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PREFACE

In this book the notion of semigroups under + is constructed
using the Mod natural neutrosophic integers or MOD natural
neutrosophic-neutrosophic ~ numbers or mod  natural
neutrosophic finite complex modulo integer or MOD natural
neutrosophic dual number integers or MOD natural neutrosophic
special dual like number or MOD natural neutrosophic special

quasi dual numbers are analysed in a systematic way.

All these semigroups under + have an idempotent
subsemigroup under +. This is the first time we are able to give

a class of idempotent subsemigroups under + by taking only

those MOD natural neutrosophic elements of Zi or C'(Z,) or

(Z, U g)1. However all these semigroups are S-semigroups.



Secondly on these above mentioned six sets, the operation
of X is defined and under X also these sets form only a

semigroup.

Several important properties about them are analysed.

For the MOD natural neutrosophic numbers please refer [24].
For natural product refer [19]. For S-semigroups and the related

properties refer [5]. Several open conjectures are proposed.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this

book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE



Chapter One

SEMIGROUPS ON MOD NATURAL
NEUTROSOPHIC ELEMENTS UNDER +

In this chapter we for the first time introduce finite

TR

semigroups under “+”. Such semigroups are very rare in
mathematical literature.

First we will illustrate this situation by some examples.

Recall from [24] the MOD natural neutrosophic numbers

7\ = {Z, I),I'/t is a zero divisor or a non unit of Z,}.
Depending on n; Z, will have more zero divisors and
idempotents.

Depending on these zero divisors and idempotents we get
the natural neutrosophic numbers and MOD neutrosophic
numbers.

Example 1.1: Let Z,= {0, 1, I} is the natural neutrosophic
MOD integers. o(Z)) =3 and Z, c Z}.

Example 1.2: Let 7. = {0, 1, I, 2} is the natural neutrosophic

s Lo

MOD integers o( Zy) =4, Zs  Zj.
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Example 1.3: Let Z. = {0, 1, 2, 3, 4, I, } be the MOD natural
neutrosophic numbers; o( Zé) =6.

Example 1.4: Let Z\,= {0, 1, 2, 3, ..., 22, I’} be the MOD

natural neutrosophic numbers, o( Z},) = 24.

Example 1.5: Let 7, = {0, 1,2, 3, I;,1; } be the MOD natural

0
neutrosophic numbers, o( Zf‘) =6.

Example 1.6: Let 7|, = {0, 1, 2, ..., 11, I, I}, I, 17,
I, 10,17} be the MOD natural neutrosophic numbers
o(Z',) = 20.

In view of all these we have the following result.

THEOREM 1.1: Let Z,= {0, 1, 2, ..., p— 1, 1 } be the natural

neutrosophic modulo integers; p a prime; o( Z,) = p + 1.
Proof is direct and hence left as an exercise to the reader.

Clearly Z}, = {0, 1, 1, ...,9, I}, I;), I, I;', I’, I’ } be
the MOD natural neutrosophic numbers. o( Z;, ) = 16.

We define + on Z|; as follows.
I:)O + Ig) — I:)O , 1120 + 1120 — Ilz() , IL() + IL() — ILO , 1160 + 1160 — 1160 ,
+1) =1, L'+1=I
a+ 1 =1° +aforallae Zand

10 10 10 10 10 10 10
e (1°, 10, 1, 1°, 1, 1}
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So we define I'+I),. I°+1°, IL'+1)+1),
10 10 10 10 10 10 10 10 10 10 10 10
Iy +1, +1, +1;, L' +1o +I7, I +1, +1, +1; +1; and so
on.

Example 1.7: Let(Z},+)=1{0,1,2, L, 1+ I;,2 + I } be the
MOD natural neutrosophic semigroup under +.

Clearly I+, =I;, 0 + I, =1, + O serves as the additive
identity.

Since I, +I; =1, we see Zi under + is only a semigroup
and o({Z}, + ) = 6.

Example 1.8: Let(Z},+)=1{0,1,2,3,1,,I3, 1 + I},2+ 1,3
+ L, 1+ 5,2+ 0,3+ 0, [+, 1+ + 0,2+ +1,,3
+ I + I}} be the semigroup of MOD natural neutrosophic
numbers under +.

For I, + I = I, and I; +1; =1;.
o((Z,, +)) = 16.

Example 1.9: Let
(Zg,+y=1{0,1,2,3,4, 1,1+ [,2+ I;,3+ I;, 4+ I; } be the
MOD natural neutrosophic semigroup under +.

Infact ( Zi, +) is a monoid, as 0 acts as the additive identity.
o({Zs, 0, +)) = 10.

Example 1.10: Let (Z; , +)={0,1,2,3,4,5, 13, I5, I, IS, 1+
B+, 1+ 8,1+ 15,2+ 15,2+ 15, 2+ 5,2+ 15,3+ 15,
3+ 0,3+ 0,3+ L4+10,4+15,4+15,4+1,5+1,5+
B,5+1,5+0, L+, 0L+E K+, 1+5+1I, 1+
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B+, C+0+I1, 5+E+1I, I+ +1I+1I,and so
on} be the MOD natural neutrosophic semigroup under +.

o({ Zy , +)) = 96.

Example 1.11: Let(Z;,+)=1{0,1,2,,...,7, L, L, I, L, a+
[,a+ L,a+L,a+E,a+ [+ 0, a+ [+ L,a+ L +1,
a+ L+ L,a+ LB+, a+ L+ L,a+ [ +LE+T,a+T +
E+E,a+L+L+L, a+ B+E+E,a+ L+L+E+L /
a € Zg} be a MOD natural neutrosophic monoid;
o({Zy, +)) = 128.

Example 1.12: Let(Z,,,+) = {Zy, I ,17,17,17, 17,17, 17,17,
a+ 10, L+ [oa+ [0+ 1, L a+ D+L, a+ 17 +
I’+17 andsoona+ I + I} + I + I + [P+ I + I +
I}é / a € Z;,p \ {0}} be the MOD natural neutrosophic
semigroup of mod integers.

o({Z,, , +) = 3072 consider the elements of {Z,, , + );
we see P = {17, I, 17, I, I, 1., I, I} are all

idempotent neutrosophic elements of Z;, under +.

In fact they form a semigroup under ‘+’.

Clearly the semigroup P generated under + is not a monoid.
(P, +)y={1, 17, 12, 17, 17, 12, 12, 12, 12412, ...,
L +10, I+ +15, ., D+ +10, 17+ I+ I+ 17,
o P IR+ I+ 00, o, I+ I+ I+ I+ 10+ 17+ 15,
o W+ + I+ 17 + 12+ I+ I+ 17 ).

Now (P, +) = 255. (P, +) is a subsemigroup of order 255.
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Infact this is an example of an idempotent semigroup under
+.

Clearly o((P, +)) X 3072.

We can by using the natural neutrosophic elements of mod
integers obtain finite idempotent semigroups under +; which is
non abstract and realistic.

Thus associated with each Z, (n a non prime) we can have a
natural neutrosophic collection of elements which forms an
idempotent subsemigroup under +.

Apart from set theoretic union or intersection getting such
elements is an impossibility to the best of our knowledge that
too mainly under addition.

However we have such concepts under product.

So by this method of defining natural neutrosophic numbers
using division arrive at natural neutrosophic elements which are
idempotents under addition.

Next we give one more example.

Example 1.13: Let Z3, be the modulo integers. Using division
as an operation on Zj; we obtain the following natural
neutrosophic elements.

2 32 32 2
N={I , I,°, I/, I;",

DI B Y R )

Lo Lo Ly, I )

32 32 32 32 32 32 32 32
IS ’ IlO’ 112’ 114’ I16’ IIS’ I20’ 122’

Clearly {{N, +)} is an idempotent semigroup and not a
monoid will also be known as pure neutrosophic natural MOD
semigroup.

O(<N, +> =16+ 16C2 + 16C2 + ...+ 16C16-
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In view of all these we can have the following result.

THEOREM 1.2: Let Z, be the mod integers; n a composite
number. If n has t number of elements in Z, which are not units
then associated with Z,, we have t natural neutrosophic numbers
denoted by N and o(N, + )= (t + ,C2+ Cs + ... +,C)).

Further (N, +) is an idempotent semigroup under +.
Proof is direct and hence left as an exercise to the reader.
We proceed onto supply some more examples of them.

Example 1.14: Let Z,; be the modulo integers. The natural
neutrosophic elements got using Z,4 by division are

{ 154 , 124 , I§4 , Ii4 , 124 , 154 , 154 , 124 124 124 124 124 124

10> Y120 hias hies ligs 120
24 124 1244 _
Ls, Ly, I} =N.

N under + is an idempotent semigroup also known as the
natural neutrosophic semigroup.

O(<N, +>) = {16 + 16C2 + ...+ 16C16}-

Example 1.15: Let Zy be the modulo integers. Let N be the
collection of all natural neutrosophic elements got by division.

_ 26 26 26 26 26 26 26 26 26 26 26 26
N= {IO ’ I2 ’ I4 ’ 16 ’ IS ’ IIO’ 112’ I14’ IIS’ I20’ 122’ I16’

%, 'Y} generates an idempotent semigroup under ‘+’.
Clearly O(<N, +>) = (14 + 14C2 + ...+ 14C13 + 14C14).

Let P, = {I;°,I0 } < N is an idempotent subsemigroup of
order 3 given by (P, +) = {L°, I}y, I°+ IS} (as I +1° =
L%, I}y + ¢ = I;7) and order (Py, +) is 3.

LetP,= {I[[3,12°,I)°} = N.
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_ 26 26 26 26 26 26 26 26 26
<P2’ + > - {113’ I4 ’ Il(w’ I4 +Il3’ I4 +Il(w’ I16-|-Il3’

L°+ 1 + 172} is an idempotent semigroup under + of order 7.

LetP;={I°, I°, I’?, I[?} €N,

13 6

26 26 26 26 26 26 26 26 26 26

Py, +) = {1, ", L7, L/, I+, I'+13, I,)+1,,

26 26 26 26 26 26 26 26 26 26 26 26
L'+1;, I+, Lo+15, '+ +L57, I+ +1;,
L+ 400, L°+T0+1, I°+L°+1 + 1 } is a semigroup
under + which is of order 15 which is the natural neutrosophic

idempotent semigroup under +.

Suppose P, = { I3, I7, I.°, I3, I35} < N be a subset of N.

Now P, will generate an idempotent subsemigroup under
[N : _ 26 26 26 26 26 26 26
+75 given by (Py, +) = {L,, L3, I, L, L, L;+IL3,
26 26 26 26 26 26 26 26 26 .
L, +I°, I,+L, and so on I, +I; + Iy +L,+L,} is an

idempotent subsemigroup of order 31.

Thus we have several subsemigroups which are idempotent
natural neutrosophic semigroups under + all of which are of
finite order.

Example 1.16: Let Z,, be the mod integers. The natural
neutrosophic number associated with Z,, are
(L, oL, Lt e, 1, Iy =P

10> 12
O(P) =14 and O(<P, +>) =14 + 14C2 + ...+ 14C13 + 14C14.

Example 1.17: Let Z5 be the modulo integers 15. The natural
neutrosophic elements associated with Z,5 are

P={I, I, 1”, I, 1], I, I)}; o(P) = 7.
We see (P, +) will generate an idempotent natural
neutrosophic semigroup under +.
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oP,+)=7+:,Co+ ... + 1C5 + ,C,.

Example 1.18: Let Z,, be the modulo integers. The natural
neutrosophic elements associated with Z,, are

_ 22 22 22 22 22 22 22 22 22 22 22 22
P_{IO’I2’I4’16’IS’110’112’114’116’118’120’111}
generates an idempotent semigroup under + of order
12C1 + 112G + .o+ 122G + 112G

In view of all these we have the following theorem.
THEOREM 1.3: Let Z,,, p a prime be the modulo integers.

i. The number of natural neutrosophic elements
associated with 2, is (p + 1).

ii. The order of the largest MOD natural neutrosophic
idempotent semigroup under + is ,.;C; + p,Co + ... +
p+1Cp + p+1Cp+1-

Proof is direct and hence left as an exercise to the reader.

Example 1.19: Let Z, be the modulo integers. The natural
neutrosophic elements associated with Z,, is

21 21 21 21 21 21 21 21 21y _
{IO ’ I? ’ 16 ’ 19 ’ 112’ IlS’ I18’ I7 ’ I14}_P‘

Clearly order of P is 9 = (7 + 2).

(P, +) is the natural neutrosophic semigroup of order (C; +
9C2+9C3 + ... +9C9.

Example 1.20: Let Zs; be the modulo integers. The natural
neutrosophic elements associated with Z; are
P={1, ', I, ', L, I3, I, L), B, I, I, I, I )
Clearly order of Pis 13 =(11 + 2),
P generate the MOD natural neutrosophic idempotent
semigroup under + of order 3C; + 13C; + ... + 13C3.
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In view of this we have the following theorem.

THEOREM 1.4: Let Z3, (p a prime) be the modulo integer.
i. The natural neutrosophic numbers associated with Z;,
isp+ 2.

it. Clearly the order of the natural neutrosophic
idempotent semigroup generated by these natural
neutrosophic numbers is
p+2C1 + p+2C2 +...+ p+2Cp+1 + p+2Cp+2-

Proof follows from simple number theoretic techniques.

Example 1.21: Let Z3s be the modulo integers. The MOD
natural neutrosophic elements associated with Zs; are
P _ { 135 135 I35 135 I35 135 I35 I35 135 I35

- 0 5 »

35
10> 7152 720° 725° “30° 77 ° “14° 212 128}‘
The order of P is 11. The natural neutrosophic idempotent
semigroup generated by P is of order
1nCr+ G+ .+ 111G+ 1Cor

Example 1.22: Let Z¢s be the modulo integers. The natural
neutrosophic elements of Zgs got by the operation of division is

65 65
° I60 ’ I13 ’

_ 165 165 {65 65 165 165
P={I], I, I}, .. Lg. L, I, }.

Clearlyo(P) =13+4=17
=5+12.

Example 1.23: Let Z,4; be the modulo integers. The natural
neutrosophic elements associated with Z,43 is

_ 143 143 143 143 143 143 143 143 143
P= {IO ’ I11 ’ 122 LA I132’ Il3 ’ 126 ’ I39 ’ I52 ’ I65 >

and orderof Pis 23 =11+ 12 =13 + 10.

143
s L

P under + will generate an idempotent natural neutrosophic
semigroup of order
23C1+ 253G+ ...+ 23C0 + 253G
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In view of all these we have the following theorem.

THEOREM 1.5: Let Z,, (p and q two distinct primes) be the
modulo integers. P = {1, I;", 12”;’, I(f)‘il)q} be the
collection of all natural neutrosophic elements associated with
Z,, by operation of division in Z,,.

i. oP)=p+qgq-1=qg+p-1

it. (P, + ) generates an idempotent natural neutrosophic
semigroup of order
p+q—1C1 + p+q—1C2 +... + p+q-1Cp+q-2 + p+q-1Cp+q-1-

Proof can be obtained by simple number theoretic methods.

Example 1.24: Let 73, be the modulo integers. The natural

neutrosophic elements got from Z;, by division is
_ 30 30 30 30 30 30 30 30 30 30 30 30
P - { IO 4 I2 4 I4 4 I() 4 I8 4 IlO 4 I12 4 Il4 4 I16 4 I26 4 I18 4 I20 4
30 30 30 30 30 30 30 30 30 30 :
L,, L, L, I, I, I, I7, 5, I3, I;; } order of P is 22.

So the order of the idempotent semigroup generated by P is
2C1+ 2C + ...+ 2Co + 2Ch.

Example 1.25: Let Z,0s be the modulo integers.

105 105 105 105 105 105 105 105 105
P={I1", L7, I,”,..., Ly, L7, Ly oo, Lo 1575 L7,
.., Iiy} be the natural neutrosophic numbers got by the

operation of division on Z;s.
Clearly o(P) = 57.
P, +) = 57C; + 57C2 + ..., 57Cs6+ 57Cs7.
However at this stage we are not in a position to arrive at

the general formula if = pqr where p, q and r are 3 distinct
primes.
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Example 1.26: Let 7,1y = 7,511 be the mod integers.

LetP=1{0,2,4,6,8,10, 12, ...,98 100, ... 108, 5, 15, 25,
35, 45, ..., 105, 11, 33, 77, 99} be the collection of all natural
neutrosophic numbers associated with Z; o under division.

o(P)=70 =%+5+10=55+5+10

=55+41+11
=qr+q+r-1
where p = 2.

Clearly P will generate an idempotent natural neutrosophic
semigroup of order
70C1 +70C2 + ... + 70Co0 + 70C0-

Example 1.27: Let Z;3, be the modulo integers. Let P denote the
collection of all natural neutrosophic elements associated with
division on Zg, gives

182 182 182 182 182 1182 187 182

P= (I 1201 12 1% 2y 1
182 182 182 182
Il3 4 I39 ’165 [ARARts I169 }

Clearlyo(P) =91+7+12
=91+6+13
=110.

Let (P, +) generate the idempotent natural neutrosophic
semigroup and O(<P, +> = 110C1 + 110C2 + ...+ 110C109 + 110C110.

Just at this juncture we propose the following conjecture.

Conjecture 1.1: Let Z,, n = p; p ... p be t distinct primes of
the modulo integer n.
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(i) Find the number of natural neutrosophic elements
got by the operation division on Z,.

(i) Find the order of the idempotent natural
neutrosophic semigroup.

We will give examples of Z,; n = p; qr and so on.
Example 1.28: Let Z,, be the modulo integers.

Let P = (I}, 1, 1, I}, I’, I, 1)), 1,0} be the
collection of all natural neutrosophic numbers associated with
Z,4; 0(P) = 8.

Example 1.29: LetZ,,= 7 5 be the modulo integers.

24 24 24 24 24 24 24 24 24 24 24 24
P = { IO ’ IZ ’ I4 I(w ’ I8 ’ IIO ’ I12 ? I14 ? I16 ? I18 ’ IZO ’ I3 ?
L, ', I'Y, I3} } be the collection of all natural neutrosophic

number associated with Z,,

Example 1.30: Let Z,3 = 224‘3 be the modulo integers.

P denote the collection of all natural neutrosophic number
got by introducing the operation division on Zg.

48 48 48 48 48 48 48 148 148 48 48
P = {Io > Iz > I4 [ERRE] I46’ I3 > I9 > 115’121’127’ 133’ 139’
I3 } be the collection of natural neutrosophic number associated
with Z4g.

o(P)=2'2=2"=32.

Example 1.31: Let 7Z,, be the modulo integers. The natural
neutrosophic elements associated with Z,, be
P={L, ' LY I, I, Lo L5 I I I I, L9 s

o(P) = 12.

Example 1.32 : Let Zg, be the modulo integer
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80 80 80 80 80 80 80 80 80 80 80 80
P = {Io > Iz > “"I76’ 178’ Is > IIS’ Izs’ 135’ I45’ Iss’ 165’ I75}
denote the collection of all natural neutrosophic elements

associated with Zgy = Z65 = 2245 ;

o(P) =48 =23.
In view of all these we have the following theorem.

THEOREM 1.6: Let Zz,,5 be the modulo integers. P denote the

collection of all natural neutrosophic elements associated with
Z s obtained by the operation of division;

o(P) = 2"3.

Proof can be obtained by simple number theoretic
techniques.

THEOREM 1.7: Let Z,. be the modulo integers. P be the
natural neutrosophic elements associated withZ ,_ ; then

o(P) = 2"

2!13 ;

Proof is direct by exploiting number theoretic techniques.

Example 1.33: Let Z,3 be the modulo integers. The natural
neutrosophic elements associated with Z,gis

P - { Igg , I;S , IZS , 128 , I;S , 128 128 128 128 128 128 128

10°712> “14° 716> ~18° “20° 220
28 28 28 28
IZ4 ’ 126 ’ I7 ’ I21 }

o(P) =16 =2%x (7 -3).
Example 1.34: Let Zsq be the modulo integers.

Let P denote the collection of all natural neutrosophic
elements associated with Zs.
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P={1° 1", 1, ° 1 15,15
o(P)=32=2°x(7-3).

In view of this we have the following theorem.

THEOREM 1.8: Let Zz,,7 be the modulo integers; P be the

collection of all natural neutrosophic elements associated
withZ . then

o(P)=2"?=2"(7-3).

Proof is direct by exploiting simple number theoretic
techniques.

Example 1.35: Let 7,75 be the modulo integers.

P be the collection of all natural neutrosophic elements
associated with Z;7.

176 176 176 176 176 176 176 176 176 176
P= (176, 10, 10, . 126, 176, 16 16 e pie g

174> 11 > 733 °> =55 ° 777 ° 799 ° “21°
1176 Il76 }
143> 7165 1+

o(P)=96
=2"x3
=2*(11-5).

Example 1.36: Let Z35, = Z 511 be the modulo integers.

_ 32 132 352 352 352 352 352 352 {352
Let P = {Io > Iz LIREED 1350’ Iu > I33 > I55 > I77 > I99 > 1121’

352 352 352 352 352 352 352 352 352 352
Il43’ I165’ 1187’ I209’ I231’ I253’ I275’ I297’ I319’ I341} be the

natural neutrosophic elements associated with Zs,.
o(P)=192 =2°x3=2°(11-5).

In view of this we have the following theorem.
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THEOREM 1.9: Let Zz,,”be the modulo integers P be the

collection of all natural neutrosophic elements associated with
Z,, by introducing the operation of divisionon Z,, .

1
o(P)=2""x3 =2"(11-5).
Proof is direct and hence left as an exercise to the reader.

Example 1.37: Let Zyz = 224Xl 3be the modulo integers. Let P

be the natural neutrosophic elements associated with Z,pg
through the operation of division.

P={L", L%, %, ..., L, ¥, L, ..., Le )
o(P)=2"x7
=2*%(1-6)
=112.

From this we can generalize to get the following theorem.

THEOREM 1.10: Let sza the modulo integer P be the

collection of all natural neutrosophic elements obtained by the

operation of divisionon Z,, ..

Clearly o(P) = 2" x7
=2"x(13-6).

Proof is direct by using simple number theoretic techniques.

Example 1.38: Let Z;35 be the modulo integers. Let P denote the
natural neutrosophic elements associated Z;3 = Zgx 17 -

_ (136 Y136 136 136 136 1136 {136
P—{Io > Iz LIRS 1134’ I17 > I51 > 185 > I119 }.

oP) =72=2"x9
=23 % (17 - 98).
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Example 1.39: Let Z,7, = ZznX17 be the modulo integers.

_ 272 272 272 272 272 272 272 272 272
P = { IO ’ 12 >t I270 ’ Il7 ’ IS] ’ I85 ’ I119 ’ I153 ’ IIS7 ’
272 272 : : :
I5,; . Lss } be the natural neutrosophic elements associated with

Z272-
o(P)=2"x9=2"x(17-28).
Thus in view of this we have the following theorem.

THEOREM 1.11: Let Z,, . be the modulo integers.

P = {Collection of all natural neutrosophic elements of
associated with Z got by binary operation division on

2"x17
Z

2"x17 }

Then o(P) = 2" x(17 - 8) = 2" x9.

The proof is direct and hence left as an exercise to the
reader.

Example 1.40: Let Zgs = Z

collection of all natural neutrosophic elements associated with
Zgos.

,5,40 D€ the modulo integer P be the

Then o(P) = 2° x 10 =2° x (19 - 9).

So it is left as an exercise to prove if Z;  be the modulo

integers.

P the associated natural neutrosophic elements of Z25X1 o

Then o(P) = 2"x10 =2"x (19 - 9).
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Example 1.41: Let Z

associated natural neutrosophic elements of Zss.

,i; D€ the modulo integer P be the

oP) =2'x12
=2*x (23 -11).

Thus if p is any prime and Z, o be the modulo integer.

Let P be the collection of all associated natural neutrosophic
elements of Z, by performing the operation of division
xp

on Zanp .
Find the order of p.

This is also left as a open conjecture.

Further it is left as a open problem to find the order of P if
m=2"Xp x qof Z, where p and q two distinct odd primes.

However we see in case of Z,,, M = 2% 3 x5 the
o(P) =2 x (pg—4)=2"x 11.

Infact we can generate this for Z,, = Z , where p = 3
2" xpxq

and q =5 as follows.

If P is the usual natural neutrosophic elements associated
with Z . - we see o(P) =2" X (pq - 5).

X5

LetZ,= 7 p, g, r are all odd primes.

2" xpxgxr
Find the number of natural neutrosophic elements
associated with Z

2"xpxgxr *
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However we will study the problem in case of Zgy =

23x3x5%7
P be the natural neutrosophic elements associated with Zg4.
The reader is left with the task of finding the o(P).

Example 1.42: Let Z;0= 7 be the modulo integers.

22357

Let P be the natural neutrosophic elements associated with
Z420. O(P) =324,

The reader is expected to verify and obtain a general
formula.

So finding a general formula for Z,, n =2"p q r (p, q, r odd
primes) happens to be a challenging problem.

As the operation is addition we see there are many
idempotents under +.

We see the natural neutrosophic semigroup under +
associated with Zg is as follows.

(ZpoH)= 01,23, 4.5, 1 B L L 141,24 15,3+
B4+ 10,5+ 15, 1+15,2+ 15,3+ 15,4+ 15,5+ 15,...,5+
B+ 15+ 15+ 15).

We see all x € (Z, , +) in general does not yield 6x = 0.
So we cannot define (Z; , +) to be the modulo integers 6.
Consider L + B+ B+ B+ 1+ 15 =15 0.

In fact this collection easily proves one can have elements
under addition which gives idempotents.
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This will be defined as the natural neutrosophic semigroup
of modulo integers.

Next we proceed onto study the division operation on C(Z,)
and the MOD natural neutrosophic complex numbers associated
with it.

However the study in this direction can be had in [11].

We give examples of MOD natural neutrosophic complex
numbers.

Example 1.43: (C'(Z,), +)=1{0, 1, I}, ip, [{

I+ig

1 +ip 1 +1;, ip

+ I, 1+ig+ I, 1+ 1}

I+ig

A +ip+ 1, + 1)

1+ig

1+ig+ . ,ig+ I L +1, .1

I+ig 2 I+ig 2 I+ig

c
I+ig

+ I +1,, e+ [+

I+ig
o(C (Z,), +) = 16.

=1

Note I; + I; = I, I}, +I} 1.;, and so on.

I+ig 1+ig
This has subsemigroups of different orders.

P, ={0, Ij, I, , I +1},; } is a subsemigroup which is an

I+ig
idempotent semigroup.

— C c (Y c
P2 - {Io’ Il+iF’ IO + Il+iF

} is also an idempotent

subsemigroup..
Clearly Lagrange’s theorem is not true [5].

However weak Lagrange’s theorem is true for semigroups
under + all of which are finite order.

Infact finding order of these (C' (Z,), +) is a challenging
problem.
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Example 1.44: Let (CI (Z3), +) = {0, 1, 2, ig, 2ip, 1 +ip, 1 + 2i,
2+i0p, 2+ 2ip I, 1+ 15,2+ I, ip+ I, 2ip+ I, L+i+ I, 1
+2ip+ I, 2 +ip+ I, 2 + 2ig + I } be the natural neutrosophic
complex number semigroup.

This is not a group as it has idempotents with respect to
addition.

Example 1.45: Let (CI— (Zs), +) = {0, 1, 2, 3, 4, 5, i, 3ip, 4,
S5ig, 1 +ig, 2 +ip, ..., S + i, 1 + 2ig, 2 + 2ip, ..., S + 2ip, ..., S +
SiF, If)’ I;, I;, IZ’ I;iF’ I;iF > LCHF’ I§+21F’ Igmp I;+41F’ I§+31F >
Ly s Lo s By, andsoon, [+ L, .., [+ I, + 15, ..., a
+ L+ L+ 6+ G+ 15 + I + 15 +...+ I, } be the

natural neutrosophic complex modulo integer semigroup.

Finding the order of (C'(Z,), +) happens to be a challenging
problem.

Example 1.46: Let (C(Zs), +) = {0, 1, 2, 3, 4, ig, 2ir, 3ir, 4ig, 1
+ip 2 +1ip 3 +4ip 4 +ip 3 +ip 4+ 4ip, IS, I, ..., } be the

3+ip ?
natural neutrosophic complex modulo integer semigroup under
+.

Find order of (CI(Zs), +).
Find all natural neutrosophic elements of C'(Zs).

It is left as a open conjecture for finding the number of
neutrosophic elements of C'(Zs).

It is still a open conjecture.

Conjecture 1.2: Let C'(Z,) be the collection of all natural
neutrosophic complex modulo integers Find the number of
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natural neutrosophic complex modulo integers associated with
C(Z,y).

Example 1.47: Let C'(Z,p) = {0, 1,2, ...,9, It , IS, IS, I, IS,
I;ip > Ig > Igip > IZiF > Iéip > I;ip > Icz‘+2iF > I;+4iF > IZ+2iF soeees I§+8ip } be
the collection of natural neutrosophic complex modulo integer
associated with C(Zo).

IfP={L, L, L, I, L, Iy By G T s T
Looi» Liw,s oo Igiygs -} be the collection of all natural

neutrosophic complex modulo integers.

(1) Find order of P.

(ii) Find order of (P, + ).

(ili)  Find order of (C(Zy), +).

@iv) Does there exist any relation between the 3
ordersina, bandc?

Example 1.48: Let (CI(Z13), +) be a natural neutrosophic
complex modulo integers semigroup.

The reader is expected to find the number of natural
neutrosophic complex modulo numbers.

This has subsemigroups which are idempotent
subsemigroups under +.

Finding even natural neutrosophic elements in C'(Z,)
happens to be a challenging problem.

Almost all results carried out for (Z, , +) can be done for
(C'(Z3), +).

This task is left as an exercise to the reader.

Next we proceed onto study the (Z UI);; we will illustrate
this situation by some examples.
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Example 1.49: Let {Zsu D, +} ={0,1,2,0, L2 1 + 1, 1 +
2L2+L2+2L I, I, I, I}, ... } =S be the MOD natural
neutrosophic-neutrosophic modulo integer semigroup.

It is a difficult problem to find the order of S.

Even for small Z, the determination of natural neutrosophic-
neutrosophic elements is a challenging one.

Example 1.50: Let G={{{Z,u Dy, +} ={0,1,2,3,1,2L 31, 1
+L1+2L1+3L2+1L2+21,2+31,3+1,3+2I 3+ 3I, Ié,

I, I, I;, I, and so on} be the natural neutrosophic-
neutrosophic semigroup.

What is the order of G?

Find all natural neutrosophic-neutrosophic elements of G.

Example 1.51: Let S = {{Z,u D, +} ={0,1, 2,3, ...,9, 1, 21,
3L .., 1+9L2+1L ..., 2+9L9+9L I, I, I,, It, I;, I, T,
IIZI 4 Iil 4 I‘Ijl 4 Iél 4 Iél 4 I;—ZI 4 II2+4I 4
natural neutrosophic neutrosophic semigroup under +.

L., Iy and so on} be the

Find all subsemigroups of S which are idempotent
subsemigroups of S.

It is also left as an exercise to the reader to find the
cardinality of S.

I I 1 I I _q1

I2-*—4I+IZ+4I - I2+4I’ ISI+2 + ISI+2 - ISI+2 and SO on are all
idempotents under +.

I I I . .

L, + Ly = L, 1s also an idempotent of S.

Example 1.52: Let S =(Zo U ), +} ={0, 1,2, ..., 18, I, 2I,
v 18L T+ 1, oo, 1+ 181, ..., 18 + 18I, I, I}, L, ..., and so
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on} be the MOD natural neutrosophic-neutrosophic semigroup
under +.

The reader is left to find the order of S.

Find the number of subsemigroups of S which are
idempotent semigroups.

The main observation is that if Z, is a field, then the order
of (Z, U I);, +} is smaller in comparison with Z,; where n is a
composite number.

Finding number of elements in case Z, is a ring happens to
be a very difficult problem.

All properties of {(Z, U I);, +} can be studied analogously
as in case of (Z, , +).

Now we study the MOD natural neutrosophic dual number
semigroup by some examples. For more refer [12, 24].

Example 1.53: Let S = {{Zy U g), +} be the natural
neutrosophic dual number semigroup.

S={0,1,2,...,8,g2g,....,182, 1 +g, 1 +2¢g, ..., 1 + 8g,
2+¢g,2+2g ...,8+8g I, I§, I¢, Ig, Iig, e I§g, I§+3g,

Ig

6+6¢ and soon}.

I .
Ls, =1 and so on are all

g
+1 3+3¢g

I g _ 78
We see I, +15, =1 343

2g°
idempotents of S.

Example 1.54: Let S={(Z, v g), +} ={0,1,g, 1 + g, If, I}, 1
+ 15, et [, 1+g+ If, g+, 1+ B, 1=g+ I, [[ + 15, 1+
[+ 5, g+ I§ + I, 1 +g+ If + £} be the natural

neutrosophic dual number semigroup.
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P ={I§, I } generates a subsemigroup of order there under
+ and each element in {17, I, I + L'} is an idempotent
semigroup under +, as If + I§ = I, I} + I = I} and

(I + I5) + (I§ + I5) = I§ + I3, hence the claim o(S) = 16.

Example 1.55: Let S = {{Z,u g),+} ={0, 1, 2,3, g, 2g, 3g, 1
+g 1+2g ...,3+3g, [, L, I, .. I5,,, I, and so on}

2g° 2+g
be the natural neutrosophic dual number semigroup under +.
=18

g g _ 18 g g S
E+ =I5, +1 E e

242 242 are idempotents.

Finding order of S happens to be a challenging problem.

Example 1.56: Let S = {(Z, U g), +} = {0, 1, 2, 3, 4, g, 2g, 3g,
4g,1+¢g,1+2g,1+3g,1+4g,2+g,2+2g,2+3g,2+4g,3
+g3+2g,3+3g,3+4g,4+¢g,4+2g,4+3g,4+4g, I, Ii,

L, L,

2g° 4g 1+g
number semigroup under +.

and so on} be the natural neutrosophic dual

Clearly S has subsemigroups which are idempotents under
+.

In factif P = { I}, Ii, I%g, ey Iﬁg and so on} c S; finding

order of P happens to be a challenging problem.
However {(P, +)}, is an idempotent semigroup under +.

Thus this study yields an infinite class of idempotent
semigroups under +.

The study of natural neutrosophic dual number semigroups
happens to be a matter of routine so left as an exercise to the
reader.
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However several interesting problems and some open
conjectures are proposed at the end of this chapter for the
reader.

Next we proceed onto study the MOD natural neutrosophic
special dual like number semigroups under + by some
examples.

Example 1.57: Let G ={{Z; U h), +} be the natural
neutrosophic special dual like number semigroup under +
operation.

G=1{0,1,2,h,2h, 1 +h,2+h,2h+2, 1+2, 1}, I}, I}

2h >
Lo, B, I+10,2+ 15 ,h+ I}, ... } is a semigroup under +.

Clearly P = {I;, I}, I,, L, L,} generates an

idempotent semigroup of natural neutrosophic elements under
+.

Clearly (P, +)  G; o(P) = 5.

Finding order of G happens to be a difficult problem in case
n is large which is used in the construction of Z,.

Example 1.58: Let S = {(Zs U h), +} be the natural
neutrosophic special dual like number semigroup.

Clearly B = (I, Li, I, I, L, L, L., + is a
subsemigroup which is an idempotent semigroup.

It is left as an exercise for the reader to find all idempotent
subsemigroups of S.

Example 1.59: Let S = {{Z; Uh), +} be the natural neutrosophic
special dual like number semigroup.
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All results derived in case of natural neutrosophic
semigroup ( Z! , +) can be derived in case of {(Z, U h);, + } with
appropriate modifications.

Next we proceed onto study the notion of natural
neutrosophic special quasi dual number semigroups under + by
some examples.

Example 1.60: Let S = {{Z; U k), +} be the natural
neutrosophic special quasi dual number semigroup under +.

S=1{0,1,2,k 2k, 1 +k, 1 +2k, 2 +k, 2+ 2k I, I}, I§,,
s B T+ I, 2+ 15, k+ I8, 2k+ 15, 1+ k+ 1§, 1 +2k
+15,2+k+I5,2+2k + I} and so on}.

There are subsemigroups which are idempotent semigroups
under +.

We see as in case of (Zi , +) we can develop the notion for
{Z, Uk, +}.

This is left as an exercise to the reader.

Now we develop the natural neutrosophic semigroup of
matrices and polynomials under +. For we need all these notions
in the construction of semivector spaces over the semirings
which are not Smarandache semirings. So in this we study only
semimodules over natural neutrosophic modulo integers
semigroups of finite order. Thus we develop the notion of
additive semigroups of natural neutrosophic elements.

We will illustrate this situation by some examples.

Example 1.61: Let

a a a
M={[ b 3}/2116 Z,=1{0,1,2, .., 11, I}, 1, 1}?,
a, a; ag
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L I8, I, Ig,a+ IPsae Ziy t=10,2,3,4,6,8,9,
10}; 1 £i <6, +} be the natural neutrosophic matrix semigroup

under +.

There are several matrices in M which under ‘+’ are
idempotent subsemigroups of M.

112 112 112

0 8 9

112 112 112
x={2 4 6}eMissuchthatx+x=x.

Thus x is an additive idempotent of M.
Further o(M) < co.

Thus we have a finite natural neutrosophic modulo integer
matrix semigroup under +.

Example 1.62: Let

2 a,]
a, a,
T=14|a, a,|whereae Z);1<i<10}
a7 aS
_a9 al()

be the natural neutrosophic modulo integer matrix semigroup
under +. o(T) is finite.

T is only a semigroup and not a group as there are x € T
which are such that X + X = X.
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Example 1.63: Let

al a2 a3
— I . 1
W={la, a; a|lae (Z,0]);1<i<9,+)
a, a; a,

be the natural neutrosophic- neutrosophic modulo integer matrix
semigroup under +.

W has subsemigroups which are idempotent subsemigroups.
Infact W is a monoid.

L, Ty I
P, = 0 Iio If4 ,+ }
I 1o

is a subsemigroup of order one and P is an idempotent
semigroup.

I I, of | I O
P,=4/0 I, L |0 Iy I|,
I, 0 I,| |I

L+ I,+I; 0
0 L+ I |, +}
L+ L T,
is a subsemigroup which is the idempotent subsemigroup of W.

Infact o(W) is finite.

There are several idempotent subsemigroups.
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Example 1.64: 1et

al
a, .
M=1| "7 | Jae (Z,01) ,1<i<10, )

10

be the real natural neutrosophic column matrix semigroup under
addition. o(M) < oo,

M has several subsemigroups some of which are idempotent
semigroups under +.

Example 1.65: Let P = {(a, ay, a3) / a; € wa, 1<i1<3,+} be
the real natural neutrosophic row matrix semigroup under +.

P has idempotent subsemigroups of finite order.

THEOREM 1.12: Let S = {Collection of all m x n matrices with
entries from the real natural neutrosophic semigroup (Z!, +);

2 <5 < oo 4} be the real matrix natural neutrosophic
semigroup under +.

i) o(S) < eoand is a commutative monoid.
ii) S has several subsemigroups which are idempotent
subsemigroups under +.

Proof is direct and hence left as an exercise to the reader.
Next we proceed onto give examples of natural

neutrosophic complex modulo integer matrix semigroups under
+.
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Example 1.66: Let

/a;e (C'(Zg), +), 1 <156, +}

be the natural neutrosophic finite complex modulo integer
matrix semigroup under +.

V is a monoid of finite order.

0
I;
M=d 15 |)
I +I;

C C
I+ 15 |
is an idempotent subsemigroup of order one under +.

I
I
I . .
X = r € Visanidempotentof V as x + x = X.
6
I
L

Infact (x, +) is an idempotent subsemigroup of order one.
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Opfoffo 0 0
0Opjof|o 0 0
0| (0]]O 0 0
T=3L[|EL|El,] 0 |[.| 0 |,
O (O] (O] |G+ | |Ij+Ig
0] 100 0 0
0] 10J[O0] ] O || O |
I I R .
0 0
0 0
(N 0
L+ | [+ +1;
0 0
L 0 - L 0 -

is an idempotent subsemigroup of order 7 of V.
There are several such idempotent subsemigroups in V.
The reader is left with the task of finding the order of V.

Example 1.67: Let

al a2
_ )3 A I . .
W= /aiEC(le),+>,1S1S8,+}
a; ag
a a

be the natural neutrosophic complex modulo integer matrix
semigroup under +.
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o(W) < e,
0 I
I O ) ) ..
X = 0 I € W is such that x + x = x is a nontrivial
8
L O
idempotent of W .

Infact {x} is an idempotent subsemigroup of W.

00
00 ) .
P, = 0 0 , X} € W is a submonoid of W of order 2.
00
0 0] o o] o o] [0 O]
0 O 0 0 0 O 0 0
P, = I, I, ’ 0 I , I, I ’ 0 0 c W
0 O 0 0 0 O 00
0 O 0 0 0 O 00
_Ij IZ_ 10 I;‘_ 0 I;'_ 10 0]

is a again an idempotent subsemigroup of order 4 of W.

Infact W has many such idempotent subsemigroup.
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Example 1.68: Let

a, a, a; a,
aS a6 a7 8 1 :

S= /aie (CNZip), +), 1 i< 16, +}
a9 a10 all 12
a a a a

16

be the natural neutrosophic finite complex modulo integer
semigroup (monoid) under +.

This has several idempotent subsemigroups and o(S) < oo.

All results related to real natural neutrosophic matrix
semigroup under + are true in case of natural neutrosophic
matrix complex modulo integer semigroup.

Infact of the collection of real natural neutrosophic matrix
semigroup of a fixed order is always a subsemigroup (proper
subset) of the collection of all natural neutrosophic finite
complex modulo integer semigroups.

Next we just study the natural neutrosophic-neutrosophic
matrix semigroups under + by some illustrative examples.

Example 1.69: Let {(Zs U I), +} = P be the natural
neutrosophic-neutrosophic semigroup under +.

Let M = {(aj, @y, ..., a9) / 3, € P, 1 <1<9, +} be the natural
neutrosophic-neutrosophic matrix semigroup under +.

0o(M) < o0, M is a commutative monoid of finite order.

N,= (I;,0,0,..., I), +} is an idempotent subsemigroup
of order one.

N,=  {(0,0,...,0), (I, ..., 0), (I}, 0, ..., 0), (I},0, ...,
0), (I, + I,,0, ..., 0), (I, + I, 0, ..., 0), (I +1},0, ..., 0),
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(I,+L, + I}, 0, ..., 0), +} < M is an idempotent subsemigroup
of order 8.

Infact M has several idempotent subsemigroups some of
which are monoids and some are not monodies.

Example 1.70: Let

S=1la, | /ae {((ZsUD,+)}, 1<i<7, +)

be the natural neutrosophic-neutrosophic matrix semigroup of
finite order.

This has several idempotents as well as S has
subsemigroups which are idempotent subsemigroups.

07 112 0
0
0 I +1
0 4 0
0 0 0
xi=|L|,xa=] 0 and x; = 0
II
X 0 I +1
0 0 "
0 0 0
Lo Ly

are some of the idempotents of S under +.
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Infact each idempotent of S generates a subsemigroup
which is also an idempotent subsemigroup of order one.

Example 1.71: Let

/a € <<Z24UI>I,1SISZ4,+}

be the natural neutrosophic-neutrosophic matrix semigroup S
has several idempotents and also has idempotent subsemigroup.

L L I L
0 0 0 O
X = 0 0 0 00 € Sis such that x; + x; =X,
Lo L L
R
00 0 0 |

that is an idempotent of S. S has several idempotents.

Infact the collection of all idempotents of s forms a
subsemigroup also known as the idempotent subsemigroup.

Interested reader can find all the idempotents of S.

Since this study is also a matter of routine we leave it as an
exercise for the reader to study all the properties associated with
S.
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Next we proceed onto study the matrix of natural
neutrosophic dual number semigroup under + by some
examples.

Example 1.72: Let

B=4la; a, a, a;|lae {{(ZovugL+},1<1<12,+}

10 all a12

be the natural neutrosophic dual number matrix semigroup.

Clearly B is of finite order and is a commutative monoid

under +.
LI 0 O
Letx;={0 0 I If|e Bissuchthatx+x; =x;.
L I 0 O
0 00O
Pi={x,|/0 0 0 0|}cB
0 00O

is a monoid which is an idempotent subsemigroup of order two.

£ 00 O0|[E 000
P,={|0 0 0 E[,|0 0 0 |,
0 0 O0|[0 I 00

E+IE 0 0 0
0 0 0 E[}cB
0 I 0 0
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is an idempotent subsemigroup of B of order three.

Clearly P, is not a monoid only an idempotent
subsemigroup.

E T 0o0l[oo0o00][00T 0
P;={/0 0 0 0/./0 0 0 0[,]0 0 0 O,
0 0 00/ |00O0GO|[00O0O

0 2 0 |0 B I8 | |IE & &2 0
0 00 0[,|]OO 0 O0[,/]/0O 0 0 Of,
000 O0/|0O OO |0 O 00O

| GO GOV RS G D (D O O
0 00 0[,/]O 0 0 O0|tcB
0 00 O0||0 O 0 O

is an idempotent subsemigroup of order 8.
This B has many idempotent subsemigroups.

Example 1.73: Let

S = a, /aie {<Zlgug>1,+},1SiS5,+}

be the natural neutrosophic matrix dual number commutative
monoid of finite order.
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This S has several idempotents as well as idempotent

subsemigroups.
o [n] s [m] [
0 0 0 0 0
Yi=[0[,Y2=|0[,y3|0|,¥a=[01|,¥5=|0 |,
0 0 0 0 0
| 0 | 0] | 0] | 0 | 0]
LN A . A
0 0 0 0 0
Ye=|0[,y7=|0[,ys=| 0 |.Y9=| 0 |.Y0=1 O |,
0 0 0 0 0
| 0 1 0] | 0| | 0| | 0|
12, | B+ | I+ +1¢ |
0 0 0
yn=|0|.y2= 0 |,ys= 0 ,
0 0 0
| 0| 0| i 0 ]
I+ 12, | IE+ T+ E+IE | 0]
0 0 I
Yia = 0 > Yis = 0 s Yis=10 |,
0 0 0
. 0 ] i 0 ] | 0]
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[N R S (o
0

Yis= 0

0

0

and so on are some of the idempotent matrices of S.

Study of idempotent submonoids and idempotent
subsemigroups happens to be an interesting exercise.

All properties associated with natural neutrosophic matrix
dual number semigroups can be derived / studied as in case of
other semigroups.

Next we will describe the natural neutrosophic special dual
like numbers semigroups by some examples.

Example 1.74: Let M = {(a;, a,, a3, a4, as, ag, a7) / ;€ {{(Zp U
h)y, +} hW’=h 1<i<7T; +} be the natural neutrosophic special
dual like number row matrix semigroup under +.

Clearly M is of finite order and is a monoid. M has several
idempotents and idempotent subsemigroups.

a=(0,1;, I, I, 13, 0,0),
a,=(0,0,0,0,0, L2, , 0),

a;=(Ib +15,,,.,0,0,0,0,0,0).
a,=(0,0,0,0,0,0, 0+ I}, +1,.)

and so on are some of the idempotents of M.

P, ={(0,0,0,0, I} +1,0,0), (0000, I}, 0, 0), (0, 0,0, 0,
0, 0, 0), (0, 0, 0, O, Ig , 0, 0)} € M is an idempotent
subsemigroup of M infact an idempotent monoid.
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P,={(I;,0,0,0000), (I, 0,0,0,0,0,0), (L, 0,0,0,0,
0,0), (I +13,0,0,0,0,0,0), (I;+I}, 0, 0,0,0, 0, 0), (I} +
I;,0,0,0,0 0 0), (I, + I;+I3, 0,0, 0, 0,0, 0)} is an

idempotent subsemigroup of order seven. Clearly P, is not a
monoid.

P;={(0,0,0, I},0,0,0),(0,0,0, I}, 0,0, 0), (0,0,0, I,
0, 0, 0), (0,0, 0,0, 0,0,0), (0,0,0, If, 0,0, 0), (0,0,0, I, 0,
0,0),(0,0,0, I, +13,0,0,0),(0,0,0, I +1,,0,0,0,0), 0,
0,0, Iy +1¢,0,0,0),(0,0,0, Iy + 1! ,0,0,0),(0,0,0, I) +
I,,0,0,0),(0,0,0, I + I},0,0,0),(0,0,0, I, +I! , 0,0,
0), (0,0,0 I', + Iy, 0,0, 0), (0, 0,0, I, + 1! , 0,0, 0), (0, 0,0,
Il +1),0,0,0),(0,0,0, I + L+I,,000), (0,0,0, I, +
I +1;,0,0,0), 0,00, I+ I +I, 0,0, 0), (0, 0, 0, I}, +
I +I),, 0, 0, 0), (0, 0, 0, I} + I} +1!, 0, 0, 0), (0, 0, 0,
L+ +1, 0,0, 0), (0, 0,0, L +I +1I7, 0, 0, 0), (0, 0, 0,
L+1, +10, 0,0, 0), (0,0, 0, Il +I, +I?, 0, 0, 0), (0, 0, 0,
I+, +11,0,0,0),(0,0,0, I} +I) + I} + 1), , 0, 0, 0), (0, 0,0,
I +0L+1) +17,0,0,0),(0,0,0, I, + 15 + I} +1,, 0, 0, 0), (0, 0,
0 L+ +I+10,,0,0,0), 0,0,0, ! +I) +I}, +13, 0, 0, 0),
0, 0, 0, D+ +L+I3+1,, 0, 0, 0)} is an idempotent
subsemigroup.

Clearly o(P;) = 32.

This is the way we can get seven at idempotent
subsemigroups.
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Example 1.75: Let

M= a, ag a, /aiE {<Z48Uh>1,+},1SiS15,+}
alO all a12
a a a

be the natural neutrosophic special dual like number matrix
semigroup under +.

M is a commutative monoid of finite order. M has several
idempotents.

0 0 O
0 0 O
x;=[0 0O O [ issuchthatx; +Xx; =X.
0 0 O
0 0 I,
[0 0 1]
0 0 O
X2=10 0 0 | € Missuch that x, + X, = X, and X,
I 0 0
L0 0 0]

is an idempotent.
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[0 0 O]
0 00
X3 = I{’O 0 0| € Mis an idempotent of M as X3+ X3 = X3.
0 00
10 0 0]
[0 "+ +1"+1" 0]
0 L +1, 0
x4=|0 L +I[+I, 0| Misan
0 IL+I,+I, 0
0 men 0

idempotent as X4 + X4 = X4.

Infact M has several idempotents. M also has idempotent
subsemigroup of order 1, order 2, order 3, order 4 and so on.

We will give one or two idempotent subsemigroups of M.

10 0 o] [ o o] [IB+2 0 ©
0 0 0[]0 0 0O 0 0 0
Pp=<10 0 0[.|]0 0 0,] 0O O OfrcM
0 0 0[]0 00 0 0 0
0 0 I |0 O0I]| 0O 0TI

is an idempotent subsemigroup of order three.
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0 B+I'+I"+1" 0]
0 0 0
P,=4]0 0 0
0 L+I+Ip 0
0 0 0]

is an idempotent subsemigroup of order one.
All properties associated with natural neutrosophic special
dual like number matrix semigroups is a matter of routine so left

as exercise to the reader.

Next we proceed onto study by examples the natural
neutrosophic special quasi dual number matrix semigroup.

Example 1.76: Let

P=4| | /ae {{Zguky+} 1<i<6, +}

be the natural neutrosophic special quasi dual number column
matrix semigroup under +.

Clearly o(P) < co.

P has idempotents as well as idempotent subsemigroups.
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3+3k

Take y, = € P is such an idempotent matrix.

S O O O

Lety, = e P.

Y2 + Y2 = ¥2 SO ¥, is also an idempotent of P.

RS
I+
S
Lo+
Ig +-I§+2k

| L+E

Letys; = € P,weseey;+y;=y;350Y;

is an idempotent of P.

Infact P has many more idempotents.
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Consider

B1=

is an idempotent subsemigroup of order one.

Consider

Lol
L+L, || L
B, - 0 ’ 0 P
0 0
0 0
L 0 _ _0_

0 0][o0
0 0[]0

B, = I+14 ’1‘; ’1‘; cp
0 0[]0
0 0[]0
Ry

is an idempotent subsemigroup of order 3.
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0 0 0 0
0 0 0 0
0 0 0 0
B4 = 5 ) H - P
0 0 0 0
I +1I, I L I+,
_113(1( +14 i _113(1( + Il:+2k i _113{1( +14 1L 113(1(

is an idempotent subsemigroup of order four.

Infact we can get all ordered idempotent subsemigroups of
P.

Example 1.77: Let

4 a, az a,
a; 3, a; ag .
lae {{ZpuUuk),+},1<i<16, +}
T
Ay Qs A

be the natural neutrosophic special quasi dual number
semigroup under +.

L+ 0 0 0

0 I, 0
LetX1= 4k " EW,X1+X1=X1
0 0 0 I4+5k
I 0 I 0

Sk+2 10k

is an idempotent of W.
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0 0 0 L+1,

0 0 0 Ii(4k+6
I, 0 0

0 Ii(2k+6 0 0

Xy = € W is such that X, + X, = X,

is an idempotent of W.

00 0 O

00 0 0
LetSl=

00 0 0

0 0 If I,

is an idempotent subsemigroup of W.

00 0 0j]j0 0 0 O
00 0 0jj0 0 0 O
Sg= , W
00 0 010 0 0 O
0 0 IL+I5, 0f|0 0 I5§ O
is an idempotent subsemigroup of order two.
0 00 0 0 00 0
0 00 0 0 00 0
S3= k k b k b
0 0 0 I, +I; 0 00 I,
0 00 IF+I5, | [0 0 0 LF+I
0 0O 0
0 0O 0
. W
0 00 I,
0 0 0 If+I5
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is an idempotent subsemigroup of order 3.
Study of properties associated with natural neutrosophic
special quasi dual number semigroups happens to be a matter of

routine so it is left for the reader as an exercise.

Next we study the notion of finite polynomials semigroups
under + using natural neutrosophic elements by some examples.

Example 1.78: Let

5
P[x]s = {Z ax'/aeP={Z,+)

i=0

all polynomials of degree less than or equal to 5 with
coefficients from { Z; ,+}.

P[x]s is defined as the natural neutrosophic real polynomial
semigroup under +.

Clearly o(P[x]s) < oo, that is P[x]s is of finite order.

P[x]s has idempotents.

For consider y = T} x> € P[x]s, clearly y + y = 5.

Lety, = szz + ng + Ig € P[x]s.

Clearly y, + y; = y; is an idempotent of P[x]s.

P[x]s has several idempotent P[x]s also has idempotent
subsemigroup as well as subsemigroups which are not

idempotents.

Consider A, = {(3x* + x + 1), +} c P[x]s is a subsemigroup
which is not an idempotent semigroup.
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A={ExX+ 5, ExX+ L, (BE+)x + E+L ) is an
idempotent subsemigroup of P[x],.

Ay = {Ix* +13} < W is an idempotent subsemigroup of
order one.

A= (Ex5 (B + ) x* + ¥} < P[x]s is an idempotent
subsemigroup of order two.

We can get subsemigroups which are idempotent or
otherwise.

Example 1.79: Let

5
B[X]s={2 ax'/ae B={Z,,+};0<i<8,+}

i=0

be the natural neutrosophic real coefficient polynomial
semigroup of finite order under +.

B[x]s has idempotents, subsemigroups and idempotent
subsemigroups.

Let P, = {(2x’ + 4x + 1, 3x + 2)} < B[x]s generates a

subsemigroup of finite order which is not an idempotent
subsemigroup.

P = {17+ (IY +1)) x* + I” + 1) + I, } is an idempotent
subsemigroup of order one.

Py={I7x° + IPx+ I7+17, I'x, I'x* + 7, Ip+ 1Y%
+ I.” } is an idempotent subsemigroup of order four.

We can find idempotent subsemigroups of finite order.

However finding the order of B[x]s happens to be a
challenging problem.
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Example 1.80: Let

10
B[x]m:{z ax'/ae B={Z!, +};+;0<i<10}

i=0

be the natural neutrosophic real coefficient semigroup of
polynomials of finite order under +.

Find order of B[x];, is a challenging one for it depends on
(Zfl , +) also.

Next we proceed onto give examples of natural
neutrosophic-neutrosophic coefficient polynomial semigroups

of finite order under +.

Example 1.81: Let

3
Glx]; = {z ax'/ae G={ZUl};+};0<i<3, +}

i=0
be the natural neutrosophic-neutrosophic coefficient polynomial
semigroup of finite order G[x]; has idempotents and
idempotents subsemigroups.
Take a= I)x’ + (I, + I, )x* + (I, + I, ) x + I}, € G[x]s.
Clearly a + a = a is an idempotent of G[x]s.

G[x]; has several such idempotents. However o(G[x]; < oo.

Now P, = {I},,,x’ + I, } is an idempotent of subsemigroup
of finite order.

There are several such idempotent subsemigroups.
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Example 1.82: Let

S[x1, {Z ax'/aeS={{Zoul,+};0<i<7,+)

i=0

be the natural neutrosophic-neutrosophic coefficient polynomial
semigroup under +.

Clearly S[x]; is a commutative monoid of finite order.

S[x]; has several subsemigroup which are not idempotent.
There are also idempotent subsemigroup.

Further S[x]; has idempotents.

Zyolx]; {Z ax'/a e Zy)

i=0

is a subsemigroup of finite order which is not idempotent.
7

(Zio U D) [x] :{Z ax'/ae(Zoyul)={a+bl/a,be Z,},
i=0

0<i<7,+)

is again a subsemigroup of finite order which is not an
idempotent subsemigroup.

P, = {Lx + (I+I)x* + (1‘+I;+4I+I§I),
LI, D+, IS, O+ Ix% B+1,, L+ x, +}
S[x]; is an idempotent subsermgroup of order 9.

We have several such idempotent subsemigroups of finite
order.

It is left as an exercise for the reader to find the order of
S[x];
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a= 1, X + (L, +1,)x* + I} + 1} in S[x]; is an idempotent
element of S[x];.

Infact {a} is also an idempotent subsemigroup of order 1.

Letb=Ij + I x + I}, x* € S[x];. Clearly b+ b=bso b is an
idempotent of S[x];.

Example 1.83: Let
9 .
P[x]o = {Z ax'/ae P=(ZouUD+};0<i<9,+}
i=0

be the natural neutrosophic neutrosophic coefficient polynomial
semigroup of finite order.

a= (I +I)x* + I, € P[x]o as an idempotent as well as the
idempotent subsemigroup of order one.

The reader is left with the task of finding 3 subsemigroups
and 3 idempotent subsemigroups of P[x]o.

Next we proceed on to give examples of finite natural
neutrosophic complex modulo integer coefficient polynomial

semigroup.

Example 1.84: Let

2
B[x];; = {12 ax'/ae B={(C'(Z),+)}=B,0<i<12,+}

i=0

be the natural neutrosophic complex modulo integer coefficient
polynomial semigroup.

Clearly B[x],, is a finite commutative monoid under +.
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Further B[x],, is a S-semigroup.

Considera =I5, x* + (I +15) € Bx] .

Clearly a is an idempotent and (a) is an idempotent
subsemigroup B[x];, of order 1.

P1Z4[x]1» < B[x];» is a subsemigroup of B[x];, which is
again a subsemigroup of finite order.

P, = C(Zy) [x]12 < B[x]y, is also a subsemigroup of B[x];, of
finite order.

Infact finding idempotent subsemigroup of B[x];, is left as
an exercise to the reader.

Example 1.85: Let

4
S[xly = {Z ax' Jae S={(C(Z), H} =S;0<i<4,+)

i=0

be the complex modulo integer natural neutrosophic coefficient
polynomial semigroup o(S[x]s) < o= and is infact a commutative
monoid.

a= I +[[x+I,x e S[x]sis such that a + a = a and infact

a is an idempotent of S[x], and a generates an idempotent
subsemigroup of order 1.

Next we proceed onto provide examples of natural
neutrosophic dual number coefficient polynomial semigroup

under +.

Example 1.86: Let

9
D[x]y = {Z ax' /ae D={(Zhoughg =0,+};0<i<9,+)}

i=0
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be the natural neutrosophic dual number coefficient polynomial

semigroup.
— 18 6 g g 3 g g g
a= IlO+2g X+ (IZg + I4g+3 X7+ I4g+4 + 12g+6 + 18+9g € DIx]o

is an idempotent as a + a = a and a generates an idempotent
subsemigroup of order one

o 3 o
P = {I},x + B,x + I + +I¢,, ,x, [+I,, 5, x +

I} + 1§, } < DIx]yis an idempotent subsemigroup of order four.

Reader is left with the task of finding the order of D[x]s.

Find atleast 4 subsemigroups which are not idempotent
subsemigroups.

Example 1.87: Let
6 .
Flx]s = {Z ax'/aje F={{(Z U g),+} g2=0;OSiS6;+}
i=0

be the natural neutrosophic dual number coefficient polynomial
semigroup of finite order.

a= I§gx6+ Iﬁgx4+ I§X2+(I§g+I§g+Iﬁ)g) € Flxle,a+a=a

so a is an idempotent of F[x]¢. (a) also generates an idempotent
subsemigroup of under 1.

The reader is left with the task of finding the order of F[x]¢
and 3 idempotent subsemigroups of F[x].

All these semigroups are also S-semigroups.

Next we give examples of natural neutrosophic special dual
like number coefficient polynomial semigroups of finite order.
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Example 1.88: Let

3
G[x]s = {Z ax'/ae G={(ZyUhy, +) =G; 0<i<23, +}

i=0

be the natural neutrosophic special dual like number coefficient
polynomial semigroup.

Clearly G[x]y; is a finite commutative monoid.
p=1 + I, x € G[x]y is such that p + p = p.
p1 = {(Ig + 1}71h )XZO + (12h+2 + Igh )Xlo + I;h+1o + I?2h+4 +

h h h 10 th h h h .
Il()+12h g (I4h+2 + Ish )X 4 112h+4 4 I4h+2 +Ish + 112h+4 } C GIx]x 1s an
idempotent subsemigroup of order four.

Thus G[x],; has several idempotents and idempotents
subsemigroup as well as subsemigroups.

Z14[x]s < G[x]y; is a subsemigroup which is not an
idempotent subsemigroup ((Z;4 U h)[x],s < G[x]p; is again a
subsemigroup which is not an idempotent subsemigroup of

G[x]as.

The reader is left with the task of finding the order of
Glx]as.

Infact both Z,4[x],; and ((Zi4 W h))[x],; are subsemigroups
which are groups of G[x],s.

Example 1.89: Let

3
Wixliz = {Z ax'/ae W={(ZoUh),+},h’=h,

i=0

0<i<12,+)



62 | Semigroups on MOD Natural Neutrosophic Elements

be the natural neutrosophic special dual like number coefficient
polynomials semigroup under +.

Z0[x]12 is a finite subsemigroup of W[x],, which is a group
under +

p=LEx*+ (L + 15, + L, X+ L+’ + 1 + I, €
WIx];, is an idempotent of W[x];; as p+p =p.

g 7 TP S Th 3T by Thy Th 7 Th oS
P={IL,x", I,,x+ L, x" L+ I +Ix, I x"+ I x" +

h 3 h 7 h h h h 5 h 3 h h
L,x, L,x + L,+L+ Lx, L,x + 0L, x + L, + 1 +

Dx, Lx +0 X+ x+Dx+ 1 + 1, } cWx],isan
idempotent subsemigroup of order 7.

Thus W][x];, has subsemigroups, groups, idempotent
subsemigroups and idempotents.

The reader is left with the task of finding all idempotents of
Wix]i.

Next we proceed onto give examples of natural
neutrosophic special quasi dual number coefficient polynomial

semigroups of finite order under +.

Example 1.90: Let
6 .
S[x]e = {Z ax'/aeS={{(ZiUk), kK =15k, +},
i=0

0<i<6,+)

be the natural neutrosophic special quasi dual number
coefficient polynomial semigroups of finite order under +.

Z6[x]6 is a group under +. ((Z;6 U k)) [x]¢ is again a group
under +. S[x]¢ has several idempotents.
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The reader is expected to find the number of idempotents in
S[X]ﬁ.

Example 1.91: Let

9
B[x]o = {Z ax'/ae B={{(Zouk),k=8k +},0<i<9, +}
i=0
be the polynomial with coefficients from the natural
neutrosophic special quasi dual number semigroup B.
B[x]o under + is a finite semigroup.

B[x]y has substructures under + which are groups of finite
order.

Infact B[x]y has subsemigroups which are idempotent
subsemigroups so are not groups under +.

Infact B[x]o has several idempotents.

The reader is left with the task of finding order of B[x]o.

We can prove all natural neutrosophic semigroups real or
complex or neutrosophic or dual number or special dual like
number or special quasi dual number all them contain the basic
modulo integers Z, as a subset which is always a group under +.

So all these semigroups are Smarandache semigroups.

We have in this chapter seen natural neutrosophic
semigroups of finite order of all types and obtained several
interesting properties about them.

Infact all these semigroups are Smarandache semigroups.

Further we see all these semigroups cannot be groups as the
contain elements which are idempotents under +.
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This is the first time to the best of knowledge of authors
which gives infinite number of finite semigroups under + which
has idempotents.

In the following we suggest problems some of which are
open conjectures taken as research problems.

Problems
1.  Enumerate all special features associated with Z!;
2<n<oo,

2. Let Z, = {0, 1, 2, 3, I;,I;} be the MOD natural
neutrosophic elements associated in Z,.

i) Find o((Z}, +)).

ii) Prove (P, +)y={I;,I;, I} +1;,+}is an idempotent
semigroup.

iii) Find all subsemigroups of (Z}, +).

3. Let G = (Z,, +) be the MOD natural neutrosophic
semigroup.

1) Find o(G).

ii) If P = {(collection of all natural neutrosophic
elements of Z;y got by division operation on Z;,} find
o(P).

iii) Find o({P, +) as an idempotent semigroup.

iv) Prove (P, +) is an idempotent semigroup and not a
monoid of G.

v) Find all idempotents of G.

vi) Prove G is a S-semigroup.

vii) Find at least 3 subsemigroups which are not
idempotent subsemigroups of G.

4, Let P = {( Z; , +)} be the MOD real natural neutrosophic
semigroup under +.
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Study questions (i) to (vii) of problem (3) for this P.

Let B = {{Z},, +)} be the MOD real natural neutrosophic

248 >
semigroup under +.

i) Study questions (i) to (vii) of problem 3 for this B.
ii) Obtain any other special feature associated with this
B.

Let T = {(Z,,, +)} be the MOD natural neutrosophic

23°
semigroup under +.

i) Study questions (i) to (vii) of problem 3 for this T.

i) Show if in ZL, p is a prime then o({ ZIIJ , +)) is not
very large.

iii) Find o((Z,, +)); when p is a prime.

Obtain all special features about the real natural
neutrosophic semigroup under + in Z,; n = p,'py,....p
pi’s are distinct primes and t; > 1; 1 <i<s.

i) Prove if s is very large then o({ Zf] , +)) is large.

Let S = {Ci(Zp), +} be the MOD natural neutrosophic
finite complex modulo integer semigroup under +.

i) Study questions (i) to (vii) of problem (3) for this S.

ii) Prove(Z,,,+) < Sand(Z,, ,+)is always a
subsemigroup of S.

iii) Prove S is a S-semigroup.

iv) Can there be a situation in which both S and (Z;, , +)

contain same number of natural neutrosophic
elements?
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9. Let S; = {(C(Z;)), +)} be the natural neutrosophic
complex modulo integer semigroup under +.

i) Study questions (i) to (vii) of problem (3) for this S;.

ii) Compare this S; with S of problem 8.

iii) Which semigroup has higher cardinality S or S;?
Justify your claim.

10 Let Sy = ((C'(Zy), 1)}, S1 = {C(Zp), +}. S = {{C'Zp),
+)} be three natural neutrosophic finite complex modulo
integer semigroup under + (p a prime).

1) Study questions (i) to (vii) of problem (3) for these
Sl, Sz and S.

ii)  Show
a) o(S,) > o(S).
b) o(S,) > o(S)).
¢) Will o(S) > o(S).
Justify your claim in case of (c).

iii) Hence or otherwise show if Z;,, n a prime then
o((CI(Zn), + )) is smaller when instead on n, n—1 and
n + 1 are used where bothn + 1 and n — 1 are not
primes.

11.  Study problem (ii) for C' (Z,»), C'(Z3) and C'(Z,4) under
the operation + are semigroups generated by C'(Z,,) and
SO on.

a) Show o((C(Z1), +)) > 0{C(Zya), +)).
b) What is o((C'(Zy3), +))?

12.  Study problem (11) for (CI(ZZZ), +y=3S, S, = (CI(ZZ3), +)
and S, = (C'(Zos), +).

Prove o(S,) > o(S) and o(S,) > o(S).

13. LetB,=(Z,,+), B,=(Z,,, +) and B; =(Z,, , +) be real
natural neutrosophic semigroup.



14.

15.

16.

17.

18.

19.
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1) Iso(B,) <o(B))?
i) Is o(B;) > o(B3)?
iii) Is o(B;) > 0(B,)?

Let S = {{(Z,,u I), +} be the natural neutrosophic-
neutrosophic semigroup under +.

a) Find o(S).

b) Study questions (i) to (viii) of problem (3) for this S.

¢) IfR=(Z,,,+)and T = (CY(Z,0), +) then compare the
order of T, R and S.

d) Prove R ¢ S for and Z,.

Obtain all special features associated with natural
neutrosophic-neutrosophic semigroup under +.

Can we say o(((Zy U D, +)) > o((C'(Z,), +))?

Let Sl = {<< 292 () I)I, +> and SZ = {<<Z625 U I>I, +> be any

two natural neutrosophic-neutrosophic semigroup.
Study the common features enjoyed by S; and S,.

Obtain all special features associated with {({Z, U D), +)}
the natural neutrosophic semigroup under +.

i) naprime.
ii) n=2p paprime.
iii) n=p; ... p; P1> P2» ---» Pt are distinct primes.

Let B = {{((Zso U I);, +)} be the natural neutrosophic-
neutrosophic additive semigroup.

i) Find the number idempotents in B.
ii) Find the number of idempotent subsemigroups of B.
iii) Prove B is a S-semigroup.
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20.

21.

22.

23.

iv) Find all subsemigroups of B which are not
idempotent subsemigroups.

v) Find all idempotent neutrosophic elements of B.

vi) Find all subgroups of B under +.

Let S = {(Zi, U g)1, +)} be the natural neutrosophic dual
number semigroup.

a) Study questions (i) to (vii) of problem (3) for this S.
b) Compare S with S| = {{(Z;, U I);, +)}, and
S, =(C'(Zp), +).

Obtain any other special and distinct features associated
with natural neutrosophic dual number semigroup under
+.

Let S = {(Ziy U g)1, +} be the natural neutrosophic dual
number semigroup.

a) Study questions (i) to (vii) of problem (3) for this S.
b) Compare o(S) with 0((Z;o U I)y, +) and o((C(Z15) +)).

10
Let S[x]1o = {Z ax' /aje {I,1} =S;0<i< 10, +}
i=0

be the real natural neutrosophic polynomial coefficient
semigroup under +.

1) Find order of S[x]o.

ii) How many elements in S[x],o are idempotents?

iii) Find all idempotent subsemigroups of S[x]o.

iv) Find all subsemigroups of S[x];p which are not
idempotent subsemigroups.

Let S = {{(Zoy U @1 +), Sy = {{Zoy U Dy, +)} and
S; = {CI(ZZ4), +} be three natural neutrosophic
semigroups of different types.



24.

25.

26.

27.

28.

Semigroups on MOD Natural Neutrosophic ... | 69

i) Compare S}, S; and S; among themselves.
ii) Which has highest number of natural neutrosophic
elements associated with it?

Let S = {(Zis L h);; h*=h, +} be the natural neutrosophic
special dual like number semigroup under +.

i) Study questions (i) to (vii) of problem (3) for this S
ii) Compare S with B = {(Z;s U g), g2 =0, +}.

iii) Compare S with D = {(Z ;s U D), P =1, +}.

iv) Compare S with P = {C' (Zys), +}.

Let M = {{(Zy U h), h?* = h, +} be the natural
neutrosophic special dual like number semigroup under +.

i) Study questions (i) to (vii) of problem (3) for this M
ii) Compare M with N = (C'(Zs3) if: =42, +}. Find
o(M) and o(N).
iii) Let S = {(Zus U ), g = 0, +} be the natural
neutrosophic dual number semigroup. Is o(S) > o(M)?
iv) Let T = {(Zss U h), ' = I, +)} be the natural
neutrosophic-neutrosophic semigroup.
Is o(T) = o(M)?

Obtain any other special feature associated with
M = {{(Z, U h), h* = h, +} the natural neutrosophic
special dual like number semigroup.

Let W = {(Zy U k), k¥ = 89k, +} be the natural
neutrosophic special quasi dual number semigroup under
+.

i) Study questions (i) to (vii) of problem (3) for this W.
ii) If V={(ZoyuUh), h*=h, +}. Compare V and W.

Let B = {(Zjy U k), kK* = 18k, +} be the natural
neutrosophic special quasi dual number semigroup.
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29.

30.

31.

1)  Study questions (i) to (vii) of problem (3) for this B.
1i) Compare W of problem 27 with this V.
iii) Compare V with S = {C" (Z0), +}.

Let L = {(Z, U k), K = (n-1k, +} be the natural
neutrosophic special quasi dual number semigroup under
+.

i) Study questions (i) to (vii) problem (3) for this L.
a) Study L when n is a prime.
b) n=p'pa primet> 1.
¢) n a large composite number with many divisors.

Let B={(a}, a, ..., ag) / a, € (Z}, +) 1 <i<6, +} be the
natural neutrosophic real row matrix semigroup under +.

1) Find o(B).

ii) Study questions (i) to (vii) of problem (3) for this B.
iii) Find all real natural neutrosophic matrices of B.

iv) Prove B is a S-semigroup.

v) Find the number of subgroups in B.

LetD=4| ' P laje(Z,,+); 1<i<18, +}

be the real natural neutrosophic matrix semigroup.
i) Study questions (i) to (v) of problem (30) for this D.

ii) If Z4; is replaced by Z,s compare the semigroups.



32.

33.
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LetT=4| *|/(ae C (43),+),1<i<8} be the natural

neutrosophic complex modulo integer matrix semigroup.

i) Study questions (i) to (v) of problem (30) for this T.

ii) If C'(43) is replaced by Z.,, compare those two
semigroups.

a; I
LetV = /ai € (C (Zug), +);

1 <1 <16, +} be the natural neutrosophic complex
modulo integer matrix semigroup under +.

a) Study questions (i) to (v) of problem (30) for this V
b) If Z,s is replaced by Z,; compare the two semigroups.
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34.

35.

36.

I al a2 a3 ]
a4 aS a6
a7 aS a9
LetR=1la, a,, a,|/{Zxnul,+};1<1<21,+}
a13 a14 alS
a16 a17 alS
_a19 a20 a21

be the natural neutrosophic neutrosophic matrix
semigroup.

i) Study questions (i) to (v) of problem (30) for this R.

ii) Compare R with the neutrosophic matrix semigroup if
7,3 is replaced by Zy,.

iii) Find all the natural neutrosophic-neutrosophic
matrices of R.

iv) Find the number of idempotent subsemigroups of R.

Enumerate all the special and distinct features associated
with natural neutrosophic-neutrosophic matrix
semigroups under +.

a a a a a a
LetS = {(al S N > o J [ ai € {({(Zaas U 21,

11 a12
H1<i<12,+)

be the natural neutrosophic dual number matrix
semigroup under +.

i) Study questions (i) to (v) of problem (30) for this S.
1i) Find all matrix subgroups of S under +.

iii) Find the order of the largest idempotent subsemigroup
of S.



37.

38.

39.
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iv) Find the number of idempotent subsemigroups of
order one of S.

LetG=4|a, a, a; a, as|/ac {{Zyug,

+)}; 1<i<25, +}

be the natural neutrosophic dual number matrix
semigroup under +.

i) Study questions (i) to (iv) of problem 36 for this G.

ii) Find the number of idempotent subsemigroup of order
two.

iii) Find the number of groups of G.

Obtain any other special features associated with the
natural neutrosophic dual number matrix semigroup.

LetA=<la, a, a5 a,|/ae {{ZpUh), h2=h,

+1;1<i1<28, +)

be the natural neutrosophic special dual like number
matrix semigroup under +.
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40.

41.

i) Study questions (i) to (iv) of problem (36) for this A.
ii) Obtain all special features associated with A.

a, a, a, a, as
LetB=<la, a, a, a, a,|/aec {{ZyguUh),
a, a, a, a, a

15
h’=h, +}; 1 <i<15, +)

be the natural neutrosophic special dual like number
matrix semigroup.

i) Find all subgroups of B.

1i) Find all idempotent subsemigroups of B.

iii) Find all the idempotents of B.

iv) Study questions (i) to (iv) of problem (36) for this B.

alO all a12 2
Let W= /aiE {<296Uk>1,k =95k,
a13 a14 a15
alG a17 a18
a19 a20 a21

+},1<1<24, +}

be the natural neutrosophic special quasi dual number
matrix semigroup under +.

1) Find all idempotent matrices of W.
ii) Find all subgroups of W.



42.

43.

44.

45.

46.

47.
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iii) Find all idempotents subsemigroups of W.
1v) Find all idempotent subsemigroup of order 6.

Study questions (i) to (iv) in case when (Z¢s U Kk); is
replaced by (Z4; U k); in problem 41.

Let M = {m X n matrices with entries by (Z, U k),
K = (s = 1) k; 2 <s < oo, +} be the natural neutrosophic
special quasi dual number matrix semigroup under +}.

Obtain all special features enjoyed by M.
8 .
Let S[x]s = {z ax'/ae S=(Z,,,+;0<i<8,+} be

i=0

the real natural neutrosophic coefficient polynomial
semigroup under +.

Study (i) to (iv) of problem (22) for this S[x]s.

12 )
Let T[x]2 = {Z ax'/aje T=(Z},,+);0<i<12, +}

i=0

be the real natural neutrosophic coefficient polynomial
semigroup under +.

Study questions (i) to (iv) of problem (22) for this T.

Obtain all special features associated with real natural
neutrosophic coefficient polynomial semigroups under +.

6 .
Let B[x]¢ = {Z ax'/a e S=(C(Zy), +);0<i<6, +}

i=0

be the natural neutrosophic complex modulo integer
coefficient polynomial semigroup under +.
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48.

49.

50.

51.

i) Find all idempotents of B[x]s under +.

ii) Find all subsets which are subgroup under +.

1ii) Find all idempotents subsemigroups of B[x]e.

iv) Find all subsemigroups which are not idempotent
subsemigroups.

v) Find all idempotent subsemigroups of order 3.

7 .
Let P[x]; = {Z ax' /ae P=(C(Zp), +); 0<i<7, +}

i=0

be the natural neutrosophic complex modulo integer
coefficient polynomial semigroup under +.

Study questions (i) to (v) of problem (47) for this P[x],.

Obtain all special features associated with natural
neutrosophic complex modulo integer polynomial
coefficient semigroup under +.

4 .
Let W[X]4 = {z aixl / a c W — <<Zl7 U I>I + >’ 12 — I’

i=0
0<i<4,+})

be the natural neutrosophic neutrosophic coefficient
polynomial semigroup under +.

i) Study questions (i) to (v) for this W[x],.
ii) Study questions if W is replaced by {(Z,, L Dy, +}

9 .
Let M[X]g = {2 aixl / a; € M= {<Z4g4 () I>I + >,

i=0
0<i<9,+)

be the natural neutrosophic-neutrosophic coefficient
polynomial semigroup under +.



52.

53.

54.
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Study questions (i) to (v) of problem (47) for this M[x].

Obtain all special features associated with

B[x], = {Z ax'/a € B={(Znuly+;F=1
i=0
2<m<oo,+},0<1<n, +}

be the natural neutrosophic-neutrosophic coefficient
polynomial semigroup under +.

3 .
Let M[x]5 = {z ax'/ae M= {(Zsu gh+2 =0, +)};
i=0

0<i<3,+)

be the natural neutrosophic dual number coefficient
polynomial semigroup under +.

i) Study questions (i) to (v) problem (47) for this M[x];.
ii) Study questions if M is replaced by (Z; U g)r.

12 )
Let P[x], = {Z ax'/a e P={(ZoUhy+h’=h, +},

i=0
0<i<12,+)

be the natural neutrosophic special quasi dual like
number coefficient polynomial semigroup under +.

i) Study questions (i) to (v) of problem (47) for this
P[x] 1.
ii) Study when P is replaced by (Z4s U hy + h*=h.
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55.

56.

57.

58.

8 .
Let M[x]s = {z ax' /a; € M= {(Zy; UK + k*= 26k,

i=0
+}0<i1<8, +}

be the natural neutrosophic special quasi dual number
coefficient polynomial semigroup under +.

Study questions (i) to (v) of problem (47) of this M[x]s.

10 )
Let N[x];o = {Z ax' /a, € N={(ZypuUk) + k> =28k,

i=0

+10<i<10, +)

be the natural neutrosophic special quasi dual number
coefficient polynomial semigroup under +.

Study questions (i) to (v) of problem (47) for this N[x]o.

Study all special features associated with M[x],, natural
neutrosophic real coefficient polynomial semigroup under
+.

9 .
Let M[x]o = {Z ax'/ae P={(C'Z),+),0<i<9, +)
i=0

be the natural neutrosophic complex module integer
coefficient polynomial semigroup under +.

1) Find the number of elements of M[x]o.

ii)  Prove M[x]y is a S-semigroup.

iii)  Find the number of idempotent of M[x]o.

iv) Find all subsets of M[x]o which are subgroups
under +.

v)  Find all idempotent subsemigroups of order 5.

vi)  Find the largest idempotent subsemigroup of M[x]y



59.

60.

61.

62.

63.
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7 .
Let B[x]; = {Z ax'/ae B=(C(Zw),+),0<i<7, +)

i=0

be the natural neutrosophic complex modular coefficient
polynomials semigroup under +.

Study questions (i) to (vi) of problem (58) for this B[x];.

7 .
Let C[x]; = {z ax'/a,e P={(C'Zy),+),0<i<7, +)}

i=0

be the natural neutrosophic complex modulo integer
coefficient polynomials, semigroup under +.

Study questions (i) to (vi) of problem (58) for this C[x]5.

3 .
Let P[x]; = {z ax'/ae P={ng,+};0SiS3,+}

i=0
be the real natural neutrosophic semigroup under +.

i) Study P[x];if P isreplaced by {(Z;s U g)1, +}.

ii) Study P[x];if P isreplaced by {(Z;su I);, +}.

iii) Study P[x]; if P is replaced by {CI (Zy), +}.

iv) If P is replaced by {(Z;s U k); K> = 17k, +}, study
problem P[x];.

Find all special features associated with idempotent
subsemigroup of P= { Z|,, +}.

LetM = {CI(Z48), +} be the natural neutrosophic complex
modulo integer semigroup under +.

1) Find o(M).
ii)  Find the number idempotent in M.
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64.

65.

iii)  Find the largest idempotent subsemigroup of M.

iv)  Find all subsemigroups of M which are not
idempotent subsemigroup.

v)  Will subsemigroups which are not idempotent
semigroup be subgroups under +?

2 o]
a, a,

LetM=1<la, a,|/ae {{Zsul;+};1<i<10,+}
a, ag
_a9 al()

be the natural neutrosophic neutrosophic matrix
semigroup under +.

Study questions (i) to (v) of problem (63) for this M.

20

Let P[x] = {Z ax'/aje {(ZyyUg); =0, +} =P;

i=0

0<i<20,+)

be the natural neutrosophic dual number coefficient
polynomial semigroup under +.

Study questions (i) to (v) of problem (63) for this P[x],g
with appropriate changes.



Chapter Two

SEMIGROUPS UNDER X ON NATURAL
NEUTROSOPHIC ELEMENTS

In this chapter for the first time authors study the semigroup
structure on the natural neutrosophic sets ZL , CI(Zn), (Z, U Dy,

(Z, U )1 (g* = 0) and so on.
We will first illustrate this situation by some examples.

For more about natural neutrosophic elements of Z,, C(Z,)
etc refer [24].

Example 2.1: Let {Z,, x} = {0, 1, 2, 3, I}, I}, x} be a
semigroup Iy xI3 =1 and I;xI=1I; and I} xI;=1I;. 21} =1,
21 = I, 31 = I, 3L =1}, 1L =1}, oL =1}, 1I' = L},
0 =1:.

{Z,, X} is called natural neutrosophic semigroup of order 6
in this case.

Example 2.2: Let {Z;, x} = {0, 1, 2, 3, 4, I;, X} be a natural
neutrosophic semigroup of order six.
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Example 2.3: Let { Z},,x} = {0, 1,2, ..., 18, I, X} be again a
natural neutrosophic semigroup of order 20.

In view of all these we have the following theorem.

THEOREM 2.1: { ZI’, , X}, p a prime is the natural neutrosophic

semigroup of order p + 1.

Proof follows from the simple fact that if p is a prime then
Z, has only one natural neutrosophic element given by If. So

| . . | B
{Zp, x} is of order p + 1 given by {Zp, x} =1{0,1, 2, ...,
p - 1’ Ig }

However this is not the same situation when p is a
composite number or if ‘+’, addition operation is performed on
Z.

P

We will illustrate this situation by an example or two.

Example 2.4: Let {Z,,x} ={0,1,2,3,4,5, 17, I3, 15, 1%, X}
is the natural neutrosophic semigroup of order 10.

I$ x1$ =1 so a natural neutrosophic zero divisor.
[ x1$ =13 so IS is a natural neutrosophic idempotent.

I$x1{=1) which is again a natural neutrosophic zero
divisor.

IS xI$ =1¢ is a natural neutrosophic idempotent.
IS <15 =1 gives neither a zero divisor not an idempotent.

We see we do not have in this example natural neutrosophic
nilpotent.
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6. 16 _ 16
I, xI, =1, and so on.

Thus this is the way the product operation is performed on
Z.
Example 2.5: Let {Z;,x} ={0,1,2, ..., 7, [L,,I},I}, X} be a
natural neutrosophic semigroup of order 12.

Clearly I}xI}=I is a natural neutrosophic nilpotent of
order two.

B xIxI$ =17 is also a natural neutrosophic nilpotent
element of order three.

I xI$ xI¥ =T is a natural neutrosophic nilpotent element of
order three.

However Z; has no natural neutrosophic idempotent.

Example 2.6: Let {Z,, x} = {0, 1, 2, ...., 14, 15, I,
Lo IY,15,15, 19,,1°,,1%,, x} be a natural neutrosophic semigroup

12°
of order 24.

I’ x I’ X I XI)’ =1} is a natural neutrosophic nilpotent of
order four.

I} xI =I; is a natural neutrosophic nilpotent of order two

I°x I} XI[° X I° =1}’ is a natural neutrosophic nilpotent of order
four.

L°xI}* =1} is a natural neutrosophic nilpotent of order two
L) x I} x I} x [)=1} is a natural neutrosophic nilpotent of
order four.
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Lo x1,? =1 is a natural neutrosophic nilpotent of order two
[OxLOxLoxL? = I is a natural neutrosophic nilpotent of
order two.

Thus {Z,,, X} is a natural neutrosophic semigroup which
has no neutrosophic idempotents but has natural nilpotents of

order two and four.

Infact Z;, has natural neutrosophic zero divisors.

16 716 _ 116 16 716 _ 116
I X" =1, I X1, =1,
16 116 _ 116 16 116 _ 116
I4 ><I8 —I0 IMXI8 —I0
16 716 _ 116
Ig X" =1,

and 1) xI{ =T,° are the natural neutrosophic zero divisors.

In view of this we have the following result the proof of
which is left as an exercise to the reader.

THEOREM 2.2: (Z., , x} = {0, 1,2, .., 2"~ 1, I}, 7.1

2/1*] b

X} is a natural neutrosophic semigroup of order 2" + 2"~

Proof is direct and hence left as an exercise to the reader.

Example 2.7: Let {Z,,%x} ={0,1,2,...,8, I,I, 1, x} be the
natural neutrosophic semigroup of order 12.

I, xI] =1, is a natural neutrosophic nilpotent of order two.
I; xI; =1 is a natural neutrosophic nilpotent of order two.

I, xI; =1 is a natural neutrosophic nilpotent of order two.
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I} xI; =1, is again a natural neutrosophic zero divisor of
ZI

9 -

Example 2.8: Let {Z, x} = {0, 1,2, ..., 80, II', ¥, I}',

81 181 81 181 81 181 81 181 81 781 18l 81 181 81 81 181 181
I12’115’ I18’121’ I24’127’ IS()’ISS’ 136’139’142’ I45’148’151’ I54’157’16()’

L, I, 5L I3, X} be a natural neutrosophic semigroup of
order 108.

In view of this we have the following two results.

THEOREM 2.3: {Z!,, x} = {0, 1,2,...,3"- I, I, .I], I} , ...,

133, X} be the natural neutrosophic semigroup of order 3" +
3

Proof is direct and hence left as an exercise to the reader.
Now we prove the following theorem.

THEOREM 2.4: {Z;,,, x; (p a prime} = {0, 1, 2, ..., p" — 1,

1y .1 l’,’ , Iz”p, e 1 ;’, X} is the natural neutrosophic semigroup
1

of order p" + p" .

Proof involves only simple number theoretic techniques so
left as an exercise to the reader.

Example 2.9: Let
{Z,,,x}={0,1,2, ..., 11, 1", I, I}}, I, I, I, I, I, ¥}
be the natural neutrosophic semigroup of order 20.

I x1I;> =1 is a neutrosophic zero divisor.

I’xI* =17 is a natural neutrosophic nilpotent element of
order two
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I’ <17 =1 is a natural neutrosophic zero divisor.
I xI,? =1, is a natural neutrosophic idempotent.
4 XAy 4

=1, i u u ic z 1visor.
I’ Iy’ =17 is a natural neutrosophic zero divisor
I x1I;7 =1 is a natural neutrosophic idempotent.

=1, i u u ic z 1visor.
I} X I =17 is a natural neutrosophic zero divisor

Thus { Z,,, x} has natural neutrosophic zero divisor, natural

neutrosophic nilpotent of order two and natural neutrosophic
idempotents.

Example 2.10: Let {Z, x} = {0, 1, 2, ..., 14, Iy, I},

15 0
10,1, 15, I, Il ,x} be the natural neutrosophic semigroup of
order 22.

I’ x I=1 = I’xI;; is a natural neutrosophic zero

divisor of Zj, .

[0 I =17 =1 I, is a natural neutrosophic zero divisor
of Z|.

I[PXIP =1 and I)xI)=I are natural neutrosophic

idempotents of Z; .

I <1 =17 =1y’ xI,) is again a natural neutrosophic zero

divisor of Zj;

I)xIY = I;xI}; =1, is also a natural neutrosophic zero
divisor.
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Thus Z;, also has natural neutrosophic idempotents

neutrosophic zero divisors and has no natural neutrosophic
nilpotent.

Example 2.11: Let {Z;,, x} = {0, 1, 2, ..., 13, I,
LI, L LY I, Lh, I, X} be the natural neutrosophic
semigroup of order twenty two.

Clearly I)) xI}' =T}/
= I x1
= I'xI}
= I'x I =T xI)*

_oqlayld _ ql4
= [ xI =1

Thus I“xI = I for all t = 2, 4, 6, 8, 10, 12, 0.

I'xI}* =1} is a natural neutrosophic idempotent.
14 ql4 _ 114 _ 714 (l4 pld _ 714 714 _yl4 _ 114
DI = =19 [ = 14, 1 1 = 1
14 yl4 _ 714
I, xI; =1 and so on.

Infact Z|, has only one idempotent and zero divisors has no
nilpotents.

Example 2.12: Let
{Z4,x}=1{0,1,2,...,25 I°, ', I°, 12, II°, Iy, 133, I35, L%

26 °
be the natural neutrosophic semigroup of order 40.

In view of all these the following results can be proved.

THEOREM 2.5: Let {Z,,, X, p a prime] be the natural

neutrosophic semigroup.

i) o(Zy,)=2p+(p+1)
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ii) { Zzlp, X} has only one idempotent.
iii) {Zzlp, X} has no nilpotents.

iv) {Z;,, X} has zero divisor of the form.

DX =157 forallt; t #p.

Proof. Proof of (i) can be got by simple number theoretic
techniques.
I'* € Z, is such that I’ xI°* =I°* the only idempotent for

all other natural neutrosophic elements I* are such that t = 0 or
t is even. Hence (ii) is true.

It is impossible to find I’* XI?* = I’ for no product of two

even numbers can contribute to 2p (p a prime). Hence (iii) is
true.

Clearly t x p = 0 (mod 2p) as all t are even in [P€ lep

barring p. Hence (iv) is true.

THEOREM 2.6: Let { Z; x} be the natural neutrosophic

semigroup. Z', has no nontrivial neutrosophic idempotents.
p

The trivial natural neutrosophic idempotent being 15’" .

Proof is direct and hence left as an exercise to the reader.

Thus we give more results in this direction by examples.
Example 2.12: Let {Z)),x} =1{0, 1,2, ..., 19, I.’, I’,..., I}y,
%, I}, X} be the natural neutrosophic semigroup of order 32.

Thus has natural neutrosophic nilpotent of order two given
by LyxIi= ', ’xI? = I is a natural neutrosophic
idempotent.
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Further there are several natural neutrosophic zero divisors.
<2 =1;" t#5, 15 and for all other t = {0, 2, 4, ..., 18}.

Example 2.14: Let
Z,,=10,1,2,...,23, I* LI, I, .., 513, LY LS, X}

220 21° 152
be the natural neutrosophic semigroup of order 40.

Iy <y =I;* is a natural neutrosophic nilpotent of order
two.

24 724 _ 124 - ..
I, xI;; =1, is a natural neutrosophic idempotent.
Infact there are several zero divisors I’y xI)7 =11}

Example 2.15: Let
{(Z,x}=1{0,2,4,...,26, I, B°, I, ..., b, 2, I3}

26° 77 21°
the natural neutrosophic semigroup of order 44.

X} be

Clearly T XTI =%, I¥xT* =, t=2,4, ..., 26.

Thus Z), has both nilpotents of order two and natural
neutrosophic zero divisors.

28 28 _ 28, 28 28 _ 128 .
I'’xL)=1"; however IxI; =I;; is a natural

neutrosophic idempotent of Z..
In view of this we have the following theorem.

THEOREM 2.7: Let {Z,,; X p a prime] be the natural

neutrosophic semigroup.

i) Orderof Z,, is4p +2p + 2.

ii) Z,,has I’ to be an idempotent.
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iii) Z jp has many natural neutrosophic zero divisors.

iv) Z,, has I’ to be the natural neutrosophic

nilpotent of order two.

Proof is direct and hence left as an exercise to the reader.

Example 2.16: Let {Z),, x} be the natural neutrosophic

semigroup.
{Zy.x}=10,1,2,...,29, I/, I, I, ..., Ly, I, I}, I§,
L, Iy, I,I;2, x} be the natural semigroup of order 52.

LY XL =17 is a natural neutrosophic idempotent.

L) x 0 =T is again a natural neutrosophic idempotent.
[’XxI =1 is a natural neutrosophic idempotent.

L) xI) =T is a natural neutrosophic idempotent.

L) x 132 =13] is again an idempotent.

Infact Zj, has several natural neutrosophic zero divisors but
no natural neutrosophic nilpotents of order two.

In view of this we propose the following open problem.

Problem 2.1: Let {Z X} be the natural neutrosophic

semigroup (p;’s are distinct primes).

Can ZL ' ,..p, have nontrivial natural neutrosophic nilpotent?
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Example 2.17: Let {Z},, x} = {0, 1, 2, ..., 40, 41, 1,13, ...,

0
42 42 742 742 742 142 y42 y42 42 p42
Lo, Lo L7 15, 5L s 55 g I 15, X} be  the  natural

neutrosophic semigroup of order 72.

[> x I =17 is a natural neutrosophic idempotent.
4.4 4 - . s

I,; xI3; =15 is also a natural neutrosophic idempotent.
I;; x I3 =15; is again a natural neutrosophic idempotent.

42,742 _ 742 - e
I;; xI;; =I5, is a natural neutrosophic idempotent.

42 42 _ 42 42 42 _ 14 .
Is xIs =I5 and I;; XI5, =1, are also natural neutrosophic

: 1
idempotents of Z,, .

There are 6 natural neutrosophic idempotents.

Now we study the natural neutrosophic finite complex
modulo integer semigroup under X by some examples.

Example 2.18: Let {C'(Zy), x} = {0, 1,2, 3, I 15,15, , 1 +ip,
2+ 2ig, 1 + 3ig, 2 + 3ig, IS, , 3 + 2ip, 3 + 3ip, i, 2ip, 3ip, X} be a

L+ip 2

natural neutrosophic finite complex number of semigroup.

Clearly I5xI$ =I5 is a natural neutrosophic nilpotent

element of order two. Similarly I5,and I§+2iF are natural

neutrosophic nilpotents.

C C C C
Ly % Il+iF X Il+iF X Il+iF

1+ip

nilpotent element of order 4.

=I; is a natural neutrosophic

Example 2.19: Let {C(Zy), x} = {0, 1, ip, 1 +ip, IS,1C, , X} be

a natural neutrosophic finite complex modulo integer semigroup
of order 6.
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Clearly Iy, XI

I+ig

=I5 is a natural neutrosophic complex

modulo integer nilpotent element of order two.

Example 2.20: Let

(C(Zs), x} = {0, 1, 2, iE, 2ig, | +ip, 2 + ip, 1 + 2ig, 2ip, 15, X} be
the natural neutrosophic finite complex modulo integer
semigroup.

This has no nontrivial natural neutrosophic zero divisors or
nilpotents or idempotents.

Example 2.21: Let {C'(Zs), x} = {0, 1,2, ..., 5, ip, 2ip, ..., Sif,
1+ig 2 +1ip, ..., 5 +ip, 1 + 2ig 2 + 2ig 2 + 3ig, 1 + 3ig, 2 + 5ig, 3
+ 2ip, 4 + 2ig, 5 + 2ip, 2 + 3ip, 3 + 3ig + 3 + 4ig, 1 + 4ig, 2 + 4ip,
3 + 4ip, 4 + 4ip, 4 + Sip, 1 + Sig, 3 + Sig, 4 + Sig, 5 + Sip,

C yC 4C C yC C C C C C C C C

I0 ’Iz ’ I3 4 I4 4 IZiF ’ISiF ’I4iF 4 Iz+21F 4 IS+3iF ’I4+4ip Iz+4iF ’I4+21F ’Il+3iF 4
¢ : :

I5,; »1i,;, and so on, X} be the natural neutrosophic semigroup.

IS, XI5, =1 is anatural neutrosophic zero divisor.

2+2ip 13430,
15,5, xI5,5 =I5 is a natural neutrosophic nilpotent of
C!(Zy) of order two

I xI$ =15 is a natural neutrosophic idempotent of C'(Zs).

Thus C'(Z¢) has natural neutrosophic idempotents zero
divisors and nilpotents.

However it is important to note that {Zé, X} has no
neutrosophic nilpotents but C'(Z¢) has natural neutrosophic
nilpotents of order two.

Clearly Z! < C'(Z).

Z! is a subsemigroup C'(Z).
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Example 2.22: Let {C'(Zs), x} ={0, 1,2, ..., 7, I,I5, 15,1, ip,
2ig, ..., Sig, 6if, 7ig, 1 +ip, 2 +1ip, ..., 7 + i, 2 + 2ip, 3 + 2ip, 1 +
2ip, 4 + 2ip, ..., 7+ 2ig, 1 + 3ig, 2 + 3ig, 3 + 3ip, ..., 7 + 3ip, 1 +
dig, 2 + dg, ..., 7+ 4ig, 1 + 51, 2 + Sig, ..., 7 + Sig, 1 + 6ig, 2 +
6ig, ..., 7 + 61, 1 + 7ig, 2 + 7ig + 3 + 7ig, ..., 7 + Tip,

c C C C C C C C C
Izl ’I4iF’I()iF > 12+2iF’I4+4iF’I4+6iF > I(v+()ip’12+4iF’I4+2iF ; ..., and so on,

x} be the natural neutrosophic complex modulo integer
semigroup of finite order.

Finding o(C(Z,) or that of the collection of all natural
neutrosophic elements of C'(Z,) happens to be a difficult
problem.

Thus C'(Zg) has nilpotents and zero divisors but finding
idempotents happens to be a difficult problem, when n in C(Z,)
is of the form p', p a prime; t > 1.

Example 2.23: Let {C'(Z,), x} = {0, 1, 2, ..., 8, ip, 2ip, 3ip, ...,
8ip, | +1p, 2+ 1, 3 +1p, ..., 8 + 15, 2 + 2ig, 1 + 2ip, ..., 8 + 2ip, 1
+ 3ip, ..., 8 + 3ip, 1 + 4ip, 2 + 4ip, ..., 8 + 4ip, 1 + Sip, 2 + Sip,
e, 8 + 5ip, 1 + 6ip, 2 + 6ig, 3 + 6ip, ..., 8 + 6ip, ..., 8 + 8ip,

C yC C C C yC C C
| e ,I3iF , IGiF b ,IMiF , I3+6iF ,IMiF , and so on, X} be the natural

neutrosophic finite complex modulo integer semigroup.
Clearly I§+31F x I§+3iF

of order two.

=1; is a neutrosophic nilpotent element

However finding natural neutrosophic idempotents happens
to be a challenging problem.

c c c . . ..
Lo L e0 Lo 152 natural neutrosophic zero divisor.

So we leave open the following problem.

Problem 2.2: Let {CI (Z,), X}, n= pl (t> 1, p a prime) be the
natural neutrosophic finite complex modulo integer semigroup.
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Can C'(Z,) contain natural neutrosophic idempotents?

Example 2.24: Let {CI(ZZ4), x} ={0, 1, 2, ..., 23, ig, 2ip, ...,

. C yC C C C C C C C yC C
23ip, 150, IS LIS IS L 15, ISISTS,
I, ,I5,,15, and so on} be the natural neutrosophic complex

F F

finite modulo integer semigroup.

Clearly CI(ZZ4) has natural neutrosophic idempotents,
nilpotents and zero divisors.

For If,, ... XI{ =1I§ is a natural neutrosophic zero divisor.
F F
c c - . . ..
Lg,o, X1, =1y 1s again natural neutrosophic zero divisor.

It is important to note that in general the study of natural
neutrosophic finite complex modulo integer semigroup C'(Z,)
under X happens to be innovative and interesting but at the same
time difficult.

However it is kept on record that { Z! , X} < (C'(Z,), x} as a
subsemigroup of finite order; o(C'(Z,) < o is a finite semigroup.

For a given n finding the natural neutrosophic zero divisors
of CY(Z,), finding natural neutrosophic idempotents of cz,
and that of finding natural neutrosophic nilpotent elements
happens to be a challenging open problem.

Problem 2.3: Let {C'(Z,), x} be the natural neutrosophic finite
complex modulo integer semigroup.

i) Characterize those C'(Z,) which has only natural
neutrosophic zero divisors and no natural neutrosophic
nilpotents and idempotents.

ii) Characterize those C'(Z,) which has only natural
neutrosophic zero divisors and natural neutrosophic
nilpotents.



Semigroups under x on Natural Neutrosophic ... | 95

iii) Characterize those C'(Z,) which has only natural
neutrosophic idempotents and natural neutrosophic zero
divisors but no natural neutrosophic nilpotents.

iv) Characterize those C'(Z, which has natural
neutrosophic zero divisors, nilpotents and idempotents.

This task of studying some more properties about natural
neutrosophic finite complex modulo integers semigroups is
considered as a matter of routine and is left as an exercise to the
reader.

Next we proceed onto give examples of natural
neutrosophic-neutrosophic semigroups under product.

Example 2.25: Let {{Zs U ), x} ={0,1,2,3,4,1+1,1, 2l 31,
AL1T+2L1+3L1+4L2+1L2+2L2+3L2+4L 3+ 3+
2L3+3L3+4L4+ 1L, 4+ 2L 4+ 3L 4+4L 1,1, 1,1, I,
and so on, X} be the natural neutrosophic neutrosophic
semigroup.

Finding natural neutrosophic zero divisors happens to be a
very difficult problem in this case.

Example 2.26: Let {(Z, ), x} ={0, 1,1+ 1, L, I,1;, I}, , x}
be the natural neutrosophic neutrosophic semigroup.

Clearly o({(Z, U)) = 7 we see I;xI;=1; and I}, xI;,, =1},
are natural neutrosophic neutrosophic idempotents of (Z, U I);.

We see I} x1I|
zero divisors.

1,y =1 is a natural neutrosophic neutrosophic

Infact (Z, U I); has no natural neutrosophic neutrosophic
nilpotent element associated with it.
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Example 2.27: Let {(Z; U, x} ={0,1,2, L 2L 1+, 1+ 21,2
+L2+20 I,IL, L,0,,,.15

0> 210 714210 72+1 2
neutrosophic semigroup.

X} be the natural neutrosophic

C C
Il+2iF X Il+2iF

=1 and IfxIf =I7 are the natural

74+2ip

neutrosophic-neutrosophic idempotents of (Z; U I);.
However order of (Z; U I);is 14.

IC

Cc _qpC C
i, XI7 =1 and 1

Cc _qC .
> XI7 =1 are natural neutrosophic

neutrosophic zero divisors of (Z; U I);.

Further (Z; U I); has not natural neutrosophic - neutrosophic
nilpotents.

Example 2.28: Let {(Z,u D), x}={0,1,2,3, L2L 3L 1+, 1+
2L1+3L2+L2+2L2+3L3+1L3+2L3+3L I,L,
IIZI’IIZJrZI’IerI’ If+31’1;+1’ IZ+31, IIZH,I;M, I3I, II} be the natural
neutrosophic-neutrosophic semigroup.

Clearly o({Z4 L I);) = 28.

Now I

I _ 1 I
3+IXII_IO’ I

242y

neutrosophic-neutrosophic zero divisor.

xI; =1; there are several natural

L, xL,, =1, [xI =1 and I}, xI}, =1} are some of the

242

natural neutrosophic-neutrosophic nilpotents of order two.

I[xI;=I; is a natural neutrosophic-neutrosophic
idempotent of (Z4 U I);.

1 | S . .
I3 XI5 =1,,5 1s also a natural neutrosophic neutrosophic

idempotent of (Z, U I);.



Semigroups under x on Natural Neutrosophic ... | 97

Thus (Z, U I) is a natural neutrosophic neutrosophic
semigroup which  has natural neutrosophic neutrosophic
idempotent, natural neutrosophic neutrosophic zero divisors
and natural neutrosophic neutrosophic nilpotents of order two.

Example 2.29: Let {{Z; U I);, X} be the natural neutrosophic
neutrosophic semigroup. (Z; U I); has natural neutrosophic
neutrosophic idempotents to be I;xI;=I, and has several
natural neutrosophic-neutrosophic zero divisors given by
L xL =1, L xI=1I, I,,xI; =1 and so on.

However finding natural so neutrosophic-neutrosophic
idempotents other than 1, is a difficult task.

We are not able to know whether (Z; U I);, has natural
neutrosophic-neutrosophic nilpotents.

In view of this we propose the following problem.

Problem 2.4: Let {(Z, U I);, p a prime, X} be the natural
neutrosophic-neutrosophic semigroup.

1) Find o({(Z, U I)y).

ii) Find the number of natural neutrosophic
neutrosophic elements of (Z, U I)

iii) Can (Z, v I); have natural neutrosophic
neutrosophic nilpotents?

iv) Prove (Z, U I); has natural neutrosophic
neutrosophic zero divisors.
Find the number of natural neutrosophic
neutrosophic zero divisors.

v) Can (Z, u I); have natural neutrosophic
neutrosophic idempotents other than I} ?

Example 2.30: Let {(Zs U I);, X} be the natural neutrosophic
neutrosophic semigroup.
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{{Zsu Dy, x}={0,1,2,3,4,5 1L 2L 3L 4L 51,1 + 1,2 +1,
3+L4+L5+L1+22+2,3+2,4+21,5+21,1 +31,2 +
3 4+3,5+3L,3+31L1+4,2+41,3+41,4+41,5+41, 1 +

5L2+5L3+5L4+5L5+5L L, 0, LG Ly Los Doy
and so on}.

Clearly this has natural neutrosophic idempotents, natural
neutrosophic neutrosophic nilpotents.

Thus we can prove the following theorem.
THEOREM 2.8: Let {(Z, U 1), X} (n a composite number not of
the form n = p', t > 0) be the natural neutrosophic finite
complex modulo integer semigroup. (Z, U 1) has natural
neutrosophic zero divisors, natural neutrosophic nilpotents and

natural neutrosophic idempotents.

Proof is direct and hence left as an exercise to the reader.

THEOREM 2.9: Let {(Z, U 1), X} be the natural neutrosophic
semigroup. (Z, 1), has zero divisors.

Proof is direct and left as an exercise to the reader.

Next we proceed onto analyse the notion of natural
neutrosophic dual number semigroups by examples.

Example 2.31: Let {{Z,, U g)1, X} be the dual number natural
neutrosophic semigroup.

{({Ziwuw g, x}={0,1,2,...,9g, 1 +g,2+¢g,...,9+¢g,2¢g
+1,2g+2,...,2¢+9,...,9g+1,9g+2,...,9g + 9, 5,15, I5,,

g g g g g g g g g g
s I9g’Il+g’ I2g+l’Il+3g’ R Il+9g’15+5g’12+2g’ I4+4g’16+6g’18+8g’
g g g g g g
B Beas Bae s T6gias[igins 5, and so on} be the natural

neutrosophic dual number semigroup.
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[ XL =1If is the natural neutrosophic nilpotent element of

order two.

I, x5, =15, 15, xI5, =15, I§, xIg, =15 and so on thus there

are several natural neutrosophic zero divisors.

g g _7¢8 g g _78 g g _7¢8
IsgxlSg =1, I3g><I3g =15, Iggxl9g =I5 and so on are the

natural neutrosophic nilpotents of (Z;y U g)1.

ExIE=I¢ is a natural neutrosophic idempotent of
(ZipL gh

(Zip U g); IExIE =I¢ is a natural neutrosophic idempotent
of <Zl() () g>1

Example 2.32: Let {(Z; U g);, X} be the natural neutrosophic
dual number semigroup.

(Z; ugh=1{0,1,2,...,6,2,2¢g,...,6g, 1 +2,2+2,6+¢g,
2¢+1,2g+2,...,6+2g,1+3g,...,6+3g,...,1+6g,....,6+
6g’ Ig’Ig’Iig’ Iig’lig’lgg’ Igg’Ii—()g’Ig-%—g’ e I§+4g’Ii+3g’I§+2g’I§+5g
and so on} is a natural neutrosophic dual number semigroup
which has natural neutrosophic dual number zero divisors and

natural neutrosophic dual number nilpotents.

It is pertinent to keep on record that in case of (Z, U g); we
can have natural neutrosophic dual number zero divisors and
natural neutrosophic dual number nilpotents even when p is a
prime.

In view of this the following theorem is proved.

THEOREM 2.10: Let {(Z, U g); g2 = 0, p a prime, X} be the
natural neutrosophic dual number semigroup.
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i) (Z, U g) has atleast p — 1 natural neutrosophic
nilpotents.
ii) (Z, Ug)has natural neutrosophic zero divisor.

Proof is direct and hence left as an exercise to the reader.
We suggest the following problem.

Problem 2.5: Let {(Z, U g);, X, p a prime, g2 = 0} be the natural
neutrosophic dual number semigroup.

Can (Z, U g); have natural neutrosophic dual number
idempotents?

Next we give one or two examples of natural neutrosophic
dual number semigroups.

Example 2.33: Let {{(Z,4 U g)1, X} be the natural neutrosophic
semigroups of dual numbers. (Z,, U g); = {0, 1, 2, ..., 23, g, 2g,

g 718 18 g g g g
na23g BB LK I ]

Dei22 and so on}.

This has natural neutrosophic dual number idempotents.
I <15 =15.

This has atleast 23 natural neutrosophic dual number
nilpotents.

I8 X1, =I5, IE xIE =I¢, IE XIE

— 78
530 X155, = I5 and so on.

This has several natural neutrosophic dual number zero
divisors gives by

xI8 =15, I ., XI

— 18
G+8g) =I5 and so on.

g g —18 18 g
IZg X IZSg - IO ’ I4+4g 6g (3+3g)

Thus we see (Z, U g), n is a composite number of the
PiP2pP3 --- Pw Pi’s distinct primes, we are sure to arrive at natural



Semigroups under x on Natural Neutrosophic ... | 101

neutrosophic dual number nilpotents, natural neutrosophic dual
number idempotents and natural neutrosophic dual number zero
divisors.

Example 2.34: Let (Z3; U g);, X} be the natural neutrosophic
dual number semigroup.

Znough={0,1,2,...,31,¢g2g,....,31g, 1 +g,2+g, ...,
31+g, 2 + 2g, 1 + 2g, ..., 31 + 2g, ..., 31 + 3g, I§,I§, ey
| GO P I 5, I§

g T8 18 g
31g 2 '8+8g 2 124+2g 7 td+dg> 2g’I4’ ImI e I30 and so on}.

8g

This has natural neutrosophic zero divisors of dual numbers
and natural neutrosophic dual number nilpotents of order two.

g g —718 718 g 18 g g —78

5, x5, =15, EXTE =15, Ig, XI5, =17,

g g — 18 18 & — 18 g g —7¢

5, x5, =15, g xI§ =15, I, xI§, =If are some of the

natural neutrosophic dual number zero divisors and nilpotent.

The only challenging problem in this direction is finding the
order of (Z, U g); for a fixed n.

All other study is considered as a matter of routine and is
left as an exercise to the reader.

Next we proceed onto study natural neutrosophic special
dual like number semigroups by some examples.

Example 2.35: Let {{Z, uh);, x} ={0,1,2,3,h,2h,3h, 1 +h,
2+ h,3h, 1 +2h, 2+ 2h, 3+ 2h, 1+ 3h, 2 + 3h, 3 + 3h,
.00 BEL G Bl By B, - X} be the

natural neutrosophic special dual like number semigroup.

h h _yh th h _th 7h h _ th
Iz+2hXIz+2h _Io 4 I3+hXIh _IO’ IZhXIZh _IO and
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I, xI} =1} are some of the natural neutrosophic special

dual like number nilpotents and zero divisors of (Z, U h);.

It is left for the reader to find the natural neutrosophic
special dual like number idempotents of (Z, U h); other than I} .

Example 2.36: Let {(Z; U h),, x} ={0, 1,2, h, 2h, 1 +h, 1 + 2h,
2 + h, 2 + 2h, I,I}, D.I,.0,, X} be the natural
neutrosophic special dual like number semigroup.

h h h h h _ 1h .
I x I, x I, I, xI, =1, are natural neutrosophic

special dual like number idemopotents of (Z} U h)y.

h h _ th h
Il+2hXIh_I()’ I

h _ th
»on XIp =1 are some of the natural

neutrosophic special dual like number zero divisors of (Z; U h);.

Finding nilpotents of (Z, U h);, p a prime happens to be a
difficult task.

This is left as a open problem.

Problem 2.6: Let (Z, U h);, X} be the natural neutrosophic
special dual like number semigroup p, a prime.

Can (Z, U h); contain natural neutrosophic special dual like
nilpotent elements?

Example 2.37: Let {(Z¢ U h);, X} be the natural neutrosophic
special dual like number semigroup.

(Z¢uhy=1{0,1,2,...,5h,2h,...,5h, 1 +h,2+h, ..., 5
+h,1+2h,2+2h,...,5+2h,3+h,....,3h+5,1+4h,....5+
4h, 1 + 5h, 2 + 5h, ..., 5+ 5h, I},I}, I3, .15, 15, , ..., X} is the
natural neutrosophic special dual like number semigroup.
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h h _yth th h _yth th h _ yh h h _ 1h
L x5, =15, I(l+5h)XIh =1, L xIp =1 and L xI =1

are some of the natural neutrosophic special dual like number
zero divisors.

L'xI) =1,, L, xIj =0, I} xI) =1, are some of the

natural neutrosophic special dual like number of idempotents
{(Zs L )y, ¥}

Example 2.38: Let {{Z;c U h);, X} be the natural neutrosophic
special dual like number semigroup.

{{(Ziguhy,x}={0,1,2,...,15,h,2h, ..., 15, 1 +h, ..., 1
+15h, 2+ h, ..., 2+ 15h, ., 15+ 15h, 1,1, T 1%, o IO,
Ig+14h’li]+15h Ill:+15 and so Ol’l}.

Clearly I}, xI} =TI}, I!, I} =1} and so on.

There are natural neutrosophic special dual like number
nilpotents and zero divisors.

Finding natural neutrosophic special dual like number
idempotents happen to be a challenging problem barring the

natural neutrosophic special dual like number idempotent I} .

Hence finding the natural neutrosophic special dual like
number in case of {(Zpl U h), p a prime, t > 1 happens to be a

challenging problem.

However the study of the natural neutrosophic special dual
like number of semigroup is considered as a matter of routine.

In the following we proceed on to give examples of natural
neutrosophic special quasi dual number semigroup.

Example 2.39: Let {{ Z, U K);, x} = {0, 1, 2, 3, k, 2k, 3k, 1+k,
142k, 143k, 2 + k, 2 + 2k, 2 + 3k, 3 + k, 3 + 2k, 3 + 3k, [.I},



104 | Semigroups on MOD Natural Neutrosophic Elements

k k k 7k k k k k k k
IZk ’ I3k ’IZ ’IZ+2k ? I1+k 4 I1+3k ’ IZ+k ’IZ+3k ’ I3+k ? I3+3k ? X} be the

natural neutrosophic special quasi dual number semigroup.

This has natural neutrosophic special quasi dual number
zero divisors.

kork 7k tkotk 1k Tk kK _ 1k 7tk
L xL, =1, I, XL, =1, L, XL, =1, L,,,

natural neutrosophic zero divisors.

x15 =15 are the

R : : .
I}, xI;,, =1,, is a natural neutrosophic special quasi dual

number idempotent.

Example 2.40: Let {{ Z; U k);, X} be the natural neutrosophic
special quasi dual number semigroup of finite order.

{(Z:uk)y,x}=1{0,1,2,k, 2k, 1 +k, 1 + 2k, 2 + k, 2 + 2k,

LI, I, LT, 15, » X} be the natural neutrosophic special

0°
quasi dual number semigroup.
k k _ k . . . .
I, xI,, =1, is a natural neutrosophic special quasi dual
number idempotent.

k k _ k . . . .
I;,,. xI, =1 is a natural neutrosophic special quasi dual
number zero divisor.

Example 2.41: Let {{ Z;, UKk), x} ={0,1,2,...,11,k, 2k, ..., 1
+k 1+2k, ....,1+11k,2+k, 2+2k, ...,2+ 11k, 3+k, 3 +
2k, 3 + 3k, ..., 3 + 11k, ..., 11 + k, 11 + 2k, ..., 11 + 11k,
LI, Iy s s 1,1k, and so on} be the natural

neutrosophic special quasi dual number semigroup.

I} xI§ =1 are I§ xI§ =15 natural neutrosophic special quasi
dual number idempotent.

Kotk Tk k k _ 1k k
I4 XI3+3k - I0 4 I6+6k XIS - I0 4 I8+8k

natural neutrosophic special quasi dual number zero divisor.

xIi =1; are some of the
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Lo X, =15, XL =15, I, xIf, =1 are some of the
natural neutrosophic special quasi dual number nilpotents of
order two.

The study is a matter of routine and the reader is expected to
do this task.

Next we proceed onto study matrices with entries from
Z! or C'(Z,) and so on.

The product is the natural product X,
This is illustrated by examples.

Example 2.42: Let
A= {(Xh X2, X3)/xie {pr X} = {07 la 27 3a Igarz‘ } 1 S1S37X}
be the real natural neutrosophic matrix.

(I;,13,13) x (I,13,I3) = (I,I3,I;) is a real natural

neutrosophic row matrix zero divisor.
This has several zero divisors idempotents and nilpotents.

However this has subsemigroups, both only real as well as
real natural neutrosophic and so on.

B={(x1, X0, X3)/ x;€ Zyg; 1 <1<3} C Ais asubsemigroup
which is not ideal only a subsemigroup.

Example 2.43: Let

X= } /aiE {Z;’X}’ {0’ 1’29---’6’ Ig}vxn}
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be the real natural neutrosophic semigroup.
Clearly x is of finite order.
However x has several subsemigroups as well as ideals.

Example 2.44: Let

o a,
a, a,

Y=Ila, a, /o€ {Z,,x};{0,1,2,.., 1, I}, 717,17,
a, ag
[d9 Ay

12 y12 12 12
I6 aIg aIL) ’ Il() }a Xn}

be the real natural neutrosophic matrix semigroup.

o a,
a, a,

A=lla, a, |[lae (I, VI7 17, 120817, I ),
a, ag
L3 Ay |

1<i<10;x,} Y

is a real natural neutrosophic subsemigroup of Y.

The task of finding subsemigroups and ideals of real
natural neutrosophic matrix happens to be routine so left as an
exercise to the reader.
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Example 2.45: Let

5% jae (Z,x1={0,1,2,..., 18, I},

1<i<12, %,

be the natural neutrosophic matrix semigroup under natural
product.

This has subsemigroups, zero divisors, idempotents and
ideals.

Example 2.46: Let

S /ae {Z,x)={0,1,2,....7, .,

0°

I}, %, 1<i< 16}

be the real natural neutrosophic semigroups under Xx,,.
Clearly the usual product is not defined on S.

For if the usual product X is defined then elements like x +
I,I’+ I and so on will occur and they do not in general belong

£t

to { Zg, x}.
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6 000 4 0 00
Letx = 0020 andy = 0040 e S.
0 000 0 000
0 000 0 00 4
0 00O
XX,y = 0000 , S0 is a zero divisor of S.
0 00O
0 00O

Example 2.47: Let

B=!la, a, a, |/a€{Zi,x}={0,1,2,3, .., 14,

15 15 15 115 15 15 115 . :
19,1910 1%, 15,1019, x}; 1 i< 15, %,}

be the real natural neutrosophic matrix semigroup under natural
product.

10 I 6
[P A 1
x=|0 0 10| € Bissuch that
6 0 I?
[
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XX, X=10

I
0
0

15
I()

5
0

IlS
10 |-
IIS
I 0

Thus this is the natural neutrosophic idempotent matrix of B.

Lety=

S W o O O

>

1
O DN
W K~ NN W O

Clearly

X Xy =

S O O o O

S O o O O

W WL o0 o0

—_
[\

S O O o O

S O O A

W N O B~ W

o O O O O

o O O O O

and

€ B.

is a real natural neutrosophic matrix zero divisor of B.

. | 109
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Example 2.48: Let

a4,

a, a,
B=|% %y Zl,x}=1{0,1,2,...,7, I, 1}
- aiE{ S,X}—{,, s e Iy Lgodpody s

a; 4

a4 3y

Ld ap

B, x}, % 1 <i<12)

be the real natural neutrosophic matrix semigroup under the
natural product X,.

40
0 4
X = Lo € B is such that

I 4

0 O

4 L]
0 0
0 O
I 0
0 0
0 1]

is a natural neutrosophic nilpotent matrix of B.
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However B has several natural neutrosophic matrix zero
divisors.

We will one or two example of them.

2 4 4 2
6 I 4 L
8 8 8 8
x=|' Llangy=|% Licp
WK W
2 6 4 4
RN R
Clearly
0 0]
0 I
8 8
xxy=|lo T
I() I()
0 0
R

is the real natural neutrosophic matrix of B.

Example 2.49: Let

a a3 a,

I .
P=1Jla, a, a, a, |[/lae{Z,,x};={0,1,2,...,11,
9 d Ay 3y

12 y12 12 12 yl12 yl2 12 y12 . :
120272 02 02 02 12012} 1< <12, %,)

be the real natural neutrosophic matrix semigroup under the
natural product X,.
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P has natural neutrosophic nilpotent matrices, natural
neutrosophic idempotent matrices and natural neutrosophic zero
divisor matrices.

6 1 I 0
Letx={0 0 I’ 6 |eP.
06 0 I

Clearly

0 Iy I O
XX Xx={0 0 I7 0
00 0 I?

is the natural neutrosophic mixed zero matrix.

0
0| will be known as the real natural
00

neutrosophic zero matrix.

0 00
© =10 00
0 0

12 12 12 12
I() I() I() I()
I = |1} I I I |will be known as the natural pure
12 12 12 12
I0 IO IO I0
neutrosophic zero matrix.

These two matrices are unique; however we have several
natural neutrosophic mixed zero matrices.

A few of them are given in the following.
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0 0 0 O | S Pl ()
‘= I; 0 0 I 0 0 0 Iy
0 0 I} 0 I; 0 I O
0 I 0 0 0 I 0 Iy

I; 0 0 1I°

12
X3 = (1)2 0 Iy - and so on.
I; 0 0 I
0 0 I 0

This work defining all the three types of zero is left as a
simple exercise to the reader.

However in case of Z' there is one real zero that is 0 and
n

n

only one natural neutrosophic zero that in I, but in case of real
natural neutrosophic matrices there is one real matrix zero;

00 ... 0
0 0

o=,
0 0 0

and one natural neutrosophic zero matrix

In
NI | D R
0 . . .

n n n
I, I, ... I
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There are several mixed natural neutrosophic zeros.

They are not unique as is seen from the earlier example.

Example 2.50: Let

“\lae {Z),,x}=1{0,1,2,...,9, I’,I),I.", 1., 1,

X}, %X, 1<1<8}

be the real natural neutrosophic matrix semigroup under natural
product X,

0) = and (Iy’) = | "0

S O O O O O O O
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are the real and natural neutrosophic zero matrices of M
respectively.

0 1] 0 0 0
0 0 1;;) 0 0
0 0 0 0 0
_1|0 0 0 Iy _|o
Pl— 0 apZ_ 0 ’P3— 0 ,P4— 0 7p5— 0 s
0 0 0 0 0
0 0 0 0 I:)o
_Iff’_ 10 | 10 | 10 | 10 |
[0 ] [0 ] [0 ]
0 0 0
I 0 0
_10 10 _ 10
Ps = sPr=1  [sPs= and so on.
0 I, 0
0 0 i
0 0 0
10 | 10| 10|
I%)() I:)() I:)() I%)()
I;O 0 0 0
0 1:;’ 0 0
P = g > P1o = 8 > P11 = ?10 s P2 = g and so on.
0
0 0 0 Iy
0 0 0 0
10 ] 10 ] 10 | 0 |
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There are 10C1 + 10C2 + 10C3 + ...+ 10C9 + 10C10 number of
mixed natural neutrosophic zero matrices for this M.

'Ilo' 'Ilo'
5 6
0 8
0 0
Letx = 0 andy = 6 eM
ILO 1150
0 7
0 4
R RS
Iy
0
0
0
XXaY=1,
Io
0
0
Ty

is a natural neutrosophic mixed zero of M.
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Consider x = e M.

Clearly

XX x=|7 | =x

10
_IO .

is an natural neutrosophic idempotent of M.

X = € M is such that x; X, X; = =X

A Lt O O ©O O L O
AN Lt O O ©O O Lt O
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is an idempotent of M.

We call idempotents matrices of M whose elements are
from Z,, as real idempotent matrix.

-0
Iy

yi= 0 eM

as natural neutrosophic matrix idempotents of M.

However x given in this problem as an idempotent is a
mixed natural neutrosophic matrix idempotent of M.

In fact all the three types of idempotents are several in
number.

Thus only incase of natural neutrosophic matrix semigroups
we can four types of idempotents.

0 11 1

0 0 0 11 1
0= ()=

0 0 0 11 1

mixed real matrix idempotent with 0, 1 and any other
idempotent of Z,.

Apart from this natural neutrosophic idempotent matrices
and mixed natural neutrosophic idempotent matrices.
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These situations are described in the example 2.49 and by
this example also.

Example 2.51: Let {Z),, x} = {0, 1, 2, ., 19, II°,I5,

0
R, ..., LI I7, X} be the natural neutrosophic
semigroup.

P={(a, a5, ..., a7) / a; € (ZIZO, X); 1 £1 <7, X} be the
natural neutrosophic row matrix semigroup

(0)=1(0,0, ..., 0) is the zero element of P.
(H)=(1,1, ..., 1) is the identity matrix of P.
Both are trivial idempotents of P.

(0,1, ..., 1Y) = (I") is also the natural neutrosophic
idempotent of P.

®)=(,5,...,5) is again an idempotent of P.
x;=(5,0,1,0,5,5, 1) € Pis also an idempotent of P.

yi = (B2 12, 12°, 12, 12°, 12°,I) € P is again a natural
neutrosophic idempotent row matrix of P.

X, = (16, 16, 16, 16, 16, 16, 16) € P is an real idempotent of

P.

x3=(16,5,0, 16, 16, 5, 0) € P is again a real idempotent of
P.

Xq = (L0010, 120,12, 17 ) € P is a natural neutrosophic
idempotent of P.

xs = (%10, 10,10, 12, 12,17 ) € P is a natural neutrosophic

idempotent of P.
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X = (I2°,I7, 1, 16, 5, 0, 1) in P is a natural neutrosophic

mixed idempotent of P.

Infact it is an interesting work to find out the number of all
types of idempotents of P.

20,720 _ 720 720 720 _ 720 120 720 _ 720 720 720 _ 120
Now LoxIg =1y, I xIg =17, I <y =17, ' xXI$ =1j

and so on are the natural neutrosophic idempotents.

%’ =1 and I} xI; =1, are the natural neutrosophic

idempotents of { Z}, , x}.

I)x LY =1 is the natural neutrosophic nilpotent of {Z},,

x}.

_ 20 720 720 720 320 20
a= (Il()’Il()’I() ’I() ’Il()’Il()’

nilpotent elements of P.

I;”) is the natural neutrosophic

b = (10, 0, 0, 0, 10, 10, 0) € P is again a real nilpotent
matrix of P.

20 120
I1()’I() ’

10, 10, 0, I,

— 20 . . .
c=( -1y ) 1s again a mixed natural

neutrosophic nilpotent of order two in P.

_ 20 720 720 20 720 720 20 :
d = (L,.L,.5L,.5L,. 1.1 5,,) € P 1is the natural

neutrosophic nilpotent of order two in P.
Letx=1(0,5,0,6,2,8,4)andy=(8,4,0,5,10,5,5) € P.
It is easily verified.
xXy=(0,0,0,0,0,0, 0) is a zero divisor.

_ 20 720 720 20 720 720 720
Let v=(IL,.I;.I;, I, Iy, Ig",I,, ) and

— 120 720 720 720 720 720
u= IZ ’Il()’Il()’I4 ’Il()’Il()’

I’)e P.
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Clearly v x u = (0, 0, 0, 0, 0, 0, 0) known as the natural
neutrosophic zero divisor of P.

Thus P has natural neutrosophic zero divisors.

Consider p= (I}, 6,2, I, 4, I}],I;") and

16 >

q= (1", 10,10, I, 5, I, 1) € P.

pxq=(I},0,0, ;°,0, I, I;") € P is the mixed natural
neutrosophic zero divisor matrix.

We give one more example before we proceed onto work
with C'(Z,), (Z, U T); and so on.

Example 2.52: Let

2l/ae {Z,,x}; 15124, %,}

be the real natural neutrosophic matrix semigroup.

This has natural neutrosophic zero divisors, idempotents
and nilpotents.

Also S has real matrix idempotents, zero divisors and
nilpotents.

The reader is left with the task of finding the order of S and
all the special properties associated with S.

Now are proceed on to study natural neutrosophic complex
modulo integer matrices by examples.
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Example 2.53: Let

lae {C(Zy) = {0, 1, ik, 1 +ip, IS,1S

> Ltip 2

x}; 1 <115, %,}

be the natural neutrosophic finite complex modulo integer
semigroup under natural product X,.

Clearly W has mixed natural neutrosophic zero divisors.

However only If, XIS

1+ip 1+ip

=1 and (1 +ip) X (1 + i) = 0 are
the only two nilpotents of W.

Finding zero divisor matrix, idempotent matrix etc. are
considered as a matter of routine and hence left as an exercise to
the reader.

Example 2.54: Let

S=1Jla | /ae {C'(Ze); x}; 1 <17, %)

be the natural neutrosophic finite complex modulo integer
matrix semigroup under the natural product X,,.
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0 2

0 5

0 4

x=|15 andy = 5| € S is such that

I L

I§ I§

_0 _ _5 _
0
0
0

XXny= |1

I
I
_0 _

is a natural neutrosophic mixed zero matrix of S.

Letx =

S = W W = O W
m
‘4

clearly x X, x = x so x is a real idempotent matrix of S.
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Ig Ig
Ig Ig
Ig Ig
y=|IS | € Sissuchthaty X,y =15 | =y
Ig I;:
IS IS
10 ] 0 |

_IC ] I§+41 IC ]

0 F 0

c

Ig ISiF Ig

I IS ¢

4 343y I

—_ C —_ —_

Leta= IS and b = Ig e S.ax, b= IOC

C C C

L I41F+2 Iy

c c c

Ig I21F+4 IOC
L, I, I

Let

16| 1a {Cl(Ze), X}, %} €8

>
Il
o oo o o o .

is a subsemigroup which is also the natural neutrosophic
subsemigroup and is not an ideal of S.
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Constructing ideals happens to be difficult job.

Thus the natural neutrosophic complex modulo integer
semigroup.

Example 2.55: Let

M = {a' az}/aie (C(Zy), x): 1 <i<4,%,)

a, a,

be the matrix of natural neutrosophic complex modulo integer
semigroup under natural product X,.

Clearly M is not closed under the usual product X.

C'(Zy) =1{0, 1,2, 3, ik, 2ip, 3ip, 1 + ip, 2 + ip, 3 + ip, 1 + 2ip, 2

2k 3+ 2ip 3+ 3in 2+ 3ip 1+ 3ip 15, 15,15, 1,
IC

1+ip

JS LIS, . IO, X} is a semigroup of natural neutrosophic

i 2 13431 0 T143ig 0

finite complex modulo integers.

It is left as an exercise for the reader to find the order of M,
real zero divisors matrices of M, complex zero divisor matrices
of M, natural neutrosophic matrix zero divisors of M.

Similarly, find the idempotents and nilpotent matrices of
any in M.

Next we proceed onto study the natural neutrosophic
neutrosophic matrix semigroups built using (Z, U I); by some
examples.
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Example 2.56: Let

Jae {(Zgu Dy x}=1{0,1,2,...,5,1, 2L,

3LA4LSL1+L2+L ...,5+L2+2L 1 +2L,3+2LL4+21,5 +
2,1 +3,2+3L,3+3L,...,5+31+4lI...,5+41,1+ 51,2

I qI I 1 1 1 1 1 1
+ SI’ st 5 + SI’ I()’II’IZI ’ I3I’I4I’ISI ’ I1+SI’IS+I’IZ+4I ?
1 1 1 1
Lo Ll Ly, and so on, X}, X,} be the natural
neutrosophic neutrosophic matrix semigroup under the natural
product X,

This M has natural neutrosophic-neutrosophic zero divisors,
zeros and idempotents.

Finding these special elements is a matter of routine so left
as an exercise to the reader.

Further the readers is left with the task of finding

subsemigroups and ideals of M.

Example 2.57: Let

S=1{la, [/ae {(Zsu D, x}={0,1,2,3, [ 2L 3L 1 + [,
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2+L3+L1+2L2+21,3+21,1+3L2+3L3+3L I,1,L,,
I;I’IlerzI’IIz’ I;H’I;IH’ILI’ Ilz+1’1;+1’112+31 s Bian X}, 1S 15, %,
be the natural neutrosophic neutrosophic matrix semigroup.

S has real zero divisors and real nilpotents.

For x = € Sissuchthat x X, X =

N O NN
S O O O O

is a nilpotent element of order two.

21 |
21

2+21
21

is a neutrosophic nilpotent elements of order two as

yXpy=

S O O O O
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Let
L] 1,
L I
Xx=|1,+21| € Sissuchthatxx,x = |}
L I
IR |

so is a natural neutrosophic neutrosophic nilpotent element of

order two.
Lo I
Ly L
Letx; = I;m andy, = Ii e S.
L L
_IIZ+21 _IIZI _
Clearly
it
L
X1 X0y = |1,
L
Lo ]

is a natural neutrosophic-neutrosophic matrix zero divisor of S.

The natural neutrosophic neutrosophic idempotent matrix of
Sis
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For x X, X =X.

Thus the task of finding the order of S and other special
elements of S is left as an exercise to the reader.

The reader is also left with the task of finding
subsemigroups and ideals of S.

Example 2.58: Let

B=J % %ot fola e ((ZoUDLx}={0,1,2,3,4,1,

2L3L4L 1+ L1 +2L 1 +3L1+4L2+1L2+21,2+3L,2+
4,3+ 1, 3 +21,3+3,3+4, 4+ 1, 4 + 21,4 + 31, 4 + 41,

1 7l oI I I qI I I I I . .
L. 0L Lol Ly Tion L s L and so on}, Xy 1 i<

24} be the natural neutrosophic neutrosophic matrix semigroup.

This has zero divisor real and natural neutrosophic
neutrosophic.

Thus the reader is expected to find them.

Next we proceed onto study by examples.
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The natural neutrosophic dual numbers matrix semigroup.

Example 2.59: Let

B= 3.3 /aiE {<26Ug>la g2=07x}={071727-~a 5a gyzga

ndg l+g2+g ..,5+g2g+1,2¢g+2,...,5+2¢g,...,1+
5g,...,5+5g,1§,1§,1g I L .. 15, 1515, I and so on, X,}

5g°72g+4° T4g+2°73+3g?
be the natural neutrosophic dual number matrix semigroup.

2g 1 0
3g+3 2 0
X=| 4g andy | 3| issuchthatx X, y=|0].
5g h 0
|2+4g | 3] 10]

Thus B has dual number zero divisor matrices.

L L5,
I§+3g Ig
Leta= Iig and b = I
B, I
_I§g | _Iig |
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Clearly

Ik
15
ax, b= I
15
1§

is a natural neutrosophic dual number matrix zero divisor.

g
3g
We see x = | 2g | € B is such that
4g
R

X Xy X =

S O O o O

is a natural dual number nilpotent matrix of order two

L I
Iig I
y=1I, € Bissuchthaty X,y = |18
LG, It

_Iig J 15 |

is a natural neutrosophic dual number nilpotent element of order
two.
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Study in this direction is interesting but however it is only a
matter of routine

I3 It
h I2
a=|15| € Bis suchthata; X, a; = IE|=a.
H I
R I |

Thus a; is a natural neutrosophic dual number idempotent
matrix of B.

is such that by X, b; = by is real dual number idempotent matrix
of B.

Example 2.60: Let

4, a, a,
M=dla, a, a,|/a€e {{ZiUgnX};1<i<9,x%,}
a, a, a

be the natural neutrosophic dual number matrix semigroup.

Clearly on M the usual product operation cannot be defined.
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5
A=10
6

6 0 560
5 6|e Missuchthatax,a=|{0 5 6|=a
0 5 6 0 5

is a real idempotent matrix of M.

2g 3z 9g 000
Letb=|8g 6g 4g|e€ M;clearlybx,b={0 0 0|e M
0 2¢ 5¢ 00 0

is a natural dual number nilpotent matrix of order two.

Let
2g 4g 5
c=|8+4g 6g+4 2+6g| and
4g+4  Sg 0
5+5g¢ 5 2g
d=| 5 5¢ 5+5g| €M
5g 8 6+5¢g
Clearly
0 00
cX,d={0 0 0
0 00

1s a zero divisor matrix of dual numbers.
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L, L L
a= |15, I, I, |€M
L I, L
LIk
Clearlyax,a= |1 I I | is the natural neutrosophic dual
LIk

number nilpotent matrix of M.

0 I, T§ 2+2g I, L,
Letaj=| 0 0 Ij, |andb;|6+4g 8+9g I | €M
E 0 0 . 7g+7 9
0 I Ij
ayX,by=0 0 I|isthe mixed neutrosophic natural dual
I 0 0

number matrix zero divisor.

Example 2.61: Let

PR
a; a,
a; 4
N=1lla, a, |/a€ {{Zsugnx}h1<i<li4,x,}
4, 3
a, Ay
[d53 Ay
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be the natural neutrosophic dual number matrix semigroup
under the natural product X,

This N has natural neutrosophic dual number matrix zero
divisors, idempotents and nilpotents.

All the properties associated with N can be studied as a
matter of routine and hence left as an exercise to the reader.

Next we proceed onto study through examples the natural
neutrosophic special dual like number matrix semigroup.

Example 2.62: Let

/a;e {(Zg Uhy, h*=h, x};

1<i<15, %,

be the natural neutrosophic special dual like number matrix
semigroup under the natural product Xx,,.

One can as a matter of routine find the natural neutrosophic
special dual like number matrix semigroup.

[4h 0 4h] 000
4 40 0 00
X=|0 0 4h| € Bissuchthatxx,x={0 0 0
4h 0 4 0 00
14 4 4 | 10 0 0]

is a nilpotent matrix of B.
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non oo Lonon,
L Ly T, LI
Leta=|p 1 1 |andb=|p, I T,
L I L, LR SR
_Ig Igh Ig _ IlA:+4h IIA: Il;+—4h

is such that a x, b = is a natural neutrosophic special

S O O o O
S O O o O
S O O o O

dual like number matrix which is a zero divisor.

Study in this direction is realized is a matter of routine and
left as an exercise to the reader.

Example 2.63: Let

laje {(Zs Uh), h*=h, x}; 1 <1<8, %)

be the natural neutrosophic special dual like number matrix
semigroup.
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The reader is expected to find the order of M.

This M has natural neutrosophic zero divisors but finding
idempotent and nilpotents matrix of M.

Example 2.64: Let

a a,|/ae {{ZisuDy

13 14

a'15 al() a'17 a18 a19 aZ() a21

h’=h; 1 <i<21,%,}
be the natural neutrosophic special dual like matrix semigroup.

Find all natural neutrosophic special dual like number
matrix zero divisors, idempotents and nilpotents of P.

The study is left for the reader.
Next we proceed onto study the notion of natural
neutrosophic special quasi dual number matrix semigroup

which will be illustrated by examples.

Example 2.65: Let

S=1la, a, a, laie {(Zin Uk, K = 11k, x};

1<i<15, %,

be the natural neutrosophic special quasi dual number matrix
semigroup.
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3 4
2 5+6k

Letx =6k 0
2k 3+6k

0 0

4k 3

| ek 4k
YTlork 647k

7+11k 11+9k

XX, y=

S O O O O

S O O O O

3k

2+4k |

2k + 2]

4 +4k

6+6k

S O O O O

and

is a natural neutrosophic special quasi dual number matrix zero

divisor.
(9 4 0
1 90
b=10 0 4
41 0
9 0 1

is such that b x, b = b so b is a natural special quasi dual

number matrix idempotent.

Finding natural neutrosophic special quasi dual number
matrix idempotents, zero divisors and nilpotents happen to be
matter of routine so left as an exercise to the reader.
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/ai
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€ {(Zos UK, K =23k, x}, 1 <i<4, x,)

be the natural neutrosophic special quasi dual number matrix

semigroup.
12k
Letx =
+4k
244k

2k +4
8k +16
6+12k
12k +12

e M;xX,y=

S O O O

is a natural special quasi dual number matrix zero divisors.

k k k

IlZ I4k I()

I Iy I

Letx=| ®%% |andy= i*sk XX,y = (lz
8+4k 6+6k Io

k k k

Il6+l6k I3+3k IO

is a natural neutrosophic special quasi dual number matrix zero

divisor.

Study in this direction is left as an exercise to the reader as
it is a matter of routine.

Now we proceed onto describe the notion of finite
polynomial natural neutrosophic coefficient under X by

examples.
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Example 2.67: Let

6 .
B[x]s = {Z ax'/aje {(Zy,x)}=B,0<i<6,x =1,
i=0

8 14
X =xandsoonx =1, X}

be the real natural neutrosophic coefficient polynomial
semigroup under X.

p(x) = 4x° + 6x* + 6 and q(x) = 4x” + 4 € B[x]s.
Clearly p(x) X q(x) = 0 is a zero polynomial.

Let p(x) = X’ € B[x]¢ there is no q(x) € B[x]s such that
p(x) x q(x) = 0.

Letp(x) =2+ 2x% + 4x7 + 6x* € B[x]s, q(x) = 4 the constant
polynomial of B[x]e is such that p(x) X q(x) = 0.

However we are not able to find natural neutrosophic
idempotents.

Ex’+ Ex*+ L € p(x)
qx)= Ex*+ Il e B[xls.

Clearly p(x) X q(x) = Ig is the natural neutrosophic
polynomial zero divisor of B.

Example 2.68: Let

4 .
D[x]4={z ax'/aie D=(Z},,x);0<i<4,x’=1,x"=x,
i=0
x' = xz, Xt = x3, X’ = X4, x'°=1 and so on, X}

be the real natural neutrosophic coefficient polynomial
semigroup under X.
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Let p(x) = 6x + 3x” + 9 and q(x) = 8x" + 4x* + 8 € D[x]s;

p(x) X q(x) = 0 is a natural neutrosophic polynomial zero
divisor.

Finding idempotents happens to be a challenging problem.

Example 2.69: Let

10 .
M[x]m:{z ax'/aje M=(Z,,x);0<i<10,x" =1,x}

i=0

be the real natural neutrosophic coefficient polynomial
semigroup under X.

Clearly o(M[x];0) < oo.

M[x]io has natural neutrosophic zero divisors and
idempotents of the form 3, I{ and I3.

Example 2.70: Let

4 .
B[x]s =={Z ax'/aje B=(Z,x);0<i<5,x}

i=0

be the real natural neutrosophic coefficient polynomial
semigroup of finite order.

48 148 148
I Ly, Ly,

I, ..., I}, 13 are idempotents of B[x]s.
There are several zero divisors.

48 5 48 5 _ 48 4. .
I,x’ x I, x’ = x,, X" is not an idempotent.

The study of properties associated with B[x]s happens to be
a matter of routine so left as an exercise to the reader.
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Example 2.71: Let

24 .
D[x]24={z ax'/ae D=(Z,,x);x"=1,0<i<24,x}

i=0

be the real natural neutrosophic coefficient polynomial
semigroup.

O(D[X024) < oo,

The task of finding ideals, subsemigroups idempotents, zero
divisors and nilpotents are left as an exercise to the reader.

Next we study the natural neutrosophic finite complex
modulo integer coefficient polynomial semigroups of finite

order.

Example 2.72: Let

C[x]s ={i ax' /a e (C, (Zg); X)) =C,0<i<3, %)

i=0

be the natural neutrosophic finite complex modulo integer
coefficient polynomial semigroup o([x]3) < oe.

This has natural neutrosophic zero divisors and zero divisor
polynomials.

Let p(x) = IS x* + IS, x* + IS,
qx)= Ex*+ IS € C[x]s
p(x) X q(x) = I .

The reader is given with the task of finding zero divisors,
subsemigroups and ideals of C[x];.
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Example 2.73: Let

4 .
D“M:{Z=mV&eCﬂL@xﬂ=u03istU:nx}

i=0

be the natural neutrosophic finite complex modulo integer
coefficient polynomial semigroup.

The reader is expected to study all special elements
associated with D[x]s.

Next we proceed onto study natural neutrosophic
neutrosophic coefficient polynomial semigroups of finite order

by examples.

Example 2.74: Let

9 4
S[x]o = {Z ax'/ae S={{ZouD,x)}:;x°=1;0<i<9, x}

i=0

be the natural neutrosophic-neutrosophic coefficient polynomial
semigroup under X.

Letp(x) = Lx*+ I}, qx) = I, x*+ I, x°+ L ., € S[x]o.
Clearly p(x) x q(x) = I .

That is they are the natural neutrosophic polynomial zero
divisors.

Example 2.75: Let

6 .
B[X]6 = {Z ain / a; € <223174522910432 (% I>1, = B 5 X7 = 1,

i=0

0<i<6,x)
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be the natural neutrosophic-neutrosophic coefficient polynomial
semigroup under X.

The reader is left with the task of finding ideals of B[x]s and
that of the zero divisors and idempotents in any of B[x].

Example 2.76: Let

3 .
M|[x]; ={z ax' /ae M={{(Z,, uly,x}; x*=1,

i=0
0<i<3, x}

be the natural neutrosophic-neutrosophic polynomial coefficient
semigroup.

This has zero divisor polynomial Z,u[x]; € M[Xx]; is a

subsemigroup of M[x]; and not an ideal of M[x];.

Example 2.77: Let

4 .
P[x]; ={Z ax'/a;e P={(Zgurx'=1;2=9,x};

i=0
x*=1;0<i<7, x}

be the natural neutrosophic dual number polynomial coefficient
semigroup.

This has subsemigroups which are zero square
subsemigroups.

Example 2.78: Let
5

B[X]Sz{z ax'/a € B={(Zis U g =0, x};x°= 1;

i=0

0<i<5, x}
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be the natural neutrosophic dual number polynomial coefficient
semigroup.

What is o(B[x]5)?

This work i1s left as exercise to the reader. This has several
zero divisors.

Z403 [x]s < B[x]s is only a subsemigroup and not an ideal of
B[x]s.

({(Z403 U ) [x]s < B[x]s is also a subsemigroup of B[x]s
and not an ideal of B[x]s (Zs03 g) [x]s < B[x]s is a subsemigroup
which is also an ideal of B[x]s.

Example 2.79: Let

2 .
D[x], ={Z ax'/ae D=(Z,5 10 UL X =1,X};

i=0
0<i<2, x)

be the natural neutrosophic dual number coefficient polynomial
semigroup.

This has ideals and subsemigroup.

Example 2.80: Let

S .
W[X]SZ{Z aixl/aie <Z43Uh>1=W;X6=1,0SiSS,X}
i=0

be the natural neutrosophic special dual like number coefficient
polynomial semigroup under X (Zyh) [x]s € W[x]s is an ideal of
Wi(x]s.
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Example 2.81: Let

10 )
M[X]10= {Z aix‘/ai € M:<Z

i=0

ol _
5338512314 Uh>I,X - 1’

0<i<10,x)}

be the natural neutrosophic special dual like number polynomial
coefficient semigroup under X.

The reader is left with the task of finding order of M[x];o
and ideals of M[x]o.

Next we proceed onto find natural neutrosophic special
quasi dual number polynomial coefficient semigroup under X.

Example 2.82: Let
6 .
Wix]s = {Z ax'/a € (Zy;Uky=W,0<i<6,x =1, x}

i=0

be the natural neutrosophic special quasi dual number
polynomial coefficient semigroup.

Zy; [x]e < WI[x]e is a subsemigroup and not an ideal of
Wix]e.

(Z423) [x]6 k) [x] < W]x]¢ is an ideal and is of finite order.

Example 2.83: Let

5 .
M[x]s = {z ax'/a e M=(Zyu Uk 0<i<5,x°=1;x)

i=0

be the natural neutrosophic  special quasi dual number
coefficient polynomial semigroup.

This has zero divisors and subsemigroups and ideals.
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Next we proceed onto study special natural neutrosophic
semigroup under addition are given the product operation.

We will first illustrate this by example.

Example 2.84: Let S = {(Z,, +)=1{0,1,2,3,1, 2L, 3L, I;,I;, 1
+L2+L3+3L2+2L 1 +2L3+2L 31+ 1,31+2,31+3, I!

21°
4
1

s Iiy, I3, ..., X} be the special natural neutrosophic

neutrosophic semigroup under X.
0(S) < oo,

This has natural neutrosophic-neutrosophic zero divisor and
idempotents.

Example 2.85: Let M = {{Z;, +1 = {0, 1,2, 3, ..., 5, L, 21, 3,
LSO 1T+ L2+ 5 +02+2 1 +2L ..., S5+2I ...,
0,1, 5,15, I,15,, ..., R+I°+15,a+ I (ae Z) ... }, X} be
the natural neutrosophic neutrosophic special semigroup under
X.

Example 2.86: Let
S={Z),+H={0,1,2,..,7, [, 1 + I, 2+ 1], ..., 7+ 1] }, X}
be the real natural neutrosophic special semigroup.

This is different from the real natural neutrosophic
semigroup { Z}, x}.

Infact { Z}, x} < S as a subsemigroup.

The task of finding ideals and subsemigroup of this
semigroup S is left as an exercise to the reader.

Example 2.87: Let M ={(Z..,,), X} be the real natural

235272

neutrosophic special semigroup under X.
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This has zero divisors, idempotents and subsemigroups as
well as ideals.

Study in this direction is a matter of routine and hence left
as an exercise to the reader.

Next we study special natural neutrosophic finite complex
modulo integer semigroup by some examples.

Example 2.88: Let B = {( C'(Z,), +) = {0, 1, ip 1 +ip, 15,15, . 1

I+ig ?
+ 15, g+ I, L +ip+ [, 1+ Ilc+ip,iF+ IICHF, 1+ ip+ 11C+ip’ I
C C C . C C . C C
+ IMF, I+ 1, + IMF,1F+ I, + IMF, I +ip+ I +Il+iF }, X} be

the special natural neutrosophic finite complex modulo integer
semigroup under X.

Letx=(1+ip)+ If, andy =i+ I}, +I; € B.

xXy =((1+ip+ IiCF+1)(ip+ IS + 11C+1F)

=iF(1+iF)+I.C +IOC =1+iF+IOC + I

ip+l ip+l *
This is the way product operation is performed on B.

This study is also a matter of routine so left as an exercise to
the reader.

Example 2.89: Let S = {(C' (Zy), +) = {0, 1,2, ..., 7, ip, 2ip, ...,

Tig, 1 +1g, 2 +1p, ...., 7+ 15, 2 + 2ip, 1 + 2ip, ..., 7 + 2ip, 1 + 3ip,
2+ 31 3+ 31p, ..., 7+ 31g ..., 1 + 75,2+ Tig, ..., + 7 + Tip,
C yC ¢C C C C ¢C C C C C C C
10’12’14’ I4ip’ IsiF’ 16’12+21F’ cee Izip’ I0 + Iz’ I0 + I4’ I0"'
C C C C C C C C C C
I2+2iF’ I() + I2iF ’ I() + IG+6iF [ 5 + I() + IZ + I2iF + I4 + I4iF

C C C C C :
+ I + I+ Lo+ L, + ...+ I, ...}, X} be the special
natural neutrosophic complex modulo integer semigroup under

X.
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The study in this direction in considered as a matter of

routine so left as an exercise to the reader.

Next we proceed onto study special natural neutrosophic

dual number semigroup under product by some examples.

Example 2.90: Let M = {(C|,,, +), X} be the special natural

neutrosophic finite complex modulo integer semigroup under X.

Example 2.91: Let W = {(C! , +), X} be the special natural

37743°7°

neutrosophic finite complex modulo integer semi group under X.

Finding zero divisors idempotents nilpotents and

substructures are considered as a matter of routine so is left as
an exercise to the reader.

Next we give few examples of special natural neutrosophic

dual number semigroup under X.

Example 2.92: 1etB={(ZyuU g1, x}={0,1,2,3...,9, g, 2g,
92, 1+ g, 1+2g, ..., 1+92,9+¢g,9+2g, ..., 9 + 9g,

I, TETE, I, I, ., I, o, ST, TE+T,, +I2

g g g g
v I+ + LG, +1 + ...+ 1

2g° 9g 4+4¢ 8+8g

+}, X} be the special

242g 8+8g?

natural neutrosophic dual number semigroup under X.

Weseeifa=5+3g+ I}, I, and

8+4g

b=5+8g+ I} + I5,,, € B.

445¢
axb=0G+3g+ [ + 15, ) xS +8zg+ I +155,)

=5+5g+ L+ 15, + 15, €B.

2+6g 2+6g

This is the way product operation is performed on B.
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As the working with this happens to be a matter of routine
the reader is left with the task of finding zero divisors,
idempotents and substructures.

Example 2.93: LetD = {{Z,y U g), +)} ={0, 1,2, ..., 28, g, 2g,
..., 28g, L2, Ii, Iﬁg, ey Iisg and so on X} be the special natural

neutrosophic dual number semigroup under product X.

This has lots of zero divisors, idempotents, nilpotents and
substructures.

This study is a matter of routine and is left as an exercise to
the reader.

Next we proceed onto study by examples the notion of
special natural neutrosophic special  dual like number

semigroup under X.

Example 2.94: Let W = {{(Z}, U h), +)} = {0, 1,2, ..., 11, h,
2h, ..., 11h, 1+h,2+h, ..., 11+h 1 +2h, .., 11+ 11h, I',I¢,

g g g g g g g g g g
I2h ’ I3h ? I4h ? I6h y seee Il() ? I2+10h ’ Ih+llh ’ 13h+9 ’ IlO+2h 3 s I(yh+6 ’

.., +}, X} be the special natural neutrosophic special dual
number like semigroup under X.

Consider
a =(I,, +I 1! +3+2h)and
b =(I} +Ly+Is) e W.
axb =1, +10 I}, +3+2h) (I} + 1}, +1%)

=+ +I, +1), € W.



Semigroups under x on Natural Neutrosophic ... | 151

This is the way product operation is performed on W all
these work is a matter of routine so the reader is left with this
task.

Consider a = (Ljy,, + L3, + 15,7 + 1.6 + L9, ) and
b=+ +1, xW,
Clearlyaxb=1IJ.

Thus there are several natural neutrosophic zero division in
W.

Example 2.95: LetM = {{{Zs U h), +} ={0,1,2,...,5,h, 2h,
wuSh, 1 +h 2+h, ...,5+h, ...,5+5h L[,ILL,..

h o Th h,qh th , 1h h h h
Lo T oo To+ 10 T+ L+ Loy + 100+ L5, and so on

+}, X} be the special natural neutrosophic special dual like
number semigroup under X.

Finding zero divisors, ideals, idempotents etc. of M is a
matter of routine so left as an exercise to the reader.

Example 2.96: Let W = {{{(Z , Uh), h? =h, +}; x} be the

special natural neutrosophic special dual like number semigroup
under product X.

23%19°7°3

W has zero divisors.

The semigroup P = {{{Z,.sp U h), X} € W as a

3
subsemigroup.

Thus the term special makes are know the semigroup under
+ is given the product operation.
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So as such the set of which the semigroup is defined is
much larger than the one under product without first generated
by the sum as a semigroup.

Next we proceed onto give examples of special natural
neutrosophic special quasi dual number semigroup.

Example 2.97: Let M = {{(Zs U k)i, x}; kK* = 42k} be the
special quasi dual number natural neutrosophic semigroup
under X.

Finding zero divisors, idempotents of M is a difficult job.

However {(Z4; U k);, X} € M as a subsemigroup.

In view of all these we prove the following theorem.

THEOREM 2.11: Let S = { (Z,f,+), X} be the special real
natural neutrosophic semigroup.

i. M={(Z , x)} cSisasubsemigroup.
ii. o(S)>o(M).

Proof is direct and hence left as an exercise to the reader.

The above theorem is true.
if (Z; , +) is replaced.

by (C'(Zy), +) or ((Zy U Dy, +) or ((Zy U @)1, + ) or ((Zy U
h);, + ) or ((Z, U k)1, +) which is just illustrated.

Example 2.98: Let M = {({(Z,s U Kk);, +), X} be the special
natural neutrosophic special quasi dual number semigroup under

X.

Clearly ((Zy4 U k)1,X) € M as a subsemigroup.
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Ifx=2k+4andy=12kthenx Xy =0.
Irzk X I;k+4 = Il(; .
Thus we have usual and natural neutrosophic zero divisors.

k
X Ile

k _qk
Ile = Io :
k kK _ 7k

I12 X I12 = Io :

12 x 12 = 0 and 12k X 12k = 0 are some natural
neutrosophic nilpotents as well as usual nilpotents of order two.

T = {Zs4, X} < M is a subsemigroup of M.

T, = {{Z,4 U h); X} < M is a subsemigroup of M.

Clearly they are not ideals of M.

T;= {1}, I},, I}, , I},,,, } €M is a subsemigroup of M.

All these study is considered as a matter of routine so left as
exercise to the reader.

Now we study the special natural neutrosophic coefficient
polynomial semigroups.

They are polynomial semigroups built using the semigroups
{(Z), +),x} or (C'(Z,), +) and so on.

Such study will be illustrate by one or two examples.

Example 2.99: Let

9 .
Plx]o = {Z ax'/aje P={(Z,,+),x};0<i<9,x}

i=0
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be the special real natural neutrosophic semigroup under X.

Let

px)= G+ I+ +D "+ G+ + Hx+

(I* + I*) and
qx)= @+ B+ ) x%+ (12 +23) € P[x]y;

p(x) X q(x) is defined as a matter of routine.

The reader is expected to work with zero divisors,
idempotents and nilpotents.

Example 2.100: Let
10 )
S[x]i0 = {Z ax'/a e S={(Zo L), +),x} 0<i<10,x}

i=0

be the special natural neutrosophic neutrosophic coefficient
polynomial semigroup under X.

Letp(x) = 3+ L+, )x’ +4 + I, and
qx)=QRI+7+ L) X" +2 € S[x]i.

P XqX)=[B+ L+L)C +4+ L, ] [QI+7+ L, )X+
2]

=6+ L+L)X +8+ I+ @I+ 1+ L, + I, + L)X,
and so on are the routine ways the product operation is
performed on S[x]o.
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Example 2.101: Let

8 .
S[x]s = {z ax'/a e S={{ZpyuU g+, X} x0<i<8}

i=0

be the natural neutrosophic dual number coefficient polynomial
semigroup.

S[x] has zero divisors, idempotents, subsemigroups and
ideals.

The working is realized as a matter of routine so left as an
exercise to the reader.

Next we see an example of special natural neutrosophic
complex number coefficient polynomial semigroup under X and
special natural neutrosophic special quasi dual number
coefficient polynomial semigroup under X.

Example 2.102: Let

8 .
W[X]gZ {Z aix‘/ai € W=<<Zl6Uk>1, +>, X>; 0<i< 8, X}

i=0

be the special natural neutrosophic special quasi dual number
coefficient polynomial semigroup under X.

Example 2.103: Let

M[x]o = {i ax'/a e M={(C (Ziy) +),%x);0<1<19, x}

i=0

be the special natural neutrosophic finite complex modulo
integer coefficient polynomial semigroup under X.

The study of all these is a matter of routine and left as a
simple exercise to the reader.
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However we briefly describe the special natural
neutrosophic matrix semigroups various types of examples.

Example 2.104: Let

M=<la, | /aj€ {(Z],+), X), Xy 1 <i <5}

be the special natural neutrosophic matrix semigroup under
natural product X,

341 + 1) 4+17
0 5+1)
Letx=| 5+I |andy= |3+ |eM
Iy Iy
| 6 | I +8)

'2+Ig°+1;°+1g°'

Ly
XX,y = |5+ +1Y +1) |€ M.
IIO
0

8+10)

This is the way X, is performed on M.
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Example 2.105: Let

al a2
S=1la, a,|whereae (C (Zy),+),x) 1<i<6,x,}
a a

5 6

be the special natural neutrosophic finite complex modulo
integer matrix semigroup under natural product X,,.

0 2+I; 0 I
x=| 3i L, |€Siwe xx,x=|3 Ij|€S.

2 +2 I, 0 I

This is the way X, operation is performed.

The task of finding subsemigroups, ideals etc. are left as an
exercise to the reader.

Example 2.106: Let

W= {(al, ap, az, 34) / a; € <<<le () I>I +>, X>, 1<1< 4, X} be the
special natural neutrosophic-neutrosophic matrix semigroup.

Find o(W).

x= (0,41, 81+ I, + 2 + 31+ I, 0) and
y=T1+9+ 1, +1[,0,0,9+ 111+ I}, + I}, + [[) e W.

Clearly x X y = (0, 0, 0, 0) is a zero divisor.

The task of finding idempotents etc. are left as an exercise
to the reader.
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Example 2.107: Let

a, a, a, a,
a; a; a;, ag
a9 alO all a12

B={la, a, a; ag|/ae{(ZUgh,+x),
al7 a18 a19 a20
a2l a22 a23 a24
_a25 a26 a27 a28_

1 <1<28, X,}
be the special natural neutrosophic dual number matrix
semigroup.

The task of finding ideals, subsemigroups, zero divisors,
idempotents etc. are left as an exercise to the reader.

Example 2.108: Let

S= {[al 32} lai€ {({ Zin Uh), +) Xy, 1 <1<4,%,}
a

3 4

be the special natural neutrosophic special dual like number
matrix semigroup under X,.

This has idempotents, nilpotents and zero divisors.
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Example 2.109: Let

P=:la,|/ae {({(Zewky,+)X), 1 <i<5, %,}

be the special natural neutrosophic special quasi dual number
semigroup under X,,.

Study all properties associated with this P.

We now proceed onto suggest problems some are difficult
and some just exercise to the reader.

Problems

1. Obtain all special features associated with {Zi, X} the
natural neutrosophic semigroup.

2. LetP={Z,, X} be the natural neutrosophic semigroup.

i) Find o({ Z},, X}.
ii) Find all natural neutrosophic elements of Z},.

iii) Can Z}, have natural neutrosophic nilpotents?

iv) Find all subsemigroups which are not ideals of P.

v) Find all ideals of P.

vi) Is P a S-semigroup.

vii) Can P have natural neutrosophic idempotents which are
S-idempotents?

viii) Can P have natural neutrosophic zero divisors which
are S-zero divisors?

ix) Can P have S-ideals?

x) Find all ideals of S which are not S-ideals.
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xi) Find all natural neutrosophic zero divisors of P which
are not S zero divisors.

3. LetM = { Z,, X} be the natural neutrosophic semigroup.
Study questions (i) to (xi) of problem (2) for this M.

4. LetW={ ZI72| , X} be the natural neutrosophic semigroup.

i) Study questions (i) to (xi) of problem two for this W.
ii) Obtain all other special and distinct features enjoyed by
W.

5. LetX ={ ZI23,0 , X} be the natural neutrosophic semigroup.

i) Study questions (i) to (xi) of problem two for this X.
ii) Show X has more number of natural neutrosophic
elements then W in problem (4).

_ I .
6. Let Y = {Z2334 T x} be the natural neutrosophic

semigroup under X.
Study questions (i) to (xi) of problem (2) for this Y.

7. LetS = {CI(Zm), x} be the natural neutrosophic complex
modulo integer semigroup under X.

1) Study questions (i) to (xi) or problem (2) for this S.
ii) Compare S with P, = { Z},;, X}.

8. LetM = {CI( Z224 , X} be the natural neutrosophic complex

modulo integer semigroup under X.

i) Study questions (i) to (xi) of problem (2) for this M.
ii) Enumerate all special features associated with this M.



10.

11.

12.

13.

14.

15.
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Let B = {C\(Z

modulo integer semigroup under X.

. )» X} be the natural neutrosophic complex

Study questions (i) to (xi) of problem (2) for this B.

Let W = {C' (Z,,5,,,3), X} be the natural neutrosophic

complex modulo integer semigroup under X.

i) Study questions (i) to (xi) of problem (2) for this W.
ii) Compare this W with B of problem.

Let T = {C(Z

complex modulo integer semigroup.

Joggie0,5 )» X} De the natural neutrosophic

Study questions (i) to (xi) of problem (2) for this T.
Compare this T with B in problem 9.

Let S = {(Ziys U D), X} be the natural neutrosophic-
neutrosophic semigroup.

1) Study questions (i) to (xi) of problem (2) for this S.
ii) Compare this S with W = {CI(Zl4g), x}.

Let B = {{Z,, U I, x} be the natural neutrosophic-

neutrosophic semigroup.
Study questions (i) to (xi) of problem (2) for this B.

Let E = {{{Zs,5 51703 Y D1, X} be the natural neutrosophic
semigroup.

Study questions (i) to (xi) of problem (2) for this B.

Let F= {{Z

neutrosophic semigroup.

o 7ae & D1 X} be the natural neutrosophic-
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16.

17.

18.

19.

20.

21.

22.

Study questions (i) to (xi) of problem (2) for this F.

Obtain all special features enjoyed natural neutrosophic
quasi dual number semigroups.

Let L = {{Z124 U g)1, X} natural neutrosophic dual number
semigroup.

i) Study questions (i) to (xi) of problem (2) of this L.
ii) Prove L has zero square subsemigroups.

iii) Can L have zero square ideals?

iv) Obtain any other special feature associated with L.

Let S = {{Z4s3s U g)1, X} be the natural neutrosophic dual
number semigroup.

Study questions (i) to (xi) of problem (2) for this S.

Let W = {{Z, 15571110 Y &1, X} be the natural neutrosophic
dual number semigroup.

Study questions (i) (xi) of problem (2) for this W.

Let M = {(2193“2755,0372“232U g1, X} be the natural

neutrosophic dual number semigroup.

Study questions (i) to (xi) of problem (2) for this M.

Let W = {(Z,; U h);, X} be the natural neutrosophic special

dual like number semigroup.

i) Study questions (i) to (xi) of problem (2) for this W.
ii) Compare W with the semigroups S, = {(Z'

39 X}’
14
S:={(Z, U LX) and S;={C(Z,,), X).

Let M = {(Z,,,,,,,,Y h)y, h> = h, X} be the natural
neutrosophic special dual like number semigroup.



23.

24.

25.

26.

27.

28.
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Study questions (i) to (xi) of problem (2) for this M.

Let V= {{ 21932342921 s Y h);, X} be the natural neutrosophic

special dual like number semigroup.
Study question (i) to (xi) of problem (2) for this M.

Let M = {(Zns U Ky, kK2 = 123k, x} be the natural
neutrosophic special quasi dual number semigroup.

i)  Study questions (i) to (xi) of problem (2) for this M.
ii) Obtain any other special feature associated with M.
iii) Compare the semigroup M with the semigroup

By ={C' (Zio), X, ip= 123}, By = {(Zny U D), P =1, %}
and B3 {(Zns U )1, & = 0, X}.

Let W = {{Zi»7 U k), X, K = 126k} be the natural
neutrosophic special quasi dual number semigroup.

i)  Study questions (i) to (xi) of problem (2) for this W.
ii) Compare W with B = {(Z;,5 U k)1, K* = 127k, x}.

Let S = {(Z

special quasi dual number semigroup.

Jos713stagest O K01 X} be the natural neutrosophic

Study questions (i) to (ix) of problem (2) for this S.

Let P = {(Z,, 72435 Y K)1, X} be the natural neutrosophic
special quasi dual number semigroup.

i) Compare P with M, S and W of problems 24, 25 and 26
respectively.
ii) Study questions (i) to (ix) of problem (2) for this P.

Find all special features associated with the natural real
neutrosophic matrix semigroup.
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laje (Z ,x), 1<i<12,%,}.

480

4y

a'1() al 1 a12

1) What is o(P)?

ii) How many matrix idempotents are in P?

iii) Find the total number of natural neutrosophic of
nilpotents in P.

iv) Find all natural neutrosophic zero divisors of P.

v) Find all ideals of P.

vi) Find all subsemigroups which are not ideals in P.

vii) Is P a S-semigroup?

viii) Can P have S-zero divisors?

ix) Find S-ideals of P.

x) Can there be a S-subsemigroup which is not an S-ideal

of P?
a, a, a, a, a, a
— ) 1
29. LetB=1la, a, a, a, a; a,|/a€ (Zy,X),
a, a, a5 a, a, a

1 <118, X,
be the natural neutrosophic real matrix semigroup.
i) Study questions (i) to (x) of problem (28) for this P.

ii) Compare this B with P of problem (28).



30. LetL =

31.

32.
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/2 € (Zy ., X), 1 £1<6,%,} be the natural

neutrosophic real matrix semigroup.
Study questions (i) to (x) of problem (28) for this L.

Compare L with B of problem (29).

al az a3
LetT={la, a, a,|/ae {C(Zuw)i; =28, %,},
a, ag; a,

1<i<9)

be the natural neutrosophic complex modulo integer
semigroup under natural product.

i) Study questions (i) to (x) of problem (28) for this T.
ii) Can T be compatible under the usual product X.
iii) Compare T with L of problem (30).

_ 1
Let G = 0 12 /ai € {C (Z325313419772 )’ X},

Xp; 1 £1<24}

be the natural neutrosophic finite complex modulo integer
semigroup under the natural product X,.
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34.

35.

Study questions (i) to (x) of problem (28) for this G.

/aiE

A5 A A Ay Ay Ay Ay
(C(Z,.). %), 1 <21, %,)

be the natural neutrosophic finite complex modulo integer
semigroup under the natural product x,,.

i)  Study questions (i) to (x) of problem (28) for this H.
ii) Compare H with G and T of problems (32) and (31)
respectively.

Let

S ={(a, &, a3, a4, as, a5, a7) / a;€ {Cy(Zp4), X}, 1 <1 <7, X}
be the natural neutrosophic finite complex modulo integer
semigroup.

Study questions (i) to (x) of problem (28) for this S.

4, a4,
a, a,
a. a

Let W= a, a, /a; € {<2295UI>1,X}; 1<i< 14, Xn}

4, 3
a; ap
43 Ay

be the natural neutrosophic neutrosophic matrix semigroup
under the natural product X,,.

i) Study questions (i) to (x) of problem (28) for this W.



36.

37.
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ii) Obtain any of the special features associated with this
W.

LetV = 15 /a; e

(Zgy;30 Dy, x}; 1 <1<42, %,}

be the natural neutrosophic matrix semigroup under the
natural product X,

a) Study questions (i) to (x) of problem (28) for this V.
b) Find the total number of { I; got using division on

(Zgri3 U I).

LetK = Yl laie (Zos, WD X} 1S1<8,%,} be

the natural neutrosophic neutrosophic matrix semigroup
under natural product.

i) Study questions (i) to (x) of problem (28) for this K.
ii) Find all natural neutrosophic elements in K.
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38. LetR = laj€ (Zsyz L g,

x}; 1 <136, X,}

be the natural neutrosophic dual number matrix semigroup
under the natural product X,,.

i) Prove R is not even closed under the usual product X.
ii) Study questions (i) to (x) of problem (28) for this R.

39. Let S = Sl /lae (Z U, X} 1<i<7,%,} be

385729237°

the natural neutrosophic dual number matrix semigroup
under the natural product X,,.

1) Study questions (i) to (x) of problem (28) for this S.
ii) Obtain any other special feature associated with S.

40. Let W = 7 s d Ho A fn /aj€ (Zy; U h)y

x}; 1 <i<24, %,)



41.

42.
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be the natural neutrosophic special dual like number matrix
semigroup.

Study questions (i) to (x) of problem (28) for this W.

a, a, a, a,

a; a, ag

LetB =% Jae ((Z U hyx),

2%11°19%29*32
o 4

a13 a14 alS a16

1<i<16, %,

be the natural neutrosophic special dual like number matrix
semigroup under the natural product X,,.

Study questions (i) to (x) of problem (28) for this B.

4, 4 a4, 3a; 34y

a a a a a a a
LetK:{Ll 2o T s e 7}/2116

(Zs7 U K), K> =46k, x}, 1 <i< 14, %,}

be the natural neutrosophic special quasi dual number
semigroup under the natural product X,

i) Study questions (i) to (x) of problem (28) for this k.

ii) Compare this k with
S; = {2 x 7 matrix semigroup with entries from
(Z47 U Dy, X},

S, = {2 x 7 matrix semigroup with entries from C'(Z,7),
Xn}s

S; = {2 X 7 matrix semigroup with entries from (Z; U
&)1 %a} and
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43.

44.

45.

S4 = {2 X 7 matrix semigroup with entries from { wa 1

Xq }-
. a4, 4
a, a; a,
a a a
LetW=J|"7 % | /ae(Z,, . ukLk =k

Xa}; 1 <1<18, %,}

be the natural neutrosophic special quasi dual number
matrix semigroup under the natural product X,.

Study questions (i) to (x) of 28 of problem (28) for this W.

21 )
LetB[x]21= {z aixl/aie {an,x}zB,OSlSZI,
i=0

x2 =1, x}
be the real natural neutrosophic coefficient polynomial ring.

1)  What is the o(B[x],)).

11) Find all ideals of B[x],;.

1ii) Can B[x],; has zero divisors?

iv) Can B[x],; have subsemigroups which not ideals?

v) How many polynomials in B[x],; have natural
neutrosophic coefficient?

15

Let B[X]IS 2{2 aixi / a; € {CI(2240), X} =B; 0<i< 15,

i=0

x'%=1, %}



46.

47.

48.
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be the natural neutrosophic complex modulo integer
coefficient polynomial semigroup of finite order.

Study questions (i) to (v) of problem (44) for this B[x];s.

6

Let D[x]¢ = {Z ax'/a e {C(Z o). %} 0<i<6,

2374192294
i=0

x =1, x}

be the natural neutrosophic complex modulo integer
coefficient polynomial semigroup under X.

Study questions (i) to (v) of problem (44) for this D[X].

3 .
Let P[X]3: {z aixl/ai e P= {<212U I>I, X} =X;

i=0
x'=1,0<i<3)

be the natural neutrosophic neutrosophic coefficient
polynomial semigroup and X.

Study questions (i) to (v) of problem (44) for this P[x]s.

28 )
Let S[x]2 = {Z ax'/ae S {(Z473532614 u D x}; x¥ =1,

i=0
0<i<28 x}

be the natural neutrosophic neutrosophic coefficient
polynomial semigroup under X.

Study questions (i) to (v) of problem (44) for this S[x]s.
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49.

50.

51.

52.

10 )
Let T[x]yo = {Z ax'/ae T={(ZyU L x},x''=1,x}

i=0

be the natural neutrosophic dual number -coefficient
polynomial semigroup under X.

Study questions (i) to (v) of problem (44) for this T[x]o.

7

Let W[X]7 = {Z aiXi / a; € W = {< Zl B17229%539612 (& g>I5 X}

i=0
x*=1,0<i<7,x})

be the natural neutrosophic dual number -coefficient
polynomial semigroup under X.

Study questions (i) to (v) of problem (44) for this w[x];.

24 .
Let B[x]x = {z ax'/aj€ B ={(Zyps U h)y, X}; x> = I,

i=0
0<i<24,x)

be the natural neutrosophic special dual like number
coefficient polynomial under Xx.

Study questions (i) to (v) of problem (44) for this B[x]o4.

20

Let W[x]a = {z ax'/ae W= {(Z u h)y, x}

23419%53°67>
i=0

x’=1,0<i<20,x)}

be the natural neutrosophic special dual like number
coefficient polynomial semigroup under X.



53.

54.

55.
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Study questions (i) to (v) of problem (44) for this W[x].

12 .
Let M[x];, = {Z ax'/a;e M= {{Z,sU Kk); kK* = 15k, x},

i=0
0<i<12,x”=1,x}

be the natural neutrosophic special quasi dual number
coefficient polynomial semigroup.

Study questions (i) to (v) of problem (44) for this M[x]».

Let N[x]; = {27: ax'/ae N{(Z

i=0

275101 3192473532 U k>I X } 5

0<i<7,x*=1,x}

be the natural neutrosophic special quasi dual number
polynomial coefficient semigroup under X.

Study questions (i) to (v) of problem (44) for this N[x];.

Let V = {(Zio, +), X} be the special real natural
neutrosophic semigroup under X

i) Find o(V).

ii) Find all natural neutrosophic zero divisor.

iii) (I"+1)=p (I +I +I°+1")qe Vispxq=1;?
iv) Find all natural neutrosophic idempotents of V.

v) Find all subsemigroups of V.
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56.

57.

58.

59.

vi) Find all ideals of V.

vii) Is V a S-semigroup?

viii) Can V have nilpotent elements?
ix) Can V have S-zero divisors?

x) Can V have S-idempotents?

Let W = {Z

neutrosophic semigroup.

103 20° ° +), X} be the special natural

Study questions (i), (ii), (iv) to (x) of problem (44) for this
W.

Let S = {{{Zsa7 U I), X} be the special natural
neutrosophic neutrosophic semigroup under X.

Study questions (i) to (x) of problem (44) for this S.
Let x = {{(Zsps U D), +), X} be the special natural
neutrosophic neutrosophic semigroup under +.

Study questions (i) to (x) of problem (44) for this X.

Let Z = {{{(Zyy U g, +), X} be the special natural
neutrosophic dual number semigroup under X.

Study questions (i), (ii) and (iv) to (x) of problem (44) for
this Z.



60.

61.

62.

63.
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Let D = {(Z ..

neutrosophic dual number semigroup under X.

o Y 2)1, +), X} be the special natural

Study questions (i), (ii) and (iv) to (x) of problem (44) for
this D.

Let M = {{(Z,y, U h), +), X} be the special natural
neutrosophic special dual like number semigroup under X.

Study questions (i), (ii) and (iv) to (x) of problem (44) for
this M.

Let P = {((Z

neutrosophic special quasi dual number semigroup under X.

s K1 +), X} be the special natural

Study questions (i), (ii) and (iv) to (x) of problem (44) for
this P.

Study the special features enjoyed by the special natural
neutrosophic matrix M semigroup under product where

{(Z ) 1<i<28,%,).

132x17°x23*x272x47%x53° °
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aS
64. Let W =

65.

2 A3 Ay
7 dg 1

/aje (C(Zs3), +), X);
a9 A A Ap

a3 Ay A5 A

1<i<16, %,

be the special natural neutrosophic complex modulo integer
matrix semigroup under the natural product X,.

i) Find o(W).

ii) How many elements are pure natural neutrosophic?
ii1) Find zero divisor of W.

iv) Can W have idempotents?

v) Find ideals of W.

vi) Is W a S-semigroup?

vii) Find subsemigroups which are not ideals of W.

LetM = Pl laie {({Zyu g x}; 1<1<6, X,} be the

special natural neutrosophic dual number semigroup matrix
under natural product X,,.

Study questions (i) to (vii) of problem 64 for this M.
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66. Let

67.

68.

S={(ay, as, a3, a3) / a; € ({ VRSN, ), +); 1<i<4,x}

be the special natural neutrosophic dual number matrix
under the product X.

Study questions (i) to(vii) of problem (64) for this S.

LetT=4|a, a, as a, a; ajg]|/a¢e
a19 a20 aZl a22 aZ3 a24
a25 a26 a27 a28 a29 a30

{(Zazxsox61x100 W )y +), X, 1 <1 <30}

be the special natural neutrosophic special dual like number
matrix semigroup under natural product X,,.

Study questions (i) to (vii) of problem (64) for this T.

N

W
N

W
=N

Let B = Jay €Z. . Uk)+), 1<i<14,%,)

2373112

N=}
(=}

IS

[ "R - I I -
; ~
oo NWN - JN -V -}

be the special natural neutrosophic special quasi dual
number matrix semigroup under the natural product X,

Study questions (i) to (vii) of problem (64) for this B.
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69.

70.

71.

a, a, a, a, a; a; a,
LetS=<lay, a, a, a, a, a; a,|/ac¢e
a5 a, a, a, a, a, a

15 16 17 18 19 20 21

<< Z425><l32><193 o k>I’ +>a Xn; 1 S 1 S 21}

be the special natural neutrosophic special quasi dual
number matrix semigroup under the natural product X,

Study questions (i) to (vii) of problem (64) for this S.

8 .
Let B[x]s = {Z ax'/a € B {(Z, +),X),0<i<8,x;
i=0

x =1}

be the special natural neutrosophic coefficient polynomial
semigroup under X.

1) Find o(B[x]s).

ii) How many zero divisors are in B[x]g?

iii) Find all special natural neutrosophic elements of B[x]s.
iv) Is B[x]g a S-semigroup?

v) Find all ideals of B[x]s.

vi) How many subsemigroups of B[x]g are not ideals?

vii) Can B[x]g have nilpotents?

viii) Can B[x]s have idempotents?

20

Let S[x]y = {Z ax'/ a; e {({Zy O Di+),x} =8;

i=0
0<i<20,x* =1, x}

be the special natural neutrosophic neutrosophic coefficient
polynomial semigroup under X.

Study questions (i) to (viii) of problem 70 for this S[X],.



72.

73.

74.

75.
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5 .
Let P[X]S = {z ain / a; € P= {<< 2527319229443253 Ul >I, + >9

i=0
+};0<i<5,x°=1, x}

be the special natural neutrosophic neutrosophic coefficient
polynomial semigroup under X.

Study questions (i) to (viii) of problem (70) for this P[x]s.

Let M[x],, = {i ax'/a;e M= {((Zos U g ) +), +};

i=0
0<i<12,x”=1,x}

be the special natural neutrosophic dual number coefficient
polynomial semigroup under product.

Study questions (i) to (viii) of problem (70) for this M[x]5.

Obtain any other special feature associated with this M[x]».

3

bt W[X]3 ) {z aiXi / ai € W= {< Z3A5A7A13?17?292A534 e g>1’

i=0
+},x};0<i<3,x =1, x}

be the special natural neutrosophic dual number coefficient
polynomial semigroup under product.

Study questions (i) to (viii) of problem (70) for this W[x];

7

Let V[x];= {Z ax'/ae V={(Z,, ., 0h),+) X}

i=0
0<i<7,x*=1,x}
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76.

7.

be the special natural neutrosophic special dual like number
coefficient polynomial semigroup under product.

Study questions (i) to (viii) of problem (70) for this V[x];.

12

Let P[x]» = {Z ax'/ a; € P={((C' (Zuna), + ). X}:

i=0
0<i<12,x”=1,x}

be the special natural neutrosophic complex modulo integer
coefficient polynomial semigroup under X.

Study questions (i) to (viii) of problem (70) for this P[x],.

6

Let T[x]i7 = {Z ax'/aje T={( Z, YKL ), XE

i=0
0<i<6,x" =1}

be the special natural neutrosophic special quasi dual
number coefficient polynomial semigroup under X.

Study questions (i) to (viii) of problem (70) for this T[X];5.



Chapter Three

MOD-SEMIGROUPS USING NATURAL
NEUTROSOPHIC ELEMENTS OF [0, n)

In this chapter we proceed on to study semigroups under +
on the natural neutrosophic elements in [0, n). Similarly we
define product operation on natural neutrosophic elements in
[0, n).

We will illustrate this by examples.

Example 3.1: Let {['[0,6) = {0, 1,2, ..., 5.999, ..., 1?0, 129,

10, 100 129}, Tt is recalled 5 is a unit element in [0,6)

as 5 x 5=1 (mod 6), however in [0,6) 1.2 X 5 =6 (mod 6) so is
a zero divisor. This sort of occurrences is not true in case of Zs.

A unit in R can never contribute to zero divisors, it 1S an
impossibility so we choose to call such zero divisors as MOD
pseudo zero divisors [24].
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However it is a open conjecture to find pseudo zero divisors
of any interval [0, n); n any integer.
So study in this direction is very new.

Further we are not able to find a routine method to obtain all
pseudo zero divisor and nilpotent elements if any of [0, n).

We just put forth result that there can be more zero divisors
when nin [0, n) is a prime.

For when we lake [0, 7) the interval 4 is a unit, 2 is a unit.
3.5 is a pseudo zero divisor. 1.75 is again a pseudo zero divisor.

We are not in a position to find more pseudo zero divisors.
Consider the MOD interval [0, 11), we see 10 is a unit in
[0, 11).

But 1.1 € [0, 11) is a pseudo zero divisor as
1.1 x10=11=0 (mod 11).

So 1%V and II%'"” are MOD natural neutrosophic pseudo zero
divisors of [0, 11).

Likewise 11" and I'" are MOD natural neutrosophic

pseudo zero divisors as 2.2 X 5 =11 = 0 (mod 11) is a pseudo
zero divisor of [0, 11).

Similarly 5.5, 2 € [0, 11) is such that
55%X2=11=0(mod 11). But 2 is a unit of [0, 11).

So they are pseudo zero divisors contributing to natural
neutrosophic pseudo zero divisors 1" and 1%

Consider 4 € [0, 11)4isaunitbut4 x2.75=0 (mod 11) so
4 is a pseudo zero divisor and this contributes to the natural

neutrosophic pseudo zero divisor of [0, 11), that is I'*'"and
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17" are such that 1Y x I = I is a pseudo natural

2.75

neutrosophic zero divisor.

Consider the unit 8 in the MOD interval [0, 11), 8 in [0, 11)

is such that 8 x 7=1 (mod 11).

1.375 € [0, 11) is such that 1.375 x 8 =0 (mod 11) so are a

pair of pseudo zero divisors leading to the natural neutrosophic
zero divisor.

Let us consider the interval [0, 11) there are several pseudo

zero divisors.

In fact we do not have zero divisors from Z;; as it is a field.

. [0,11) . 7[0,11) [0,11) _ 0,11
Consider I, IV x I = 1757,

VX = Iy

L XI5 = ey

IE?éll :))51 X 15?3,1311) = I[z(?ilztls)sssl

L s XMoot = Lassmong
Lo X By = Lok
I[s(?ilslz)mzm X I[2911413)588l = I[7(?il()1(3247492 .

A natural question would be should all these elements

produced with II%'"" find their place in the natural neutrosophic

.1

element of the MOD interval [0,11).

product. For 1!

For even I0'"xI%'"= 1" makes it difficult to define

%!V is not a natural neutrosophic element.
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So we over come this problem in two ways.

i) Except the pseudo zero divisor and the unit which
makes it a pseudo zero divisor. Arrange them only
as pair and not include them in any form of product

(1210 11y i a pseudo zero divisor unit pair.

No sensible operation can be performed on them.

They only show mathematics in case of MOD-interval is
different from the usual reals.

Such study is not only innovative but fascinating.

In fact it is conjectured that the more pseudo zero divisors
in the MOD interval [0, n) then it implies the n in [0, n) is such n
is a prime.

Consider [0,12) the MOD interval. The pseudo zero divisors
of [0,12) are 1"'” and 1)} are such that 1" <1 = 12,

Thus (I, 1% is a pseudo zero divisor unit pair.

For 5 X 5 =1 (mod 12). Consider I'4"” x11%'* = 11" j5 a
zero divisor.

Clearly 10 is a zero divisor in [0,12). II%"? x> =11

and so are only zero divisors and not pseudo zero divisors.

This gives one a surprise.

Can we make a conclusion if in [0, n), n is a composite
number then we cannot have many pseudo zero divisors or a

pseudo zero divisor unit pair?

Consider [0,8) the MOD interval. Can [0,8) have pseudo zero
divisor-unit pair?

Letx=1.6andy =35 e [0.8).
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109 x 199 = 1" is a pseudo zero divisor unit pair.
Th- h d. . . . . b [0’11) [0’8)
is has one zero divisor unit pair given by (II%'", 1),

Consider the MOD interval [0,9), 4.5, 2 € [0,9) is such that it is

a pseudo zero divisor for 4.5 X2 =0 (mod 9), 2 is a unit as 2 X 5
=1 (mod 9).

Let 1} and I be the pseudo natural neutrosophic zero

L [0,9) [0,9) _ 1(0,9)
divisor as I,;" xI," = I,

Thus {17;,1)”} is the MOD natural neutrosophic zero

divisor-unit pair.

Let 4 and 2.25 € [0,9). Clearly 4 X 2.25 =0 (mod 9). Four
isaunitas4 x7=1(mod?9).

[0,9) [0,9) [0,9) [0,9) _ 7[0.9)
So I,”” and I,5) are such that I,"” xI),) = I,>".

Hence {1);),1*”} is a MOD natural neutrosophic zero

divisor unit pair of I[0,9).

Now x =1.125 and y = 8 € [0,9) are such that
xXy=1.125x8 =0 (mod9).

8 is a unit of [0,9) as 8 X 8 = 1 (mod 9). We see 1)"” and

1% e '0,9) are such that 1" xI®? = 1 is a natural

1.125
[0,9)

[0,9) :
11250 I } is a natural

neutrosophic zero divisor and {I
neutrosophic pseudo zero divisor-unit pair of '[0,9).

It is observed that if in the interval [0, n), n is odd we get
more pseudo zero divisor-unit pair than when [0, n) when n is a
even composite number. Consider the MOD interval [0,10).

IV, I, 1) and 1Y are the natural neutrosophic elements of
[0, 10).
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Take x =2.5andy =4 € [0, 10) then x X y = 0 (mod 10).

Consider x; =1.25 and y; = 8 €0, 10) the
x; X y; =0 (mod 10).

They are again MOD natural neutrosophic zero divisors of
[0, 10).

Can [0, 10) have pseudo zero divisor that is pseudo zero
divisor-unit pair?

Consider the interval [0,14). This has MOD pseudo zero
divisor-unit pair.

For take 1.4 and 10 € [0,14), clearly
14 x 10 = 14 = 0 (mod 14) is not a MOD pseudo zero
divisor as 10 is not a unit in [0,14).

Consider 2.8 and 5 € [0, 14). Clearly 2.8 X 5 = 0 (mod 14)
and I x1%% = 17 is a MOD pseudo divisor of [0,14) as
5% 3=1(mod 14) is a unit in [0,14).

Consider [0,16) the MOD interval.

Clearly 1.6 X 10 = 16 = 0 (mod 16), but 10 is a zero divisor
of [0, 16).

Consider 3.2, 5 € [0,16), 3.25 x5=16=(0) mod 16. But 5
x 13 =1 (mod 16).

Thus [0,16) has MOD pseudo zero divisor unit pair given by
{ 1[302,16) I[O,l6) }
. 75 *

Can this interval [0,16) have more number of MOD pseudo
zero divisor-unit pair?

Consider the MOD interval [0,17).
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Consider 8.5,2 € [0, 17), 2 is a unit of [0, 17) get
8.5x2=17=0(mod 17) is a pseudo zero divisor.

So (1% x I is a MOD natural neutrosophic pseudo zero
divisor-unit pair.

Let x =4 and y = 4.25 € [0, 17); 4 is a unit of [0,17) yet
xXy=4%x4.25=0 (mod 17).

So {17, 11%} is MOD natural neutrosophic unit-pseudo
zero divisor pair.

Consider x =2.125 and y = 8 € [0,17);
x Xy =2125%x 8 =17.000 = 0 (mod 17) is a pseudo zero
divisor.

So {10 11"} is a MOD natural neutrosophic pseudo zero
divisor unit pair.

Alsox =1.7and y = 10 € [0, 17) is a pseudo zero divisor

and x X y = 1.7 X 10 = 0 mod 17 is a MOD natural neutrosophic

s . . . [0,17) [0,17)
pseudo zero divisor-unit pair given by { I,; " xIL,," }.

Further x =3.4 and y =5 € [0,17) is such that

xXy=34x%x5=0 (mod 17) is a MOD-pseudo zero divisor
and {10}, 1"} is a MOD natural neutrosophic pseudo zero
divisor unit pair.

Considering [0, p), p a prime we see these are several MOD
natural neutrosophic pseudo zero divisor unit pair.

However if p is even we get only very few MOD natural
neutrosophic pseudo zero divisor unit pair.

For p an odd number these are some MOD natural
neutrosophic pseudo zero divisor unit pairs.
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Consider [0,33) the MOD interval.

To find the pseudo zero divisors and MOD natural
neutrosophic pseudo zero divisors.

Clearly 2 is a unit of [0,33) 16.5 € [0, 33) is such that 2 x
16.5 = 0 (mod 33) so is a pseudo zero divisor of [0, 33).

Consider 4 € [0, 33) is a unit of [0, 33) 8.15 € [0, 33) is
such that 8.15 x 4 = 0 (mod 33) is a pseudo zero divisor.

Also for 8 € [0,33) is a unit but 4.125 X 8 = 0 (mod 33) so
is a pseudo zero divisor.

Likewise 16 and 2.0625 is a pseudo zero divisor.

All these pairs contribute to MOD natural neutrosophic
pseudo zero divisor-unit pair.

[0,33) [0,33) [0,33) [0,33) [0,33) [0,33)
{ I165 XIZ }’ { I&ZS XI4 }’ { I4A125 XIS } and

{ I [0. 33) [() 33)
2. 0625

Further 5 is a unit of [0,33) but 5 X 6.6 is a pseudo zero
divisor.

Thus { I!%¥ x1* } is a MOD natural neutrosophic pseudo
zero divisor-unit pair.

Also 10 is a unit and a pseudo zero divisor as

10x3.3=0 (mod 3.3) and

[0.8) [033) — [0,33)
109 5 1039 =

neutrosophlc pseudo zero divisor unit pair of '[0,33).

so {1 xI10*¥} is a MOD natural

Consider 20 and 1.65 € [0, 33).
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Clearly 20 x 1.65 =0 (mod 33).

Further 1% x 1% = 11*¥ is the MOD natural neutrosophic

pseudo zero divisor-unit pair of '[0, 33).
Now 13.2 and 25 € [0.33) and 13.2 X 25 = 0 (mod 33).

Further 1!93¥ and 12*Y e '[0,33) is such that

[0,33)
I13.2

zero divisor unit pair of I[0,33).

X1 = 1 is a MOD natural neutrosophic pseudo

It is observed from these illustration that '[0,33) has more
number of MOD natural neutrosophic pseudo zero divisor-unit
pair than I[0,32).

For '[0,32) has only two MOD natural neutrosophic pseudo

L . : : [0,32) 1(0,32) [0,32) 1(0,32)
zero divisor-unit pair given by { I, I, } and {1}5.7, 1,7 }.

The reader is left with the task of finding if any MOD natural
neutrosophic pseudo zero divisor-unit pair in '[0,32).

Thus it is conjectured that p is a prime [0, p) has more
number MOD natural neutrosophic pseudo zero divisor unit pairs
than [0, p—1) and [0, p + 1).

Now we try to characterize the type of probable MOD
natural neutrosophic pseudo zero divisor pairs in [0, n) by the
following theorem.

THEOREM 3.1: Let [0, n); n odd be the MOD interval. The
elements which are units in [0, n) and which contribute for MOD
natural neutrosophic pseudo zero divisor pairs are

i) 2,22, 2'>n
iit) If5X¥nand5 is a unit then 5, 10, 20, 25, 40 and so on.
t5(tevenort=>5).
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Proof: The proof exploits only simple number theoretic
techniques so left as an exercise to the reader.

THEOREM 3.2: Let [0, n); n even be the MOD interval. The
elements which contribute to the MOD natural neutrosophic
pseudo zero divisor-unit pair are 5, 5°, 5°, ..., provided

(5, n)=1.

Proof: Follows by adopting simple number theoretic
techniques.

It is yet another open problem to find the existence of
primes p which will not be recurrent decimals when division by
them is done on n. n/ p is not a recurrent decimal; (n, p) = 1.

Next we proceed onto study the algebraic structure enjoyed
by this collection of MOD neutrosophic natural pseudo zero
divisor-unit pair by some examples.

Example 3.2: Let '[0, 4) = {0, 1, 2, 3, [0, 4), I 1 and so
on} be the MOD natural neutrosophic interval.

To the best of our knowledge we are not able to find pseudo
all zero divisor-unit pair of natural neutrosophic numbers.

1 . 7103 1103) 1103
Example 3.3: Let [0,3) = {0, 1, 2 [0,3); IV, 1% 1"V ...} be
the MOD natural neutrosophic interval. Clearly { I, XL} } is the
MOD natural neutrosophic pseudo zero divisor-unit pair.

We feel there exist one and only one pair of MOD natural
neutrosophic pseudo zero-divisor unit.

Example 3.4: Consider '[0,6) = ([0, 6), IV® 10 100

[0,6) 1[0,6) [0,6) 1[0,6) [0,6) ¥([0,6) T7[0,6) [0,6)
I4 ’Il 5 2 IZAZS ’I3A375 4 IO.75 ’10,375, IOA1875’I()A046875 and SO On}‘

Thus we may get infinite number of MOD natural
neutrosophic elements in '10,6).
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Example 3.5: Let '0,5) = {[0, 5), I, 1% 1% 1i%

25 0 1125 2106252
[0,8) 7[0.5)
I0‘3125 ’10,15625 and so On}'

There are some MOD natural neutrosophic pseudo zero
divisor unit pair.

We guess there may be infinite number of such MOD natural
neutrosophic elements.

Example 3.6: let us consider '[0,7) = {[0,7), ", 1%,

[0,7) §[0,7) 7[07)
IlA75 ’ IOA875 ’ I()A4375 LA } .

Infact we feel there may be infinitely many such MOD
natural neutrosophic elements.

Example 3.7: Let '[0,8) = {[0,8), I'¥, 1Y, 1% 1109
109 109 109 199 199 and so on} be the MOD natural
neutrosophic elements of I[0,8).

Example 3.8: Let
'10,9) = {[0,9), 1", 1% 10 | [ %[> " 11%) and so on}.

Thus at this stage we leave it as a open conjecture to find
the number of MOD natural neutrosophic elements of '[0,9).

Thus we see in general we can have for any '[0,n) n odd or
even or prime, we have MOD natural neutrosophic elements to

be infinite in number.

However we see the number of MOD natural neutrosophic
pseudo zero divisor unit pair are finite in number.

So study in this direction is also interesting and innovative.

For now we can define the notion of pseudo idempotent
unit.
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We call x, y € [0, n) to be a pseudo zero divisor if y is a
zero divisor. x € [0, n) to be a pseudo zero divisor if y is a zero.
x € [0, n)\Z, gives x X y to be an idempotent of Z,.

This definition has meaning provided there is an idempotent
inz,

We will illustrate this situation by some examples.

Example 3.9: Let '[0,6) = [[0, 6), 1", ..., I® 1% 100 =}
be the MOD natural neutrosophic elements set.

x =15and y = 2 in [0,6) is such that x X y = 3 is an
idempotent.

Thus 1% %I =10  which is the MOD natural
neutrosophic idempotent.

This pair {1%”,17°} is defined as the MOD natural
neutrosophic pseudo zero divisor-idempotent pair.

Example 3.10: Let '[0,15) = {[0,15), 1,1 | 19 109

[0.15) 7[0.15) [0.15) 7[0.15) [0.15)
L7507, Ly L, Ise, 1,57, .. and so on}.

[0,15) _, 7[0.15) _ 7[0,15)
I3.6 XIIO _I6 .

The reader is left with the task of finding such elements.

Example 3.11: Let '[0,10) = {[0,10), I 01 %10

[0,10) {[0,10) [0,10) 7[0,10) [0,10) 7[0,10) 7[0,10)
L7, 77, I, 1715 I and so on} be the MOD

natural neutrosophic element set.
[0,10) [0,10) __ y[0,10)
L7 < =14 I

2 is a zero divisor of Z; and 5 is an idempotent of Z.
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[0,10) [0,10) __ 7[0.,10)
ILZS XI4 _IS II

Ig;l;); x Ig),lo) — I[So,lo) I

From I, II and III it is evident that the same idempotent can
create pseudo zero divisor-idempotent pair.

Study in this direction is open for a researcher as most of
the results are number theoretic in nature.

Example 3.12: Let '[0,20) = {[0,20), 102 1020 11020 = 1020

[0,20) 1[0,20) [0,20)  7[0,20) 7[0,20)  7[0,20) 7[0,20)
L L7, .., Ly, 077 L, L7, 1, and so on}.

5% = 5 (mod 20) is an idempotent 16> = 16 (mod 20).
1[2(?52()) X IE((;,Z()) — I[S(),Z()) I

[0,20) [0,20) __ 1[0,20)
Il()A75 XI8 - Il6 II

Thus II and I are the desired pairs.
Can we say in case of even numbers 2p such that p is a
prime always has idempotents and the MOD natural neutrosophic

pseudo zero divisor-idempotent pair.

We do not know whether [0, n) where n = 2' has any such
pairs.

This is extend to any [0, n) where n = p™; m > 1 can contain
such pairs.

This study is open to researchers.

Next we proceed onto study other intervals. [0, n)ir iS not
taken in this study as i; =n—1¢ [0, n)ig.
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Barring this complex number interval we study all other
intervals.
Consider the neutrosophic MOD interval [0, n)L.
Clearly '[0, n)I = {[0, n)I, I\*V; t € [0, n)I}.

[0,m)1 o, 70.m)I _ [0.n)I
[omt e qiomt gt

Let '[0,12)I = {[0, 12)I, I"'; a € [0, 12)I}.

[0,12)I _, 7[0,12)I _ 7[0,12)
I4I ><I41 - I4I

[0,12)1 [0,12)I _ §([0,12)I
I‘)I X I‘)I - I‘)I

[0,12)I _ 7[0.12)T __ 7[0,12)I
I24 ><I101 _Io

is a MOD natural neutrosophic zero divisor.

[0,12) o, 7[0.12)I __ 1[0,12)I
I4,81 XISI _Io

[0,12)1 [0,12)T __ (0,12)I
ILZI X Il()l - I()

[0,12)I _ 7[0.12)T __ 7[0,12)I
I1,51 XISI _Io

[0,12)1 [0,12)T _ y[0.,12)I
Il 5 X I6I - I‘)I

is a MOD natural neutrosophic pseudo zero divisor-idempotent
pair.

Next we study the MOD neutrosophic interval [0,10)1.

70,10)I = {[0, 10)I, TI*'V"; t € [0,10)I}

[0,10)I , 7[0,10)I __ y[0.D)I
ISI X ISI - ISI
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[0,10)I , 7[0.10)I __ 1[0,10)I
I4I XIz,sl _IO

[0,10)1 [0,10)I _ y[0,10)I
IZ X IZASI - ISI

is a MOD natural neutrosophic pseudo zero divisor-idempotent
pair.

This is the way operations are performed.

In contrast with '[0,n) this [0,n)] makes every element to be
contributing to the MOD natural neutrosophic element of '[0, n)I.

Study on this direction is has lots of scope for every element
in [0,n)I contribute to a MOD natural neutrosophic number.

Next we study the notion of MOD natural neutrosophic
elements of [0,n)g; g2 =0.

As in case of [0,n)I every element in this is a MOD natural
neutrosophic element.

Further the main difference is [0,n)I can have idempotents
pseudo zero divisor-unit pair and pseudo zero divisor-
idempotent pair but in case of [0, n)g every element only
contributes to MOD natural neutrosophic nilpotent element of
order two.

So there are not many interesting properties that can be
associated with [0,n)g.

Next we study [0,n)h.
'[0,n)h has MOD natural neutrosophic pseudo zero divisor-
unit pairs and MOD natural interval neutrosophic pseudo zero

divisor-idempotent pair depending on n.

We will give some examples of this situation.
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Example 3.13: Let '[0, 15)h = {[0, 15)h, """ ; t € [0,15) h} be

the MOD natural neutrosophic special dual like interval number
elements.

[ 5 JUO9h — [I490jg the MOD natural neutrosophic
idempotent.

[0,15)h [0,15)h __ [0,15)h [0,15)h [0,15)h __ 7[0,15)h
IZh X I7 5 - I() I8h X1 - IO

1.875
MOD pseudo zero divisor-non zero divisor pairs.

and are some

For 2h x x # 0 for any x € Z;sh, 4h X x # 0 for any x € Z;sh
and so on.

[0,15)h [0,15)1 _ 7[0,15)h
Now I xI;,7 =1, and so on.

[P0 90 = [0 s the MOD pseudo idempotent non

zero divisor pair.

This is the way operations are performed on '[0,n)h.

Example 3.14: Let '[0,12)h = {[0,12)h, 12" ; t € [0,12)h} be
the MOD natural neutrosophic zero divisor, pseudo divisors
pairs.

Working with them is a matter of routine so left as an
exercise to the reader, however some examples are given.

[T 2" = 12" ig the pseudo zero divisor-idempotent

[O12h o Jl012)h
5h

pair 020 = 192" is a pseudo non zero divisor-

nilpotent of order two pair.

[0 T = [M19" g the pseudo zero divisor non zero
divisor pair.

Since 5h is a nonzero divisor of Z ;.
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Thus we can get all such types of special MOD natural
neutrosophic elements in '[0,12)h.

Such in this direction is also a matter of routine so left as an
exercise to the reader.

Next we proceed onto study MOD natural neutrosophic
special quasi dual number elements of To,n)k; K¥* = (n — Dk by
the following examples.

Example 3.15: Let '[0,10)k = {[0,10)k, I\*'”*; t € [0,10) k} be

the collection of all MOD natural neutrosophic special quasi dual
number elements.

[0,10)1 [0,10)k __ 7[0,10)k
Let I, XL, 7" =1, and

L0 X TI1O% = [919% §s a MOD natural neutrosophic

pseudo zero divisor-idempotent pair.

[0,10)k [0,10)k __ 7[0,10)k
I4k ><I4k - I4k .

4k is also an idempotent of Z,ck; further 4k € Zok is also a
zero divisor as 4k X 5k = 0 (mod 10).

Study in this type is interesting and innovative and left as an
exercise to the reader.

Next we proceed onto study MOD natural neutrosophic
numbers in MOD planes.

Consider R,(m); R,([0,m)); 2 < m < o to be the MOD real
number plane.

We have MOD natural neutrosophic elements associated
with it.

Consider ZjgX Zjo={(a,b) /a, b e Z}.
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All natural neutrosophic numbers associated with Z,y X Zy,
by convention we consider it as a matrix and work.

We cannot get any planes out of it. This study is done in
Chapter I and II of this book.

R, (m)

@0 and

However R, (m) is a MOD plane. So we define all, I

Igo" where a € [0, m) also MOD natural neutrosophic

elements.
We will illustrate this situation by some examples.

Example 3.16: Let R,(4) be the MOD neutrosophic real plane.

I(Ry(4)) = {Ry(4), TV | 199 109 109 4 ¢ [0,4)} is the set

(a,0) > (0,a)*7(2.2)*7(0,0)
of all MOD natural neutrosophic elements.

Thus the collection is an infinite collection.

Example 3.17: Let R,(5) be the MOD neutrosophic real plane
built using [0,5). The set of all MOD natural neutrosophic
elements are

I(RH(S)) — {RH(S) IR.,(S) IRn(5> IR.,(S) IRn(g) IR“(S)

(0,a) >7(a,0) >7(25,25)°7(22) >7(25.2)°

IR“(S) IR“(S) IR“(S) IR“(5> IR“(S)

(2,2.5)°7(1.25,4) > ~(4,1.25) > ~(4,4) *7(1.25,1.25) and soonae [0’ 4)}

We see some are MOD natural neutrosophic zero divisors.
Some contribute to the MOD natural neutrosophic pseudo zero
divisor-unit pair also.

Example 3.18: Let

I(R,(6)) = {Ry(6), Ly Iy, 1540 Ty Iy

(@,0) >7(0,2) > 7(2.3) *7(3.3) °7(3.2)

R, (6) TR, (6) TR, (6) TR, (6) TR,(6) TR,(6) R, (6) TR, (6)
I(2,2) ’I(4,2) ’I(2,3) ’ I(4,4) ’I(2,4) ’I(l.S,l.S) ’ I(3,145)’1(1.5,3)
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are the MOD natural neutrosophic zero divisors, some of which
are pseudo zero divisor-idempotents.

Study in this direction is interesting and left as exercise for
the reader.

Example 3.19: Let I(R,(15) = ({R,(15), IV TRU9

(@,0)  *7(0,a)

R, (15 7TR,(15) TR, (5) R, (15) TR, (I5) yR,(15) yR,(5) R, (I15) TR, (15)
I(7A5,75>’I(7A5,2)31(2,7A5> > I(2,2) ’1(75,4)’1(4,7‘5)91(5,5> > I(7A5,8)’I(8,7A5)’

R, (15) R,(15) TR,(15) TR,(15) R,(15) yR,(15) TR, (15) TR,(15)
I(4,4> > I(lO,lO)’I(S,S) ’1(12,12>’I(3,9> ’1(6,6) ’1(6,9) ’1(9,6)

on} be the MOD natural neutrosophic elements.

,... and so

This has MOD natural neutrosophic pseudo zero divisors-
unit pairs and MOD-natural neutrosophic pseudo zero divisor-
idempotent pairs apart from MOD natural neutrosophic zero
divisors and idempotents.

Example 3.20: Let I(R\(7)) = {Ry(7), TP TR TR0 TRl

(a,0) >*(0,a) *7(2,3.5)°7(3.5,2)°

R, (7) TR, (D) R, (1) R(T) R, () TR, (D)
I(2,2) ’1(3.5,3.5) 4 I(l475,4)’1(4,1.75)’1(4,4) ’I(l.75,l.75) and so on a € Rﬂ(7)}
are the MOD natural neutrosophic zero divisors. MOD

neutrosophic natural pseudo zero divisor unit pair.

We see I(Ry,(7)) has no MOD natural neutrosophic
idempotents or nilpotents.

Study of I(R,(m)); m a prime happens to give only pseudo
zero divisors unit pairs.

There are no idempotents or nilpotents so study in this
direction can lead to more research.

Next we proceed onto study the MOD natural neutrosophic
elements of MOD-finite complex modulo integer planes by
examples.
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Example 3.21: Let I(C'(9)) = {C'(9), I _ .19 and so on}

4.5+4.5i; * 1242

be the MOD natural neutrosophic finite complex modulo integer
elements.

Study in this direction is a matter of routine.

For study in this direction is a matter of routine and hence
left as an exercise to the reader.

Example 3.22: Let I(C'(16)) = {C'16), 1509 1600,

5450 21321

1 1 1
Igz(igziF,IféfﬁziF Ifoﬂ& and so on} are the MOD natural

neutrosophic finite complex modulo integer elements.

This has pseudo zero divisors, zero divisors and nilpotents
as MOD natural neutrosophic finite complex modulo integers.

The rest of the study is left as an exercise to the reader.

Example 3.23: Let I(C'(24)) be the collection of all MOD natural
neutrosophic finite complex modulo integer elements. [(C'(24))
has MOD natural neutrosophic zero divisors, idempotents,
nilpotents apart from MOD natural neutrosophic pseudo zero
divisor unit pair and MOD natural neutrosophic pseudo zero
divisor idempotent pair.

Study in this direction is considered as a matter of routine
so left as an exercise to the reader.

Next we proceed on to describe by examples the MOD
natural neutrosophic elements of dual number planes.

Example 3.24: 1({[0,3 v gp = {03 v g
[0,3)u. L [0,3)u. L [0,3)u. L [0,3)ug | 3)ug), [0,3)ug L
IEE.5,2) g> )’ I£<2,2) g> )’ I£<2,l.5) g> )’ IE?S,I.)S)é> )’Ii[(;jg)) g> ’ IES!,O) é> ) and

so on} is the MOD natural neutrosophic dual number zero
divisors, and pseudo zero divisors, unit pairs.
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Since 3 is a prime there does not exist any MOD natural
neutrosophic dual number idempotents so the question of MOD
natural neutrosophic dual number zero divisor idempotents does
not arise.

Example 3.25: Let 1({([0,13) U g = {[0,13) U g,

[0,13)ug [0,13)ug [0,13)ug) 1{10,13)Ug .
I§6‘5+6‘5g2,1§a’0) ), IEO,ag) >,I§2+2g) ) and so on} be the collection

of MOD natural neutrosophic dual number zero divisors, pseudo
zero divisors unit pair.

We are not in a position to confirm whether there can be
MOD natural neutrosophic dual number idempotents.

Apart from this the study is a matter of routine and is left as
an exercise to the reader.

Next we proceed onto study the MOD natural neutrosophic
special dual like number elements of the MOD natural
neutrosophic special dual like number plane by some examples.

Example 3.26: Let 1({[0,10) U h)y) = {([0,10) U h);, [1%O

5+5h
0,10)uh
1000 qoioon - l0®N and so on} are the MOD natural

neutrosophic special dual like number zero divisors, idempotent
etc.

Study in this direction is a matter of routine so left as an
exercise to the reader.

Example 3.27: Let 1({[0,23) U h)) = {({[0,23) U h),

I<[0,23)uh> I<[0,23)uh> I<[0,23)uh> I<[0,23)uh> I<[0,23)uh> I<[0,23)uh>
(0,ah)  2(11.5,11.5h) * X(a,0) ’ 2+2h > 1(5.75+5.75h) ? (4+4h) >

(10.23)uh)  1{[0.23)uh) 1{[0,23,uh)  1{[0.23)Uh)
Lioriom > Tosrasn) - Isssn» Li2g7542575m @and so on} be the MOD

natural neutrosophic special dual like number elements of
1(([0,23) U hyy).
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Next we proceed onto study the MOD natural neutrosophic
special quasi dual number elements of 1({[0,15)Uk); by some
examples.

Example 3.28: Let 1({[0,15) U k)) = {(0,15) U k),

(10.15)uk) ([0.15)Uk)  F([0.5)Uk) {[0.15)Uk)  ([0.15)Uk) §([0.15)Uk)
I7,5+7A5k ’12+2k ’I4+4k ’IS+8k I(3,75+3‘75)’I(12+12k) » and so on}

be the collection of all MOD natural neutrosophic special quasi
dual numbers.

Study in this direction is innovative.

T190510) 5 {01998 — {01998 §g the MOD natural neutrosophic

special quasi dual number pseudo zero divisor unit pair.
Study in this direction is interesting and important.

Since all these study is a matter of routine we leave it as an
exercise to the reader.

Now we proceed onto study the notion of MOD natural
neutrosophic matrices built using R,(n), C,(m), R'(m),
R¢(m), R¥(m) and R’(m);2<m<eco.

All these will be illustrated by some examples.

Example 3.29: Let

/a;e I(R(9)); 0<i<12}

be the MOD natural neutrosophic matrix with entries from
I(R(9).

i) This M is only semigroup under +.
ii) M is a semigroup under X, the natural product.
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iii) M has idempotents with respect to + and X,,.
vi) M is of infinite order.
The verification is a matter of routine.

Example 3.30: Consider

B= /aie IR,(19)) 1 <i<6,x,}

be the MOD natural neutrosophic real matrix semigroup. This
has many MOD natural neutrosophic pseudo zero divisor-unit
pairs.

Under the operation ‘+’, B is only a semigroup as B has
matrices x such that x + x = x.

Example 3.31: Let W = {(a,, a5, a3) / a; € I{C(81)); 1 <i<3}
be the MOD complex finite modulo integer neutrosophic matrix
semigroup both under + and X.

Clearly x = (Ig®V, 158", 1557 ) € W is such that X + X = X so

W is a semigroup under +.

. — C(81) yC(81) yC(8D . —
Consider y = (I®V, IS¢V I{®) € W; we see x X y =

(Ig®V, 1540 15V is a pseudo zero divisor.

_ /1C@81) 1C(81) 7C(81) _ (7C81) 7C@81) 1C(81) .
Let x = (120‘25 ’I&l ’116.2 ) and y= {I4+4iF’IIOiF ’ISiF )€ Wis

such that x x y = (I;®",If®",I;®") is a MOD natural

neutrosophic complex finite modulo integer interval matrix
pseudo divisor non zero divisor pair.

Study in this direction is also considered as a matter of
routine so left as an exercise to the reader.
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Example 3.32: Let

a, a,
S a, a,

a; a4

a a

/a; e 1(C(43)),1<1<8}

be the MOD natural neutrosophic finite complex modulo integer

matrix semigroup.

We have x € S such that x + x = x.

Clearly S has matrices a, b such that a X, b is a MOD natural
neutrosophic zero divisor so the pair (a, b) is a MOD natural
neutrosophic finite complex modulo integer matrix pseudo zero
divisor unit pair. These are infact several such pairs.

The rest of the work is left as an exercise to the reader.

Let
C43) C(43) C(43 C(43
121.5+21451F b Iz( ) 14( )
€43 €@ | SN (5
Q= | 4343 864861k | and b= | 10 5 eSS
14 €4 [E#30 e
5.375 21.5+10.75 8 4
C(43) c(43) C43)  7C(43)
IS,6+8,6iF 18‘6+4‘31F I Lo
is such that
C43)  TC43)
Iy Iy
Uy eu)
ax,b= 2(43) 2(43)
I I
C43)  1C43)
Iy Iy

so (a,b) is a MOD natural neutrosophic finite complex modulo
integer matrix pseudo zero divisor-unit pair.
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Example 3.33: Let

0 o]
a, a,

W=1la, a, |/ae (0,10 U); 1<i<10}
a7 ax
[d9 Ay

be the MOD natural neutrosophic neutrosophic matrix.

Clearly W has MOD natural neutrosophic-neutrosophic
matrix.

Further W has MOD natural neutrosophic-neutrosophic
idempotent matrices under +.

Infact W has MOD natural neutrosophic-neutrosophic
pseudo zero divisor-unit pair and MOD natural neutrosophic

pseudo zero divisor-idempotent pair.

Reader is left with the task of finding such elements from
W.

Example 3.34: Let

al aZ a3
P={la, a, a,|/ ae (0,19 Ugy;1<i<9)
a, a, a,

be the MOD natural neutrosophic dual number plane matrices.

Clearly {P, +} is only a semigroup under + for P has every
matrices A such that A + A = A.

Further {P, x,} is a semigroup and this has pseudo zero
divisor-unit pairs.



206 | Semigroups on MOD Natural Neutrosophic Elements

Example 3.35: Let

/a e I([0,24) U gh); 1 i< 7)

be the MOD natural neutrosophic dual number matrices M has
MOD natural neutrosophic dual number idempotents with respect
to +.

Further {M, X,} is an infinite MOD natural neutrosophic dual
number matrix semigroup under natural product X,,.

We see M has several MOD natural neutrosophic pseudo
zero divisor-unit pairs as well as MOD natural neutrosophic
pseudo zero divisors-idempotent pairs of matrices under the
natural product X,

Next we give examples of MOD natural neutrosophic
matrices with entries from I({[O,n) W h);) the MOD natural

neutrosophic special dual like number.

Example 3.36: Let

/aie (([0,20) Uhy); 1 <i<21)




MOD Semigroups using Natural Neutrosophic ... | 207

be the MOD natural neutrosophic special dual like number
matrices.

P is only a semigroup under addition as P contains elements
x such that x + x = x.

P is again a MOD natural neutrosophic semigroup of
matrices under the natural product X,

Also P has MOD natural neutrosophic special dual like
number pseudo zero divisor-idempotent pairs and many or
infact an infinite collection of MOD natural neutrosophic pseudo
zero divisors.

Example 3.37: Let

a,, | /a e 1(([0,29) U hy):;

all a12 a13 a'14 a15

1<i<21}
be the MOD natural neutrosophic special dual like number
matrices.

(S, +) is only a semigroup and in fact, S has several x such
that x + x = X.

(S, x) is also only a commutative semigroup which has
many natural neutrosophic special dual like number pseudo zero

divisors unit pairs.

Such elements can be found by the interested reader.
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Example 3.38: Let

A
a, a,
aS a()
M=J% % | e 1([0,43) Uh)y), 1 <i< 16}
a‘) a'l()
a,; ap
al3 al4
| Q15 Q46

be the MOD natural neutrosophic special dual like number
matrices M has several MOD natural neutrosophic idempotents
under +.

M has also several MOD natural neutrosophic pseudo zero
divisor-units pair and pseudo zero divisor-idempotent pairs.

Finding these elements are left as an exercise to the reader.
Next we proceed onto study MOD natural neutrosophic
special quasi dual number matrix semigroups under + and under

X, by some examples.

Example 3.39: Let

B= / ae 1({[0,19) Uk); 1 <i<18}

be the MOD natural neutrosophic special quasi dual number
matrices.
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{B, x,} is an infinite semigroup and has MOD natural
neutrosophic pseudo zero divisor unit pair under natural product
Xp-

{B, +} is an infinite semigroup under + and has MOD-
natural neutrosophic idempotents under +.

Finding them is a matter of routine and this task is left as an
exercise to the reader.

Example 3.40: Let
S= {al R a“}/ai e 1([0,22) U K)y): 1 <i<8)
6 47 g

be the MOD natural neutrosophic special quasi dual number
matrices.

{S, +} is a semigroup of infinite order and a + a = a for
many a € S.

{S, X,} is a commutative semi group of infinite order which
has MOD natural neutrosophic special quasi dual number pseudo
zero divisor-unit pair and pseudo zero divisor- idempotent pair.

Finding such elements are left as an exercise to the reader.
Next we proceed onto just describe how MOD natural
neutrosophic coefficient polynomials are defined by some

examples.

Example 3.41: Let

i=0

L= {i aiXi/ai € I(Rn(lo))}
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be the MOD natural real neutrosophic coefficient polynomials.
(L, +) is only a semigroup of infinite order.

These semigroups have several idempotents of natural real
neutrosophic number under +.

Let p(x) = L0 L IR0 3 ¢ T2 p(x) + p(x) = p(x) s0
p(x) is a natural neutrosophic idempotent polynomial.

The reader is left with the task of finding them (L, X) is a
semigroup having zero divisors and neutrosophic zero divisors.

Example 3.42: Let

M- {z ax'/ € 1(C,(24)))

i=0

be the MOD natural real neutrosophic finite complex modulo
integer coefficient polynomials.

The semigroup {S, +) has infinite number of natural
neutrosophic idempotents.

(S, x) the semigroup has several MOD natural neutrosophic
pseudo zero divisor-unit pair.

This is left as an exercise to the reader.

Example 3.43: Let S = {z ax'/ a e 1({[0, 7) UI))} be the

i=0
collection of all MOD natural neutrosophic neutrosophic
coefficient polynomials.

{S, +} is a semigroup with infinite number of MOD natural
neutrosophic neutrosophic idempotent polynomials.
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(S, X) is the MOD natural neutrosophic-neutrosophic infinite
polynomial semigroup which has pseudo zero MOD natural
neutrosophic-neutrosophic zero divisors.

Next we describe by examples other MOD natural
neutrosophic polynomials with coefficients form. I({[0, n) U g),
1[0, n)uk); and I({[0,n) U h);.

Example 3.44: Let

M = {i El.iXi / a; € I(([O,S) ) g>1)}

i=0

be the MOD natural real neutrosophic dual number coefficient
polynomials.

This has infinite number of MOD natural neutrosophic
idempotents under + and has infinite number of natural
neutrosophic zero divisors under X.

Further study on these semigroups of polynomials is left as
an exercise to the reader.

Next we briefly give examples of MOD natural neutrosophic
special dual like number coefficient polynomial semigroups
under + and X and MOD natural neutrosophic special quasi dual
number coefficients polynomial semigroups under + and X.

Example 3.45: Let

P= {i aixi / a; € I(<[0,9) o h>1)}

i=0

be the MOD natural neutrosophic special dual like number
coefficient polynomials.
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(P, +) is an infinite MOD natural neutrosophic special dual
like number coefficient polynomial semigroup which has
infinite number of idempotents under +.

{P, x} is an infinite commutative MOD natural neutrosophic
special dual like number coefficient polynomial semigroup
which has infinite number of MOD natural neutrosophic zero
divisor and pseudo zero divisor polynomials.

Example 3.46: Let

S = {i ax' / a; € 1(([0,13) U k)

i=0

be the collection of all MOD natural neutrosophic special quasi
dual number of coefficient polynomials

{S, +} is an infinite MOD natural neutrosophic special quasi
dual number polynomial semigroups which has infinite number
of idempotents under +.

{S, x} is the MOD natural neutrosophic special quasi dual
number coefficient polynomial semigroup which has infinite
number of zero divisors and pseudo zero divisors.

Finding all these are left as exercise for the reader.

However we suggest many problems in this direction to the
reader.

Problems.

1. Given the MOD interval [0O,n) find all pseudo divisors and
MOD natural neutrosophic zero divisors.

2. Study question (1) in case of [0,17).

3. Study question (1) in case of [0,16).
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Study question (1) in case of [0, 18).
Compare the solutions in problems (2), (3) and (4).

Can we say [0, n) if n is a prime has more number of MOD
natural neutrosophic pseudo zero divisor-unit pairs?

Compare the MOD natural neutrosophic elements in
[0,n-1), [0, n) and [0, n + 1) where n is a prime.

1) Which MOD interval has maximum number of MOD
natural neutrosophic elements?

ii) Which MOD interval has the minimum number of MOD
natural neutrosophic elements?

Let [0, 20) be the MOD real interval I[0, 20)) be the
collection of all MOD natural neutrosophic elements of
[0, 20).

i) Prove {I([0, 20)), +} is a semigroup.

ii) Is the number of MOD natural neutrosophic idempotents
in I([0, 20)) infinite in number?

iii) Can {I([0, 20)), +} have subsemigroups of finite order?

iv) Find all special features enjoyed by I([0, 20)).

v) Prove P = {([0, 20)), x} is an infinite order semigroup.

vi) Can the collection of all MOD natural neutrosophic
elements of P form a subsemigroup?

vii) Can ideals of P be finite?

viii) Is P a S-semigroup?

ix) What are the special features enjoyed by P?

x) Find the number of MOD natural neutrosophic pseudo
zero divisor-unit pairs of P.

xi) Find all the MOD natural neutrosophic pseudo zero
divisor-idempotent pairs of P?

xii) Find all MOD natural neutrosophic pseudo zero
divisors.

xiii) Find all MOD natural neutrosophic pseudo
idempotents.
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10.

11.

12.

13.

14.

15.

16.

17.

Let [0, 24) be the collection of all MOD real natural
neutrosophic elements associated with '[0,24).

Study questions (i) to (xiii) of problem 8 for this '10,24).
Let '[0, 47) be the MOD real natural neutrosophic elements.
Study questions (i) to (xiii) of problem 8 for this I([0, 47)).

Compare the properties enjoyed by I([0, 20)), I([0, 24)),
I([0, 4)) in problems 8, 9 and 10 respectively.

Let '[0,14)I be the MOD natural neutrosophic- neutrosophic
elements.

Study questions (i) to (xiii) of problem (8) for this
I([0, 14)D).

Let '[0, 13)I be the MOD natural neutrosophic neutrosophic
elements.

Study questions (i) to (xiii) of problem (8) for this
0, 13)1.

Let '[0, 12)I be the MOD natural neutrosophic neutrosophic
elements.

Study questions (i) to (xiii) of problem (8) for this
"0, 12)L.

Compare '[0, 14)I, '[0, 13)I and [0, 12)I of problems 12, 13
and 14 respectively with each other.

Prove [0, n)ip (ii: n — 1) 2 £ n < « the MOD natural
neutrosophic finite complex modulo integers is not closed
under X.

Find the special features enjoyed by '[0, 17)ir under +.



18.

19.

20.

21.

22.

23.

24.

25.
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Let '[0, 9)g be the collection of all MOD natural neutrosophic
dual number elements.

Study questions (i) to (xiii) of problem (8) for this
10, 29)g.

Compare 1o, 29)g with I([0, 30)g) and study questions (i) to
(xiii) of problem (8) for this '[0, 30)g.

Let '[0, 48)h be the collection of all MOD natural
neutrosophic special dual like numbers.

Study questions (i) to (xiii) of problem (8) for this
70, 48)h.

Let '[0, 49)h be the collection of all MOD natural
neutrosophic special dual like numbers.

Study questions (i) to (xiii) of problem (8) for this
10, 49)h.

Let [0, 47)h be the collection of all natural neutrosophic
special dual like numbers.

Study questions (i) to (xiii) of problem (8) for this
"0, 47)h.

Study problems (20), (21) and (22) compare them.

Let '[0, 52)k be the collection of all MOD natural
neutrosophic special quasi dual number elements.

Study questions (i) to (xiii) of problem (8) for this
10, 52)k.

Let '[0, 53)k be the collection of all MOD natural
neutrosophic special quasi dual number elements.
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26.

27.

28.

29.

Study questions (i) to (xiii) of problem (8) for this
"0, 53)k.

Let 'T0, 54)k be the collection of all MOD natural
neutrosophic special quasi dual number elements.

Study questions (i) to (xiii) of problem (8) for this
"0, 54) k.

Compare results in problems (24), (25) and (26) of 0, 52)k,
"0, 53)k and '[0, 54)k respectively.

LetM=!|a. |/a¢e I(J0,47); 1 £i<5, %X,} be the MOD

natural neutrosophic matrix semigroup under X

i) Prove M is of infinite order.

ii) Find subsemigroup of finite order.

1i1) Find ideals of M of M.

iv) Prove all ideals of M are of infinite order.

v) Show there are matrices which result in pseudo zero
divisor-unit pair.

vi) Find all MOD natural neutrosophic idempotents of any
of M.

vii) Enumerate all special features enjoyed by M.

viii) Can M have matrices nilpotent of order two?

LetB:{[a' Lot R e 110, 273));
a

1<i<12, %,



30.

31.

32.

33.

34.

35.

36.
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be the MOD natural neutrosophic matrix semigroup.
Study questions (i) to (viii) of problem (28) for this B.

Let W = {(ala A2, A3, A4, As, a6) / q; € I([Oa 48))a I<i< 6a X}
be the MOD natural neutrosophic semigroup.

Study questions (i) to (viii) of problem (28) for this W.

4, a, a3 a,; aj

LetS=J|% & & % &l /0 pc,0);

1 <120, X,}.
Study questions (i) to (viii) of problem (28) for this S.
Prove '[0, n) under + is only a semigroup.
Can [0, n) have infinite number of idempotents under +?
Prove '[0, n) under X is a semigroup of infinite order.

Can [0, 17) have MOD natural neutrosophic pseudo zero
divisor-idempotent pair?

Prove '[0, 17) has MOD natural neutrosophic pseudo zero
divisor-unit pairs.
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37. LetV = /ae 1(Cy(28)) 1 <1< 18, X,} be

the MOD natural neutrosophic semigroup under the natural
product X

Study questions (i) to (viii) of problem (28) for this V.

38. Prove 1({0, 47) U g);) has MOD natural neutrosophic dual
number pseudo zero divisor unit pairs.

al a2
a; Ay
aS a()
39. LetS=J| % | /a,e1([0,18) g) g=0,1<i<16, X,}
a9 a1()
a4, ap
a13 a14
45 A

be the MOD natural neutrosophic dual number matrix
semigroup.

Study questions (i) to (viii) of problem (28) for this S.

40. LetB:{(a1 BB A 8 a7]/aie
a

I([0, 27)g); g2 =0, 1 <i< 14, x,}
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be the MOD natural neutrosophic dual number matrix
semigroup under natural product X,.

Study questions (i) to (viii) of problem (28) for this B.

AL LetW= |2 3 &5 | /o e 1([0,43) h), b’ = b

1<i<32,%,)

be the MOD natural neutrosophic special dual like number
matrix semigroup under the natural product X,

Study questions (i) to (viii) of problem (28) for this W.

42. LetM= {la, a, a, a, a, |/ae I[0,56)h)

a11 a'12 alS a'14 alS
h?*=h, 1<i<15,%,)

be the MOD natural neutrosophic special dual like number
matrix semigroup under the natural product X,

Study questions (i) to (viii) of problem (28) for this M.
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43.

44.

45.

46.

Lety=

a, a; a,

a

8 |/ a I([0, 24) k) k* = 23k;

ap,

al4 a15 a1()

1<i<16,%,)

be the MOD natural neutrosophic special quasi dual number
matrix semigroup under the natural product €.

i) Study questions (i) to (viii) of problem (28) for this Y.
ii) Prove Y is not defined under the usual product X.

Let I([0, 23)k), k* = 22k be the MOD natural neutrosophic
special quasi dual number interval.

Find all MOD natural neutrosophic pseudo zero divisor-unit

elements.

LetS =

/a e I(R\(29)) 1 £i1<6, X,} be the MOD

natural neutrosophic real matrix semigroup.

Study questions (i) to (viii) problem (28) for this S.

Let

ap

j / a; € I(C. (93));
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1<i<24, %,

be the MOD natural neutrosophic complex modulo integer
matrix semigroup under the natural product X,

Study questions (i) to (viii) of problem (28) for this B.

Let
_al a, 4 ]
a, a5 a,
a, a; a,
D=J{%0 A qn | e1([0,26) UD)y); 1 <i<24,x,)

be the MOD natural neutrosophic neutrosophic matrix
semigroup under the natural product Xx,.

Study questions (i) to (viii) of problem (28) for this D.

a a a a a a a a
Let B = [1 2 3 4 5 6 7 S /g e
a 45 A

I([0, 43) U ghl; 1 i <16, X}

be the MOD natural neutrosophic dual number matrix
semigroup under X,, the natural product.

Study questions (i) to (viii) of problem (28) for this B.
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49.

50.

51.

LetZ={|a, a, | /aie ([0,47) L

a13 a'14 a15 al() a17 alS

12

hy); 1 <i<18,%,)

be the MOD natural neutrosophic special dual like number
matrix semigroup under the natural product X,

Study questions (i) to (viii) of problem (28) for this Z.

13 a14 alS te a24

LetS={[a' R a”j/aiel(<[0,23)uk>1);
a

K*=22k; 1 <i<24, x,}

be the MOD natural neutrosophic special quasi dual number
matrix semigroup.

Study questions (i) to (viii) of problem (28) for this S.

Let P ={i ax' / a € 1([0,27))} be the MOD natural
i=0
neutrosophic coefficient polynomial.

i) Study (P, +) for MOD natural neutrosophic idempotents
ideals and subsemigroups

ii) Study (P, X) for MOD natural neutrosophic pseudo zero
divisor unit pairs and pseudo zero divisor-idempotent
pairs.

iii) Study (P, X} for any other special property.
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)

LetS = {z ax'/a; e I(R,(33)} be the MOD natural

i=0
neutrosophic real pair coefficient polynomial.

Study questions (i) to (iii) of problem (51) for this S.

)

LetB = {Z ax'/ a; € 1({[0,293) I)) }MOD natural

i=0
neutrosophic-neutrosophic coefficient polynomial.

Study questions (i) to (iii) of problem (51) for this B.

Let M = {i axi / a, € I(RY(9))} MOD natural

i=0
neutrosophic-neutrosophic coefficient polynomial.

Study questions (i) to (iii) for this M.

LetD = {z ax'/ a € 1({[0,129) h);)} be the MOD natural
i=0

neutrosophic special dual like number coefficient

polynomial semigroup.

Study questions (i) to (iii) of problem (51) for this D.

=3

LetV = {Z ax'/ a; € 1(([0,43) k);)} be the MOD natural

i=0

neutrosophic special quasi dual number coefficient
polynomial semigroup.

Study questions (i) to (iii) problem (51) for this V.



224 | Semigroups on MOD Natural Neutrosophic Elements

57.

58.

59.

60.

61.

LetB = {i ax /a e 1({[0,28) U I);) } be the MOD

i=0
natural neutrosophic-neutrosophic coefficient polynomial.

Study questions (i) to (iii) of problem (51) for this B.

Let A= {i ax' /a e 1({[0,123) U g)1)} be the MOD
i=0

natural neutrosophic dual number coefficient polynomial.

Study questions (i) to (iii) of problem (51) for this A.

LetE = {i ax' /a e 1({[0,197) U h);)} be the MOD

i=0

natural neutrosophic special dual like number coefficient
polynomial.

Study questions (i) to (iii) of problem (51) for this E.

)

LetF = {Z ax'/ a; € 1({[0,293) U k);)} be the MOD

i=0

natural neutrosophic quasi dual number coefficient
polynomial.

Study questions (i) to (iii) of problem (51) for this F.

Study all special and distinct features associated with

S = {i ax' / a; € 1({([0,215) U h))} be the MOD natural
i=0

neutrosophic  special dual like number coefficient

polynomial.
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i) Is (S, %) a S-semigroup?

i) Can (S, X) have ideals of finite order?

iii) Can S have MOD natural neutrosophic pseudo zero
divisor-unit pair?

iv) Can S have MOD natural neutrosophic pseudo zero
divisor idempotent pair?

v) Can S have S-ideals?

vi) Can S have S-MOD natural neutrosophic idempotents?

Study questions (i) to (vi) of problem (61) for the
B = {i ax'/ a e 1(C(251)), X}

i=0
Let M= {i ax /a; e 1({[0,433) U I))), X} be the MOD

i=0

natural neutrosophic-neutrosophic coefficient polynomial
semigroup.

Study questions (i) to (vi) of problem (61) for this M.

=3

LetG = {Z ax'/a e 1({[0,273) U g)1), X} be the MOD

i=0

natural neutrosophic dual number coefficient polynomial
semigroup.

i) Study questions (i) to (vi) of problem (61) for this G.
ii) Obtain any other special feature associated with G.
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