values corresponding to the alternative A;.

DM?S8" (A1) = 4.044 + 0.4631; DMUSS"(Ay) = 5.549 + 0.2821; DM (A3) = 4.452 + 0.3781; DM (A,) = 5.539 + 0.4631.

Step 4. Using Equation (1), we calculate the score values Sc(A;) (i = 1, 2, 3, 4). Sensitivity analysis and
ranking order of alternatives are shown in Table 1 for different values of I.

Table 1. Sensitivity analysis and ranking order with variation of “I” on NNs for strategy 1.

I Sc(A;) Ranking Order
1=10,0] S(A1) =0.4988, S(Ay) = 0.4993, S(A3z) = 0.4982, S(A4) = 0.4983 Ay = Ay = Ay - A
1€1[0,02]  S(Aq) =0.5081, S(Az) = 0.5144, S(A3) = 0.5067, S(A4) = 0.5056 Ay = Ay - Az = Ay
1€[0,04]  S(Aq) =0.5182, S(A3) = 0.5195, S(A3) = 0.5151, S(A4) = 0.5249 Ay = Ap = Ay - Az
1€[0,0.6]  S(A1)=0.5289, S(Ay) = 0.5346, S(A3) = 0.5236, S(A4) = 0.5233 Ay = Ay = Az = Ay
1€[0,0.8]  S(A1) =0.5396, S(Ay) = 0.5497, S(A3) = 0.5320, S(A4) = 0.5316 Ay = Ay = Az = Ay
I1<[0,1] S(A1) = 0.5503, S(Ay) = 0.5547, S(A3) = 0.5405, S(A4) = 0.5399 Ay = Ay - Az = Ay
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Step 5. Food company (FOODC) is the best alternative for investment.
Step 6. End.

Note 3: In Figure 3, we represent ranking order of alternatives with variation of “I” based on
strategy 1. Figure 3 reflects that various values of I, ranking order of alternatives are different. However,
the best choice is the same.

0.56

0.54 mI=[0,0]

052 | mI=10,02]

05 - mI=[0,04]

048 - 1=10,0.6]

046 - mI=[0,0.8]
CARC  FOODC  COMC ARMC

Figure 3. Ranking order with variation of “I” based on strategy 1.
6.2. Solution Using MCGDM Strategy 2

Step 1. Determine the relation between alternatives and criteria.
This step is similar to the first step of strategy 1.
Step 2. Determine the criteria weights.

Using Equations (5) and (6), criteria weights are calculated as follows:
[wy =0.3265, w, = 0.3430, w3 = 0.3305] for DM,

[wy =0.3332, wy = 0.3334, w3 = 0.3334] for DM;,
[wy =0.3333, w, = 0.3335, w3 = 0.3332] for DM3.

Step 3. Determine the weighted aggregation values (DMZ’”ggY(A,-) ).

Using Equation (4), we calculate the aggregation values (DMiggr(Ai)) as follows:
DM;*¥"(Ay) = 3.861 + 0.7741; DM{*" (A3) = 6.006; DM*" (A3) = 4.307 + 0.2341; DM{*¥" (A4) = 5.399 + 0.541I;

DM;*" (A1) = 4.288; DM;*"(A;) = 5.219 + 0.4291; DM5*®" (A3) = 4.206 + 0.541; DM;*" (A4) = 5.251 + 0.6291;

DM5%(Ay) = 4.024 + 0.6161; DM5*"(Ay) = 5.824 + 0.4451; DM (A3) = 4.889 + 0.3931; DM5%¥"(A4) = 6.029 + 0.2651.

Step 4. Determine the averaging values.

Using Equation (9), we calculate the averaging (Considering equal importance of all the decision
makers to fuse all the aggregation values corresponding to the alternative A;.

DM88™(Ay) = 4.057 + 0.4631; DMI88™(Ay) = 5568 + 0.2911; DMA88"(A3) = 4.467 + 0.3891; DMA88"(Ay) = 5559 + 0.4781.

Step 5. Determine the ranking order.

142



Axioms 2018,7,12

Using Equation (1), we calculate the score values Sc(4;) (i = 1, 2, 3, 4). Since scores values are
different, accuracy values are not required. Sensitivity analysis and ranking order of alternatives are
shown in Table 2 for different values of I.

Table 2. Sensitivity analysis and ranking order with variation of “I” on NNs for strategy 2.

I Sc(A)) Ranking Order

I=0 S(A1) = 0.4968, S(Ay) = 0.4993, S(A3) = 0.4981, S(A4) = 0.4982 Ay = Ay = Ay = Ay
1€10,02] S(A1) = 0.5081, S(A) = 0.5095, S(A3) = 0.5068, S(A4) = 0.5067 Ay = Ay = Ay = A,
1€[0,04] S(A7) = 0.5195, S(A,) = 0.5198, S(A3) = 0.5155, S(A4) = 0.5153 Ay Ay = Ay = Ay
1€[0,0.6] S(A7) = 0.5308, S(A,) = 0.5350, S(A3) = 0.5241, S(Ay) = 0.5239 Ay = Ay = Ay = Ay
1€10,08] S(A1) = 0.5421, S(A,) = 0.5502, S(A3) = 0.5328, S(A4) = 0.5324 Ay = Ay = Ay = Ay

I€[0,1] S(A1) = 0.5535, S(A,) = 0.5654, S(A3) = 0.5415, S(A4) = 0.5410 Ay = Ay = Ay = Ay

Step 6. Food company (FOODC) is the best alternative for investment.
Step 7. End.

Note 4: In Figure 4, we represent ranking order of alternatives with variation of “I” based on
strategy 2. Figure 4 reflects that various values of I, ranking order of alternatives are different. However,
the best choice is the same.

0.58
mI=10,0]
0.56
054 mI=[002]
0.52 mI=[0,04]
05 - 1=10, 0.6]
0.48 - mI=[0,0.8]
046 - mIi=[0 1]
CARC FOODC COMC ARMC o

Figure 4. Ranking order with variation of “I” on NNs for Strategy 2.

7. Comparison Analysis and Contributions of the Proposed Approach

7.1. Comparison Analysis

In this subsection, a comparison analysis is conducted between the proposed MCGDM strategies
and the other existing strategies in the literature in NN environment. Table 1 reflects that A; is the best
alternative for [ =0 and I # 0 i.e., for all cases considered. Table 2 reflects that A, is the best alternative
for any values of I. Ranking order differs for different values of I.

The ranking results obtained from the existing strategies [52-54] are furnished in Table 3.
The ranking orders of Ye [52] and Zheng et al. [54] are similar for all values of I considered. When I
lies in [0, 0], [0, 0.2], [0, 0.4], A; is the best alternative for [52-54] and the proposed strategies. When
I'lies in [0, 0.6], [0, 0.8], [0, 1], A4 is the best alternative for [52,54], whereas A, is the best alternative
for [53], and the proposed strategies.
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Table 3. Comparison of ranking preference order with variation of “I” on NNs for different strategies.

I Ye [52] Zheng et al. [54] Liuand Liu [53]  Proposed Strategy 1  Proposed Strategy 2
[0, 0] Ay - Ay -As-Ay Ay=Ag-As-Ay Ay-Ay-A1-As Ay -Ap-Ag-As Ay - Ay - Az - Ay
[0,02] Ay-Ay>=As3-A; Ay>Ag>-As-Ay Ay>-As-A1-Ay Ay -Ap-Az-Ay Ay - Ay - Ay - As
[0,04] Ay-Ay>=As3-A1 Apy>=Ag-As-Ay Ay>-As-Ag-Ay Ay -Ap-Ag-As Ay = Ay - Az - Ay
[0,06] Ag-Ay>=As3-A1 Ay=Ay=-As=Ay Ay>=As-Ayg=A1 Apy-Ap-Az-Ay Ay = Ay - Az - Ay
[0,08] Ag-Ay>=As3-A1 Ay=Ay-A3=Ay Ay-As-Ag-A1 Ay -Ap-Az-Ay Ay = Ay - Az - Ay
[0,1] Ag-Ay>-A3=A1 Ag>-Ay-A3>-A1 Ay>-Ay-A3-A1 Ay -A1>-A3 Ay Ay = Ay - Az - Ay

In strategy [52], deneutrosophication process is analyzed. It does not recognize the importance of
the aggregation information. MCGDM due to Liu and Liu [53] is based on NN generalized weighted
power averaging operator. This strategy cannot deal the situation when larger value other than
arithmetic mean, geometric mean, and harmonic mean is necessary for experimental purpose.

The strategy proposed by Zheng et al. [54] cannot be used when few observations contribute
disproportionate amount to the arithmetic mean. The proposed two MCGDM strategies are free from
these shortcomings.

7.2. Contributions of the Proposed Approach

e NNHMO and NNWHMO in NN environment are firstly defined in the literature. We have also
proved their basic properties.

e We have proposed score and accuracy functions of NN numbers for ranking. If two score values
are same, then accuracy function can be used for ranking purpose.

e  The proposed two strategies can also be used when observations/experiments contribute is
disproportionate amount to the arithmetic mean. The harmonic mean is used when sample values
contain fractions and/or extreme values (either too small or too big).

e To calculate unknown weights structure of criteria in NN environment, we have proposed
cosine function.

e  Steps and calculations of the proposed strategies are easy to use.

e We have solved a numerical example to show the feasibility, applicability, and effectiveness of the
proposed two strategies.

8. Conclusions

In the study, we have proposed NNHMO and NNWHMO. We have developed two strategies of
ranking NNs based on proposed score and accuracy functions. We have proposed a cosine function
to determine unknown weights of the criteria in a NN environment. We have developed two novel
MCGDM strategies based on the proposed aggregation operators. We have solved a hypothetical case
study and compared the obtained results with other existing strategies to demonstrate the effectiveness
of the proposed MCGDM strategies. Sensitivity analysis for different values of I is also conducted to
show the influence of I in preference ranking of the alternatives. The proposed MCGDM strategies can
be applied in supply selection, pattern recognition, cluster analysis, medical diagnosis, etc.
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1. Introduction

Smarandache [1] proposed the concept of neutrosophic sets as an extension of fuzzy sets [2].
A neutrosophic set has three components, namely, truth membership, indeterminacy membership
and falsity membership, in which each membership value is a real standard or non-standard subset
of the nonstandard unit interval J0—,1 + [ ([3]), where 0~ = 0 — ¢, 17 = 1 + ¢, € is an infinitesimal
number > 0. To apply neutrosophic set in real-life problems more conveniently, Smarandache [3] and
Wang et al. [4] defined single-valued neutrosophic sets which takes the value from the subset of [0, 1].
Actually, the single valued neutrosophic set was introduced for the first time by Smarandache in 1998
in [3]. Ye [5] considered multicriteria decision-making method using the correlation coefficient under
single-valued neutrosophic environment. Ye [6] also presented improved correlation coefficients of
single valued neutrosophic sets and interval neutrosophic sets for multiple attribute decision making.

Rough set theory was proposed by Pawlak [7] in 1982. Rough set theory is useful to study
the intelligence systems containing incomplete, uncertain or inexact information. The lower and
upper approximation operators of rough sets are used for managing hidden information in a system.
Therefore, many hybrid models have been built, such as soft rough sets, rough fuzzy sets, fuzzy
rough sets, soft fuzzy rough sets, neutrosophic rough sets, andrough neutrosophic sets, for handling
uncertainty and incomplete information effectively. Dubois and Prade [8] introduced the notions
of rough fuzzy sets and fuzzy rough sets. Liu and Chen [9] have studied different decision-making
methods. Broumi et al. [10] introduced the concept of rough neutrosophic sets. Yang etal. [11]
proposed single valued neutrosophic rough sets by combining single valued neutrosophic sets
and rough sets, and established an algorithm for decision-making problem based on single valued
neutrosophic rough sets on two universes. Mordeson and Peng [12] presented operations on
fuzzy graphs. Akram et al. [13-16] considered several new concepts of neutrosophic graphs with
applications. Zafer and Akram [17] introduced a novel decision-making method based on rough
fuzzy information. In this research study, we apply the concept of rough neutrosophic sets to graphs.
We introduce rough neutrosophic digraphs and describe methods of their construction. Moreover,

Axioms 2018, 7, 5; doi:10.3390/axioms7010005 148 www.mdpi.com/journal /axioms



Axioms 2018,7,5

we present the concept of self complementary rough neutrosophic digraphs. We also present an
application of rough neutrosophic digraphs in decision-making.

We have used standard definitions and terminologies in this paper. For other notations,
terminologies and applications not mentioned in the paper, the readers are referred to [18-22].

2. Rough Neutrosophic Digraphs
Definition 1. [4] Let Z be a nonempty universe. A neutrosophic set N on Z is defined as follows:
N ={<x:un(x),on(x),AN(x) >, x € Z}
where the functions p, o, A :Z— [0,1] represent the degree of membership, the degree of indeterminacy and the
degree of falsity.

Definition 2. [7] Let Z be a nonempty universe and R an equivalence relation on Z.A pair (Z, R) is called an
approximation space. Let N* be a subset of Z and the lower and upper approximations of N* in the approximation
space (Z, R) denoted by RN* and RN* are defined as follows:

RN* = {x € Z|[x]r CN"},
RN* = {x € Z|[x]g C N*},

where [x|g denotes the equivalence class of R containing x. A pair (RN*, RN*) is called a rough set.

Definition 3. [10] Let Z be a nonempty universe and R an equivalence relation on Z. Let N be a neutrosophic
set(NS) on Z. The lower and upper approximations of N in the approximation space (Z, R) denoted by RN and
RN are defined as follows:

§N ={<x, VB(N)(x)"TK
RN = {< x, pg(n) (%), o (n) (X), Agoay () >0y € [x]r, x € Z},

where,
Ry (X) = A un(y),  pren () =V un(y),
yelx]r ye[x]r
gy (X) = A on(y), o) =V on(y
ye(x]r yelx|r
Agny(¥) =V AN(y),  Agpey(x) = AN(Y)-
yexr yElx]r

A pair (RN, RN) is called a rough neutrosophic set.
We now define the concept of rough neutrosophic digraph.

Definition 4. Let V* be a nonempty set and R an equivalence relation on V*. Let V be a NS on V*, defined as
V={<xpuy(x),ov(x),Av(x) > x € V*}.
Then, the lower and upper approximations of V represented by RV and RV, respectively, are characterized
as NSs in V* such that ¥V x € V¥,
(%), Arevy(x) >ty € [x]r},

R(V) = {< x, pur(v) (%), 0r(v R
R(V) = {< x, ug(y) (), g (v) (%), Ag(r) (%) >: € [x]r},

where,

ro)(%) = A (), prey(®) =V pv(y),

yelxr yelxlr
ryy(¥) = A ov(y), ogey(x)= V ov(y),
yelx]r yelxlr
ARy () =V Av(y), Agpy(x) = A Av(y).
yEIr yelx]r

149



Axioms 2018,7,5

Let E* C V* x V* and S an equivalence relation on E* such that

((x1,x2), (y1,42)) € S & (x1,11), (x2,42) € R.

Let E be a neutrosophic set on E* C V* x V* defined as
E = {<xy, pe(xy),0e(xy), Ap(xy) >: xy € V* x V*},

such that

ue(xy) < min{pgy (%), prv(v)},
oe(xy) < min{ory(x),orv(Y)},
Ap(xy) < max{Agy (x), Agy(y)} Vx,y € V™

Then, the lower and upper approximations of E represented by SE and SE, respectively, are defined
as follows

e(xy) >:wz € [xylg, xy € V¥ x V*},

), 05k (xy) y
e(xy) > wz € [xyls, xy € V¥ x V*},

SE = {< xy, use(xy), ose(xy), As
SE = {< xy, psp(xy), o5 (xy), Ag
where,

pspy(xy) = A pe(wz),  pgp(xy) = Vo pe(wz),

wzelxyls wz€[xyls

) = A oews), ()= Vo op(ws),
wz€xyls wz€(xyls
Asy(xy) =V Ap(wz), Az (xy) = A Ap(wz).
wzE[xyls wz€xy]s

A pair SE = (SE, SE) is called a rough neutrosophic relation.

Definition 5. A rough neutrosophic digraph on a nonempty set V* is a four-ordered tuple G = (R, RV, S, SE)
such that

(a) R is an equivalence relation on V*;

(b) S is an equivalence relation on E* C V* x V*;

(c) RV = (RV,RV) is a rough neutrosophic set on V*;

(d) SE = (SE,SE) is a rough neutrosophic relation on V* and

(e) (RV,SE) is a neutrosophic digraph where G = (RV,SE) and G = (RV,SE) are lower and upper
approximate neutrosophic digraphs of G such that

pse(xy) < min{pugy (x), urv(y)},

Ase(xy) < max{Agv(x), Arv(y)},

ose(xy) < min{ory (x),orv(¥)}

and

psp(xy) < min{pgy (%), pgy ()},
osp(xy) < min{ogy, (%), 07y ()},
Agplxy) < max{Agy, (x), Agy(y)} Vx,ye V"

Example 1. Let V* = {a,b,c} be a set and R an equivalence relation on V*

1
R=1]0
1

o = O

1
0
1
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Let V ={(a,0.2,0.3,0.6), (b,0.8,0.6,0.5), (c,0.9,0.1,0.4) } be a neutrosophic set on V*. The lower and
upper approximations of V are given by,

RV = {(2,0.2,0.1,0.6), (b,0.8,0.6,0.5), (c,0.2,0.1,0.6)},
RV = {(2,09,0.3,0.4), (b,0.8,0.6,0.5), (c,0.9,0.3,0.4)}.

Let E* = {aa,ab,ac,bb,ca,cb} C V* x V* and S an equivalence relation on E* defined as:

101010
010001
S:101010
000100
101010
010001

Let E = {(aa, 0.2,0.1,04), (ab, 0.2,0.1,0.5), (ac, 0.1,0.1,0.5), (bb, 0.7,0.5, 0.5), (ca, 0.1,0.1,0.3),
(cb,0.2,0.1,0.5)} be a neutrosophic set on E* and SE = (SE, SE) a rough neutrosophic relation where SE and
SE are given as

SE ={(a,0.1,0.1,0.5), (ab,0.2,0.1,0.5), (ac,0.1,0.1,0.5), (bb,0.7,0.5,0.5),
(ca,0.1,0.1,05), (cb,0.2,0.1,0.5)},

SE ={(aa,0.2,0.1,0.3), (ab,0.2,0.1,0.5), (ac,0.2,0.1,0.3), (bb,0.7,0.5,0.5),
(ca,0.2,0.1,0.3), (cb,0.2,0.1,0.5)}.

Thus, G = (RV,SE) and G = (RV, SE) are neutrosophic digraphs as shown in Figure 1.

(0.1,0.1,0.5) (0.2,0.1,0.3)

(0.2,0.1,0.6) (0.9,0.3,0.4)

b(0.8,0.6,0.5)
G = (RV.SE) G = (RV.SE)

Figure 1. Rough neutrosophic digraph G = (G, G).
We now form new rough neutrosophic digraphs from old ones.
Definition 6. Let Gy = (Gy,Gy) and Gy = (G,, Ga) be two rough neutrosophic digraphs on a set V*.
Then, the intersection of Gy and Gy is a rough neutrosophic digraph G = G1 M Gy = (G N QZ,E1 NG,),

where Gy NG, = (RVy NRV,,SEy NSEy) and G1 N Gy = (RVy N RV,, SEy N SEy) are neutrosophic
digraphs, respectively, such that
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(1) prvinRY, (%) = min{pry, (x), prvs (1)},
TRVNRY, (¥) = min{ogy, (x), 0y, (%)},
ARVyARV, (¥) = max{Agy, (x),Agy, ()} Vx € RV; NRVy,
Hsk sk, (xy) = min{psg, (x), s, ()}
0sE nsE, (xy) = min{ogg, (x), UiEz(y)}
Ask, sk, (xy) = max{Asg, (%), Asg, (y)} ¥V xy € SEy N SE,
(2) Vvamsz(x) mm{P‘va(x)rﬂsz(x)}/
TRy, ARY, (¥) = min{ogy, (x), 0gy, (¥)},
RVmRVz(x) max{ARV] (x),ARVZ(x)} Vx € RV NRV,,
V?Elr@};z( y) = mm{VEEl(x)/VSEZ W)}
Usglnsgz(xy) mm{UgEl(x),aSEz(y)}
Asg, s, () = max{Ag; (x),Agg, (y)} ¥V xy € SE1 N SEy.

Example 2. Consider the two rough neutrosophic digraphs Gy and G, as shown in Figures 1 and 2. The
intersection of Gy and Gy is G = Gy M Gy = (G N Gy, G1 N Go) where Gy NG, = (RV; N RV;, SE; N SEy)
and Gy N Gy = (RV4 N RVy, SE1 N SEy) are neutrosophic digraphs as shown in Figure 3.

a(0.3,0.1,0.9) a(0.6,0.5,0.8)

b(0.6.0.5,0.8) ¢(0.1,0.2,0.9)

G = (RV,SE) G = (RV.SE)

Figure 2. Rough neutrosophic digraph G = (G, G).

(0.2,0.1,0.9) a(0.6,0.3,0.8)

5(0.3,0.1,0.9) ¢(0.1,0.1,0.9)

b(0.6,0.5,0.8) ¢(0.1,0.2,0.9)

(0.2,0.170.8) (0.3,0.1,0.9)
Figure 3. Rough neutrosophic digraph G; @ Gy = (G; N G,, G1 N Gy).
Theorem 1. The intersection of two rough neutrosophic digraphs is a rough neutrosophic digraph.
Proof. Let G; = (G;,G1) and G, = (G,, Gy) be two rough neutrosophic digraphs. Let G = G1 @ G =

(G; NGy, G1 N Gy) be the intersection of Gy and G,, where G; N G, = (RV; N RV,, SE1N, SE») and
G1 NGy = (RV; NRV,, SE; N SEy). To prove that G = G, M G, is a rough neutrosophic digraph, it is
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enough to show that SE; N SE; and SE; N SE, are neutrosophic relation on RV; N RV, and RV; N RV,
respectively. First, we show that SE; N SE; is a neutrosophic relation on RV} N RV;.

USEnSE, (XY) = pisk (xy) A pisk, (xy)
< (urvy () A prv, (V) A (Rv; (2) A piry, ()
= (Hrv; (%) A prv, (X)) A (Hrv; () A pRV ()
= PRV;NRV, (X) A PRV RV, (V)

Mk nsE, (xy) < min{pgv;nrv, (%), HRV; ARV, (V) }

OsE,nSE, (YY) = 05k, (xy) A osE, (xy)
< (ory; (x) Aory, (1) A (rv, (%) ARV, ()
= (orv, (%) ARy, (X)) A (0rY, () A ORY, ()
= ORv;NRV; (X) A TRV ARV, (Y)

0sEynsk, (xy) < min{ory;nrvs (X), RV ARV, (1) }

ASEynSE, (YY) = Ask, (xy) A Ak, (xy)
< (Arv (%) V ARy, (1)) A (ARvy (%) V ARy, (1))
= (Arv; (%) A ARy, (%)) V (Arw; () A ARy, (1)
= ARvinRv, (%) V ARy ARV, (Y)

Askynsk, (xy) < max{Agv;nrv, (%), ARvinRY, (1) -

Thus, from above it is clear that SE; N SE; is a neutrosophic relation on RV, N RV;.
Similarly, we can show that SE; N SE; is a neutrosophic relation on RV; N RV;. Hence, G is a
rough neutrosophic digraph. [

Definition 7. The Cartesian product of two neutrosophic digraphs G and G, is a rough neutrosophic digraph
G = Gl X Gz = (Ql X QZ,C] X 62), where Ql X QZ = (Bl X Bz,§E1 X §E2 and 6] X CZ = (EV] X
RV,, SEq x SEy) such that

+HRV, (XZ) }r
MRV (%2) ),

min{pgy; (x1

min{ogy, (x1

(1) prvxrv, (X1,X2) = )
ORVy xRV, (X1, X2) = )

ARV, xRV, (X1, X2) =

HSE xSE, (X, X2) (X, 42) =
JY2) =

AsE xsEy (%, %2) (%, y2) =
MSE,xSE, (¥1,2) (y1,2) =
v1,2) =

)=

V1,2

ngElxgEz(xl,

(
(
(
)
O5E,xSE, (%, %2) (x
)(x,
)
z)(
z)(

ASE xSE, (X1, 2

(2)  Fryjwry, (F1,02) =
TRy, RV, (X1, X2) =

ARV RV, (X1, X2) =
VSE]MSEZ(XVXZ)( y2) =
‘7551%552(3‘ x2)(x,y2) =
)(x,y2) =

X,

X,

)‘SE1><SE2( 1 X2 2

X IVSEz(xZ/yZ)}/

x),05E,(X2,52) },

max{Agy, (), Asg, (x2,12)} ¥ x € RVy,x015 € SEy,
min{psg, (x1,41), #rv, (2) }

min{osg, (X1, Y1), 0, (2) },

max{Asg, (X1,¥1), Arv,(2)} V x1y1 € SE1,z € RV>,

min{ygy,

min{(fgw

min{pgy, (¥1), gy, (x2)},

min{ogy, (¥1), kgy, (¥2)},
max{Agy, (¥1), Hgy, (¥2)} V¥ (x1,%2) € RVy x RV3,
mm{?‘*va(x)rVEEZ(XZr]/Z)}r

min{ogy, (x), o5, (x2,42)},

max{Ava (x),A§E2 (x2,¥2)} ¥V x € RV, x5 € SE,
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H3E, x3E, (¥1,2) (y1,2) = min{pg, (x1,11), gy, (2)}
Osg, 3£, (¥1,2) (Y1, 2) = min{ogg, (x1,41), 07y, (2)}
/\§E1 D<gEz(xl,Z) (yl,Z) = maX{)thl (xl,yl),)\ﬁvz (Z)} v X1Y1 S gE],Z S FVz,
Example 3. Let V* = {a,b,c,d} beaset. Let G| = (G, G1) and Gy = (G,, G2) be two rough neutrosophic

digraphs on V*, as shown in Figures 4 and 5. The cartesian product of Gy and Gy is G = (Gy % G,, Gy x Ga),
where Gy X G, = (RNy x RN,,SE1 x SEp) and Gy x Gy = (RN;7 x RNy, SEy x SEy) are neutrosophic

digraphs, as shown in Figures 6 and 7, respectively.

2 A
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Figure 4. Rough neutrosophic digraph G; = (Gy, Gy).
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Figure 5. Rough neutrosophic digraph Gy = (G,, G).
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Figure 6. Neutrosophic digraph G; x G, = (RN; x RN, SE; x SEy).
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Figure 7. Neutrosophic digraph G; x G, = (RN; x RNy, SE; x SEp).

Theorem 2. The Cartesian product of two rough neutrosophic digraphs is a rough neutrosophic digraph.

Proof. Let G; = (G;,G1) and G, = (G,, G2) be two rough neutrosophic digraphs. Let G = G; x G, =
(G; X Gy, G1 X Gy) be the Cartesian product of G1 and Gy, where G; x G, = (RV; x RV,, SE1 x SEp)
and G; x G, = (RVj x RV;, SEy x SE,). To prove that G = G; x G, is a rough neutrosophic digraph,
it is enough to show that SE; x SE; and SE; x SE, are neutrosophic relation on RV; x RV, and
RVy x RV, respectively. First, we show that SE; x SE; is a neutrosophic relation on RV} x RV5.
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If x € RVy, x212 € SEp, then

HSE xSE, (%, %2) (%, y2) = prwy (%) A pisk, (x2, 2)
< Hrwy (%) A (v, (X2) A RV, (12))
= (prvy (%) A priy (x2)) A (prv (%) A pirv, (y2))
= MRV, xRV, (¥, ¥2) A HRV xRV, (%, Y2)
HSEyxSE, (%, %2) (X, y2) < min{pRrv,wrv, (X, X2), PRV xRV, (X, 2) },
OsE;xSE, (%, %2) (X, y2) = 0rv, (X) A O5E, (%2, Y2)
orv; (¥) A (0rv, (%2) A ORY, (42))
= (orv; (%) A oRY, (%2)) A (ORV; (%) A ORY, (12)
= RV xRV, (X, X2) A ORVy xRV, (X, Y2)
sy x5, (%, X2) (%, Y2) < min{ory, xrv, (X, X2), ORVy xRV, (X, Y2) }
AsE wSE, (%,%2) (%, Y2) = ARy, (%) V Ask, (X2, 2)
< ARw; (%) V (ARw, (22) V ARy, (42))
= (Arv; (¥) V ARy, (2)) V (ARv, (%) V ARy, (12))
= ARVixRV, (X, X2) V AR xRV, (X, ¥2)
ASEywSE, (X, X2, %,Y2) < max{ARv; RV, (X, X2), ARV xRV, (X, ¥2) }-

IN

If x1y1 € SE1,z € RV;, then

HsEyxSE, (¥1,2) (Y1, 2) = psE, (¥1,51) A PRy, (2)
< (urv; (¥1) A iRy (Y1) A HRV, (2)
= (prv; (¥1) A RV, (2)) A (R, (Y1) A PRV, (2))
RV RV, (X1,2) A PRV xRV, (Y1, 2)
UsEyxsE, (¥1,2) (Y1, 2) < min{pry,xrv, (¥1,2), PRV, xRV, (V1,2) },
OSE, xSE, (X1,2) (Y1,2) = 05, (X1, Y1) A ORY, (2)
(orw; (x1) AoRY, (1)) A ORY, (2)
= (orv; (1) A ORW, (2)) A (0RY, (1) A RV, (2))
= RV xRV, (¥1,2) A TRV <RV, (Y1, 2)
OSE, xSE, (¥1,2) (y1,2) < min{orv,xrv, (¥1,2), ORV; RV, (¥1,2) },
Askywsky (¥1,2) (Y1,2) = Ase, (X1, 1) V AR, (2)
< (Ary, (1) V ARy, (Y1) V AR, (2)
= (Arv; (x1) V AR, (2)) V (ARv; (1) V ARV, (2))
= ARvixRV, (X1,2) V ARV xRV, (Y1, Z)
AsEynsk, (¥1,2) (y1,2) < max{Arvyxrv, (¥1,2), ARV; RV, (Y1, 2) }-

Al

IN

Thus, from above, it is clear that SE; x SE, is a neutrosophic relation on RV} x RV;.
Similarly, we can show that SE; x SE; is a neutrosophic relation on RVj x RV,. Hence,
G = (Gy % G,,G; X Gy) is a rough neutrosophic digraph. [

Definition 8. The composition of two rough neutrosophic digraphs Gy and Gy is a rough neutrosophic digraph
G = G10Gy = (G 0G,,Gy0G,), where Gy 0o Gy, = (RVj 0 RV;,SE; 0 SEp) and Gy 0 G, = (RVj o
RV,, SE; o SEy) are neutrosophic digraphs, respectively, such that

(1) HRVioRV, (X1, X2) = min{pugy, (¥1), prV3 (¥2)},
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min{ory, (x1), prv;(x2)},
max{Agy, (x1), hrv; (¥2)} V (x1,%2) € RV} X RV,

ORV;oRV, \ X1, X2

ARV, 0RV, (X1, X2

HsE o5E, (X, %2) (X, ¥2) = min{pry, (x), psk, (x2,¥2) },
OSE,0SE, (X, %2) (¥, y2) = min{ory, (x), 05k, (x2,y2) },
/\§E10§E2(x1x2 X, Y2 max{/\va( ) /\SEZ(Xz,yz)} Vxe RVl,Xzyz € SEy,

y1,z) = min{osg, (¥1,41), 0rv, (2) },

AsEjosE, (X1,2) (Y1,2) = max{Agsg, (x1,y1), ARy, (2)} V x1y1 € SE1,z € RV,
VSEIOSEZ(XLXZ) Y1, Y2
OSE,0SE, (X1, %2) (Y1, 2
AsE oSE, (X1, X2) (Y1, Y2

USE 0SE, (X1, 2

min{pse, (x1,Y1), HRrv, (X2), frY, (Y2) ),

min{osg, (X1, Y1), RV, (¥2), OrV, (42) }

max{Agg, (x1,¥1), Arv, (¥2), ARV, (¥2) }
Y x1y1 € SEq1,x2,y2 € RVy, xp # 1.

( )=
( )=
)(x,y2) =
)(x,y2) =
)(x,y2) =
HsE osE, (¥1,2) (Y1, 2) = min{psg, (x1,11), Hry, (2)},
(x1,2)(y1,2)
)(v1,2)
(v1,42)
( )
(y1,42)

(2) I‘RVloRVZ(Xlrxz) mln{?‘RVl(Xl) VRVZ(XZ)}
UivloRVz(xlrxz) mm{Uva(xl) P‘sz(xz)}
/\RVlORVZ(xl,xz) max{ARVl(xl) yRVZ(xz)} V (x1,%2) € RVy x RV»,
?45}310552(7‘ x2)(x,y2) = mm{ﬂva(x) I‘?EZ(XZryZ)}r
5k, 05E, (X, X2) (x,y2) = min{ogy, (x), o5p, (x2,92) },
SEloSEz(x' x2)(x,12) = max{/\RVI( ), /\gEz(xz,yz)} Vxe EVl,xzyz € SE,,
U5E,05E, (¥1,2) (Y1, 2) = min{pz (x1,11), pgy, (2)},
USE]OSEZ(XLZ)(%Z) mm{tTSEl (x1,11), ‘TRVZ( )},
5E105E2(x1,z)(y1,z) max{/\SEl(xl,yl) RVZ( z)} Vxy1 € SEy,z € RV;,
HsE, o5, (¥1,%2) (Y1, v2) = min{pgp (x1,11), pgy, (x2), gy, (v2)
Ok 05, (Y1, ¥2) (Y1, ¥2) = min{ogg, (x1, 1), 0gy, (¥2), Ogy, (v2) }
A3k o5k, (¥1,%2) (Y1, y2) = max{Agg, (x¥1, 1), Agy, (¥2), Ay, (v2)

V x1y1 € SE1, X0,y € RVa, x0 # 2

Example 4. Let V* = {p,q,r} be a set. Let Gi = (G;,G1) and G, = (G,, Gy) be two RND on V*,
where Gy = (RVy,SE;) and G; = (RVy,SEy) are ND, as shown in Figure 8. G, = (RV»,SE,) and
Gy = (RVh, SEy) are also ND, as shown in Figure 9.

The composition of Gy and Gy is G = G10 Gy = (G, 0G,, G 0 G,) where Gy 0 G, = (RVy o RV, SE; o
SEp) and Gy o Gy = (RVy o RV, SEq o SEy) are NDs, as shown in Figures 10 and 11.
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Figure 8. Rough neutrosophic digraph G; = (G;, Gy).
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Figure 9. Rough neutrosophic digraph G, = (G,, G).
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Figure 11. Neutrosophic digraph G 0 G, = (RVj o RV,, SE; 0 SEp).

Theorem 3. The Composition of two rough neutrosophic digraphs is a rough neutrosophic digraph.

Proof. Let G; = (G;,G1) and Gy = (G,, G,) be two rough neutrosophic digraphs. Let G = G; 0 G =
(G; 0 Gy, Gy o Gy) be the Composition of Gy and G, where G; 0 G, = (RVj o RV,,SE; 0 SE,) and
G10Gy = (FVl oRVs,SE; 0 §E2). To prove that G = G; o Gyisa rough neutrosophic digraph, it is
enough to show that SE; o SE; and SE; o SE; are neutrosophic relations on RV; o RV, and RV o RV,
respectively. First, we show that SE; o SE; is a neutrosophic relation on RV; o RV;.

Ifx e RVy, x0y, € SEy, then

Ry, (%) A psi, (X2, 2)
HRv; (%) A (R, (X2) A PRV, (12))
= (HRrvy (%) A prvy (x2)) A (prvy () A Ry, (12))
HRV;oRV, (X, X2) A PRV, 0RV, (X, Y2)
MsE,oSE, (X, X2) (X, y2) < min{prviory, (X, X2), HRV;0RV (X, 2)
05 0SE, (X, X2) (X, ¥2) = 0rv; (X) A 05, (2, 42)
< Ry, (%) A (ORv, (x2) ARV, (12))
(orv; (X) A oRY, (2)) A (0RY; () A ORY, (Y2)
= ORv;oRV, (X, X2) A ORV;0RV, (X, 12)
O5E,0SE, (X, X2) (X, ¥2) < min{orv;orv, (X, X2), ORVi0RV, (¥, Y2) },
Asyosk, (%,22) (x,12) = Ary, (x) V Agg, (x2,2)
< Aryy (0) V (Agw, (x2) V ARy, (12))
= (Arv; (%) V ARy, (%2)) V (ARv; (%) V ARy, (42))
= ARvoRV, (X, X2) V ARVioRV, (X, Y2)

ASEjosE, (X, %2,%,¥2) < max{ARv,orv, (X, X2), ARvioRV, (X, ¥2) }

MSE 0SE, (x,22)(x, 2)

IN

A

If xqy1 € SEq,z € RV,, then

HsE osE, (¥1,2) (Y1, 2) = psk, (X1, Y1) A PRy, (2)
< (urvy (¥1) A piry; (Y1) A HR, (2)
= (urvy (x1) A iRy, (2)) A (pRV; (V1) A iRy (2))
= URV;oRV, (X1,2) A HRVi0RV, (Y1, 2)

HsEyosE, (¥1,2) (Y1, 2) < min{pRrviorv, (¥1,2), HRVi0RV, (V1,2) },
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O5E;08E, (¥1,2) (Y1, 2) = 05k, (X1,41) A ORY, (2)
< (orv, (¥1) A ory, (Y1) A 0R, (2)
= (orv; (x1) A 0RW, (2)) A (0RY; (1) A ORY, (2))
= ORV10RV, (X1, 2) A ORV;0RV, (Y1, 2)
OSE,0SE, (¥1,2) (y1,2) < min{orv;orv, (¥1,2), ORVi0RV, (V1,2) }
AsEjosE, (¥1,2) (1,2) = Asg, (x1,41) V ARw, (2)
< (Arw (x1) V ARy, (1)) V ARy, (2)
= (Ary, (¥1) V ARy (2)) V (ARv, (1) V AR, (2))
= ARVjoRV, (¥1,2) V ARVi0RV, (Y1, 2)

ASEjosE, (X1,2) (Y1, 2) < max{ARrv;orv, (X1,2), ARV,0RV, (Y1, 2) }-
If x1y1 € SEy, %2, y2 € RV; such that xp # 12,

HSE oSE, (X1, X2) (Y1, Y2) = pse, (X1y1) A Hry, (¥2) A iy, (42)
(Hrvy (x1) A prvy (1)) A Ry, (%2) A iy, (42)

= (prv; (x1) A Ry, (22)) A (HRv; (1)) A 1RV, (12))
HRVyoRV, (X1, X2) A PRV 0RV, (Y1, Y2)

HsEosE, (¥1,%2) (Y1, ¥2) < min{pRrv orv, (X1, X2), HRV 0RV, (11, Y2) }

sk 0k, (¥1,%2) (1, ¥2) = 0sE, (x1y1) A Ry, (x2) A ORY, (42)

(orv; (x1) A orv; (Y1) A ORY, (X2) A ORY, (42)

= (orv (x1) A oRV, (x2)) A (0RY; (1)) A ORV, (12))

ORVyoRV, (X1, X2) A ORVy0RV, (Y1, Y2)

IN

IN

O5E05E, (X1, %2) (Y1, ¥2) < min{orv;orv, (X1, %2), ORV 0RV, (W1, Y2) }
AsEyoSE, (¥1,%2) (Y1, y2) = Ask, (x191) V ARy, (%2) V AR, (v2)
< (Arwy (x1) V ARy, (1)) V ARy, (32) V AR, (v2)
= (Agyy (x1) V ARy, (x2)) V (Arv; (1)) V ARy, (v2))
= ARV1oRV, (X1, X2) V ARV, 0RV, (Y1, Y2)
AsE o8, (¥1,%2) (Y1, ¥2) < max{ARrv;orv, (¥1,%2), ARV;0RV; (V1,Y2) }-
Thus, from above, it is clear that SE; o SEj; is a neutrosophic relation on RVj o RV5.

Similarly, we can show that SE, 0 SE; is a neutrosophic relation on RV; o RV, Hence,
G = (G; © Gy, Gy o Gy) is a rough neutrosophic digraph. [

Definition 9. Let G = (G, G) be a RND. The complement of G, denoted by G' = (Q/,C/) is a rough
neutrosophic digraph, where G' = ((RV), (SE)") and G = ((RV')/, (SE)') are neutrosophic digraph such that

) = prv(x),
) = ogv(x),
AMrvy (%) = Ary(x) YVx € V*
wsey (x,y) = min{pgy (x), urv ()} — pse(xy)
) x),0rv(y)} — ose(xy)

Asey (x4, y) = max{Agy (x), Arv ()} — Ase(xy) ¥V x,y € V™.
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(2) gy (X) = pgy (%),

oryr (* ‘TE (x),

(), VxeVv”
m{va( )by (W)} — wsp (xy)

min{ozy (x), gy (y) } — o5 (xy)
= max{Agy (), Agy (V) } — Agp(xy) Vx,y € V7,

x)
x) =
RV’( x) =
gy (Xy) =
xY)
/Y)

ey (%
ey (%

Example 5. Consider a rough neutrosophic digraph as shown in Figure 4. The lower and upper approximations
(RV, SE), respectively, where

of graph G are G = (RV,SE) and G =
RV = {(a,0.2,0.4,0.6), (b,0.2,0.4,0.6), (c,0.2,0.5,0.9), (d,0.2,0.5,0.9)}

RV = {(4,0.3,0.,0.3).(b,0.3,0.,0.3), (c,0.5,0.6,0.8), (d,0.5,0.6,0.8) }

{(aa,0.2,03,0.3), (ab,0.2,0.3,0.3), (ad,0.1,0.3,0.8), (bc,0.1,0.3,0.8)

§E = V.4, U.0,U.0), ’
(bd,0.1,03,0.8), (dc,0.2,0.4,0.7), (dd,0.2,0.4,0.7)},

SE = {(aa,0.2,0.4,0.3), (ab,0.2,0.4,03), (ad, 0.2,0.4,0.7), (bc,0.2,0.4,0.7)
(bd,0.2,0.4,0.7), (dc,0.2,0.4,0.7), (dd,0.2,0.4,0.7) }.

7’). By calculations, we have

The complement of G is G' = (G, G
= {(2,02,0.4,0.6), (b,0.2,0.4,0.6), (c,0.2,0.5,0.9), (4,0.2,0.5,0.9)}

(RV)" = {(a,0.2,0.4,0.
(RV) = {(,0.3,0.8,0.3).(b,0.3,0.8,0.3), (c,0.5,0.6,0.8), (,0.5,0.6,0.8) }

(SE)" = {(1a,0,0.1,0. )
(be,0.1,0.1,0.1), (bd,0.1,0.1,0.1), (ca,0.2,0.4,0.9), (cb,0.2,0.4,0.9), (cc,0.2,0.5,0.9), (cd,0.2,0.5,0.9),
(da,0.2,0.4,09), (db,0.2,0.4,0.9), (dc,0,0.1,0.2), (dd,0,0.1,0.2) }
= {(aa,0.1,04,0), (ab,0.1,0.4,0), (ac,0.3,0.6,0.8), (ad,0.1,0.2,0.1), (ba,0.3,0.8,0.3), (bb,0.3,0.8,0.3),
), (cd,0.5,0.6,0.8),

(SE)' = 1,04,
(bc,0.1,02,0.1), (bd,0.1,0.2,0.1), (ca, 0.3,0.6,0.8), (cb,0.3,0.6,0.8), (cc, 0.5,0.6,0.8
(da,0.3,0.6,0.8), (db,0.3,0.6,0.8), (dc,0.3,0.2,0.1), (dd,0.3,02,0.1)}

= {(aa,0,0.1,0.3), (ab,0,0.1,0.3), (ac,0.2,0.4,0.9), (ad,0.1,0.1,0.1), (ba,0.2,0.4,0.6), (bb,0.2,0.4,0.6)

V), (SE)") and G = ((RV)/, (SE)') are neutrosophic digraph, as shown in Figure 12

U

Thus, G' = ((R

(0:2,0.4,0.6) 5(0.2,0.4,0.6) a(0.3,0.8,0.3) 5(0.3,0.8,0.3)

3 2, Q 2,

2 S %
~ 2
S 2
23
%0

S
N
d(

d(0.2,0.5,0.9)
G = ((RNY.(SE))

Definition 10. A rough neutrosophzc digraph G = (G, G) is self complementary if G and G’ are isomorphic,
thatis, G = G' and G =
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Example 6. Let V* = {a,b,c} be a set and R an equivalence relation on V* defined as:

1
R=10
1

S = O

1
0
1

Let V. ={(a,0.2,04,0.8), (b,0.2,0.4,0.8), (c,0.4,0.6,0.4) } be a neutrosophic set on V*. The lower and
upper approximations of V are given as,
RV ={(a,0.2,04,0.8),(,0.2,04,0.8), (c,0.2,04,0.8) },
RV = {(2,0.4,0.6,0.4), (b,0.2,0.4,0.8), (c,0.4,0.6,0.4)}.

Let E* = {aa,ab,ac,ba} C V* x V* and S an equivalence relation on E* defined as

©w

I
o= o -
S
- o oo

o o = o

Let E = {(aa,0.1,0.3,0.2), (ab,0.1,0.2,0.4), (ac,0.2,0.2,0.4), (ba,0.1,0.2,0.4) } be a neutrosophic set
on E* and SE = (SE, SE) a RNR where SE and SE are given as
SE = {(aa,0.1,0.2,0.4), (ab,0.1,0.2,0.4), (ac,0.1,0.2,0.4), (ba,0.1,0.2,0.4)},
SE = {(aa,0.2,0.3,0.2), (ab,0.1,0.2,0.4), (ac,0.2,0.3,0.2), (ba,0.1,0.2,0.4) }.

Thus, G = (RV,SE) and G = (RV,SE) are neutrosophzc digraphs, as shown in Figure 13.
The complement of G is G' = (G’ ,C’) where G' = G and G = G are neutrosophic digraphs, as shown
in Figure 13, and it can be easily shown that G and G' are isomorphic. Hence, G = (G,G) is a self

complementary RND.

¢(0.2,0.4,0.8) ¢(0.4,0.6,0.4)

0(0.2,0.4,0.8) b(0.2,0.4,0.8) a(0.4,0.6,0.4) b(0.2,0.4,0.8)

G=¢' G=0T

Figure 13. Self complementary RND G = (G, G).
Theorem 4. Let G = (G, G) be a self complementary rough neutrosophic digraph. Then,

Y mse(ws) =5 Y (k@) Aprv(2)

w,zeV* w,zeV*
1
Y osp(wz) = 5 Y. (orv(w) Aogy(2))
w,zeV* w,zeV*
1
Y Asp(wz) = 5 Y. (Arv(w) V Ay (2))
w,zeV* w,zeV*
1
Y wsp(wz) Y. (ugy(w) Apgy(2))
w,zeV* wzeV*
1
Y ogp(wz) = 3 Y. (ogy(w) Aogy(2))
w,zeV* w,zeV*
1
Y Agp(wz) = 3 Y (Agy () VAgy(2)).
w,zeV* w,zeV*

162



Axioms 2018,7,5

Proof. Let G = (G, G) be a self complementary rough neutrosophic digraph. Then, there exist two
isomorphisms g : V* — V*and g: V* — V™, respectively, such that

rryy(§w)) = prv(w),

V(gv)/(g(w)) = orv(w),

Mrvy(g(w)) = Arv(w), YweV”
Hsey(8(w)g(z)) = pse)(wz),
U@E)/(g(zv)g(Z)) = U(gE)(wz),
/\@E)/(g(w)g(z)) = A(§E)(wz) Vw,zeV*

and

tryy W) = pgy(w),

orvy &) = ogy(w),

/\(Em,(g(w)) = Agy(w), YweV”
tipy 8W)3(2) = hep) (wz),

Osey BWIEE) = ogp(w2),
Aaey§(W)3(2)) = Agg)(wz) Vw,ze V™

Hesey(g(w)g(z)) = (urv(w) A prv(z)) — psp) (wz)
Hesey(wz) = (prv(w) A prv(z)) — pse) (wz)
EV* Hisey(wz) = ) ZV*(VBV(W Aurv(z)) = ZV* #(se) (wz)
2 ZV* Hse)(wz) = ZV*(VRV(”’) A pgv(2))
se)(wz) = % (Hrv (W) A prv(2))
w,zeV* w,zeV*
osey(8w)g(z)) = (orv(w) Aory(2)) — (g (wz
osey(wz) = (orv(w) Aorv(z)) — osp) (wz)
Y osp(wz) = Y (orv(w) Aory(2)) - o(se)(wz)
w,zeV* w,zeV* w,zeV*
2 Zv* o(sey(wz) = ZV*((TRV(W) Nory(2))
Y os@s) = 2 ¥ (orv(®) Aoey())
w,zeV* w,zeV*
AMsey(g(w)g(z)) = (Arv(w) VAry(2)) — A(sg)(wz)
Msey(wz) = (Arv(w) V Arv(2)) — Asp) (wz)
ZV* Mspy(wz) = ZV*()‘BV(W) VARy(z)) — ZV* Ase) (wz)
2 Zv* Mspy(wz) = ZV*()\RV(w) V ARy(2))
L Aso@) = 5 T Gsrle)VA(2)
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Similarly, it can be shown that

1
Y, wsp(wz) = 3 (hry (W) A gy (2))
w,zeV* w,zeV*
1
Y, osp(wz) = 5 ), (opy(®w) Aogy(2))
w,zeV* w,zeV*
1
Y, Agp(wz) = 5 (Agy (@) V Agy(2))-
w,zeV* w,zeV*

This completes the proof. [J

3. Application

Investment is a very good way of getting profit and wisely invested money surely gives certain
profit. The most important factors that influence individual investment decision are: company’s
reputation, corporate earnings and price per share. In this application, we combine these factors into
one factor, i.e. company’s status in industry, to describe overall performance of the company. Let us
consider an individual Mr. Shahid who wants to invest his money. For this purpose, he considers some
private companies, which are Telecommunication company (TC), Carpenter company (CC), Real Estate
business (RE), Vehicle Leasing company (VL), Advertising company (AD), and Textile Testing company
(TT). Let V*={TC, CC, RE, VL, AD, TT } be a set. Let T be an equivalence relation defined on V*
as follows:

101010
010000
T:101010
000101
101010
000101

Let V = {(TC,0.3,04,0.1), (CC,0.8,0.1,0.5), (RE, 0.1,0.2,0.6), (VL, 0.9, 0.6,0.1), (AD, 0.2, 0.5,
0.2), (TT, 0.8, 0.6, 0.5)} be a neutrosophic set on V* with three components corresponding to each
company, which represents its status in the industry and TV = (TV, TV) a rough neutrosophic set,
where TV and TV are lower and upper approximations of V, respectively, as follows:

TV = {(TC,0.1,0.2,0.6),(CC,0.8,0.1,0.5), (RE,0.1,02,0.6), (VL,0.8,0.6,05), (AD,
0.1,0.2,0.6), (TT,0.8,0.6,0.5)},
TV = {(TC,03,05,0.1),(CC,038,0.1,05),(RE,03,0.5,0.1),(VL,09,0.6,0.1), (AD,

0.3,0.5,0.1), (TT,0.9,0.6,0.1)}.

Let E* {(TC,CC), (TC, AD), (TC, RE), (CC, VL), (CC,TT), (AD,RE), (TT,VL)},

be the set of edges and S an equivalence relation on E* defined as follows:

1.0 0 0 0 0 07
0110010
0110010
S=]0001100
0101100
0010010
L0 0 0 0 0 0 1]
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LetE = {((TC,CC),0.1,0.1,01),((TC,AD),0.1,0.2,0.1), ((TC,RE),0.1,0.2,0.1),

{
((CC,VL),08,0.1,05), ((CC,TT),0.8,0.1,0.5), ((AD, RE),0.1,0.2,0.1),
((TT,VL),0.8,06,0.1)}

be a neutrosophic set on E* which represents relationship between companies and SE = (SE, SE)

a rough neutrosophic relation, where SE and SE are lower and upper upper approximations of E
respectively, as follows:

SE =

((TC,€C),0.1,0.1,0.1), ((TC, AD),0.1,0.2,0.1), ((TC, RE),0.1,0.2,0.1),
(CC,VL),08,0.1,05), ((CC,TT),0.8,0.1,0.5), ((AD, RE),0.1,0.2,0.1),
(TT,VL),08,0.6,0.1)},

((TC,€C),0.1,0.1,0.1), ((TC, AD),0.1,0.2,0.1), ((TC, RE),0.1,0.2,0.1),
(CC,VvL),0.8,0.1,0.5), ((CC,TT),0.8,0.1,0.5), ((AD, RE)0.1,0.2,0.1),
(TT,VL),08,0.6,0.1)}.

SE =

{
((
(
{
((
((

Thus, G = (TV,SE) and G = (TV, SE) is a rough neutrosophic digraph as shown in Figure 14.

(0.1,0.1,0.1)

TC(0.1,0.2,0.6) CC(0.8,0.1,0.5)

(1'0°T0°1°0)
(0.8,0.1,0.5)

(0.1,0.2,0.1)

RE(0.1,0.2,0.6) VL(0.8,0.6,0.5)

G = (IV.5E)

(0.1,0.1,0.1)

7C(0.3,0.5,0.1) CC(0.8,0.1,0.5

(1'0T01°0)
(0.8,0.1,0.5)

0.8.0.60.1
010200 p0.3,0.5,0.1) 6.0.1)

VL(0.9.0.6,0.0) )

Figure 14. Rough neutrosophic digraph G = (G, G).

To find out the most suitable investment company, we define the score values

T(Z)]) + I(Z)]) — F(U])

S(vi) = ,
( ) oioeEr 3— (T(ZJ,‘U]') + I(ZJ,‘Z]]') — F(Uﬂ)j))
where
ri - T
I +I(v
I(gp) = L0310,
F(U]) _ F( );’F(v/‘)/
and

165



Axioms 2018,7,5

T(vjvj) = ’Ti(vivj);T(v'vf),

I(o0;) = l(UiU;>;'77(vin),
F(vivj) _ E(Uivj)erF(Uin)‘

of each selected company and industry decision is vy if v, = max S(v;). By calculation, we have

1
S(TC) = 0.4926, S(CC) = 1.4038, S(RE) = 0.0667, S(VL) = 0.3833, S(AD) = 0.1429 and S(TT) = 1.3529.
Clearly, CC is the optimal decision. Therefore, the carpenter company is selected to get maximum
possible profit. We present our proposed method as an algorithm. This Algorithm 1 returns the optimal
solution for the investment problem.

Algorithm 1 Calculation of Optimal decision

: Input the vertex set V*.

: Construct an equivalence relation T on the set V*.
. Calculate the approximation sets TV and TV.

: Input the edge set E* C V* x V™.

: Construct an equivalence relation S on E*.

. Calculate the approximation sets SE and SE.

. Calculate the score value, by using formula

N U W N

T(v;) + I(v;) — F(v;)
S(o)= Y 37(]"(01.;]-)4»1(;1'0]')*l‘i(vivj)).

v,vJEE*

8: The decision is S(vg) = max S(v;).
v;eV*

9: If vy, has more than one value, then any one of S(v;) may be chosen.

4. Conclusions and Future Directions

Neutrosophic sets and rough sets are very important models to handle uncertainty from two
different perspectives. A rough neutrosophic model is a hybrid model which is made by combining
two mathematical models, namely, rough sets and neutrosophic sets. This hybrid model deals with soft
computing and vagueness by using the lower and upper approximation spaces. A rough neutrosophic
set model gives more precise results for decision-making problems as compared to neutrosophic set
model. In this paper, we have introduced the notion of rough neutrosophic digraphs. This research
work can be extended to: (1) rough bipolar neutrosophic soft graphs; (2) bipolar neutrosophic soft
rough graphs; (3) interval-valued bipolar neutrosophic rough graphs; and (4) neutrosophic soft
rough graphs.
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1. Introduction

There are many real-life problems which are beyond a single expert. It is because of the need to
involve a wide domain of knowledge. As a generalization of the intuitionistic fuzzy set, paraconsistent
set and intuitionistic set, the neutrosophic logic and set is introduced by F. Smarandache [1] and it is
a useful tool to deal with uncertainty in several social and natural aspects. Neutrosophy provides a
foundation for a whole family of new mathematical theories with the generalization of both classical
and fuzzy counterparts. In a neutrosophic set, an element has three associated defining functions
such as truth membership function (T), indeterminate membership function (I) and false membership
function (F) defined on a universe of discourse X. These three functions are independent completely.
The neutrosophic set has vast applications in various fields (see [2-6]).

In order to provide mathematical tool for dealing with negative information, Y. B. Jun, K. J. Lee
and S. Z. Song [7] introduced the notion of negative-valued function, and constructed N -structures.
M. Khan, S. Anis, F. Smarandache and Y. B. Jun [8] introduced the notion of neutrosophic A/-structures,
and it is applied to semigroups (see [8]) and BCK/BC]I-algebras (see [9]). S. Z. Song, F. Smarandache
and Y. B. Jun [10] studied a neutrosophic commutative N -ideal in BCK-algebras. As well-known,
BCK-algebras originated from two different ways: one of them is based on set theory, and another
is from classical and non-classical propositional calculi (see [11]). The bounded commutative
BCK-algebras are precisely MV-algebras. For MV-algebras, see [12]. The background of this study is
displayed in the second section. In the third section, we introduce the notion of a neutrosophic positive
implicative N-ideal in B CK-algebras, and investigate several properties. We discuss relations between
a neutrosophic \-ideal and a neutrosophic positive implicative A/-ideal, and provide conditions for a
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neutrosophic A -ideal to be a neutrosophic positive implicative A/-ideal. We consider characterizations
of a neutrosophic positive implicative N'-ideal. We establish an extension property of a neutrosophic
positive implicative A/-ideal based on the negative indeterminacy membership function. Conclusions
are provided in the final section.

2. Preliminaries

“y
*

By a BCI-algebra we mean a set X with a binary operation
the following conditions are satisfied:

M ((rxy)* (xx2)) x (zxy) =0,
(I (x*(xxy))*xy=0,

() xxx=0,

(IV) xxy=y*xx=0= x=y

and a special element “0” in which

forall x,y,z € X. By a BCK-algebra, we mean a BCI-algebra X satisfying the condition
(Vx € X)(0%x =0).
A partial ordering < on X is defined by
(Vr,yeX)(x =y = xxy=0).
Every BCK/BClI-algebra X verifies the following properties.

(Vx € X) (x*0 = x), 1)
(Vx,y,z€ X) ((xxy) xz = (x*z)*y). (2)

Let I be a subset of a BCK/BCI-algebra. Then I is called an ideal of X if it satisfies the
following conditions.

0el, 3)
(Vr,yeX)(xxyel,yel = xel). 4)

Let I be a subset of a BCK-algebra. Then [ is called a positive implicative ideal of X if the Condition (3)
holds and the following assertion is valid.

(Vx,y,ze X)((xxy)xzel,yxzel = xxzel). ®)
Any positive implicative ideal is an ideal, but the converse is not true (see [13]).

Lemma 1 ([13]). A subset I ofa BCK-algebra X is a positive implicative ideal of X if and only if I is an ideal of
X which satisfies the following condition.

(Vx,y e X) ((x*xy)xy el = xxy ). (6)

We refer the reader to the books [13,14] for further information regarding BCK/BCl-algebras.
For any family {g; | i € A} of real numbers, we define

\/A{ai i€ A} :=sup{a; | i€ A}

and
Nai|i€ A} :=inf{a; | i€ A}.
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We denote the collection of functions from a set X to [—1,0] by F(X,[—1,0]). An element of
F(X,[—1,0]) is called a negative-valued function from X to [—1,0] (briefly, N'-function on X). An ordered
pair (X, f) of X and an NV-function f on X is called an N -structure (see [7]).

A neutrosophic N-structure over a nonempty universe of discourse X (see [8]) is defined to be
the structure

xXn = { i |* € X} @

where Ty, Iy and Fy are N/-functions on X which are called the negative truth membership function,
the negative indeterminacy membership function and the negative falsity membership function, respectively,
on X.

For the sake of simplicity, we will use the notation Xyn or XN :=
neutrosophic N -structure in (7).

Recall that every neutrosophic N -structure Xy over X satisfies the following condition:

m instead of the

(V.X € X) (*3 < TN(X) + IN(X) + FN(X) < 0) .
3. Neutrosophic Positive Implicative A/ -ideals
In what follows, let X denote a BCK-algebra unless otherwise specified.

Definition 1 ([9]). Let XN be a neutrosophic N -structure over X. Then Xy is called a neutrosophic N -ideal
of X if the following condition holds.

Tn(0) < Tn(x) < V{Tn(x*y), Tn(y)}
(Vxy e X) | In(0) = In(x) 2 M{In(xxy), In(y)} |- ®)
Fn(0) < Fn(x) < V{En(x*y), Fn(y)}

Definition 2. A neutrosophic N'-structure XN over X is called a neutrosophic positive implicative N -ideal of
X if the following assertions are valid.

(Vx € X) (In(0) < Tn(x), In(0) = In(x), Fn(0) < Fn(x)), )
Tn(x*z) < V{Tn((x*y) *z), Tn(y*2)}

(Vxyze X) | In(xxz) > MIn((x*y)*2), IN(y*2)} |- (10)
Fn(xxz) < V{Fn((x*y) *z),Fn(y *2)}

Example 1. Let X = {0,1,2,3,4} be a BCK-algebra with the Cayley table in Table 1.

Table 1. Cayley table for the binary operation “x”.

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 1 0
2 2 2 0 2 0
3 3 3 3 0 3
4 4 4 4 4 0

Let

Xn — 0 1 2 3 4
N (=09,-02,-0.7)” (—0.7,—0.6,—0.7)” (—0.5,—0.7,—0.6)” (—0.1,—04,—04)” (—0.3,—0.8,—02)

be a neutrosophic N -structure over X. Then Xy is a neutrosophic positive implicative N -ideal of X.
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If we take z = 0 in (10) and use (1), then we have the following theorem.
Theorem 1. Every neutrosophic positive implicative N -ideal is a neutrosophic N -ideal.

The following example shows that the converse of Theorem 1 does not holds.
Example 2. Let X = {0,4a,b,c} be a BCK-algebra with the Cayley table in Table 2.

Table 2. Cayley table for the binary operation “x”.

o SR O ¥
o SR OO0
o O olN
a oo oS
o2 Ola

Let

— 0 a b c
AN = {(fof i, fo)’ (ti, i1, f)’ (i, i1, f2)7 (b do, f1) }

be a a neutrosophic N -structure over X where ty < t; < tp, igp < iy < izand fo < f1 < fa in [—1,0]. Then
XN is a neutrosophic N -ideal of X. But it is not a neutrosophic positive implicative N'-ideal of X since

TN(b *IZ) = TN(II) =1 % t) = \/{TN((b* a) * lZ),TN(IZ *(Z)},
IN(b*lZ) = IN(IZ) = il ;é iz = /\{IN((b*a) *u),IN(a*a)},

En(bxa)=Fy(a) = fo £ fo=\/{En((b*a)xa),Fy(axa)}.

Given a neutrosophic N -structure Xy over X and o, B,y € [-1,0] with -3 < a+ B+ <0,
we define the following sets.

TN = {x e X | Tn(x) <a},
1§ = {x e X | Iy(x) > B},
)= {x € X | Fy(x) <7}

Then we say that the set
Xn(a, B,7) = {x € X | Tn(x) < a,In(x) 2 B, Fn(x) < 7}
is the (a, B, v)-level set of X (see [9]). Obviously, we have
Xn(a, B,9) = TE NI N FYL

Theorem 2. If Xy is a neutrosophic positive implicative N -ideal of X, then T¥, Iﬁ', and F; are positive
implicative ideals of X for all «, B,y € [—1,0] with =3 < a + B+ v < 0 whenever they are nonempty.

Proof. Assume that Ty, If, and Fy; are nonempty for all a, 8,7y € [-1,0] with =3 < a+ B+ < 0.
Then x € T, y € Iﬁ] and z € FI'\Y] for some x,y,z € X. Thus Ty(0) < Tn(x) < «, Iny(0) >
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IN(y) > B, and Fy(0) < Fy(z) < 1, thatis, 0 € Tﬁ‘)ﬂlﬁ,ﬂlfg,. Let (x+xy)xz € Tiand y xz € Ty.
Then Tn((x*y) *z) <aand Tn(y *z) < a, which imply that
Tn(xxz) < \/{Tn((x*y) *z), Tn(y*2)} < a,
thatis, x xz € Ty. If (a*b) xc € If,andb*ce If,,thenIN((a*b)*c) > Band Iy(b*c) > B. Thus

In(axc) = N{In((axb)xc), In(b*c)} = B,

andsoaxc € Iﬁ,. Finally, suppose that (1 + v) *w € FJ;and 0w € F{,. Then Fy((u*v) xw) < v and
Fy(v*w) < «. Thus

Fn(uxw) < \/{Fn((ux0)xw), Fy(vxw)} <7,
that is, u x w € FJ. Therefore TS, Ifj and F} are positive implicative ideals of X. [
Corollary 1. Let Xy be a neutrosophic N-structure over X and let o, 8,7y € [—1,0] be such that —3 <
a+ B+ < 0. If X is a neutrosophic positive implicative N -ideal of X, then the nonempty («, B, y)-level set
of XN is a positive implicative ideal of X.
Proof. Straightforward. [
The following example illustrates Theorem 2.

Example 3. Let X = {0,1,2,3,4} be a BCK-algebra with the Cayley table in Table 3.

Table 3. Cayley table for the binary operation “x”.

= W N = O

BN R oo
B WNOO| -
B wWwo R olN
o NP Ol W
OO O OO

Let

Xn — 0 1 2 3 4
N (—08,—03,—0.7)” (—0.7,—0.6,—0.4)” (—0.4,—0.4,—05)’ (—0.3,—05,—0.6)” (—0.2,—0.9,—0.1)

be a neutrosophic N -structure over X. Routine calculations show that Xy is a neutrosophic positive implicative
N-ideal of X. Then

@ ifa € [-1,-038),
{0} ifa €[~ 08 o7y
7o) {01} ifa € [-0.7,-04),
N7 {0,1,2} ifac[-04,-03),
{0,1,2,3} ifa € [-03,-02),
[-

X ifa € [-0.2,0],
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%) if g € (—0.3,0],
{0} if e (—04,-03],

N7 {0,2,3}  ifpe(—06,-05
{0,1,2,3} if g€ (—0.9,-0.6],

7

]
# ) 02} if p € (—0.5,—0.4],

]

]

X if p€[-1,-09],
and

%) ify e [-1,-07),

{0} ify € [-0.7,-0.6),
o {0,3} ify € [-0.6,-0.5),
N7 {0,2,3} ify e [-05,-04),

{0,1,2,3} ify € [-04,-0.1),

X ify € [-0.1,0],

which are positive implicative ideals of X.
Lemma 2 ([9]). Every neutrosophic N'-ideal Xy of X satisfies the following assertions:

(yeX)(x =2y = Tn(x) <Tn(y) In(x) = In(y), En(x) < En(y))- (11)

We discuss conditions for a neutrosophic A/-ideal to be a neutrosophic positive implicative
N-ideal.

Theorem 3. Let Xy be a neutrosophic N -ideal of X. Then Xy is a neutrosophic positive implicative N -ideal
of X if and only if the following assertion is valid.

Tn(xxy) < Tn((xxy) *y),
(Vxy e X) | In(xxy) > In((x*y)*xy), |- (12)
Fn(x*y) < En((xxy) *y)

Proof. Assume that Xy is a neutrosophic positive implicative N'-ideal of X. If z is replaced by y
in (10), then

Tn(xxy) < \V{Tn((x*y) *y), Tn(y *y)}
= \V{Tn((x*y) *y), Tn(0)} = Tn((x * y) *y),

In(x+y) = A{In((x+y) +y), In(y +y)}
= NMIn((xxy) #y), In(0)} = In((x + y) *y),

and

Fy(xxy) < \/{Fn((xxy) *y), Fn(y*y)}
= \/{En((x*y) *y), Fn(0)} = Fn((x xy) *y)

by (III) and (9).
Conversely, let XN be a neutrosophic A/-ideal of X satisfying (12). Since

((xxz)xz)x (y*xz) < (xxz)sxy = (xxy)*z
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forall x,y,z € X, we have

Tn(((x#z) xz) % (yxz)) < Tn((x*y) *z),
(Vxv,y,ze X) | IN((x*xz)*z)* (y*z)) > IN((x *y) x2),
Fy(((xxz)xz) % (yxz)) < FN((xxy) *z)

by Lemma 2. It follows from (8) and (12) that
Tn(xxz) < Tn((x*z)*2z)

< VATN(((x #2) #2) * (y #2)), Tn(y + 2)}
< VATn((x+y) #2), Tn(y = 2)},

In(xxz) > IN((x % 2) % 2)
> Nn(((x#2) x2) + (y +2)), In(y +2) }
> NIn((x#y) +2), In(y = 2)},

and

Fy(xxz) < Fy((x*z)*2z)
S VAEN(((x#2) x2) * (y +2)), En(y *2) }
< VAEN((xxy) *2), En(y *2)}.

Therefore Xy is a neutrosophic positive implicative A'-ideal of X. [
Lemma 3 ([9]). For any neutrosophic N -ideal Xy of X, we have

Tn(x) < V{Tn(y), In(2)}
(Vx,y,zeX) | xxy=<z =4 In(x)>A{INW), In(2)} . (13)
Fn(x) < V{Fn(y), En(2)}

Lemma 4. If a neutrosophic N -structure Xy over X satisfies the condition (13), then Xy is a neutrosophic
N-ideal of X.

Proof. Since 0% x =< x for all x € X, we have Ty(0) < Ty(x), IN(0) > In(x) and Fx(0) < Fy(x)
for all x € X by (13). Note that x * (x*y) < y for all x,y € X. It follows from (13) that

Tn() <V ATn( ), T}, In(x) = AIn(xxy), In(y)}, and Fy(x) < V{En(xy), Fn(y)}
for all v,y € X. Therefore Xy is a neutrosophic N-ideal of X. [

Theorem 4. For any neutrosophic N -structure Xy over X, the following assertions are equivalent.

(1) X is a neutrosophic positive implicative N -ideal of X.
(2) X satisfies the following condition.

Tn(xxy) < V{Tn(a), Tn(D)},
((xxy)*y)xa=b = In(xxy) > A{In(a), IN(D)}, (14)
Fy(x*y) < V{Fn(a), En(b)},

forall x,y,a,b € X.
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Proof. Suppose that Xy is a neutrosophic positive implicative A/-ideal of X. Then X is a neutrosophic
N-ideal of X by Theorem 1. Let x,y,4,b € X be such that ((x *y) xy) xa < b. Then

Tn(xxy) < Tn(((x *y) *y)) < \/{Tn(a), Tn(b)},

In(xxy) > IN(((xxy) xy)) > AlIn(a), I ( )}

Ey(xxy) < En(((xxy) *y)) < \/{Fn(a), Fn(b)}
by Theorem 3 and Lemma 3.

Conversely, let Xy be a neutrosophic N -structure over X that satisfies (14). Let x,a,b € X be such
that x xa < b. Then ((x % 0) *0) xa < b, and so

Tn(x) = Tn(x%0) < \/{Tn(a), Tn(b)},
(x) IN(x*O > /\{IN a), (b)},
Ey(x) = Fn(xxy) < \/{Fn(a), Fn(b)}.

Hence Xy is a neutrosophic A-ideal of X by Lemma 4. Since ((x *y) *y) * ((x xy) xy) =< 0, it
follows from (14) and (9) that

Tn(xxy) < VA{Tn((x+y) #y), Tn(0)} = Tn((x *y) *),
In(exy) > AMIn((xxy) xy), In(0)} = In((x * y) *y),
En(xxy) < \/{En((xxy) xy), En(0)} = En((x*y) *y),

for all x,y € X. Therefore Xy is a neutrosophic positive implicative A/-ideal of X by Theorem 3. [

Lemma 5 ([9]). Let XN be a neutrosophic N -structure over X and assume that TS, Iﬁ] and F;\’] are ideals of X
forall w, B,y € [—1,0] with =3 < a + B+ < 0. Then Xy is a neutrosophic N -ideal of X.

Theorem 5. Let Xy be a neutrosophic N-structure over X and assume that T%, Iﬁ, and FK, are positive
implicative ideals of X for all «, B,y € [—1,0] with =3 < a4+ B+ v < 0. Then Xy is a neutrosophic positive
implicative N -ideal of X.

Proof. If Ty, Iﬁ] and F;\Yj are positive implicative ideals of X, then T§;, Iﬁ, and FI:', are ideals of X.
Thus Xy is a neutrosophic N-ideal of X by Lemma 5. Let x,y € X and a,f,7 € [—1,0] with
—3<a+pB+7 <O0suchthat Ty((x*y)*y) =a, IN(x*y) xy) = pand Fy((x *y) *y) = 7. Then
(xxy)xy € T{N Iﬁ, N FY. Since T N Iﬁ, N F{ is a positive implicative ideal of X, it follows from
Lemma 1 thatx xy € Ty N II% N F. Hence

Tn(xxy) <o =Tn((x*y) *y),
In(xxy) = = In((xxy) *y),
En(xxy) <0 =En((x*y) *y).

Therefore Xy is a neutrosophic positive implicative A-ideal of X by Theorem 3. O
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Lemma 6 ([9]). Let X be a neutrosophic N'-ideal of X. Then Xy satisfies the condition (12) if and only if it
satisfies the following condition.

Tn((xxz)* (yxz)) < In((x*y) *2),
(Vx,y,ze X) | IN((xxz)*(y*z)) > IN((x*y) *z), . (15)
Fn((x#z)* (y*2)) < Fn((x*y) *z)

Corollary 2. Let Xy be a neutrosophic N'-ideal of X. Then Xy is a neutrosophic positive implicative N -ideal
of X if and only if XN satisfies (15).

Proof. It follows from Theorem 3 and Lemma 6. [l

Theorem 6. For any neutrosophic N -structure X over X, the following assertions are equivalent.

(1) Xn is a neutrosophic positive implicative N -ideal of X.
(2) X satisfies the following condition.

Tn((x#z) % (y +2)) < V{Tn(a), Tn(b)},
(xxy)rz)xa=2b = ¢ In((x*2) % (y+2)) = A{In(a), In(b)}, (16)
Fn((x+2) * (y*2)) < V{En(a), Fn(D)},

forall x,y,z,a,b € X.
Proof. Suppose that Xy is a neutrosophic positive implicative A/-ideal of X. Then Xy is a neutrosophic

N-ideal of X by Theorem 1. Let x,y,z,4,b € X be such that ((x * y) * z) xa < b. Using Corollary 2 and
Lemma 3, we have

Tn((xx2) * (y*2)) < Tn(((x+y) +2)) < \V/{Tn(a), Tn(b)},
In((xx2) x (y*2)) = IN(((x * y) *2) /\{IN(u In(b)},
En((x%2) x (y*2)) SFN(((X*y)*Z < V{En(a), En(0)}

forall x,y,z,a,b € X.
Conversely, let Xy be a neutrosophic N-structure over X that satisfies (16). Let x,y,a,b € X be
such that ((x xy) xy) xa < b. Then

Tn(xxy) = Tn((xxy) * (yxy)) < \/{Tn(a), Tn(b)},
In(xxy) = In((x x y) * (yxy)) > N{In(a), In(D)},
Fy(xxy) = Fn((x*xy)* (y*y)) < \/{FN Fn(b)}

by (II), (1) and (16). It follows from Theorem 4 that Xy is a neutrosophic positive implicative N -ideal
of X. O

Theorem 7. Let Xy be a neutrosophic N-structure over X. Then Xy is a neutrosophic positive implicative
N-ideal of X if and only if Xy satisfies (9) and

Tn(xxy) < V{IN(((x xy) xy) x2), Tn(2)},
(Vx,y,ze X) | In(xxy) > A{IN(((x*y) xy) *z),IN(2)}, . 17)
Fy(xxy) < VIFEN(((x*y) *y) *2), Fn(2)}
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Proof. Assume that Xy is a neutrosophic positive implicative A/-ideal of X. Then Xy is a neutrosophic
N-ideal of X by Theorem 1, and so the condition (9) is valid. Using (8), (III), (1), (2) and (15), we have

Tn(xxy) < V{Tn((x +y ) 2), Tn(2)}
= V{Tn(((x*2) *y) * (v +)), Tn(2)}
<\/{TN(((X*Z *y) *y), Tn(2)}
= VATn(((xxy) *y) #2), Tn(2)},

and

(xx2) xy) * (y *y)), Fn(2)}
(xx2) xy) xy), En(2)}
= V{En(((x*y) *y) +2), En(2)}

for all x,y,z € X. Therefore (17) is valid.
Conversely, if Xy is a neutrosophic N -structure over X satisfying two Conditions (9) and (17), then

T (x) = Tn(x%0) < \/{Tn(((x*0) %0) * ) Tn(z)} = V{Tn(xx2), Tn(2)},
In(x) = IN(x%0) > A{In(((x%0) %0) x2), In(2)} = A{In(x*2), IN(2)},
En(x) = Fn(x%0) < \/{En(((x%0) % 0) * )/ N(2)} = V{En(x*2), Fn(2)}

for all x,z € X. Hence Xy is a neutrosophic N -ideal of X. Now, if we take z = 0 in (17) and use (1), then

Tn(xxy) < VA{Tn(((x +y) #y) %0), Ty (0)}
= V{Tn((x*y) *y), Tn(0)} = Tn((x +y) *y),

In(xxy) > A{In(((xxy) +y) % 0), In(0)}
= NIn((x*y) *y), IN(0)} = In((x * y) * ),

and
En(xxy) < V{FEn(((x xy) xy) x0), Fn(0)}
=V {En((x*y) *y), FN(0)} = Fn((x *y) *y)

for all x,y € X. It follows from Theorem 3 that Xy is a neutrosophic positive implicative N -ideal
of X. O

Summarizing the above results, we have a characterization of a neutrosophic positive
implicative NV-ideal.
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Theorem 8. For a neutrosophic N-structure Xy over X, the following assertions are equivalent.

(1) Xn is a neutrosophic positive implicative N -ideal of X.

(2) XN is a neutrosophic N'-ideal of X satisfying the condition (12).
(3) X is a neutrosophic N'-ideal of X satisfying the condition (15).
(4) Xy satisfies two conditions (9) and (17).

(5) X satisfies the condition (14).

(6) X satisfies the condition (3).

For any fixed numbers 1, {r € [—1,0), ¢ € (—1,0] and a nonempty subset G of X, a neutrosophic
N -structure Xg over X is defined to be the structure

G ._ X _ X
XN = T {(Tﬁw S, @) | ¥ € X} (18)

where T, I§ and F§ are N/-functions on X which are given as follows:

ifxeG
TS : X — [~1,0], or i ’
N ad b { 0  otherwise,
ifxeG
G X = [-1,0], & i ’
N ad bx— { —1 otherwise,
and
ifxeG
FS:X - [-1 o 1 ’
N = 210 x e { 0 otherwise.

Theorem 9. Given a nonempty subset G of X, a neutrosophic N -structure Xﬁ over X is a neutrosophic positive
implicative N -ideal of X if and only if G is a positive implicative ideal of X.

Proof. Assume that G is a positive implicative ideal of X. Since 0 € G, it follows that T (0) = &r < TG(x),
I5(0) = ¢ > I§(x), and F§(0) = & < F§(x) forall x € X. For any x,y,z € X, we consider four cases:

Casel. (x*y)*xz€ Gandy*z € G,
Case?2. (xxy)*z€ Gandyx*z ¢ G,
Case3. (xxy)*z¢ Gandyx*z € G,
Case4. (x*xy)*xz¢ Gandy =z ¢ G.

Case 1 implies that x * z € G, and thus

TN (x%2) = TR((x # y) x2) = Ty (y # 2) = &r,
If,(x*z) = If] (xxy)*z) = If,(y*z) =y,
F(x#z) = F§((xxy) #2) = F§(y *2) = Cp-

Hence

TN (x2) < VTN ((x*y) *2), T§ (y x2)},
I§(xx2) > N{IN((xxy) *2), I§(y *2)},
Fy(xxz) < V{F§((x xy) #2), F§ (y ¥2)}.
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If Case 2 is valid, then T (y #z) = 0, I$(y *z) = —1 and F§(y * z) = 0. Thus

T§(x*z) <0=\/{T§((x*y) x2), T{(y *2)},
I§(xx2) > =1 = A{I§((x*y) x2), I§(y x2)},
Fy(xxz) <0=\/{F§((x+y) *2), F{(y*2)}.

For the Case 3, it is similar to the Case 2.
For the Case 4, it is clear that

TR (x+z) < \V{T§((xy) x2), TR (y *2)},
I§(xx2) > N{IN((xxy) *2), I§(y *2)},
Fy(xxz) < V{F§((x xy) #2), F§ (y ¥2) }.

Therefore X§ is a neutrosophic positive implicative A-ideal of X.
er
Conversely, suppose that X is a neutrosophic positive implicative V-ideal of X. Then (T§) 2 =G,
& 143
(Ig) 2 = Gand (F§) 2 = G are positive implicative ideals of X by Theorem 2. O

We consider an extension property of a neutrosophic positive implicative A'-ideal based on the
negative indeterminacy membership function.

Lemma 7 ([13]). Let A and B be ideals of X such that A C B. If A is a positive implicative ideal of X, then so is B.

Theorem 10. Let

. X _ X
XN = e = @ | % € X
and
XM =

X _ x
Tt = \ v o ey | % € X
be neutrosophic N -ideals of X such that Xn(=,<,=)Xwm, that is, Ty(x) = Tp(x), In(x) < Ip(x) and
Fyn(x) = Fp(x) forall x € X. If XN is a neutrosophic positive implicative N'-ideal of X, then so is Xp.

Proof. Assume that Xy is a neutrosophic positive implicative A/-ideal of X. Then T§;, I f, and Fy; are
positive implicative ideals of X for all a, 8,y € [—1,0] by Theorem 2. The condition XN (=, <, =)Xm
implies that TE,T = Tﬁ, I;{,’ - Iﬁ,’l and FI%F = FI%/IF. It follows from Lemma 7 that Tj,, If/[ and F1\7/1
are positive implicative ideals of X for all a, B,y € [—1,0]. Therefore Xy is a neutrosophic positive
implicative N-ideal of X by Theorem 5. [

4. Conclusions

The aim of this paper is to study neutrosophic N -structure of positive implicative ideal in
BCK-algebras, and to provide a mathematical tool for dealing with several informations containing
uncertainty, for example, decision making problem, medical diagnosis, graph theory, pattern
recognition, etc. As a more general platform which extends the concepts of the classic set and fuzzy
set, intuitionistic fuzzy set and interval valued intuitionistic fuzzy set, F. Smarandache have developed
neutrosophic set (NS) in [1,15]. In this manuscript, we have discussed the notion of a neutrosophic
positive implicative N-ideal in BCK-algebras, and investigated several properties. We have considered
relations between a neutrosophic N'-ideal and a neutrosophic positive implicative A/-ideal. We have
provided conditions for a neutrosophic N -ideal to be a neutrosophic positive implicative A'-ideal, and
considered characterizations of a neutrosophic positive implicative A/-ideal. We have established an
extension property of a neutrosophic positive implicative N'-ideal based on the negative indeterminacy
membership function.
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Various sources of uncertainty can be a challenge to make a reliable decision. Based on the results
in this paper, our future research will be focused to solve real-life problems under the opinions of
experts in a neutrosophic set environment, for example, decision making problem, medical diagnosis
etc. The future works also may use the study neutrosophic set theory on several related algebraic
structures, BL-algebras, M T L-algebras, Ro-algebras, MV -algebras, EQ-algebras and lattice implication
algebras etc.
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Abstract: Hough transform (HT) is a useful tool for both pattern recognition and image processing
communities. In the view of pattern recognition, it can extract unique features for description of
various shapes, such as lines, circles, ellipses, and etc. In the view of image processing, a dozen of
applications can be handled with HT, such as lane detection for autonomous cars, blood cell detection
in microscope images, and so on. As HT is a straight forward shape detector in a given image,
its shape detection ability is low in noisy images. To alleviate its weakness on noisy images and
improve its shape detection performance, in this paper, we proposed neutrosophic Hough transform
(NHT). As it was proved earlier, neutrosophy theory based image processing applications were
successful in noisy environments. To this end, the Hough space is initially transferred into the
NS domain by calculating the NS membership triples (T, I, and F). An indeterminacy filtering is
constructed where the neighborhood information is used in order to remove the indeterminacy in
the spatial neighborhood of neutrosophic Hough space. The potential peaks are detected based on
thresholding on the neutrosophic Hough space, and these peak locations are then used to detect the
lines in the image domain. Extensive experiments on noisy and noise-free images are performed in
order to show the efficiency of the proposed NHT algorithm. We also compared our proposed NHT
with traditional HT and fuzzy HT methods on variety of images. The obtained results showed the
efficiency of the proposed NHT on noisy images.

Keywords: Hough transform; fuzzy Hough transform; neutrosophy theory; line detection

1. Introduction

The Hough transform (HT), which is known as a popular pattern descriptor, was proposed
in sixties by Paul Hough [1]. This popular and efficient shape based pattern descriptor was then
introduced to the image processing and computer vision community in seventies by Duda and Hart [2].
The HT converts image domain features (e.g., edges) into another parameter space, namely Hough
space. In Hough space, every points (x;, y;) on a straight line in the image domain, corresponds a
point (p;, 6;).

In the literature, there have been so many variations of Hough’s proposal [3-14]. In [3],
Chung et al. proposed a new HT based on affine transformation. Memory-usage efficiency was
provided by proposed affine transformation, which was in the center of Chung’s method. Authors
targeted to detect the lines by using slope intercept parameters in the Hough space. In [4], Guo et al.
proposed a methodology for an efficient HT by utilizing surround-suppression. Authors introduced a
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measure of isotropic surround-suppression, which suppresses the false peaks caused by the texture
regions in Hough space. In traditional HT, image features are voted in the parameter space in order
to construct the Hough space. Thus, if an image has more features (e.g., texture), construction of the
Hough space becomes computationally expensive. In [5], Walsh et al. proposed the probabilistic HT.
Probabilistic HT was proposed in order to reduce the computation-cost of the traditional HT by using
a selection step. The selection step in probabilistic HT approach just considered the image features that
contributed the Hough space. In [6], Xu et al. proposed another probabilistic HT algorithm, called
randomized HT. Authors used a random selection mechanism to select a number of image domain
features in order to construct the Hough space parameters. In other words, only the hypothesized
parameter set was used to increment the accumulator. In [7], Han et al. used the fuzzy concept in HT
(FHT) for detecting the shapes in noisy images. FHT enables detecting shapes in noisy environment
by approximately fitting the image features avoiding the spurious detected using the traditional HT.
The FTH can be obtained by one-dimensional (1-D) convolution of the rows of the Hough space. In [8],
Montseny et al. proposed a new FHT method where edge orientations were considered. Gradient
vectors were considered to enable edge orientations in FHT. Based on the stability properties of
the gradient vectors, some relevant orientations were taken into consideration, which reduced the
computation burden, dramatically. In [9], Mathavan et al. proposed an algorithm to detect cracks in
pavement images based on FHT. Authors indicated that due to the intensity variations and texture
content of the pavement images, FHT was quite convenient to detect the short lines (cracks). In [10],
Chatzis et al. proposed a variation of HT. In the proposed method, authors first split the Hough space
into fuzzy cells, which were defined as fuzzy numbers. Then, a fuzzy voting procedure was adopted
to construct the Hough domain parameters. In [11], Suetake et al. proposed a generalized FHT (GFHT)
for arbitrary shape detection in contour images. The GFHT was derived by fuzzifying the vote process
in the HT. In [12], Chung et al. proposed another orientation based HT for real world applications.
In the proposed method, authors filtered out those inappropriate edge pixels before performing their
HT based methodology. In [13], Cheng et al. proposed an eliminating- particle-swarm-optimization
(EPSO) algorithm to reduce the computation cost of HT. In [14], Zhu et al. proposed a new HT for
reducing the computation complexity of the traditional HT. The authors called their new method as
Probabilistic Convergent Hough Transform (PCHT). To enable the HT to detect an arbitrary object,
the Generalized Hough Transform (GHT) is the modification of the HT using the idea of template
matching [15]. The problem of finding the object is solved by finding the model’s position, and the
transformation’s parameter in GHT.

The theory of neutrosophy (NS) was introduced by Smarandache as a new branch of
philosophy [16,17]. Different from fuzzy logic, in NS, every event has not only a certain degree of truth,
but also a falsity degree and an indeterminacy degree that have to be considered independently from
each other [18]. Thus, an event or entity {A} is considered with its opposite {Anti-A} and the neutrality
{Neut-A}. In this paper, we proposed a novel HT algorithm, namely NHT, to improve the line detection
ability of the HT in noisy environments. Specifically, the neutrosophic theory was adopted to improve
the noise consistency of the HT. To this end, the Hough space is initially transferred into the NS
domain by calculating the NS memberships. A filtering mechanism is adopted that is based on the
indeterminacy membership of the NS domain. This filter considers the neighborhood information
in order to remove the indeterminacy in the spatial neighborhood of Hough space. A peak search
algorithm on the Hough space is then employed to detect the potential lines in the image domain.
Extensive experiments on noisy and noise-free images are performed in order to show the efficiency of
the proposed NHT algorithm. We further compare our proposed NHT with traditional HT and FHT
methods on a variety of images. The obtained results show the efficiency of the proposed NHT on
both noisy and noise-free images.

The rest of the paper is structured as follows: Section 2 briefly reviews the Hough transform and
fuzzy Hough transform. Section 3 describes the proposed method based on neutrosophic domain
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images and indeterminacy filtering. Section 4 describes the extensive experimental works and results,
and conclusions are drawn in Section 5.

2. Previous Works

In the following sub-sections, we briefly re-visit the theories of HT and FHT. The interested
readers may refer to the related references for more details about the methodologies.

2.1. Hough Transform

As it was mentioned in the introduction section, HT is a popular feature extractor for image based
pattern recognition applications. In other definitions, HT constructs a specific parameter space, called
Hough space, and then uses it to detect the arbitrary shapes in a given image. The construction of the
Hough space is handled by a voting procedure. Let us consider a line given in an image domain as;

y=kx+b @

where k is the slope and b is the intercept. Figure 1 depicts such a straight line with p and 0 in image
domain. In Equation (1), if we replace (k,b) with (p, #), then we then obtain the following equation;

- cosf 0
B <_sin9>x+% @

AV x
0

Figure 1. A straight line in an image domain.

If we re-write the Equation (2), as shown in Equation (3), the image domain data can be represented
in the Hough space parameters.
o = xcost) + ysinf 3)

Thus, a point in the Hough space can specify a straight line in the image domain. After Hough
transform, an image I in the image domain is transferred into Hough space, which is denoted as If.

2.2. Fuzzy Hough Transform

Introducing fuzzy concept into HT is arisen due to the lines that are not straight in the image
domain [19]. In other words, traditional HT only considers the pixels that align on a straight line and
non-straight lines detection with HT becomes challenging. Non-straight lines generally occur due to the
noise or discrepancies in pre-processing operations, such as thresholding or edge detection. FHT aims
to alleviate this problem by applying a strategy. In this strategy, closer the pixel to any line contributes
more to the corresponding accumulator array bin. As it was mentioned in [7], the application of the
FHT can be achieved by two successive steps. In the first step, the traditional HT is applied to obtain
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the Hough parameter space. In the second step, a 1-D Gaussian function is used to convolve the rows
of the obtained Hough parameter space. The 1-D Gaussian function is given as following;

f(t):{e_vz,ift<R @)

0,0therwise
where R = ¢ defining the width of the 1-D Gaussian function.
3. Proposed Method

3.1. Neutrosophic Hough Space Image

An element in NS is defined as: let A = {Ay, Ay, ...., Ay} asaset of alternatives in neutrosophic
set. The alternative A; is {T(A;), 1(A;),F(A;)}/A;, where T(A;), I(A;), and F(A;) are the membership
values to the true, indeterminate, and false set.

A Hough space image Iy is mapped into neutrosophic set domain, denoted as InuT,
which is interpreted using Tyr, Inyr, and Fgr. Given a pixel P(p,0) in Iyr, it is interpreted
as Pant(p,0) = {Tur(p,0), Int(p,0), Fur(p,0) }. Tur(e,0), Iut(p,0), and Fur(p,0) represent the
memberships belonging to foreground, indeterminate set, and background, respectively [20-27].

Based on the Hough transformed value and local neighborhood information, the true membership
and indeterminacy membership are used to describe the indeterminacy among local neighborhood as:

g(PIO) — 8min
T ,0) = ————°— 5)
HT(P ) 8max — &min

_ Gd(p,0) — Gdmin
IHT (p, 6) B deax - dein

Far(p,0) =1 - Tur(p,0) 7)

where ¢(p,0) and Gd(p, 0) are the HT values and its gradient magnitude at the pixel of Pxyr(p, 6) on
the image INpT-

(6)

3.2. Indeterminacy Filtering

A filter is defined based on the indeterminacy and is used to remove the effect of indeterminacy
information for further segmentation, whose the kernel function is defined as follows:

1 2 + 62
Cilp,0) = 2702 P <_p 202 ) ©
I I

where 07 is the standard deviation value where is defined as a function f(-) that is associated to the
indeterminacy degree. When the indeterminacy level is high, oy is large and the filtering can make the
current local neighborhood more smooth. When the indeterminacy level is low, oy is small and the

filtering takes a less smooth operation on the local neighborhood.
An indeterminate filtering is taken on Tyt (p, 6) to make it more homogeneous.

O+m/2  ptm/2
T/HT(P/ 9) = THT(,‘)/ 9) [S3) G[(u,V) = Z Z THT(P —u, 60— U)G](u,v) (9)
v=0—m/2 u=p—m/2

1 2 + 2
Gr(u,v) = 270 exp <u Z(TIZU > (10)
o1(p,0) = f(Iur(p,0)) = alur(p,0) + b (11)
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where T’y is the indeterminate filtering result, 2 and b are the parameters in the linear function to
transform the indeterminacy level to standard deviation value.

3.3. Thresholding Based on Histogram in Neutrosophic Hough Image

After indeterminacy filtering, the new true membership set T'yyr in Hough space image become
homogenous, and the clusters with high HT values become compact, which is suitable to be identified.
A thresholding method is used on T’ to pick up the clustering with high HT values, which respond to
the lines in original image domain. The thresholding value is automatic determined by the maximum
peak on this histogram of the new Hough space image.

1 Tur(e,0) > Thur

Tow(p,0) = { 0  otherwise (12)

where Thyr is the threshold value that is obtained from the histogram of T'r.

In the binary image after thresholding, the object regions are detected and the coordinators of
their center are identified as the parameters (p, 0) of the detected lines. Finally, the detected lines are
found and recovered in the original images using the values of p and 6.

4. Experimental Results

In order to specify the efficiency of our proposed NHT, we conducted various experiments on a
variety of noisy and noise-free images. Before illustration of the obtained results, we opted to show the
effect of our proposed NHT on a synthetic image. All of the necessary parameters for NHT were fixed
in the experiments where the sigma parameter and the window size of the indeterminacy filter were
chosen as 0.5 and 7, respectively. The value of 2 and b in Equation (11) are set as 0.5 by the trial and
error method.

In Figure 2, a synthetic image, its NS Hough space, detected peaks on NS Hough space and the
detected lines illustration are illustrated below.

As seen in Figure 2a, we constructed a synthetic image, where four dotted lines were crossed in
the center of image. The lines are designed not to be perfectly straight in order to test the proposed
NHT. Figure 2b shows the NS Hough space of the input image. As seen in Figure 2b, each image point
in the image domain corresponds to a sinus curve in NS Hough space, and the intersections of these
sinus curves indicate the straight lines in the image domain. The intersected curves regions, as shown
in Figure 2b, were detected based on the histogram thresholding method and the exact location of the
peaks was determined by finding the center of the region. The obtained peaks locations are shown
in Figure 2c. The obtained peak locations were then converted to lines and the detected lines were
superimposed in the image domain, as shown in Figure 2d.

We performed the above experiment one more time when the input synthetic image was corrupted
with noise. With this experiment, we can investigate the behavior of our proposed NHT on noisy
images. To this end, the input synthetic image was degraded with a 10% salt & pepper noise.
The degraded input image can be seen in Figure 3a. The corresponding NS Hough space is depicted
in Figure 3b. As seen in Figure 3b, the NS Hough space becomes denser when compared with the
Figure 2b, because the all of the noise points contributed the NS Hough space. The thresholded
the NS Hough space is illustrated in Figure 3¢, where four peaks are still visible. Finally, as seen
in Figure 3d, the proposed method can detect the four lines correctly in a noisy image. We further
experimented on some noisy and noise-free images, and the obtained results were shown in Figure 4.
While the images in the Figure 4a column show the input noisy and noise-free images, in Figure 4b
column, we give the obtained results. As seen in the results, the proposed NHT is quite effective for
both noisy and noise-free images. All of the lines were detected successfully. In addition, as shown in
the first row of Figure 4, the proposed NHT could detect the lines that were not straight perfectly.
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(0 (d)
Figure 2. Application of the neutrosophic Hough transform (NHT) on a synthetic image, (a) input

synthetic image; (b) neutrosophy (NS) Hough space; (c) Detected peaks in NS Hough space; and, (d)
Detected lines.

() (d)

Figure 3. Application of the NHT on a noisy synthetic image, (a) input noisy synthetic image; (b) NS
Hough space; (c) Detected peaks in NS Hough space; and, (d) Detected lines.
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() (b)

Figure 4. Application of the NHT on a noisy synthetic image, (a) input noisy and noise-free synthetic
image; (b) Detected lines with proposed NHT.

As the proposed NHT was quite good in detection of the lines in both noise and noise-free
synthetic images, we performed some experiments on gray scale real-world images. The obtained
results were indicated in Figure 5. Six images were used and obtained lines were superimposed on the
input images. As seen from the results, the proposed NHT yielded successful results. For example,
for the images of Figure 5a,c—f, the NHT performed reasonable lines. For the chessboard image
(Figure 5b), only few lines were missed.
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We further compared the proposed NHT with FHT and the traditional HT on a variety of noisy
images and obtained results were given in Figure 6. The first column of Figure 6 shows the HT
performance, the second column shows the FHT achievements, and final column shows the obtained
results with proposed NHT.

(d) (e)

Figure 5. Various experimental results for gray scale real-world images (a—f).

With visual inspection, the proposed method obtained better results than HT and FHT. Generally,
HT missed one or two lines in the noisy environment. Especially for the noisy images that were given
in the third row of Figure 6, HT just detected one line. FHT generally produced better results than
HT. FHT rarely missed lines but frequently detected the lines in the noisy images due to its fuzzy
nature. In addition, the detected lines with FHT were not on the ground-truth lines, as seen in first and
second rows of Figure 6. NHT detected all of the lines in all noisy images that were given Figure 6.
The detected lines with NHT were almost superimposed on the ground-truth lines as we inspected it
visually. In order to evaluate the comparison results quantitatively, we computed the F-measure values
for each method, which is defined as:

2 x (precision x recall)
precision + recall

F-measure = (13)
where precision is the number of correct results divided by the number of all returned results. The recall
is the number of correct results divided by the number of results that should have been returned.

To this end, the detected lines and the ground-truth lines were considered. A good line detector
produces an F-measure percentage, which is close to 100%, while a poor one produces an F-measure
value that is closer to 0%. As Figure 6 shows the comparison results, the corresponding F-measure
values were tabulated in Table 1. As seen in Table 1, the highest average F-measure value was obtained
by the proposed NHT method. The second highest average F-measure value was obtained by FHT.
The worst F-measure values were produced by HT method.
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Table 1. F-measure percentages for compared methods.

Input Image HT FHT NHT

First row (Figure 6) 81.09 85.96 89.50
Second row (Figure 6) 71.87 86.75 98.28
Third row (Figure 6) 32.85 42.58 59.96
Average 61.94 71.76 82.58

(a) (b) ()

Figure 6. Comparison of NHT with Hough transform (HT) and FHT on noisy images (a) HT results;
(b) FHT results and (c) NHT results.

We also experimented on various noisy real-world images and compared the obtained results with
HT and FHT achievements. The real-world images were degraded with a 10% salt & pepper noise.
The obtained results were given in Figure 7. The first, second, and third columns of Figure 7 show the HT,
FHT, and NHT achievement, respectively. In addition, in the last column of Figure 7, the running
times of each method for each image were given for comparison purposes.

As can be seen in Figure 7, the proposed NHT method is quite robust against noise and can able to
find the most of the true lines in the given images. In addition, with a visual inspection, the proposed
NHT achieved better results than the compared HT and FHT. For example, for the image, which is
depicted in the first row of Figure 7, the NHT detected all of the lines. FHT almost detected the lines
with error. However, HT only detected just one line and missed the other lines. Similar results were
also obtained for the other images that were depicted in the second and third rows of the Figure 7.
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In addition, for a comparison of the running times, it is seen that there is no significant differences
between the compared methods running times.

Some noisy real-world images Running Times

HT: 0.265 secs.
FHT: 0.320 secs.
NHT: 0.329 secs.

HT: 0.815 secs.
FHT: 0.944 secs.
NHT: 1.510 secs.

HT: 1.080 secs.
FHT: 1.177 secs.
NHT: 0.214 secs.

(a) (b) ()

Figure 7. Comparison of NHT with HT and FHT on noisy images (a) HT results; (b) FHT results; and,
(c) NHT results.

5. Conclusions

In this paper, a novel Hough transform, namely NHT, was proposed, which uses the NS theory
in voting procedure of the HT algorithm. The proposed NHT is quite efficient in the detection of the
lines in both noisy and noise-free images. We compared the performance achievement of proposed
NHT with traditional HT and FHT methods on noisy images. NHT outperformed in line detection
on noisy images. In future works, we are planning to extend the NHT on more complex images,
such natural images, where there are so many textured regions. In addition, Neutrosophic circular HT
will be investigated in our future works.
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