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F. Smarandache defines (11 a numerical function
) ;m'.——» N .5Cn> s the smallést integer m swuch that
m/! is divisible by n.Using certain results on
standardised structures, three kinds of Smarandache
functirons are defined and are etablished some

compatibility relations between these Ffunctions.

1.Standardising functions.Let X be a nonvoid set, r < XxX an

equl val ence relaticn, i the cecrresponding quotient set and CI,=<> a

totally ordered set.
1.1 Definition.If g : X —> I is an arbitrarely injective function,

then f : X —— I defined by f(x) = g{x0 is a standardising functien.
In this case the set X is said to be I[r,(I,%3,f] standardised.

If r. and r, are two equivalence relations on X,then r = rlA L. is

defined as x r y if and only if x 4 and x r, Y- Cf course r 1is

an equivalence relaticn.

In the following theorem we consider functicons having the same

meonctonicity. The functions fL : X — I , i = 1,s are of the

same monotonicity if for every x,y from X it results

kaxJ < kay) if and enly if fCxd = fJCy) for k,j =1,s
]



1.2 Theorem. I the standardising functicons fL i X — I

corresponding to the equivalencs relaticons r, 1 = 1,s, are of
L
the scome monoctonicity then f = max ¢ £ > is a standardising
L L
function corresponding to r = A r, having the same
L L

monotonicity as .
L

Prcof. We give the procf of thecrem in case s = 2 .Let x , X
i "z
e Ee the equivalence clases cof x carresponding to T T, and tao
T
r = r‘ A rz respectively and i , i , i the gquotient sets on X.
f‘1 Pz r
We have fCx) = gCx D and £ Cx) = glx D ,where
1 1 T r 2z 2 ' r
1 z

g, : ir — I , i=1,2 are injective functions. The function

g : X >I defined by gC;r)= max(gtC; D,gzc; J} is injective.
r 1‘1 l‘z
. S1 -2 S 1 v ‘
Indeed , if x # X and max{g (x~ J,g (x 22> =
r r 1 r 2 r
1 z
= max(gLC;z),gzc;z)} ,then be cause of the injectivity of g,
Ty "2
and g, we have for example max{QLCx:),ngx: > > =
1 z

1]

c1 -z -2 -z .
= g’.ert) = ngxrz) max (g1er1),ngxr23) and we cbtain a

contradicticn because f1sz) gE;:) < g1Cx: ) = f1Cxﬁ)

1 1
£ ex = gcx' D < gCx> ) =f Cx® ,that is
2 2 r 2 r 2
1 z
f and f are not of the same moncicnicity From the injec-—

1 Z

tivity of g it results that f:X ——I defined by fCx)= gC;<r)

is a standardising function.In addition we have £CxMISFCxD) -
gCx* ) € gix®)  em max(g Cx'J,g. Cx' 1> < max{g (x> 2,g. (x> ddes
r - r t z v, 1t e 2

- max<f1Cx1),szx13}5 max(fthZJ,fZszn - fiCx1)Sf1sz) and

szxt)szsz) because fz and fz are of the same monotonicity.
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Let us supose now that + and L are two algebraic lows
on X and I respectively.
1.3.Definition. The standardising functicen f:X —s I 15 <said
to ze L -zompatibile with T and 4L if for every x.y in
X the triplet Cfo),ny),foTy))satisfias the conditien Z. In
this case 1% is said that the function I -standardise the struc -
trure (X, in the structure (I,<,40.
For example,if £ is +the Smarandache function s:m'-—» N ,C SCn2
1s the smallest integer such that (S(n22! is divisible by n) then
we get the following X-stadardisations:
ad S Zl—standardisa cm’,.: in CW.,S,+) because we have

21:SCa.b)SSCa)+SCb)

=2 but S wverifie algo the relation

Zz; maxC3SCa2,SCbl)<SCa.b)<sSCad. SCb)

s S Zz-standardise the structure CDJ’,.) in Cm.,ﬁ,.D

2. Smarandache functions of first kind..The Smarandache
function S is defined by means of the following

functions Sp , for every prime number p lLet sp:m'.—» m' having
the property that CSanD)! is divisible by pn and 1is the
smallest positive integer with this preperty.Using the notion of

standardising functions in this section we give some genseralisa-

sicn of s .
P

2.1.Definition.For every n e N* the relation r.< N'x N is defi-

-
ned as follows: id if n= uCu=1 or u=p number prime,ie&N 2> and
a,b e N then a rnb if and only if it exists ke N such
that k! = M uLa, k! = M udz and k is the smallest positive

integer with this property.



WD 1 f n= p t.p ;. jo ¢ , then
1 2 ]
r = r ANr A A -
o] Lz LQ
P, 1 Pz Pe
2. 2. Definition. For @ach n e m' the Smarandache function of

»
first kind is the numerical function S :m'._» N defined as fallows
n

i) if n = uCu=t or u=p number primel then S (ad = k, k being
gl
the smallest positive integer with the property that k! = M uﬁl
L L L
1 2 s
vJ  1if n = . . RN , then S Cad= pax{ S . Cad>
- }31 P2 PS o} tgjgs pL‘J

Pl
Let us ckserve that

a) the functions S are standardising functicons corresponding
i al

to the equivalence relations L and for n=1 'we get x = m'
r
-1
-»
for every xa N and Sﬁro= 1 for every n.

) if n=p then Sn is the function Sp defined by Smarandache.
cJ) the functions Sn are increasing and soc,are of the same mocno-
tonicity in the sense given in the above section.
2. 3. Theorem. The functiocns Sn ,for n « N‘, Zt—standardise cm',+3 in
cm',s,+) by < max{S Cad,S Cbl3>SS Ca+bd<S Cad+S Cb> feor
1 n n n n n

- ‘ » ) » _
every a,b e N and Zz—standardxse C N ,+D in CN ,Z<,.D by
o max(S Cal),S (bd> £ S Ca+b) £ S (ad.S (b) ,for every a,b e N
2 ™ n n n ol

. . L . -
Proof.lLet, for instance, p be a prime number ,=p ,i e€ N and

a.= S Cad, b.= S (b)) ,k= S Ca+bd . Then by the definition of s
L L L

n
P P P
-
CDefiniticon 2.2.2 the numbers a ,b‘,k are the smallest posi-
i - ib iCa+b
tive integers such that a.!=Mpla, b= Mp‘ and k! =Mp Ca ).
La ib - - - =
Because k! =Mp =aMp we get a %k and b =< k ,sc max€a ,b 2% k

That is the first inequalities in Z1 and Zz holds.

i +
Now, Ca+b™>1 = a®1ca®™+1>. . .ca"+ b™ = Ma"t B"1= Mpt 3P g



g0 k< a+b which implies that £ is valide.

L L L

If n = pl1 .pzz .- .. p_' , from the first case we have
z max{s (a),s (b)} = s (a+b) < s (a) + 8 _(b)j=i3
P P pi P Pi

J J J 3 b

in consequence
max{maxs (a),maxs . (b)}< max{s (a+b)} < max(s _ (a)} +

P! p. 1 P Pl

J J 3
max{ S _ (b)} , j=1,8 . That is
] PJJ

max{s_(a),s (b)} = s (a+b) = s _(a) + s_(b)

For the proof of the second part in Zz let us notice that
(a+b)! £ (ab)! e» a+b < ab - a>1 and b > 1 and that
ours inequality is satigsfied for n=1 because 81(a+b)=81(a)=
= Si(b) = 1.

Let now n>1.It results that for a'= Sn(a) we have a.> 1. Indeed,
i i i
1 2

ho) e e . g: then a‘= 1 if and only if Sh(a)=

if n=p ,

1

= max {Spn(a)} =1 which implies that p,=p,= . . . =p =1 ,
]

so n=1.It results that for every n>1 we have sh(a)= a.>1 and

*”» = » - =
Sn(b)= b > 1.Then (a +b )! = (a .b )! we obtain

Sn(a+b) < Sh(a) + Sn(b)s Sn(a).sn(b) from n > 1.

3.Smarandache functions of the second kind. Por every n e ('N’,let
8_ by the Smarandache function of the first kind defined above.
3.1.Definition. The Smarandache functions of the second kind are

k - ) k =
the functions S : N —/@ N defined by s (n)=sn(k),for k €N,
We observe that for k=1 the function Sk is the Smarandache

function S8 defined in [1],with the modify S{1)= 1.Indeed for.

t = L = L =
nl 8 (n) = sn(l) = m?X{Spjfl)} m?x{sp g ; 1} S(n).

10



3. 2. Theorem. The Smarandache functions of the second kind Za-stan-

dardise (N ,.) in (N°,<,+) by

23: max{sk(a),sk(b)} < Sk(a.b) < sk(a) + Sk(bLfor every a,b = i
and Z‘—standardise (N',-) in (N‘,S,-) by

z,: max{Sk(a),Sk(b)} = Sk(a.b) < Sk(a).sk(bLfor every a,bem.
Proof.The equivalence relation corresponding to 8k is r& defined
by a ryh if and only if there exists a'e N* such that a*l=Mak,
a’lz ku and a. is the smallest integer with this property.
That is,the functions Sk are standardising functions attached to
the equivalence relations rk.

This functions are not of the some monotonicity because, for exam-
ple, Sz(a) =< Sz(b) - S(az) < S(bz) and from these inequalities
Si(a) < Si(b) does not result.

Now for every a,b = i let Sk(a) = a. ,Sk(b) = b’ ,sk(a.b)= s.
Then a. ,b.,s are respectively these smallest positive 1n£egers
such that a.l = Mak , b'! = Hb. ,81 = H(afbk) and so 81 =Mak=

=Mbk,that is, a.S s and b,S s,which implies that lax{a.,b.}ss

or max { s“(a),s(b)} = s“(a.b) (3.1)

‘ - - » - k. k
Because of the fact that (a + b )l = M{(a t b 1)= M(ab ).it re-
sults that 8 = a.+ b', 80

s(a.b) < 8(a) + s°(b) (3.2)
From (3.1) and (3.2) it results that
max{s“(a),s“(b)} < s(a) + s(b) (3.3)

which 1is the relation z,

From (a.b‘)l = M(a.!.b.!) it results that Sk(a.b) < Sk(a).sk(b)

and thus the relation .

4
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4. The Smarandache functions of the third kind.

We considere two arbitrary sequances (a) 1=at,az,. - oesa,
(b) 1=b ,b,,. . .,b.

n

with the propertiesg that a = a.a, nm= b,‘ .bh .Obviously, there are
infinitely many such sequences;because chosing an arbitrary value
for a,, the next terms in the net can be easily determined by the
imposed condition.

) - b

Let now the function f,:N° —N" defined by £_(n) = §_(b_),

n

8. is the Smarandache function of the first kind.Then it is ea-
s}

8ily to 8ee that

S

1

(i) for a =1 and bn= n,n « N it results that f:

™

b
St

(ii) for a = n and bn= 1,n e iThe it results that £

a

4.1.Definition. The Smarandache functions of the third kind are the

functions 8:= fb in the case that the sequances (a) and (b)

-3

are different fron those concerned in the situation (i) and (ii)

from above.

4. 2. Theorem. The functions f: Zs-standardise (W*,-) in

([N‘l’<-1+l‘) bY i
z_: max (£.(k),£(n)} S £(k.n) < b_.£2(k) + b £ (n)

3

b » b - 1)
Proof.Let fa(k) = 8 (hk) k, fa(n) = 8, (bn) = n and fa(kn)=

a
k n

=S (h&“)= t . Then k.,n. and t are the smallest posgitive in-

a

kn
b, b B,
tegers such that k.! = Ma , n‘!= M anh and ti= M a "=
bh
= H(ak.an) . Of course,
nax{k',n' } =t (4.1)
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b b

» » k L] - n
Now,because (bk.n })! = M(n 1) , (bn.k )t = M(k 1) and
™ - » - - bk - bn
(bkn + b k ) o= H[(bkn )!-(bnk )] = M{(n 1) (k1) ] =
bn bk bk bn bkbn
= H[(an ) . (ak ) ] = M[(ak.an) ] it results that
t<bkx+bn" (4.2)

From (4.1) and (4.2) we obtain

-» -» -
max{k ,n } < t = bnk + bn (4.3)

From (4.3) we get Zs 80 the Smarandache functions of the

third kind satisfy
b b b
T,: max{s_(k),s (n)} = s (kn) < b_s’(k) + b S (n),for evry k,neN"

4.3.Example. Let the sequances (a) and (b) defined by a = bn = n

-

n<N
The corresponding Smarandache function of the third kind  is

=» »
S: N — N , s: {n) = 8 (n) and Zd becomes

max{s, (k),S_(n)} < §_ (kn) S 08 (k) + kS_(n) ,for every k,neN"

This relation is equivalent with the following relation written

by meens with the Smarandache functiocn:

max {8(x"),s(n™)} < s[(xn)*®] < n.5(x*) + k.s(nD)
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