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In [1] , the late mathematician Cezar Cosnita, using the barycentre 

coordinates, proves two theorems which are the subject of this article. In a 

remark made after proving the first theorem, C. Cosnita suggests an elementary 

proof by employing the concept of polar. In the following, we prove the 

theorems based on the indicated path, and state that the second theorem is a 

particular case of the former. Also, we highlight other particular cases of these 

theorems. 

First Theorem.  

Let 𝐴𝐵𝐶 be a given triangle; through the pairs of points (𝐵, 𝐶), (𝐶, 𝐴) and 

(𝐴, 𝐵) we take three circles such that their radical center is on the outside. The 

polars of the radical center of these circles in relation to each of them cut the 

sides 𝐵𝐶, 𝐶𝐴 and 𝐴𝐵 respectively in three collinear points. 

Proof.  

We denote by 𝐷, 𝑃, 𝐹  the second point of intersection of the pairs of 

circles passing through (𝐴, 𝐵)  and (𝐵, 𝐶) ; (𝐵, 𝐶)  and (𝐴, 𝐶) , (𝐵, 𝐶)  and (𝐴, 𝐵) 

respectively (see Figure 1). Let 𝑅 be the radical center of those circles. In fact, 

{𝑅} = 𝐴𝐹 ∩ 𝐵𝐷 ∩ 𝐶𝐸. 

We take from 𝑅 the tangents 𝑅𝐷1 = 𝑅𝐷2 to the circle (𝐵, 𝐶), 𝑅𝐸1 = 𝑅𝐸2 

to the circle (𝐴, 𝐶) and 𝑅𝐹1 = 𝑅𝐹2 to the circle passing through (𝐴, 𝐵). Actually, 

we build the radical circle 𝒞(𝑅, 𝑅𝐷1) of the given circles. The polars of 𝑅 to these 
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circles are the lines 𝐷1𝐷2 , 𝐸1𝐸2 , 𝐹1𝐹2 . These three lines cut 𝐵𝐶, 𝐴𝐶  and 𝐴𝐵 

respectively in points 𝑋, 𝑌 and 𝑍, and these lines are respectively the polars of 

𝑅 in respect to the circles passing through (𝐵, 𝐶), (𝐶, 𝐴) and (𝐴, 𝐵). 

 

Figure 1 

The polars are the radical axis of the radical circle with each of the circles 

passing through (𝐵, 𝐶), (𝐶, 𝐴), (𝐴, 𝐵) , respectively. The points belong to the 

radical axis having equal powers to those circles, thereby 𝑋𝐷1 ∙ 𝑋𝐷2 = 𝑋𝐶 ∙ 𝑋𝐵. 

This relationship shows that the point 𝑋 has equal powers relative to the radical 

circle and to the circle circumscribed to the triangle 𝐴𝐵𝐶; analogically, the point 

𝑌 has equal powers relative to the radical circle and to the circle circumscribed 

to the triangle 𝐴𝐵𝐶; and, likewise, the point 𝑍 has equal powers relative to the 

radical circle and to the circle circumscribed to the triangle 𝐴𝐵𝐶. 

Because the locus of the points having equal powers to two circles is 

generally a line, i.e. their radical axis, we get that the points 𝑋, 𝑌  and 𝑍  are 

collinear, belonging to the radical axis of the radical circle and to the circle 

circumscribed to the given triangle.  
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Second Theorem.  

If 𝑀 is a point in the plane of the triangle 𝐴𝐵𝐶 and the tangents in this 

point to the circles circumscribed to triangles 𝐵𝐶, 𝑀𝐴𝐶, 𝑀𝐴𝐵, respectively, cut 

𝐵𝐶, 𝐶𝐴 and 𝐴𝐵, respectively, in the points 𝑋, 𝑌, 𝑍, then these points are collinear. 

Proof.  

The point 𝑀  is the radical center for the circles (𝑀𝐵𝐶) , (𝑀𝐴𝐶) , and 

(𝑀𝐴𝐵), and the tangents in 𝑀 to these circles are the polars to 𝑀 in relation to 

these circles. If 𝑋, 𝑌, 𝑍 are the intersections of these tangents (polars) with 𝐵𝐶, 

𝐶𝐴, 𝐴𝐵, then they belong to the radical axis of the circumscribed circle to the 

triangle 𝐴𝐵𝐶 and to the circle ”reduced” to the point 𝑀 (𝑋𝑀2 = 𝑋𝐵 ∙ 𝑋𝐶, etc.). 

Being located on the radical axis of the two circles, the points 𝑋, 1, 2 are collinear. 

Remarks. 

1. Another elementary proof of this theorem is to be found in [3]. 

2. If the circles from the First Theorem are adjoint circles of the triangle 

𝐴𝐵𝐶, then they intersect in Ω (the Brocard point). Therefore, we get 

that the tangents taken in Ω to the adjoint circles cut the sides 𝐵𝐶, 𝐶𝐴 

and 𝐴𝐵 in collinear points. 
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