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PREFACE

In this book authors introduce the notion of subset polynomial
semirings and subset matrix semirings. The study of algebraic
structures using subsets were recently carried out by the authors.
Here we define the notion of subset row matrices, subset
column matrices and subset m x n matrices. Study of this kind
is developed in chapter two of this book.

If we use subsets of a set X; say P(X), the power set of the
set X; as the entries of the collection of subsets of m X n
matrices say S; then we see (S, L) is a semigroup (semilattice)
and (S, N) is a semigroup (semilattice). Thus (S, U, M) is a
semiring (a lattice). Hence if P(X) is replaced by a group or a
semigroup we get the subset matrix to be only a subset matrix
semigroup. If the semiring or a ring is used we can give the
subset collection only the semiring structure.

The collection of subsets from the polynomial ring or a
polynomial semiring can have only a semiring structure. Several
types of subset polynomial semirings are defined described and
developed in chapter three of this book.



Using the subset polynomials (subset matrices) we built
subset semivector spaces. Study in this direction is interesting
and innovative which forms the chapter four of this book. Every
chapter is followed by a collection of problems.

We thank Dr. K.Kandasamy for proof reading and being

extremely supportive.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this book authors for the first time study algebraic
structures using subsets of a ring or a field or a semiring or a
semifield. We define describe and develop mainly subset
polynomial semiring and subset matrix semiring. It is important
and interesting at this juncture to keep on record that the
maximum algebraic structure we can give to these subset
structures is a semifield (in some cases semiring).

Further the study of algebraic structures using subsets
started in the 18" century by Boole who made the collection of
all subsets of a set into an algebra in a very special way was
named after him. However {P(X), U, N} is a Boolean algebra
of order 2™/ if [X| < oo and P(X) is the power set of X.

After this study we see there are not many well defined
algebraic structures using subsets of an algebraic structure.

However we have the subsets of a set with ‘U’ and ‘"’ is
made into a nice topological space. Thus we have topology
developed on them. But we do not have any algebraic structure
other than Boolean algebra developed using subsets of a set X.
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Of course we have the concept of semilattices using subsets.

Here we develop a algebraic structure which is a semiring /
semifield. In fact by this method we in the first place are in a
position to generate finite non commutative semirings.

Further for every subset collection (subsets from algebraic
structure) we can define two types of semirings. This is
described in this book. Finally we in this book introduce the
concept of polynomial subset semirings and subset polynomial
semiring S[x] and P[x] respectively. We show how we can solve
polynomial subset equations in P[x].

We have three cases to our surprise.

(i) Completely solvable subset polynomial equations for a
subset solution.

(i) Partially solvable subset polynomial equations and

(ii1)) Not solvable subset polynomial equations in P[x].

We leave it as an open conjecture.
If P[x] = {Collection of all subsets from C(Z,)[x], p a
prime} be the polynomial subset semiring.

Can we say P[x] will be algebraically closed polynomial
subset semifield?

For we see P[x] = {Collection of all subsets from C[x]} be
the polynomial subset semifield then P[x] is an algebraically
closed semifield for every pair A, B € P[x], A = B is completely
solvable.



Chapter Two

SUBSET MATRICES

In this chapter we proceed onto study for the first time the
notion of subset matrices; the subsets can be from a set or a
semigroup or a ring or a field or a group or a semiring or a
semifield. We give algebraic structure to these subset matrices.

Let X = {ay, ..., a,} be a set, the power set of X denoted by
P(X) where
P(X) = {Collection of all subsets of X including X and ¢}.

DEFINITION 2.1: Let X be a set {a;, a, ..., a,} and P(X), the
power set of X.

Let Sx = {(v1, p2, ..., p) wWhere p; € P(X)},; then we define
Sk to be the subset row matrix (1 <i <t).

D,

Let Sc = p:2 where p; € P(X), 1 <j <m;
Py,

we define Sc as the subset column matrix.
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P P
So= p.21 p‘zz
pnl pn2

p[n

p.Z" where p; € P(X); (1 <i,j <n)

pnn

is defined as the subset square matrix.

Py P - P
Skect = p:“ p:” P:zm where p; € P(X); 1 <i <n
pn] an pnm

and 1 <j <m is defined as the subset rectangular matrix.

We will illustrate this situation by some examples. Further
even if we do not put Sc or Sg or Sg or Sge, the reader can

follow by the very

Example 2.1: Let

context.

P(X) = {Collection of all subsets of the set X = {1, 2, 3, 4}},
that is the power set of X.

S=({¢}, {1, 2}, {4, 2}, {1, 2,3}, {X}, {1.2}, ¢, {2,3}) is a

1 x 8 subset row matrix of the power set P (X).

35
2
1,2}
A=l ¢
X

{9}
| {1,2,3} ]

1s a 7 x 1 subset column matrix with entries

from P(X) where X = {0, 1, 2, 3}.
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{0y {1,230 1,2y 33 4
Lety—| & & 8 @ e s
2,1} {3,2} {3,4} {4,2} X

oy 24 23 {¢f {123

subset rectangular matrix with entries from the power set P(X)
where X = {1, 2, 3, 4}.

I X L2 L2 B
X oy 3 3 4 {23
2.3 {1 {6 {3 {12
B3y W W 23 e X
W B2 9 {2 &
114.3} {3,2,4} 1,2,30 X {1,4,3}]

LetB =

be a 6 x 6 subset square matrix from P(X) where X = {1,2,3,4}.

Example 2.2: Let X = {a, ay, a3, a4, as, ag} be a set; P(X) the
power set of X. Let

i {ag.a,} 1
{a;}
{a,,a5}
A=|1{a,,a,,a,} | bethe 6 x 1 subset column matrix
{a,}
{as5,a5,2,}
X

of P(X).

Take B = (X, ¢, {a1, a2, a3, a4, as}, {a1}, {a3, a, ag}, {ae, a1},
{ay, a3, a4}, {as, a1, ag}, ¢), Bis a 1 x 9 subset row matrix with
entries from P(X) of X.
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{0} {aj,a,a,0  {a,} X
{as} {ag} {as,aq} {as}

LetC= {ag} X {0} {as.a,,a,}
{31,32,33} {al’a3} {34} {aé’aS}
| 1a,,a5,a50  {a,,ag {as.a,} X

be a 5 x 4 subset rectangular matrix of X or with entries from
P(X).

{a,} {a,}  {as} {a,} {asas} |
{aga;}  {aa,} {a,} ¢ X
D= X ¢ fajast  {a,a,} {ajaa,}

faja,}  {aagl  {ag} {as} {a,a,}
_{alazaa} X {fa;}  {aaag) ¢

is a 5 x 5 subset square matrix of X or with entries from P(X).
Example 2.3: Let X =27"U {0},

P = {Collection of all subsets of X together with X and ¢}
be the power set of X. P is of infinite order.

Let A =(p1, P2, ---» P14); Pi € P, 1 <1 < 14 be the subset row
matrix of X or with entries from P.

b,

B= p:2 ;pje P, 1<j<19bea 19 x I subset column

Pio

matrix of X =Z" U {0}.
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Consider

Pu P - Py
C= P.21 p‘zz P.29
Pisi Pz -+ Pigo

Cis a 16 x 9 subset matrix of X or with entries from P, p;; €
P;1<i<16,1<j<09.

Pu P - Pisi
Py Pn - Pis
Ps; P - Piss
Py P - Piss

LetD= be a 4 x 15 subset rectangular

matrix of X or with entries from P.
Now we have seen examples of subset matrices of a set.

Next we show we can only define two operations on the
subset of a set viz; U and M of subsets.

Thus when the set under consideration is just a set with no
operations on it we on this subset matrices define operations ‘U’

and ‘.

Let Cg = {Collection of all 1 x n subset row matrices with
entries from a power set P(X) of X}.

We can define ‘U’ and ‘’ on Cr. {Cg, U} is a semilattice
or a commutative semigroup.

{Cgr, M} is a semilattice or a commutative semigroup.
{Cr, U, N} is a lattice.

We will illustrate this situation by some examples.
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Example 2.4: Let S = {Collection of all 1 x 5 subset matrices
with entries from the power set P(X); where X = {1, 2, 3, 4, 5,
6,7, 8}} be a semigroup under ‘U’ i.e., {S, U} is a semilattice.

Let A = ({6,1}, {2,3,8}, {0}, X, {5,6,1,7}) and

B =({1,7}, {2,3,4}, {5,6,7}, {3,8,6}, X) be in S;

AUB=({6,1} U {1,7}, {238} U {234}, {$} U {5,6,7},
X U {3,8,6}, {5,6,1,7} U X)

=({1,6,7}, {2,3,4,8}, {5,6,7}, X, X).

Clearly AUB € S.

Wesee BU A=A uUB.

(S, L) is a commutative subset matrix semigroup.

Example 2.5: Let Sc = {Collection of all 7 x 1 subset column
matrices with entries from the power set of X, where

X=1{1,2,..,

12}}.

(Sc, M) is a semilattice.

Take A =

[ {1,12,5) ]
{3,10,6}
{8,7,11}

X

{1,2,3,4,5}

o

| 112,6,3,9)

and B=

| {12,10,9,7} |

{1,2,7}
£5,10}
(8,2,4}
{7,6,5,4,2,3}
{1,2,5,7,9,10}
{7,8,4,9,11}

in Sc.
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{1,12,5} n{1,2,7}

{3,10,6} " {5,10}

{8,7,11} n{8,2,4}

Wefind AnB= Xn{7,6,5,4,2,3}

{1,2,3,4,5} n{1,2,5,7,9,10}
$M1{7,8,4,9,11}

| {12,6,3,9}{12,10,9,7} |

{1}
{10}
{8}
=11{7,6,5,4,2,3} | is in Sc.
{1,2,5}
{0}
{12,9}

It is easily verified (S, N) is a commutative subset matrix
semigroup (or semilattice) of finite order.

Example 2.6: Let

1 4y a3

Sr

I
o

s a, a, ag||aePX)

a9 alO all a12

where X = {1, 2, ..., 19}, 1 <i < 12} be the collection of subset
3 x 4 rectangular matrices with entries from P(X).

We see {Sg, U} is a subset matrix semigroup which is
commutative.
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{6,2,1} {18,100 {191} {X}
LetA=| {7.3,8) {3,1,2,13,6} {10,3,4} {9,2,3}

{4,5,6,2,3}  {4,1,10,7} X ¢
and
) X {1,19,12,9} {9,7,18,6,3}
B=1{3,9,11,14} () {3,7,9,2} {10,6,4,9}
{6,7,9} {10,8,1} {16,9} X
be in Sk.
{6,2,1} U {18,10} U X

AUB=|{738U{391114}  {3,1,2,13,6}U¢
{4,5,6,2,3U{6,7,9} {4,1,10,7} U {10,8,1}

19,13 U {1,19,12,9}  {X}U19,7,18,6,3}
{10,3,4} U {3,7,9,2} {9,2,3}U{10,6,4,9}

XU {l6,9} duUX

{6,2,1} X {1,19,12,9} X3
=1{3,9,7,8,11,14} {3,1,2,13,6} {3,4,2,7,9,10} {2,9,4,6,9,10}

{4,5,6,2,3,7,9} {1,4,7,8,10} X X

is in Sg.
Thus {Sg, U} is a subset matrix semigroup (or semilattice).
al a2 a3

Example 2.7: LetSg=4|a, a; a,||a € P(X)

7 g d

where X = {1, 2,3, ..., 18}; 1 <1< 9} be a 3 x 3 square subset
matrix of the set X.
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{Sg, M} is a subset matrix semigroup / semilattice.

Take
{6,18,5} ¢ 12,3,4,5,6}

A= {7,8,9,10} {11,12,13} X and
{14,15,16,17} {18,1,2,5} {3,8,13,18}
16,1,5,11} 13,2} 14,5,6,8,10,11}

B={3,8,510,11} X {5,6,7,8}
{16,17,1} {1,5,3,2,11,13} ¢
in SR.
To find
{6,18,5} n {6,1,5,11} oM {3,2}
AnB={7,8,9,10} n {3,8,5,10,11} {11,12,13} n X

14,15,16,17} n{16,17,1}  {18,1,2,5} " {15,3,2,11,13}

{2,3,4,5,6} " {4,5,6,8,10,11}

X 15,6,7,8!
3,8,13,18: N
(6,5 ¢ {4,6,5)
=| 8,10} {11,12,13} {5,6,7.8! | e Sk.
16,17} {1,2,5) d

It is easily verified Sg is a subset matrix commutative
semigroup and is of finite order.

b ¢ ¢
An(®)=(9) where (9)= ¢ ¢ ¢
b ¢ ¢
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ANX)=(A) and (X)= is in Sg.

<KX
<o X
<o X

Example 2.8: Let Sy; = {Collection of all subset matrices of the

{pl P, P; Ps DPs DPs
form

} with p; € P(X) where
P; Ps Po P Pu Pn

X=11,2,3,..,10}, 1 <1< 12}, {S,, U} and {S,, N} are
subset matrix semigroups of finite order which is commutative.

L _{{6’10} 3.5, {4 ¢ {7,8,9} {1}}
et A=

56,77 ¢ {8910} {9,4} {89} ¢
and

B {9,7,3v {3, {8 () {7,6,4} {1,2,3,4}
- X  {8,6,2} {7,9} {10,7,8,9} X )

be in Sy, We find

CLp[EIURTI B U
> 5.6,710X  $UI8.6,2) {8,9,100 U 7,9}

dUd {7,8,9 U {7,6,4} {1} U{l,2,3,4}
{9,4} L {10,7,8,9} 8,9t U X dUd

[410,6,9,7,3} 3,50 (8,4}
- X  {8,6,2} {7,8,9,10}

b

() {7,8,9,6,4} {1,2,3,4}
{10,7,8,9,4} X )
A UBisin Sy.
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AmB{ O € (T A (YR v N

} € (S, N).
56,7 ¢ {9 {9 {89 ¢

P P
Ps P4
Example 2.9: Let St=<|ps ps || pi € P(X) where
P; DPs

Py Pio |

X=1{1,2,3,4,5,6},1<1i<10}, (S, Nn) be the subset column
matrix semigroup of finite order.

{1 3,6} ] L2y b
2,4y  {1,2,3,4} X {1,2}
LetA=| {51} 0 and B=| {3,5} {1,2,3}
X 4,51} 6,3, ¢
112,3,4}  {1,6,5} | ) X
be in St.
R o ]

2,4 {12}
ANB=| {5 ¢ |eSn
6.3 ¢

¢ {16,5}]

This is the way M operation is performed.

All the operations done on them are natural product X,
We see for any matrix A,



20 | Subset Polynomial Semirings and Subset Matrix Semirings

X X X
X X ... X . .
I=|. . . | acts as the identity under ‘.
X X X
P Py P X X X
ForifA=|p, p; ps|andl=|X X X|areinS.
P Ps Do X X X

ANnI=A=1INnA.
However Aul=1TuUA=1Iforall A,I e S.

Further (¢) U A = A and (¢) N A = ¢ where

o ¢ ¢
)= ¢ ¢ forall A € S.
oo . b
Example 2.10: Let
a, a, a,

S=<la, a; ag||a e P(X);the power set of X;

7 g d

where X = {1, 2, 1, 21, 3, 31, 4, 41, 51, 5, 6, 61} } that is a;’s are
subsets from the power set P(X) where set
{1,2,1,21, 3,31, 4,41, 5, 51, 6, 61} = X.

) X {6,1,61}
Thatis if A = { {2,21} ) and
{3,3L1} ) {6L,51,1,5,2}
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{3,31,6,61,2,2I} {31} [0
B= {X} {4,41,2} {31,2} | arein S.
{6,51,5,41} ¢ {X}
We find A U B and A N B.
[ {3,31,6,61,2,21} X {6,611}
AUB= X {2,21,4,41} {31,2} | € S.
| 13,3L,1,5,51,41,6} [0} X
[0 {31 ¢
AnB=|{} {2} ¢ isin S.
K ¢ {6L,5L1,5,2}

This is the way U and M are defined for any arbitrary power
set P(X) of the set X and the subset matrices take its entries
from P(X).

Example 2.11: Let

a, a,

where X = {ir, 3ir, 8ir, 2ir, 2,4, 6, 8, 9, 9ir, 0, 1, 5ir} = C(Z1o),

a; € P(X)

1<i<4}
be a subset of square matrices.
{S, U} and {S, N} are subset matrix subsemigroups.

We just show how the operations are performed on them.
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{6,8,9,9i.,2i.} X

LetA=| {8,0,Li,,5i}

Ui, 215, 515

(8,8i.,9,9i.} X
B= X (8}
1,2,4,i.,2i,} X

8,9,9,} X
ANB=|{8,0,Li,5,} ¢
{21p,16)
[{6,8,9,9i,,2i.,8i.}
AUB= X
| {1,2,4,i,2i,50;}

(3,2}
B3y 19,91}
6 X

and

{2i;,3,0,1}

) be in S.

{0,1,2,4,6,8,9}

{3,2i,}
¢

¢ {0,1,2,4,6,8,9;

X {0,3,1,2i.}
8,3 {9,1,9;}
X X

AuBandAnBeSforA BeS.

Example 2.12: Let

I al a2
a; a,
_Jl 3 4 L2 .
S= aiEP(ZS(g)),g—O,1S1S2}
a'7 aS
a9 alO
_all alZJ

be the collection of 6 x 2 subset matrices.



[10,2,2¢,3 + 4g}
¢
{2,3,8}
X
{l,g,2g}
| {g.1+2g,3g}

Let A=

X
{3,4,1}
{2,2g,1,g}
{0}
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{1,2,3,g,2+3g,g+ 1}_
{4g+4,2g,3g,1+2g}
X
{2,2¢g}
{4,423}
¢

and

{2g.3g,4.4g} |
¢
{8,2g,3g,4¢g}
X

bein S.

{1,2,3,4,0}

1+g,2+g3+g}

|{1,g,2,2¢,3,3g} {4+g,4g,2¢,3g,2} |
We find AN Band A U B.

[40,2,2g,3+ 4g}
o
{2,8}
o
{1
{g.3g}

{0}
¢
{2g,3g,4g.8}
{2,2¢g}
¢
¢

ANnB=

AUB=

X
{3,4,1}
{2,3,8.2g.1
X
{1,2,3,4,g,2¢g}
| 1g,1+2¢g,3¢,1,2,2¢,3}

{1,2,3,2,2+3g,2+1,2g,3g,4,4g} |
{4g+4,2g,3g,1+2¢g}
X
X
{2,2g,1+g,2+g,3+g}
{4+g,4g,2g,3g,2}
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Clearly AuBand AN B € S.

Now we see the subset matrix can be given two operations
simultaneously say; U and M.

If S is any subset matrix with entries from a power set P(X)
of a set X, certainly {S, U, N} is a distributive lattice. If X is of
finite order so is S.

We will illustrate this situation by some examples.

Example 2.13: Let

S=1<la, || a e P(X);

where X = {1,2,3,4,5,6,7,8}; 1 <i<5}
be a subset 5 x 1 matrix; (S, U, M) is a subset lattice of P(X).

Example 2.14: Let

a'l a13
a, ay

S= . . where a; € P(X),
ap, Ay

X = {8, 1, 71, 3+41, -5, —81+3, OI+4, 31, 5-41, 9+12I, 201},
1<i<24)

be the 12 x 2 subset column matrix of P(X). (S, U, N) is a
distributive lattice of finite order.
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Example 2.15: Let

S= >0 a; € P(Z12(g))

o

13 14 15 16

where X = {Z,, (g) = {atbg} |a,b € Z, g2 =0}

be the set of dual modulo integers 1 < i < 6} be the subset
square matrices.

{S, N, U} is a distributive lattice.

¢ ¢ ¢ ¢
Infact A U {¢} = A where ¢ = i i i i forall A € S.
¢ ¢ ¢ ¢
AN (p)=(¢) forall A € S.
X X X X
X X X X
A N (X)= A where X = and
X X X X
X X X X

AuX)=Xforall A €S.

Example 2.16: Let S = {6 x 10 subset matrices with entries
from the power set. P(X) where X ={1,2,3, ...,16}}, {S, U, N}
is a lattice.

Now having seen examples of semigroups, lattices and
semilattices of subset matrices with entries only from a power
set P(X) of a set X.
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We now proceed onto define substructures of them.

DEFINITION 2.2: Let S be a semigroup of subset matrices of a
power set P(X)of a set X under the binary operation ‘_’. Let P
cSif (P, U is itself a semigroup of subset matrices under U we
define (P, U) to be a subset matrix subsemigroup of S. (This is
true if Uis replaced by the operation ).

We define a subset matrix subsemigroup (P, U) to be a
subset matrix ideal if for allp € Pands € S, p Nsisin P
(p Us € Pin case (S, ) is the subset matrix semigroup taken
for working).

We will first illustrate this situation by some examples.
Example 2.17: Let S ={Collection of all 3 x 3 subset matrices

with entries from the power set P(X) where X = {0, 1, 2, ...,
19} } be a subset 3 x 3 matrix semigroup under L. Take

a1 aZ aS
P=4la, a; a;||aeP(Y)
a, a; a

9

where Y =1{0,1,2,...,10} cX;1£1<9} cS;
(P, L) is a subset 3 x 3 matrix subsemigroup of X.
Clearly (P, L) is not a subset matrix ideal of S.

{0,1,2} {3,4, {5,6}
For take A = {10} {9,6} {3,6} | inP.
{1,2,3,4,5} {9,10,1} {7}

9,12y (7,160 (3,14}
LetB=| {16} {6,815 {19,131} | eS.
56,161 17,8} 2
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We find A U B

{0,1,2,9,12}  {3,4,7,16)  {3,5,6,14}
= (10,16} (6,8,9,15}  {3,6,1,13,19} |.
(1,2,3,4,5,6,16}  {7,8,9,10,1} 02,7}

Clearly AU B ¢ Ponly A UB € S. So P is not an subset
matrix ideal of S. Thus P is only subset matrix subsemigroup of
S.

Example 2.18: Let S = {Collection of all 4 x 3 subset matrices
with entries from the power set P(X), where X = {1, 2, ..., 10}}
be the subset matrix semigroup under the operation ‘.

Take P = {Collection of all 4 x 3 subset matrices with
entries from the power set P(Y) where Y = {2, 4, 6, §, 10} <
X}; {P, N} is a subset 4 x 3 matrix subsemigroup of S. We see
{P N} is also a subset 4 x 3 matrix ideal of {S, N}.

Inview of these two examples we give the following
theorems.

THEOREM 2.1: Let S be a subset matrix semigroup under ‘.
Let {P, U} be a subset matrix subsemigroup of S. {P, U} is not
an ideal of {S, ).

Proof is left as an exercise to the reader.

THEOREM 2.2: Let {S, N} be a subset matrix semigroup under
the operation M. Let (P, ) be a subset matrix subsemigroup of
S (P, ) is a subset matrix ideal of (S, M).

The proof of both the theorems are direct and hence left as
an exercise to the reader.

Example 2.19: Let S = {Collection of all 1 x 7 row matrices
with entries from P(X) where X = {g, 1+g, 2g, 5g, 3g, 6g, 4g,
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2+3g, 5+6g, 1, 2, 3, 4, 5, 6, 3+2g, 6+6g, 5+5g, 4+4g}} be a
subset 1 x 7 row matrix semigroup under L.

Take P={(a; ¢ axpasdas)|aeP(X),1<i<4} = Shbe
the subset 1 x 7 row matrix subsemigroup of S under L.
Clearly (P, L) is not a subset 1 x 7 row matrix ideal of S.

For if A = ({3, 2g, 3g}, {5+5g, 4g}, {1+g, 2g, 3g}, {4+4g},
{6+6g, 5+5g}, {6g, 4g, 5¢g, 3g}, {1,2,3,4}) € S and B = ({2g,
5+5g}, ¢, {6+6g, 2+3¢g}, ¢, {1,2,3,4,5}, ¢, {1+g, 2g, 3g, 4g, 5g,
6g}) € P.

Wesee A U B = ({3, 2g, 3g, 5+5g}, {4g, 5+5g}, {1+g, 2g,
3g, 6+6g, 2+3g}, {4+4g}, {6+6g, 5+5¢g, 1,2, 3, 4, 5}, {6g, 4g,
5g,3g}, {1,2,3,4, 1+g, 2g, 3g,4g, 5g 6g}) ¢ P.

Thus {P, U} is only a subset 1 x 7 row matrix

subsemigroup of S and is not a subset 1 x 7 row matrix ideal of
S.

Example 2.20: Let S = {Collection of all 5 x 3 matrices with
entries from P(X) where X = {C(Z,0)}} be the subset 5 x 3

matrix semigroup under M.

Let P = {Collection of all 5 x 3 subset matrices of the form

{3g,1} 0 {2+2¢g,10,6,8}
¢ {5,6,7g} 0
{8+3g,2g} ¢ {1+2g,3g,4g}
) {,2,3,4,5,6,7} ¢
X {g,2¢g,3g,4¢g,5g} {1+2g,1+3¢g,1+4g,1+5g}

entries of P are form P(X)} < S; (P, M) is a subset 5 x 3 matrix
subsemigroup as well as subset 5 x 3 matrix ideal of (S, NM).

For take A € S and B € P, we see A N B € P, hence the
claim.
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Thus under all conditions if (S, M) is a subset matrix
semigroup. All subset matrix subsemigroup are subset matrix
ideals of (S, NM).

Example 2.21: Let S = {Collection of all subset 3 x 5 matrices
with entries from the powerset P(X) where X = {C (Zg) (g) =a
+bg|a be CZ) g =g} be the subset 3 x 5 matrix
semigroup under M.

Let P = {Collection of all subset 3 x 5 matrices with entries
from P(Zg) < P(X)} be the 3 x 5 matrix semigroup under M.
P is a subset 3 x 5 matrix ideal of S.

If the operation ‘"’ is replaced by U certainly; P is not a
subset matrix ideal of S.

Example 2.22: Let S = {Collection of all § x 8 matrices with
entries from P(X) where X = Q} be the subset 8 x 8 matrix
semigroup under N (or ). Clearly S is of infinite order. S has
subset 8 x 8 matrix subsemigroups and ideals under .
(However S has subset 8 x 8 matrix subsemigroups which are
not subset 8 x 8 matrix ideals of S under V).

Now we proceed onto define in case of subset matrix
lattices with entries from a power set P(X) the concept of
sublattice of subset matrices, ideals of subset matrices and
filters of subset matrices.

We just give an informal definition of these notions.

Consider S = {Collection of all m x n matrices with entries
from a powerset P(X) of the set X}, (S, U, M) is a lattice of
subset m x n matrices.

Let {P, N, U} < {S, U, N}, if P by itself is a lattice of
subset m x n matrices we define {P, N, U} to be the sublattice

of subset of m x n matrices or subset m x n matrix sublattice
of S.
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A subset (P, L) is a subsemilattice of subset matrices (S, W)
and forallp e Pands € S, p m's € P then P is defined as the
subset matrix ideal of the subset matrix lattice S.

If {F, n} is a subsemilattice of subset matrices and for all
s e Sand f € F; s U f € F; then we define F to be a subset
matrix of filter of the subset matrix lattice of S.

We will illustrate both the situations by some simple
examples.

Example 2.23: Let
{[a b}
g =
c d
be a lattice of subset matrices.

a b
Take P = {[ }
c d

{P, U} is a subset matrix ideal of S. {P, N} < S is a subset
matrix of sublattice of S.

a,b,c,d e P(X) where X={1,2,3,4,5,6}}

a,b,c,deP(Y); Y={1,3,5}} S,

Clearly P is not a subset matrix filter of S.

Forifs= ( 6. 2.3} ] andp= ({1’3} ¢ ] eP
{1,2,4} {4,6,5} 55 5.1
. o ~ [{1} ¢ ]
{P, n} is also a semilattice so s " p = eP
¢ {5

(3,6 (2.3 N
Cl1,2,4,50 14,6,5,1) =5

so P is not a filter of S.
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We see P is not a filter but P is a ideal of subset matrix
lattice.

Example 2.24: Let

a, a, a, a
1 2 3 4

S= [ J
a, a, a, ag

X=1{1,2,...,18}, 1<i<8}

a; € P(X);

be the subset matrix of lattice.

a; € P(Y);

Y={1,3,57,9,11,13,15,17}; 1 <i<8} < S; {P, U, N}
and {P, n, U} are just subset matrix sublattices of S.

{P, U} is a subset matrix ideal of S; {P, N} is not a subset
matrix filter of S.

Interested reader can find examples of subset matrix ideals
and subset matrix filters.

Now we proceed onto define subset matrix of a semigroup.

DEFINITION 2.3: Let S = {Collection of all m x n matrices with
entries from a semigroup P, under product x}. If for A, B € S
we define in A x B; the product of subsets as product operation
in the semigroup. Then (S, x) is again a semigroup called the
subset matrix semigroup of the semigroup (P, x). (The x can
be usual product of matrices or natural product x, of matrices).

We will illustrate this situation by some examples.
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Example 2.25: Let S = {collection of all 1 x 5 row subset
matrices from the subset of the semigroup P = {Z,, x}}.

Take A = ({0, 2}, {1}, {3,1}, {2,3}, {1,0})

and B = ({0,1,2}, {0,1}, {1}, {1,2},{3,1}) in S.

We see A x B = ({0,2}, {0,1}, {3,1}, {2,0,3}, {3,1,0}) € S.

Clearly ¢ ¢ S.

(S, x) is a commutative subset row matrix semigroup of the
semigroup {Zs, x}.

Example 2.26: Let S = {Collection of all 7 x 1 subset matrices
from the subsets of the semigroup {Zs, x}}, be the subset matrix
semigroup of {Zs, x}.

IfA=

{0,3} | [ {0,5,2} ]
{5,2} {1,2}
,2,3; and B = 34 are in S.
{5,1,4} {3,4,5}
{4,1} {1,4,2,5}
Z, | 12,3,4,0} |
{0,3}
{5,2,4}
{3,4,2}
AxB= e S.
{3,2,1,4,5}
{1,4,2,5}
Z6
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Example 2.27: Let

a}
S=4la, a; a,|| abelongs to the subsets of

a, ag a,

the semigroup {Zg, x}; 1 <1<9}

be the subset 3 x 3 square matrix semigroup of the semigroup
{Zg, X}.

Take
{0,1,2,3} {5,6,1} {4,2,6,0}
A= {0,3,7} {2,5} {6,7,1} | and
{0,1,4,6} Z, {3,6,7,1}

0,L4) {7,2} (5,6}
B=|{654 3,70 3,0} |inS,
Z, {312} {0,6,2}

{0,1,2,3,4y  {7.2,1,4,3} {2,4,0,6}
AxB=110,27543" 16237 {0,253} ¢S.
Zg Zg {0, 6’ 2” 4}

Example 2.28: Let S = {Collection of all 2 x 7 subset matrices
with entries from subset of {Z;, x}; the semigroup} be the
subset 2 x 7 matrix semigroup of the semigroup {Zs, x}.

Let A = ({0}, {1}, {1 2}, {1, O}, {2, O}, {1}, {2}) and
B = ({1}, {0,1}, {2},{0},{1},{2,1}, {2,0}) be in S.

We find A x B = ({0}, {0,1},{2,1},{0},{2,0},{2,1}, {1,0})
is in S. Thus S is a subset 2 x 7 matrix semigroup of the
semigroup {Zs, x}.
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Example 2.29: Let S = {Collection of all subset 4 x 2 matrices
with subsets from the semigroup {Z,, x}} the subset 4 x 2
matrix semigroup of the semigroup {Z;o, x}.

{5} {1,2,3,4}
3,4,5,6 2
LetA: { 2 b b } { 77}
{1,2,3,4,5) {7.8,6,1,9,4}
{4,2,0} {1

10,2,6,4,8} {1,3,5,7,9}
2 3
B= 12) 3 be in S.
{5,1,0} {9,1,2,6}

{7} {1,4,5}

10} {13,4,5,7,9,2,6,8}
6,8,2 6,1 ..
AxB= { ) 613 1sin S.
{5,1,0,2,3,4;  {7,8,6,1,9,4,3,2}

{8,4,0} {1,4,5}

Example 2.30: Let S = {Collection of all 5 x 2 subset matrices
from the subsets of the semigroup P = {Z;s, x}} be the subset
matrix semigroup of the semigroup {Z;s, x}.

[ {78}  {9,10,11} |
{12,13}  {14,5,0}
Take two subsets A, B € S where A= {1,2} {3,4,5}
{6,7,  {8,9,10}
11,12} {13,14,0} |

and
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[ {1,2,3,4}  {2,3} ]
(5,6,7,8y  {6,7}
B=1{9,10,11,12} {10,11}| € S.
{13,14,0,1}  {14,0}
| {2,345, (3,4} |

[ {7,14,6,13,8,1,9,2}  {3,12,5,0,7} |
{0,12,9,6,5,3,1,14}  {9,0,5,8}
AxB={9,10,11,12,3,5,7,9}  {3,10,14,5} | € S.

{6,0,3,9,7,18} {0,14,5,6}
{7,3,14,10,9,6}  {0,9,12,7,11}

Thus {S, x} is a subset 5 x 2 matrix semigroup of the semigroup
{ZISa X} .

Example 2.31: Let S = {Collection of all subset 2 x 5 matrices
with entries from the subsets of the semigroup {Z,, x}} be the
subset matrix semigroup of the semigroup {Zi,, x}.

LetA=({O’4’6} {4,6,7.8.1, {3} {13} {9})

1,2} it 5,04 7,23 {0}

andB=[{6’1} #1595 5.2 4 {O})beins.
8,9y {10, {3} {6} {7.9}

({0,4,6} {8,4,6,9,5,1} {6,15} {4} {9}]
AxB= e
{8,9,4,6} {10,1} {0y {6} {0}

Now we have seen several subset matrix semigroup of the
semigroup.

We now study the structure using the group.
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Example 2.32: Let S = {Collection of all subset 3 x 5 matrices
from the subset of the group {Z,, +}} be the subset matrix of the
group {Z7, +}.

{0y {12} {34y {1} {6}
LetA=| {2, {0} {5 {0} {2} |and
1,320 {1} 3,50 {61 3,2

1,20 0y {135 {623 (3
B=| {3} 1,2} {61} {5  {1,2,3,4}|beinS.
(1,2,3} {4,560 {12} {4,6,0} {0,3,5

Now
A+B=
{1,2} L2} {4,6,1,5,0,2}  {0,3,4} {2}
15,4} {1,2} {6,4} {5} {3,4,5,6}
12,3,4,5,6} {5,6,0} {4,6,2,5,0,3} {3,5,6,1,0} {4,3,6,1,2,0,5}

e S.

(S, +) is a subset matrix semigroup of the group.

Example 2.33: Let S = {Collection of all subsets 3 x 3 matrix
with entries from the subsets of the group {Z,, +}} be the
subset 3 x 3 matrix semigroup of the group order +; i.e., {S, +}
is a semigroup.

3.7} {0} {6,5}
LetA=| {1,2,3}  {0,6,8 {56,7,8,9! | and
10,1,0} {1,2,3,4,5} {6,7,8,9}
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(1,2}  {3,4,5,6,7) {8,9,10}
B=| {1 {0,,2,3,4} {56} |beinsS.
(7,8,9)  {10,11}  {0,1,2}

We find A +B=
14,8,9,5} {3,4,5,6,7} 12,3,4,1}
{0,1,2} {0,1,2,3,4,7,6,8,9,11,10} {11,0,10,1,2,3} | € S.
{7,8,9,5,6} {11,0,1,2,3,4} {6,7,8,9,10,11}

(S, +) is a subset 3 x 3 matrix semigroup of the group G.
Example 2.34: Let S = {collection of all subset 2 x 4 matrices
with subsets from the group G = {1, g, g%, ..., g’ where g° = 1};

under x} be the subset 2 x 4 matrix semigroup of the group
{G, x}. Letustake A and B in S where

A:( T g’ {2l {l,g,gs}]
Lg’.eg'} &) (& L

and

B {lLgt 1’ Lg {,g.¢g") S
e =

2 {gh) {1} {Lg.g’.g'}
AxB=
{ G {e.e%.¢") {lLeg’ g g ') {1,g4,g5,g3}}
{g.g’.¢.¢".g. b (g {g} {lg.g’.g’}

is in (S, x).

(S, x) is a subset 2 x 4 matrix semigroup of the group
G={glg'=1}.
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Example 2.35: Let S = {Collection of all subset 8§ x 1 matrices
from the subsets of the group (Z,+)} be the subset 8 x 1 matrix
semigroup of the group Z under ‘+’.

{0,1,-1} | (1,2} ]
{2,-3,6} {3,4}
{-8,-11,-5} {5,6}
Let A = & and B = 7.8} be in S.
-1 {9,10}
(0 (11,12}
(-7,8,9) (13,14}
| -10,12) | (15,16}
{0,2,3,1}
(5,6,0,1,9,10}
(-3,-2,6,-5,0,—1}
Now we find A + B = &9 e S.
{8,9}
{11,12}
{6,7,21,22,23}
(5,6,27,28)

Thus (S, +) is a subset 8 x 1 matrix semigroup of the group.
Clearly this semigroup subset matrix is of infinite order.

Now we proceed onto give illustration of substructures of
subset matrix semigroups.

Example 2.36: Let S = {Collection of all subset 2 x 2 matrices
with subsets from the group, {Q" \ {0}, x} be the subset 2 x 2
matrix semigroup of the group {Q", x}.
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Lo a | 123.45.7) 7.3} .
€ = an
5,8,11/2,7y  {347,54/3,10,11}
B IRCIE VO NEI ) B
{7,8,1} 1,2}
[ {4,8,12,16,20,28, 149,9,7421,34/21, |
3,6,9,15,21} 5\/?’5\[5}

AxB=

4,11/2,49}

(35,40,5,56,7,64,8,77/2, {347,54/3,10,11,22,

e S.

20,64/7,104/3}

Example 2.37: Let S = {Collectiin of all subset 3 x 2 matrices
with entries as subsets from the semigroup {Zis x}} be the
subset 3 x 2 matrix semigroup of the semigroup {Z¢, x}.

Take P = {Collection of all subset 3 x 2 matrixces with
subsets from the subsemigroup {0, 2, 4, 6, 8, 10, 12, 14} < Z s}
< S} be the subset 3 x 2 matrix subsemigroup of S.

8,4 {0,2}
LetB=|{2,4,6} {10,12}|and

14,0 {0}
(6,2} {4,6,8!

A= {0,4} 1{0,4,6,10,12} |  P.
{0,6,2}  {8,2,0}

0,8} {0,8,12}

AxB=| {08} {08,124} | €P.

{0,4,12 {0}
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Infact it can be easily observed; P is an ideal of S. For take
the same A € P and

3,52y {0,11,7,5
M=|{2,411,3} {0,13,15} |beinsS.
1,2,3,5  {7,11,9,13}

We find

(6,10,4,2,14,12}  {0,12,4,8,2,10,14}
Mx A= {0,8,12} {0,4,12,14,10,2,6} | < P.
{0,2,4,6,10,12,14}  {0,14,6,2,10,8}

Hence P is a subset matrix ideal of the semigroup we can
have subsemigroup which are not ideals in this case also.

Example 2.38: Let S = {Collection of all subset 6 x 1 matrices
with entries from the subset of the semigroup {Z,, x}} be the
subset matrix semigroup of the semigroup {Zyo, x}.

Take M = {Collection of all subset 6 x 1 matrices from the

subsets of the set {0, 5, 10, 15} < Z,o} be the subset matrix
subsemigroup of S.

{0} [ {510} |
{5} {10,5}
{10} {5,10,15}
For take A = and B = e S.
{5,10} {0}
{5,10,15} {10,5}
{0,5} | | 15,10,15} |
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{0}
{10,5}
Axp=| 100y

{0}
£5,10,0}

{0,5,10,15} |

We see M is also a subset matrix ideal of the subset matrix
semigroup of the semigroup S.

Example 2.39: Let S = {Collection of all subset 1 x 5 matrices
from the subsets of the group; G = {Z, +}} be the subset
matrix semigroup of the group G.

Take M = {Collection of all subset 1 x 5 matrices from the
subsets of the set {0, 2, 4, 6, 8, 10} < G} be the subset matrix
subset of S under ‘+’.

M is only a subset matrix subsemigroup and is not an ideal.

For if
X=({3,4,7}, {1, 5, 11}, {9}, {10, 11, 3}, {5,3,2, I, 11}) € S
and A = (12,4, 6}, {8, 10, 0}, {2, 4}, {6, 2}, {8, 10}) € M.

We see
X+A=({5172906,38, 10,11, 1}, {9, 11, 1, 3, 5, 11, 7},
{11, 1}, {4,0,5,1,9,5}, {1,11,10,9,7,3,0}) ¢ M.

So M is not a matrix subset ideal of the semigroup only a
subsemigroup.

Example 2.40: Let S = {Collection of all 3 x 1 subset matrices
of the subset of the group, (Z, +)} be the subset 1 x 3 matrix
semigroup under ‘+’. Take M = {Collection of all 3 x 1 subset
matrices of the set {27, +} < (Z, +)} < S. M is only a subset
matrix subsemigroup of S. Clearly M is not a subset matrix
ideal of S.
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{0,-3,9} {0,2,4,8}
X=|1{5-7,11} | eSandA=| {10,16,64} | e M.
{13,15,49} {120,-144,80}

{0,-1,1,5,9,11,13,17}
X+A= {15,21,69,3,9,57,21,27,75} ¢ M;
{133,-131,93,135,-129,95,169,-95,31}

so M is not a subset matrix ideal of the subset matrix
semigroup S.

Example 2.41: Let S = {Collection of all 6 x 1 subset matrices
with entries from the subsets of the group S;} be the subset
6 x 1 matrix semigroup of the group. Clearly S is a non
commutative subset matrix semigroup of finite order.

Let P = {(a;, a,, a3, a4, {e}, {e}) | a; € {subsets of the set e,
pi} 1 £1i<4} < S be the subset matrix subsemigroup of the
group Ss.

Take A and B in P where A = ({e, p1}, {p1}, {p1, e}, {e},
{e}, {e}) and B = {{p:}, {p1}, {e}, {e}, {e}, {e}) bein S. We
see A x B=({e, p1}, {e}, {p1, e}, {e}, {e}, {e}) € S.

Thus P is a subset matrix subsemigroup of the group S.
Clearly P is a commutative subset matrix subsemigroup of the
non commutative subset matrix subsemigroup. Further P is not
a subset matrix ideal of the subset matrix semigroup S of the
group S;. For take
M = {{e, pa}, {ps}, {ps}, {€, P4, Ps}, {p4 s}, {ps}) € S and
A =({pi}, {L pi}, {p1}, {p1), {e}, {e}) € P. AM = ({p: ps},
{ps P2}, {ps}, {P1> P2, P3t, {ps, Ps), {p3}) € P.

MA = ({p1 p2}, {ps P3} {P2}, {P1> P2, D3}, {P4, s} {P3}) € P.

We see MA # AM and P is not a subset matrix ideal of the
subset matrix semigroup S of the group S;.
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Take M = {Collection of all subset 6 x 1 matrices with
entries from the subsets of {e, ps, ps}} be the subset matrix
subsemigroup of S.

Example 2.42: Let S = {Collection of all subset 1 x 5 matrices
with entries from the subsets of the semigroup S(5)} be the
subset matrix semigroup of the symmetric semigroup S(5).

We see S is also non commutative subset matrix semigroup
of the symmetric semigroup.

Example 2.43: Let S = {Collection of all subset 3 x 3 matrices
with subsets taken from the group D,;} be the subset 3 x 3
matrix semigroup of the group D,;. Clearly S is a non
commutative subset matrix semigroup of the group D, .

Example 2.44: Let S = {Collection of all subset 7 x 1 matrices
with entries from the subsets of the group Sy} be the subset
7 x 1 matrix semigroup of the group S,y which is clearly non
commutative.

Example 2.45: Let S = {Collection of all subset 3 x 7 matrices
from the subsets of the group G = Sg x D, 7} be the subset 3 x 7
matrix semigroup of the group G. Clearly S is non
commutative.

Thus we can say in general a subset m x n matrix semigroup
can have zero divisors if and only if the semigroup over which it
is built has zero and the semigroup is also assumed to be under
product.

We will first illustrate this by some examples.

Example 2.46: Let S = {Collection of all subset 5 x 1 matrices
with subsets from the semigroup {Z;,, x}} be the subset 5 x 1
matrix semigroup of the semigroup {Z;;, x}. This subset
matrix semigroup has zero divisors and idempotents.
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{0} [{1,2,3,4,5,6} |
{2,4,9} {0}
Take A = {4} and B = {6,3} inS
{6} {4.8,2}
| {4.8) | {6,3,9}
(0]
{0}
we see A x B={0} | € Sisazero divisor in S.
{0}
|10}
)]
{1
Consider A= | {9} | € S.
{0}
L4
)]
{1}
We see A” = {9} | = A is an idempotent in S.
{0}
L4

Thus S has idempotents and zero divisors.

C 6 ]
{0,6}
Also take X =| {0}
{6}
10,6} ]

(0]
{0}
e Swesee X°= [ {0} |.
{0}
10}
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Thus we have seen S has idempotents, nilpotents and zero
divisors.

However now we are going to show S has elements which
can contribute to dual like special dual like number and special
quasi dual numbers.

- {6} | {0} ]
{0,6} {0}
Take X=| {6} | € S. Clearly X*=| {0} | so,
{0,6} {0}
| {6} | | {0} ]

this X can act for the generation of dual number a + bX as

X? = ({0}).

{9} 9} ]
{4 {4}
Now take Y = | {4} | e Swesee Y = | {4} | =Y.
{9} {9}
| {9} ] L {95

Now this Y can be used to get the special dual like numbers
of the form a + bY with Y> =Y.

8}] (4]
{3} 9
Finally consider Z= | {8} | € S. We see 7= {4 | =-Z,
{3} {9}
L8} L {9

hence Z can be used to get special quasi dual numbers.

So using subset matrix semigroup S we can have dual
numbers, special dual like numbers and special quasi dual
numbers.
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Example 2.47: Let S = {Collection of all subset 1 x 6 matrices
with entries from the subsets of the semigroup {Zss, x}} be the
subset 1 x 6 matrix semigroup of the semigroup {Zss, x}.

Take
AA = ({0, 6}, {0,12,6}, {0,12},{0,18}, {0,6,18}, {0,6,18}) € S.
We see A* = ({0}, {0}, {0},{0},{0},{0}) that is a + b A is the
dual number collection for varying a and b reals.

Infact S has zero divisors for
X = ({6}, {0}, {6, 12}, {12}, {18}, {0}) and

Y =({12, 18}, {3, 5,7}, {18}, {6}, {6, 12}, {1,2,3,4,5,6,
7}) are in S it is easily verified

X x Y = ({0}, {0}, {0}, {0}, {0}, {0}), so S has zero
divisors.

S has idempotents also, for take
X = ({9, 0}, {0}, {0}, {9}, {9, 0}, {9}) € S is such that

X* = ({09}, {0}, {0}, {9}, {0,9}, {9}) = X so this X can
serve as the special dual like number of S.

Take P = ({8}, {27}, {8}, {27}, {8}, {27}) € S is such that
P? = ({28}, {9}, {28}, {9}, {28}, {9})

= ({8}, {27}, {8}, {27}, {8}, {-27}) € S; so P can
serve as the special quasi dual element.

It is left as an exercise to find such elements in subset
matrix semigroup of a semigroup.

Example 2.48: Let S = {Collection of all 7 x 1 subset matrices
with entries from the subsets of the semigroup {Z;s, x}} be the
subset 7 x 1 matrix semigroup of the semigroup {Z;s, x}.
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[ 6,12} ] [ 45,10} ]
{0,3} {5,10,0}
{9,6,12} {5}
Take A=|{3,12,6} | € S; wehave B=| {10} |inS
{12} {5,10}
{6,0} {0,10}
1 {0,9,12} |  {0,10,5} |
such that
(o]
{0}
{0}
AxB=1{0}].
{0}
{0}
110} ]

Thus S has zero divisors.

(40,6} | 40,6} |
{10} {10}
{0,6} {0,6}
M= {10} | e Swesee M*= | {10} | =M € 8.
{6} {6}
{0} {0}
| {0,6} | | {0,6} |

So S has nontrivial idempotent.
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Example 2.49: Let S = {Collection of all subset 3 x 3 matrices
with entries from the subsets of the symmetric semigroup S(8)}
be the subset 3 x 3 matrix semigroup of the symmetric
semigroup S(8).

Clearly S has no zero divisors.

Example 2.50: Let S = {Collection of all subset 5 x 3 matrices
with entries from the subsets of the group S¢} be the subset 5 x
3 matrix semigroup of the group So.

Clearly S has no zero divisors or idempotents.

Now having seen examples of zero divisors subset matrix
structure we now proceed onto give examples of subset n x m
matrix semirings over a semifield or a semiring.

Example 2.51: Let S = {Collection of all subset 3 x 1 matrices
with entries from the subsets of the semifield Z" U {0}} be the
subset 8 x 1 matrix semiring of the semifield.

Let A= ({0}, {2,4,8,9, 1}, {8, 5}) and
B=({4,9, 8, 21, 28, 103, 148, 1}, {0}, {0}) be in S we see
A x B= ({0}, {0}, {0}) but A # (0) and B = (0).

So A, B is a zero divisor of S that is why we can say S is
only a semiring of subset matrices.

Clearly S is not a semifield. Further S is of infinite order.
Infact S is a commutative semiring.

Now we give examples of subset matrices from semirings
or semifields which are algebraic structures with two binary
operations.

Example 2.52: Let S = {Collection of all 2 x 5 subset matrices
with entries from the semifield
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be the subset matrix semiring of the semifield.

LetA:[{O’l’al} ) el O fa) ]and
{37} {as,az} {a,,a,} {aS} {1,32,37}

B {0,a,,a,} {a,} {a,,a,,a,} {a,,0,a;} {a,,0,1}
lacaga,) e 2,0 {a.0.a} {1

be in S. ‘“+’ is the lattice union and x is the lattice intersection.

A+B:({0,1,33734731} {a,} {aj.a,.asa,} {l} {awl}J
{a,} {ay,as}  {Laja,}  {a,asb {l}

and

AxB = {0,a;,a,,a,} {a;} {a,,a,,as} {0,a.,a,} {0,a,}
fasaya) faa) 08,8} 0a) {La,a})

Clearly A+Band A x B are in S.

Example 2.53: Let S = {Collection of all 5 x 11 subset
matrices with entries from the subsets of the semiring
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C8 |

be the subset 5 x 1 matrix semiring of the semiring.

[ {0,a} | [{a,b,c} |
{0,b,1} {1,0,d}
Let A=|{a,b,d} | and B=| {f,0,1} | bein S.
{c,d,0} {b,e,1}
| (dae} | |01 ]

{a,1}
{l,c,b,d}
AuB=|{lab,d}| €8S.
{l,e,b,c}
| {l.d,a,e} |
{0,a,f,e}

{0,b,c,d,1}
ANnB=|{a,b,d,1,0,f}| €S.
{0,¢,d}

| {d,a,e,0} |

Thus S is only a semiring.
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)] e} ]
{0} {a}
Forif X=|{d}|andY=|{e} | €S.
{b} {0}
| {e} ] 10}
(0]
{0}
Wesee XNY = |{0}|;
{0}
|10}

thus S has zero divisors which proves S cannot be a semifield.

Example 2.54: Let S = {Collection of all 1 x 4 subset row
matrices with entries from the subsets of the semiring

1

0

be the subset 1 x 4 row matrix semiring of the semiring.

{0} {a}
Let X = 3 and Y = ta} eSS,
{a} {b}
{1 {0}
{0}
wesee X XY = igi is a zero divisor so is not a semifield.

{0}
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Example 2.55: Let S = {Collection of all subsets of 1 x 7
matrices where the subsets are from the semiring

\

e

as

dayq as >

a

]

be the subset 1 x 7 matrix semiring. For S has zero divisors.
Take A = ({0}, {ai}, {bi}, {0}, {ac}, {as}, {0}) and
B = ({as}, {0}, {0}, {a;}, {0}, {0}, {1}) € S is such that
A n B = ({0},{0},{0},{0}, {0},{0},{0}). So S is only a
semiring. It is important to record at this juncture that even if
the entries of the subset matrix are from the subset of a semfield

still the resultant need not in general be a semifield in most
cases it is a semiring.

Example 2.56: Let S = {Collection of all subset 5 x 1 matrices
with subsets from the semifield




Subset Matrices | 53

be the subset matrix semiring. Clearly S has zero divisors S is
only a semiring and not a semifield though the subsets are from
the semifield.

Next we proceed onto give examples of subset m x n
matrices with subsets from a ring or a field.

Example 2.57: Let S = {Collection of all subset 3 x 2 matrices
with subsets from the ring Z;;} be the subset 3 x 2 matrix
semiring of the ring.

We see S in general is not a ring. S can only be a semiring.
For subsets under any inherited operations never form a group
only a semiring. But by this method we get many semirings.

We find for A, B € S.

{3,4} {6,2}
Let A=|{4,0,10} {8,9,1} |and
11,1} {3,2,5,4}

(5,2,7}  18,0,5,3}
B=| {1,2,3) {4,567 S.
{8,9,10} {11,0,3}

18,5,10,9,6,11}  {2,6,11,9,10,2,7,5}
A+B=1{56712311} {56,7.8,0,1,23,4}
(7,8,9,10,11}  {3,2,5,4,1,6,8,7}

{6,3,9,8,4} {0,6,4,10}
AxB=| {480,106} {84,0,9,57,6,3}|eS.
{8,9,10,4,3,2}  {9,0,6,10,3,7,8}

S is only a semiring for S has zero divisors.
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Let
{3} {6} {4,8,0} {2,4,6}
X=1{3,6} {0,9}|andY = {4} {4,8,0} | bein S.
{9,6} {4,8} {8,4,0} {3,6,9,0}
{0} {0}
XxY=]{0} {O}].
{0} {0}

Thus S is only a semiring and not a semifield.

Now we give some more examples of subset m x n matrix

semirings using fields.

Example 2.58: Let S = {Collection of all subset 2 x 7 matrices
with subsets from the ring Z;o} be the subset 2 x 7 matrix

semiring of the ring Z,.

S is only a semiring. S has zero divisors and idempotents; S

is not a ring or a field or a semifield.

Example 2.59: Let S = {Collection of all subset 4 x 2 matrices
with entries from the subsets of the ring Z} be the subset 4 x 2

matrix semiring of the ring Z.

Clearly S is of infinite order.

Let
B8 5.2 5= 3.2
a=| BTG g | TR s
0,5 {-13} Lo,~1}  {8,2}

{-3,2} {51} {0,-1,-2} {0,1,2,3}
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{8,—4} {8,0,3,5}
{0,6,3,9} {2,-3,12,17} o
A+B= isin S.
{1,0,-1,6,5,4} {7,1,5,11}

{-3,2,-4,-5,1,0} {-5,1,-4,2,-3,3,-2,4}

(15,-21} (15,-10,6,—4}
(-1,2,-7,14  {-63,72,-28,32} | . .
AxB= isin S.
{0,5: _5} {_8’ _23 69 24}

{0,37_23 67 _4} {_57 17 _4, 2: _3533 _27 4}

{0y {7.8,3

Let A= 5.2} 0 and
{0}  {3,-9}
{7.8 {0}
{6,3,-2} {0}
B= 0} 17,3,4,75; bein S.
{753’_5} {O}
{0} {8,0,—-40,-59}
{0} {0}
o o
{0} {0}]
{0} {0}

Thus S is only a semiring and not a semifield as S has zero
divisors.

Example 2.60: Let S = {Collection of all 5 x 2 subset matrices
with entries from the subsets of the field Zs} be the subset 5 x 2
matrix semiring of the field Zs.
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40,3} {0,1,4} ] (2,1} {4,1,2}]
2,34 4,01} {3 {43
LetA=|{4,1} {2,1} |andB=| {2} {4} | bein S.
{0y {314 {0,3 {20}
L2} 3.4 ] L {2
[42,1,0,4}  {4,1,2,3,0} |
{0,1} {4,3,2,0}
A+B =| {31} {0,1} e S.
{0,3} {0,3,1,4}
L {2,3} {0,1}
[{0,1,3} {0,4,1,2,3} ]
{1,4} {0,4,1,3,2}
AxB=| {32} {3,4} e S.
{0} {0,2,3,1}
| {L2} {1,3}
Thus S is a semiring for S has zero divisors.
0y ] (1,23} {0) ]
{2 {0 {0 3.4
A= {0} {,2,3}|andB=| {4,2} {0} |beinS.
{0y {43 {.2,3; {0}
L2 {0F L {0} {142}
{0} {0} ]
{0y {0}
It is easily verified A x B=| {0} {0} |.
{0y {0}
RUUBR{UY
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Example 2.61: Let S = {Collection of all subset 4 x 3 matrices
with entries as subsets from the field Q} be the subset 4 x 3
matrix semiring over the field Q. S is of infinite order S has
zero divisors so S is not a semifield.

Example 2.62: Let S = {collection of all subset 5 x 5 matrix
with entries from the subsets of the ring Z4,} be the subset 5 x 5
matrix semiring of the ring Zs. S is a semiring with zero
divisors and idempotents.

Example 2.63: Let S = {Collection of all subset 2 x 6 matrices
with entries from the subsets of the ring C(Z,)} be the subset
2 x 6 matrix semiring of the complex modulo integer ring
C(Z12). S has zero divisors and idempotents.

Infact using S we can get dual number g € S with g =0
and special dual like numbers g, € S with g’ = g; and special

quasi dual numbers g, with g5 = —g,.

Thus S is a rich structure in getting dual numbers, special
dual like numbers and special quasi dual numbers.

Example 2.64: Let S = {Collection of all subsets 3 x 2 matrices
with entries from the subsets of the ring C(Z,) (g) with g* = 0}
be the subset 3 x 2 matrix semiring of the ring C(Z;) (g).

{g.2g,4g} {0}
Let A= {5,2} {g,3,2} | and

{4,3,2g}  {2,3g}
{g.6g}  {2+2g,4+4g}

B=|{2+3g,2g} {3+2g,5+g} |beinS.
{4g.8} {2+g5g+1}

To find A + B;
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A+B=

{2g,0,3g,25¢} {2+2g,4+4g}
{3g,2+2g,5+2¢g,4+3g} {3+3g,5+2g,6+2g,g+1,5+2g,g}
{4+4g,3+4g,6g,4+¢g,3+g,3g} {4+¢g,2+4g,5¢g+3,g+1}

1sin S.
AxB=
{0} {0}
{3+g,3g,4+6g,4g} {3g,5¢,2+6g,1+3¢g,6g+4g,3+2¢g}|eS.
{2g,5g,4g,3¢g} {4+2¢g,3g+2,6g,3g}

This is the way operation are performed on S.

It is easily verified S is not a ring or a field or a semifield
only a semiring.

Infact the notion of subset matrices have paved way to
construction of infinite number of finite semirings.

Except for this we would not be having finite semirings
barring distributive lattices. We also get non commutative
semirings of finite order.

Example 2.65: Let S = {Collection of all subset 2 x 7 matrices
with entries from the complex modulo integer dual ring C(Z3)

(g, @) where g =g’ = g;g = gg; = 0} be the subset matrix
semiring of the ring C(Zs) (g, g1).

S has zero divisors units, idempotents, dual elements,
special dual like numbers and special quasi dual numbers.

Now having seen examples of semirings of subset matrices
we now proceed onto define / recall some properties enjoyed by
these rings.
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Some of these subset matrix semiring contain subsets which
are semifields or rings. Such structure study is interesting and
innovative.

Example 2.66: Let S = {Collection of subset 3 x 1 matrix with
entries from the semifield Q" U {0}} be the subset matrix
semiring of the semifield Q" U {0}.

S has zero divisors and no idempotents. S has substructures
like subsemirings and ideals. We can think of idempotents in
subset matrix semirings only when it is defined over Z,, C(Z,),
Z or Z, (g1, &, g3) or C(Z,) (g1, g, g) or Boolean algebra or
chain lattices or other distributive lattices. We have elaborately
discussed about these.

Now we can not give the set theoretic ‘U’ or ‘"’ when S is
built over semirings or rings or fields as the collection will not
contain the empty set. However by adjoing the empty set we
can give the set theoretic operations on them so that S becomes
a semiring.

To this end we will illustrate by some examples.

Example 2.67: Let S = {Collection of all subset 1 x 5 matrices
with entries from the subset ring Zs(g) with g = g} be the
subset 1 x 8 matrix semiring of the ring Zs(g).

Take S; = (S U ¢), now on S; give the two set theoretic
operation U and M then {S;, U, N} is semiring.

Let A = ({2 + 2g, 3g, 0}, {4g}, {3g+5, 2+2¢g, g}, {gts,
3g+l}, {g+l, 2g+2, 3g+3}) and B = ({g, g+3}, {3g + 2, 2+4g},
{3+2g: 4+4g5 g}a {Sg: 3g + 4}5 {g, 4g+27 2g + 3}) € Sl-

AUB=({2+2g3¢g,0,g, gt3}, {4g,3g +2,2 +4g}, {3g
+ 5, 2+2g, g, 3+2g, 4+4g, g}, {5g, 3g+4, gt+5, 3g+1}, {g, 4g+2,
2g+3, g+1,2+2g,3g+ 3}) € S,.

We can find A n B = ({9,195, {g}, {9}, {¢}) € Si.
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Thus (S;, U, M) is a semiring.

Example 2.68: Let S = {collection of all subset 2 x 5 matrices
with entries from the subsets of the ring Z,s(g) where g” = 0} be
the subset 2 x 5 matrix semiring of the ring Z;s (g), S; = (S v

).

Clearly this semiring has dual numbers, special dual like
numbers and special quasi dual numbers. S; has zero divisors,

idempotents and also S; is not a semifield.

:{ ¢ {10,g3g} {0.7g1} {2g+4,5g {3g1}]
{2g} {4+g  {3.5g) {1 ¢

B { 3y 2+g4 Bg+2} (Sg+l3g {12} |
{4g}  {2+3g} {g} {g.1} {3+4g} |

we find A UB

B [ (31 {10,g,3g,2+g,4} {3g+2,1,7g,0}
2g,4g}  {2+3gd+g} {3,8,5g}

{2g+4,5g,5g+1,3g} {1,2g,3g}}
{l,g} {3 +4g}

¢

AmB=[
o

o ¢ ¢ {1}}
ES].
o ¢ {} ¢

and
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A+B=
14,4 +¢,4+3g,12
gy Ubdrededeldte 0 0ge0
2+2g,2+4g}
{6g} {6+4g} {g+3,6g}
{7g+5,10g+1, {2,3g+1,
Sg+4,8¢g} 1+2g,5¢g}
{1+g,2} {3+4g}
Wesee A+B#A UB.

Now we find

AxB=

[{d)} {5+10g,2g,6¢2,10,4g,12g {3g+2} {l4g,0} {3g,l,2g}j
{0} {8+14g} {3g} {g} {0}

and A x B=A N B.

Example 2.69: Let S = {Collection of all subset 3 x 1 matrices
with entries from the subsets of the ring C(Z,) (g)} be the subset
matrix semiring of the ring C(Z,) (g).

We see S; = (S U ¢); we get entirely a very different subset
matrix semiring using S;.

Now having seen such examples of these new structures we
describe how a topology can be build using them.

We will take S = {Collection of all subset m x n matrices
with subsets from the semigroup or group or semiring or ring or
a field}.
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S has a semigroup structure if S we take a group or a
semigroup. S has a semiring structure if we take a semiring or a
ring or a semifield or a field.

Suppose S is a subset matrix semigroup of a semigroup.
Let P = S (P a proper subset of S).

Let M < S be a subset matrix subsemigroup of S. If for all
p € Pand m € M, mp and pm € P then we define P to be a set
subset matrix ideal of S. The same is true if the subset matrix
semigroup is built using the group.

We will first illustrate this situation by some examples.

Example 2.70: Let S = {Collection of all subset 1 x 4 matrices
with subsets from the semigroup (Z;,, )} be the subset 1 x 4
matrix semigroup of the semigroup (Z1,, x).

Take P = (({0,1,2}, {1,1}, {2,2}, {0,4,5}), ({0}, {0}, {0},
0Y), (19,23, 15,4, 21, 43,0, 11, {1, 2, 3, 4, 5), ({7, 6, 8, 9,
10Y, (11,0, 1,3,5), {7,9, 11,0} {2,4,6,8})} S.

Consider the subset matrix subsemigroup

M = {({0}, {0}, {0}, {03), ({1}, {1}, {1}, {1})} <.

Clearly P is a set subset 1 x 4 matrix ideal of the subset
1 x 4 matrix semigroup over the subset 1 x 4 matrix
subsemigroup M of S.

Example 2.71: Let S = {Collection of all subset 2 x 3 matrices
with subset entries from the semigroup C(Z,4)} be the subset 7 x
3 matrix semigroup of the semigroup C(Z,).

Lot M {({0} 0.2} {2}} [{0} 0} {0}}
@ oo o) s o
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({2} 0} {o,z}J [{2} 2 {0,2}} s
2r 2 e e 02 @2 )
be a subset 2 x 3 matrix subset of S.
. {{0} 0} {0}} {({1} n {1}]
oF op dop)” [l )
{({z} 2} {z}J [{0} 0.2} {2}) [{2} 0} {o,z}j
2o )l o o) e 2 @)

22 o
020 02 2 )]

be a subset 2 x 3 matrix subset of S. Clearly P is a subset 2 x 3

matrix set ideal of S over the subset 2 x 3 matrix subsemiring M
of S.

Take

Example 2.72: Let S = {Collection of all subset 2 x 4 matrices
with entries from the subsets of the semigroup Z¢ (g) with g* =0
under product} be the subset 2 x 4 matrix semigroup of the
semigroup Z¢ (g). Take S; = Z¢ a subsemigroup of Z¢ (g).

T = {Collection of all subset 2 x 4 matrix set ideals of S
over the subsemigroup Z¢ of Zs (g)} is the subset matrix set
ideal topological space of S over Z.

Suppose S, = {0, g, 2g, 3g, 4g, S5g} < Z¢g) be the
subsemigroup. T, = {Collection of all subset matrix set ideals
of the semigroup S} be the set ideal topological subset
semigroup of S.

We see both of them are distinct and are of finite order.
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We can as in case of usual semigroup define in case of
subset matrix semigroups also construct S-prime set ideal,
S-strong quasi set ideal and S-set ideal topological subset matrix
semigroup spaces [17-8].

We will illustrate all these situations by some examples.

Example 2.73: Let S = {Collection of all subset 8 x 1 matrices
with subsets from the semigroup Z,4 (g) where g* = 0} be the
subset 8 x 1 matrix semigroup of the semigroup {Z,4 (g), x}.

Let M = {Collection of all subset 8 x 1 matrices with
subsets from P = {0, g, 2g, ...., 23g}c Z,4 (g)} be the set ideal
subset matrix subsemigroup of the semigroup S over the
semigroup S; = Zy,.

Clearly every set ideal in M is Smarandache quasi set ideal
subset matrix of S relative to S; as N = {collection of all subset
8 x 1 matrices with subsets from S, = {0, 3g, 6g, ..., 21g} < P}
is a subset 8 x 1 matrix subsemigroup of M. Thus M is a
S-quasi set subset 8 x 1 matrix topological space of S relative to
the subsemigroup S, of S.

Example 2.74: Let S = {Collection of all subset 3 x 3 matrices
with subsets from the semigroup Z(g), x} be the subset 3 x 3
matrix semigroup of the semigroup {Z(g), x}.

Take P = {all subset 3 x 3 matrices with subsets from
{3Z(g), x} < {Z(g), x}}, P is a Smarandache quasi set ideal of
S relative to the subsemigroup S, {Z, x} < {Z(g), x}} for
P, = {all subset 3 x 3 matrices with subsets from {3Z, x}} is a
subsemigroup of P.

Next we proceed onto give examples of Smarandache
perfect quasi set ideal of a subset matrix semigroup.
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Example 2.75: Let S = {Collection of all subset 2 x 3 matrices
with subsets from Z3, (g)} be the subset 2 x 3 matrix semigroup
over the semigroup Zso (g).

Take P, = {0, 1, 2, ..., 29}, P, = {0, g, 2g, ..., 29g}; P; =
{0, 15}, P4 = {0, 15g}, Ps = {0, 10, 20} and Ps = {0, 10g, 20g}
subsemigroups of Zs (g).

Take M = {Collection of all subset 2 x 3 matrices with
subsets from {a + bg|a, b € 2730} < Z30(g)} be the subset 2 x 3
subsemigroup of S over Py, P,, ..., Ps.

M is the Smarandache perfect quasi set ideal subset 2 x 3
matrix of S over each P;, 1 <i1<6.

Example 2.76: Let S = {Collection of all subset 3 x 6 matrices
with subsets from {Z(g), x}, g* = 0} be the subset 3 x 6 matrix
semigroup of the semigroup {Z(g), x}.

P = {Collection of all subset 3 x 6 matrices with subsets
from {3Z(g), x}} be the set ideal of S with respect to the group
G={1,-1} c Z(g).

P is the strong set subset 3 x 6 matrix ideal of the semigroup
S over the group G of S.

Clearly this subset matrix semigroup has only one group
G={1,-1} < Z(g) so if Tg = {Collection of all strong set ideal
subset matrix semigroup of S over G} is the strong set ideal
subset matrix semigroup topological space of S over G.

Interested reader can construct several such examples of
strong set ideal topological spaces of a subset matrix semigroup
S.

Now we just discuss the advantage of defining subset m x n
matrix set ideals of semigroups (semirings) over subsemigroups
(or subsemirings or fields or groups or semifields).
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In the first case given a semigroup of subset m x n matrix
set ideals of a semigroup we can have only one topology
defined on it that is the usual topology with ‘U’ and ‘’,
however the other one with the new topology Uy and Ny
cannot be defined using subset semigroup.

Both the type of topologies can be defined on semirings; we
have several of them depending on the number of substructures
and with the appropriate algebraic structure on them.

Further for every one of such collection we can have two
topologies usual topology and the new topology only in case of
semirings.

Thus this is one of the advantages of using set ideal subset
matrix topological semirings.

We will illustrate these situations by some examples.

Example 2.77: Let S = {Collection of subset 1 x 5 matrices
with subsets from the semigroup Zs} be the subset 1 x 5 matrix
semigroup of the semigroup Zg.

Consider P = {Collection of all subset 1 x 5 matrices from
the subsets {0, 3} < Zs;} be the subset 1 x 5 matrix
subsemigroup of S.

Let

M = {Collection of all subset matrix set ideals of S over P};
{M, U, N} is a set ideal subset 1 x 5 matrix topological
subsemigroup of S over P.

We can give on M a new topology so that {M, Uy, Nn} is
the set ideal subset 1 x 5 matrix new topological space of S over
P.
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Suppose we have

X=(10,2}, {0, 2, 4}, {0}, {0}, {0, 4})
and Y = ({2}, {4}, {2, 4}, {0}, {4})

then X N'Y = ({0}, {4}, {$}, {0}, {4}) and
XuUY=({02}, {0,2,4}, {0,4,2}, {0}, {0,4}).

XY = ({0}, {0,2}, {0}, {0}, {0}) and
X Uy Y; has no meaning, because our underlying structure is
only a semigroup so has only one operation can be defined on it.

Thus for subset m x n matrix semigroups we cannot define
the concept of the new topology T.

We have only one topology using ideals of a subset matrix
semigroups and several topologies using set ideals of subset
matrix semigroups over subsemigroups.

We now show by an example or two the new topology on
the subset matrix semirings.

Example 2.78: Let S = {Collection of all subset 3 x 1 matrices
with entries from the subsets of the ring Z,} be the subset 3 x 1
matrix semiring of the ring.

Let T = {Collection of all subset matrix semiideals of S
including ¢, the emply set}; {T, U, N} is the subset matrix ideal
topological space semiring of S.

{T, Un, N} is the subset matrix ideal new topological
space semiring of S.

{0,2,4} {0,2}
Letx=| {0,4} | andy=| {6}
{2} {4,6}
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{0,4,8} {0,4,6,2}
xNyy=| {0} |and xuUyy=| {6,10}
{8,0} {6,8}

This is the way operation is performed.

{0,4,8} {0,2,4,6,8}
xyx=| {0,4} | #x. XUynXx= {0,4,8} # X.
{4} {4}

This new topology on subset 3 x 1 matrices of the semiring
is different from the usual topology for x My x # x and
X UN X # X in general.

Now we proceed onto illustrate by an example that this sort
of new topology can be defined as set ideal subset matrix new
topological space of semirings.

Example 2.79: Let S = {Collection of all subset 2 x 2 matrices
with subsets from the ring Z;o} be the subset 2 x 2 matrix
semiring of the ring Z;o.

T = {Collection of all set ideals of the subset 2 x 2 matrix
semiring over the subsemiring

a b
P =
{(c dJ
{T, Un, N~} is the new topological space of subset 2 x 2
matrix semiring over the subsemiring P.

Let X = [ 0.2,6) {4’2}j and
{0,4,8,6} {0,6}

a,b,c,de {0,2,4,6,8 Zy}}.
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v [{0,4,8} {0,2,6,8}J .
{0,6} {0,8}

{0,8,6,4} {0,4,2,6,8}
X [N Y =
{0,4,8,6} {0,8}

{0,2,6,4,8} {0,2,6,4,8}
XunyY= €
{0’ 4’ 6,8, 2} {0’ 6,8,4}

(T, Un, MN) = Ty is a new topological subset matrix ideal
topological semiring space.

Take S; = {0, 5} < Z¢ to be a subring of S.

P, = {Collection of all subset 2 x 2 matrices with entries
from the subsemiring S; = {0, 5} }.

Py is a subset 2 x 2 matrix subsemiring of S.

Take T = {Collection of all set ideals of subset 2 x 2 matrix
of S over the subset matrix subsemiring S, }

_ {({0} {0}j {{2} {2})} {[{0} {0}] [{2} {0}]}
oy o3 \2y 2n)]" oy 030y (03]
{({0} Mj ({0} {2}]} {({0} {0}] ({0} {O}J}
oy (o) oy o))" [Ltoy 103 N2y {oy)f
{({0} {0}) ({0} {0}} and 50 on)
oy {03) {0y {2 ‘
We see {T, Un, N} is a set ideal subset 2 x 2 matrix new

topological semiring space of S over the subset 2 x 2 matrix
subsemiring S;.
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We can have several such to new topological spaces by
varying the subset matrix subsemirings over which these are
defined.

Now it is left for the reader to define different types of new
topological set ideals using strong set ideal of subset semiring
collection, special strong set ideal new topological subset matrix
semiring space and other types of set ideal new topological
subset matrix semirings. It can be done as a matter of routine
with some appropriate changes.

Now we proceed onto suggest some problems for the
reader.

Problems
1. LetX=1{1,2,3,4,5}, and P(X) the power set of X.
. {al a, .. aé}

a, a; .. a,

subset 2 x 6 matrix.

a; € P(X); 1 <1< 12} be the

(i) Find the number of elements in S.
(i) Show (S, L) is a commutative semigroup.
(iii) Show (S, M) is a commutative semigroup.

a1 a2 a11
2. LetM=<|a, a; .. a,||aeP(C(Zy)1<i<33,
aZ3 a24 a33

X ={C(Z;y)=a+big|a, b e Zp,, i;=11}} be a collection
of all 3 x 11 subset matrices.

(i) Find o(M).
(i1)) Show (M, L) is a commutative semigroup.
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(iii)) Show (M, M) is a commutative semigroup.

Obtain some interesting properties associated with subset
matrices of a power set.

What can be benefits of studying such algebraic structure?
Find some nice applications of these new structures.

Let S = {Collection of all subset 3 x 2 matrices with
subsets from the semigroup {Z4o, x}} be the subset 3 x 2
matrix semigroup of the semigroup {Z4o, x}.

(i) Find the order of S.

(i) Can S have subset matrix subsemigroups which are
not subset matrix ideals?

(iii) Find atleast two subset matrix ideals of S.

(iv) Can S have zero divisors?

(v) Can S have S-idempotents?

(vi) Can S have S-units or units?

(vii) Find any other interesting property associated with S.

Let S = {Collection of all subset 3 x 6 matrices with entries
from the subsets of the semigroup {C(Zs), x}} be the
semigroup.

(1) Find order of S.

(i1) Find subset 3 x 6 matrix subsemigroups of S which
are not subset matrix ideals.

(iii) Find subset 3 x 6 matrix ideals of S.

(iv) Can S have zero divisors?

(v) Find idempotents and zero divisors of S.

(vi) Can S have S-zero divisors and S-units?

(vii) Is S a S-semigroup?

Let S = {collection of all subset 7 x 2 matrices with entries
from the subsets of the semigroup {C(Zy), x}} be the
subset 7 x 2 matrix semigroup with entries from the
semigroup {C(Zy), x}.
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(1) Find o(S).

(i1)) Can S have zero divisors?

(iii) Show S has idempotents.

(iv) Give an example of a subset matrix subsemigroup
which is not a subset matrix ideal.

(v) Can S have S-units?

9. Find some special features enjoyed by subset 1 x 9 matrix
semigroup built using C(Z,).

10. Find the order of S = {Collection of all m x n subset
matrices with entries from the subsets of the semigroup
Z,}, the subset m x n matrix semigroup (p prime).

(i) Ifpareplaced by t, t a composite number find o(S).
(i1) Find the order of S if Z, is replaced by C(Z,).
(1i1) Find the order of S if Z; is replaced by Z,(g) where

2
g =0.
(iv) Find the order of S if Z; is replaced by C(Z,) (g) such
that g* = 0.

11. Let S = {Collection of all subset 3 x 5 matrices with entries
from the semigroup {Z, x}} be the subset 3 x 5 matrix
semigroup of the semigroup {Z, x}.

(i) Prove S is of infinite order.
(i) Prove S has zero divisors.
(iii) Can S have idempotents?
(iv) Can S have S-zero divisors?

12. Let S = {Collection of all subset 5 x 1 matrices with entries
from the subsets of the semigroup {Q U{0}, x}} be the
subset 5 x 1 matrix semigroup with entries from subsets of
the semigroup {Q" U {0}, x}.

(1) Study questions (i) to (iv) of problem 11.
(i1)) Can S have units?
(iii) Can S have S-units?



13.

14.

15.

16.

17.
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Let S = {Collection of all 2 x 2 subset matrices with entries
from the subsets of the semigroup {(Q"U{0}) (g)}} be the
subset 2 x 2 matrix semigroup of the semigroup

{(Q'U{0}) (). %}

(i) Prove S has zero divisors.

(i) Prove S has a zero square subsemigroups.

(iii)) Can S have S-units?

(iv) Is it possible to have subset matrix ideals of S?

(v) Can S have subset matrix subsemigroups which are
not subset matrix ideals?

Obtain some special features enjoyed by subset matrix
semigroups of the semigroup {Q, x} or {R, x} or {C, x} or
{Q(g), x} or {R(g), x}, {C(g), x} where g’ =0.

Specify some special features enjoyed by infinite subset
matrix semigroup of {Z[x], x} (or {Q[x], x} or {R[x], x}
or {C[x], x} or {Z" [x] L {0}} or {Q"[x] L {0} }).

Let S = {Collection of all 7 x 3 matrices whose entries are
subsets from the semigroup of {Z, [x], x}

(1) Will the subset matrix semigroups of the semigroup
{Z, [x], x} be finite? Justify.

(i) Can S have zero divisors?

(iii) Can S have units?

(iv) Can S have S-idempotents?

(v) Can S have subset matrix subsemigroups which are
not subset matrix ideals?

Let S = {Collection of all subset 3 x 3 matrix semigroup
with subsets from the symmetric semigroup S(5)} be the
subset semigroup matrix of symmetric semigroup S(5).

(i) Find order of S.

(i) Prove S is a non commutative semigroup.
(iii) Can S have subset matrix ideals?

(iv) Is it possible for S to contain zero divisors?
(v) Can S have S-units?
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18. Let S = {Collection of all 3 x 3 subset matrices with
subsets from S(n), the symmetric semigroup} be the subset
matrix semigroup of the semigroup S(n).

(i) Find o(S).

(i) Prove S has no zero divisors.

(iii) Prove S is non commutative.

(iv) Can S have idempotents?

(v) Is S a S-subset matrix semigroup?

19. If in the problem 18 the 3 x 3 matrix is replaced by 5 x 3
matrix study questions (i) to (iv).

20. Let S = {Collection of all subset 2 x 5 matrices with entries
from the symmetric semigroup S(7)} be the subset matrix
semigroup of the symmetric semigroup S(7).

(i) Find o(S).

(i) Prove S is non commutative.
(iii) Can S have zero divisors?
(iv) Prove S can have units where

I= [{e} e el e {e}} is the unit in S.
{e} {e} {e} {e} {e}
{e} identity element of S(7). Clearly AxI=1x A=
Aforall A € S.

(v) Can S have idempotents?

(vi) Can S have S-units?

(vii) Can S have subset matrix subsemigroup which is
commutative?

(viii) Is S a S-semigroup?

21. Let S = {Collection of all subset 7 x 2 matrices with
subsets from the group {Z, +}} be the subset 7 x 2 matrix
semigroup of the group G.

(i) Find ideals of S.



22.

23.

24.

25.
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(i) Is S a S-semigroup?

(iii) Can S have zero divisors?

(iv) Can S have S-units?

(v) Can S have S-idempotents?

(vi) Does S contain subset matrix subsemigroups which
are not subset matrix ideals?

Let S = {Collection of all 3 x 7 subset matrices with entries
from the subsets of the group G = {Z,o, +}} be the subset
matrix semigroup of the group G.

(i) Find o(S).

(i1) Is S commutative?

(iii) Can S have subset matrix ideals?

(iv) If G is replaced by the semigroup P = {Z;, x},
enumerate all the special features enjoyed by S.

(iv) Differentiate both structure like units, S units, zero
divisors, S-zero divisors, idempotents and
S-idempotents when G is replaced by P = {Z, x}.

Let S = {Collection of all subset 3 x 7 matrices with entries
from the subsets of the group G = {Z,7, +}} be the subset
matrix semigroup of the group G.

(1) Study questions (i) to (iii) (given in problem 22).
(i) If Gisreplaced by P = {Z,7, x} study question (iv).

Obtain some special features enjoyed by subset matrix
semigroups over a group.

Let S = {Collection of all subset 4 x 3 matrices with
subsets from the semigroup P = Z,; x Zs x C(Z7) x Z4(g)}
be the subset matrix semigroup of the semigroup P.

(i) Find o(S).

(i) Find atleast three subset matrix subsemigroups of S.
(iii) Find atleast three subset matrix ideals of S.

(iv) Can S have S-zero divisors?



76 | Subset Polynomial Semirings and Subset Matrix Semirings

26. Let S = {Collection of all subset 5 x 2 matrices whose
subsets are from the group G = D, 7} be the subset matrix
semigroup over the group G.

(1) Find o(S).

(i) Can S have subset matrix subsemigroups which are
not a subset ideals?

(iii) Can S have S-zero divisors?

(iv) Can S have idempotents?

(v) Give some special properties about S.

(vi) Prove S is non commutative.

(vii) Can S be a S-semigroup?

27. Let S = {Collection of all subset 2 x 4 matrices with
subsets from the group G = S; x D,7 x (Z1; \ {0}, x)}} be
the subset 2 x 4 matrix semigroup over the group G.

(1) Find order of S.

(i1)) Can S have zero divisors?

(iii) Is S a S-semigroup?

(iv) Can S have S-subsemigroups?

(v) Isitpossible for S to have S-ideals?
(vi) Study (i) to (v) using H = S, alone.

28. Let S = {Collection of all subset 3 x 3 matrices with
subsets from Q" U {0}} be the subset 3 x 3 matrix
semiring.

(i) Is S acommutative semiring?
(i1) Is S a S-semiring?

(iii) Can S have zero divisors?
(iv) Can S have idempotents?

I {0y 0.5
v) IsA=| {1} {0,1} {0} | €S anidempotent of S?

0y 1
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29. Let S = {Collection of all 2 x 4 subset matrices with
subsets from the semiring

an alo
a9
ar ag
a6 >
g as
a3
a Ay

0 J

be the subset 2 x 4 matrix semiring over the semiring P.

(1) Find o(S).

(i) Is S a S-semiring?

(iii) Can S have zero divisors?

(iv) If P is replaced by the semifield

1

a
g
a7
e
a4
a3
a

0
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and S is defined over P study the above questions (i)
to (iii)

(v) Can S have S-units?

(vi) Can S have S-idempotents?

(vii) Can S have idempotents which are not S-idempotents?

30. Let S = {Collection of all subset 7 x 1 matrices with
subsets from the Boolean algebra B of order 32} be the
subset 7 x 1 matrix semiring over B.

(i) Find o(S).

(i) Can S have S-zero divisors?
(iii) Can S have S-idempotents?
(iv) Can S have S-ideals?

(v) Is S aS-semiring?

(vi) Can S have S-units?

31. Let in problem 30 the Boolean algebra B be replaced by a
chain lattice Cg =
1

a
0

Study question (i) to (vi) of problem 30 for this S over Cs.

32. Let S = {Collection of all subset 2 x 2 matrices with
subsets from the ring Z,} be the special subset 2 x 2
matrix semiring over the ring.

(1) Find order of S.
(i) Is S a commutative structure?
(iii) Can S have zero divisors?



33.

34.

35.
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(iv) Can S be a S-ring?
(v) Can S have S-ideals?

Let S = {Collection of all subset 8 x 1 matrices where
subsets are taken from the field Z;} be the subset 8 x 1
matrix semiring of the field.

(i) Find o(S).

(i) Find S-subsemirings.

(iii) Can S have S-idempotents?
(iv) Prove S has zero divisors.

Let S = {Collection of all subset 1 x 9 matrix subsets from
the field Q} be the subset 1 x 9 matrix semiring of the field
Q.

(i) Can S have zero divisors?
(ii) Can S have S-units?
(iii) Can S have S-ideals?

(iv) Can S have subset matrix subsemirings which are not
ideals?
(v) Is S a S-semiring?

Let S = {Collection of all subset 2 x 4 matrix, subsets from
the ring Q[x]} be the subset matrix semiring over of the

S-ring Q[x].

(i) Prove S is of infinite order.

(i) Can S have S-subset matrix subsemiring which is not
a subset matrix ideal?

(iii) Can S have S-ideals?

(iv) Can S have zero divisors?

(v) Can S have S-idempotents?

(vi) Can S have S-units?

(vii) Obtain some stricking features about S.
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36. Let S = {Collection of all subsets of 3 x 5 matrices with
subsets from Z;[x]} be the subset 3 x 5 matrix semiring of
the ring.

(i) Prove S is of infinite order.

(i1)) Can S have zero divisors?

(iii) Is it possible for idempotents to be in S?

(iv) Can S have units?

(v) Give two examples of subset matrix S-ideals in S.

(vi) Give two examples subset matrix S-subsemirings
which are not subset matrix ideals.

(vii) Give an example of a subset matrix ideal which is
not a subset matrix S-ideal?

37. Let S = {Collection of all subsets of 2 x 6 matrices with
subsets from the quasi dual like ring Z,(g) with g* = —g} be
the subset 2 x 6 matrix semiring of the ring Z,(g).

(i) Find the order of S.

(ii) Can S have zero divisors?

(iii) Can S have S-idempotents?

(iv) Find a subset matrix S-subsemiring of S.

(v) Find subset matrix S-ideals of S.

(vi) Find a subset matrix subsemiring which is not a subset
matrix S-ideal.

38. Let S = {Collection of all subset of 3 x 1 matrices with
subsets from the semiring

1 3
O
0 J

be the subset 3 x 1 matrix semiring.



39.

40.

41.
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(1) Find o(S).

(i) Find zero divisors in S.

(iii) Find units of S.

(iv) Find idempotents of S.

(v) Find subset matrix S-ideals of S.

(vi) Find subset matrix S-subsemiring of S.

Let S = {Collection of all subset 2 x 5 matrices with
subsets from the ring Zy (g1, g22) = g = & =0=gg =
2,21} be the subset matrix semiring of the ring Zy (g;,22).

(i) Find zero divisors of S.

(i1) Find o(S).

(iii) Can S have S-units?

(iv) Can S have subset matrix ideals which are not subset
matrix S-ideals?

(v) Can S have subset matrix S-subsemiring which are not
subset matrix ideals?

Let S = {Collection of all subsets of 1 x 8 matrices with
subsets from the ring C(Zy)} be the subset 1 x 8 matrix
semiring of the ring C(Zy).

(i) Can S have zero divisors?

(i) Find o(S).

(iii) Is S a subset matrix S-semiring?

(iv) Can S have subset matrix S-ideals?

(v) Can S have S-units?

(vi) Can S have units which are not S-units?

(vii) Can S have zero divisors which are not S-zero
divisors?

Let S = {Collection of all subset 5 x 5 matrices with
subsets from the field Z;9} be the subset 5 x 5 matrix
semiring of the field Zo.

(i) Find order of S.
(i) Prove S has zero divisors.
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42.

43.

(iii) Prove S has units.
(iv) Can S have S-units and S-zero divisors?
(v) Can S have subset matrix S-ideals?

Let S = {Collection of all subset 3 x 2 matrices with entries
from subsets from the semigroup Z;s} be the subset 3 x 2
matrix semigroup of the semigroup Z;s.

(1) Find all the set ideals of the subset 3 x 2 matrix
semigroup S.

(i) IfP={0,1} be the subsemigroup of Z;s. Find
collection of set subset matrix ideals T of S over P.

(iii) If P, = {0, 14, 1} be the subsemigroup of the
semigroup Z;s, find collection of all subset matrix set
ideals T, of S over P;.

(iv) Compare T with T,

(v) IfP,=1{0,3,9,12, 6} < Z5 be a subsemigroup of the
semigroup Z;s find the collection of all subset matrix
set ideals T, of S over P,.

(vi) If P; = {0, 5, 10} < Z;5 be the subsemigroup of Z;5
find the collection of all subset matrix set ideals T; of
S over Ps.

(vii) Compare T3, T} and T».

(viii) Using the ‘W’ and ‘"’ of subsets of these subset

matrix set ideals define topologies on them.

Let S = {Collection of all subset 3 x 7 matrices with
subsets from the semigroup Z;,(g)} be the subset 3 x 7
matrix semigroup of the semigroup Z;, (g).

(i) Take P, = {0, 6, 6g} < Zi, (g) a subsemigroup of the
semigroup Z;, (g). T; = {Collection of all set ideals of S
over P} be the subset matrix set ideal topological space
of S over P,.

(a) Find a basic set of T}.
(b) Find o(T)).
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Study question (i) of a and b for P, = {6, 0}, P; = {0, 6g},
Py= {1, 0}, Ps= {0, 11, 1}, Ps = {g, 0}, P; = {g, 1g, 0},
Pg=1{0,2,4,6,8, 10}, Py = {0, 3, 6, 9}, Py; = {0, 4g, 8g}
and P12 {0 3g9 6g, 9g}

44, Let S = {Collection of all subset 5 x 2 matrices with
subsets from the semigroup S = {C(Z) (g); x} g* = 0}} be
the subset 5 x 2 matrix semigroup of the semigroup S.

(a) Find the total number of set ideal subset 5 x 2 matrix
topological spaces of S over the appropriate
subsemigroup of S.

45. Let S = {Collection of all subset 1 x 7 matrices with
subsets from the semigroup S; = {Zs x Zs, x}} be the
subset 1 x 7 matrix semigroup of S;.

Study question (a) in problem 44 for this S.

46. Let S = {Collection of all subset 2 x 5 matrices, entries of
the matrices are taken from subsets of S(5)} be the subset
2 x 5 matrix semigroup of the semigroup S(5).

(1) Find all set ideal subset matrix topological spaces of S
over subsemigroup of S.

(ii)) How many are identical for the distinct
subsemigroups?

(iii) Find subset matrix set ideals of S over the group Ss
and find the related subset matrix set ideal topological
space.

(iv) Can S have a Smarandache quasi set ideal subset
matrix relative to a subsemigroup S; of S?

47. Obtain some special features enjoyed by Smarandache
perfect quasi set ideal subset m x n matrix semigroup S; a
subset m x n matrix subset semigroup with subsets from
the semigroup P.
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48.

49.

50.

51.

52.

53.

Study Smarandache perfect quasi set ideal m x n matrix
topological semigroup from subset matrix semigroup of a
semigroup.

Distinguish this (48 problem) from the set ideal topological
space of a semigroup.

Let S = {Collection of all subset 2 x 7 matrices with
subsets from the ring Z;3} be the subset 2 x 7 matrix
semiring of the ring Zs.

(i) How many subset 2 x 7 matrix subsemirings exist?

(1) How many set ideal subset 2 x 7 matrix over
subsemirings of S exist?

(iii) Construct the related topology on them.

(iv) Distinguish between set ideals of all subset matrix
subsemigroup topological space over S and that of the
ideals of the subset matrix subsemigroup topological
space over S.

Let S be the collection of all subset 3 x 2 matrix semiring
with entries from the subsets from the field Z;y. Study
questions (i) to (iv) of the problem 50.

Let S = {Collection of all subset 3 x 7 matrices with
subsets from the semifield Z" U {0}} be the subset 3 x 7
matrix semiring of the semifield.

(1) Find the ideal subset topological 3 x 7 matrix semiring
of the semiring S.

(i1) Find all set ideal subset topological 3 x 7 matrix of S
over subsets of S.

(iii) Prove S has zero divisors.

(iv) Can S have S-zero divisors?

Let S = {Collection of all subset 3 x 1 matrices with
subsets from the ring Z4, (g)} be the subset 3 x 1 matrix
semiring of the ring.
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(i) Find o(S).

(i) Can S have zero divisors which are not S-zero
divisors?

(ii1) Find the subset matrix ideal topological space of the
subset matrix ideals of S.

(iv) Find all the set ideal topological subset 3 x 1 matrix
ideals space of S over proper subsemirings of S.

54. Let S = {Collection of all subset 5 x 2 matrices with
subsets from the symmetric semigroup S(3)} be the subset
5 x 2 matrix semigroup of the symmetric semigroup S(3).

(i) Find o(S).

(i) Prove S is non commutative under the natural product
x, of matrices.

(iii) Prove S cannot have zero divisors.

(iv) Prove S is not a semifield.

(v) Find a strong subset matrix set ideal of the subset
matrix semigroup S.

(vi) Find a special strong subset matrix set ideal of the
subset matrix semigroup S.

(vii) Find the strong subset matrix set ideal topological
space of the subset matrix semigroup space T of S.

(viii) Find the special strong set ideal topological subset
matrix semigroup space T, of S.

(ix) Compare the T and T;.

(x) Can S have minimal set ideal topological subset
matrix semigroup space?

(xi) Can S have maximal set ideal topological subset
matrix space semigroup T4? (Justify).

(xii) Find the ideal topological subset matrix semigroup
space T, of S.

(xiii) Compare T, T, and T,.

(xiv) Find the prime set ideal topological subset matrix
semigroup space T; of S.

(xv) Compare T4 with Tj; can they be identical?

(xvi) Find the Smarandache set ideal topological subset
matrix subsemigroup space Ts of S.
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55.

56.

57.

(xvii) Find a Smaradache quasi set ideal topological subset
matrix subsemigroup space T of S.

(xviii) Find the Smarandache strongly quasi set ideal
topological subset matrix subsemigroup space of S.

Let S; = {Collection of all subset 3 x 1 matrices with
entries from the subsets of the semigroup Zgo} be the subset
3 x 1 matrix semigroup of the semigroup Z.

Study questions (i) to (xviii) of problem (54). (For
Question (iii) prove S; has zero divisors).

Let S, = {Collection of all subset 1 x 3 matrices with
entries from the subsets of the group G = D,;} be the
subset matrix semiring of the group G = D, ;.

Study question (i) to (xviii) in problem 54 for this S,.

Let S = {Collection of all subset 3 x 2 matrices with
subsets from the semiring

be the subset 3 x 2 matrix semiring of the semiring L.



58.

59.

60.

61.

Subset Matrices | 87

(1) Study questions (i) to (xviii) of problem 54 for this S.

(i) Construct T, Ty, Ty, ..., Ts in problem 54 the
topological space of subset matrix semirings.

(iii) Build on T, Ty, ..., Ts the new topologies with Uy and
M and distinguish the two topological subset matrix
spaces of the subset matrix semiring.

Let S = {Collection of all subset 2 x 5 matrices with subset
from the chain lattice Cyy =

1)
253

a
Lo,

be the subset 2 x 5 matrix semiring of the chain lattice Cy.

(1) Study all the questions mentioned in problem (54) by
replacing L by Cy.
(i1) Prove S has zero divisors.

Let S; = {Collection of all subset 2 x 4 matrices with
subsets from the ring Z,,} be the subset 2 x 4 matrix
semiring of the ring Zy. Study all the questions
mentioned in problem (54) for this S;.

Does S; enjoy any stricking properties as ring is used?
Justify.

Study problem (54) if Z,, is replaced by Z.

Let S = {Collection of all subset 7 x 1 matrices with
subsets from the field Z4;} be the subset 7 x 1 matrix
semiring of the field Z;.
Study questions mentioned in problems (i) to (xviii)
mentioned in problem 54.
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62.

63.

64.

65.

Let B = {Collection of all subset 3 x 3 matrices with
entries from the subsets of the ring Z»4 (g); g° = —g} be the
subset 3 x 3 matrix semiring of the ring Z,4 (g).

Study all the questions (i) to (xviii) of problem 54 for this
B.

Let M = {Collection of all subset 6 x 3 matrices with
subset entries from the mixed dual number ring Zy, (g, g1)
where g’ =g, 2 =0 g, g = g = 0} be the subset 6 x 3
matrix semiring of the ring.

Study all questions (i) to (xviii) of problem 54 for this M.

Let N = {Collection of all subset 9 x 1 matrices with subset
entries from the ring C(Zo) (g), g = 0} be the subset 9 x 1
matrix semiring of the ring C(Z) (g).

(1) Study questions (i) to (xviii) in problem 54 for this N.
(ii) Does N enjoy any other special properties?

For problems 60, 61, 62 and 63 find all the possible new
topologies that can be built on these subset matrix
semirings mentioned in those problems.



Chapter Three

POLYNOMIAL SUBSETS

In this chapter for the first time the authors introduce the
concept of polynomials with subset coefficients which will be
known as subset polynomials or polynomials subsets. Here we
define, describe and develop these new concepts.

DEFINITION 3.1: Let X be a set with say n-elements {a,, a,, ...,
ay}. 8= P(X) = {All subsets of X including X and ¢}. Take S[x]

kil .
= 12 ax
i=0

polynomial or polynomial in the variable x with coefficients
from S or polynomial subsets.

a; € P(X) = S}). S[x] is defined as the subset

As polynomials play a major role in almost all the fields of
science and more so in mathematics, we are forced to develop
the concept of subset polynomials as we have already developed
algebraic structures using subsets of a set or a semigroup or a
group or a ring or a field or a semiring or a semifield.

We will first describe the subset polynomials in the variable
x with coefficients from the subsets of a power set P(X) of the
set X.
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Example 3.1: Let X = {1, 2, 3,4} be the set.

S = P(X) = {power set of X}. S[x] = {Zsixi si € S} is
i=0

the subset polynomial in the variable x.

We show how the operations ‘U’ and ‘"’ are performed on
S[x]. Let p(x) = {1,2}x° + {3, 1,2} x> + {1, 4} x + {4} and
q(x)={1,2,3} x>+ {4, 2} x + {3} be two subset polynomials
in S[x].

px)Uqx)={1,2} x>+ {3, 1,2} X’ + {1, 2,3} x>+ ({1,4}
U {4,2)x + {4} U {3}

={12)x°+ {3, 1,2} X+ {1,2,3} x>+ {1,4,2} x + {4, 3}
e S[x].

Thus {S, U} is a commutative semigroup.

Now p(x) N q(x) = ({1, 2} N {1,2,3}) x> x x> + ({1,2,3} N
(1230 x X+ {14} N {123} xxxX*+ {4} N {1,2,3} x> +
(1,2} N {4, 20 x x + {1,2,3} N {42} x> x x + {1,4} N {42}
XXX+ {4 N {42} x+{12)n 3} X+ {3,12} N {3} £ +
(1,4} N 3} x + {4} N {3}

= {12} X+ {123} X+ {1} X+ o7+ {2} 0+ 2} x* +
{43+ {Aix+ {01+ 31X+ {O)x +

= {1.23x" + 23"+ {1231 + 2P+ ({1} u 3 X +
{41 x*+ {4} x.

= {1,23x" + {23x°+ {1,23}x° + 2}x* + {13} + {4}x° +
{4}x as o U {2} = {2} and ¢ X" = empty set ¢.

Clearly p(x) N q(x) € S[x]. Thus (S[x] M) is a commutative
semigroup.
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Further {S[x], U, N} is a distributive lattice of subset
polynomials of infinite order.

We see many differences

(1) Clearly S[x] can never become a ring.

(i1) S[x] can never be a group

(ii1) Maximum S[x] can be a semigroup under a
single binary operation, U or M.

(iv) S[x] with two binary operations can be a
semiring or a semifield.

v) Unless restrictions are made on degree of the
polynomials always S[x] is of infinite order.

Example 3.2: Let X ={1,2,3,4,5, 6} be aset; S=P(X) the
power set of X.

a; € S} be the subset polynomials.

S[x] = {iaixi

{S[x], U, N} is a semiring / lattice of infinite order.

Let p(x) = {1} X’ + {3,1}x + {3}
and q(x) = {2} x + {2} € S[x]

p(x) N q(x) = {1} N {2} (< x %) + (3,1} N {2}) (xx %) +
(3} N 2) O+ {1} N 2)x° + 3,1} N {2)x+ (3} N {2} =
d.

Thus we see in case of subset polynomials we can have
intersection of two non empty polynomials to be empty.

(We say two subset polynomials are subset zero divisors are
product empty if p(x) N q(x) = ¢).

This never occurs in usual polynomials unless the elements
are from Z,[x]; i.e., rings with zero divisors. Here even if the
rings have no zero divisors we still arrive at this conclusion.
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Instead of saying zero polynomial when we use subsets
from powerset of a set X we say empty polynomial.

In an analogous way we have an empty polynomial of
degree n which is as follows:

b =0x"+ox"" + .+ ox + ¢
We see p(x) U ¢ = p(x) and p(x) N ¢ = ¢

Also p(x) q(x) = ¢ can occur without p(x) = ¢ or q(x) = ¢;
this we call as subset zero divisors.

All these concepts happen to be true only in case of subset
polynomials whose coefficients are from the powerset P(X) of a
set X.

Example 3.3: Let X =1{1,2,3,4,5,6,7,8,9, 10} be the set;

S = P(X) the power set of X. S[x] the subset polynomial
semiring under U and M.

[S[x], U, N] has non empty divisors and is of infinite order.

Example 3.4: Let S = {Collection of all subsets of the lattice
Cy given by Cyy =

a
253

a3

I a3
0

and the empty set ¢}.
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S[x] be the subset polynomial S[x] = {Z:aixj

i=0

a; € S};

{S[x], U, N} is a subset polynomial semiring.

For take p(x) = {0,1,a3} x>+ {1,a4, a9, a6} x> + {a, ay, as,
a;} and q(x) = {1, ag, a7, ag}x’ + {a3, a, ajo, a1, a17}.

We find p(x) U q(x) and p(x) N q(x).

p(X) (% q(X) = {0,1,33} X3 + ({1,34,310,36} U {1’a69 a7, a9})X2
+ ({a1, az, a3, a7} U {as, a, a19, a11, a17})

3 2
=1{0, 1, a3} x” + {1, a4, a6, a7, a9, a9} X"+ {a, a, a3, a7, a0,
aj, a175 € S[x].

p(x) N q(x) = ({1, a3, 0} N {1, ag, a7, a0}) (X°) + ({1, a4, ajq,
36} M {1, ag, a7, ag}) (X4) + ({al, Ay, a3, 37} M {1, ¢, A7, ag}) X2 +
11, a3, 0} M {ay, as, ajo, ay1, ar7} X+ ({1, a4, a6, ajo} M {ay, as,
a0, a1, a17}) X° + ({1, s, a3, a7} M {as, a, a10, a1, a17})

= {1}x° + {1, a6} x* + {0)x° + {as} X’ + {aj0} X* + {a, a3}
= {1} X"+ {1, a6} x* + {a3} X + {ajo} X* + {ay, a3} € S[x].

It is pertinent to keep on record that we used only set
theoretic union and not the intersection and union of the lattice.
Suppose we use the union and intersection of the lattice C,y we
get the corresponding

4

p(X) ML CI(X) = {13 a6, 47, A9, A3, 0}X5 + {1, ae, a7§ dg,a10, a4}X
+ {a, a,, a3, a7, as, 329} X"+ {ay, a3, ajo, a11, a17, 0} X* + {1, @y, a3,
a0, a11, 17, A4, sy X~ T {a3, @y, 10, 411, A17, A7}

4

= {1, ag, 372, ag, a3, 0} X* + {1, ag, as, 3‘3" A9, a10} X T {a, a,
as, a6, a7, A9} X T {2, 0, a3, ajo, 11, 417} X° + {a, as, a7, a0, a11,
a7} € S[x]

We see p(x) N q(X) # p(x) N q(x). Thus we can have two
polynomial subset semirings.
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Now consider p(x) Up q(x) = {0, 1, a3} x>+ {1, a4, a9, a,
a;} X’ + {ay, ay, a3, a7} e S[x].

Clearly p(x) Ur q(x) # p(x) U q(x).

We see if we use other than powersets as coefficients for the
same set S[x] we get two different semirings of infinite order.

However the other sets must be any algebraic structure with
two binary operations.

Example 3.5: Let S = {Collection of all subsets of the Boolean
algebra B =

together with ¢}.

a; € S} be the subset polynomial semiring

S[x] = {iaixi

i=0
[S[x], W, M] is a subset polynomial semiring with usual set
theoretic union and intersection.

{S[x], UL, ML} is a subset polynomial ring with operations
of the Boolean algebra B.

Take p(x) = {f}x* + {d}x* + {0,d} and
q(x) = {e, 0}x* + {e} e S[x].

p(x) U q(x) = {f} X’ + {d} U {e, 0} X’ + {0, d} U {e}
={f} x>+ {0,d, e} x*+ {0, d, e}.
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p(x) N qx) = {f} N {e, 0} x> x x>+ {d} N {e, 0} x* x x* +
{0,d} N {e} + {f} N {e} X7+ {d} N {e} X’ + {0, d} N {e}

= {0+ {0 x {0 P+ ox + {0} X = {0 X

Now we find

p(x) Ur, q(x) = {f} x* + ({d} U {e, 0})x* + {0, d} Uy {e}
={f} x’+ {dc} X’ + {e, c}.

We see p(x) UL q (X) # p(x) U q(x).

Consider p(x) Ny q(x) = {f} N, {e, 0} x> + {d} N, {e, O} x*
+{d, 0} N {e, 0} x>+ {f} Ny {e} X’ + {d} N {e} x> + {0, d}
ML {e}

= {0}x” + {0} x*+ {0}x* + {0}x’ + {0}x* + {O}.

This is the zero subset polynomial. Thus a zero subset
polynomial will be of the form

p(x) = {0}x"+ {0}x"" + ... + {0} x + {0}.

We call if p(x) Ny q(x) = zero subset polynomial that is {0},
then p(x) is a zero divisor in S[x]. However the concept of
empty polynomial has no meaning in {S[x], U;, N.}. Likewise
the concept of empty subset polynomial is present in {S[x], U,
M} and this {S[x], U, N} has no relevance to the zero subset
polynomial. For if p(x) is a zero subset polynomial and q(x)
subset polynomial in S[x].

p(x) N q(x) need not be a zero subset polynomial it can be a
subset polynomial with coefficient {¢} and {0} or only {¢} or
only {0}.

We for any subset polynomial S[x] (S = P(X) or S a
semiring) we define degree of the polynomial p(x) € S[x] to be
the highest degree of x with non zero (non empty) subset
coefficient.
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Letp(X)=ap+ax+... +ax'
a; € S;0<i<twitha;# {¢} (or a,= {0}) then the degree of
the subset polynomial p(x) is ‘t’.

We will give some examples.

Let p(x) = {6, 1,2} X’ + {¢}x° + {5, 7,6, 1} X’ + {2,3, 1}
here {6,1,2}, ¢, {5, 7, 6, 1} and {2, 3, 1} € P(X) = S; where
X={1,2, ..., 10} be a subset polynomial in S(X).

The degree of the subset polynomial p(x) is x’ as the subset
coefficient is {6, 1, 2}.

Let p(x) = {0, ai} x* + {0} x° + {0, a}, @, a3} x* + {a, ag} €
S[x] where S = {Collection of all subsets of the lattice C;o =
1)
a1

a

a; p

o)

under Ny and Uy operation.

However if p; (x) = {0}x° + {a;, a, 0} x* + {a;, a5, a3} €
{S[x], U, N} the degree of p(x) is 5 and degree of pi(x) in
{S[x], UL, Nr} is four.

However pi(x) € {S[x], N, UL} and degree of p,(x) is four.
The concept of degree of the subset polynomial can be easily
got depending on the context. Thus this task is simple. We do
not accept zero {0} as the coefficient in case of {S[x], UL, N.}.

Now we proceed onto give examples of subset polynomial
semirings.

Example 3.6: Let S = {Collection of all subsets of the lattice
L =
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and S[x] the subset polynomial semiring. {S'[x], U, N} where
S'[x] means ‘¢’ set is included in S and {S[x], N, UL} be
another subset polynomial semiring. The reader can easily find
degrees of any subset polynomial in S[x] or S'[x].

Example 3.7: Let S = {Collection of all subset of the lattice L =
L, x L, where
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{S[x], YL, N} and {S'[x], U, N} be the subset polynomial
semirings.

Now we can define subset polynomial subsemirings of a
subset polynomial semiring. We can also define subset
polynomial ideal of S[x].

DEFINITION 3.2: Let S/x] be a subset polynomial semiring. Let
P < S/x]; if P is also a subset polynomial semiring under the
operations of S[x] we define P to be the subset polynomial
subsemiring of S[x]. If P in S[x] is such that for all a(x) € S[x]
and p(x) € P. p(x) a(x) and a(x) p(x) are in P then we define P
to be the subset polynomial ideal of S[x].

We will first illustrate both the situations by some
examples.

Example 3.8: Let S = {Collection of all power sets from the set
X={1,2,3}}. S[x] the subset polynomial semiring

P = {Z:aixi a; € {power set of {1, 2}} < S[x] and P is a

i=0

polynomial subset subsemiring. Clearly P is also a polynomial
subset ideal of S[x].

Example 3.9: Let S = {Collection of all subsets of X = {1, 2,
..., 10} together with X and ¢} = P(X).

S[x] the polynomial subset semiring.

a; € {Collection of all subsets of Y

i=0

Consider P = {Z ax'
where Y = {2, 4, 6, 5, 8{ < X} =P(Y)} < S[x]. P is a subset
polynomial subsemiring of S[x]. Infact P is a subset polynomial

ideal of S[x].

Inview of this we have the following theorem.
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THEOREM 3.1: Let
S={PX); X=1{1, 2, ..., n}} = {Powerset of X}. S[x] the subset

a; € P(Y) = {powerset of

i=0

polynomial semiring. P = {Z:aixi
Y, Yis subset of X}} < S[x] is a subset polynomial ideal of S[x].
Proofis direct hence left as an exercise to the reader.

Example 3.10: Let S[x] be the subset polynomial semiring with
coefficients from S = P(X) where X = {1, 2, ..., 18}. Take P =
{All polynomials of degree less than or equal to 19 in S[x]} <
S[x].

P is a subset polynomial subsemiring of S[x]. However P is
not a subset polynomial ideal of S[x].

Forif p(x)={9,2,8, 1} x"" + {3, 10, 17} x + {4,5} € P.
Let a(x) = {5, 2} x'*+ {7, 8, 4} € S[x].

We see a(x) N p(x)

=({9,2,8,1} N {5,2) x* +{3,10,17} N {5, 2} x"" +
{4,5) " {5,2} x4+ {9,2,8, 1} n {7, 8,4} x"* + {3, 10, 19} N
{7,8,4} x+ {4,5} n {7, 8, 4}

=2} x4+ {5 x""+ {8 x” + {4} ¢ P. SoPisnota
subset polynomial ideal of S[x].

Inview of this we have the following theorem.

THEOREM 3.2: Let S[x] be a subset polynomial semiring with
coefficients from S = P(X) where X = {1, 2, ..., n}. A subset
polynomial subsemiring in general is not a subset polynomial

ideal of S[x].

Proof follows from the fact that if P[x] = {Collection of all
subset polynomials of degree less than or equal to n, n a fixed
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positive integer} < S[x] it is easily verified that P[x] is only a
subset polynomial subsemiring and not a subset polynomial
ideal of S[x].

Inview of this we see we have a class of subset polynomial
subsemirings which are not subset polynomial ideals of S[x].

Now having seen the concept of subset polynomial
subsemirings and ideals in powerset coefficient polynomials we
proceed onto study this concept in case of powersets replaced
by semirings.

Example 3.11: Let S [x] = {Z:aixi a; € S = {Collection of all
i=0

subsets of the semiring L =

be the subset polynomial semiring.

a; € {to the collection of all subsets of

Take P[x] = {Zaixi

i=0

the subsemiring {j, h, I, 0} < L} < S[x]; it is easily verified P[x]
is a subset polynomial subsemiring as well as subset polynomial

ideal of S[x].
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a e {l,a,bc,d e f, g} cL} be

Take P[x] = {Z:aixi
i=0
the subset polynomial subsemiring of S[x].

Clearly Py[x] is not a subset polynomial ideal of S[x] for
take s(x) = {0, h, j} x> + {i, j} in S[x] and
p(x) = {g, 1, a} x + {b, ¢, d} in Pi[x], we see s(x) M. p(x)

= {0, h’.]} ML {ga la a} X4'X+ {1,_]}(_\]_ {g’ 1, a} x+ {05 h’_]}
ML {b’ c, d} X3 + {I’.]} ML {ba c, d}

={0,h,j} X+ {i,j} x+ {0, h,j} X’ + {L,j} & Py[x].
Hence the claim.

However if we take M and U of subsets we see p(x) s (x) €
Py[x] as the product p(x) s(x) is the empty subset polynomial of
P][X].

So we see in {S; [x], N, U}, P[x] is a subset polynomial
ideal of S;[x]; however in {S[x], N, UL}; P[x] is not a subset
polynomial ideal of S[x] only a subset polynomial subsemiring.

We see by using the operation mp and g the subset
polynomial subsemiring cannot be made into a subset
polynomial ideal and however using the operation {S[x], U, N}
we get P[x] is also a subset polynomial ideal of S[x]. This is
one of the marked difference between these two subset
polynomial semirings.

Let us now study subset polynomial semirings over the
semifields of characteristic zero.

Example 3.12: Let S[X] = {Z:aixi a; € S = {Collection of all
i=0

subsets of the semifield Z" U {0}} be the subset polynomial
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semiring with coefficients from the subsets of semifield
7" U {0}.

Let P[x] = {iaixi

i=0

a; € P = {Collection of all subsets of

the semiring 5Z" U {0}}} < S[x].

P[x] is a subset polynomial subsemiring as well as a subset
polynomial ideal.

Infact S[x] has infinite number of subset polynomial
subsemirings which are ideals. Also S[x] has infinite number of
subset polynomial subsemirings which are not ideals.

a; € P = {collection of all subsets

For take P,[x] = {Z ax'

i=0

of the semiring nZ" U {0}; n a positive integer} = S} < S[x] is

a subset polynomial subsemiring which is a subset polynomial
ideal.

a; € S or any collection of subsets

Take P"[x] = {Zaixi

i=0

from any subsemiring mZ" U {0} (m an integer)}. n < o and
P"[x] contains only subset polynomials of degree less than or
equal to n. Clearly P"[x] is a subset polynomial subsemiring of
S[x] which is not a subset polynomial ideal of S[x].

Example 3.13: Let S[x] = {Collection of all subsets coefficient
polynomials in the variable x from the subsets of the semifield
Q" U {0}} be the subset polynomial semiring. S[x] has infinite
number of subset polynomial subsemirings which are not subset
polynomial ideals.

a; € {Collection of all subsets of

For take P[x] = {Zaixi

the semifield nZ" U {0}}} < S[x]. P[x] is only a subset
polynomial subsemiring and not an ideal; n a positive integer.
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We can vary n in Z" and we get infinite collection of subset
polynomial subsemirings which are not subset polynomial
ideals.

However it is pertinent to keep on record that if we replace
{S[x], UL, N} by {S[x], U, N} then under U and M they are
ideals. Having seen these properties we extend to give some
more examples.

Example 3.14: Let
S = {Collection of all subsets of the semiring R" U {0}}.
S[x] be the subset polynomial ring.

a; € {Collection of all subsets of

Take P[x] = {iaixi

i=0

Q" U {0}} < S}} < S[x]; {P[x], UL, M} is only a subset
polynomial subsemiring of S[x], however P[x] is not a subset
polynomial ideal of S[x]. Suppose ¢ is taken in S and {S'[x], U,
N} (i.e., € S') be the subset polynomial semiring.

{P'[x], U, N} be the subset polynomial subsemiring of
S’[x]; then clearly P'[x] is the subset polynomial ideal of S'[x].

We have infinitely many subset polynomial subsemirings in
{S[x], LL, M.} which are not subset polynomial ideals of
{S[x], WL, Nr}. Also {S'[x], U, N} has subset polynomial
ideals.

Interested reader can study these structures.

Now having seen examples of both infinite subset
polynomial semirings using powerset of a set X or a semiring
we now proceed onto develop techniques of solving subset
polynomials.

We call a; + a,x as linear subset polynomials where a;, a, €
P(X) as we cannot have the concept of inverse or unit in case of
powersets; for X " A=A forall A € P(X) and A n ¢ = ¢ for
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all A € P(X). Au ¢ =A, XU A =X; we cannot have inverse
of a subset in P(X). Suppose

p(x)={1,2,3} x+{2,5,1} and q{x} = {2, 4,6} x + {6, 7,
8} where {1,2, 3}, {2, 5, 1}, {2, 4, 6}, {8, 6,7} € P(X) where X
={1,2,3,...,10}.

p(x) x q(x) = ({1,2,3} x + {2, 5, 1}) x ({2, 4, 6} x + {6, 7,
81)

= {2} X"+ {2} x+ {9}

To solve the equation we can have several ways of reducing
this as two linear subset polynomials.

We give few of the solutions.

({2}x+{4,8,6}) ({2}x+{2,7})
= {2¥x*+ {2}x + ¢.

So {2}x+ {4, 8,6} =p; (x) and
{2ix+ {2, 7} =q ().

({2,4,8) x + {8}) ({2, 6,9} x + {2, 6})
= {2} x>+ dx + {2}x + .

So that p, (x) = {2, 4, 8} x + {8}
and q, (x) = {2, 6,9} x+ {2, 6}.

Take ({2,4}x + {5}) ({2} x + {6, 2})
= {2} + 2}x+ ¢

thus p; (x) = {2, 4} x + {5}

and q; (x) = {2}x+ {6, 2}

and so on.
We have many ways of reducing a given second degree

subset polynomial with subset coefficients from a power set
P(X) of the set X.
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This is the marked difference between usual polynomials
and the subset polynomials. Thus the breaking of a nth degree
subset polynomial linearly is not unique we have several ways
of doing it. So we can think of any analogous concept like for
fundamental theorem of algebra which says every nth degree
polynomials has n and only n roots which can be equivalently
termed as every nth degree polynomial can be written uniquely
except for the order as the product of n linear polynomials of
course repetition is accepted.

Let us consider two polynomials

({33x+{6}) ({3}x+{6})

{31+ {6}

=({3,2}x + {6}) ({2,5}x+{6,9})

= {2}x* + {6}

=({8,2, 1}x+{6,4,5})x({9,3,2} x+ {6,7})
= {2} x>+ {6} and so on.

So we see even a second degree subset polynomial equation
of this simple form has several ways of decomposition. Infact
the larger the X we take the powerset P(X) give more and more
decompositions the smaller the set, the lesser number of linear
decomposition as the product of linear subset polynomials.

Consider p(x) = ({1, 2, 3}x + {4, 5}) ({1,2,5}x+ {9, 10})
({1, 2, 7}x + {8, 7}) where {I1, 2, 3}, {4, 5}, {1, 2, 5}, {9, 10},
{1, 2, 7} and {8, 7} are in S = P(X), where X = {1, 2, 3, ...,
15}.

p(x) = ({1,2,3}x + {4, 5}) ({1, 2}x* + dx + ¢x + ¢)
= {12}’ + x> + dx + ¢
={1,2} x°.

Thus we see polynomials of the form p(x) = Ax"; with A €
P(X) can be factored into subset linear polynomials.

Let p(x) = {1, 4, 6, 8} x° then p(x) = ({1, 4, 6, 8}x + {2})
({1,4,6,8,7}x + {3}) ({1, 4, 6,8, 5}x + {10}) ({1, 4,6, 8, 5,
12Vx + {11}) ({1, 4, 6, 8, 13}x + {13}); where {10}, {11}, {3},
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{2}7 {13}7 {17 47 6, 8}7 {174’ 6’ 8, 5}’ {1,4’ 6’ 8, 7}7 {174, 6’ 87
5,123, {1,4,6,8, 13} € P(X).

Thus this is the marked difference between usual
polynomials and subset polynomials. For p(x) = X", we write it
clearly as p(x) = x.x.X. ..., X = X", but if p(x) = {A}x" where
A e P(X) we can break it linearly into n terms and n of them
distinct.

A natural question would be can we have linear
decomposition for p(x) = Ax" for any n or does it depend on X
of P(X). The answer is the decomposition of p(x) = Ax" is
highly dependent on the cardinality of X and the n.

For if we take X = {1, 2, 3} and p(x) = {2, 1} x* then we
cannot break it as 4 distinct linear subset polynomials.

For p(x) = {2,1} x*

=({L2}x+¢) ({1, 2,3} x + {3}) ({1, 2}x + {$)} ({1,2, 3}
x+¢).

We see only two of them are distinct that also in a very
different way so p(x) = Ax" may not be decomposable as
distinct linear factors.

It is left as open problems.
Problem 3.1: If X = {a, a, ..., a,} and AX" = p(X); m > n,
A € P(X) then can we decompose p(x) into linear subset

polynomials which are distinct?

If m < n, is it always possible to decompose p(x) into
distinct m linear subset polynomials?

Now we proceed onto state the problem.

Problem 3.2: Let P(X) be a power set of X where |X| = n.
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Let p(x) = Ax™ + B, A, B € P(X) m < n. Can p(x) be
decomposed into distinct linear subset polynomials in S[x]
where S = P(X)?

We leave these two open problems for any researcher.

Example 3.15: Let S[x] = {Z:ap(i a; € {Collection of all

i=0

subsets of the semiring Cys =L =

a

a

a

Iaz3
0 /J

be the subset polynomial semiring.

Take p(x) = {as}x* € S[x]; if possible.
p(x) = (fag}x + {ar}) ({ae ar} x + {a3})
= {as}x” + {as, a3}X + {ag}x +{a;} so we cannot present in

this way.

We are at a problem of finding a possible linear distinct
decomposition of subset polynomials.

This is also left as an open problem.

Problem 3.3: Let S[x] = {Z a,x'|a; € {Collection of all

subsets of a chain lattice C, =L =
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a4

a

2 b

I an-2
0 J

be a subset polynomial semiring.

(i) Can p(X) = Ax" + B where
A, B € S = {Collection of all subsets of the chain lattice C,=L}
be linearly decomposed into distinct subset polynomials with
coefficient from S?

(ii) For what values of n and A € S we can solve p(x) = Ax"
into distinct linear subset polynomials in S[x]?

Suppose in problem 3.3, L is replaced by Z" U {0} can we
solve p(x) =Ax" and p;(x) = Ax" + B where A, B € S as distinct
linear decomposition of subset polynomials?

Example 3.16: Let S[x] = {Z:aixi a; € {Collection of all

subsets from the semiring Z" U {0}}} be the subset polynomial
semiring. Let p(x) = {2, 4, 3} x* + {8, 9, 10, 11} e S[x].
p(x) = ({2,4,3}x + {8,9,10, 11}) ({2, 4, 3, 19} x + {8, 9, 10,
11, 18}) ({2, 4, 3, 25}x + {8, 9, 10, 11, 27}) ({2, 4,3,4,0)x +
{8,9,10,11,90}); that is p(x) is linearly decomposable into four
distinct linear subset polynomials.

Inview of this we see p(x) = Ax" + B; A, B € S can be
decomposed linearly into n linear subset polynomials. This is
possible as the cardinality of the semiring is infinite, that is
Z" U {0}.
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Example 3.17: Let S[x] = {Zaixi a; € {Collection of all
i=0

subsets of the semiring Q" U {0}}} be the subset polynomial
semiring.

All subset polynomials of the form Ax" + B = p(x) and
q(x) = Ax™ are linearly decomposable as distinct linear subset
polynomials.

However if Z" U {0} or Q" U {0} is replaced by P(X),
power set of a finite set X or by a chain lattice L of finite order
or by a any distributive lattice of finite order both the subset
polynomials p(x) = Ax" + b and q(x) = Ax" are not linearly
decomposable for all m and n.

Problem 3.4: It is left as an open problem to find the highest
values of m and n in the subset polynomials p(x) = Ax" + b and
q(x) = Ax™ A, B € S = {Collection of all subsets of a semiring
of order t} so that the subset polynomials are not linearly
decomposible for all m and n when

()t>mandt>n
(it<mandt<n

(i) t=m=n
(iv)t>mand t<n and
(v)t<mandt>n.

Now one of the interesting features about these subset
polynomials is for a given nth degree subset polynomial we
have two possibilities.

(i) The nth degree subset polynomial can be linearly
decomposable into n distinct subset polynomials in
many ways.

(i) Sometimes of nth degree polynomial may not be
linearly decomposable into distinct subset polynomials
only as repeated linear subset polynomials.



110 | Subset Polynomial Semirings and Subset Matrix Semirings

Thus we see subset polynomials behave in a very different
way from the usual polynomials. Further we cannot write a
value for x, however we can only say with some subset
coefficient we have a related subset associated with it.

At this stage the usual way of solving polynomials is not
possible.

We proceed onto construct examples of subset polynomial
rings over fields and rings.

In the definition of a subset polynomial semiring if the
semiring or the powerset is replaced by a ring still we get only a
subset polynomial semiring (The same is true if the semiring is
replaced by a field).

Example 3.18: Let
S = {Collection of all subsets of the ring Z,}.

S[x] = {Z:aixi a; € S} be the subset polynomial semiring

i=0

and Ny and Wy i.e., the operations on sets inbibe the operations
from Z5.

Consider p(x) = {2}x + {6} we see
p({3}) = {2} {3} + {6} = {6} + {6} = {12} = {0}.

Thus {3} is the subset root of the polynomial p{x}.
Take x = {3,9} € Swesee p({3, 9}) = {2} {3,9} + {6}
={6,6} +6

= {6} + {6} = {0}.

Thus {3, 9} € S is also a root of p(x).

Now consider the subset polynomial
p(x) = {4}x + {8} € S[x].
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Put x = {4}
p ({4}) = {4} {4} + {8}
= {4} + {8} ={0}.

So {4} is a subset root of p(x).

Take x = {7}, p(x) =p ({7}) = {4} {7} + {8}
= {4} + {8} = {0}

So {7} is also a subset root of p(x).

Let x = {10}, p({10}) = {4} x {10} + {8}

= {4} + {8} = {0}.

{10} is also a root of p(x). Thus the linear subset
polynomial has three distinct subset roots.

Suppose p(x) = {4} x’ € S[x] to find roots of p(x).
p(x) = {4} x’ take x = {3}

p({3}) = {4} ({31)" = {4} ({3} x {3} x {3})

= {43 ({191 x {3}

= {4} {3} = {0}.

So {3} is a root.
{0} is a trivial root. {6} is a root, {9} is also a root for

p({9}) = {4} ({93)" = {0}.

{3,6} is also a subset root of p(x) for

p({3,6}) = {4} {(3,06)}* = {0}.

{3, 6, 0} is also a subset root p({3, 6, 0}) = {0}.
{0, a} is also a root of p(x),

{3, 9} is also a root of p(x),

{0, 3, 9} is also a root of p(x),

{0, 3,9, 6} is also a root of p(x) and

{3, 9, 6} is also a root of p(x).

Thus we see the subset polynomial p(x) = {4}x’ has several
subset roots.
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This is a marked difference and an interesting feature of the
subset polynomials.

The main advantage of such subset polynomial equations
are if we are given a usual polynomial which is linear we have
one and only one root; so if someone wants to apply it in some
situation and has no choice but forced to take the solution
whether feacible or not but incase of subset polynomial
equations we have several such roots and we can choose the
feacible one.

But however by using the subset linear polynomial we can
have several solutions for this linear subset polynomial
equation. So depending on the nature of the problem one can
make an appropriate or a feacible solutions from the set of
subset solutions. Thus without any doubt this method has an
advantage over the other methods.

Example 3.19: Let

S = {Collection of all subsets from the ring Z,4}. S[x] be
the subset polynomial semiring in the variable x.

Let p(x) = {2, 4, 6}x*+ {7, 8,9} and
q(x) = {6, 8, 12} x> + {3, 2, 0}x* + {1, 2} be in S(x).

We show how we perform the operation of ‘+’ and x on
S[x].

p(x) + q(x) = {6, 8, 12} X+ ({2, 4, 6} + {3,2,0) X’ + ({7,
8,91 + {1,2})

=1{6,8, 12} x>+ {5,4,2,4,7,9,8,6} x>+ {8,9,10, 11}
S[x].

This is the way ‘+’ operation in S[x] is performed.

Consider p(x) x q(x) =
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{2,4,6} x {6,8, 12}x5 + {7, 8,9} {6, 8, l2}x3 +{2,4, 6} x
£3,2,0} x* + {7,8,9} {3,2,0} X"+ {2,4,6} x {1,2} X’ + {7,
8,9} x{1,2}

={12,0, 16,8} x’ + {18, 8, 12, 16, 0, 6}x” + {0, 6, 4, 12, 8,
18} x* + {21, 14,0, 16, 3, 18} x* + {2, 4,6, 8, 12} x*+ {7, 8, 9,
14, 16, 18}

=0, 8, 12, 16} x* + {0, 4, 6, 8, 12, 18} x* + {0, 6, 8, 12,
16,18} x* + {2, 4, 6, 8, 12,23, 16, 18, 5,20, 1, 7,22,3,9, 0, 11,
9,15} x>+ {7,8,9, 14, 16, 18}.

This is the way product in S[x] is performed.

We can also speak of the degree of the polynomials in S[x]
after performing addition and multiplication.

If the coefficients which are subsets are from the chain
lattice or fields then deg (p(x) x q(x)) = deg (p(x) + deg (q(x)).

If the subsets are from a Boolean algebra of order greater
than two or from rings with zero divisors

deg (p(x) x q(x)) < deg p(x) + deg q(x).
We will illustrate this situation by some examples.

Let us take a polynomial q(x), p(x) from S[x] where
S = {Collection of all subsets from Z}. Let p(x) = m, x' + m,,
X'+ ...+ mgand Qo =ns X+ ng x4+ ... + ny where m, # 0
andng#0;mjandnj € S;0<i<tand0<j<s.

Clearly deg (p(x) x q(x)) = deg p(x) + deg q(x).

deg (p(x) + q(x)) = deg p(x) (or deg q(x)) according as
deg (p(x)) > deg q(x) or deg q(x) > deg p(x).

Let p(x) = {0, 3,2, 7} x + {13, 5} x* + {~7, -4, 9, 91}x +
{120, 14, 20, 11} and q(x) = {8, 1, 9}x"* + {3, =2, —1}x* +
(6,7} X"+ {8} x> + {20, -14} x + {3, 1,2} e S[x].
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Clearly deg p(x) = 7 and deg q(x) = 12.

Now deg (p(x) + deg q(x)) = deg ({8, 1, 9}x12 + {-3, -2,
“13x*+{0,3,2,7,6} x' + {8} x’ +{13, 5} x* + {7, -4, 9, 91,
20,14} x + {3, 1, 2, 120, 14,20, 11})

=12 (=degq(x)).

NOW p(X) X q(X) = {83 19 9} {07 35 79 2} X Xlz X X7 + {73’ 72,
~1} x {0,3,2,7} x*x x" {6, 7} {0,3,2,7} x’ xx" + {120, 14, -
20, 11} x {3, 1, 2}.

Thus deg (p(x) x q(x)) =

deg {0, 24, 3,27, 7, 56, 63, 16, 2, 18} x'* + {0, -9, -6, 21,
—6,—4,—14, -7, -3, 2} x” + ... + {360, 42, —60, 33, 120, 14, —
20, +11, 240, 28, —40, 22}) = 19.

Clearly in S = {Collection of all subsets of the ring Z}.
Soif A, B € S. Clearly A x B # {0}.

Now A + B = {0} can occur for take A = {7} and B = {-7}
then A + B = {0}. So when we take two subset polynomials
p(x) and q(x) of same degree say n, then see

deg (p(x) + q(x)) < deg (p(x)) (or deg q(x)).

Let p(x) = {~10}x" + {8, 9, 4, 3}x” + {2, 3} x* + {7, 8, 10,
-150, 4}

and q(x) = {10} x* + {3, 4, 5} x* + {40, 80, 129, —59} x’ +
{8} x>+ {7, 4,-10} in S[x].

We see p(x) + q(x) = ({~10} +{10}) x* + {8, 9, 4, 3} x° +
{3, 4,5} x* + {-40, 80, 129, =59} x> + ({2, 3} + {8}) x* + ({7,
8, 10,150, 4} + {7, 4,-10})

={0}x®+ {8, 9,4, 3}x° + {3, 4, 5} x* + {40, 80, 129, —59}
x>+ {10, 11} x> + {14, 15, 17, -143, 11, 12, 14,146, 8, -3, -2,
0,160, —6}.
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So deg (p(x) + q(x)) = 5 as coefficient of x* is {0}.
So deg (p(x) + q(x)) < deg (p(x) and deg q(x).

Let us take S = {Collection of all subsets from the ring Z,,}.

S[x] = {Zaixi a; € s} be the subset polynomial semiring.

i=0

Take p(x) = {0, 4}x° + {1, 2,3} X’ + {6, 7} x + {8, 9, 10} and
q(x)=1{0,3,6,9} x*+ {3,5,7} X’ + {1, 2,0} € S[x].

We find p(x) x q(x) = {0, 4} x {0, 3, 6,9} x X’ x x* + {1, 2,
31 % {0,3,6,9} x> xx*+{6, 7} x {0,3,6,9} x xx* + {8, 9, 10}
x {0,3,6,9} x®+ {0,4} x {3,5, 7} x> x x>+ {1, 2,3} x {3, 5,
TP xx2+ {6, 7} x {3,5,7} x xx°+ {8,9, 10} x {3,5, 7} x* +
0,4} {1,2,0} X+ {1,2,3} x {1,2,0} x x> + {6, 7} x {1, 2,
0} x+{8,9,10} x {1,2,0}

= {0} x" + {0, 3,6,9} x""+ {0, 6,9,3} x’ + {0, 3, 6, 9} x*
+1{0,8,4} x"+{3,5,7,6,10,2,9} X’ + {6,9, 11, 1} X’ + {0, 4,
8,3,9,6,2,10} x>+ {0, 4,8 x’+ {1,2,3,4,6} X+ {6,0, 7,
2} x+{8,4,9,6,10}.

Clearly deg (p(x) x q(x)) = 11 <deg p(x) + deg q(x) and
deg (p(x) + q(x)) = deg q(x) = 8.

Take p(x) = {7} x* + {2,1, 3, 4} x°+ {0, 5, 6} x* + {1, 2, 0,
9,11} and

qx)={5}x*+ {1,2} x"+ {4, 8 x°+ {7} x* + {3} € S [x].

We see p(x) + q(x) = ({7} + {5}) x® + {1, 2} X" + {1,2,3,4}
x®+ {4, 8} x°+ ({0, 5, 6} + {7}) x> + {1,2,0,9,11} +{3} = {0}
x*+ {1.2}x+ {1,4,2,3, 8 x°+ {0, 5,6, 7} x>+ {1,2,3,9,
11,0}.

deg q(x) = 8 but
degree of (p(x) + q(x)) =7 <deg p(x) and (deg q(x)).
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Now having seen how the degree of subset polynomial
work out and also having seen how product and sum work out
we now proceed onto work with subset polynomials degree in
S[x] of a group and a semigroup under the ‘U’ and ‘"’
operations.

When coefficient of any power of x is empty we do not take
that element to exist.

Let
S = {Collection of all subsets of the group G = Z; \ {1}}, S[x]
be the subset polynomial semiring with coefficients from S in
the variable x.

Let p(x) = {3, 2} x°+ {1,2}x” + {1,5,6} and q(x) ={4,6,1}x"
+ {3,4} x* + {1,2} be in S[x].

We find p(x) N q(x) = ({3,2} N {4,6,1}) x° x x*) + ({1,2}
N {4,6,11) (x> x x%) + ({1,5,6} N {4,6,1}) x*) + ({3,2} N {3,
41 (x° x xh + ({12} N 34D (X x xh) + ({1,5,6) N {3.4})
< x xh + ({1,56) N {34 N+ ({3.2) N {1,2}) x°) +
(1,2} N {1,2}) X + ({1,5,6} N {1,2}) = ox" + {1} X +
(L6} x*+ (33x"0+ {o)x" + {d}x* + {21x° + {1,2}x*+{1} e S[x].

Clearly deg (p(x) x q(x)) is 9 for the coefficient of x'* is ¢.

Now one can find p(x) U q(x) = {4, 6, 1}x* + {3, 2}x° +
(3, 43x*+ {1,23x° + {1, 2, 5, 6} € S[x] and deg of (p(x) + q(x))
is 8.

We have seen that in case of subset polynomial semirings
over semigroup or group we may have the non commutative
nature of the semigroup.

We will illustrate this situation by some example.

Let S = {Collection of all subsets from symmetric
semigroup S(3)}.
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a; € S} be the subset polynomial

S[x] = {iaixi

semigroup of the symmetric semigroup S(3).

Let p(x) = {p1}x’ + {p2, pi}x + {ps} and q(x) = {p2}x* +
ip1}x + {ps} € S[x].

Now p(x) M q(x) = {pi1} x {ps}x’ + {ps, p1} X {P2}x x X* +
P2, Pi} X {P1}X x X + {pa} {puix + {p1} x {ps}x’ + {pa, pi} x
{p3tx + {pa} {ps}

:3{P5}X5 + {e}x* + {pa}x’ + {e, ps}x’ + {pa, e}x’ + {pa}x +
P4 X" + {Pa, PsyX + {P1}-

= {ps}x’ + {e}x* + {e, ps, ps}x’ + {pa, €}x° + {p, Ps, Ps}x +
{pi}-

We find now q(x) x p(x) = ({p2}x° + {pi}x + p3) ({p1}x’ +
{P2, p1}X + {psa})

= {ppi}xX° x X+ {pi }x* + {ps pi}xX’ + {p3, P2 pi X’ + {ps
P2, P 3X+ {p1 Pa}x + {ps, pi}x + {ps, P2, P3s Pi}X T {Ps Pa)

:3{P4}X5 + {e}x* + {ps}x’ + {e, pa}x’ + {ps, e}x’ + {ps}x +
iPs}X” + {ps, payx + {p2}

= {pa}x’ + {e}xs + {ps, €, pa}x° + {ps, €}X° + {P3, Ps, Ps}x +
{p2}-

Clearly p(x) x q(x) # q(x) x p(x).

So we see this subset polynomial semigroup is non
commutative but of infinite order.

Now we consider the subset polynomial semigroup over the
group Ay.
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Let

S = {Collection of all subsets from the alternating group Ay};

S[x] = {iaixi

i=0

a; € S} be the subset polynomial semigroup

over A4. Clearly S[x] is a non commutative semigroup of
infinite order.

res el ez el
WO=3 0 4 )X Y2 45 ) e
_Jr2s 23 a
p<x)xq(x)_{(1342}(3241]} X
{(1234}(1234}}
+ 5 X +
2314013241
12341234 12341234
1342 2431 2314’2431
{1234]} {1234}}
= X +
13 42 2431
1 4 1234
2 4 4321



Polynomial Subsets | 119
1 234 2 1 23 4)(1 234
+ s X+
3412 2431)2314

123 4)] ¢
432 1)[ €Sk
q(x) x p(x) =

(B )
(S )
E2anpes gk
Gindsise
(R R |
S RS ERS (F0
G109

p(x) x q(x) # q(x) x p(x).



120 | Subset Polynomial Semirings and Subset Matrix Semirings

We see if we are to get subset polynomial semigroups
which are non commutative that is to get non commutative
subset polynomial semigroups we should use non commutative
semigroup or non commutative group over ring or field or
semifields or semirings.

To get non commutative subset semiring using non
commutative rings.

a; € {Collection of all subsets from the

Let S[x] = {iaixi

i=0

group ring Z,S;} be the subset polynomial semiring which is
clearly non commutative.

For take p(x) = {p, p2}x’ + {ps} and q(x) = {ps}x + {pi} in
S[x];

p(x) x q(x) = ({p1, p2}x* + {ps}) x ({pa}x + {p1}) = {p1 Pas
P2 Pa}X’ + {ps patx + {p;.p piix*+ {pspi}

= {p3. p1}X’ + {e, pa}x” + {pa}x + {ps} € S[x].

q(x) x p(x) ={({pa}x + {p1}) x ({p1, P2} X" . {p3})
={ps} x {p1, P2}X’ + {p;, p1 P2} x X+ {pap3}x + {p1 ps}
= {ps, p3}X° + {&, ps}x” + {ps}x + {pa}.

Clearly p(x) x q(x) # q(x) p(x)

Thus S[x] is a non commutative subset polynomial
semiring.

Let S[x] = {Z a;x'| a; € S = {Collection of all subsets of
i=0

the semigroup ring ZS(7) where S(7) is the symmetric

semigroup} be the subset polynomial semiring which is non

commutative.
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Let p(x) = {1 + p1, pajx + {p2 + p3, I} and q(x) = {p + 1 +
p3}x + {ps + p1, p3} be in S[x].

p(x) x q(x) = ({1 + p1, pa} + {p2 + p3, 1})X* +{1, po + p3} x
{p2 + ps+ 1Px + {1+p1, pa} {pa TP, p3}x + {p2 +ps, 1} x {p1 +
P4, P3}

= {p22+p3+1,pz+ps+p4+ps}><+ {patpstpLp2tpsat
Ps + P2yX" + {p3 T ps, ps T P2, €, € T pi + pat p3fx + {e+ps, ps,
p1 + P4, P1 P2}

= {ps+ps, pr+ps + pa}x’ + {p2+ps+ 1, pa+ps + pstps,
P3 T Pa, P2+ Ds, €, €T pr +pstp3fx+ {e+ps,ps, pi+pa Pr T
p2}-

Find q(x) x p(x) and test the commutativity of the product.

Now we have seen several examples of non commutative
subset polynomial semirings. We can find subset polynomial
subsemirings and subset polynomial ideals of these subset
polynomial semiring.

Infact if we are using non commutative subset polynomial
semirings to find right subset polynomial ideals and left subset

polynomial ideal for subset polynomial semirings.

We will show this by some examples.

a; €S = {Collection of all subsets of

Let S[x] = {Zaixi

the group ring Zs S;} be the subset polynomial semiring.

Take the right ideal generated by the subset polynomial
p(x) = {p1 + 1}x* + {pa}x + {ps}, say L

Clearly the left ideal generated by the subset polynomial
p(x)belJ. Weseel=].
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a; € S = {Collection of all subset

Consider S[x] = {Z;aixi

i=0

of the semigroup ring Z; S(5)} be the subset polynomial
semiring S[x] has both left and right ideals.

For take the right ideal generated by the subset polynomial
12345)(12345)(12345)\,
p(x) = : : X+
1111 1)11133/{21441
1 23 45)(12345Y(12345 N
X
4444112453123 451
1 2345\(12345\(123435
13313/{12555)(51512
generates both right subset polynomial ideal say J as well as left

subset polynomial ideal say [; we see I # J.

a; € S = {Collection of all subsets of

Let S[x] = {iaixi

i=0

the group ring ZD,} be the subset polynomial semiring of the
ring ZD; .

This has both right ideals as well as left ideals.

Let Do = {a, b | a> = 1 = b’, bab = a} be the non
commutative group. S[x] is a subset polynomial semiring of the
group ring.

Let p(x) = {8 + 9b+ 7b°, 1, 1 + ab” + ba’}x* + {-9b’ + ab” +
9a, 1 + b’a} e S[x]. Let I be the right ideal generated by p(x)
and J be the left ideal generated by p(x). Clearly J # 1.
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Let S[x] = {Z:aixi a; € S = {Collection of all subsets of

i=0

the group semiring LS, where L is the distributive lattice given
by L=

.
9
AN

Take p(x) = {as; + ds, + es; + fs4}x3 + {ass, ds7, es; + 84, S12
+bs;s} € S[x], s; € Sy 1<i<24,

We find the right and left ideal generated by p(x).

We can also speak of maximal subset polynomial ideals and
minimal subset polynomial ideals. This task is left as an
exercise to the reader.

However one can also develop the notion of prime and
principal subset polynomial ideals this task is a matter of routine
so left as an exercise to the reader. Several problems in this
direction are suggested at the end of this chapter.

We can define in a similar way the notion of Smarandache
subset polynomial semiring, Smarandache subset polynomial
subsemiring and Smarandache subset polynomial ideals of all

types.
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Example 3.20: Let S[x] = {Z ax'| a; € S = {Collection of all
i=0

subsets of the semiring L; where L =

a b
C
d
: .
g
h
i j

be the subset polynomial semiring of the semiring L. S[x] is a
Smarandache subset polynomial semiring.

a; € {Collection of all subsets of the

For take P = {Zaixi

i=0

chain sublattice T of L is as follows:

1

a
c
d
f
h

—

S
—
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to be the subset polynomial subsemiring of the subset
polynomial semiring S[x].

Now M = {{1}, {a}, {c}, {d}, {f}, {g}, {h}, {i}, {O}} P
is a semifield hence P is a S-subset polynomial subsemiring of S
as M is a subset semifield.

Example 3.21: Let

S [x] = {Z ax'| a; € S = {Collection of all subsets of the

i=0

ring Z} } be the subset polynomial semiring of the ring Z.

P= {Zbixi

U {0} } be the subset polynomial subsemiring < S[x]. Clearly P
is a Smarandache subset polynomial subsemiring of S[x]; for
T={{n}|ne {Z U {0}} =S is a subset semifield.

b; € {Collection of all subsets of semiring Z"

Clearly S[x] is also S-subset polynomial semiring as
T < S[x] is a subset semifield. Hence S[x] is a S-subset
polynomial semiring.

Example 3.22: Let S[x] = {X a; x' | a; € S = {Collection of all
subsets from the ring C(Z,) (g) with g* = 0}} be the subset
polynomial semiring. S[x] is also a S-subset polynomial
semiring.

Now having seen examples of Smarandache subset
polynomial semirings we now proceed onto define topologies
on subset polynomial semirings.

Let S[x] be the subset polynomial semiring.

Let T = {Collection of all subset ideals of S[x]}. Give
operation U and non T. For A, B € T, A U B in general need
not be an ideal so we generate the ideal so (A U B) is an ideal of
T. However A N B is always an ideal and is in T.
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Thus {T, U, N} is a topological space defined as the subset
polynomial ideal topological space semiring of S[x].

We see in general the semiring topological subset
polynomial ideal space is of infinite cardinality.

Example 3.23: Let S[x] = {Zaixi a; € S = {Collection of all

i=0

subsets from the field Zs} } be subset polynomial semiring of the
field Zs}.

We see if T = {Collection of all subset polynomial ideals of
the semiring S[x]}; then {T, U, N} is a subset polynomial ideal
topological space of the semiring S[x].

Example 3.24: Let S[x] = {Z;aixi a; € {Collection of all

i=0

subsets of the Boolean algebra

_
9
)

be the subset polynomial semiring.
T = {Collection of subset polynomial ideals of S[x]}.

{T, U, N} is a subset polynomial semiring ideal topological
space of S[x].
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Example 3.25: Let

S[x] = {Zaixi a; € S = {Collection of all subset of the
i=0

field C}} be the subset polynomial semiring. T = {Collection of

all subset polynomial ideals of the subset polynomial semiring

S[x]}; T is a subset polynomial ideal topological space of S[x].

Now we can define for a subset polynomial semiring the
notion of subset polynomial ideal new topological space of the
semiring only in case when the coefficients of the polynomials
are subsets from a ring or a field or a semiring or a semifield.

We consider the same T = {Collection of all subset
polynomial ideals of the semiring S[x]; where S = {collection of
all subsets from the field or ring or semiring or a semifield} }.

We define for any subset A, B € S, A mny B = C where Ny
is the product in the field or ring or semiring or a semifield.

Similarly A Uy B where Ly is the sum (addition) defined in
the field or ring or semiring or a semifield.

We will first illustrate this situation by an example or two.
Example 3.26: Let

S = {Collection of all subsets from the ring Zs}. S[x] be the
subset polynomial semiring.

Let T = {Collection of all ideals of S[x]}, {T, Un, Nn} is a
semigroup.

If p(x) = {3, 2, 1}x* + {1, 4}x + {5, 2} and q(x) = {4}x’ +
{2, 3,0} are in S[x].

p(x) Nn q(x) = {0, 2, 43x° + {43x* + {2)1x° + {0, 4, 2, 3}x°
+{2,3,0}x + {4, 0,3}
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={0,2,4}x° + {4}x* + {0, 4,2, 3}x> + {0, 2, 3}x + {0, 3, 4}
e S[x].

We now find p(x) Un q(x); p(x) Un q(x) = {5, 0, l}x3 + {1,
41x + {1,5,2,4} € S[x].

This is the way operations Uy and My are performed {T,
Un, M} 1s defined as the subset polynomial ideal new
topological semiring space.

Example 3.27: Let
S = {Collection of all subsets of the ring Z4(g)}. S[x] be the
subset polynomial semiring.

T = {Collection of all subset polynomial ideals of S[x]}
{T, Un, NN} is a subset polynomial new topological ideal space
of the semiring S[x].

By taking ¢ € T, thatis T' = {T U ¢} we get (T', U, N) the

subset polynomial topological ideal space of the semiring S[x].

Example 3.28: Let S [x] = {Z:aixi a; € S = {Collection of all
i=0

subsets of the semiring

-
9
o AQ.

be the subset polynomial semiring.
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T = {Collection of all ideals of the subset polynomial
semiring}; (T', U, M) and (T, Uy, NN) is a subset polynomial
ideal topological space semiring and subset polynomial new
ideal topological space semiring respectively.

Thus we can have two topological spaces on subset
polynomial semiring topological spaces and new topological
subset polynomial semiring.

The authors have given several problems at the end of this
chapter to solve.

Now we proceed onto define the notion of set subset
polynomial ideal of a semiring or set ideal of the subset
polynomial semiring.

DEFINITION 3.3: Let S [x] = {{X a;x' | a; € S = {Collection of
all subsets of the semiring (Q° U {0} S3}} be the subset
polynomial semiring. Let P < S[x] be a subset of S[x].
T < S[x] be a subset polynomial subsemiring. If for p € P and
t € T, pt and tp € P, then we call P to be a set ideal subset
polynomial semiring over the subset polynomial subsemiring T

of S[x].
We will first illustrate this by some examples.

Example 3.29: Let S [x] = {Ja;x' | a; € S = {Collection of all
subsets from the ring Z,}} be the subset polynomial semiring.
Take the subset polynomial subsemiring P = {{0}, {0,2}, {2}}
< S[x].

T = {Collection of all set ideals of S[x] over P}

= ({10}, {0.2}x, {2}x}, {{0}, {0,2,3}x° + {0,1.2}x + {03},
{0,23x° + {0,2}x + {0,2}}, {{0}, {0,3} x* + {0,2,3}, {0,2}x* +
{0,2}} and so on}.

We see finite subsets in S[x] can be set subset polynomial
ideals of the semiring. This is impossible in case of usual
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ideals. Thus the main and interesting feature of set ideals is we
have finite subsets of S[x] to be set ideals of S[x].

However if the subset polynomial subsemigroup P has even
one x term certainly P will be of infinite cardinality,
consequently all set ideal subset polynomial semirings will be
of infinite order.

We will illustrate this situation by an example of two.

Example 3.30: Let S[x] = {Collection of all polynomials

Z:aixi where a; € S = {Collection of all subsets from the ring
i=0

Z(g) with g = 0}} be the subset polynomial semiring.

P={{0}, {0,3}, {3g,0}, {3+3g, 0}, {3, 3g, 3+3g, 0} } be the
subset semiring of S[x]. We can have set ideals of finite subsets
in S[x]. This is the advantage of using this P.

However if P has even a single x term P will be of infinite
order if P is to be a subset polynomial subsemiring of S[x].

Example 3.31: Let S[x] = {Xa; x'| a; € S = {Collection of all
subsets of the semiring Z" U {0}}} be the subset polynomial
semiring. We see every subset subsemiring of S[x] is of infinite
order. So every set ideal of the subset polynomial semiring is of
infinite cardinality. We cannot think of finite set ideals of S[x].

Even if we replace Z" U {0} by (Z" U {0}) (g) or R" U {0}
or Q" U {0} all set ideals of the subset polynomial semiring will
continue to be of infinite order.

Example 3.32: Let
S = {Collection of all subsets of the field Z43}.

a; € S} be the subset polynomial semiring.
i=0

Take two subsets P = {0, 1} and A = {{0}, {0, 40}x’ + {0, 2, 5,

S[x] = {iaixi
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4,3, 113x°+ {1,5,6,7,40,41,39}x* + {2, 3, 4,5,28,27}}
S[x]. A is a quasi set ideal of the subset polynomial semiring
over the set P = {0, 1}. Infact S[x] has several such quasi set
ideals.

Example 3.33: Let S[x] = {Z ax'| a; € S = {collection of all
i=0

subsets of the ring Z;4 (g) with g = 0}} be the subset
polynomial semiring. Take P = {0, 1, g} < S[x] as a subset. We
have several quasi set ideals of the subset polynomial semiring
over the set P.

Let T = {Collection of all quasi set ideals of the subset
polynomial semiring S[x] over the set P}; T is a quasi set ideal
topological space of subset polynomial semiring.

By varying the subsets in S[x] we can get several quasi set
ideal topological spaces of the subset polynomial semiring S[x],
which is the main advantage of defining the notion of quasi set
ideals of a subset polynomial semiring.

Example 3.34: Let S[x] = {Z a,;x'| a € S = {Collection of all

i=0

subsets of the semiring

1 1)
a b
o > by
f
h g




132 | Subset Polynomial Semirings and Subset Matrix Semirings

be the subset polynomial semiring. Take P = {0, h, g} < S[x],
we can have several quasi set ideals of the subset polynomial
semiring S[x] over P.

Infact if T = {Collection of all quasi set ideals of the subset
polynomial semiring over P}; then T is a quasi set ideal
topological space of the subset polynomial semiring.

Example 3.35: Let S[x] = {Z:aixj a; € S = {Collection of all

i=0

subsets from the semiring ring ZsS(4)}} be the subset
polynomial semiring.

Let P = {{0}, {e}, {e, ps, ps}} < S[x] be a subset in S[x].
T = {Collection of all quasi set ideals of the subset polynomial
semiring over the set P} be the quasi set ideal topological space
of the subset polynomial semiring over P.

Let Py = {{0}, {1}, {0,1}, {3}, {0, 3}, {0, 1, 3}, {3, 1}}
S[x] be a subset of S[x]. T; = {Collection of all quasi set ideals
of the subset polynomial semiring over the set P,} is the quasi
set ideal topological space of the subset polynomial semiring of
S[x].

We see S[x] has several such quasi set ideal topological
space of the subset polynomial semiring.

Example 3.36: Let S[x] = {Z:aixj a; € S = {Collection of all

i=0

subsets from the group ring Zg S;}} be the subset polynomial
semiring.

We see for given any set P in S[x] we can define right quasi
set ideal subset polynomial semiring and left quasi set ideal
subset polynomial semiring. Now based on this we can have
both left and right quasi set ideals of the subset polynomial
semiring over sets in S[x].
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Thus we can have several quasi set ideal topological spaces
of subset polynomial semirings and also these have two
operations (U, M) and (Ny, UN).

We will proceed to give more examples and different types
of Smarandache set ideal and quasi set ideal topological spaces
of a subset polynomial semiring.

Example 3.37: Let S[x] = {Z:aixj a; € S = {Collection of all

i=0

subsets of the group ring ZS;o}} be the subset polynomial
semiring.

Take P = {{O’_l}’ {_15071}’ {1}’ {_1}’ {051}7 {0}} c S[X],
a subset in S[x].

We can have several set ideal topological spaces of the
subset semiring and these spaces can opt for usual U and M or
Uy and My; the inherited operations from the ring.

Interested reader can solve different types of problems
related with the subset polynomial semiring topological spaces
over sets and subsemirings leading to S-topological spaces.

Now we proceed onto define the new notion of polynomial
subsets and algebraic structures on them.

DEFINITION 3.4: Let R[x] be a polynomial ring or a
polynomial semiring where R is a ring or a field or a semiring
or a semifield and x an indeterminate.

P[x] = {Collection of all subsets of the polynomial ring or a
polynomial semiring with empty set @¢!. {P[x], U, N} is a
semiring defined as the polynomial subset semiring. If {P[x] |
@} is given the inherited operations Uy and My of the ring
(semiring) R[x] then {{P[x] \ ¢ Uy, My} is the new polynomial
subset semiring.
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We will illustrate this situation by some examples.

Example 3.38: Let Zs[x] be a polynomial ring
P[x] = {Collection of all subsets of Zs[x]}. P[x] is of infinite
order and {P[x], U, N} is a polynomial subset semiring.

For take A = {3x2+2x+ I, 5x + 1,2x3+4x+2,x3+4}
andB:{x3+4,3x+1,4x2+3,x8+8,x3+2} e P[x].

ANB={x*+43x+1}and AUB={3x>+2x + 1, 3x +
L,2x +4x+2,x +4,4x* +3,x° + 1, x* + 2} € P[x].

AUyB=3x>+2x+1+x +4,3 +2x + 1 +3x + 1, 3%’
F2x+1+4x3+3, 3%+ 2x + 1 +x3+ 1, 3> +2x + 1 + x° + 2,
3x+1+x°+4,3x+1+3x+1,3x+1+4x*+3,3x+ 1 +x°+
L3x+1+xX0+2, 2 +4x + 2+ x>+ 4,2 +4x + 2 + 3x + 1,
2 +AX +2 + 40+ 3,2 +4x + 2+ X+ 1,20 + 4x + 2 + X°
2, X +H4+X +4, X H4+3x+ 1, x4 +4x3+3, X +4+x°
+1, 8 +4+x +2}

= (X +3x5+2x, 3x°+2,2x° + 2x + 4, 3x* + 2x + x° + 2,
3P+ H2x+3, X0+ 3%, X+ X, 45 +H3x+4, x5 +3x+2, %0+
3x + 3,30 +4x + 1, 2x3 + 2x + 3, 2x° + 4x% + 4x, 2x> + 2x + 3,
2X3+4X2+4X,2X3+X8+3+4X,3X3+4X+4,2X3+3,X3+3X,
x3+4x2+2,x8+x3,2x3+1} e P[x].

Clearly A U B = A Uy B.

Consider A Ny B = {(3x* +2x + 1) (x’ + 4), 3x> + 2x + 1)
GBx+1), 3 +2x+ 1) @x*+3) B +2x+ ) x*+ 1), 3x* +
2x+ 1) (x> +2), Bx+ 1) (x> +4), Bx+ 1)2 Bx = 1) (4x* + 3),
Bx + 1) (x*+1) Bx+1) (x*+2), 2x* + 4x +2) (x> + 4) 2x’ + 4x
+2) Bx + 1) (2x° +4x +2) (4x* + 3) (2x° + 4x + 2) (x* + 2),
2x° +4x +2) (x> +2) (xX* + 4% (X + 4) 3x+]), (x*+4) (4> +
3), (x*+4) (x*+1), (x*+4) (x*+2)} € P(X).

However A N B # A ny B. Thus we see (P[x], U, M) is
clearly a different polynomial new subset semiring from the
polynomial subset semiring {P[x], Un, "n}.
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Several important and interesting questions arise in the case
of polynomial subset semiring P[x].

Example 3.39: Let Z[x] be a polynomial ring

P[x] = {Collection of all subsets of the ring Z[x]} {P[x], U, N}
and {P[x], NN, Un} are polynomial subset semiring of the ring
Z[x].

Let A={x’+4,x’-8}and B= {x’ +4,x + 1} € P[x].

Now AnB={x’+4}and AUB={x’+4,x+1,x* -8}
are in P[x].

Consider A "y B = {(x’ + 4> x + 1) (x’ + 4), (x* - 8),
(x+1) (x* - 8) (x’ + 4)} and

AuyB= {2x3+8,x3+x274,x3+5+x,x2+x77}.

Both A Uy B and A my B are in P[x].

However AnwnB#A nBand A uyB#A UB.

Wesee AUA=A={x"+4 x-8}andANA=A={x
+4,x* -8}

ANy A= {(X +4), (x*-8)2, (x*+4) (x*-8)} #A.
AUyA={2x"+8,2x*— 16, x° + x> — 4} # A.

Thus Wy and Ny are not idempotent operations.
Example 3.40: Let Z,, [x] be a ring of polynomials.
P[x] = {Collection of all subsets of the ring Z;, [x]} is the

polynomial subset semiring. Clearly the two semirings {P[x],
U, N} and {P[x], Un, Nn} are distinct.

Let A= {3x>+ 6x + 9} and B = {4x + 8} be in P[x].

Wesee ANB=¢, AUB= {3x>+6x + 9, 4x + 8} are in
P[x]. Now A Ny B = {0} and A Uy B = {3x* + 10x + 5}.
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We see A Ny B = {0} but A # {0} and B # {0} so we see in
case of polynomial subset semirings we can have zero divisors.

We further see if X = {3x* + 6x + 3, 9x* + 3, 6x° + 3, 6x' +
6} and Y = {4x’ + 8, 4x°, 4x” + 8, 4x* + 4, 8x” + 8} are in P[x];
X nY ={0}. SoinP[x], X and Y are zero divisors.

Can we have idempotents in P[x] under LUy and M.

Clearly only constant subsets can contribute to idempotents
provided the basic coefficient ring R of R[x] has idempotents
otherwise we cannot have idempotents under My.

However under U and M every set A € P[x] is an
idempotentas AN A=Aand A U A=A.

Example 3.41: Let R[x] be the polynomial ring where R is the
field of reals. P[x] = {Collection of all subsets of the ring R[x]}
be the polynomial subset semiring of the ring R[x].

{P[x], N, U} and {P[x], NN, Un} are subset polynomial
semirings. Clearly [P[x], N, Un] has no zero divisors or units.

Infact {P[x], Un, Nn} is a semifield. Further P[x] is of
infinite cardinality.

In this case we see one is interested in studying other related
properties of these polynomial subset semirings.

One of the natural interest would be to find degree of the
polynomial subset of a polynomial subset semiring.

We see if A € P[x] the polynomial subset degree of A in
P[x] is the degree of the highest polynomial which has no zero
coefficient.
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x*+13x° +8x+7
For example if A = 3x* -1 € P[x].
7x* +4x° +3

The degree of the polynomial subset is eight that is deg
p(A) is eight. B = {9x' + 3, 2x — 1. 8x* + 5x + 9}, deg p (B) =
19. Thus we can have as in case of polynomials in case of
polynomial subset the degree of the polynomial subset.

Example 3.42:
P[x] = {Collection of all subsets of the polynomial ring} be
the polynomial subset semiring.

Let A= {8x’ + 5x + 3, 9x'* + 4x + 8, 10x* + 4} and B = {9x
+3, 8x" + 3x + 8, 2x’ + 10x + 15} e P[x]; deg p(A) = 12 and
deg p(B) =19.

Now we have the following properties about degree of
polynomial subsets in semirings.

deg (p(A + B)) =19 and
deg p(AB) =27 < deg (P(A)) + deg (P(B)) = 12+19=31.

This is the way the sum and product of the degree of
polynomial subsets semiring are defined.

Let A= {6x’+3x+ 1, 8> +3, 10x’ + 3x*+ 8} € P[x]. We
see deg (p(A)=9. A Ny A = {(6x° + 3x + 1) (8x* + 3), (10x’
+3x* + 8)4 (6x” + 3x + 1) (8x* + 3), (6x° + 3x + 1) x (10x’ +
3x* + 8), (8x% + 3), (10x” + 3x* + 8)}. deg p(A MnA) = 16.
However deg p(A UyA) =19. Let A= {x* +1,3x* +5x” + 1,
2x°+3x’ + 15} e P[x] and deg p(A Uy A) = 38.

Let B= {9x** + 1, 3x* + 7x + 13, 13x° + 3} e P[x].

deg p(B my B) = 66. Thus we see the deg p(A) for any A
behaves in different way under (Uy, My) and under (U, N).
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Example 3.43: Let Z[x] be the polynomial ring.

Let P[x] = {Collection of all subsets of the ring Z[x]} be the
polynomial subset semiring of the ring Z[x].

If deg p(A) = n and deg p(B) = m then
deg p (A Ny B) =m+n.

deg p(A Uy B) =m (if m > n and will be n if m <n).
This so happens because Z is an integral domain.

Example 3.44: Let Z,[x] (p a prime) be the polynomial ring.
P[x] = {Collection of all subsets of the polynomial ring Z,[x]}
is the polynomial subset semiring.

Let A, B € P[x], deg p(A) = m and if deg p(B) = n then
deg p(A Un B) = m (or n) according as m > n or m < n,
degp(AyB)=m+n.

Inview of this we have the following theorem.

THEOREM 3.3: Let R[x] be the polynomial ring (R is a field or
an integral domain).

P[x] = {Collection of all subsets of the polynomial ring
R[x]} is the polynomial subset semiring. If deg p(A) = n and
deg p(B) = m; A, B € P[x] then deg (p (A "y B)) =m + n and
deg (p (A Ly B)) = m (if m > n and will be n if m < n.

The proof is obvious from the very construction as R is a
field or the integral domain.

Example 3.45: Let R[x] be a polynomial ring and R has zero
divisors.

P[x] = {Collection of all subsets of the polynomial ring
R[x]} be the polynomial subset semiring. Clearly if A, B €
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P[x] with deg p(A) = m and deg p(B) = n then deg p(A Ny B) <
deg p(A) + deg p(B).
deg p(A Un B) <deg p (A) or deg p(B) and so on.

THEOREM 3.4: Let R[x] be the polynomial ring (R is a ring
with zero divisors).

P[x] = {Collection of all subsets of the polynomial ring
R[x]} . Ifdeg p(4) = m, deg p(B) = n then deg p(A "y B) <
m+nand degp (A yB) <m (orn); A, B € P[x].

The proof is left as an exercise to the reader.

Example 3.46: Let Zp[x] be the polynomial ring
P[x] = {Collection of all subsets of the polynomial ring Z;, [x]}
be the polynomial subset semiring.

We see if A = {4x9 + 8, 8x* + 4x* + 8, 4x” + 4x* + 8} and
B = {3x"2+ 3, 6x'° + 3x + 6} € P[x] then (A Ny B) = {0} so
deg p(A Ny B) = {0}.

(AUNB)=6x"+3x+6+4x" +8,3x2+3+4x" +8, ...,
8x* +4x*+8+3x7+3, ..., 6x'"+4x" +4x> + 3x + 2}.
deg p(A Uy B) =12.

Example 3.47: Let Z,, [x] be the polynomial ring.

P[x] = {collection of all subsets of the polynomial ring
Z1o [x]} be the polynomial subset semiring.

Let A= {5x’+4x+1,5x +4x + 1, 5% + 1} € P[x].
Now we find A Uy A = {8x + 2, 2, 8x+2 and so on}.
We see deg p (A Un (A) <degp (A)=3.

Infact deg p(A Wn A) =1 and deg p (A NvA) = 6.
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Example 3.48: Let C[x] be the complex polynomial ring
P[x] = {Collection of all subsets of the complex polynomial
ring} be the polynomial subset semiring.

A= {(3+4i)x" +2x + (7 + 9i), 4ix° + 20x> + (40-3i)x + 9 +
5i} and B = {(10+301)x> + (7-31), (5i+3)x’ + 4x + 3+2i} e P[x].

Clearly AN B =¢, A ny B = {[(3 + 4i)x" +2x + 7 + 9i]
[(10 + 30i)x’ + (7-31)], [(3+4i)x” + 2x + (7+91)] x [(5i+3)x° +
4x +3 +2i],...} € P[x].

AUB=#A UyB.

Now we are finally interested in solving or finding roots of
polynomial subset.

In the first place we want to make it clear that we can solve
only when on P[x] we take the operations Uy and My under the
usual union U and N we do not have any meaning of solving the
equations.

Thus while we are going to discuss about solving for roots
of polynomial subset we use only the new operation Uy and My
inherited from the basic set from which the subsets are taken.
We solve polynomial subsets only in this way.

If A=B, A, B € P[x] where
P[x] = {Collection of all subsets of the polynomial ring
R[x]} be the polynomial subset semiring.

Let A= {3x"+2x+1,5x -3} and B= {x*+ 8x — 7, 2x +
4} € P[x]. For if A =B we in the first place can equate every
element in A to every other element in B in the following way.

3P+ 2x+1=x>+8x—7 @)
3P +2x+1=2x+4 (ii)
5x—3=x"+8x—7 (iii)

5x—-3=2x+4 (iv)



Polynomial Subsets | 141

Now we can solve these equations.

2x°—6+8=0
+6+/36—4x8x%x2 . .
X = = 1maginary
2x2

so no solution for the (i) equation
33 +2x + 1 =2x+4
3x*=3  x'=1
so x =% 1 is solvable.

5x - 3=x>+8x-7

xX*+3x-4=0
<= -3+4/9+4x4x1
2
3+ 3+
_ 325 _ 345 _41
2 2
Finally from equation (iv)
5x-3 =2x+4
3x =1 x=1/3.

Thus we see of the four equations, three had solution and
one has no solutions so we cannot find all solutions. So we
cannot say the polynomial subset A = B is completely solvable
we can only say they are partially solvable.

In the first place we have to keep on record that the way of
equating these polynomial subsets is justified as these involve
the indeterminate x. If both the sets are constants only constant
subsets; we can never say they are equal unless both A and B
are singleton sets and A and B are identical.

A = {3} then B = {3}.
IfA={3,5}and B = {3, 5}
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A # B for our equating means 3 = 3, 3 = 5 this is impossible
so equality in polynomial subsets is possible if and only if both
A and B are identical and are singletons.

If A and B are two polynomial subsets and A = B that is if
A={ay,...,a} and B={by,...,bs} thena; =b;; 1 <i<s.
a=b;1<i1<s
and so on. a, = b;; 1 <1<s (however equating constants if any
present in A and in B can n ever be equated).

Thus we have ts number of polynomials equated to zero. If
every polynomial has a solution in the ts polynomials we say
A = B is completely solvable over R; R[x] is the subsets of P[x]
if only few has solution; we say A = B is partially solvable, if
A = B has no solution we ay A = B is not solvable. This is way
the usual solving of polynomials varies from the solving of
polynomial subsets.

We will describe them by some more examples.

Example 3.49: Let Z[x] be the polynomial ring.
P[x] = {Collection of all subset of Z[x]} be the polynomial
subset semiring.

Let A={x+7,2x+4} and B= {8, 4x -4, 8x+ 7} € P[x].
A =B implies x + 7 =38,

Xx+7=4x—-4,

Xx+7=8x+7,

2x +4 =28,

2x +4=4x —4 and

2x +4=8x +7.
{x=1,3x=11,x=0,2x=4,2x=8,6x + 3 =0}
={1,11/3,0,x=2,-1/2}.
Wesee 11/3 and -1/2 ¢ Z.

Thus A = B has the solution subset which is not complete
only partial given by {1, 0, 2, 4}.
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Let A = {x?, 10x — 5} and B = {25, 5} € P[x]. Solution
subset for the polynomial subset equation A = B is x* =25

sox=%5
10x-5=25 x=3
x’=5 x=i\/§.

Thus we have only partial solution to this equation A = B or
it is partially solvable. The solution setis T = {5, -5, 3, 1}.

Consider A = {0} where A is a polynomial subset we call
this type of equation as Reduced polynomial subset equation for
if A =B then we get {A — B} = {0} with t x s equations if A has
t elements and B has s elements.

So all polynomial subset equations can be got as the
reduced polynomial subset equation. If A =B where B has only
constants that is no polynomials we call this equation has
constant reduced polynomial subset equation.

We will first give examples of them.
Example 3.50: Let Q[x] be the polynomial ring.

P[x] = {Collection of all subsets of Q[x]} be the polynomial
subset semiring.

X2 +4x+4 5x+7
Let A= 7x -3  4x*—4} and

x* -9
B = {0} be the polynomial subsets in P[x].

x> +4x+4=0 5x+7=0
A=Bgives{ 7x-3=0 4x°-4=0;.
x> =9=0
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The polynomial subset root subset is
R=1{3/7,2,2,-7/5,1,1,3,-3}.

Clearly R € P[x] and A = B is completely solvable.

. 2,5,-10,8,11
Consider B; = an

0,6

5x—7,8x —3,18x —1 _
= be in P[x].
14+ 3x,4+x,2X
Let A; = B, we get for the polynomial subset the solution
set which is as follows.

S5x—-7=2 5x—-7=-10
5x-7=5 5x—-7=28

5x-7=11,5x-7=0,5x-7=6,8x—-3=2,8x -3 =35,
8x -3=-10,8x-3=8,8x-3=11,8-3=0,8x-3=6,
18 —1=2,18 —1=15,18x — 1 =-10, 18 x -1 = 8§,
18x—-1=11,18x-1=0,18x-1=6,

14 +3x=2,14+3x=5,14=3x=-10

14 +3x=8,14+3x=11,14 + 3x =0, 14 + 3x = 6,
4+x=2,4+tx=5,4+x=-10,4+x=8,4+x=11,4+x=0,
4+x=6,2x=2,2x=5,2x=-10,2x=8,2x =11, 2x =0,
2x = 6.

The solution set is

C,=1{9/5,12/5,-3/5, 3, 18/5,7/5,13/5,5/8, x =1, x =-7/8,
11/8, 14/8, 3/8, 9/8, 3/18, 6/18, —9/18, 9/18, 12/18, 1/18, 7/18,
—-12/3, -9/3, -24/3, —6/3, -3/3, —-14/3, -&/3, -2, 14, 1, 4, 7,
-4,2,1,5/2,-10/2,4,11/2, 0, 3}.

We see 42 equations occur by equating the polynomial
subsets and C; is the solution set. This equation gives a
complete solution of the polynomial subsets.
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Consider the polynomial subset

T 43x+2,x>-9 3,4,0
A= X TINTEN Tl and B = € P[x].
X" +4x-5,x" -8 8

Let A = B be the polynomial subset equation.

x*+3x+2=3 x*+4x-5=3
X*+3x+2=0 x*+4x-5=4
x*+3x+2=4 x*+4x-5=38
x*+3x+2=8 x’-8=0

Now ¢ x*-9=3 x*-8=38
x’—-9=4 x’—8=3
x*=9=0 X’ -8=4
x> —-9=8

X +4x-5=0

Let C, denote the polynomial subset root;

C, = {(two roots are not in Q), -2, —1 (two roots are not in
Q), (two roots are not in Q), (two roots of x* = 12 is not in Q),
(two roots of x> = 13 are not in Q), + 3, (x> = 17 roots are not in
Q), (x* + 4x — 5 = 0 roots are imaginary not in Q), (x> + 4x — 8 =
0 roots are not in Q), (x*> + 4x — 9 = 0 roots are not in Q). (x* +
4x — 13 = 0 roots are not in Q), (x> — 8 = 0 roots not in Q), + 4,
(roots of x> = 11 are not in Q), (roots of x> = 12 are not in Q)}.

Thus the polynomial subset equation has only partial
solution for many does not contain the root in Q.

Example 3.51: Let R[x] be the polynomial ring.

P[x] = {Collection of all polynomial subsets of the
polynomial ring R[x]} be the polynomial subset semiring.
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x?—4,x* -7

2

LetA=+< ,
X +4x" +4

}MMB=w}eHﬂ

Now the polynomial subset equation A = B gives x* —4 =0,
x> —7=0,x"+4x*> + 4 =0. Thus the solution subset of the

polynomial subset equation is {12, +7. 12, W2 }.

We see A = B in P[x] has only a partial polynomial subset
solution and not a complete polynomial subset solution.

x*—4 x*-10

polynomial subset semiring P[x].

P-8, x7-27
Consider A = {X X } and B = {0} in the

Clearly x>~ 8=0,x"-27=0,x"-4=0and x>~ 10=0.

The root polynomial subset of the polynomial subset
equation is C = {£2 root of x> — 8 are imaginary, x’ — 27 has two
imaginary roots, 3, * J10 }.  Thus this polynomial subset

equation A = B has only partial subset solution has only partial
subset solution given by C.

However if Q[x] is replaced by C[x] then in the polynomial
subset semiring P[x] every equation of polynomial subset is
solvable. We call

CP[x] = {all subsets of the complex polynomial ring C[x]}
polynomial subset semiring as the polynomial subset
algebraically closed semifield.

Infact all other semifield of polynomial subsets are
subsemifields of polynomials subsets of characteristic zero.
Thus we have so far only seen examples of P[x] in which we
have taken the ring Z[x] or Q[x] or R[x] or C[x].

Now we study the same question in case of R [x] U {0},
Q' [x] U {0},and Z" [x] U {0}.
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We will now study using examples the subset roots of the
polynomial subset equation over Z,[x] (n prime or otherwise).

Example 3.52: Let Z¢ [x] be the polynomial ring.

P[x] = {Collection of all subsets of Zgx]} be the
polynomial subset semiring.

2
Leta= 2% "2 3L hdB = (0} be in P[],
2x°+1 x+3

A=Bgives3x—-2=0
4x+3=0
2x*+1=0and x+3=0.

We see 3x =4 3x = 4 is the solution only we can find
values of x by this equation 4x + 3 =0 4x =3.

This also has no value for x but 4x = 3, 2x> =5, 2x> = 5 is
the only value x = 3. Thus in case of P[x] the polynomial subset
semiring many a times we will not be in a position to find the
value of x if the coefficient of the power of x is an idempotent
or a zero divisor which is evident from the above examples as 4
and 2 are zero divisors in Z and 3* = 3 so 3 is an idempotent in
Zs.

Example 3.53: Let Z, [X] be the polynomial ring.
P[x] = {Collection of all subsets of the polynomial ring Z,, [x]}
be the polynomial subset semiring.

Let A = {5x2+2,x+7,3x+8,4x+1,8x+1} and
B = {0} e P[x];

52 +2=0 x> +10=0
x+7=0 x*=2
3x+8=0 x=5
4x+1=0 4x =11

8x+9=0 8x =3
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We see some has solution, many have no solution if the
coefficients are zero divisors or idempotents.

Example 3.54: Let Zs [x] be polynomial ring.
P[x] = {Collection of all subsets of the polynomial ring Zs [x]}
be the polynomial subset semiring.

Let A= {3x +4,2x =1, 3x + 2, 4 + x + 3} and
B = {0} € P[x]. Suppose A = B to find the subset solution of
the polynomial subset equation.

32 +4=0 x>+ 8x*+3 =0,
2x+1=0 Xx+3=0,
3x+2=0 x+4=0and
4x*+x+3=0, 4x*+x+3.

{2,1, x> =2 and so on}.

Example 3.55: Let C(Z;) [x] be the polynomial complex finite
modulo integer ring

P[x] = {Collection of all subsets of the ring C(Z;) [x]} be the
polynomial subset semiring.

+1 2x*+1 2ix+1
Let A= X. X _ X and
X+1; X421

B = {0} € P[x]. Let A =B be the polynomial subset equation.

x+1=0 X+ =0 2ipx =2

2x°+1=0 X+ 2ip=0 irx =1 2X = ip, X = 2ip
ipx+1=0 2x*=2 x*=1,x=1,2

Xx=2 X = 2If X =If

C = {2, 2ip, i, 1} are the such that C is the solution set of
A =B.

Now consider A; = {2ig x° + 1  x*+ip, ipx” + 2ipx + 1} and
B, = {0} € P[x].
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We have A; = B, that is

2ig X’ +1=0 x'+ip=0
iFX2+2iFX+1:O

2i2x’ +ip=0 X +ip=0

X’ =2ip=2 X = ip 1S @ root.

Thus we have got at this juncture a open conjecture.

Conjecture 3.1: Can C(Z,) the finite complex modulo integer
field be the algebraically closed? (for suitable p) [12].

What happens when p is a composite number or when C(Z,)
is not a field?

We can solve polynomial subset equations and the result
will be a subset of constant polynomials.

Example 3.56: Let C(Zy)[x] be a complex polynomial finite
modulo integer ring. P[x] = {Collection of all subsets of the
polynomial ring C(Z,o) [x]} be the polynomial subset semiring.

Let A = {4 + 3, 5x + 4, 3x° + 7, 2x + 5} and
B = {x+4,3x+8,4x>+ 3, 6x, 0} be in P[x].

To solve the polynomial subset equation A = B.
A =B gives

4x*+3=x+4 S5x+4=x+4
4x° +3=3x+8 5x+4=3x+8
4x> +3=4x*+3 5x+4=4x"+8
4x% +3=6x 5x +4=6Xx
4x* +3=0 5x+4=0
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3x’+7=x+4 2x+5=x+4
3x>+7=3x+8 2x+5=3x+8
3x°+7=0 2x +5=4x"+3
3x2+7=4x>+3 2x+5=6x

3x* +7=6x 2Xx+5=0

= C is the subset solution sought set.

4%° +9x+9=0 4x’+4x+3=0
x=0 4x* +3=0
4x* +7x+5=0 5x=6

4x* +6x*=0 x=4

4x* +5x+4=0 2x=4
3x*+9x+3=0 3x*+7x+9=0
3x*+7=0 x*+6=0

3x? +4x+7=0 x=9
6x=52x=5 x=7

The solvability of these equations are left as an exercise to
the reader.

Now if we have polynomial semirings say Z" U {0} [x] and
so on our working is very different.

We will indicate this in a line or two.
Example 3.57: Let (Z" U {0}) [x] be a polynomial semiring.
P[x] = {Collection of all subsets of the polynomial ring;
(Z" U {0}) [x]} be the polynomial subset semiring.

How to solve polynomial subset equations in them.

Let A= {5x + 3, 10x* + 4} and B = {0} € P[x].
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We see 5x + 3 = {0} and 10x” + 4 = {0}. Clearly we do not
have any x in Z'U{0} such that the equations are satisfied.
Thus as far as solving polynomial subset equations in
(Z'U{0})[x] or for that matter over the semirings of
characteristic zero which are not rings is not possible.

Thus we see we have limitations in solving polynomial
subset equations when the polynomial subsets are from
(Z" v {0})x].

Only if A = {5x, 4x, 10x, 11, x} and B= {4, 5,7, 0, 8, 1,
5} € P[x] then A = B has a complete or partial solution subset
for 5x = 4 not solvable in Z'[x] U {0} but solvable in
Q'[x] v {0} and so on.

Thus one cannot make a sweeping statement it is impossible
to solve polynomial subset equations in many a cases we may
have a partial subset solutions. However we do not say always
for A = B a polynomial subset equation has a subset solution.
Thus we see we have limitations in solving polynomials even in
usual semirings.

We proceed on to propose some problems for this chapter.

Problems:

1. Enumerate some interesting features enjoyed by the subset
polynomial semiring S[x] with coefficients from the power
set P(X) = S.

2. Find for the subset polynomial semiring S[x] where
S = P(X) with X = {a,, a,, ..., aj2} two different sets of
subsets polynomials so that their ‘~’ (product) is the
subset empty polynomial in S[x].
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a; € {Collection of all subsets of the

Let S[x] = {Zaixi
i=0

subsets of X = {aj, ay, ..., 14} including X and ¢} = P(X) =
S} be the subset polynomial semiring.

(i) Find two subset polynomial ideals of S[x].

(i1) Find two subset polynomial subsemirings which are
not subset polynomial ideals of S.

(iii) Can S[x] have infinite number of subset polynomial
subsemirings?

(iv) Is it possible for S[x] to have infinite number of subset
polynomial ideals?

Obtain some special and interesting features enjoyed by
S[x] where S is a power set of a finite set X.

Can S[x] in problem (4) have more than one set of
algebraic structures so that S[x] is a subset polynomial
semiring where S = P(X); X is a finite set.

Does there exist a S[x], the subset polynomial semiring
which has no subset polynomial ideals?

Does there exist a S[x] in which every subset polynomial
subsemiring is an ideal of S[x]?

Does there exist a S[x] which has no subset polynomial
subsemirings?

Let S[x] be the subset polynomial semiring with
coefficients from the powerset P(X)  where
X={1,2,3,4,5}.

(i) Does S[x] contain a subset polynomial of degree
greater than or equal to two which cannot be linearly
written as product of linear subset polynomials.

(ii) In how many ways can p(x) = {1, 2, 3} x> + {2, 5}
written as product of subset linear polynomials.
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11.

12.

13.

14.
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Show in general a second degree subset polynomial in S[x]
where S = P(X); X = {1, 2, 3, 4} can be decomposed in
more than one way.

Let S[x] = {Z;aixi a; € S = {Collection of all subsets

i=0

from the power set P(X) where X = {1, 2, ..., 18}} be the
subset polynomial semiring.

() Is{1,2,5,7,8}x’+ {2,8,1,5,10, 11}x> + {3, 8, 14}
X + {2, 14, 16} = p(x) reducible as linear factors?

(i) If p(x) is decomposable as linear factors; in how many
ways can p(x) be decomposed?

Let S[x] = {Collection of all polynomials Z:aixi with
i=0

a; € S = {Collection of subset of power set of X; P(X) =

S}} be the subset polynomial semiring (X = {a;, ay, ...,

A }).

(i) Canp(x) = {as, as, a3, a1} x*+ {as, a¢, a3, a;} the subset
polynomial in S[x] be linearly decomposable as subset
polynomials.

(1) How many ways can p(x) be decomposed into linear
subset polynomials?

Find for S[x] in problem (12); three subset polynomial
subsemirings which are not subset polynomial set ideals
and three subset polynomial ideals.

Obtain some striking application of subset polynomial
semirings with coefficients from a power set P(X) of a set
X={ay, ay, ..., a,}.
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a; € {Collection of all subsets of the

15. Let S[x] = {Zaixi
i=0

semiring L =

J

be the subset polynomial semiring.
(i) Find subset polynomial ideals of {S[x], N, UL}.

(i) Find subset polynomial subsemirings in {S[x], Ny,
L} which are not subset polynomial ideals of S[x].

(ii1) Study (i) and (ii) in {S'[X], U, N}.
(iv) Compare the two subset polynomial semirings.

(v) Prove subset polynomial ideal in {S'[x], U, N} need
not be a subset polynomial ideal in {S[x], UL, N.}.

(vi) Can S[x] have zero divisors?
(vii) Is it possible for S[x] to have idempotents?
16. Obtain some interesting features enjoyed by S[x] where the

subset polynomial semirings P takes its coefficients of
subset polynomials from the semiring P.



17.

18.

19.
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Study {S'[x], v, N} and {S[x], Up, Mp}; compare and
contrast them.

Find the difference between S[x] when

S={P(X); X =(ay, ..., a,)} and when
S; = {Collection of all subsets from the semiring L =
1 \
a b
C
d e > .
f
h g
o)

S[x] the subset polynomial semiring.

(i) Which subset polynomial semiring can have zero
divisors?

(i1) Find subset polynomial ideals and subsemirings of
S[x] and S;[x].

Let S[x] = {Z“aixi a; € S = {Collection of all subsets of

i=0

the semiring Z" U {0} } be the subset polynomial semiring.
(i) Find subset polynomial ideals of S[x].

(ii)) Does S[x] contain subset polynomial subsemirings
which are not ideals?

(iii) Can S[x] have zero divisors?
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20. Let S = {Collection of all subsets of the semiring L = C;s =
1)

a

a

I a3
0

S[x] be the subset polynomial semiring.

J

(i) Find subset polynomial ideals in S[x].
(i1)) Can S[x] have zero divisors?
(iii) Can S[x] have idempotents?

(iv) Find subset polynomial subsemirings which are not
subset polynomial ideals.

a; € S = {Collection of all subsets of

21. Let S[x] = {Zaixi

i=0

the ring C(Z1,)}} be the subset polynomial semiring.
Study questions (i) to (iv) of problem (20).

a; € S = {Collection of all subsets of
i=0

22. Let S[x] = {Zaixi

the ring C(Z7) (g1, &) where g/ = g; =g g1 = gig> = 0}}
be the subset polynomial semiring.

(i) Find S-zero divisors in S[x].

(i) Can S[x] have S-idempotents?



23.

24.

25.
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(ii1) Find S-subset polynomial subsubrings in S[x].
(iv) Find S-subset polynomial ideals of S[x].
(v) Let T = {Collection of all subset polynomial ideals of

S}. Prove (T, U, N} is a subset polynomial
topological semiring space.

a; € S = {Collection of all subsets of

Let S[x] = {iaixi

i=0
the ring C(Z4) (g2) | g2 = (0)}} be the subset polynomial
semiring. Study questions (i) to (v) for this S[x] given in
problem (22).

a; € S = {Collection of all subsets of

Let S[x] = {Zaixi
i=0

the semiring

-,

be the subset polynomial semiring, study questions (i) to
(v) given in problem 23.

Let S = {Z“aixi a; € S = {Collection of all subsets from

i=0

the semiring
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26.

27.

| h\
R

O
a9 X ag

0 /)

be the subset polynomial semiring.
(1) Study question (i) to (v) given in problem 22.

Let S[x] = {iaixi

i=0

a; € S = {Collection of all subsets of

the ring z(g1, &) | & = g = &i& = Qg = 0}} be the
subset polynomial semiring.
Study questions (i) to (V) given in problem 22.

a; € S = {all subsets of the semiring

Let S[x] = {Zaixi
i=0

(Z" U {0}) S3}} be the subset polynomial semiring.

(i) Prove S[x] has both left and right subset polynomial
ideals.

(i1) Give two left subset polynomial ideals which are not
right subset polynomial ideals.

(iii) Give an example of two S - right subset polynomial
ideals which are not S-left subset polynomial ideals.

(iv) Can S[x] have subset polynomial subsemirings which
are not S-subset polynomial susbemirings?



28.

29.

30.

31.
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(v) Give 2 subset polynomial subsemirings which are not
S-subset polynomial ideals.
(vi) Can S[x] have zero divisors or idempotents?

Let S[x] = {Z;aixi a; € S = {Collection of all subsets of

i=0

the semigroup ring Z;, S(5)}} be the subset polynomial
semiring.
Study questions (i) to (vi) of problem 27 for this S[x].

Find for the S[x] given in (28) the two topological spaces
of subset polynomial semiring ideals.

a; € S = {Collection of all subsets of

Let S[x] = {Zaixi
i=0

the semigroup semiring (Z° U {0})P where P is a
semigroup Z,}} be the subset polynomial semiring.

(i) Prove S[x] has zero divisors.

(i) Can S[x] have S-zero divisors?

(iii) Find S-ideals if any of the subset polynomial semiring.

(iv) Can S[x] have subset polynomial subsemiring which
is not a subset polynomial ideal of the semiring?

(v) Let T = {Collection of all subset ideals of the
polynomial semiring S[x]}}; Prove (T', U, M) and
{T, Un, Nn} are subset polynomial semiring
topological spaces of the subset polynomial semiring
S[x]. (T'=T U {§}).

(vi) Compare the two topological spaces {T, Uy, Nn} and
{T', U, N} for any subset polynomial semiring.

a; € S = {Collection of all subsets of

Let S[x] = {Zaixi
i=0

the semiring
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be the subset polynomial semiring.
Study questions (i) to (vi) of problem 30 for this S[x].
32. Find some interesting properties enjoyed by {T, Un, Nn}.

33. Distinguish between the two ideal topological spaces
{Ta LN, (.\N} and {T, = <T o ¢>7 Y, m}

34. Does quasi set ideal topological spaces of {T, Uy, Ny} and
{T"=(T U ¢), U, N} enjoy any special properties?

35. What is the situation if the problem in (34); the topological
spaces are Smarandache.

36. What are the special features enjoyed by subset polynomial
semirings?

37. Let
S[x] = {X a;x; | a; € S = {Collection of all subsets of Zo} }
be a subset polynomial semiring.

(1) Find zero divisors in S[x].

(i) Can S[x] have S-zero divisors?
(iii) Can S[x] have idempotents?
(iv) Can S[x] be a semifield?

(v) Is S[x]a S-semiring?



38.

39.

40.

41.

42.

Polynomial Subsets | 161

Let S[x] = {Z;aixi a; € S = {Collection of all subsets

i=0

from the polynomial ring Z;} be the subset polynomial
semiring.

(1) Find ideals of the subset polynomial semiring.

(i1) Is S[x] a S-subset polynomial semiring?

(i1i) Can S[x] have zero divisors?

(iv) Can S[x] have S-idempotents?

(v) Give a subset polynomial subsemiring which is not a
S-ideal.

(vi) Can S[x] have ideals which are not S-ideals?

Let S[x] = {Zaixi a; € S = {Collection of all subsets of

i=0

the polynomial semiring Z'U{0}} be the subset
polynomial semiring.

Study questions (i) to (vi) mentioned in problem (38) in
case of this S[x].

Let S[x] = {Zaixi a; € S = {Collection of all subsets

i=0

from the polynomial ring Z}} be the subset polynomial
semiring.

Study questions (i) to (vi) given in problem (38) for this
S[x]. Compare S[x] in problem (39) and this S[x].

Draw any interesting feature enjoyed by S[x], the subset
polynomial semiring when semiring is used instead of ring.

a; € S = {Collection of all subsets

Let S[x] = {Zaixi
i=0

from the lattice
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1 AR
a b

C

.
e f

o))

be the subset polynomial semiring.
(i) Study questions (i) to (vi) given in problem 38.

a; € S = {Collection of all subsets

43. Let S[x] = {Zaixi
i=0

from the lattice L =
)

a0

[
(U
be the subset polynomial semiring.

Study questions (i) to (vi) given in problem 38.

44. Compare S[x] given in problems (38) and (39).

45. Let S[x]= {X a; x; | a; € S = {Collection of all subsets from
the ring Zyo x Zg}} be the subset polynomial semiring.

Study questions (i) to (vi) given in problem 38 for this
S[x].
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a; € S = {Collection of all subsets of

Let S[x] = {Zaixi
i=0

the semiring 1 1)
LT
f d
0 ))

be the subset polynomial semiring.
Study questions (i) to (vi) given in problem (38) for this
S[x].

Obtain some special features enjoyed by polynomial subset
semirings.

Compare the polynomial subset semiring with subset
polynomial semiring when same ring is used.

Let S[x] = {X a; x; | a; € S = {Collection of all subsets of
the ring Zy,} be the subset polynomial semiring. P[x] =
{Collection of all subsets from the polynomial ring Z;, [x]}

be the polynomial subset semiring. Compare S[x] and
P[x].

Let P[x] = {Collection of all subsets of the ring Zs [x]} be
the polynomial subset semiring.

(i) Can P[x] have zero divisors?

(i) Can P[x] have S-zero divisors?

(iii) Can P[x] have idempotents?

(iv) Find polynomial subset subsemirings.

(v) Is P[x] a S-polynomial subset semiring?

(vi) Can P[x] have polynomial subset ideals which are not
S-ideals?
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(vii) Can in P[x], A = B have a complete subset solution?
(viii) Find in P[x], A = B which has only partial solution.

51. Let P[x] = {Collection of all subsets of the polynomial
semiring (Z" U {0}) [x]} be the polynomial subset
semiring. Study questions (i) to (viii) given in problem
(50) in case of this P[x].

52. Let P[x] = {Collection of all subsets of the polynomial
semiring L [x] where L =

be the polynomial subset semiring.

Study questions (i) to (viii) given in problem (50) for this
P[x].

53. IfL=



54.

55.
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is replaced by the chain lattice

in problem (52) study for P[x] questions (i) to (viii) given
in problem 50.

Let P[x] = {Collection of all subsets of the polynomial ring
Zi1s [x]} be the polynomial subset semiring.  Study
questions (i) to (viii) in problem 50 for this P[x].

Let P[x] = {Collection of all subsets of the polynomial
ring C(Z;s) [x]} be the polynomial subset semiring.

(1) Study questions (i) to (viii) in problem 50 for this
P[x].

(i1)) Compare P[x] in problems 54 and 55.

(iii) Can one say all polynomial subset equations A = B is
solvable in P[x] given in this problem (55) in
comparison with P[x] given in problem 547
(A, B € P[x))

(iv) Is A =B for all A, B € P[x] in problem 55 completely
subset solvable?

(v) Solve A =B where A = {3ir x> + 3 + 2ip, 9ipx" + 2ip,
812X’ + 16igx” + 16igx + 8} and B = {if, 8, 0, 4 + 3i¢},
A, B € P[x].
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56.

57.

58.

59.

60.

Let P[x] = {Collection of all subset polynomials from the
polynomial ring Z[x]} be the polynomial subset semiring.

(i) Prove P[x] has polynomial subset equations A =B
which are not completely solvable.

(i) Study questions (i) to (viii) given in problem 50
completely.

Let P[x] = {Collection of all subsets of the polynomial ring
C(Z1)) [x]} be the polynomial subset semiring.

(i) Study questions (i) to (viii) in problem 50 for this
P[x].

(i1) Is every polynomial subset equation A = B completely
solvable? (A, B € P [x]).

Let P[x] = {Collection of all subset of the polynomial ring
Z19[x]} be the polynomial subset semiring.

(i) Study question (i) to (viii) of problem 50 for this P[x].

(i1) Prove every polynomial subset equation A = B need
not in general be completely solvable. (A, B € P[x]).

(iii) Let A= {3x" +2x’ + 5, 3x + 4x° + 6x + 1, 8x’ + 5x +
2} and B= {8x + 3,0, 9x + 40 + 18x* + 3x + 1, 4x’ +
2,3} be in P[x]. Solve A =B.

Let P[x] = {Collection of all subsets of the polynomial ring
C(Zy) [x]; p a prime} be the polynomial subset semiring.

Is every polynomial subset equation A = B, A, B € P[x]
completely solvable?

Can we say P[x] = {Collection of all subset of the
polynomial ring C[x]}, the polynomial subset semiring is
an algebraically closed semifield? Is every A = B
polynomial subset equation in P[x] completely solvable for
A, B € P[x]?



Chapter Four

SUBSET POLYNOMIAL SEMIVECTOR
SPACES AND SUBSET MATRIX
SEMIVECTOR SPACES

In this chapter we for the first time using the subset polynomial
semirings (polynomial subset semirings) and subset matrix
semirings construct semivector spaces. We describe, define and
develop these concepts. This technique gives us lots of scope in
building differently semivector spaces.

We have already described building semivector spaces
using subsets [19]. Here we mainly concentrate on building
semivector spaces using subset matrices and subset
polynomials.

DEFINITION 4.1: Let M = {Collection of all m x n matrices
whose entries are subsets from a semifield S} be the semigroup
subset of m x n matrices under +. We see M is a subset matrix
semivector space over the semifield S. (m #n; orm =n, m = 1
or n =1 can also occur).
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We give examples of this.

Example 4.1: Let M = {2 x 3 matrices with entries from
subsets of the semifield S=Z" U {0}}.

M is a subset matrix semivector space over S =Z" U {0}.

Let A = [{0’2} {5.7.8} {10,11,0}]

{1,2} {4,5} {6,7,8}

B:( 0y 3.4 {2 ]eM
0,5 {0} {4,7,0}

We get
A+B=
{0,2}  {8,9,10,11,12} {2,12,13}
S
{1,2,6,7} {4,5} {6,7,8,10,11,12,13,14,15}

Take 10 € Z" U {0}.

{0,20} {50,70,80} {100,110,0}) . .
A = 1sin M
{10,20}  {40,50}  {60,70,80}

Thus M is a subset semivector space over the semifield

Z"u {0}.
a1

Example 4.2: Let T = {|a, || a; € S= {Collection of all
a3

subsets of the semifield Q"U{0}} be a subset matrix semivector
space over Q' U{0}.
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{0,3/2,7/9} {0,3/2,8}
Let A=| {8/5,4,20} andB=| {0,4/5,1} | T
{9/11,10,14/3} {9/11,0,12}
we see
{0,3/2,8,7/9,41/18,
19/2,79/9}
{8/5,4,20,12/5,24/5,5, o
A+B= 1sin T.
104/5,21,13/5}
{9/11,10,14/3,18/11,119/11,
| 181/33,22,141/11,50/3}

Take 5/7 € Q" U {0}; we find

{0,15/14,5/9}
5/7A=| {8/7,20/7,100/7} | e T.
{45/77,50/7,10/3}

This is the way operations are performed on T. Thus T is a
subset matrix semivector space.

Example 4.3: Let N = {(aj, a, a3, a4, as, a¢) | a; € {Collection of
all subsets from the chain lattice L =

}312
an

a]

0

)/

be the subset row matrix semivector space over the semifield L.
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Let A = ({07 aj, 33}, {17 A, aS}) {333 aé}, {37}7 {310}, {ala ay,
a, a7}) and

B = ({1, a}, {33, ay, a6}, {as}, {as, as, a0, a11, a1}, {310, ap,
A, 33} {311}) be in N.

Wefind A+B=AuUB

= ({1, a, a3}, {1, a3, a4, a¢, as}, {ag}, {as, aio, an}, {aio},
tan}) e N

Take a; € L we find a3 x A = a3 n A = ({0, a, a3}, {as},
{as}, {as}, {as}, {a;, a3, a3}) € N.

Thus N is a subset matrix semivector space over L.

a; € {Collection of all
a, a,

al a2
Example 4.4: let M =

subsets from the lattice

vm
0
-

0 J)

be a subset matrix semivector space over the semifield

S:

1

a
e
0
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) _{O,a,b} {0,¢e}
Consider A = and
| {la,e} {e,f,g}

_{O,e,f} {l,g,e}} M
| {c,1}  {0,b}

WefindA+B=AUB

{07 e’ fﬂaﬂb7 1} {g, e’ ]‘,b}
= eM
{1} {e,f,g,b,1}

{0,e} {0,¢}
Takee € S. WefindeA=en A= eM
{0,e} 1{0,¢}

Thus M is a subset matrix semivector space over S.

a, a, 4

a
Example 4.5: Let T = ! a; € {Collection of all

a10 all alZ

subsets of the semifield R* w {0}} 1 <i < 12} be a subset
matrix semiring.

0y L2y B4
Let A= {5} {6} {O, 8} and
{9,104 {1110} {1,0}

{2,5,6} {3,L,2} {4,6,7}

9} {0,13,6} {6}
014 & 7
{,2,3} {46} {89}

{10,1,4} {11}  {6,8}
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A+B=
9} {1,2,14,15,7,8; {9,10}
{5.19} 14 {7,15} -
isin T.
{10,11,12,13} {5,7,4,6,15,17} {10,9,8}
{3,6,7,12,15,16,10,9}  {14,12,13}  {10,12,13,14,15}
Let5 e R" U {0},
{0} 5,10y {15,20;
{25} {30} {0,40}
SxA=
{45,504  {0,5,55} 10,5}
{10,25,30} {5,10,15} {20,30,35}
Example 4.6: Let
2 a,]
a, a,
M= {la, a || a € {Collection of all subsets of the
a, a
_a9 alO_

semiring Z" U {0}, 1 <i< 10}

be the subset matrix semiring over the semifield Z" U {0}.

[ {01} {3,4,5,6}] [16,9.8) {12} |
10,15, {9} 0} {0,4,8)
LetA=| {0} I} |andB=|{9,1,8) {4,10,6} e M;
{4,8,7} {9,12,19} 14,0y {0}
| (4,05 {1,0,15} | L 5.4
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[ 6,9,8,9,10,7}  {4,5,6,7,8} |
{10,15} {9,13,17}
we find A + B = {9,1,8} {5,11,7}
{4,8,7,18,22,21}  {9,12,19}

5,1} {5,6,20,4,19} |

Take 3 € R" U {0},

0,3} {9,12,15,18} |
{30,45} 27
3xA=3A= {0} {3} e M.
{12,24,21} {27,36,57}

{12,0} {3,0,45} |

We can as in case of semivector spaces define the notion of
subset matrix semivector subspaces.

We will only illustrate this situation by some simple
examples.

Example 4.7: Let

al a2 a3
T=<la
a, ag a,

subsets of the semifield Z" U {0}, 1<i<9}}

a; a, | where a; € S = {Collection of all

4 5

be the subset matrix semivector space over the semifield
F=2Z"uU {0}.

a’l a2 a}
TakeP=<la, a; a, || ai € S; = {Collection of all
a, a; a

7 8 9

subsets of the set 2Z" U {0}, 1 <i<9} c T;
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P is clearly a subset matrix semivector subspace over the
semifield F=Z" U {0}.

Infact T has infinitely many subset matrix semivector
subspaces over the semifield Z" U {0}.

Example 4.8: Let M = {(a;, a, ..., a9) | 8; € {Collection of all
subsets of the semifield F =

a

0

1 £1<9 =S} be the subset matrix semivector space over F.

Take P = {(aj, a,0,0, ...,0) | a;, a, € S} € M. Clearly P is
a subset matrix semivector subspace of M over F.

Infact number of elements in M is finite, so M has only
finite number of subset matrix semivector subspaces over F.

Example 4.9: Let N = {Collection of all subsets from the

semiring
1 A
a b
c
d e >
g h
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P = {all 2 x 5 matrices with subset entries from N} be the subset
matrix semivector space over the semifield L =

1

o

o0 = a ©

A_({La} tb} {c,d} {f} {0} j
- and
{0} {1} {g,h} {0} {a,b,c}

B [{1} fa} {b} {c} {d} j
= eP
{0} {f} {d,c} {La} {0,g}

Wesee A+B=

AuB:[{l} by e {d} JEP
{0} {1} {d,c} {l.a} {a,b,c}

Take L [{0} 0} {0} {a,a,) {al}J
0y 07 {0} {a} da;}

a,a €g h YcP;

L is a subset matrix subsemivector subspace of P over the
semifield L.
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Now before we proceed onto define other types of
semivector spaces using subset matrices we just give examples
of subset matrix semilinear algebra over semifields.

Example 4.10: Let M = {(a,, a,, a3) | a; € {Collection of all
subsets of the semifield Q" U {0}}; 1 <i < 3} be the subset row
matrix semivector space over the semifield Z" U {0}.

M is a subset row matrix semilinear algebra over the
semifield Z" U {0}.

4,8,6

B= 0.1,2 0,2}, {5,0,1 M
3.4 10,2}, {5,0,1}) e M.

0,18,9
Take A = H } {0,1,2,4},{5,7,9,6,0}) and

A + B =({0, 18, ,4, 8,6,1,19,10,5,7,20,2,11, 3, 21,
12,22,13},{0,1, 2,4, 3,6}, {0,5,6,7,9,1,8,10, 12, 11, 14})
e M.

We can also find A x B =({0, 18,9, 4, 8, 6} x {0, 1, 2, 3,
41,40, 1, 2, 4}x{0, 2},{0, 5, 6,7, 9} x {0, 1, 5})

= ({0, 18,9, 4, 8, 6, 36, 12, 24, 27, 54, 16, 32, 721, {0, 2, 4,
81,10,5,6,7, 9,25, 30, 35, 45}) € M.

Thus M is a subset matrix semilinear algebra over the
semifield Z" U {0}.

Example 4.11: Let

M= a; € {Collection of all subsets

of the semiring Z" U {0}, 1 <i<4}}
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be a subset matrix semigroup under ‘+’. M is the subset
semivector space over the semifield Z" U {0}.

M is not a subset matrix semilinear algebra.

Note: If on M we can define the natural product X, of subset
matrices then M will be a subset matrix semilinear algebra.

{3,4,7} {2,1,3,4}
{0} {4.8,9,25}
Let A= and B = e M;
18,9,2} {1,2,4}
{1,0,4} {5,7,8}

{5,6,9,4,8,7,10,11}

{4,8,9,25}
we find A+B=
{9,10,3,11,4,12,13,6}
{5,7,8,6,9,11,12}
We can find

(3,4,7,6,8,14,9,12,21,16,28}
{0}
{8,9,2,16,18,4,32,36!
{5,20,0,7,28,8,32}

We see under natural product x,; M is a subset matrix
semilinear algebra, otherwise M is only a subset matrix
semivector space as we cannot define usual product of column
matrices, more so in subset column matrices.

a, a,

Example 4.12: Let N = { 33} a; € {Collection of all
a, a; a,

subsets of the semifield F =
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16

a5

#
0
1 <1 < 6} be the subset matrix semivector space over the
semifield F.

J

We cannot define usual product on subset matrices as there
are 2 x 3 matrices so for us to make N into a subset matrix
semilinear algebra we can define the natural product x, on N.

{N, x,} will be a subset matrix semilinear algebra over the
semifield F.

Inview of this we have the following result the proof of
which is left as an exercise to the reader.

THEOREM 4.1: Let

M = {All m x n matrices with entries from subsets of the
semifield F} be the subset matrix semilinear algebra over the
semifield F,; then M in a subset matrix semivector space. If M is
a subset matrix semivector space then M is general is not a
matrix subset matrix semilinear algebra.

Now we proceed onto define subset matrix semivector
space of type .

DEFINITION 4.2: Let

M = {Collection of all m x n matrices whose entries are from
the semiring S} we see if SA € M for all s € S and A € M, then
we define M to be a subset matrix semivector space over the
semiring of type 1.

We will illustrate this situation by some examples.
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a, a,
aZ a6 .
Example 4.13: Let M = a; € {Collection of all
aS a'7
a, ag
subsets of the semiring S,
1 A
a b
<7
d e
o)

1 <1 < 8} be the subset matrix semivector space over the
semiring S of type .

a'1 a2 a’3

a, a, a, .
Example 4.14: Let N = a; € {Collection of

a7 a8 a9

a10 all a'12
all subsets of the semiring S =

1
a b

0

1 <1< 12} be the subset matrix semivector space of type I over
the semiring S.

a; € {Collection of
ay A, .. A

a, a, .. a
Example 4.15: LetT =

all subsets of the semiring S =Z" U {0} x Z'U{0}}, 1 <i< 16}
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be the subset matrix semivector space of type I over the

semiring S.
a1 al3
a, a

Example 4.16: Let M = > M| a e {Collection of all
Ay Ay

subsets from the semiring S = Q" U {0} x R" U {0} x R" U
{0}}; 1 <1<24} be the subset matrix semivector space of type |
over the semiring S.

o

1
Example 4.17: Let T = 3|a, a, a,|| a € {Collection of all

a, ag a,
subsets from the semiring S =

1 A
a b

C

0
f e

o )

1 <1< 9} be the subset matrix semivector space of type I over
the semiring S.

Now having seen examples of subset matrix semivector
space of type I over the semiring S, we can now define
substructures in them which is a matter of routine so it is left as
an exercise to the reader. However we will give some
examples.



Subset Polynomial Semivector Spaces ... | 181

Example 4.18: Let P = {Collection of all subsets from the
semiring S =

_
9
-

f d
0 J
a, a, .. a,
a, A, .. Ay ) . .
T= a; € P, 1 <1 <40} is the subset matrix
ay A, .. ay
a31 a'32 a40

semivector space of type I over the semiring S.

a, a, .. a,
0 0 .. 0 .
Take N = a; e P; 1 <1204,
0 0 .. 0
all alZ ° aZO

the subset matrix semivector subspace of T of type I over S.
We can have several such subset matrix semivector subspaces
of T. However we keep on record, as o(T) < co we can have

only finite number of subset matrix semivector subspaces of T
over S.

a
Example 4.19: Let S = :2 a; € {Collection of all subsets
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of the semiring P = Z" U {0} x R" U {0}, 1 <i< 10} be the
subset matrix semivector space over the semiring P of type L.

al
Let T = a:2 a; € {Collection of all subsets of the

a10

semiring P = Z" U {0} x {0}}, 1 <i<10} =S; T is a subset
matrix semivector subspace of P over the semiring P of type L.

In this case S has infinite number of subset matrix
semivector subspaces of type I over the semiring P.

a; € {Collection of all
a, a,

a1 aZ
Example 4.20: Let V =

subsets of the semiring

L =P, x P, where P, = and
P
f d
0
1 A
a; b1
P, = “ b 1<i<4)

d

fl el
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be a subset matrix semilinear algebra over the semiring L of
type L.

Clearly if the usual product is defined on V, we see V is a
non commutative subset matrix semilinear algebra of type 1.

However if natural product x, is taken the subset matrix
semilinear algebra of type I is commutative.

We see o(V) < o0 so we have only finite number of subset
matrix subsemilinear algebra of type L.

Lot A — | 1@d):(0,0)} {(a,f])}} and

| {(L,a,),(0,D)}  {(f,0);
B {(0,),(1,0)} {(b,O)}} cv
@Dy {a);

We find A x, B = {{(Oadl)a(o,o),(aﬁ)} {(f,O)}}.

{(La,),(0,D}  {(f,0);

Consider
AxB_[ ((a,f),(a,d,)} (@t }
{(£.1),(1,0).(F,0),(F.a))} {(£,0).(b,0)}

A xB=#A x,B.

Consider

Bx Ao {{(0,0),(O,dl),(3,0),(bsdl),(1,0)} {(f,fl),(a,O)}}

1(0,2,),(a,a,),(1,2))} {(a,f)}

We see A x B # B x A, thus V is not a subset matrix non
commutative semilinear algebra.
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Example 4.21: Let M =

10
a

L*13

a, a, |

a; a,

a; a, || a € {Collection of
a11 alZ

a14 alS_

all subsets from the semiring S = Z" U {0} x S;; where

> ;1 <115}

be a subset matrix semilinear algebra under natural product x,

of matrices of type I over S.

Clearly o(M) = o but M has subset matrix semilinear

algebras of finite order.

Fortake P = <| a,

a; € {Collection of all

subsets from the semiring {0} x S;}, 1 <i <15} cM;Pisa
subset matrix subsemilinear algebra of finite order.

Thus we can have for a subset matrix semilinear algebra /
semivector space of infinite order a subset matrix subsemilinear
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algebra / subsemivector space of finite order (order is used in a
sense as the number of elements).

Now having seen examples of subset matrix semilinear
algebra / semivector spaces and their substructure we now
proceed onto describe other types of subset matrix semilinear
algebras / semivector spaces.

Suppose we have M = {Collection of all subset matrices
with subsets from a ring R} then M is defined as the special
subset matrix semivector space of type Il over the ring R; that is
for B,A € Mwehave A+ B e MandforallA e Mandr € R,
rA and Ar are in M.

We will illustrate this by some examples.

Example 4.22: Let M = {Collection of all subset 1 x 7 matrices

a, | where

a; € {Collection of all subsets of the ring Z, 1 <1 < 7}} be the
subset 1 x 7 matrix special semivector space of type II over the
ring Z.

Clearly o(M) = oo.

al a2 a3

a, a5 a .
Example 4.23: Let N = a; € {Collection of

a; 43 4
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all subsets from the ring Z;5}; 1 <1 < 12} be the subset matrix
special semivector space of type II over the ring Z,.

Clearly o(N) < oo,

Thus we can have both finite and infinite special subset
semivector spaces of type Il over the ring Z,.

Example 4.24: Let P = {(a, a,, a3, a4) | a; € {Collection of all
subsets of the group ring Z,S;}; 1 <1 <4} be the special subset
semivector space of type Il over the ring Z,S;.

Let A = ({0, p1}, {p2, P3}, P4}, tp3}) and B = ({p2}, {p1},
{ps}, {p2}) € P.

We see
A +B=({0, pi+p2}, {p1+D2, P1tP3}, {Ps+ 3}, {P3 +p2}) €P.

Now A x B = ({0, ps}, {ps, ps}» {p1}, {ps}) and
BxA= ({Oa p4}a {ps, p4}= {pZ}a {p5})

We see A x B # B x A so P is a non commutative subset
matrix semilinear algebra.

Take for A € P an element in Z,S; say p, in Z,S;.
pZA = ({07p5}a {la p4}a {pl}a {p4}) and

Ap2 = ({0, pa}, {1, ps}, {ps}, {ps})-
We see pr A # Ap, forp, € Z,S; and A € P.

Thus the special subset semivector space of type II is
doubly non commutative.

a; € {Collection of all

a, a,

al a2
Example 4.25: Let T =
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subsets of the group ring ZD,o}; 1 <1 < 4} be the special subset
matrix semivector space type I

Clearly o(T) = o and T is also a doubly non commutative
special subset matrix semivector space of type 1.

Example 4.26: Let

. (al a .. a7J
ag Ay ... Ay,

subsets of the group semiring (Z"U{0})S;}, 1 <i< 14}

a; € {Collection of all

be the subset matrix semivector space of type I over the
semiring (Z"W{0})S;. Clearly M is doubly non commutative.
Further if (Z"U{0})S; is replaced by Z"U{0}, M is only a non
commutative subset matrix semilinear algebra and xA = Ax for
all x € Z'U{0} and A € M; however A x, B # Bx, A even
under natural product.

Example 4.27: Let

P=<la, a, a, a,||a € {Collection of all subsets

from the semigroup semiring (Z" U {0})S(10)}, 1 <i < ay}

be the subset matrix semivector space of type I over the
semiring (Z'W{0})(S(10)). Clearly P is a doubly non
commutative subset matrix semilinear algebra under natural
product x,, of type I over the semiring (Z"U{0})S(10).
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If we replace (Z'U{0})S(10) by Z'U{0} we see P is only a
non commutative subset matrix semilinear algebra over the
semifield Z'U{0}. However P is not doubly non commutative
only non commutative.

a, a4, 4
a, a5 a,
a7 a8 a9
Example 4.28: Let W = q|a,, a,, a,, || a € {Collection of
al} a14 alS
a'16 a'17 a18
@19 3y Ay |
all subsets from the
1 \
group lattice LS¢ where L =
X
a C
0 J

1 <1 < 21} be the subset matrix semivector space over the
semiring L of type L.

W is only non commutative as a subset matrix semilinear
algebra of type I under the natural product x, over L.

However if L is replaced by LS; certainly W is a doubly
non commutative subset matrix semilinear algebra of type I over

the semiring LS;.

If L is replaced by
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(say L) a chain lattice (semifield); we see W is a subset matrix
semivector space over L;. However W is a subset matrix non
commutative semilinear algebra over the semifield L, under
natural product x,, but is not doubly commutative as xA = Ax
forall x eL,and A € Wbut A x, BB x, AforA,B e W.
Hence the claim.

a, a, .. a,
Example 4.29: LetM = {| a,, a,, .. a,, || a € {Collection

Ay Ay e 8y

of all subsets of the semigroup semiring LS(9) where L is a
lattice

1 <1 < 3} be the subset matrix semivector space of type I over
the semiring LS(9). Clearly M is a doubly non commutative
subset matrix semilinear algebra of type I over the semiring
LS(9) even under natural product x, of matrices.

If LS(9) is replaced by the lattice L of course M will not be
doubly commutative for XA = Ax for all x € L and A € M but
Ax, BB x,AforA,B e M.
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If L is replaced L; where L, =
1)

o

O_:rUQ('DQ-O

then M is just a subset matrix non commutative semilinear
algebra over the semifield L; under natural product x,.

Thus from this example we see a doubly non commutative
subset matrix semilinear algebra of type I which is doubly non
commutative can contain subset matrix semilinear algebra of
type I which are not doubly commutative but changing the
semiring over which it is defined to be commutative but of type
I. Finally if we change the base semiring to be a semifield we
get subset matrix semivector space over the semifield which is a
subset of the semiring.

a; € {Collection of all
a, a, a,

al a2 a3
Example 4.30: Let M =

subsets from the semigroup semiring S = (Q" U {0}) (S(12)},
1 <1 <6} be the subset matrix semivector space of type one
over the semiring S.

M is doubly non commutative.

Take N = hoB 8
0 0 O

a; € {Collection of all subsets
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from the semigroup semiring S}, 1 <i <3} < M; N is a subset
matrix semivector subspace of M over S of type I.

al aZ
a, a, .
Example 4.31: LetT = Do a; € {Collection of all

a12 a24

subsets of the group semiring S = (Z" U {0}) A4}, 1 <i<24} be
the subset matrix semivector space of type I over the semiring
S. T has infinitely many subset matrix semivector subspaces.
Infact T is a Smarandache subset matrix semivector space over
the subset Z" U {0} < (Z" U {0})A4, where Z" U {0} is a
semifield.

al a2
Example 4.32: Let W= {/a, a, || a € {Collection of all
a; a

subsets from the semiring R" U {0}}, 1 <i < 6} be the subset
matrix semivector space of type I over 5Z° U {0}. W has
infinitely many subset matrix semivector subspaces.

Now we proceed onto give examples of subset matrix
semivector spaces of type III over a field F.

al a3
Example 4.33: LetM = <|a, a, || a € {Collection of all
a; a

5 6

subsets of a field Z;}; 1 <1 < 6} be the special strong subset
matrix semivector space over the field Z; of type III. Clearly
o(M) < 0.
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al a2

a, a, .
Example 4.34: Let M = > U |la; € {Collection of all

A Ay

subsets from the field R}; 1 < i < 24} be the special strong
subset matrix semivector space of type III over the field R.
Infact o(M) = .

Suppose R is replaced by R" U {0}. M will only be a
subset matrix semivector space over the semifield R" U {0}. If
R is replaced by Z, M will be a subset matrix semivector space
of type II over the ring Z.

Now we see M has special subset matrix semivector spaces
of type II also apart from the subset matrix semivector spaces.

Example 4.35: Let

a'1 a‘2 a3
M=<{la, a, a|| a € {Collection of all
a, ag a,

subsets form the ring QSs}, 1 <1< 9}

be the special strong subset matrix semivector space of type III
over the field Q. M is also a special strong subset matrix
semilinear algebra of type III over the field Q.

Infact o(M) = o0 and M is a non commutative special strong
subset matrix semilinear algebra of type III over the field Q.
We can consider M as a double non commutative special subset
matrix semilinear algebra of type Il over the ring QS:s.

Infact M is also a Smarandache doubly non commutative
special matrix semilinear algebra of type II over the ring QSs.
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Example 4.36: Let W= {|a,, a, .. a, || a € {Collection

Ay Ay .. Agg

of all subsets from the semigroup ring RS(3)}, 1 <1< 3} be the
strong special subset matrix semivector space of type III over
the field R.

Infact W is a special subset matrix semilinear algebra of
type II over the ring RS(3) which is doubly non commutative
and is of infinite order.

Example 4.37: Let M = {Collection of all 6 x 6 matrices with
entries from the subsets of the groupring Z;9D5 17} be the special
strong subset matrix semivector space over the field Z,9 of type
111

If Z,y is replaced by the ring Z;9D,;7; we have M to be a
special subset matrix semivector space over the ring
Z19Dy 17 of type 11

Clearly o(W) < .
I a'1 a2 a3 ]
a4 aS a6
Example 4.38: Let W= 4| a, a, a, || a € {Collection of
a10 a11 a'12
|33 3y s |

all subsets from the field Zs}, 1 <i < 15} be the special strong
subset matrix semilinear algebra of type III over the field Zs.

Clearly o(W) < .
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a, a, a,
Example 4.39: LetM = 3|a, a, a, || a € {Collection of all
a, a; a

subsets of the group ring Z;,S;}, 1 <1 < 9} be the strong special
subset matrix semivector space of type III over the field Z,;.
Clearly as a semilinear algebra of type III, M is non
commutative. If Z;; is replaced by Z;;S; we see M is a special
subset matrix semivector space of type II.

Infact M is a doubly non commutative subset matrix linear
algebra of type Il over the ring Z,;Ss.

Example 4.40: Let

W = {Collection of all subset of the groupring Z3S}.

al all a21
a2 a12 a22 .

P=< 7 7 7 |laeW,1<i<30} beastrong
a, a, a

10 20 30

special subset matrix semivector space over the semifield Z,; of

type II; o(P) < . If Z;;3 is replaced by Z5S; we get special
subset matrix semivector space of type Il over the ring Z5S,.

We see the type will affect the basis of the structure. To
this end we define the following properties about these subset
matrix semivector spaces of all types.

Let M be a subset matrix semivector space. We say A and
B in M are linearly subset dependent if A = cB; ¢ € ring or field
or semiring or semifield over which M is defined.

If for no ¢ we can write A = cB then we say A and B
linearly subset independent in M.
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Let A= [
{0} {0} {1,2,3,4} {0}

{0,5,8,3; {LZ}] and B = { {0} {0}] M

= {all 2 x 2 matrices with the subsets from the semifield Z*" U
{0}} and M is a subset matrix semivector space over the
semifield Z" U {0}. Clearly A # cB for any ¢ € Z" U {0} so

A and B are subset linearly independent in M over Z" U {0}.

Let A= {
{0 {3} HUSE

{0,3,6) {0}) B [{0,1,2} {0}] Iy

We see A = 3B so A and B are subset linearly subset
dependent matrices.

Given any pair of matrices in M we may have them to be
linearly subset independent. A collection of linearly subset
independent matrices which is capable of generating the subset
matrix semivector space is defined to be the subset matrix basis
of M over the appropriate algebraic structure.

We will illustrate this situation by an example or two.

a
Example 4.41: Let M = {{ 1} a;, a; € {Collection of subsets
a2

of the field Z;}} be the special strong subset matrix semivector
space over the field Z.

- o {{1}} _ {{2}} .
e subset matrices A = and B = in M are
{0} {0}

linearly dependent as 2A = B; that is B =2A. However if A =

{1,2}
matrices, can A, B in M generate M.

{0} _ 10,2} . :
and B = o are subset linearly independent
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If S is the generated by A, B.

IfA= { 0 } € S then [{0}} e S.
{1,2} {0}

cear[ s
{2,0,1}

{0,1,2}} s

NowBeSsoB+B={
{0}

- [ s
{0}

However S # M; that is A, B cannot generate M as subset

- . o] [
matrix linearly independent set for , & S.
] {2

Now consider the sets {{0}},{{1}— , _{0’1}},[ 0 }} eM
{1y |'1{0} ] | {0} |'|{0,1}

We see this can be a basis of M and are linearly subset
independent over the field Z;.

Example 4.42: Let M = {(a;, a5, a3) | a; € {Collection of all
subsets from the ring Z4}, 1 <1< 3} be the special subset matrix
semivector space over the ring Z,.

W (03] [103]
Consider P= 4| {0} | ,| {1} | ,| {O} | ¢,

0] [{0}] {1}

P is a linearly subset independent collection. However P
cannot form a basis of M.
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T = {({1, 0}, {0}, {0}), ({0}, {0,1}, {0}), ({0}, {1}, {0}),
({0}, {0}, {1})} < M is a subset linearly independent matrix.
Infact T is a subset matrix basis of M over Z,.

We can have another set of subset linearly independent
subsets which forms a basis of M over Z,.

a; € {Collection of all
a, a,

a1 a2
Example 4.43: Let W =

subsets of the ring Z¢}, 1 <1 < 4} be a special subset matrix
semivector space over the ring Z.

,MMP:{Fm mq,rn mq,Fm ﬂq’
o) Loy {04 [4op {0}
Fm wq Fan mq Fw wﬂq
op m]TLor o) Liop oy [

[ {0} {0}1 {{0} {0} }
; W
{0,y {0} ] [{0} {O,1}
is a collection of subset matrix independent set which is a basis

of W over Zg.

Clearly subset dimension of W over Z; is eight.

a, a

a
Example 4.44: Let W = {( ! 3] a; € {Collection of all
a, a; ag

subsets from the ring Z;;}, 1 <1 < 6} be the special subset
matrix semivector space over the ring Z,,.

’”“P:{UH w}{m]’pm a}{m}
©F {03 {0p)" ({0} {0} {0}
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({0} {0} {1}] ({0} {0} {O}J {0} {0} {O}J
0y {0y {03)" U {0y {03)7 {0y {1 {0})°

[{0} {0} {0}j ({0,1} {0} {0}j {0} {01} {0}j
0y 0 L)Ly {0y {03) ({0} {0} {0})°

{0y 0y {0y ) \{0,1; {0}y {0}) \{0} {01} {0}

({0} 0y {0} J}
W
{0} {0} {0.1}
1s a subset matrix basis of W over Z¢. The subset dimension of
W over Z, 1s 12.

{{0} {0} {0,1}) ({0} {0} {0}} {0y {0} {0})

It is left as an exercise for the reader to find subset basis of
subset matrix semivector spaces.

a
Example 4.45: Let W = ’ a; € {Collection of all

subsets of the field Z;}, 1 <1 < 8} be the strong special subset
matrix semivector space over the field Z;.

I {05 [0} {3 | | {0} {05 | | {0} {0}
0y {0p] [{0} {0} |{1} {03 |{0} {1}
0y {03 [0} {0}| {0y {0y |{0} {0}|
0y 105 [0F {0p] [{0} {0}] [{0} {0}

LetP =
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0y {03 | {0y {03 |10} {O}| |{0} {0}
{0y {0}| [{03 {03| |{O} {O}| [{0} {0}
L {0y {0y {13 {0y {03| {0} {0}
0 {03] [10p 0] [ {03] LO0F i}

{0, {0} {0} {0,013} | {0} {03| |{O} {O}
0y {03 |0} {0} | |{O,1} (03| |{O} {O.1}
0 {0p|"[{0} {0y |"| {0y foy|"|t0y {0y |
0y 03] [0 {0 0y 03] [0} {0

{0y {0y [0} {0 {0y {0} |10} {0
0y {0y [0 {0 0p 03] 10y 100 ||
0,13 {0}|" ({0} {O.13|"| {0} {0y| {0} {0} ||
{0y 03] [{0F {0} | [{O,1} {0] [ {0} {01}

is a special strong subset matrix semivector basis of W over the
field Z; and the special strong subset dimension is 16.

al a2
Example 4.46: Let M = {aS aéi a; € {Collection of all

a5 ag

subsets from the semifield Z" W{0}}; 1 <i < 6} be the subset
matrix semivector space over the semifield Z" U{0}.

L {oy] [0y L] [0} {0}
{0y {0}|, | {03 {0} |, | {1} {0},
{0} {0}] [{0} {0}] [{0} {0}

{0y {0y] [0y (03] [ty {0}] [{0.1} {0}
0y {3 |, {0y {03, |{0y {03, | {0} {0},

{0y {0y] [ 03] [0} {I}] [ {0y {0

a~]
I
—




200 | Subset Polynomial Semirings and Subset Matrix Semirings

{0y {013 | 05 {0} {0} {0 {0y {0}
0y {0} |, 110,13 {03 |, [ {0} {0,1} |, | {0} {0}|,
0y 10} 0y 03] [10F {0} | [{O,1} {0}

{0} {0}
0y {0} | =M
{0y 10,1

1S a subset matrix basis of the semivector of M over the
semifield Z" W{0}. Clearly the subset matrix semivector space
is dimension is 12.

Example 4.47: Let M = {Collection of all 5 x 5 matrices with
subset entries from the semiring

be the subset matrix semivector space over the semiring L of
type L.

Find a basis subset matrix of M over L

Now we proceed onto define yet a new type of subset
matrix semivector space over semirings or semifields of subsets.
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DEFINITION 4.3: Let S = {Collection of all subsets of a field or
a ring or a semiring or a semifield}.

M = {m xn matrices with elements from S}. M is defined as
the super subset matrix semivector space over the subset
semiring / semifield S.

We will first illustrate this situation by some examples.

a, a
Example 4.48: Let M = { ! 2} a; € S = {Collection of all

a, a,

subsets from the ring Zo}; 1 <1i <4} be the super subset matrix
semivector space over the semiring / semifield S.

{0,3}  {0,4,2}

LetP = {
{0,6,8} {1

} e Mandx={0,2,7} € S.

o[ 02731030 {0.2.7)x10.4.2)
{0,2,7}%x{0,6,8)  {0,2,7}x {1}

{0,6,3} {0,4,5,8,1} M
= €
{0,3,7,6,2}  {0,2,7}

This is the way we make super subset matrix semivector
space.

Example 4.49: Let

S = {Collection of all subsets from the semifield Z" L{0}} be
the subset semifield. Let W = {3 x 2 matrices with entries from
S}, be the semivector space over the subset semifield S.

10,1,2,4,3,9}  {0,9,2}
Let A=| {4,8,9,11} {0} | eW andx={0,9,12,3,4,1}€S.
14,2,0  {7,19,1}
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[40,1,2,4,8,9,18,3,6
12,24,27,16,32,36,
72,81,48,96,108}

{0,9,2,6,27,8,36,
18,81,24,108}

{4,8,9,11,12,24,
XA = | 27,33,16,32,36,44,0, {0} isin W.
81,72,99,

48,96,108,132}

{1,7,19,0,3,21,57,
4,28,76,9,63,171,12,
84,228}

{0,2,14,6,42,8,56,
18,126,24,168}

a; € {Collection of all

a, a,
Example 4.50: Let M =
a, a,

subsets from the semifield Q" LW{0} = S; 1 <i <4} be the super
subset matrix semivector space over the subset semifield S.

M is infact a non commutative super subset matrix
semilinear algebra over the subset semifield S.

Example 4.51: Let B = {(a,, a,, a3, a4, a5, a, ..., aj9) | & €
S = {Collection of all subsets of the ring Z;4}; 1 <1< 10} be the

super subset matrix semivector space over the semiring S.

Clearly o(B) < o and also the dimension of the super subset
matrix semivector space is finite.

a
Example 4.52: Let M = 2 a; € S = {Collection of all

ag

subsets of the group ring Z;S;}, 1 <i < 8} be the super subset
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matrix semivector space over the subset semiring S. Clearly M
is doubly non commutative as a super subset matrix semilinear
algebra over the subset semiring S.

Infact for A € S and P € M; AS # SA in general.

Example 4.53: Let

S = {Collection of all subsets from the semigroup ring Z,S(3)},
M = (aj, a, a3, a4, a5) | 8, € S; 1 <1< 5} be the super subset
matrix semivector space over the subset semiring S. Clearly M
as a super subset matrix semilinear algebra which is doubly non
commutative. For if X € S and A € M, AX # XA in general
and AB # BA in general for A, B € S.

Example 4.54: Let
S = {Collection of all subsets of the semiring (Z" U {0})S(7)}.

a, a, a, a

1 2 3 4

a; a, a, ag
be the super subset matrix semivector space over the subset
semiring S.

a,€8S;1<i<8}

Clearly for X € S and A € M XA # AX. This is a special
type of non commutative semivector space.

One is very well aware of a fact in general if V is a vector
space (or a semivector space) and F a field (or a semifield) then
for v e V and a € F av = va but this is not in general true in
case of subset matrix semivector spaces more so in super subset
matrix semivector spaces.

This is the main difference between usual vector spaces
(semivector spaces) and the subset matrix semivector spaces

and super subset matrix semivector spaces.

We will illustrate this situation also by an example or two.
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a
Example 4.55: Let M = *||a; € S = {Collection of subsets

of the group ring Z4 S5}, 1 <1 < 4} be the super subset matrix
semivector space over the subset semiring S.

{p.p,}
{ps}
{2p,}

{p, +p,}

Take X = {p1, p2, 0, 3p3} € Sand A =

{P1>P,,0,3p;} {p. P, }
{p1>P,,0,3p; 1 {ps}
{p:-P,,0,3p;} {2p,}

{p>p,,0,3p;}{p, +p,}

We find XA =

{1,0,p5,3p5, P4, 3p,
{3,0,p,.ps}
{0,2p;,2p,,2p, }
{0,1+ps,1+p,,3p, +3ps}

" {p).D,} Py D,,0.3p;}

2 b 0,3
Consider AX = {Ps} {P1>P2 Pa =XA,
{2p,} {p1»P,,0,3p;}

| P, + P} {P;»P,,0,3p;}
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so only we use the term in general AX # XA.

{p,}
N ) B _ {p;}
ow consider X = {p;, 0} € Sand A = ,
{p,,1}
{ps, 0}
{0,p,} {p,} {0,ps}
we find xA = | 0pdApsk | {0
{0,p,} {p,. 1} {0.p,,ps}
{0,p,}{0,ps} {0,p,}
{p,}{0,p,} {0,p,}
Consider ax — | P33{0pd || {0:ps)
{p,,13{0,p,} | | {0.p,.p,}
{0,ps} {0,p, } {0,p;}
Clearly XA # AX.

a, a
Example 4.56: Let M = <| | o a; € S = {Collection of

11 12

... | 205

all subsets from the semiring Z" U {0} (S;)}, 1 <i< 12} be a
super subset matrix semivector space defined over the subset

semiring S of type L.

We see o(M) is infinite, however the reader is left with the

task of finding dimension of M over S.
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al a2 aIO
Example 4.57: Let W = {la,, a,, .. a, || a € S =
a, a a

21 22

{Collection of all subsets of the group ring Z;; S¢}, 1 <1i <30}
be a super subset matrix semivector space over the subset
semiring S.

We see o(W) <o and W is finite dimensional over S.

[ a, a, a, i
a, a, a,
Example 4.58: LetM = {| a, a; a, || a € S= {Collection
a'10 all a12
|33 Ay A5 |

of all subsets of the group lattice LS; where L is the following
lattice, L =

1 <1< 15} be a super subset matrix semivector space over the
subset semiring S.
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Clearly o(M) < w and M is a commutative super subset
matrix semilinear algebra over S.

Example 4.59: Let

S = {Collection of all subsets of the group ring Z4s Sg}.

M=4 % 7 Pllaes, 1<i<30}
Ay Ay Ay
be the super subset matrix semiring over the subset semiring S.

Clearly o(S) < oo but S is doubly non commutative as super
subset matrix semilinear algebra over S.

Further S is also non commutative as a super matrix

semivector space as XA # Ax in general for all x € S and
A e M.

Example 4.60: Let

S = {Collection of all subsets of the field Z43}.

a, a, .. a
M=4la, a, ... a,,|| aeS;1<1<24}
a17 a18 a'24

be the super subset matrix semivector space over the subset
semiring S. o(S) < o,

M is infact commutative as a super subset matrix

semivector space as well as super subset matrix semilinear
algebra over S.



208 | Subset Polynomial Semirings and Subset Matrix Semirings

Example 4.61: Let
S = {Collection of all subsets of the group ring Zs3 D, 7}.

a; a, a, ag .
W= 3,€8,1<i1L16}
a10 a11 alZ

a13 al4 alS aI6

be a super subset semivector space over the subset semiring
Z43Ds 7.

o(W) < co. But W is non commutative as a super subset
matrix semivector space and doubly non commutative as a super
subset matrix semilinear algebra over a subset semiring.

We see the concept of linear independence and subset basis
of a super subset matrix semivector space over a subset
semiring.

Example 4.62: Let

S = {Collection of all subsets of the field Z;,}.

W = {(a), ap, a3, a4) | a; € S; 1 <1 < 4} be the super subset
matrix semivector space over the subset semifield S.

Take A = ({1}, {0}, {0}, {0}) and
B = (10}, {0,5}, {0}, {0}) € W.

We see A and B are subset linearly independent.

Consider A = ({4, 6, 2}, {2}, {0}, {4}) and B = ({1, 3, 2},
{1}, {0}, {2}) in W. We see 2B = A thus A and B are subset
linearly dependent.

Now consider

B = {({1}, {0}, {03, {0}), ({03, {1}, {0}, {0}), ({0}, {0},
{1}, {0}), ({03, {0}, {0}, {1}), ({01}, {0}, {0}, {0}), ({0},
{013, {0}, {0}), ({0}, {0}, {0,1}, {0}), ({0}, {0}, {0}, {0,1});.
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B is a not a subset basis of W for ({1}, {0}, {0}, {0}) and
({0,1}, {0}, {0}, {0}) are subset linearly dependent.

B would have been the subset basis of the W as not
considered as a super subset matrix semivector space.

However for the super subset matrix semivector space W
the super subset basis is B = {({1}, {0}, {0}, {0}), ({0}, {1},

{0}, {03), ({0}, {0}, {1}, {0}), ({0}, {0}, {0}, {1})}.

Thus dimension of W over S is four.

Example 4.63: Let
S = {Collection of all subsets of the semiring R" U {0}}.

aI aZ a12
M=<la; a, .. a, ||acS, 1<1<36}
a, a a

be the super subset matrix semivector space over the subset
semiring S. 0o(S) = oo but super subset dimension of M over S is
just 36.

Example 4.64: Let

S = {Collection of all subsets of the semifield R" L {0}}.

M = {Collection of all 7 x 7 matrices with entries from the
subset semiring R U {0} } is the super subset matrix semivector
space of dimension 49 over S.

Inview of this we have a nice theorem.

THEOREM 4.2: Let § = {Collection of all subsets from a field
or a ring or a semifield or a semiring or a group ring or
Semigroup ring or a group Semiring or a semigroup semiring}.
M = {Collection of all m x n matrices with entries from S}). M is
a super subset matrix semivector space of super subset
dimension m xn over S.
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Proof is direct and hence left as an exercise to the reader.
Whatever be the order of M we see super subset dimension of
M is the same.

It is simple and is a matter of routine to get super subset
matrix semivector subspaces of a super subset matrix
semivector space over a subset semiring.

Now we proceed onto define describe and develop the
notion of subset polynomial semivector spaces and the notion of
super subset polynomial semivector spaces.

DEFINITION 4.4: Let S = {Collection of all subsets of a
semiring or a semifield or ring or a field}.

a; € S}. M is defined as the subset

M = {i ax'
i=0

polynomial semivector space of a stipulated type depending on
the structure over it is defined.

We will first illustrate this situation by some examples.

Example 4.65: Let

S = {Collection of all subsets of the semifield Z" U {0}}.

a; € S}; M is a subset polynomial semivector

i=0

M = {iaixi

space over the semifield, Z" U {0}.

Example 4.66: Let S = {Collection all subsets of the lattice L =
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a0 A9
ag

ag as
e
a3

aj a

M = {Z:dixi d; € S} be the subset polynomial semivector

i=0

space over the semifield

a3

If M is a subset polynomial semivector space over the
semiring L then we call M to be a subset polynomial semivector
space of type I over L.

Infact by varying the semifields or chain lattices in L we
can get several different subset polynomial semivector spaces
over F;, 1 <1<4.
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» | 1
For take F, = orF, =
[ X500) ao
¢dg a6
¢ ds a;
¢ ds 0
p Ay
¢ A3
p 41
o 0
or F; = 1 orF, = a4
¢ dg a3
[ Xo¥ al
.
¢ds 0
¢ dy
e a3
[ X:5)
60

and so on. We see F;’s are just chain lattices so they are nothing
but semifields.

Also we can get type I subset polynomial semivector spaces
over other sublattices which are not chain lattices.

Example 4.67: Let S = {Collection of all subsets of the
semiring
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a; € S};

M= {iaixi
i=0

M is a subset polynomial semivector space / subset polynomial
semilinear algebra of type I over the semiring B.

Example 4.68: Let S = {Collection of all subsets of the
semiring R = (Z" U {0})S; (group semiring)}.

M = {Z:aixi a; € S} is a subset polynomial semivector

i=0

space of type I over the semiring R.

The speciality of this space is that if a € R and p(x) € M
then ap(x) # p(x)a in general.

That is why these subset polynomial semivector spaces are
non commutative of type I. Further as a subset polynomial
semilinear algebras over R of type I they are doubly non
commutative over R.

We will give some more examples of them.

Example 4.69: Let S = {Collection of all subsets of the
semigroup semiring T = (R" U {0}) (S(4))}.
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|

X .
2ax

i=0

a; € S} is a subset polynomial semivector

space over R" U {0} and a subset polynomial semivector space
of type I over T.

We see as a subset polynomial semivector space of type I
over T, M is non commutative and doubly non commutative as
a subset polynomial semilinear algebra of type I over T.

For take a =
1 1

p(x) = {G 1
(;

wie{
)

1 2
11

N W

W

;

4
2

I

1 2 3 4
2 2

2 3 4

3 41

1 2 3 4
11 2

2 3 4
31 1

1 2 3 4

2 3 4

2 3 4

3

1

)
Ml 1

2 3 4
2 2

i

il
it

2 3
4 4 4

i€

1
3

1 2

i

1
1

1
3 3

2 3 4

2

o W

in S and
1 1

2 3 4

1 3 4)

3 4\(1 2 3 4
1 1){2 1 3 4)
4x2+

3

3 4\(1 2 3 4
2 2)l4 4 4 1)
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1
2 3 4

2 3 4
I 1

1
33

il

E

Now consider p(x) a = {(
1
Iy

4
1

)

4 4 2 2

2 3 4
1 2 3

1

1 1

1 2 3
I 1

(3
;

1
1

2 3 4
4 4 4 1

)
i

2 3 4

)

N

1
2

2 3 4

4

2 1)

i
2 3

| 215

2 3 4
1

1
4 4 4

2 3 4

1 J(

1
33

| )

(1t 2 3 4\(1 2 3 4
2 21 1)\t 11 1)
1 23 4\(1 2 3 4 ,
) X"+

332 202 211
1 2 3 4\(1 2 3 4
2 2 3 34 4 4 4)

1 2 3 4\(1 2 3 4

o

1 2 3 4
11 2 2

Bl

e
L3N
K

4 4

i

4 4

2 3 4
1 3 4

:

1 2 3 4
3

1 2 3 4
11 2 2

2 3) )
5

1
33

)
)

1 2 3 4
11 2 2

2 3 4
1

1
4 4 4
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(12 3 4y (1 2 3 4
11 2 2/ 1 2)
1 2 3 4\(1 2
11 2 2)13 3
1 2 3 4\(1
1 2 2 1)3
1 2 3 4\(1 2
22 2 1)2 2

Clearly ap(x) # p(x)a.

—

W W
—_ A
~
[ ———;
>
(58]
_|._

— N
—_ W
w
~—

N W
—
N—
\ﬂf_/
m
<

That is why we say M is a non commutative subset
polynomial semivector space of type I over the semiring T.

Example 4.70: Let
S = {Collection of all subsets of the semigroup ring Z,S(3)}.

M = {i ax'
i=0

semivector space of type Il over the ring Z;,S(3).

a; € S} be the special subset polynomial

Clearly M is a non commutative special subset polynomial
semivector space of type II. M is a doubly non commutative
special subset polynomial semilinear algebra of type II over
Z1,S(3).

Example 4.71: Let
S = {Collection of all subsets of the groupring Z,Ss}.

M = {i ax'
i=0

semivector space of type Il over Z,Sg or M can also be realized

a; € S} be the special subset polynomial
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as a special strong subset polynomial semivector space of type
III over Z,.

In the first case it is non commutative as special subset
polynomial semivector space of type II and doubly non
commutative as a special subset polynomial semilinear algebra
of type Il over Z,Ss.

However it is a special strong polynomial semivector space
over of type III over Z; but is a non commutative special strong
polynomial semilinear algebra of type III as

p(x) q(x) # q(x) p(x) in general for p(x), q(x) € M.

Example 4.72: Let S = {Collection of all subsets of the field

R}. M= {iaixi

i=0

a; € S} is a special strong subset polynomial

semivector space of type III over the field R.

Infact M is also a special strong subset polynomial
semilinear algebra of type III over the field R.

M can be realized as a subset polynomial semivector space
over the field R* U {0}. M can be realized as a special
polynomial semivector space over the ring Z < R of type L.

We see just by varying subsets of the field R we can get
different types of subset polynomial semivector spaces.

Example 4.73: Let
S = {Collection of all subsets of the group ring R = Z;D,;}.

M = {i ax'
i=0

semivector space over the ring R of type II.

a; € S} is the special subset polynomial

If M is considered over the field Zs we see M is a special
strong subset polynomial semivector space of type III over the
field Z5.
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Example 4.74: Let
S = {Collection of all subsets of the semifield Z" U {0} }.

M = {Zglaixi

i=0

a; € S; 0 <1 <9} is the subset polynomial

semivector space over the semifield Z" U {0}.

Clearly M is not a subset polynomial semilinear algebra
over the semifield Z" U {0} as for p(x), q(x) € M in general

p(x) x q(x) ¢ M.

Example 4.75: Let
S = {Collection of all subsets of the semiring T = (Z" U {0})

S3b. W = {iaixi

i=0

a; € S; 0 <1 <7} is a subset polynomial

semivector space over the type 1.

Clearly W is not a subset polynomial semilinear algebra
over T for if p(x), q(x) € W then p(x) x q(x) ¢ W in general.

Example 4.76: Let S = {Collection of all subsets of the
semiring B =

4
M = {Zaixi a € S; 0 <1< 4} be the subset polynomial

i=0

semivector space over the semiring B of type L.



Subset Polynomial Semivector Spaces ... | 219

Clearly M is not a subset polynomial semilinear algebra
over B of type L.

Example 4.77: Let
S = {Collection of all subsets of the ring Z,}.

10 )
M = {Zaix‘
i=0

polynomial semivector space of type Il over the ring Z4. M is
not a special subset polynomial semilinear algebra of type II
over Zyg.

a; € S, 0 <1< 10} be the special subset

Example 4.78: Let S = {Collection of all subsets of the group
lattice LS, where

L= 1 \

15
M = {Zaixi a; € S,0 <1< 15} be a subset polynomial

i=0

semivector space of type I over the semiring LS,.

Clearly M is non commutative as a subset polynomial
semivector space of type I over L. Further M is not a subset
polynomial semilinear algebra of type I over L.
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Now we have seen all subset polynomial semivector spaces
in general are not subset polynomial semilinear algebras what
ever be the type; however all subset polynomial semilinear
algebras are always subset polynomial semivector spaces.

In view of this we have the following theorem the proof of
which is left as an exercise to the reader.

THEOREM 4.3: Let S = {Collection of all subsets of a semifield

a,€S;0<i <
=0

n
or a semiring or a field or a ring}. M = {Z ax'

n, n < oo} be a subset polynomial semivector space over a ring
(or semifield or semiring or a field). Then M is never a subset
polynomial semilinear algebra over the ring (or semifield or
semiring or a field) of any type.

Inview of this we have another theorem.

a; € S = {Collection of all

i=0

THEOREM 4.4: Let M = {Zaix"

subsets of a ring or a semiring or a semifield or a field}} be a
subset polynomial semivector space over ring or field or
semiring or a semifield. M in general need not be a subset
polynomial semilinear algebra of any type.

The result is obvious if n < o certainly M is never a subset
polynomial semilinear algbra of any type.

We can as in case of usual subset semivector spaces define
the notion of subset semivector subspaces, subset linearly

independent elements and subset basis.

We only illustrate this situation by some examples.
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Example 4.79: Let

M = {iaixi

a; € S = {Collection of all subsets of the ring
i=0

Z10} } be the special subset polynomial semivector space of type
IT over the ring Z,.

Let p(x) = {0,5,8}x + {2,1} and q(x) = {9,3}x + {8,0} e M

We see p(x) and q(x) are subset linearly independent
polynomials in M.

Consider p(x) = {0,2,4}x + {6, 8} and q(x) = {0,1,2}x + {3,
4} in M. We see p(x) and q(x) are subset linearly dependent
polynomials in M for p(x) = 2q(x).

Now as in case of usual vector spaces we see in case of
subset polynomial semivector spaces also the basis B will form
a linearly independent set, that is the basis B will be a subset
linearly independent set.

Take B = {{1}, {1}x, ..., {1}x", ..., {0, 1}, {0,1}x, {0,1}x7,
..., 10,1}x", ...} forms a subset basis of the special subset
polynomial semivector space of type Il over the ring Z,.

Example 4.80: Let M = {Z:aixi a; € S = {Collection of all
i=0

subsets of the semifield Z" U {0}}} be the subset polynomial
semivector space over the semifield Z" U {0}.

We can vizulize M to be a subset polynomial semilinear
algebra over the semifield Z" U {0}, then p(x) x q(x) is defined
and is in M.

Now a subset polynomial basis of M over Z" U {0} is given
by B = {{1}, {0, 1}, {0,1}x, {1}x, ..., {1}x", {0, 1}X", ...} over
the semifield Z" U {0}.
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Example 4.81: Let S = {Collection of all subsets of the

semiring L = 1

0

M = {z a,x'|a; € S} is a subset polynomial semilinear algebra

i=0

of type I over the semiring L = !

0

Consider B = {{0, 1}, {1}, {1}x, {0,1}x {1}x% {0, 1}x% ...}
< M is a subset basis of M over the semiring

1

L= b  oftypel.

Example 4.82: Let

M = {iaixi

a; € S = {Collection of all subsets of the field
i=0

Z7}} be the special strong subset polynomial semilinear algebra
over the semifield Z; of type II1.

B = {{1}, {0,1}, {0,1}x, {I1}x ...} is a subset polynomial
basis of M over the field Z; of type III.

a; € S = {Collection of all
i=0

Example 4.83: Let M = {Zaixi

subsets of semiring (Z"U{0})S;} be the subset polynomial
semivector space of type I over the semiring (Z" U {0})Ss.
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a; € P = {Collection of all subsets of the

Let W = {i ax'
i=0

semiring (2Z" U {0}) S;} < M be the subset polynomial
semivector subspace of type I over (Z" U {0}) Ss.

Example 4.84: Let M = {Collection of all polynomial Z:aixi
i=0

a; € S = {Collection of all subsets of the ring Z;; A4}} be

special subset polynomial semivector space of type I over the

ring Z,Ay.

a3€StcM

20
Take N = {Zaix‘
i=0

is a special subset polynomial semivector space of type I over
the ring Z,A4.

Now we proceed onto define super subset polynomial
semivector spaces of all the three types.

DEFINITION 4.5: Let S = {Collection of all subsets of the
semiring or semifield or field or ring).

a; € S} be the subset polynomial semivector

i=0

M= {iaixi

space of the appropriate type over S. We define M to be the
super subset polynomial semivector space over S.

We will illustrate this situation by some examples.
Example 4.85: Let S = {Collection of all subsets of the
semifield Q" L {0}}.

a; € S} be the super subset polynomial

M = {i ax'
i=0

semivector space over the subset semiring S.
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Example 4.86: Let S = {Collection of all subsets of the
semifield L =

1)

a
a

N
Lo

a; € S} be the super subset polynomial

i=0

and M ={iaixi

semivector space over the semiring S.

Example 4.87: Let S = {Collection of all subsets of the
semiring

_
9
-

a; € S} be the super subset polynomial

M = {iaixi
i=0

semivector space over S of type .

Example 4.88: Let S = {Collection of all subsets of the

a; € S} be the super

i=0

semiring (Z" U {0}) As}. M = {iaixi

subset polynomial semivector space of type I over S. Clearly
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even as a super subset polynomial semivector space, M is non
commutative.

Example 4.89: Let S = {Collection of all subsets of the
semiring LS; where L is a lattice

)

0 J

a; € S} is a super subset polynomial semivector
i=0

M = {iaixi

space of type I over S.

However M is a non commutative as a super subset
polynomial semivector space and doubly non commutative as a
super subset polynomial semilinear algebra. For we see if s € S
and p(x) € M, sp(x) # p(x)s in general and for p(x), q(x) € M,
p(x) q(x) # q(x) p(x).

Example 4.90: Let M = {Zaixi a; € S = {Collection of all
i=0

subsets of the ring Z4,}} be the special super subset polynomial
semilinear algebra over S of type II.

We can have several such special super subset polynomial
semilinear algebras over S of type II.
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Example 4.91: Let M = {Zaixi a; € S = {Collection of all
i=0

subsets of the ring Z;; S;}} be the special super subset
polynomial semilinear algebra over S of type 1.

Clearly M is non commutative special super subset
polynomial semilinear algebra over S. Infact M is doubly
commutative.

Example 4.92: Let
S = {collection of all subsets from the field Z,3}.

a; € S} be the special strong super subset
i=0

LetM = {i ax'

polynomial semivector space over the semiring S of type IIL
Clearly M is commutative as a special strong super subset
polynomial semilinear algebra over S.

B; = {{1}, {1}x, {1}x% ..., {1}x", ...} is a subset basis of
M as a special strong super subset polynomial semivector space
over S.

Example 4.93: Let S = {Collection of all subsets of the group
semiring (Q" U {0})}.

M = {iaixi

a; € S} be the super subset polynomial

i=0
semivector space over S of type I. Infact for p(x) € M and
s € S we have in general sp(x) # p(x)s.

Further M is a super subset polynomial semilinear algebra
of type I over S which doubly non commutative.

B, = {{1}, {I}x, {1}x% {1}x°, ..., {1}x°, ...} be the subset
basis of M as a semivector space over S.
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Example 4.94: Let
S = {Collection of all subsets of the semigroup ring ZsS(8)} and

M = {iaixi

i=0

a; € S} be the special super subset polynomial

semivector space of type I over S.

Clearly M is non commutative even as a special super
subset polynomial semivector space of type I over S for sp(x) #
p(x)s in general for s € S and p(x) € M. Further if M is realized
as a special super subset polynomial semilinear algebra then
also then M is doubly non commutative as for p(x), q(x) € M,
p(X) q(x) # q(x) p(x) in general. Finding basis is a matter of
routine.

Example 4.95: Let

S = {Collection of all subsets of the group ring Z,,S;}.

M= {Z ax'| a; € Sand n <o} be the special super subset

i=0

polynomial semivector space of type I. Clearly M is non
commutative, however M 1is not a special super subset
polynomial semilinear algebra as for p(x), q(x) € M, we see
p(x) q(x) ¢ M in general.

Example 4.96: Let S = {Collection of all subsets of the lattice
ring LS; where L is

0

a,€S5;0<L1<7}

;
and S; is a permulation group}. M = {Z:aixi

i=0

be a super subset polynomial semivector space over S.
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Clearly M is non commutative as sp(x) # p(x)s for s € S
and p(x) € M.

Further M is not a semilinear algebra.

5
Example 4.97: Let M = {Zaixi a; € S = {Collection of all
i=0

subset of the group ring Z,S4}; 0 <1 < 5} be the super subset
polynomial semivector space over the subset semiring S.
o(M) < oo,

We see M is non commutative but M is not a super subset
polynomial semilinear algebra over S; for if p(x), q(x) € M then

p(x) q(x) ¢ M.

9
Example 4.98: Let M = {Z:aixi a; € S = {Collection of all

i=0

subsets of the group semiring (Z" U {0}) As}, 0 <i< 9} be the
super subset polynomial semivector space over S which is non
commutative, but o(M) = co.

3
Example 4.99: Let M = {Zaixi a; € S = {Collection of all
i=0

subsets of the ring ZDy;}; 0 < i < 3} be the super subset
polynomial semivector space over S which is non commutative
and o(M) = 0.

8 .
Example 4.100: Let W = {Zaix‘ a; € S = {Collection of all

i=0

subsets of the ring Z;3Dy} 0 <1 < 8} be the super special subset
polynomial semivector space over the subset semiring S.

Clearly W is not a super special subset polynomial
semilinear algebra over the subset semiring S.
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Example 4.101: Let S = {Collection of all subsets of the ring

C(Z12) (g1, &) where g} =0and g; = g, 21g2 = 0 = &g} be
the subset semiring.

18
M = {Z:aixj a, € S; 0 <i< 10} be a super subset

i=0

polynomial semivector space of M over S of type I.

Basis B of M over S is B = {{1}, {1}x, {1}x?, ..., {1}x'®}.
Clearly M is a finite dimensional super subset semivector space
over S.

Example 4.102: Let S = {Collection of subsets of Q} and

27 )
M = {Zaix‘
i=0

polynomial semivector space over S. Clearly M is finite
dimensional, but is not a super subset polynomial semilinear
algebra over S.

a € S, 0 <1< 27} be the super subset

Example 4.103: Let S = {Collection of all subsets of R} and

27 )
M= {Zaix‘

i=0

a; € S, 0 <1<27} be the super subset polynomial

semivector space over the subset semiring.

P = {Collection of all subsets of Q} < S.

Clearly dimension of M over P is infinite.

Further M is not a super subset polynomial semilinear
algebra over P. Finally we have super subset polynomial
semivector spaces which are not super subset polynomial

semilinear algebras.

Inview of this we have the following theorem.
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THEOREM 4.5: Let S = {Collection of all subsets over a
semifield Q or R or ring or semiring or field}. M be a super
special subset polynomial semivector space over S. Clearly M
is not a super special subset polynomial semilinear algebra
over S.

Proof is direct and is left as an exercise to the reader.

Example 4.104: Let
S = {Collection of all subsets of the group ring Z;3Ss}.

M = {i ax'
i=0

semivector space over the subset semiring.

a; € S} be the super subset polynomial

P = {Collection of all subsets of the field Zs;} < S.

M is commutative as a super subset polynomial semivector
space over P but M is a non commutative super subset
polynomial semivector space over S. M is a doubly non
commutative super subset polynomial semilinear algebra over
S.

Example 4.105: Let

S = {Collection of all subsets of the field C}.

a; € S} is a super subset polynomial

M = {iaixi
i=0

semivector space (as well as semilinear algebra) over
T = {Collection of all subsets of Q or R} < S.

M can also be a special super subset polynomial semilinear
algebra over S.

Example 4.106: Let
S = {Collection of all subsets of the ring C(Z,4)}.
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a; € S; 0 <1< 9} be the super subset polynomial

M= {29: ax'
i=0

semivector space over the subset semiring S.

Example 4.107: Let S = {Collection of all subsets of the
semiring (Z" U {0}) (g1, g, g3) where g’ =0, gi=g,and g; =
—g;, gigi=0,i1fi#j,1<1,j<3} be the subset semiring.

a3, € S; 0 <1< 21} is a super subset

M = {iaixi
i=0

polynomial semivector space over S. Clearly M is of finite
dimension over S. However M is commutative.

Example 4.108: Let
S = {Collection of all subsets of the semiring (Q" U {0}) S(5)}.

M= {Zglaixi

a; € S; 0 <1< 8} be the super subset polynomial

i=0

semivector space over S which is non commutative.

Infact M is not a super subset polynomial semilinear algebra
over S.

Example 4.109: Let S = {Collection of all subsets of the
semiring LS(12) where L =
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19
be the subset semiring. W = {Z:aixi a; € LS(12); 0<1<19}
i=0

be the super subset polynomial semivector space over the subset
semiring S.

Clearly W is non commutative over S. W is not a super
subset polynomial semivector space and is not a super subset
polynomial semilinear algebra over S.

Example 4.110: Let
S = {Collection of all subsets of the semiring (Q" U {0})So} be

the subset semiring. M = {Z:aixi a; € S} is a doubly non

i=0

commutative super subset polynomial semilinear algebra over
the subset semiring S.

Example 4.111: Let
S = {Collection of all subsets of the ring ZgS(8)}.

M = {i ax'
i=0

semilinear algebra over the subset semiring S.

a; € S} be the super subset polynomial

M is doubly non commutative.  Finding semilinear
transformation and semilinear operators are a matter of routine.
Let S = {collection of all subsets of the semifield Z" U {0} }.

a;,€S,0<i<8} and
i=0

M= {Zslaixi

a3 € S; 0 <1< 16} be subset polynomial

16 )
N = {Z ax'
i=0

semivector spaces over the semifield Z" U {0}.

We can define T : M — N where T is a semilinear
transformation of M to N.
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Thus if we need to define semilinear transformation of
subset polynomial semivector spaces M and N we must have M
and N to be defined over the semiring or semifield or field or
ring and in case of super subset polynomial semivector spaces
over the same subset semiring S.

The definition and working is similar to usual semivector
spaces.

Example 4.112: Let M = {Zaixi a; € S = {Collection of all

i=0

subsets of the semiring L =

be the subset polynomial semivector space over the semiring L
of type I.

We can define T : M — M, semilinear operators on M.

We can also define semilinear functional T : M — L by

T(p(x)) = >.D g, wherep(x)= > ax', g €a € SandXg;is
i i=0

the sum of all the elements in the set a;.

We find the sum of the sums which is clearly in L.
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Example 4.113: Let W = {Z:aixi a; € S = {Collection of all
i=0

subsets of the semiring Z" U {0}}} be the subset polynomial
semivector space over the semifield Z" U {0}.

Let p(x) = {8, 3,4, 0, 11,3, 5,10, 9}x> + {1, 2, 3, 6}x* +
{1,2,3,4,5,6} =ax’ +ax’ +a; € W.

Letf: W —>2Z" U {0}.

f(p(x)) = 3 (8+3+4+0+1143+5+10+9) + (1+2+3+6) +
(1+2+3+4+5+6)

=> (53 +12+21)
=86 e Z U {0}.

Thus fis a subset semilinear functional of W.

Example 4.114: Let

M = {Zaixi a; € S = {Collection of all subsets of the ring

i=0

Zg}} be the super subset semivector space over the subset
semiring S. We define f: M — S as follows:

Ifp(x)=1{0,1,2} x*+ {3,4,5} x + {3, 6}

then f(p(x)) = ({0, 1,2} + {3, 4,5} + {3, 6})
h

={3,4,5,6,7} + {3, 6}
=1{6,7,0,1,2,3,4,5}
:Zg e S.

This is the way super semilinear functionals are defined.

We suggest some problems for the reader.
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Problems

1. Obtain some important and interesting features enjoyed by
subset matrix semivector spaces.

2. Distinguish the subset matrix semivector spaces from
subset semivector spaces.

3. LetM = {(ay, a, a3, ..., ag) | a; € {Collection of all subsets
from the semiring

vm
9
-

1 <1 < 6} be a subset matrix semivector space over the
semifield L =

o h &» =

(i) Find the number of elements in M.

(i) Find a semibasis for M.

(iii)) Can M have subset matrix subsemivector subspaces?

(iv) Can M be a Smarandache subset matrix semivector
space over the semifield L?

(v) How many semibasis can M have over L?
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4. LetM= a; € {Collection of all

subsets of the semifield Z" U {0}} 1 <i <4} be the subset
matrix semivector space over the semifield Z" U {0}.

(1) Study question (ii) to (v) for this M.

(i) Prove M is non commutative under usual product x
and commutative under the natural product x,.

(iii) Can M have many sets of basis?

5. Let S = {Collection of all subsets of the semiring L =

1 )
a b
c
d e >
g h
0 J
al a2 a3
o a; a5 4 .
be a subset semiring T = a; € S; 1112}
a; 34z Ay
alO all al2

be the subset matrix semivector space over the semiring L
of type 1.



Subset Polynomial Semivector Spaces ... | 237

(i) Prove o(T) < .

(i1)) Find a subset semibasis of S.

(iii) Is T a S-subset matrix semivector space?

(iv) Find subset matrix semivector subspaces of T.
(v) How many basis can T have over L?

(vi) Can T be made into a subset matrix semilinear algebra
over L?

(vii) If T is a subset matrix semilinear algebra over L will
the subset dimension of T over L vary when T is just a
subset matrix semivector space over L.

LetM= q|a, a; a

a, ag a,

a; € S = {Collection of all subsets

of the group semiring P = (Z" U {0})(S3)}, 1 <i< 9} be the
subset matrix semivector space of type I over the group
semiring (Z" U {0})Ss.

(i) Show o(M) = oo,

(i1) Find a subset basis of M over the semiring P.
(iii) Is it finite dimensional?

(iv) Can M have several basis over P?

(v) Obtain some interesting features enjoyed by M.
(vi) Can M be doubly non commutative?

Let M = {al a, . am}
a, A, .. Ay
subsets from the group ring ZsS;}, 1 <1 < 20} be a special

subset matrix semivector space over the group ring ZsS; of
type II.

a; € S = {Collection of all

(i) Find o(M).
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(ii)) Can M have several basis over ZsS;?

(iii) Find a basis of M over ZsS;.

(iv) Find some subset matrix semivector subspaces of M
over ZsSs.

(v) Can M be made into a subset matrix semilinear
algebra over ZsS;?

(vi) Prove M is a non commutative subset matrix
semivector space of type Il over the ring ZsS;.

al a2 a3
8. LetM=4|a, a, a, || a e S= {Collection of all subsets

a, ag a,

from the semigroup ring R =Z,;S(3)}, 1 <1 <9} be a subset
matrix semivector space over the ring R of type II.

(i) Study questions (i) to (vi) given in problem 7.

9. LetM = {(a, ay, ..., aj9) | a; € {subsets of the semiring
(Z"U {0}) (2)} g8 =0,1<i< 10} be the subset matrix
semivector space over the semifield Z" U {0}.

(i) Find a semibasis of M.

(i1) Can M have more than one basis?

(ii1) Can M be a subset matrix semilinear algebra over
Z"U {0}?

(iv) If the semifield Z" U {0} is replaced by (Z" U {0}) (g)
will M be a subset matrix semivector space of type |
over (Z" U {0}) ().

10. Let M be a subset matrix semivector space of type I
defined over a semiring. Find some special features
enjoyed by M.
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11. Let M be a special subset matrix semivector space of type
IT over a ring R. What are the special features associated
with M?

12. LetM = % a; € S = {collection of all

subsets of the ring Z;s}, 1 <1< 16} be the special subset
matrix semivector space over the ring Z,;s of type II.

(i) Can M be commutative?

(i1) Prove M as a special subset matrix semilinear algebra
is doubly non commutative?

(iii) Find a basis B of M as a special subset matrix
semivector space of type I.

(iv) Find a basis B of M as a subset matrix semilinear
algebra of type II.

(v) Compare the basis B, and B..
(vi) Is o(B1) > o(B) or o(B) > o(B;)?

(vii) Does M have only one basis or several basis?
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a4,
a
13. LetM=  YllaeS= {Collection of all subsets of
a23 a24

the groupring Z;S,}, 1 <1< 24} be a special subset matrix
semivector space of type Il over the ring Z;S,.

(i) Prove M is non commutative.
(i) Study questions (i) to (vii) of problem 12.

14. Let S = {Collection of all subsets of the ring C(Z)}.
M=<la, a, a || a €8S;1<1<09} is the special subset
a, a; a,

matrix semivector space of type II.

Study questions (i) to (vii) of problem 13.

a, a, .. a
15. LetM= [ b “’}
a, A, .. Ay
subsets of the field Q}} be the special strong subset matrix
semivector space of type III.

a; € S = {Collection of all

Study questions (i) to (vii) of problem 12 for this M.

16. Derive some interesting features enjoyed by strong special
subset matrix semivector spaces of type III.

17. Distinguish between type II and type III subset semivector
spaces?
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18. Compare all the four subset semivector spaces.

a, a, a; a,
19. LetM=<|a; a, a, ag ||a €S= {Collection of all

4 ay a4 3y

subsets from Z;;S;}; 1 < i < 12} be the special subset
matrix semivector space over the ring Z;;Ss.

Study questions (i) to (viii) of problem 12.

4, a, 4a; 4y
a a a a
21 8y Ay 40 .
20. LetM = a; € S = {Collection of
ay ay Ay Ao
A Ay g g

all subsets of the field Z;;}, 1 <1 < 80} be the special
strong matrix semivector space over the field of type III
over Z;.

(1) Find o(M).

(i1) Find a basis of M over Z;;.

(iii) Can M have more than one basis?

(iv) Study questions (i) to (viii) of problem 12.

21. Let M = {Collection of all 5 x 3 matrices with entries from
subsets of the semifield Z" U {0}} be the subset matrix
semivector space over the semifield Z" U {0}.

(i) Find a basis of M over Z" U {0}.

(i1)) Can M have more number of basis?
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(iii) Is M finite or infinite dimension?

a1 a16 a31

a4, 34 4y

22. LetM = a; € S = {Collection of all
alS a'30 a'45
subsets over the semiring P = 1 \
DO
f d
0 J

1 <1 <45} be the subset matrix semivector space of type |
over the semiring P.

(1) Find o(M).

(i) Is o(M) < ?

(iii) Find a basis of M over P.

(iv) Can M have more than one basis?

(v) Is M a commutative subset matrix semilinear algebra
of type I over P?

(vi) Study M as a subset matrix semivector space of type I

over ¢
[
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a
a
23. LetM= :2 a; € S = {Collection of all subsets of
Ay
1 3\
the semiring T = a b
c
d e >
g h
0 J

1 <1 <40} be a subset matrix semivector space over the
semifield L =

o

o0 o o ©

(1) Find o(M).
(i1) Find a basis of M over L.

(iii) Ifin M L is replaced by T is M, is a subset matrix
semivector space of type I compare M and M;.
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a, a, 4
24. LetB=4|a, a, a, || a € S= {Collection of all subsets
a’7 a8 a9

of the semiring L; x L,

1 1 A
where L, = and L, =
a| b1
XX o
£ d di
fl €1
J

1 <1 <9} be a subset matrix semivector space of type |
over L.

(i) Find o(B).

(i) Find a basis of B over L.

(iii) Prove B is commutative.

(iv) How many basis can B have?

(v) Under usual operations of B can B be non
commutative as a subset matrix semilinear algebra?



25.

26.
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a; € S = {Collection of all subsets of

al a’2
LetT=
a, a,

the semiring C(Zjg)} 1 <1 < 4} be the subset matrix
semilinear algebra over the semiring C(Z).

(i) Find a basis of T over C(Zo).
(ii)) How many basis can T have over C(Z()?
(ii1) Find o(T).

(iv) Show T is non commutative under usual product as a
semilinear algebra.

(v) Prove T under natural product X, is a subset matrix
semilinear algebra over C(Zyy).

a a .. a
LetN = { b 8}
a, a,, .. a5

subsets of the semiring LSs where L =

a; € S = {Collection of all

-
0
-
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27.

28.

1 <1< 16} be a super subset matrix semivector space over
the semiring S.

(1) Find o(N).
(i1) Find a basis of N over S.
(ii1)) How many basis of N over S exist?

(iv) If N is not a super subset matrix semivector space over
the semiring L. Compare both spaces.

Let M be a super subset semivector space of type I over a
semiring.

Find some special properties enjoyed by the super subset
semivector space of type 1.

Let T = {al a, .. ag}
a, a,, ... A
subsets of the ring Z;4 (g), g = 0}, 1 <i < 16} be the

special super subset matrix semivector space of type Il over
the semiring S.

a; € S = {Collection of all

(i) Find a basis of T over S.
(ii) Find o(T).
(iii) How many basis can T have over S?

(iv) Prove T is commutative.
V) Ts W= a, a, .. a,
0 0 ... 0

subsets of the ring Z14 (g); g =0}, 1<i<8} cTa
special super subset semivector subspace of T over S?

a; € S = {Collection of all




a’3
29. LetW=

30.

Subset Polynomial Semivector Spaces ... | 247

a; € S = {Collection of all subsets of

a, a,

the ring ZsS;}; 1 <1 < 8} be a special super subset
semilinear algebra of type II over the semiring S.

(i) Prove W is doubly non commutative.
(ii) Find o(W).
(iii) Find a basis of W over S.

(iv) How many basis of W over S exist?

LetP = [al a, .. ag}
a, @, .. A,
subsets of the field Z;o}; 1 <1 < 18} be the special strong

super subset matrix semivector of type III over the
semiring S.

a; € S = {Collection of all

(1) Find o(P).
(i) Find a basis of P over S.
(iii)) How many basis P has over S?

(iv) Is P commutative as a special strong super subset
matrix semilinear algebra?
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31. LetV=1<a, a, .. a,||a e S={Collection of all

1 <1 < 18} be the super subset matrix semivector space
over S.

(1) Find o(V).
(i) Find a basis of S over V.

(iii) Can S have more number of basis?

a; € S = {Collection of all subsets of

i=0

32. LetM= {f;aixi

semifield L =



33.

34.

35.
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1 3
a3
ap >

a
OJ

be a subset matrix semivector space over L.
(1) Find a basis of M over L as a semivector space.

(i1) Find a basis of M over L as a semilinear algebra over L.

a; € S = {Collection of all subsets of the

Let M = {iaixi
i=0

semifield Z~ U {0}}; 0 < i < 9} be the subset matrix
semivector space over the semifield Z" U {0}.

(i) Find a basis of M.

(i) Prove M is not a subset matrix semilinear algebra over
M.

(iii) Can M have more than one basis?
(iv) Find subspaces of M.

Study any special / interesting feature of a subset
polynomial semivector space over a semifield.

a; € S = {Collection of all subsets of the
i=0

Let V= {Zglaixi

ring Z1;Sg}, 0 <1 < 8} be the special subset semivector
space over the ring Z;;S; of type I1.
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(i) Iso(V)<x?
(i) Find a basis of V over Z;;Ss.
(ii1)) How many basis of V over S;;Sg exist?

(iv) Can V be a commutative special subset semivector
space over Z1;Sg of type 11?7

a; € S = {Collection of all subsets of the

8
36. LetM= {Zaixi

i=0

semiring P =

-
0
-

0 <1 < 8} be the subset polynomial semivector space over
the semiring of type I over P.

(i) Find a basis of M over P.

(i) Prove M is not a subset polynomial semilinear algebra
over P.

(iii)) Can M have more than a basis?

a1 aZ a’3
37. Let W=
a, a; ag

a; € S = {Collection of all subsets
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of the ring Z,}; 1 <1< 6} be the special subset matrix

al a’2 a}
_ a, a; a,
semivector space over Zj; of type . M=
a, a, a,
a, a, a

a; € S = {Collection of all subset of the ring Z,} be the
special subset matrix semivector space over Z;, of type L.

(i) Define semi linear transformation of W to M.

(i1) Define semilinear operators 1n; : W — W and
n:M—->M

(i1i) Find semilinear functional of M and W; f; : M — Z,
and fz W —> le.

(iv) If R = {Collection of all semilinear transformation of
W to M}, what is the algebraic structure enjoyed by
R?

(v) If B = {Collection of all semilinear transformations
from M to W}; what is the algebraic structure enjoyed
by B?

(vi) Let Ty = {Collection of all semilinear operators of M
to M}; find the algebraic structure enjoyed by T;.

(vii) Let T, = {Collection of all semilinear operators from
W to W}; find the algebraic structure enjoyed by To.

(viii)Let F; = {Collection of all semilinear functional from
M — Z,} find the algebraic structure enjoyed by F.

(ix) Let F, = {Collection of all semilinear functionals
from W to Z,} find the algebraic structure enjoyed by
F,.
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38. Let S = {Collection of all subsets of the lattice L =

0 J
VI | aw}
a” 312 320

a, a, a; a, as

a; €S;1<1<20} and

PO : P

W= a; € S; 1 <1<20} be two
Ay e e e Qs

(@ e e e Ay

subset matrix semilinear algebras over the semiring L of

type L.
Study questions (i) to (ix) of problem 37.

39. Let
S = {Collection of all subsets of the semifield Q" U {0}},
M = {Collection of all 5 x 5 matrices with entries from S}
and W = {Collection of all 7 x 7 matrices with entries from

S} be two subset matrix semivector space over the
semifield Q" U {0}.

Study questions (i) to (ix) of problem 37 for this M and W.
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40. Let S = {Collection of all subsets of the ring Z4s S(10)}
M = {Collection of all 3 x 7 matrices with entries from S}
and W = {Collection of all 8 x 3 matrices with entries from
S} be two special subset matrix semivector space of type II
over the ring Z4s S(10).

Study questions (i) to (ix) of problem (37) for this M and
W.

Prove both M and W are non commutative.

41. Let S = {Collection of all subsets from the field C}. M =
{Collection of all 7 x 2 matrices with entries from S} and
W = {Collection of all 3 x 4 matrices with entries from S}
be two strong special subset matrix semivector spaces of
type III over the complex field C.

Study questions (i) to (ix) of problem 37 in case of this M
and N.

42. Let S = {Collection of all subsets from the semigroup ring

C(5(12))}.

M = {Collection of all 3 x 8 matrices with entries from S}
and

W = {Collection of all 6 x 4 matrices with entries from S}
be special subset matrix semivector spaces over the ring
C(S(12)) of type 1I.

Study questions (i) to (ix) of problem 37 for this M and W.

(i) Prove M and W are non commutative as special subset
matrix semivector spaces of type Il and are doubly non
commutative as special subset matrix semilinear algebra
of type 1L
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43.

44,

Let
S = {Collection of all subsets of the semifield R" U {0} }.

M= {Z:aixj a; € S} be the subset polynomial

i=0

semivector space over the semifield R" U {0}.
(i) Find a basis of M over R" U {0}.

(i) IfR"U {0} is replaced by Q" U {0} find a basis of M
over Q" U {0}.

(iii) IfR" U {0} is replaced by Z" U {0} find a basis of M
over Z" U {0}.

(iv) Is the basis unique or can M have many distinct basis?

(v) Can M be made into a subset polynomial semilinear
algebra over R" U {0} (or Q" L {0} or Z" LU {0})?

(vi) Find subset polynomial subsemivector spaces of M.

(vii) Find T : {Collection of all M — M}; what is the
algebraic structure enjoyed by T?

a; € S = {Collection of all subsets of the

LetM = {iaixi

i=0

semigroup semiring P = (Z" U {0}) (S(5))}} be the subset
polynomial semivector space of type I over P.

Study questions (i) to (vii) from problem (43) for this M.



45.

46.

47.

48.
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a; € S = {Collection of all subsets of

Let M, = {i:aixi
i=0

the ring R = Z4, Dy} be the special subset polynomial
semivector space over the ring R of type II. Study
questions (i) to (vii) from problem (43) for this M.

Let M, = {Z a,x'| a € S = Collection of all subsets of the

i=0

field C}} be special strong subset polynomial semivector
space over the field C of type III. Study questions (i) to
(vii) from problem 43 for M.

a; € S = {Collection of all subsets of

i=0

Let M; = {i:aixi

the semifield R* U {0}}} be the subset polynomial
semivector space over the semifield R™ U {0}.

Study questions (i) to (vii) from problem 43 for M.

a; € S = {Collection of all subsets of

Eag
v

be the subset polynomial semivector space over the
semifield L.

Let My = {i ax'

i=0

the semifield L =

J
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(1) Study questions (i) to (vii) of problem 43.

(i) Find the set ideal subset polynomial topological vector
subspace of M over any set.

49. Let M5 = {Zaixi a; € S = {Collection of all subsets of

i=0

the semiring LS; where L =

_
9
-

0 J

be the subset polynomial subset semivector space over the
semiring LS, of type I.

Study questions (i) to (vii) of problem (43) study question
(i) problem 48 for this Ms.

50. Let Mg = {Zaixi a; € S = {Collection of all subsets of

i=0

the ring Z;, S;}} be the special subset polynomial
semivector space of type II over the ring R.

Study questions (iv) to (vii) in problem 43 for Mg

a; € S = {Collection of all subsets of the

i=0

51. LetM= {iaixi

field Z4}} be the strong special subset polynomial
semivector space of type I1I over the field Zy;.

Study questions (i) to (vii) in problem 43 for this M.



52.

53.
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Let
S = {Collection of all subsets from the semifield Z* U {0}}

be the subset semiring M = {z a,x'| a € S} be the super

i=0

subset polynomial semivector space over the subset
semiring over S.

() Find a basis of M over S.
(1) How many basis can M have over S?

(iii) Is M a super subset polynomial semilinear algebra
over S?

(iv) Let T = {Collection of all super semilinear operators
on M}. Study the algebraic structure enjoyed by T.

(v) Find super subset polynomial semivector subspaces of
M over S.

a; € S = {Collection of all subsets of the

Let M = {iaixi
i=0

semiring \
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54.

55.

56.

be the super subset polynomial semivector space over the
subset semiring S of type L.

Study questions (i) to (v) of problem 52 for this M.

a; € S = {Collection of all subsets of the

LetM= {iaixi

i=0

ring R = Z4s S;}} be the special super subset polynomial
semivector space over the subset semiring S.

(i) Study questions (i) to (v) of problem 52 for this M.
(i1) If F = {collection of all super semilinear functional of

M to S} find the algebraic structure enjoyed by F.

a; € S = {Collection of all subsets of the

LetM = {iaixi

i=0

field C} be the strong special super subset polynomial
semivector space over the subset semiring S of type I11.

(i) Study question (i) to (v) of problem 52 for this M.
(i) Let F = {Collection of all super semilinear functions

of M to S}; study the algebraic structure enjoyed by F.

a; € S = {Collection of all subsets of the

Let M = {iaixi
i=0

semifield R" U {0}}} be the super subset semivector space
over the subset semiring S.

(i) Find a basis of M over S.

(i) If T = {Collection of all super subset semilinear
operators on M}, find the algebraic structure enjoyed
by T.



57.

58.
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(iii) Let F = {Collection of all maps from M — S} find the
algebraic structure enjoyed by F.

(iv) Prove M is not a super subset polynomial semilinear
algebra over S.

(v) Can M have more than one basis over S?

a; € S = {Collection of all subsets of the

LetM = {Zélaixi

i=0

semiring

J

be the super subset polynomial semivector space over the
subset semiring S of type L.

Study questions (i) to (v) of problem 56 for this M.

a; € S = {Collection of all subsets of the

Let M = {iaixi
i=0

ring Z;; Sg} be the super special subset polynomial
semivector space over the subset semiring of type II.

(1) Prove o(M) < oo,

(i) Study questions (i) to (iv) of problem 56 for this M.
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59.

60.

61.

62.

63.

64.

65.

66.

a; € S = {Collection of all subsets of the

LetM = {Z‘):aixi
i=0

field Zy}, 0 <1 < 9} be the special strong super subset
semivector space over the subset semiring S of type III.

(i) Study questions (i) to (iv) of problem 56 for this M.
(i1) Prove o(M) < .

Find some interesting features enjoyed by super subset
semivector spaces over a subset semiring.

Find for any subset polynomial semivector space M the
subset topological polynomial semivector subspace T of M
over a semifield F. T = {Collection of all subset
polynomial semivector subspaces of M over a semifield}
be the subset topological polynomial semivector subspace.
Study T for all types of subset of subset polynomial
semivector subspaces.

Let W = {Collection of m x n matrices with entries from
the subsets of the semifield R" U {0}} be the subset
semivector space over the semifield R* U {0}. Find the
subset matrix topological semivector subspace of W over
R" U {0}.

Study problem 62 in case of all the three types of subset
matrix semivector spaces.

Study problem (62) if W is a super subset semivector
subspace over S.

Define and describe set subset matrix (polynomial)
topological semivector subspace of M over a set.

Study question 62 in case of super subset matrix
(polynomial) semivector space over a subset semiring.
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