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PREFACE

The new classes of super special codes are constructed in
this book using the specially constructed super special vector
spaces. These codes mainly use the super matrices. These codes
can be realized as a special type of concatenated codes. This
book has four chapters.

In chapter one basic properties of codes and super matrices
are given. A new type of super special vector space is
constructed in chapter two of this book. Three new classes of
super special codes namely, super special row code, super
special column code and super special codes are introduced in
chapter three. Applications of these codes are given in the final
chapter.

These codes will be useful in cryptography, when ARQ
protocols are impossible or very costly, in scientific experiments
where stage by stage recording of the results are needed, can be
used in bulk transmission of information and in medical fields.

The reader should be familiar with both coding theory and
in super linear algebras and super matrices.
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Chapter One

INTRODUCTION TO
SUPERMATRICES AND LINEAR CODES

This chapter has two sections. In section we one introduce the
basic properties about supermatrices which are essential to build
super special codes. Section two gives a brief introduction to
algebraic coding theory and the basic properties related with
linear codes.

1.1 Introduction to Supermatrices
The general rectangular or square array of numbers such as
1 2 3
2 31 4
A= ,B=|-4 5 6],
-5 0 7 -8
7 -8 11

o

C=[3,1,0,-1,-2]and D= | /2

are known as matrices.



We shall call them as simple matrices [10]. By a simple
matrix we mean a matrix each of whose elements are just an
ordinary number or a letter that stands for a number. In other
words, the elements of a simple matrix are scalars or scalar
quantities.

A supermatrix on the other hand is one whose elements are
themselves matrices with elements that can be either scalars or
other matrices. In general the kind of supermatrices we shall
deal with in this book, the matrix elements which have any
scalar for their elements. Suppose we have the four matrices;

2 -4 0 40
a = ’a =
"o 17" |21 -12

3 -1 4 12
Ay = 5 7 and Ay = -17 6
-2 9 3 11

One can observe the change in notation a;; denotes a matrix and
not a scalar of a matrix (1 <1i,j<?2).

Let
|:a11 a12 :|
a= ;
a2l a22
we can write out the matrix a in terms of the original matrix
elements i.e.,

2 4] 0 40]
0 1|21 -12
a=|3 -1| 4 12
5 7|-17 6
2 9| 3 11|

Here the elements are divided vertically and horizontally by thin
lines. If the lines were not used the matrix a would be read as a
simple matrix.



Thus far we have referred to the elements in a supermatrix
as matrices as elements. It is perhaps more usual to call the
elements of a supermatrix as submatrices. We speak of the
submatrices within a supermatrix. Now we proceed on to define
the order of a supermatrix.

The order of a supermatrix is defined in the same way as
that of a simple matrix. The height of a supermatrix is the
number of rows of submatrices in it. The width of a supermatrix
is the number of columns of submatrices in it.

All submatrices with in a given row must have the same
number of rows. Likewise all submatrices with in a given
column must have the same number of columns.

A diagrammatic representation is given by the following
figure:

1 I 1 I T T ]

In the first row of rectangles we have one row of a square
for each rectangle; in the second row of rectangles we have four
rows of squares for each rectangle and in the third row of
rectangles we have two rows of squares for each rectangle.
Similarly for the first column of rectangles three columns of
squares for each rectangle. For the second column of rectangles
we have two column of squares for each rectangle, and for the
third column of rectangles we have five columns of squares for
each rectangle.

Thus we have for this supermatrix 3 rows and 3 columns.

One thing should now be clear from the definition of a
supermatrix. The super order of a supermatrix tells us nothing
about the simple order of the matrix from which it was obtained



by partitioning. Furthermore, the order of supermatrix tells us
nothing about the orders of the submatrices within that
supermatrix.

Now we illustrate the number of rows and columns of a
supermatrix.

Example 1.1.1: Let

(313 0 1 4]
-1/2 1 -1 6
a=|0|3 4 5 6
17 8 -9 0
121 2 3 4]

a is a supermatrix with two rows and two columns.

Now we proceed on to define the notion of partitioned matrices.
It is always possible to construct a supermatrix from any simple
matrix that is not a scalar quantity.

The supermatrix can be constructed from a simple matrix
this process of constructing supermatrix is called the
partitioning.

A simple matrix can be partitioned by dividing or separating
the matrix between certain specified rows, or the procedure may
be reversed. The division may be made first between rows and
then between columns.

We illustrate this by a simple example.

Example 1.1.2: Let

30 112 0
1 0 035 2
5 -1 678 4

A=
09 120 -l
2 5 234 6
1 6 1 23 9]

is a 6 x 6 simple matrix with real numbers as elements.

10



3 01 1 2 0

1 0(0 3 5 2

5 =116 7 8 4
A]Z

0 1 2 0 -1

2 2 3 4 6

1 123 9

Now let us draw a thin line between the 2™ and 3™ columns.
This gives us the matrix A;. Actually A; may be regarded as
a supermatrix with two matrix elements forming one row and
two columns.
Now consider

(3 1 1 2 0]

1 0 35 2

5 -1 6 7 8 4
A2:

0 1 2 0 -1

2 2 3 4

1 1 23 9

Draw a thin line between the rows 4 and 5 which gives us the
new matrix A,. A, is a supermatrix with two rows and one
column.

Now consider the matrix

3 011 1 2 0
1 0(0 3 5 2
5 =116 7 8 4
A3: )
0 1 2 0 -1
2 2 3 4
B 123 9]

A; is now a second order supermatrix with two rows and two
columns. We can simply write A; as

11



where
3
1
an = s 1l
0 9
1 1 2
10 35
Te 78 4
1 2 0 -1

25 2 3 4 6
Ay — anda a,, = .
16 2711 23 9

The elements now are the submatrices defined as a,;, a;», ay; and
ay, and therefore Aj is in terms of letters.

According to the methods we have illustrated a simple
matrix can be partitioned to obtain a supermatrix in any way
that happens to suit our purposes.

The natural order of a supermatrix is usually determined by
the natural order of the corresponding simple matrix. Further
more we are not usually concerned with natural order of the
submatrices within a supermatrix.

Now we proceed on to recall the notion of symmetric
partition, for more information about these concepts please refer
[10]. By a symmetric partitioning of a matrix we mean that the
rows and columns are partitioned in exactly the same way. If the
matrix is partitioned between the first and second column and
between the third and fourth column, then to be symmetrically
partitioning, it must also be partitioned between the first and
second rows and third and fourth rows. According to this rule of
symmetric partitioning only square simple matrix can be

12



symmetrically partitioned. We give an example of a
symmetrically partitioned matrix as,

Example 1.1.3: Let

N o »n|N
— | | W
—|—_ O
wlo ol i~

Here we see that the matrix has been partitioned between
columns one and two and three and four. It has also been
partitioned between rows one and two and rows three and four.

Now we just recall from [10] the method of symmetric
partitioning of a symmetric simple matrix.

Example 1.1.4: Let us take a fourth order symmetric matrix and
partition it between the second and third rows and also between
the second and third columns.

4
3
2
7

We can represent this matrix as a supermatrix with letter

elements.
4 3 2 7
a; = ,ap =
R Y A T

21 5 2
) = and ay, = ,
7 4 2702 7

so that

13



The diagonal elements of the supermatrix a are a;; and ay. We
also observe the matrices a;; and a are also symmetric
matrices.

The non diagonal elements of this supermatrix a are the
matrices aj; and a,,. Clearly ay; is the transpose of a;,.

The simple rule about the matrix element of a
symmetrically partitioned symmetric simple matrix are (1) The
diagonal submatrices of the supermatrix are all symmetric
matrices. (2) The matrix elements below the diagonal are the
transposes of the corresponding elements above the diagonal.

The forth order supermatrix obtained from a symmetric
partitioning of a symmetric simple matrix a is as follows:

a
a12 a22 aZ3 aZ4

'
a'23 33

' '
aI4 a24 a34 a44

How to express that a symmetric matrix has been symmetrically
partitioned (i) a;; and a'y, are equal. (ii) atij a=j) afj = a; and

t

a; = aj Thus the general expression for a symmetrically

partitioned symmetric matrix;

a’ll a'12 a'ln
'
gz |22 2 Ao
' 1
a In a 2n ann

If we want to indicate a symmetrically partitioned simple
diagonal matrix we would write

14



D, 0 0
0 D, 0
D:
o o D

0" only represents the order is reversed or transformed. We
denote ai‘j = a'j just the ' means the transpose.

D will be referred to as the super diagonal matrix. The
identity matrix

I 0 0
1=(0 I, 0
0 0 L

s, t and r denote the number of rows and columns of the first
second and third identity matrices respectively (zeros denote
matrices with zero as all entries).

Example 1.1.5: We just illustrate a general super diagonal
matrix d;

(31 210 0]
56 0/0 0
d=[0 0 0|2 5
00 0[-1 3
100 0]9 10

|7 ]
1e., d= .
0 m,

An example of a super diagonal matrix with vector elements is
given, which can be useful in experimental designs.

15



Example 1.1.6: Let

O O OO O OO o= = o=
S O OO0 o O o= —=lOo O O
S O O OVl = RO OO0 O O
— = RO O Ol ol o O

00

Here the diagonal elements are only column unit vectors. In
case of supermatrix [10] has defined the notion of partial
triangular matrix as a supermatrix.

1

Example 1.1.7: Let

=

Il
S O N
N =N

1 13
5 21
0 110
u is a partial upper triangular supermatrix.

Example 1.1.8: Let

50000
7200 0
12300
L=[4 56 7 0f;
12526
1 23 45
010 1 0]

16



L is partial upper triangular matrix partitioned as a supermatrix.

T . . o
Thus T = [—l where T is the lower triangular submatrix, with
a

1 2 3 4 5
and a'= .
01 010

!
Il
i N I
STV I SR S I
e N - -
NN O o o
N © © © o

We proceed on to define the notion of supervectors i.e., Type |
column supervector. A simple vector is a vector each of whose
elements is a scalar. It is nice to see the number of different
types of supervectors given by [10].

Example 1.1.9: Let

<
Il
N A W

This is a type I i.e., type one column supervector.

where each v; is a column subvectors of the column vector v.

17



Type I row supervector is given by the following example.
Example 1.1.10: v' = [2 3 1|5 7 8 4] is a type I row
supervector. i.e., V' = [V', V', ..., V\y] where each V'; is a row
subvector; 1 <1<n.

Next we recall the definition of type Il supervectors.

Type II column supervectors.

DEFINITION 1.1.1: Let

a, dap a,,
|9 Ap A
a=
a, a, .. a,
I _
6111 = [aj ... am/
a; = [az ... am]
;o
a, = [anl anm]
1
aq
1
. a
ie., a=| .
1
a, |
is defined to be the type Il column supervector.
Similarly if
a, ap, a,,
1 _ |9 > ay m | Gom
a = , a = . y ey AT
anl an2 anm

Hence now a = [a' & ... a"], is defined to be the type II row
Supervector.

18



Clearly

a
a=| 2| =[dd .. d,

the equality of supermatrices.

Example 1.1.11: Let

36 0 4 5]
216 30
A=|1 11 21
01010
201 2 1]

be a simple matrix. Let a and b the supermatrix made from A.

o
Il
N O — N W
© == = o
—_ o= o ©
N W N
=Y

where

[e)
I
)

—_
\S)
—_

19



3 6 0 4]5]
21 6 30
b=11121=[b“ blz}
010 10 ba b
20 1 2[1
where i i
36 0 4 5
b11:2163,b1220,
1 11 2 1
010 1 0
by =[2012]andby=[1].
(3 6 0|4 5]
21 6(3 0
a=[1 1 1]2 1
01 0[1 0
2 0 1]2 1]
and
3 6 0 4]5]
21 6 30
b=[1 11 2|1
010 10
201 2]1

We see that the corresponding scalar elements for matrix a and
matrix b are identical. Thus two supermatrices are equal if and
only if their corresponding simple forms are equal.

Now we give examples of type III supervector for more
refer [10].

20



Example 1.1.12:

32 1|7 8
a=|0 2 1[6 9|=[T]a]
0 0 5|1 2
and
(2 0 0]
9 4 0
b=836=[1}
529 b
14 7 3]

are type III supervectors.

One interesting and common example of a type III supervector
is a prediction data matrix having both predictor and criterion
attributes.

The next interesting notion about supermatrix is its
transpose. First we illustrate this by an example before we give
the general case.

Example 1.1.13: Let

2 1 3|5 6
0 2 01 1
1 1 1]0 2
a=|2 2 0[1 1
5 6 1[0 1
20 0[0 4
10 1]1 5]
a; ap
T3y Ap
a3 ay

21



where

[\
—
W
W

—
—
—
(e}

oo
=
I
1
(S I )
NN
- O
| |
oo
N
3
Il
1
o -
—_ =
| I

The transpose of a

2 0 1|2 5(2 1
1 2 1|2 6[0 0
al=a'=(3 0 1|0 1|0 1
51 0[1 0[0 1
6 1 2|1 1[4 5

Let us consider the transposes of a;1, a1, 251, a2, a3 and as.

2 01
311_3:12 21
3 0 1]
[ t _5 1 |
T Ty

22



2 1]
3'3128.;1: 0 0

0 1]
, t 1 0]
T AT
, . [0 1]
a3 = a3, = 4 5 .

' i i
[ a'11 aZl a'31
a ’ ’ ' :
a12 a22 a32

Now we describe the general case. Let

all al2 alm

a21 a22 aZm
a= .

a'nl an2 T anm

be a n X m supermatrix. The transpose of the supermatrix a
denoted by

’
ay a o ay
! ! ’
= ap Ayt Ay
! ’ I
a'lm a2m o a'nm

a' is a m by n supermatrix obtained by taking the transpose of
each element i.e., the submatrices of a.

23



Now we will find the transpose of a symmetrically partitioned

symmetric simple matrix. Let a be the symmetrically partitioned
symmetric simple matrix.

Let a be a m X m symmetric supermatrix i.e.,

ay T -

Ayt Ay
a= . .

aIm a2m amm

the transpose of the supermatrix is given by a'

a;l (aiz), (a;m)’
al = a;, a'y o (a),)

' ’ ’
Im a a

2m mm

a

The diagonal matrix a;; are symmetric matrices so are unaltered
by transposition. Hence

[ [ ' —
a1 =a, a2 = a2, -.., Amm = dmm-

Recall also the transpose of a transpose is the original matrix.
Therefore

(3'12)' = aj, (3'13)' =a13, ..., (a'ij)' = ajj.

Thus the transpose of supermatrix constructed by
symmetrically partitioned symmetric simple matrix a of a' is
given by

all a12 Im
i
v_ |8 8 o Ay,
a = . . .
! ! “ee
alm a2m amm

24



Thusa=a'
Similarly transpose of a symmetrically partitioned diagonal
matrix is simply the original diagonal supermatrix itself;

e, if

d'l = dl, d'z = d2 etc. ThusD=D".
Now we see the transpose of a type I supervector.

Example 1.1.14: Let

AN B LV, T N I NS R U]

The transpose of V denoted by V' or V' is

V'=[312]457|51].

25



If

V=
where
3
Vi 1 , Vo =
2
Thus if
V=
then

Example 1.1.15: Let

=[T | a]. The transpose of t

le.,t'=

=)

N D

—_— O

— O N A

W W

26
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AN -

|

T!
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1.2 Introduction of Linear Codes and their Properties

In this section we just recall the definition of linear code and
enumerate a few important properties about them. We begin by
describing a simple model of a communication transmission
system given by the figure 1.2.

Information —  Source —— Channel Modulator

Source Encoder Encoder (writing unit)
Channel Noise

(Storage

Medium)

Destination | Source | u | Channel |r | Demodulator

Decoder Decoder [ (reading unit)

Figure 1.2: General Coding System

Messages go through the system starting from the source
(sender). We shall only consider senders with a finite number of
discrete signals (eg. Telegraph) in contrast to continuous
sources (eg. Radio). In most systems the signals emanating from
the source cannot be transmitted directly by the channel. For
instance, a binary channel cannot transmit words in the usual
Latin alphabet. Therefore an encoder performs the important
task of data reduction and suitably transforms the message into
usable form. Accordingly one distinguishes between source
encoding the channel encoding. The former reduces the message
to its essential(recognizable) parts, the latter adds redundant
information to enable detection and correction of possible errors
in the transmission. Similarly on the receiving end one
distinguishes between channel decoding and source decoding,
which invert the corresponding channel and source encoding
besides detecting and correcting errors.

One of the main aims of coding theory is to design methods
for transmitting messages error free cheap and as fast as
possible. There is of course the possibility of repeating the

27



message. However this is time consuming, inefficient and crude.
We also note that the possibility of errors increases with an
increase in the length of messages. We want to find efficient
algebraic methods (codes) to improve the reliability of the
transmission of messages. There are many types of algebraic
codes; here we give a few of them.

Throughout this book we assume that only finite fields
represent the underlying alphabet for coding. Coding consists of
transforming a block of k message symbols a;, a,, ..., a; a; € Fy
into a code word X = X; X, ... Xp; Xj € Fg, where n > k. Here the
first k; symbols are the message symbols i.e., x; = a; 1 <i<k;

the remaining n — k elements X+, Xxo, ..., X, are check symbols
or control symbols. Code words will be written in one of the
forms x; X1, X2, ..., X, Or (X] X3 ... X,) OF X; X, ... X,. The check

symbols can be obtained from the message symbols in such a
way that the code words x satisfy a system of linear equations;

Hx" = (0) where H is the given (n — k) x n matrix with elements
in Fg=Z,(q =p"). A standard form for H is (A, I,,) with n — k

x k matrix and I, y, the n — k x n — k identity matrix.
We illustrate this by the following example:

Example 1.2.1: Let us consider Z, = {0, 1}. Take n="7, k = 3.
The message a, a, az is encoded as the code word x = a; a, a3 x4
X5 X¢ X7. Here the check symbols x4 X5 X X7 are such that for this
given matrix

H= :(A;I4);

S o = O
S O O =
_— = = O
oS O O =
S O = O
S = O O
- o O O

we have Hx' = (0) where x = a; a, a3 X4 X5 Xg X7.
at+tx4=0;a taz+xs=0;a3+x4=0;a; +x;,=0.

Thus the check symbols x4 x5 X¢ X7 are determined by a; a, a;.

The equation Hx' = (0) are also called check equations. If the
message a = 1 0 0 then, x4 =0, xs = 1, X¢ = 0 and x; = 0. The

28



code word xis 1 0 0 0 1 0 0. If the message a =1 1 0 then x4 =1,
x5 =1, X¢=1=x7. Thus the code wordx=1101100.

We will have altogether 2° code words given by

0000000 1101100
1000100 1010011
0101100 0111111
0010111 1111011

DEFINITION 1.2.1: Let H be an n — k x n matrix with elements
in Z,. The set of all n-dimensional vectors satisfying Hx" = (0)
over Z, is called a linear code(block code) C over Z, of block
length n. The matrix H is called the parity check matrix of the
code C. C is also called a linear(n, k) code.

If H is of the form(A, 1,,) then the k-symbols of the code
word x is called massage(or information) symbols and the last
n —k symbols in x are the check symbols. C is then also called a
systematic linear(n, k) code. If ¢ = 2, then C is a binary code.
k/n is called transmission (or information) rate.

The set C of solutions of x of Hx" = (0). i.e., the solution
space of this system of equations, forms a subspace of this

system of equations, forms a subspace of ZZ of dimension k.

Since the code words form an additive group, C is also called a
group code. C can also be regarded as the null space of the
matrix H.

Example 1.2.2: (Repetition Code) If each codeword of a code
consists of only one message symbol a; € Z, and (n — 1) check
symbols x, = X3 = ... = X, are all equal to a, (a, is repeated n — 1
times) then we obtain a binary (n, 1) code with parity check
matrix

1100
0010 .0
H=[0 0 0 0.
100 0 1

29



There are only two code words in this code namely 0 0 ... 0 and
11...1

If is often impracticable, impossible or too expensive to send the
original message more than once. Especially in the transmission
of information from satellite or other spacecraft, it is impossible
to repeat such messages owing to severe time limitations. One
such cases is the photograph from spacecraft as it is moving it
may not be in a position to retrace its path. In such cases it is
impossible to send the original message more than once. In
repetition codes we can of course also consider code words with
more than one message symbol.

Example 1.2.3: (Parity-Check Code): This is a binary (n, n — 1)
code with parity-check matrix to be H= (11 ... 1). Each code
word has one check symbol and all code words are given by all
binary vectors of length n with an even number of ones. Thus if
sum of the ones of a code word which is received is odd then
atleast one error must have occurred in the transmission.

Such codes find its use in banking. The last digit of the
account number usually is a control digit.

DEFINITION 1.2.2: The matrix G = (I, —A") is called a
canonical generator matrix (or canonical basic matrix or
encoding matrix) of a linear (n, k) code with parity check matrix
H =(4, I,.4). In this case we have GH' = (0).

Example 1.2.4: Let

1 000100
G=|01 01 0 0O
0010111

be the canonical generator matrix of the code given in example
1.2.1. The 2° code words x of the binary code can be obtained
from x = aG with a = a;aa3, a; € Z,, 1 <1< 3. We have the set
of a = a; a; a3 which correspond to the message symbols which
is as follows:
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000],[100],[010],[001],

[110,[101],[01 1]and 11 1].

[0 0 0]{

|

|
|

000100
1 01 000
01 0 1

1
0
0

X

[00 0000 0
[100]{

1 0001 00
1

0
0

1 0 00

0

X

[ 00010 0
[010]{

00

0 0 01
1

1

0

1 0 00

0

X

[0 1010 0 0

— 1
S O o~
S O o~
—_ O -
oS — O
Lo §
—
S O —
—
S — O
—
— O O
I Y
Lo §
— —
(el (e}
(e} (e}
e e

X

|
|

000100
1 0 00

1

0
0

11 0]{

1

0

X

110110 0]

[1 o 1]{

000100
1

1

0
0

1 000

0

X
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[1 010011

1000
x = [0110 1010
0010
= 011111 1]
000100
x = [1 110101000
00101

= [t 1110 11]

The set of codes words generated by this G are

(0000000),(1000100),(0101000),(0010111),(1
101100),(1010011),(0111111)and(11110T1 1).

The corresponding parity check matrix H obtained from this G
is given by

0101000
G|l 010100
0010010
001000 1
Now
0100
1 000
100010 0]l01 111
GH=1{0 10100 0[[1 000
001011 1/[01 00
0010
00 0 1]
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I
oS O O
[ -]
oS O O
oS O O

We recall just the definition of Hamming distance and
Hamming weight between two vectors. This notion is applied to
codes to find errors between the sent message and the received
message. As finding error in the received message happens to be
one of the difficult problems more so is the correction of errors
and retrieving the correct message from the received message.

DEFINITION 1.2.3: The Hamming distance d(x, y) between two
vectors X =X; Xy ... X, andy =y; y; ... y, in F:I" is the number of

coordinates in which x and y differ. The Hamming weight w(x)
of a vector x = x; X3 ... X, in Fq” is the number of non zero co

ordinates in x;. In short a(x) = d(x, 0).

We just illustrate this by a simple example.

Suppose x =[1011110]andy e [0111101 ]belong to
E then D(x,y) = (x~y)=(1011110)~0111101)=
(1~0, 0~1, 1~1, 1~1, 1~1, 1~0,0~1) =(1 1000 1 1) =4. Now
Hamming weight o of x is o(x) = d(x, 0) = 5 and w(y) = d(y, 0)
= 5.

DEFINITION 1.2.4: Let C be any linear code then the minimum
distance d,;, of a linear code C is given as
d,. Iml'el;l: d(u,v).

UFV
For linear codes we have

d(u, v) =d(u—v, 0) = ao(u—v).

Thus it is easily seen minimum distance of C is equal to the
least weight of all non zero code words. A general code C of
length n with k message symbols is denoted by C(n, k) or by a
binary (n, k) code. Thus a parity check code is a binary (n,
n — 1) code and a repetition code is a binary (n, 1) code.
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If H = (A, I,«) be a parity check matrix in the standard form
then G = (I, —AT) is the canonical generator matrix of the linear
(n, k) code.

The check equations (A, I,_,) x" = (0) yield

Xis1 X a

X X. a

k+2 2 P

" l=-4| [ |=-4
Xy Xy a
Thus we obtain

X q,

| | 1 || a4

: —All :
'xn ak

We transpose and denote this equation as

(X] X2 ... Xn) = (.':11 a ... ak) (Ik, —A7)
=(a;a... ) G.

We have just seen that minimum distance
d. = mir(lj d(u,v).

u#v

If d is the minimum distance of a linear code C then the
linear code of length n, dimension k and minimum distance d is
called an (n, k, d) code.

Now having sent a message or vector x and if y is the
received message or vector a simple decoding rule is to find the
code word closest to x with respect to Hamming distance, i.e.,
one chooses an error vector e with the least weight. The
decoding method is called “nearest neighbour decoding” and
amounts to comparing y with all ¢“ code words and choosing
the closest among them. The nearest neighbour decoding is the
maximum likelihood decoding if the probability p for correct
transmission is > Y4.
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Obviously before, this procedure is impossible for large k
but with the advent of computers one can easily run a program
in few seconds and arrive at the result.

We recall the definition of sphere of radius r. The set S/(x) = {y

e F /d(x,y) <r} is called the sphere of radius r about x € F}'.

In decoding we distinguish between the detection and the
correction of error. We can say a code can correct t errors and
can detect t + s, s > 0 errors, if the structure of the code makes it
possible to correct up to t errors and to detectt +j, 0 <j <s
errors which occurred during transmission over a channel.

A mathematical criteria for this, given in the linear code is ;
A linear code C with minimum distance d,;, can correct upto t
errors and can detect t + j, 0 <j <'s, errors if and only if zt + s <
dimin Or equivalently we can say “A linear code C with minimum

distance d can correct t errors if and only if t= {Q} . The

real problem of coding theory is not merely to minimize errors
but to do so without reducing the transmission rate
unnecessarily. Errors can be corrected by lengthening the code
blocks, but this reduces the number of message symbols that
can be sent per second. To maximize the transmission rate we
want code blocks which are numerous enough to encode a given
message alphabet, but at the same time no longer than is
necessary to achieve a given Hamming distance. One of the
main problems of coding theory is “Given block length n and
Hamming distance d, find the maximum number, A(n, d) of
binary blocks of length n which are at distances > d from each
other”.

Letu=(uy, uy, ..., uy) and v = (vy, vy, ..., V,) be vectors in
F; and let u.v =uyv; + upv, + ... + u,v, denote the dot product

of u and v over F; If uv = 0 then u and v are called

orthogonal.

DEFINITION 1.2.5: Let C be a linear (n, k) code over F,. The
dual(or orthogonal)code C* = {u | uv =0 forall v € C}, u €

Fq". If C is a k-dimensional subspace of the n-dimensional

35



vector space F q" the orthogonal complement is of dimension n —

k and an (n, n — k) code. It can be shown that if the code C has a
generator matrix G and parity check matrix H then C* has
generator matrix H and parity check matrix G.

Orthogonality of two codes can be expressed by GHT = (0).

Example 1.1 .5: Let us consider the parity check matrix H of a
(7, 3) code where

1 001 000

0010100
H:

1 100010

1 01 0 0 01

The code words got using H are as follows

0000000
1001011 0110111
0100010 1011110.
0010101 1111100
1101001

Now for the orthogonal code the parity check matrix H of the
code happens to be generator matrix,

1001000
0010100
G-= .
1100010
101000 1
011 0 01 0 0 0
ollo o101 00
X = =[0000000].
o1t 100010
ol|1 01 00 01
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=[0011001]

[1110110]

[1000101]

=[0110011]

1 0 00

00

0
0

0 0 01

1

0

1 000

00

0

1

0 0 01

1

1 0 00

00

0

1

0 0 01

1

0

1 000

0 0

1 0
1

0 0 O

1

X =

X =

=[0111110]

—[0001101]

1 0 00

00

0

1
1

0 00

1

1 0 00

0 0

0

1

0 00

1

X =

X =
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1001000
0010100

x=[1 0 1 1] =[1111011]
1100010
1 0100 0 1]
[1 00 1 0 0 O]
0010100

x=[0 1 1 1] =[0100111]
1100010
1 0100 0 1]
1001000
0010100

x=[1 11 1] =[1101111].
1100010
1 010001

The code words of C(7, 4) i.e., the orthogonal code of C(7, 3)
are

£0000000),(1001000),(0010100),(110001 0),
(1010001),(1011100),(0101010),(0011001),(1
110110),(1000101),(0110011),(0111110),(00
01101),(1111011),(0100111),(1101111)}

Thus we have found the orthogonal code for the given code.
Now we just recall the definition of the cosets of a code C.

DEFINITION 1.2.6: For a € F we havea + C ={a +x/x €

C). Clearly each coset contains q* vectors. There is a partition
of F, of the form F]=C va” +cufa? +Cc o uld

+Clfort=q" ~1. Ifyisa received vector then y must be an
element of one of these cosets say a + C. If the code word x'V
has been transmitted then the error vector

e :y_x(l) Ea(i) 4 C_x(l) :a(z) +C
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Now we give the decoding rule which is as follows:

If a vector y is received then the possible error vectors e are
the vectors in the coset containing y. The most likely error is the
vector € with minimum weight in the coset of y. Thus y is
decoded as x = y—e . [18-21]

Now we show how to find the coset of y and describe the
above method. The vector of minimum weight in a coset is
called the coset leader.

If there are several such vectors then we arbitrarily choose
one of them as coset leader. Let a?, a?, ..., d” be the coset
leaders. We first establish the following table

k .
=0 [ x®=0]..] X  codewordsinC

a®V + x®

k
a +x? | a1
other cosets

a(l) + x(l)
coset

leaders

k
a”+x® | ] a?+x)

If a vector y is received then we have to find y in the table.
Let y = a” + x9: then the decoder decides that the error € is
the coset leader a”. Thus y is decoded as the code word
x=y—e=xY". The code word X occurs as the first element
in the column of y. The coset of y can be found by evaluating the
so called syndrome.

Let H be parity check matrix of a linear (n, k) code. Then
the vector S(y) = Hy" of length n—k is called syndrome of y.
Clearly S(y) = (0) if and only if y € C.

So™") =8S0?) ifand only if 'V + C =y? + C.

We have the decoding algorithm as follows:

If y € F] is a received vector find S(y), and the coset

leader € with syndrome S(y). Then the most likely transmitted
code wordis X = y—e we have d(X,y).= min{d(x, y)/x € C}.

We illustrate this by the following example:
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Example 1.2.6: Let C be a (5, 3) code where the parity check
matrix H is given by
(1o 1 1 0]
1 1.0 01

and

Q
Il
S O =
S - O
- o O
—_ O =
S = =

The code words of C are

{000 00),(10011),(01001),(00110),(11010),(10
101),(01111),(11100)}.

The corresponding coset table is

Message| 000 | 100 | 010 | 001 | 110 | 101 | OI1 | 111
code 56000110011 (01001 [00110|11010| 10101 01111 | 11100

words

10000{00011|11001{10110|01010{00101|11111{01100
01000{11011{00001{01110(10010{11101{00111|10100
00100{10111(01101{00010(11110{10001{01011|11000
coset
leaders

other
cosets

Ify=(11110)is received, then y is found in the coset with
the coset leader (00 1 0 0)
y+(00100)=(11110)+00100)=(1101 0)is the
corresponding message.

Now with the advent of computers it is easy to find the real
message or the sent word by using this decoding algorithm.

A binary code C,, of length n = 2" 1, m>2 withm x 2™ -1
parity check matrix H whose columns consists of all non zero
binary vectors of length m is called a binary Hamming code.

We give example of them.
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Example 1.2.7: Let

101 111001O01T1TTQO0TO00O0
H=110111100100100
11101011001O0O0T10
11110001 11O00O0TO0°1

which gives a C (15, 11, 4) Hamming code.

Cyclic codes are codes which have been studied extensively.
Let us consider the vector space ] over Fy. The mapping

Z:F — F
where Z is a linear mapping called a “cyclic shift” if Z(ay, a,
ceey an,]) = (an,], ag, ..., anfz)

A = (Fy[x], +, ., .) is a linear algebra in a vector space over
F,. We define a subspace V,, of this vector space by

Vi = {v e Fyx]/degree v<n}
Vot vix +vox> + ..+ v X" /vi e F;0<i<n-1}.

We see that V, = F; as both are vector spaces defined over the

same field Fy. Let I" be an isomorphism

T(Vo, V1, «vvy V1) = {Vo+ ViX +voX> + ...+ vy x™ 1.
w: F' O F[x]/x"-1
e, W (Vo, Vi, ooy V) = Vo + ViX + .o F v x

Now we proceed onto define the notion of a cyclic code.

DEFINITION 1.2.7: A k-dimensional subspace C of Fq" is called

a cyclic code if Z(v) € C for all v € C that is v = vy, vy, ..., Viy
€ C implies (v,_;, Vo, ..., vos) € Cforv e F;".

We just give an example of a cyclic code.
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Example 1.2.8: Let C C F) be defined by the generator matrix

Q

Il
S O =
O = =

1010 0] [g"
1101 0|=|g?].
1110 1] [g®

The code words generated by Gare {(0000000),(111010
0),0111010),(0011101),(1001110),(1101001),
O0100111),(101001 1)}.

Clearly one can check the collection of all code words in C
satisfies the rule if (ag ... as) € C then (as ag ... a4) € C i.e., the

codes are cyclic. Thus we get a cyclic code.

Now we see how the code words of the Hamming codes looks
like.

Example 1.2.9: Let

1 0011 01
H={0 1 0 1 0 1 1
001 0111

be the parity check matrix of the Hamming (7, 4) code.

Now we can obtain the elements of a Hamming(7,4) code.

We proceed on to define parity check matrix of a cyclic
code given by a polynomial matrix equation given by defining
the generator polynomial and the parity check polynomial.

DEFINITION 1.2.8: A4 linear code C in V,, = {vp + vix + ... +
v X" | v € F, 0 <i <n -1} is cyclic if and only if C is a
principal ideal generated by g € C.

The polynomial g in C can be assumed to be monic.
Suppose in addition that g / X" —1 then g is uniquely determined
and is called the generator polynomial of C. The elements of C
are called code words, code polynomials or code vectors.
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Letg=gy+gx+ .. +gx" €V, g/x"-1 anddeg g =m < n.
Let C be a linear (n, k) code, with k = n — m defined by the
generator matrix,

g & - g, 0 ... 0 g
G= 0 g:O o gm—l gm 0 — Xg
0 0 g g g, x“'g

Then C is cyclic. The rows of G are linearly independent and
rank G = k, the dimension of C.

Example 1.2.10: Let ¢ = x> + x> + 1 be the generator
polynomial having a generator matrix of the cyclic(7,4) code
with generator matrix

1 011000
0101100
G= .
0010110
00 010T11

The codes words associated with the generator matrix is
0000000, 1011000, 0101100, 0010110, 0001011, 1110100,
1001110, 1010011, 0111010, 0100111, 0011101, 1100010,
1111111, 1000101, 0110001, 1101001.

The parity check polynomial is defined to be

h= x7 -1
g
;
h=3X—21=x4+x3+x2+1.
X +x"+1
Xn—l k
If :h0+h1X+...+th.
g
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the parity check matrix H related with the generator polynomial
g is given by

0 0 h h, h,
S LU M h, 0
h, h, h, 0

For the generator polynomial g = x> + x> +1 the parity check
matrix

0011101
H=0 111010
1 110100

where the parity check polynomial is given by x* +x* + x>+ 1 =
x’ -1
X’ +x*+1

matrix gives the same set of cyclic codes.

. It is left for the reader to verify that the parity check

We now proceed on to give yet another new method of

decoding procedure using the method of best approximations.
We just recall this definition given by [9, 19-21]. We just

give the basic concepts needed to define this notion. We know

that F'is a finite dimensional vector space over F. If we take

Z, = (0, 1) the finite field of characteristic two. Z; =7, X7y X

Z, X Z, x Z, is a 5 dimensional vector space over Z,. Infact {(1
0000),(01000),00100),(00010),00001)}isa

basis of Z}. Z; has only 2° = 32 elements in it. Let F be a field

of real numbers and V a vector space over F. An inner product
on V is a function which assigns to each ordered pair of vectors
o, B in V ascalar (o /B ) in F in such a way that for all a, 8, y in
V and for all scalars c in F.

(@) (ot B/y)=(aly)+ B
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(b) (ca/p)=c(a/B)
(c) (Bla) =<a/B)
(d) (a/a)y>0ifa=0.

On V there is an inner product which we call the standard inner
product. Let a = (X, X2, ..., Xp) and B = (Y1, Y2, .-+, Yn)

(@ /B)= Y xy.

This is called as the standard inner product. {o/a) is defined as
norm and it is denoted by ||a||. We have the Gram-Schmidt
orthogonalization process which states that if V is a vector
space endowed with an inner product and if By, B,, ..., B, be any
set of linearly independent vectors in V; then one may construct
a set of orthogonal vectors o, o, ..., 0, in V such that for each
k=1,2, ..., n the set {ay, ..., ox} is a basis for the subspace
spanned by By, B2, ..., Pk where o =Pi.

0‘2:[32_<B1/a;> 1
llo |l
0‘3233—<B3/a;> a1_<B3/a§> )
o |l Il o, |l

and so on.

Further it is left as an exercise for the reader to verify that if
a vector [ is a linear combination of an orthogonal sequence of
non-zero vectors o, ..., Oy, then P is the particular linear
combination, i.e.,

po Bl

= oy I

In fact this property that will be made use of in the best
approximations.
We just proceed on to give an example.
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Example 1.2.11: Let us consider the set of vectors B; = (2, 0, 3),
B, = (-1, 0, 5) and B; = (1, 9, 2) in the space R® equipped with
the standard inner product.

Define o, = (2, 0, 3)

((-1,0,5)/2,0,3))
13

= (_15 05 5)_%(29 05 3) = (_3, 0’ 2’)

(x’z :(_1, Oa 5)_

(2,0,3)

((-1,9,2)/(2,0,3))
13
((1,9,2)/(-3,0,2))

- -3,0,2
3 ( )

8 1
= (1,9,2)-—(2,0,3)-—(-3,0,2
(1,9,2)-3(2,0,3)~=( )

:(15952)_ E5 Oaﬁ - iao,i
13 13 13 13

—(1.9.2) [16—3,0, 24+2)
13 13

=(1,9,2)-(1,0,2)
= (0,9, 0).

(1,3 = (199’2)_ (25 O’ 3)

Clearly the set {(2, 0, 3), (-3, 0, 2), (0, 9, 0)} is an orthogonal
set of vectors.

Now we proceed on to define the notion of a best
approximation to a vector 3 in V by vectors of a subspace W
where B ¢ W. Suppose W is a subspace of an inner product
space V and let B be an arbitrary vector in V. The problem is to
find a best possible approximation to 3 by vectors in W. This
means we want to find a vector o for which ||} — o] is as small
as possible subject to the restriction that o should belong to W.
To be precisely in mathematical terms: A best approximation to
B by vectors in W is a vector o in W such that || — o || < || — 7]
for every vector yin W ; W a subspace of V.

By looking at this problem in R® or in R’ one sees
intuitively that a best approximation to by vectors in W ought
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to be a vector a in W such that § — a is perpendicular
(orthogonal) to W and that there ought to be exactly one such a.
These intuitive ideas are correct for some finite dimensional
subspaces, but not for all infinite dimensional subspaces.
We just enumerate some of the properties related with best
approximation.
Let W be a subspace of an inner product space V and let 3
be a vector in V.
i) The vector o in W is a best approximation to 3 by
vectors in W if and only if B — o is orthogonal to
every vector in W.
(i1) If a best approximation to § by vectors in W exists,
it is unique.
(1i1) If W is finite-dimensional and {a, oo, ..., o} is
any orthonormal basis for W, then the vector

<B/°‘k>

o=) ——— a,,where o is the (unique)best
o |l

approximation to 3 by vectors in W.
Now this notion of best approximation for the first time is used
in coding theory to find the best approximated sent code after
receiving a message which is not in the set of codes used.
Further we use for coding theory only finite fields F,. i.e., |Fg| <
o . If C is a code of length n; C is a vector space over Fy and C

=~ F;‘ c F; , k the number of message symbols in the code, i.e.,

C is a C(n, k) code. While defining the notion of inner product
on vector spaces over finite fields we see all axiom of inner
product defined over fields as reals or complex in general is not
true. The main property which is not true is if 0 # x € V; the
inner product of x with itself i.e., (x / X) = (X, x) # 0if x # 0 is
not true i.e., (x / x) = 0 does not imply x = 0.

To overcome this problem we define for the first time the
new notion of pseudo inner product in case of vector spaces
defined over finite characteristic fields [9, 20-1].

DEFINITION 1.2.9: Let V be a vector space over a finite field F,
of characteristic p, p a prime. Then the pseudo inner product on
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Vis a map (), : V x V = F, satisfying the following
conditions:

1. & x), 20 forall x € V and (x, x), = 0 does not in
general imply x = 0.

& y)h=Oxhforallx,y V.
x+tyz)h=0&z)+tO®z)hforallx y zeV.
cytzh=0&y)ht & z)foralxyzeV.

(ax,y), = a y)and

&, By)=p& y)pforallx,y, e Vanda B eF,.

SN N

Let V be a vector space over a field F, of characteristic p, p is a
prime; then V is said to be a pseudo inner product space if there
is a pseudo inner product (), defined on V. We denote the
pseudo inner product space by (V, (),).

Now using this pseudo inner product space (V, (,),) we proceed
on to define pseudo-best approximation.

DEFINITION 1.2.10: Let V be a vector space defined over the
finite field F, (or Z,). Let W be a subspace of V. For f € V and

for a set of basis {ay, ..., o} of the subspace W the pseudo best
k

approximation to B, if it exists is given by Z(,B,al)pai. If

i=1

k
Z{ 5, 051->p05i = 0, then we say the pseudo best approximation

i=1
does not exist for this set of basis {a;, &, ..., ). In this case
we choose another set of basis for W say {yi, s ... nt and

calculate ka ﬁ',y/i)py/i and ka B, ]/l.>p]/l. is called a pseudo best
i=l1 i=1

approximation to f3.

Note: We need to see the difference even in defining our pseudo
best approximation with the definition of the best
approximation. Secondly as we aim to use it in coding theory
and most of our linear codes take only their values from the
field of characteristic two we do not need (x, x) or the norm to
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be divided by the pseudo inner product in the summation of
finding the pseudo best approximation.

Now first we illustrate the pseudo inner product by an example.

Example 1.2.12: Let V =7, X Z, X Z, X Z, be a vector space
over Z,. Define (,), to be the standard pseudo inner product on
V;soifx=(1011)andy=(1111)arein V then the pseudo
inner product of
&yp=<1011),1111),=1+0+1+1=1.
Now consider
X x)p=(1011),(1011)),=1+0+1+1=0
but
W, yp=(1111),1111)),=1+1+1+1=0.

We see clearly y # 0, yet the pseudo inner product is zero.

Now having seen an example of the pseudo inner product we
proceed on to illustrate by an example the notion of pseudo best
approximation.

Example 1.2.13: Let
V=272=7, x Z, x...xZ,

8 times

be a vector space over Z,. Now
W={00000000),(10001011),(01001100),(0010
0111),(00011101),(11000010),(01101110),(0
0111010),(01010100),(10101100),(10010 11
0,(11100101),01110011),11011111),(1011
0001),(11111000)}

be a subspace of V. Choose a basis of W as B = {a, o, 03, 04}
where
a;=(01001001),
a;=(11000010),
oz=(11100101)
and
o0 ;=(11111000).
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Suppose =(11111111)isavector in V using pseudo best
approximations find a vector in W close to 3. This is given by o
relative to the basis B of W where

a= Z(B’ak>pak

= ((11111111),(01001001)),0;+
((11111111),(11000010)),0,+
((11111111),11100101)), 05+
((11111111),(11111000)), o

= l.oy+lop,+1l.os+ 1.og.

= (01001001)+(11000010)+(11100101H)+(11
111000)

= (10010110)eW.

Now having illustrated how the pseudo best approximation of a
vector 3 in V relative to a subspace W of V is determined, now
we illustrate how the approximately the nearest code word is
obtained.

Example 1.2.14: Let C = C(4, 2) be a code obtained from the

parity check matrix
1 01 0
H= .
1 1 01

The message symbols associated with the code C are {(0, 0), (1,
0), (1, 0), (1, 1)}. The code words associated with H are C = {(0
000),(1011),(0101),(1110)}. The chosen basis for C is
B = {ay, ap} where o; =(01 0 1) and o, = (1 0 1 1). Suppose
the received message is B = (1 1 1 1), consider HB" = (0 1) # (0)
so B ¢ C. Let a be the pseudo best approximation to [ relative
to the basis B given as
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o= i(ﬁ,ak>pak = ((1111),(010 )0,

. F((1111),(101 1)),00.
= (1011).
Thus the approximated code word is (1 0 1 1).
Now having seen some simple properties of codes we now
proceed on to define super special vector spaces. This new

algebraic structure basically makes used of supermatrices. For
more super linear algebra please refer [10, 21].
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Chapter Two

SUPER SPECIAL VECTOR SPACES

In this chapter we for the first time define a new class of super
special vector spaces. We describe mainly those properties
essential for us to define super special codes and their properties
like decoding, etc. Throughout this chapter V denotes a vector
space over a field F. F may be a finite characteristic field or an
infinite characteristic field.

DEFINITION 2.1: Let V, = [V, | V3| ... | V] where each V; is a
vector space of dimension m over a field F; i = 1, 2, ..., n, then
we call V; to be the super special finite dimensional vector
space over F. Any element ve € Vs would be of the form

1.1 1 n ‘ . .
[vjvz. | vivs .. | | Vvy .. m} where v, el ; 1 <i <m

and 1 <t < n and (vjv;...v’ ) € V.. Vi a vector space of

m

dimension m over Fi.e., V,= FxFx_.xF istruefort=1, 2,
.

m - times
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., n. Thus any element vy € Vi is a super row vector with
entries from the field F. If v, wy € Vi the sum vy + wy is defined
to be

1 1 1 1 1 1 2 2 .2 2 2 2
[vi+w, vi+w, v, +w, |v1 WV WL, W, ||

n n n 1 n n
vi+w vi+w, v +w ]

where
_ 11 1 2 2 2 n_.n n
wo=[w,w, oW | WWy W |...|w1w2...wm].
Also
_[ 1 1 1 | 2 2 2 | | n n n]
av,=[av, av,...av, | av; av,...av, | ... | av) avy...av, ],
aekF.

We illustrate this by a simple example.

Example 2.1: Let Vi = [V, | V, | V3] where each V; is a 3
dimensional vector space over Q, the field of rationals. Any
element v, € Vi would be of the form

_ 1 1 1 2 2 2 3 3 3
Vs _I:al a, a;|a; a; aj|a; a, as]
is a super row vector; where aj € Q;1<1,j<3. Clearly Viis a

super special finite dimensional super vector space over Q.

B={[001]|001]001],[001]001]010],
[001]001]100],[001]010]00 1],
[001]010]010],[001]010]|100],
[001]100]001],[001]100]110],
[001]100]100],[010]100]00 1],
[010]001]001],[010]001]01 0],
[010/010]010],[010]/010]100],
[010/100|100],[010|100|010],
[T00|100]010],[]100][100]00 1],
[T00|100]100],[]100]/010]00 1],
[100]010|010],[010|001]100],
[010/010]001],[]100]010]|100],
[100/001|100],[100][001]010]

and
[100]001]|001]};
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forms a super basis of V. Clearly this B will generate V; over
Q. It is easily verified B; ¢ V; and the elements of By is a
linearly independent set in V.

We have seen a super special finite dimensional vector space
over Q. Now we proceed on to define the super special basis of
a super special vector space over F.

DEFINITION 2.2: Let V, = [V, | V> | ... | V.] be a super special
vector space where each V;is of dimension m over the field F.
Let B, ={v!v:, ... v\; 0<t<m" } be the elements from V; i.e.,

t . 1 2 t
each v, IS a super row vector 1 _<p <t We say v.,ve, ...,V

forms a super linearly independent set if, o, ..., oy are scalars
in F such that

ay +ayvl +. +av. =(0..010..0]..10..0) .. I
then each o; = 0. If equation 1 is true for some non zero scalars
ay, ..., o in F then we say vsl,vf, v; forms a super linearly
dependent set.

If B; forms a super linearly independent set and if every
element in Vi can be expressed as a super linear combination
from the set By in a unique way then we call B, to be a special
super basis of Vs or super special basis of V. If the number of
elements in By is finite then we call V; to be a finite dimensional
super special vector space otherwise an infinite dimensional
super special vector space.

Example 2.2: Let V;= [V, | V, | V3] where each V; is a two
dimensional vector space over Q, i =1, 2, 3; be the super special
vector space i.e., Vi=Q xQ; 1 <1< 3.
We see
Bi={[10]11]01],[20|10|31],[30]21]32]cV;
is a super linearly dependent setas[10|11|01]+[20|10|3
11=[30]21]32].
Suppose we consider a subset

C,={[10|10[10],[01]10]10],
[10[10]01],[10]01]01],
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[10[01[10][01]10]0T1],
[01]01[10,[01]01]01]}

of V; clearly C; is a super linearly independent set as well as C;
is a super basis of V.

It is a matter of routine to verify a super special vector space
which is finite dimensional will have only the same number of
elements in every super special basis of V.

Next we define a super special subvector space of a super
special vector space Vs=[V | V2| ... | Vil

DEFINITION 2.3: Let V= [V, | V3| ... | V..] be a super special
vector space; where each V; is of dimension m. A non empty
subset Wy = {[W; | W, | ... | W,J} of Vi is said to be a super

special subspace of V if each W; is a subspace of the vector
space V; of dimension k, k <m fori=1, 2, ..., n.

We give an example of a super special subspace of a super
special vector space.

Example 2.3: Let Vi=[M,.,| Q*xQxQ xQ]=[V,|V,] be a

super special vector space over the field Q. Clearly both V; and
V, are vector spaces of dimension 4 over Q. Let Wy = {[W, |

W,]} where
{(a OJ
0 b

W5=Q xQ {0} x{0}

a,be Q}

and

are subspaces of V| and V, respectively of dimension 2. Wy is
super special subspace of V.

Now we define the notion of super special mixed dimension
vector space.

DEFINITION 2.4: Let V= [V, | V.| ... | V,.], where each V; is a
finite dimensional vector space of dimension m; over a field F ;
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m; #myj for at least one i #zjfori=1,2, ..., n, 1 <j <n. ThenV;
is defined to be a super special mixed dimension vector space.

Example 2.4: Let Vo= [M, ., Q x Q x Q x Q| V3] where V; is
Q[x] and Q[x] is the set of all polynomials of degree less than or
equal to 3 with coefficients from Q. We see M, «, =V, is a
vector space of dimension 4 and V; is also a vector space of
dimension 4.

Thus we see My« ,2 QX QxQxQ; V,2QxQxQxQ
and V32 Q x Q x Q x Q. So any v; € V; will be of the form

[al &b ab qy 14} & af af |q) @ o qi ]
where q; e Qwithi=1,2,3,4.
Let us consider
B, = {[v; vi VL[V, vi Vi1V vi Viloeo[vy Vi Vil

STt o], fo1] , Joo] , oo
iFlo ol To ol To 1™ |0 1)

vZ=[0001], v2=[0010], v=[0100], v =[1000],

v =1, vi =x, vi =xand v, =x’. Clearly [B{ = 64,

where

B;c Viand B; is a special super basis of V; over Q.

We may have any other basis for V; but it is true as in case of
vector spaces even in special super vector spaces the number of
elements in each and every superbasis is only fixed and equal.
Further as in case of usual vector spaces even in case of super
special vector spaces Vi, every element of V, can be represented
by a super row vector when the dimension of each V; is the
same and would be represented by a super mixed row vector; in
case the dimension of each of the vector spaces V;’s are
different.

Now we illustrate by an example the notion of super special
mixed dimension vector space.
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Example 2.5: Let Vo= [V, | V2| V3| V4] be a special super
mixed dimension vector space over Q, where Vi=Q x Q X Q is
a vector space of dimension 3 over Q, V,= Mj.,; the set of all 3
x 2 matrices with entries from Q is a vector space of dimension
6 over Q, V; = Q[x] ; the set of all polynomials of degree less
than or equal to four and V,= P, ., the set of all 2 x 2 matrices
with entries from Q. V4 is a vector space of dimension 4 over Q.
Thus V; is a super special mixed dimensional vector space over
Q. Any element v, € Viis a super mixed row vector given by

11 2 2 .2 2.2 2
Ve =A{[v, v, vi | Vi v Vi v vs v |

33 B B3 ot d A
ViV V3V Vs VOV, Vs VLT

where VijeVi;1Sj£3,4,50r6and1£i£4.

A super special subspace of V; can be either a super special
subspace or it can also be a super special mixed dimension
subspace.

Now it is important at this point to mention even a super
special vector space can have a super special mixed dimension
subspace also a super special mixed dimension vector space can
have a super special vector subspace.

We illustrate this situation now by the following example.

Example 2.6: Let V= [V | V,| V3] where V| is the set of all 2
x 3 matrices with entries from Q, V, is the set of all 1 X 6 row
vector with entries from Q and V; is the collection of all
polynomials of degree less than or equal to five with
coefficients from Q. All the three vector spaces Vi, V, and V3
are of dimensions 6 over Q. V; is a super special vector space
over Q.
Take W=[W,| W, | W3] to be a proper subset of V where

Wl: al aZ a3
0 0 a,

W, is a subspace of V,; of dimension 4.

a,a,,a,,a, EQ}.
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sz[[X10X20X3O]|X1,X2,X3 EQ}
=Qx {0} x Qx {0} xQ x {0},

W, is a subspace of V, of dimension 3. Let W3 = {The
collection of all polynomials of even degree (i.e., degree 2 and
4) with coefficients from Q}. W; is a subspace of V; of
dimension 3 over Q.

Clearly Wy is a special super subvector space of varying
dimension or Wy is a super special mixed dimension subspace of
V, but V; is not a super special mixed dimension vector space, it
is only a super special vector space over Q.

Consider Ts= [T, | T»| T3] a proper subset of V, where

T, = a, a, a,
0 0 O

a proper subspace of V; of dimension three.

a,a,,a, EQ}

T,={[a;a,a;000]|aj, a, a3 € Q}
=QxQxQx {0} x {0} x {0}

is a proper subspace of V; of dimension 3 over Q. Let T; = {all
polynomials of degree 1 and 3 with coefficients over Q} = {[ao
+ a;x + ax’] | ag, a5, a, € Q}. T; is a subspace of Vs of
dimension three over Q. Thus T is a super special subvector
space of V over Q and the dimension of each T; is three; i = 1,
2,3.

Next we proceed on to give an example of a super special mixed
dimension vector space having subspaces which are super
special mixed dimension subspace and super special subspace.

Example 2.7: Let Vo= [V, | V| V3] be a super special mixed
dimension vector space over Q; where V| = {Ms.3 = (m;) | m;; €
Q, 1 <14, j <3}, vector space of dimension 9 over Q. V, = {Q X
QxQxQ=(,b,c,d)|a b, c,de Q} a vector space of
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dimension four over Q and V3 = {My., = (a;) |2 € Q, 1 <1, <
2} a space of dimension four over Q.

Now let Wy=[W; | W, | W] where W, is a diagonal matrix of
the form

a, b, ceQ

S O .
S o O
o o O

which is proper subspace of V; and of dimension 3,

W,o={[abcO0]]|a,b,c,0€Q}=QxQxQx {0}

is a subspace of V, of dimension three over Q and

w={ 1

is the proper subspace of dimension three of V3. Wy=[W;| W, |
W3] is a super special subspace of V. Clearly Wy is not a super
special mixed dimensional subspace of V.

Let Rs=[R| R;| R3], a proper subset of Vi, where R; = {Set
of all 3 x 3 upper triangular matrices} i.e.,

a,b,ceQ}

R, =

o O e
S a o

c
ella,b,c,d,e,f Q.
f

R, is a subspace of V| of dimension 6 over Q.

R,={[a0b0]a,b e Q};2Q x {0} x Q x {0}.
R, is a subspace of V, of dimension 2 over Q.

Let
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a,beQ¢;

a 0
R, =
0 b
R; is a subspace of V; of dimension 2 over Q. We see R; is a
super special mixed dimension subspace of V.

We mention here only those factors about the super special
vector spaces which are essential for the study and introduction
of super special codes.

Now we proceed on to define dot product of super special
vector spaces.

DEFINITION 2.5: Let V; be a real super special vector space
over the field of reals F. A super special inner product or super
inner product on V; is a function which assigns to each ordered
pair of super row vectors o, f in Vs a scalar in F in such a way
that for o, B, % in Vs and for all scalars ¢ in F we have

L (a+ B/ y) =(a/y) + (B/y) where

2.2 2
ViVs eV,

n_.n n
ViVs.v, }

(a/ %) = ([vaé...v;]

1.1 1 2. 2 2 n_.n n
[W]WZ"'Wm, | W]W2...sz | | W]WZ...W :I)

mn

_ 1.1 1.1 1 1 2.2 2.2 2 2
—(vle + VW, +...+vmlwm])+(v]w1 + VW, Y, W, )+
n n n n n n
+(v,w, + viw, +---+anWmn)

=aq,+a,+..+a,=cel.

Here

o )220 2
Ay = VVyVy VIV, |

n_n n
ViVy v, ]
and

N I B B
7, —|:W] Wy W,

n 1 n
...‘wj Wy .. W, }

m/

2.2 2
W W, W

2
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2. c(o| fy) = (cas| p)
3. (| B) = (B a)

4 (a5 a) > 0; a, 0.

We will say a super special vector space endowed with
super special inner product as a super special inner product
space. Suppose Vi = [V | V5| ... | Vi is a super special mixed
dimension vector space on which is endowed an inner product;
we say wy, vs € Vy is orthogonal if (v | wy) = 0.

While defining super special codes. We may need the notion of
orthogonality. As in case of usual vector spaces we see (o | 0s)
= || o ||* where o, € V is defined as the super special norm.
Also we see Vi is an abelian group with respect to addition. If
W is a subspace of Vj it is necessarily a subgroup of V.

Now we can define for any x; € V; the coset of Wby x; +
W= {xs+ W | Wy € W},

When we are carrying this inner product to super special
vector spaces over finite fields condition 4 may not in general
be true.

We may call a super special inner product in which (o o)
= 0 even if o5 # 0 as a pseudo super special inner product, all
the other conditions 1, 2 and 3 being true.

We illustrate this by the following example.

Example 2.8: Let Vi, = [V, | V2| V3] be a special super vector
space over Q where

Vi=QxQ,V2=QxQxQand V;=QxQ xQ.

Let Wy = [W; | W, | W3] < Vi be a proper special super
subspace of V; where

W, =Q x {0}; W,=Q x Q x {0} and W3 =Q x {0} x Q.

Now coset of Wrelatedtox,={[73|123|57 1]} in Vi
is given by X, + Wy = {x, + w, | w, € Wi}. It is easily verified
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that x, + W with varying x; € V; partitions V, as cosets. This
property will also be used in super special codes.

Since we are interested in only finite dimensional super
special vector spaces that too defined over finite characteristic
field we give some examples of them. As linear codes in most
of the cases are binary codes we will be giving examples only
using the field Z, = {0, 1}, the prime field of characteristic two.

Example 2.9: Let Vi = [V, | V,| V3] be a super special vector
space over Z, = {0, 1}, where V| =7y x Zy X Z,, Vo =7 x Z5 %
Z, and V3 = Z, x Z, x Z, are vector spaces over Z,. Each of the
spaces are of dimension 3 over Z,. Let Wy =[W;| W, | W3] be a
super special subvector space of V; over Z, where W, = Z, %
{0} x Zy, Wy = {0} x Z X Zy and W3 =Z, x Z, x {0}. Clearly

W,={[000/000]/000],[100]000|000],
[100]000|010],[100|011]000],
[100]010]000],[100|001]000],
[100]010|010],[100|011]100],
[100]011|110],[100|011]010],
[100]001|110],[100|001]100],

[100]001]010] ... and so on}.

We see the number of elements in W is 64. Suppose
xs=[111[111]111] e Vs.

We see x; ¢ W;. We can find x; + W, = {X, + w, | Wy € W},

Clearly V; is partitioned into 8 disjoint sets relative to the super

special subspace W; of V.

Let

By={[100]100|100],[]100[|100]|010],

[100]100]001],[100]010]100],
[100]010]010],[]100]010]00T1],
[T00]001]100],[]100]001]01 0],
[100]001]001],[010]100]|100],
[010]100]010],[010]100]00T1],
[010]010]100],[010]010]00 1],
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[010[010/010],[010[001|100],
[010[001|010],[010[001[001],
[001]100[001],[001/100]010],
[001[100/100],[001]010[001],
[001/010]010],[001[010[100],
[001]001]100],[001[001[010],
and[001]001]00 1]}.

B; is a super special basis of the super special vector space V..
Let
Ts={100/010|100],[100[010]010],
[100]001|100],[100|010]010],
[001]010]100],[001]010]01 0],
[001|001|100]and[001]001|010]}

T, is a super special basis of Wy and the number of elements in
T, is 8.

Let us take R, = [R; | Ry | R3] where Ry = {0} x Z, X Z,, R, =
{0} x {0} x Z, and R; = {0} x Z, x Z,. Clearly Ry is a super
special mixed dimension subspace of V. Let

M,={[001[001]001],[001[001]010],
[010[001]001]and[010]001[010],

M; is a super special basis of R,. We see R is a subspace of
dimension 4. Further we see all the super special base elements
are only super row vectors.

We give yet another example of a super special mixed
dimensional vector space over Z,.

Example 2.10: Let Vs = [V, ]| V, | V3] be a super special vector
space over the field Z, = {0, 1}
where
Vi=2,%x12,,
Vo=7Zo X7y X7y
and
Vi=7Zy X7y X 2y X 7.
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It is easily verified that

B,={[10][100[1000,[01/100]1000],
[10/010[1000],[01[010|1000],
[10/001][1000],[01]001|1000],
[10[100/0100],[10]001]0100],
[01/100/0100],[01]010]0100],
[10/010][0100],[01][001|0100],
[10[100[0010],[01][100/0010],
[10/010/0010],[01|010]0010],
[10/001]0010],[01]/001/0010],
[10[100[0001],[01][100/0001],
[10/010[0001],[01]010]000 1],

[10/001[0001]and[01][001[000 1]} = Vs

is a super special basis of V; and the number of elements in By is
24 = Base eclements of V| x Base elements of V, x Base
elements of V3 =2 x 3 x4 =24,

Let us consider a super special subspace of V, say

W= [W;| W[ W3]
where
W, =7, x {0},
W, =7, x 7, x {0}
and
W3:{O} X {O} X Lo X Zs

are vector subspace of Vi, V; and V; respectively.
Let

Ri={[10[100|0001],[10]100|0010],
[T0]010|0001],[10]010|0010]
c W,.

Clearly Ry is a super special subvector space of W, and the
super special dimension of W is 4.
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Now the following factors are easily verified to be true. If V=
[Vi| V2| ... | V4] is a super special mixed dimension vector
space over a field F and if V; is of dimension n; over F,i=1, 2,
..., n, then the dimension of V, = dimension of V| x dimension
of V, x ... x dimension of V, =n; X ny X ... X n,.

In the next chapter we define the notion of super special codes,
which are built mainly using these super special vector spaces.
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Chapter Three

SUPER SPECIAL CODES

In this chapter for the first time we define new classes of super
special codes; using super matrices and enumerate some of their
error correcting and error detecting techniques. However their
uses and applications would be given only in chapter four. This
chapter has three sections. Section one introduces super special
row codes and super special column codes are introduced in
section two. Section three defines the new notion of super
special codes and discusses their properties.

3.1 Super Special Row Codes

In this section we define two new classes of super special row
codes using super row matrix and super mixed row matrix.

We just say a super matrix M = [V ]| V.| ... | V] is known
as the super row vector or matrix if each V; is a n X m matrix so
that M can be visualized as a n x (m+...+m) matrix where

- 7

r—times
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partitions are done vertically between the m and (m + 1)®
column, 2m and (2m + 1)™ column and so on and lastly (r — 1)m
and {(r— 1)m +1}" column.

For example

1
4
1

S DN
— QN W
W N =
—_— 00
— O W
S O O
S =
—_— N =
_ = O
S O O
NS TSI

is a super row vector or matrix, here r =3, n=3 and m = 4.

A super mixed row vector or matrix V=[V;| V,| ... | V] is
a super matrix such that each V;is a n x m; matrix m; # m; for at
leastonei=j, 1 <i,j<sie., Visan x (m;+ ... + ms) matrix
where vertical partitions are made between m; and (m; + 1)"
column of V, m, and (m, + 1)™ column and so on. Lastly
partitioned between the m, ; and (m, |+ 1)™ column.

For example

1 oj1 10 1|1 7 2|1 2 3 45
V=2 12 0 50{351(01010
3111 1.0 11 2 3|1 1 1 0 1
4 210 01 0/4 5 6|00 110

wheren=4, m =2, my =4, m; =3 and my = 5 and s = 4.
Clearly V is a super mixed row matrix or vector. For more refer
chapter one of this book.

Now we proceed on to define the new class of super special row
code.

DEFINITION 3.1.1: Suppose we have to transform some n set of

11 1 2 2 2
ki, ..., k, message symbols a,a;..a, , a;a;..a, ,.., ada;..a; ,

ai’qu;I_<t_<nand]Sifk,-(qapowerofaprime)asasel

of code words simultaneously into n-code words such that each
code word is of length n;, i = 1, 2, ..., nand n;— k; = n,— k; =
. =n,—k, = m say i.e., the number check symbols of every
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code word is the same i.e., the number of message symbols and
the length of the code word may not be the same. That is the
code word consisting of n code words can be represented as a
super row vector,

1 2.2 2
W | XXX

n

o1
xs—[xlxz...x

n_.n n
| X)X, ...xnn]

n;> k;, 1 <i <n. In this super row vector xj. = aj., 1 <j<ky;i=

.. i i i
1, 2, ..., n and the remaining n; — k; elements x; ., x, ., ... x

n!

are check symbols or control symbols; i =1, 2, ..., n.

These n code words denoted collectively by x; will be known as
the super special row code word.
As in case of usual code, the check symbols can be obtained
in such a way that the super special code words x; satisfy a
super system of linear equations; H x] =(0) where H; is a
super mixed row matrix given by Hy = [H; | Hy | ... | H,] where
each H; is a m x n; matrix with elements from F,1=1,2, ..., n,
1e.,
Hox! = [H[Hy| ... [H [x! <2 ox? ]
T T n T
:[HI(X;) |1, (x2) _..\Hz(xs)}
=[©)[(0)]...[(0)] 4
i.e., each H; is the partity check matrix of the code words X ; i
=1,2,...,n. Hy=[H;| Hy| ... | Hs] will be known as the super
special parity check super special matrix of the super special
row code C,. C; will also be known as the linear [(n; n; ... n,),
(ki k; ... ky)] or [(n}, ky), (n2, ko), ..., (n,, ky)] super special row
code.
If each of the parity check matrix H; is of the form

(Ai’In‘—ki);i: 1, 2, R 1
Hs:[H1|H2| |Hn]

N [(Al’lnl’kl) ‘ (AZ’I“z*kZ) ‘ ‘ (A“’I“n*kn ):| T ()]
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C; is then also called a systematic linear ((n; n, ... n,), (k; ks ...
ky)) super special code.

If q = 2 then C; is a super special binary row code; (k; + ...
+ ky) | (ny + ny + ... +n,) is called the super transmission(or
super information) rate.

It is important and interesting to note the set C; of solutions
xs of H,x! = (0) i.e., known as the super solution space of the

super system of equations. Clearly this will form the super
special subspace of the super special vector space over F, of
super special dimension (k; k; ... k).

C; being a super special subspace can be realized to be a
group under addition known as the super special group code,
where H; is represented in the form given in equation I will be
known as the standard form.

Now we will illustrate this super special row codes by some
examples.

Example 3.1.1: Suppose we have a super special binary row
code given by the super special parity check matrix Hs = [H; |
H, | H;] where

01 1100

H={1 01 0 1 0},

1 1.0 0 01
0001100
H,=/{0 1 1 0 010

1 1010 01

and

1 1000100
H,=/0 0 1 1 0 0 1 0
1 01 01 0 01

i.e., the super row matrix associated with the super special code
is given by
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=[(A1, I3) | (A2, I3) | (A3, I3)] 5

i.e., we have given the super special code which is a binary row
code. The super special code words are given by

Tl ol Ly o2 2 2 2 2 2 2
Xs_[al a, a3 X, X5 Xq| a; a3 a3 aj X5 Xg X7 |

2| o3
X Xs:l.

HSXST = (0) gives 3 sets of super linear equations i.e., HSXST

3,3 .3 .3 .3 03 03 U3 (= 1
a, a, a; a, a5 X, X, xg] [xs

(0) is read as

[H, | Hy | Hs] [x |3 x| :[H] ()" |1, (x3
=[0)[(0) [ (0)];

ie.,
H, (x!) =(0)

1 1 1 _
a, +a; +x,=0

gives
1 1 1
a, +a; +x,=0
a,+a, +x; =0.
Therefore X, =a) +a}

1 _ .1 1 1.1 1.
X; =a, +ajand X, =a, +a,;

i.e., we have {000000,100011,111000,010101,1
01101,001110,110110,011011}=C!.We define

C! to be the subcode of the super special rowcode C

H, (x2)" = (0) gives
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2 2
a, +x5=0

2 2 2

a, +a; +x; =0

2 2 2 2
a; +a; +a, +x;=0.

The set of codewords of the super special row subcode is given
by
{0000000,1000001,0100011,0010010,
0001101,1100010,0110001,0011111,
1010011,1001100,0101110,1110000,

0111100,1101111,1011110,1111101}=C?.

Now the sublinear equation H, (xz )T = (0) gives

3 3 3
a; +a, +x,=0
3 3 3
a;+a, +x;=0

3 3 3 3
a; +a;+a; +x;=0.

{00000000,10000101,01000101,00100011,
00010010,00001001,11000001,01100111,
00110001,00011011,10100110,10010111,
10001101,01010111,01001101,00101011,
11100010,01110101,00111000,11010011,
11001000,10110100,10011110,01101110,
01011111,10101110,11110000,11101011,
01111100,11011010,10111101,11111001}=

Cl.

C!] is a subcode of the super special row code C,. Any element

1
s

2
X

N

x3) is formed by taking one element from the

S

X, = (x
subcode C!, one element from the set of the subcode C: and

one from the set C’ i.e., an element x,=[00001[100000

11111100 1] which is clearly a super mixed row vector.
Thus the number of super special row code words in this
example of the super special code C is 8 x 16 x 32.
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The super transmission rate is 12/21. Thus this code has several
advantages which will be enumerated in the last chapter of this
book. We give yet another example of super special code in
which every super special code word is a super row vector and
not a super mixed row vector.

Example 3.1.2: Let H; = [H, | H, | H3] be the super special parity
check super matrix associated with the super special code Ci.
Here

o1 1 01000
1 001 0100
H, = R
1 1100010
1 0 0 00 0 01
11001 000
1 1100100
H, =
01 1 00 O0T10O0
01 01 0O0O0°1
and
01 111000
001 001 00O
H, = ;
0011 00T10O0
1 01 00 0 01
1e.,
Hy=[H, | Hy | H;] =
o1 101 0O0O0O]1 1700190900
1 001 01 0O0O(1 1100100
1 110001 O0(0 110O0O0T1TO0
1 0000 O0OOT1/0101U00O0°1
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011110200
001001O0O0
0011 0O0T1FPO0
1 01000 01

is the super special parity check matrix of the super special code
C,. Now the super special system of equations is given by

H.x!=(0) ie.,
[, 1, 1 [ = 10 1) 1))

- () ) 1 )

2
Xs

We call the linear equations given by H, (X‘S )T = (0) to be
subequations of the super linear equations. Now the sublinear

equations given by H, (xi )T =(0)is

1 1 1 _
a,+a;+x;,=0
1 1 1 _
a,+a,+x,=0
1 1 1 1 _
a, +a,+a;+x,=0

1 1 _ .
a,+x,=0;

11 .1 :
where a, a, a;a, is the set of message symbols and

X, X} x4 x} the check symbols and the check equations using
H, is given above. The subcode associated with super code C; is

C!={00000000,10000111,01001010,

00101010,00010100,11001101,
01100100,00111100,10010011,
10101101,01011110,11100111,
01110100,11011011,10111001,
11110011}.

74



Now we use the sublinear equation of the super linear equation

got from H x| = (0), we get H, (Xf )T = (0). This gives

2 2 2
a; +a;+x,=0
2 2 2 2
a; +a,+a;+x,=0
2 2 2 _
a,+a;+x;=0

2 2 2
a,+a;+x,=0.

The super special subcode C? associated with the above set of

equations is given by :

C2={00000000,10001100,01001111,

00100110,00010001,11000011,
01101001,00110111,10101001,
10011101,01011110,11100101,
01111000,11010011,10111011,
11110100}.

Now using the sublinear equation H, ( X; )T = (0) we get

3 3 3 3
a,+a;+a, +x;=0
2 3
a; +x,=0
3 3 3
a,+a,+x;=0

3 3 3 _
a; +a;+x,=0.

Cz={00000000,10000001,01001000,

00101111,00011010,11001001,
01100111,00110101,10011011,
01010010,10101110,11100110,
01111101,11010111,10110100,
11111100}.
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Thus the super special code word of the super special code C;
willbe C,=[C! | C

C’ ] i.e., it is formed by taking one code
word from each one of the CiS ;1=1, 2, 3. Thus if x;, € C, then
anyXxs=[11110011]11110100/11111100].

So we can realize the super special row code to be codes in
which each and every subcode C. of C, have the same number

of check symbols.

Now we proceed on to define the notion of super special row
repetition code.

DEFINITION 3.1.2: Let C,=[C!

c? ... C:’] be a super

special row code in which each of the Csi is a repetition code, i
=1, 2, ..., n, then we define C; to be a super special repetition
row code. Here if Hy = [H||H>| ...|H,] is the super special parity
check matrix of C,, then each H; is a t — 1 xt matrix that is we
have

0

0

t—1 xt

is the parity check matrix. The super special code words
associated with Cs are just super row vectors only and not super
mixed row vectors. The number of super special code words in
Ciis 2"

We illustrate a super special row repetition code by the
following example.

Example 3.1.3: Let C,=[C, | C! | C]

repetition code with associated super special row matrix Hy =
[Hi | Ha| Hs | Ha]

C:] be a super row

76



110000110000

101000101000
=100 100[100T1T00

10007101 000T10
10000 11 00O0O0°1
110000110000
101000101000
100100100100
10007101 000T10
10000 1[1000O0 1]

Thus

C,=1{[000000[000000[/000000[000000],
[IT1TI[TI1 1111111111 1111],
[000000[111111]000000]111111],
[000000[111111[000000]00000 0],
[000000[000000[000000|111111],
[111111/000000[000000]|00000 0],
[000000[000000[111111]00000 0],
[11111[111111[000000[00000 0],
[111111]/000000[111111]000000],
[111111/000000[000000]111111],
[000000[111111[111111]000000],
[000000[000000|111111]111111],
[111111[000000[111111]00000 0],
[T11111[111111]000000]111111],
[M11111]111111[111111]000000],
[000000[111111[111111|111111]}.

Clearly |Cy| =2*= 16.

Now having seen an example of a super special repetition
row code we proceed on to define the super special parity check
row code. We have two types of super special row parity check
codes.
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DEFINITION 3.1.3: Let C; be a super special parity check mixed
row code i.e., C, =[CS] cl... | C:] where C; is obtained
using the super special mixed row matrix Hy= [H;| H>| ... | H,J

where each H; is a unit row vector having t; number of elements
ie.,

H =

_

t, times

{1 1 - 1‘] 1 - 1‘ 1 1 - 1}

t; times t, times

Where at least one t; #t; for i #j. Any super special code word in

C, would be of the form
_ 1 1 1 n_n n | _ 1.2 n
X, —[x, Xy e X, X} x5 ...xt”]—[xs X, || X! J
. T . i .
with H x; = (0); i.e., each x, would contain only even number

2.2 2
X[ X5 X ;

>

of ones and the rest are zeros.

Cs=[Ci|Cy] ... | Cy] is defined to be super special parity check
row code. C is obtained from the parity check row matrix /

vector Ho = [H; | Hy | ... | H, ] where H, = H, = ... = H,
= {1 1 - 1} . Here a super special codeword in C; would be
m times

a super row vector of the form I:xi | x2 ... | xg:l with each
X, = |:Xi X5 ... xin] where only even number of x| are ones and
the rest zero, 1 <j<mandi=1,2,...,n.

Now we will illustrate the two types of super special parity
check (mixed) row codes.

Example 3.1.4: Let C, =[Ci C?

check code having Hy=[H;|H, | H;]=[111|111|111]to
be the super special parity check matrix associated with it.

Cl } be a super special parity
C={000/000|000],[000]000]110],
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[000[000[101],[000[000/011],[000[110]00 0],
[000(110]110],[000[110[101],[000/110]01 1],
[000/011]000],[000[011[101],[000/011]110],
[000(011]011],[000[101[110],[000/101]000],
[000[101]011],[000[101[101],[110/000|00 0],
[110/000]101],[110[000[110],[110/000[01 1],
[110[110]000],[110[110[011],[110[110[10T1],
[110[110]110],[110[101[000],[110/101]101],
[110[101]011],[110[101[110],[110/011]000],
[110[011]110],[110[011[101],[110]011]011],
[011/000]000],[011][000[011],[011/000]|110],
[011/000]101],[011][110[000,[011|110]110],
[011[110]011],[011][110[101],[011/011[000],
[011(011]101],[011]011[110,[011]011]011],
[011(101]000],[011][101[011],[011|101[101],
[011[101]110],[101[000[000],[101/000[01 1],
[101/000]|110],[101[000[101],[101/011]000],
[101/011]110],[101][011[101],[101]011]01T1],
[101[101]000],[101[101[101],[101|101]011],
[101[101]110],[101[110[000],[101[110]110],
[101[110]011][101[110[101]}.

Thus |Gy = 4° = 64. We see in every super row vector the
number of non zero ones is even.

Next we give an example of a super special parity check
row code C..

Example 3.1.5: Let C, =[CL

check mixed code with the associated super special parity check
mixed row vector Hy=[H; | H,] =[1 1 1 1 |1 1 1]. The super
special codewords given by H; is

Cf] be a super special parity

C,={0000[000],[0000[110],[0000]10 1],
[0000/011],[1010/000],[1010]011],
[1010[101],[1010]110],[1001]000],
[1001]011],[1001|110],[1001]101],
[0101]011],[0101/000],[0101]101],
[0101]110],[1100]000],[1100]0T1 1],
[1100[101],[1100]|110],[0110]000],
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[0110[110,[0110[101],[0110]01 1],

[0011][000],[0011[101],[0011|110],

[0011/011],[1111/000],[1111]110],
[M111/011, 1111|1017}

Clearly |Cy| = 8 x 4 =32.

Now having seen examples of the two types of super special
parity check codes, we now proceed on to define super special
Hamming distance, super special Hamming weight and super
special errors in super special codes Cs.

DEFINITION 3.1.4: Let C,=[(!

CS"] be a super

special row code. Suppose X = [x} | xf . | x‘f:lis a
transmitted super code word and y = [ y; y? . | yf] is
the received supercode word lhen es =y — X =

|e ] is called

1
B2 Sl O B
the super error word or the super error vector.

We first illustrate how the super error is determined.

Example 3.1.6: Let C, = [Ci

code with associated super parity check row matrix Hy = [H; | H;
| Hs | Ha]

J be a super special

1 0010O0O0Of1 0O1 01000
1 10010O0(0101O0T1TUO00
o1 00010[1 1000010
0010O0O0O01(011O00O0O0°1
1 0100O0f1 01O0O0T1O0O0O0
1101001 1O01O0O01O00O0
01 0010/011O0T1T0O0T1F®O0
1 10001/0011000O0°O0°1
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Letx,=[x' [x? [ x}[x!]=[1101010[11110000]1
11010]111100100] e Csbe the sent super special code.
Suppose y,=[y! | y* | y? |y!]=[1010110[1111110
0110101111010 10 0] be the received super code
word. The super error vector is given by

3

vomxe = [yb |2yl | vi] xR x| x!]
= [yi-xly2=xyl = x|yl —x! ]
— [0111100[00001100[001111[0001
10000]
e |el|el]

= [ei
es.
Clearly y; + e = Xs.

DEFINITION 3.1.5: The super Hamming distance d (x,, y,)
between two super row vectors of the super special vector space
V,, where x, = | x! | x]and y = [y | v2 ]| ]

is the number of coordinates in which x. and y. differ for i =

2
xs

1, 2, ..., n. The super Hamming weight wy(x) of the super vector
x = [«

| x;’] in Vi is the number of non zero

coordinates in each xj si=1 2, .., n Inshort wy(x,) = d(x,

).

As in case of usual linear codes we define super minimum

distance d;, of a super special linear row code C,as

n

s
dmin

= min d_(u_v
ug,v e Cg S( s? S)’
U #V

ds (us, vs) = ds (us — vs , (0)) = Wy (us — vy).
Thus the super minimum distance of C is equal to the least

super weights of all non zero super special code words.
Now the value of
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Ug #Vg

2
sl

2
sl

u

d. = mmC ds (ug, vs)
\
ug,vee Cg

min
n 1 n
) [l )
ug ¢v

= min [d(u;, vl)+d(uf, vf)+...+d(uf, v;‘)]

- i

Now d . of the super special row code given in example 3.1.2

n

s 4G =3,
d. C2=2and d’ C’=2.Hence dfmn (C,)=3+2+2=17.S0
we will denote d?, =min d, (u,v,) by d&, (C,), u, vs € C,,
Ug # Vs
&, [ Lle]=d,[(c)+(C)+ v (c)]

= mln]d(xs, ys)-l— min d(xs, ys)+ .+ min d(xs, ys).
X y eC, x y EC x4,y EC
XYy X2#y; XL#yL

Now we proceed on to define the dual of a super special row
code.

.. | CS"] be a super

special row [(n;, ..., n,), (ki, ..., k,)] binary code. The super
special dual row code of C; denoted by

c=[(c) [(e2) | ] (er)']
where( ) ={u |ul-vi=0forallvieCl}i=12, .

Since in Cy, we have n; — k; = n, —k, = ...=n, — k, i.e., the
number of check symbols of each and every code in C. is the

same for i =1, 2, ..., n. Thus we see n = 2k; alone can give us a
dual, in all other cases we will have problem with the

compatibility for the simple reason the dual code of C' being
the orthogonal complement will have n; — k; to be the dimension,
where as Csi will be of dimension k;, i = 1, 2, ..., n. Hence we
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can say the super special dual code would be defined if and only
if n; = 2k; and such that n; = n, = ... = n,.

We can define the new notion of super special syndrome to
super code words of a super special row code which is
analogous to syndrome of the usual codes.

DEFINITION 3.1.7: Let C; be a super special row code. Let H
be the associated super special parity check matrix of Cs the
super special syndrome of any element y;, € Vi where C is a
super special subspace of the super special vector space V is
given by S(vy) = H_y! . S(vy) = (0) if and only if y, € C,

Thus this gives us a condition to find out whether the
received super code word is a right message or not. Suppose y;
is the received super special code word, we find S(vy) = H.y! ;
if S(vy) = (0) then we accept y; as the correct message if S(ys) =

H, yST #(0) then we can declare the received word has error.

We can find the correct word by the following method. Before
we give this method we illustrate how the super special
syndrome is calculated.

Example 3.1.7: Let C, = I:Ci |c2|c

row code. Let H; = [H; | Hy | H; | H4] be the super special parity
check matrix of Ci.

C;‘] be a super special

Let
1 0001 0O0(0T1TO0 0 0
H =1 0 0 01 0 01 01 0
01 1 000 1]0T1 1 0
0 0 0|0 O0OT1T1FPO 00
001 01 010 010
1 00101 0O0O0OO0TO0
Suppose
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X, —[x f}

=[1000110|010101|11110|00001010]eCs.

2
2%

Now the super special syndrome of x; is given by
S(xs) = Hx.
[Hi|H,

2

S

XS

S

T
4
x! ]

()]

= () () [ (<)
[000]000[000|000].

Lety,=[1110011]011110]10101|11100111]¢€
Vs where C; is a proper super special subspace of the super
special vector space V.

Now

S(YS) = Hsy;r
[H; | Ho | Hs| Hal [y |y

2y v
[Hl(Yl)T | H,(v2)' ‘H3 )| Hy( yjﬂ
[101]000/110]010]

# [000]000]000]|00O0].
Thus y;s ¢ Cs.

Now we have to shown how to find whether the received super
special code word is correct or otherwise. It is important to note
that what ever be the super special code word x; € C; (i.e., it
may be a super special mixed row vector or not) but the
syndrome S(x,) = H_x! is always a super special row vector
which is not mixed and each row vector is of length equal to the
number of rows of H;.

Now we know that every super special row code C; is a
subgroup of the super special vector space V; over Z, = {0, 1}.
Now we can for any x; € V, define super special cosets as

x5+ Cs= {Xs+ ¢ | cs € Cs}.
Thus
Ve={ZoyxZyx..xZy|Zy X ... xZp| .. | Zy xZy % ... X Zp}
=Cu[x! +CJu...u[x! +C
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where c,=[c|c|...|c]
and
Xy = [xi...xf11 X;. xiz X} x:]
= |:Xls XS2 |X2]
and
xs+Cs = [xl+Ci x2+CH ... x§+C§].

Now we can find the coset leader of every x! +C! as in case of
usual codes described in chapter one of this book. Now if

yo= [y [yi [ ]yt ]
is the received message and [el +(0)| €2 +(0) | el + (O)] isa

special super coset leaders then using the relation y, — e, we get
ys — € to be super special corrected code word. It is interesting

to note that each e, + (0) has a stipulated number of coset

leaders depending onn;,i=1,2, ..., n.

We will illustrate this by the following example.

Example 3.1.8: Let C, = [Ci

Cf} be a super special row code.

Suppose Hy = [H; | Hy] be the super special row matrix
associated with C,. Let

110 1/0 1 10 1|
Now csz[cg\cj] with C' = {(0000), (1011),(0101),

(1110)}and C2={(00000),(10010),(01001),(0011
1),(11011),(01110),(10101),(11100)}.

1 01 0/1 01 10
Hs:[H1|H2]:

C,={[0000[00000],[1011]00000],
[0101]00000],[1110]00000],[0000[1001 0],
[0000[01001],[1110]01001],[0101[0100 1],
[1011[10001],[0000]00111],[1110[00111],
[0101]/00111],[1011]00111],[0000[1101 1],
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[f110(11011],[1011|11011],[0101]11011],
[0000(01110],[1011]01110],[0101]01110],
[0000]10101],[1011|10101],[0101|1010 1],
[0000|11100],[1110]11100],[1011]11100],
[0101]11100]and so on}.

Clearly |Cy| = 32 . Now the coset table of C! is given by

Message code words
0 0 10 0 1 11
0 0 0O 1 011 01 01 1 110

Other cosets

1 0 00 0 011 1101 0110
0100 1111 0 0 01 1 01 0.
0010 1 0 01 0111 1100
—
coset leaders
Now the coset table of C? is given by
message 0 00 1 0 0
codewords 0 0 0 0 O 1 o0 0 1 0
1 0000 00O0T1F0
othercosets 0 1 0 0 0 1 1 0 1 0
00100 10110
message 010 0 0 1
codewords 0 1 0 O 1 ¢ o 1 1 1
11001 10111
othercosets 41 0 0 0 1 o 1 1 1 1
01 101 0o0@0T1°1
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message 1 0 0 1 1
codewords 11011 901110
0601011 11110
othercosets 41 0 0 1 1 0 0 1 1 0
11111 01010
message 1 01 1 11
codewords 1 01 01 1 11 00
00101 01100
othercosets 1 1 1 0 1 1 0 1 0 0
1 0001 11000

Suppose ys=[1 111|111 1 1]is the received word then S(ys)
= H,y! #[(0)](0)].e¢,=[0100]00 10 0]is the super set
coset leader. Thus x,=y,+e;=[1011|11011] € C,.

With the advent of computers calculating the super special coset
leaders is not a very tedious job. Appropriate programs will
yield the result in no time.

Now we proceed on to describe/define the super special row
cyclic code.

DEFINITION 3.1.8: Let C; = [C; | Cy | ... | C,] be a super
special row code. If every C! is a cyclic code in C; we call C; to

be a super special cyclic row code. H, = [H; | H, | ...|H,]
denotes the super special parity check row matrix of the super
special cyclic code.

We illustrate this by the following example.

Example 3.1.9: Let C, =[Cl | C2 |Cf] be a super special

cyclic code with an associated super special parity check matrix

Hs: [Hl | H2| H3]
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1 110100

=0 111010

0011101
001 011T1{0 01 001
0101110010010
1 0111001 0O0T1TTUO0OO

We see each of C!, C2 and C are cyclic codes.

Now we see in general for any super special mixed row
code with an associated super special parity check matrix Hg
which happens to be a super mixed row matrix we cannot define
the super special generator row matrix Gs. The simple reason

being if the code words in each of the Cis in C, where
C,=[c!|c?|...|]c"],i=1,2, ..., n happens to be of

different length then it would be impossible to define a super
generator matrix. So we shall first define the notion of super
special generator row matrix of a super special row code(mixed
row code).

DEFINITION 3.1.9: Let C,=[C!

CZ
special row code. A super special row matrix which generates
C; exists if and only if in each C; the codes in C, have the same

| CS”] be a super

number of message symbols, that is if C,; has a super special
parity check row matrix H; = [H,; | H, | ... | H,] then we

demanded each C! must have the same number of check
symbols. Likewise for the super special generator row matrix to
exist we must have G, = [G; | G5 | ... | G,] where C! have the

same number of message symbols which forms the number of
rows of the super row generator matrix Gi.

We shall first illustrate this by an example.

Example 3.1.10: C, =[Ci | C: ] be a super special row code.
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Let G, =[G!|G?]

N

o o o =
o O = =
o = —~ o
— = O
_ o = o
o - o o
- o o

o o o

o o =

o - o o
- o o o
_ = e
S = = o
[

be the super row generator matrix which generates Cs.
The code words of C! generated by G is given by

C'={0000000),(1101000),(0110100),
(0011010),(0001101),(1011100),
(0101110),(0010111),(1110010),
(1100101),(0111001),(1000110),

(0100011),(1010001),(1111101),(100101 1)}.

C>={0000000),(1000101),(0100111),

(0010110),(0001011),(1100010),

(0110001),(0011101),(1001110),

(1010011),(0101100),(1110100),
(0111010),(1101001),(1011000),(1111101)}.

If x,=[x! |x?] by taking x; € C, and x e CI we get C.

Clearly elements in C; are super row vectors.

Now we proceed to define super special mixed row code of C;
and its super special generator mixed row matrix.

CZ

special mixed row code. If each of the codes C! have the same

DEFINITION 3.1.10: Let C, = [C: . C:,’] be a super

number of message symbols then we have the super special
G*...| 6]

associated with C,. Number of message symbols in each of the

generator mixed row matrix G, = [Gsl

G! are equal and is the super special mixed row matrix G, 1 <

i<n.
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We illustrate this by the following example.

Example 3.1.11: Let C =[C! |C?

C: C;‘] be a super
G2 | G? | G!] be the

associated super special mixed row generator matrix given by

special mixed row code. Let G, =[G!

G, =[G,

GZ

G3

G!]

[e)
(e
()
)
)
O -
(e}
(e}
—_ = O
(e}

Clearly G is a super mixed row matrix. All the codes generated
by Gi, G;, G; and G4 have the same number of message

symbols. The code C. = {(00000),(10001),(01010),(0
0111),(11011),(01101),(10110),(11100)}.The
codewords given by C2 ={(000000),(100110),(0100
11, 001101),(110101),(011110),101011),(11
100 0)}. The codes associated with C. = {10000 10),(000
0000),(0101000),(0010101),(1101010),(10160
111),0111101),(1111111)}and C!={000000

0),(1001001),(0100110),(0011010),(1101111),
(0111100),(1010011),(1110101)}.

We see the number of code words in each and every code C, i
=1, 2, 3, 4 is the same; equal to 8. Further the number of super
code words in Cy is 8 x 8 x 8 x 8 ie., |[C| = 8*. We give a
necessary and sufficient condition for Hy to have an associated
generator matrix G, for a super special row code Cs.
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THEOREM 3.1.1: Let C, =[ C! | C?

row code with H; = [H; | H, | ...| H,] , the super special parity
check matrix. If each H; = (4;, 1,4), i = 1, 2, ..., n then G, = [G,
| Gy | ...| G,] with G;= (I, —A"); 1 <i <n if and only if the

length of each code word in C: is the same fori =1, 2, ..., n.

e | C’ ] be a super special

Proof: Suppose we are given H; = [H; | Hy | ... |H,] to be the
super special parity check matrix of the super special row code
Cs=[Ci | Cy| ... | Ci]. We know every subcode C; of C; have
the same number of check symbols. Suppose we have for this
super special row code C; the super special generator row
matrix G, with G_H! =[(0) | (0) | ... | (0)] . Then we have n; —
klzl’lz—kzz :l’ln—kn andk1=k2=k3= :kn this is
possible if and only if n;=n, = ... = n,. Hence the result.

Thus we see in this situation we have both the super special
generator row matrix of the code C; as well as the super special
parity check matrix of the code C; are not super special mixed
row matrices; we see both of them have the same length n for
each row.

We illustrate this situation by an example before we
proceed on to define more concepts.

Example 3.1.12: Let C =[C!|C?
row code. Hy=[H;| H, | H3| Hy]

C3

C?] be a super special

01 110001001000
1 010100/01107100
lt1 1001011100710
110000 1/1 010001
11110001 011000
0010100010010 0
10000101 110010
01 0000T 1|1 100001
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the super special row parity check matrix; then the related super
special row generator matrix

G, =[G1] G2 | Gs| G4]

1 0001111 0O0T1UO0T1'1
=0 101 011{010O01T1FP0
0011 110/0O0T1O0T1T11
1 0010101 0O01O0T11
01 010O0T1j01O0O0T1TT1T1].
0o011100j0O01T1TG0T1F®0

Now we find
GSHST =[G |Gy | Gs|Gs] x [Hy |Hy | Hs | H4]T

=[G | G2 | Gs| Gal x [ HT [H [HT|HT |

= | GH]|G,H] | G,HT | G,H] |

01 11
101 1
1000 1 1 171 110
=llo 101 01 100 0
0011 110/[0100
0010
0 0 0 1
1001011
0100110
001011
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1 0 1 1] (1 0 1 0]
0110 1 001
0 1 1 L[t o010 1 O0][|L 100
=1 0 0 O[[]|/O 1 01 0O 1||[|{1 0 0 O
01 0 O0[/|00O 1 11 00O0[[|[01 00
0010 0010
00 0 1] 0 0 0 1]

1o 1 1]]

01 1 1

00101 1]/l o010

0 0 11 1 000

0 1 01 0[[|0 1 00

001 0

10 0 0 1]
0 00 0[O0 O0OOTO0OOOO|[O0O0TO0OO
=0 0 0 0/]O O 0 0[O0 0O O 0/0O O 0 O
000 0[O0 OOO0OOO0O[0O0O0O

which is a super special zero row vector.

Now we shall illustrate by an example, in which G H! =
[(©) [(O)] ... [ (0)].
Example 3.1.13: Let C; = [C; | C, | C5] be a super special row

code where Hy = [H; | H, | Hs], is the associated super special
parity check row matrix.
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1 01 100O0j1 1 0O0T1O0O0O0
H:111010000110100
101000101 001O0O0T1O

1 0000O0T1|1 1 110001

1 01 000
01 0100
1 1.0 010
1 000 01
Now
1 001 101
G=/01 00110
001 1100
a 3 x 7 matrix, with G, H; = (0).
1 0001 011
G2:01001001
001 0O0T1 01
0001 O0T1T11

a 4 x 8 generator matrix got from H, with G,H} = (0) and
1 01 011
G, =
01 0110
is a 2 x 6 matrix with G,H; = (0).

We see Gy, G, and G; cannot be formed into a super mixed
row matrix. So this example clearly shows to us that even if C
=[C;| C,| Cs] is a super special mixed row code with H; a super
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special parity check mixed row matrix of C; yet Gy is undefined
for this C;. This is in keeping with the theorem.

Likewise if we have a super special row code C; we may
have the super special row matrix which generates C yet Hj
may not exist.

This is the marked difference between the super special row
codes and usual linear codes.

Example 3.1.14: Let C; = [C, | C, | Cs5] be a super special code
with super special row generator matrix

1 00 01 1|1 00 1 1 11
G=01 01 0 1{f0O1 00011
001 1 1 0[{0O0T1T1TTUO0O01
0 01 1
01 0 0 1
001 1 0
=[G |Gy | Gs].

Clearly G; is a super special row mixed matrix. Now

T
Il
—_— = O

1
0
1

O =
S O
S — O
- o O

got from G, and we have G,H, = (0). The parity check matrix
got from G; is

1 011000
1 0001 00
H, =
1100010
11100 01
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where G,H] = (0). Also
1 0110

H, =
1 1.0 01

and is such that G,H] = (0). We see H,, H, and H; cannot be

made into a super special row matrix. Hence the claim.

Now having defined the new class of super special row
(mixed row) codes we will now define new classes of mixed
super classes of mixed super special row codes C; i.e., we may
have the super special row code to contain classical subcodes as
Hamming code or cyclic code or code and its orthogonal
complement and so on.

DEFINITION 3.1.11: Let C; = [C; | C, | ...| C,] be a super
special row code. If some of the C;’s are Hamming codes, some
C;’s are cyclic codes i #j, some Cy’s are repetition codes and
some C,’s are codes and C,’s are dual codes of C;’s ; 1 <j, k, t,
i, p < nthen we call C to be a mixed super special row code.

It is important to mention here that even if two types of classical
codes are present still we call C; as a mixed super special row
code.

We will illustrate them by the following examples.

Example 3.1.15: Let C; = [C; | C; | C5 | C4] be a mixed super
special row code. Here C; is a Hamming code, C, the repetition
code, C; a code of no specific type and C, a cyclic code.

Let the mixed super special parity check matrix H;
associated with C; be given by

Hy=[H; | Hy | H3 | Hy]

00011111100
=01 1 0 0111 01 0
1 0101011 001
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060111001 11O0T1°U00
10101001 1T1TQO0T1F@©0
1 1000170011001

Clearly C; is a mixed super special mixed row code. Any super
code word x; of C, will be of a formx,=[1000100|1111|

011011111111 0]which is clearly a super mixed row
vector.

Example 3.1.16: Let C;=[C, | C, | C;] be a mixed super special
row code. Let Hy = [H, | H, | H3] be the associated super special
parity check mixed row matrix. C; is the Hamming code, C, any
code and C; a repetition code.

111111111 01 10O00O
000111101 1.1701T00
HSZOIIOOllOlOOOOlO
1 0101 0100110001
11000
1 0100
1 0010
1 00 01

is the mixed super special parity check mixed row matrix for
which G, does not exist.

We define the new notion of super special Hamming row code.

DEFINITION 3.1.12: Let Cs = [C§ | C; | ... | Cj | where each

Cj isa 2" -1, 2" — 1 —m) Hamming code fori = 1, 2, ..., n.
Then we call C; to be a super special Hamming row code. If
H=[H, | H: | ... | H,] be the super special parity check matrix
associated with C; we see H, is a super special row matrix

having m rows and each parity check matrix H; has m rows and
2" — I columns, i =1, 2, ..., n.

97



Further the transmission rate can never be equal to %. If m > 2
then will the transmission rate be always greater than 5 ?

We will just illustrate a super special Hamming row code by the
following example.

Example 3.1.17: Let C; = [Ci

Hamming row code where

C? Cg] be a super special

0O 0 0111111 110100
H=/0 1 1 0 0 1 1|0 1 1 1 O 1 O
1 01 01 0 1]0 0111 01
0 01 1 01
01 01 01 1
001 0111
=[H; | H | Hs]

is the super special matrix associated with C,. We see C. is a
(7, 4) Hamming code; i=1,2,3. Herem=3 andn=2-1="7.
The code words associated with C! is

{(0000000),(10000011),(0100101), (00101 10),
(0001111),(1100110),(0110011),(0011001),
(1010101),(0101111),(1001100),(1110000),
(0111100),(1101001),(1011101),(1111111)}.

C2={0000000),(1000101),(0100111),

(0010111),(0001011),(1100010),

(0110001),(0011101),(1001111),

(1010011),(0101101),(1110101),
(1101001),(0111011),(1011000),(1111111)}.

C’={0000000),(1000011),(0100101),
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(0010111),(0001110),(1100110),

(0110010),(0011001),(1001110),

(1010100),(0101011),(1110001),
(0111100),(1101011),(1011010),(1111111)}.

By taking one code word from C!, one code word from C’ and

one from C. we form the super special Hamming row code.

1
s

2
X

S

Any x, = (x x)) where x. e C!, x> eC? and x’ =C].

We see
Ho x{ = [Hi|H:|Hs] (x; x.)
= [Hi(x)" [H(x)"[Hs(x))']
[(0) [ (0) [ ()]

for every x; € C,.

2
Xs

3.2 New Classes of Super Special Column Codes

Suppose we are interested in finding super special codes in
which the number of check symbols will be different for the
subcodes. In such a situation we see certainly we cannot work
with the super special row codes Cs, for in this case we demand
always the number of check symbols to be the same for every
subcode in C,, so we are forced to define this special or new
classes of super special codes.

DEFINITION 3.2.1: Suppose we have to describe n codes each of
same length say m but with varying sets of check symbols by a
single matrix. Then we define it using super column matrix as
the super code parity check matrix. Let

TEsTRs

§Q|..
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be a set of m codes, C;, Cs, ..., C,, where all of them have the
same length n but have n —k;, n—k,, ..., n—k,, to be the number

of check symbols and k;, k,, ..., k,, are the number of message
symbols associated with each of the codes C; C ..., C,
respectively.

Let us consider

Hszf

where each H' is the n — k; x n parity check matrix of the code
C;i=1,2,..., m We call H’ to be the super special parity check
mixed column matrix of C; and C is defined as the super
special mixed column code.

The main difference between the super special row code
and the super special column code is that in super special row
codes always the number of check symbols in every code in C;
is the same as the number of message symbols in C; and the
length of the code C; can vary where as in the super special
column code, we will always have the same length for every
code C; in C; but the number of message symbols and the
number check symbols for each and every code C; in C, need
not be the same. In case if the number of check symbols in each
and every code C; is the same. Then we call C; to be a super
special column code.

In case when we have varying number of check symbols
then we call the code C, to be a super special mixed column
code.

In the case of super special column code C;=[C, | C, | ... |
Cn]' we see every code C; in C, have the same number of
message symbols. Thus every code is a (n, k) code. It may so
happen that some of the C; and C; are identical codes. Now we
proceed on to give examples of the two types of super special
column codes.
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Example 3.2.1: Let

Cl
C2
C,= C_3
C4
be a super special column code.
Let
Hl
H2
Hy=|—
H3
H

~

where each H; is a 3 x 7 parity check matrix.

_— = O = === O = O =
S = RO = OO0 O == = O
_— = O = O = O == O
_—= O = O =IO = OO = O
S O =IO O =IO O =IO O =
S = OO0 = OO0 = Ol = O
—_ O Ol= O Ol O ol O O

is a super column matrix. We see if

H, [x | %2 | s | x4]" = (0) = [x] [x3 [ x3 |7 ]

T T T

&~
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S O OO O IO O olo o o

As in case of super special row codes we get any super
special column code, the main criteria being every code C; in C;
=[Cy | Cy ] ... |Cin] would have the same length. It can have any
number of message symbols and any arbitrary number of check
symbols.

Just we saw in example 3.2.1 a super special column code.
One of the main reason for us to have this new class of codes is
that when we have super special row codes we see if the length
of the code words are the same then automatically it is such that
the number of message symbols become equal to the number of
check symbols Thus the transmission rate becomes fixed equal
to 1/2. But if we wish to have lesser transmission rate we cannot
get it from these codes, the super special column codes comes
handy.

We now describe yet another super special column code C.

Example 3.2.2: Let C;=[C; | C, | ... | C,]' be a super special
column code. Here n =3 i.e., C,=[C; | C, | C3]". Let
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1
I

5=
Il
— O == === O O
— = O =IO = = O
— = = OO0 = O =
— O Ol ol O o =
S O =IO o0 O = O
S = OoOlOo =[O = O O
—_ O Ol Ol O O O

We see every code word in C; are of length 7. But the
number of message symbols in C; is 3 and the number of check
symbols is 4 i.e., C, is a (7, 3) code where as C, is a (7, 5) code
and C; is a (7, 4) code. The number of super code words in the
code C,is 2° x 2° x 24 =2"%,

The code words in

C;={0000000),(1000011),(0100110),
(0011010),(1100101),(0111100),
(1011001),(1111111)}.
The code

C,;={0000000),(1000011),(0100011),
(0010000),(0001001),(0000100),
(1100000),(0110011),(0011001),
(0001101),1010011),(1001010),
(1000111),(0101001),(0010100),
(0100111),1110000),(0111011),
(0011101),(1101001),(1100100),
(1011010),(1001110),(0110110),
(1010111),(0101110),(1111001),
(0111110),1110100),(1101101),

(1011110),(1111101)}
and

C;={0000000),(1000101),(010001 1),
(0010111),(0001001),(1100110),(0110100),
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(0011110),(1010010),(0101010),(1001100),
(1110001),(0111101),(1101111),
(1011011),(1111000)}.

Thus by taking one code word from each of the C;’s we get
the super special code word which is super row vector of length
7. Thus C has 8 x 32 x 16 = 4096 super code words.

Unlike in the case of super special row codes given a super
special column code C; with associated super special parity
check column matrix Hy we will always be in a position to a get
the super special generator matrix G;. We see in the example
3.2.2 just given we do not have for that Hy an associated
generator matrix G; though clearly each H; in H; is only in the
standard form.

However for the example 3.2.1 we have an associated
generator matrix G for the

I—‘{l

H2

o,

H,
(1 01 01 0 O]
0101010
11100 0 1
0110100
1001010
[t o100 01
1100110 0l
1110010
100100 1
0110100
1111010
101100 1]
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00 01
1 000

1

1

00010
1 00000

0

1

0

0

00

1

0 00

00 01
1 000

0

1

1

0

00
1

0000

0

0 0O
1

0

1

00

1

0 00

Clearly

i)

}[HTHEEH

Slo|s |

T
s

G:H

}

T
1

T
2
T
3
T
4

G,H
_|GH
" |GH

G H
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0

1

0 0 01

1

0

0 00

1

000 1O
1 00 0O

0

1

0

0 0

1
0 0 0
1
0

0 0O
1

0 0 0
0

1

0

1

0 00

1

0

0 0
1

0 00O

1

0 0

1

0 0 0

0 0
0

1

0 0

1

00

1

00
1

1

0 0

0 010

1

0
0 0

1

00

1

0 0

010
0 01

0

1

0

010

1

0
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S O O O
S O O O
S O O O

S O O O
S O O O
S O O O

S O O O
S O O O
S O O O

S O O
S O O
S O O

0 0 0

We find conditions under which we have a super special column
code C, with an associated super special parity check column
matrix Hy in the standard form to have a super special generator

D

column matrix G, with GyH! =

0

Before we prove a result of this nature we define the two
types of super special generator column matrix for a super
special column code Cs.

DEFINITION 3.2.2: Let C, = [C)| C; | ... |C,]" where C;’s are
codes of same length m. Suppose each C; is generated by a
matrix G, i = 1, 2, ..., n, then

G, =
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generates the super special column code C,. We call G, the
super special generator column matrix which generates Ci. If in
each of the codes C; in C,, we have same number of message
symbols then we call Gy to be a super special generator column
matrix; i = 1, 2, ..., n. If each of the codes C;’s in Cy have
different number of message symbols then we call G, to be a
super special generator mixed column matrix.

We say G; is in the standard form only if each Gj is in the
standard form. Further only when G; is in the standard form and
G; is a super special column matrix which is not a mixed matrix
we have H; the super special parity check column matrix of the
same C, with

el oo

G,H! =

Now we illustrate both the situations by examples.

Example 3.2.3: Let C; = [C, | C, | C3 | C4]' be a super special
column code generated by

1001 101
01007110
0011001
1000101
o1 01000 [G
001001 1| |G,

G. = _16
roo1 1 11| |G
010010 1| |G,
00110710
1001011
01007110
001001 1
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1 0 00
0 0
0 0 0
1
0

0 0 O

0

0 0
1
0 0O

1

1

0

1
0 0O
1
0 0 1
0 0 0

1

0

1

0

1

0 0 Of

1

0
0

1

0
0 0O

0 0
0 00O

0

1

1

0 0

0 0 0
1

1

0

0 010
0 0 01

0

the super special column matrix. Now the related H of G; exists

and is given by

Now

0 00O
0 00O
0 00O
0 00O

0 00O

0 00O
0 00O
0 000
0 00O
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[C; | C2 | C3]' be a super special

Example 3.2.4: Let C;

column code. Suppose

1 0 00

0 0

1
1

0 00O
1

1

0

0

0 0 1

1

0

0 0 01

be the super special column matrix which generates Cs.

1000}

0

{

01 0010
0 000 OO0 1

0

H,

00 00
1

1

0 0

0 00

0
1

00

0

0 00

1

000 0 01

1

0 0

1

0

H2:

and

Thus
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S = O|l= O O = =l O O =
_——_ OO O O = OO0 O O =

is the super special column matrix which is the super parity
check column matrix of C,. Clearly GyH! = (0), super column

zero matrix. As in case of usual codes given the parity check
matrix H or the generator matrix G in the standard form we can
always get G from H or H from G and we have GH' = (0). Like
wise in the case of super special (mixed column) column code
C; if G; is the super special column generator matrix in the
standard form we can always get the super special column
parity check matrix H from H, and we have G,H! is always a

super special zero column matrix.
As in case of super special row code we can define classical
super special column codes.

DEFINITION 3.2.3: Let C; = [C; | C, | ...| C,]' be a super special
column code if each of the code C:; is a repetition code of length
n then C; is a super special repetition column code with C; = C,

=...= C,. The super special column parity check matrix
H

H,=| :
H
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where

1 000 .. 1
It is important to note that unlike the super special repetition
row code which can have different lengths the super special

repetition column code can have only a fixed length and any
super special code word

2
Xs

n
"|Xs]

where x) = (11 ... 1), n-times or (0 0 ... 0) n-times only; 1 <j

— 1
% =[x!

<n.

Example 3.2.5: Let

e
Il
glkelke

w

be a super special repetition column code where the related
super special column parity check matrix
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Thus
C={000000]000000|000000],
[f11111 11111 jr1r1r1t1ij,
[000000]000000|T11111],
[0000O0O|1T1T1111|111111],
[111111]000000]000000],
[T11111]111111]000000],
[[11111]000000|1111T11],
[000000]111111]000000]}.

Thus if C;=[Cy| C; | ... | C, ] then | C | = 2" where every super
code word in C; takes entries from the two code words {(0 0 0
L0, (T DY

Thus we see in case of super special column code it is
impossible to get repetition codes of different lengths. However
this is possible as seen earlier using super special row codes.

Similarly we can get only parity check super special codes
to have same length.
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DEFINITION 3.2.4: Let C;, = [C;| C; | ...| C,]' be a super special
parity check column code . Let the super special parity check
column matrix associated with Cs be given by

where

m~—times

Thus we see we cannot get different lengths of parity check
codes using the super special column code. However using
super special row code we can get super special parity check
codes of different lengths.

We illustrate super special parity check column codes.

Example 3.2.6: Let C, = [Ci| C, | C3 | C4]' be a super special
parity check column code with super special parity check matrix

HT [1 1111
Hy| [1 1111
S T e R U
Hy| [1 1111

The codes associated with
H;isC,={00000),(11000),(01100),(00110),
00011),(10100),(10010),(10001),(01010),
(01001),(00101),(11110),(11101),(11011),

(10111),01111)} =C,=C;53=C,.

Thus C; has 16 x 16 x 16 x 16 super special code words in it.
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Example 3.2.7: Let C;=[C, | C; | Cs]' be a super special column
parity check code. The super special column parity check matrix

H| [1 111
Ho=|H, |=[1 1 1 1|
H,| |1 111

The codes related with H; is C;, = {(0000), (11 00), (01 10),
0011),1001),1010),0101),(1111}=C,=C0C;
Thus C; contains 8 x 8 x 8 = 512 number of super special code
words.

Thus only when the user wants to send messages generated
by the same parity check matrix he can use it. However the
main advantage of this special parity check column code C; =
[Ci]|Cy] ... | Cy]; has each code word in C; which is of length m
then C, has n2™"' number of code words hence one can use it in
channels were one is not very much concerned with the
transmission rate; for the transmission rate increases with
increase in the length of the code words in Ci.

Now having seen this new class of codes using the parity
check column code. We proceed on to built another new class of
column codes using Hamming codes.

DEFINITION 3.2.5: Let C; = [C; | C; | ... | C,J' be a super
special column code if each of the codes C;in Cis a (2" - 1, 2"
— 1 — m) Hamming code for i =1, 2, ..., n then we call C to be
a super special column Hamming code . It is pertinent to
mention that each code C; is a Hamming code of same length, i
=12 ..,n

Now we shall illustrate this by the following example.
Example 3.2.8: Let C;=[C, | C; | C;]' be a super special column

Hamming code.
Suppose

115



be the associated super special parity check column matrix of
C,, where

0
H1:H2:H3: 0
1

S = O
—_— = O
S O

1
0
1

O = =

1
1|.
1

The code
Ci={0000000),(1000011),(0100101),
0010110),(0001101),(1100101),(0110011),
0011100),(1010101),(1001100),(0101010),
(1110000),(0111100),(11010T1 1),
1011111),(1111111)};

i=1,2, 3. Thus C; has 16 super special code words in it.
We can yet have different codes using different parity check
matrices.

We just illustrate this by the following example.

Example 3.2.9: Let C, = [C, | C,] be a super special Hamming
column code of length seven.

Suppose
000 01 1 1 1]
0110011
H, 1 01 0101
Hy=|=|=
H, 1110100
0111010
001 1 1 0 1}

be the associated super special parity check column matrix of
C,. Then
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C;={0000000),(1000011), (010010 1),
(0010110),(0001101),(1100101),(0110011),
(0011100),(1010101),(1001100),(0101010),

(1110000),(0111100),(1101011),
(1011111, (1111111)

and

C,={(0000000),(1000101),(0100111),
(0010110),(0001011),(1100010),(0110001),
(0011101),(1010011),(1001111),(0101100),

(1110101),(0111010),(1101001),
(1011000),(1111111)}.

Thus we see C; and C, are different Hamming codes but C,
N Cy=paswellas Cy = C,.

So we can get different sets of codes and the number of
elements in C, is 256.

Now as in case of super special row codes we can in case of
super special column codes have mixed super special column
codes. The only criteria being is that each code C; in C; will be
of same length.

Now we proceed on to define them.

DEFINITION 3.2.6: C; = [C; | C; | ...| C,]" is a mixed super
special column code if some C;’s are repetition codes of length
n some C;’s are Hamming codes of length n, some Cy’s parity
check codes of length n and others are arbitrary codes, 1<1, j, k
<n.

We illustrate this by the following example.

Example 3.2.10: Let C; = [C, | C, | C3 | C4]' be a mixed super
special column code. Let

s
I
T |

o~
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be the super special parity check column matrix associated with
C,. Here

1111111
1 100000
1010000
1001000
10007100

HT (1000010

Hy| [1 000001
Ho=1571= ;

Hy| 0001 1 11

Ho o1 10011

1010101
1001000

01 10100
1010010
111000 1)

here H, is a parity check code of length 7, H, is a repetition
code with 6 check symbols, H; is the Hamming code of length 7
and Hy a code with 3 message symbols. The transmission rate of

_ 6+1+4+3 14

]
74 7+747 28 2

Now we proceed on to define the super special column cyclic
code.

DEFINITION 3.2.7: Let C; = [C; | C, | ... | C,J" be a super
special column code if each of the codes C; is a cyclic code then
we call Cs to be a super special cyclic column code. However
the length of each code C;; i = 1, 2, ..., n will only be a cyclic
code of length n, but the number of message symbols and check
symbols can be anything.
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Now we illustrate this by an example.

Example 3.2.11: Let C; = [C, | C, | C3]' be a super special cyclic
column code where each C; is of length six.

Now the associated super special parity check column matrix

— —_ O O Ol O O O =)o = O
S = = O OO0 O O = Ol O =
S O = = OO0 O = O o= O O
S O O = =IO = O O OO0 = O
S O O O =k O O O ol O =

s
w
—_—O OO O = e = | = OO

The cyclic codes given by the parity check matrix H; is

C;={(000000),(100100),(010010), 00100 1),
(110110),(011011),(101101),(111111)},
C,={(111111),(000000)}
and C;=1{(000000),(111111)}.

Thus C, contains 8 x 2 x 2 = 32 elements.

Now in the mixed super special column code C; = [C; | C; |
... | Cu]' code we can have some of the C;’s to be cyclic codes
also. Now in case of super special column code for any given C;
if we have a super special parity check matrix H to be in the
standard form we can always get G, and we have G;H_ = a zero

super special column matrix.
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3.3 New Classes of Super Special Codes

We have given the basic definition and properties of super
matrices in chapter one. In this section we proceed on to define
new classes of supper special codes and discuss a few properties
about them.

DEFINITION 3.3.1: Let

C11 C21 C,f

c|c |G
C(S) = |—= :

sz cy ||

where C; are codes 1 <i <m and 1 <j <n. Further all codes
CII,Cf, ...,C" are of same length Cl,Cj, ..., Cy are of same
length and C,ij Cy are of same length. C’,CZI,...,C"]
have same number of check symbols, C;,C;,...,C. have same

number of check symbols and C}',Cy,...,C" have same number

of check symbols.
We call C(S) to be a super special code. We can have the
super parity check matrix

HJI [-[21 H}f

Hf ]_122 Hj
H(S) = : ; ;

H' | HY |- Hr',"

where H; ’s are parity check matrices 1 <i <m and 1 <j <n.

1 1 1
Further H, H,,...H have the same number of rows,
1 2 n
2 2 2
H; H;,....H, have same number of rows and so on.
H! HY,..,H" have the same number of rows. Likewise
1 2
H, H;,..,.H" have the same number of columns,
1 2
H; H;,...H) have the same number of columns and so on.

1 2
H, H;,.,H" have same number of columns.
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Now this super special code has two types of messages i.e.,

1. Array of super row vector messages i.e.,

[cl|cy].--|ct]
[c3|c2)..|c]

[cr|cn)-|er]:
we have m rows of super row vectors and one by one rows are
sent at the receiving end; one after decoding puts it only in the
form of the same array of rows.
2. Array of super column vector messages

allG C,
|G C.
G LG Cy

Now we have n columns of super column vectors and these after
taking transposes of each column the messages are sent one by

one as

t t

1 2

Cl Cl

C; C

1 : : 2
which is a super row vector, | .° | a super row vector

m m

Cl CZ

and so on. At the receiving end once again they are arranged
back as the array of the column vectors which will be termed as
the received message. Thus we can have transmission of two
types at the source and the received message will accordingly be
of two types viz. array of super row vectors or array of super
column vectors.

We will illustrate this by the following example.

121



Example 3.3.1: Let

be a super special code.
Suppose

H(S)=

be the super special parity check matrix associated with C(S).

(001 1.00[1 00110 0
011010(0101O0T1FO0

1 110011 1 100 011

1 010001 111000

H(S)= 1101000110100 ‘

01 00101 010O0T1F0

1 000011 1 0O0O0O0°1

1 001001 101T1°O00O0
1100100110010
10100 1{1 1 1T 1 0 0 1]

Now using the parity check matrices one can get the codes

associated with each H}; 1 <i<3and 1 <t<2.

A typical super code word is a block

1 000O0T1(0O1O0O0T10O01
1110111 01 0101
1111001 1 1 T1TT1UO02O0

if we take it as array of super row vectors we have
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M1 00 001|010 01 0 1],
nmi1i1o011f1Lo1010 1],
m11100[|111110 0]

As an array of the super column vector we have

(e I el e e = T N e S N B N e B e B e B e B

[ R e I e e e T S s B e S B S s B = B e T A e

When we send it as message the array of super row vectors it
would be sentas[100001|0100101],[111100]111
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1100Jand[111001]111T110 0] after receiving the
message; the received message would be given the array super
row representation. While sending the array of super columns
we send the message as

1
|
=

[ I e B = e e =N = T e N S

thatisas[100001]111011]11110],]J0100101/]10
1010111110 0] after receiving the message it is given the
array super column representation.

Now we would show how the received message is verified
or found to be correct one or not by the following method.
Though one can have other methods also to check whether the
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received message is correct or not. Now we first describe the
method using the general case before we proceed to explain
with specific examples. Suppose

C} Cl2 CL
C2 C2 . C2
C(S)=| —+—= -
crl|cy |- cm

be the super special super code. Any super special super code
word of C(S) say x(S) € C(S) would be of the form i.e.,

1 1 1
Xl X2 coe Xn
2 2 2
Xl X2 .o X“
X(S) =
X;n Xlle .o er?

where each x’ is arow vector; 1 <j<mand 1 <i<n.
Suppose

H2 H2 . H2
H(S)=| —— =

be the super special parity check matrix associated with C(S).
Now R(S) be the received super special super code word given

by

Ylys || v

2 2 2

R(S)=| S
il ys || ye

To check whether the received super code word R(S) is correct
or not, we make use of the super special syndrome technique.
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We define super special syndrome of C(S) as

S(x(5)) = H(S)[x(s)] =

) 0 L BT ) o)
H; (Xl) Hz(xz) H; (Xl) _ (0) (0) . (0)
+— CICIRID
() e o) [ [ )
then we take x (S) € C(S); if
(0) | (0) |- [ (9)
woner- | OO0
(0) | (0) |-+ {(0)

then we declare x(S) ¢ C(S) so if y(S) is the received message
one calculates

(0) | (0) |- (0)
H(S) [y(S)]' = (?) (?) — (?),
(0) | (0) | -+ | (0)

then y(S) is a code word of C(S); other wise we can declare the
received message has an error in it. We can find

S(y;)zH;(yg)l; 1<i<m;1<j<n If S(y})iO then we use
the technique of coset leader to find the error. We can also use

the method of best approximations and find the approximate
sent message.
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Chapter Four

APPLICATIONS
OF THESE NEW CLASSES
OF SUPER SPECIAL CODES

We enumerate in this chapter a few applications and advantages
of using the super special codes. Now the following will show
why this super special super code is better than other usual
code. These codes can also be realised as a special type of
concatenated codes. We enumerate them in the following:

1. Instead of using ARQ protocols we can use the same code
C, in the super special super code

C} C12 Ci
C12 C; ... Cf1 .
cr|cy |- |cn

replace every C! by C, m can be equal to n or greater than n or
less than n. So that if the same message is sent from
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c|C|-|C
Ccl---|C

C©S) =
clcl|---|C

We can take the correct message. This saves both money
and time. We can also send it is as array of super row
vectors i.e., if x is the message to be sent then,

[ x[x|-Jx ]
[x‘x||x}
[ x| ):

As an array of row super vector or the array of the column
super vectors as

X

X X X
X X X
X X X
where
t

X

X

X

is sent. In case the receiver wants to get the very correct
message he can transmit both as an array of super row codes
as well as, an array of super column codes the same code x
and get the correct sent message.

2. This super special super code C(S) has another advantage
for if
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c|C|-|C
Ccl---|C

CS) =
clcl--|C

then if one wishes to study the changes in terms of time the
same message can be sent in all cells and the gradual stage by
stage transformation can be seen (observed) and the resultant
can be got.

Here it is not sending a message and receiving a message
but is a study of transformation from time to time. It can be
from satellite or pictures of heavenly bodies. Even in medical
field this will find an immense use. Also these types of super
special super codes can be used in scientific experiments so that
changes can be recorded very minutely or with high sensitivity.
What one needs is a proper calibration linking these codes with
those experiments were one is interested in observing the
changes from time to time were the graphical representation is
impossible due to more number of variables.

3. Another striking advantage of the super special super code
C(S) is that if one has to be doubly certain about the accuracy of
the received message or one cannot request for second time
transmission in those cases the sender can send super array of
row codes and send the same codes as the super array of column
codes.

After receiving both the messages, if both the received
codes are identical and without any error one can accept it;
otherwise find the error in each cell and accept the message
which has less number of errors. If both the received messages
have the same number of errors then if the machine which sends
the code has a provision for a single or two or any desired
number of cells alone can be non empty and other cells have
empty code and send the message; in that case the super special
code is taken as
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D] |0
c(s)o| HH
NOEE

or
ce)=lalcl...lc]

itself has the empty code word ¢ in each of the C; ’s in C(S) for
i=1,2,...,nand 1 <j<m.

4. At times the super special code C(S) may be of a special
type i.e., if

C} C12 CL
Clz C; Ci
C(S)=|— ; ;
crlerTcr

is such that
C} :Cl2 =...C;“,C12 =C§ :...C;",...,C1 =C? =...CI

n n

i.e., each row in C(S) i.e.,

=[clc]...lc]=
[clct]...|c]=..=

[erfer ]l erl:

1e.,

C |C|-|C

Cl Cl . Cl

C@S)= | ——— L

C} C12 CL

so that any one message is sent one can test if not all the super
row vectors received as a message is not identical one can guess
the error has occurred during transmission. The maximum
number of super row vectors which happen to repeat would be
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accepted as the approximately correct message. If there is not
even a single pair of coinciding super row vectors then we
choose a super row which has a minimum number of errors. i.e.,
if

)= 5= :

then we say i" super row has least number of errors if
x'(s)=[x} [ x} |...[x!]
we find out
H!(x!) JHY(x3) oy B (x1) 5 10 <mg

we choose the super row which has the maximum number of
zeros i.e., that super row consequently has minimum number of
error. We find the correct code word from those cells in the i"
row and accept it as the approximately correct received row. If

already we have a super row in which H; (x})t =(0) for1 <i<

n then we accept that as the correct message. This form of
transformation helps the receiver to study the real error pattern
and the cells in C(S) which misbehave or that which always has
an error message. Thus one can know not only more about the
sent message but also know more about the problems (in the
machine) while the message is transmitted; consequently
corrections can be made so as to guarantee an approximately
correct message is received.

5. Suppose we have a super special super code C(S) where

C} C} C}
Cl Cl Cl
C(8)=| =
oo o
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with n columns where C} are linear codes 1 <j < m; i.e., we

have only m distinct codes filled in the n column in a way
shown above. The transmission can also take place in two ways
simultaneously or by either array of super row transmission
alone or array of super column transmission; only when we say
the simultaneous transmission, we will first send the message
x(S) in array of super row vector

1 1 1
(x| x) ]| x)]

1 1 1
REE N

1 1 1
|:Xm | Xm | e | Xn:|

and then send the same x(S) in the array of super column vector
as

1 1 1
al[x]x
1 1 1
XX X2
1 1 1

and the transmission is made as
t t t
1 1 1
1 1 1
% X X
1 1 1

i.e., when we send both super column vector as well as the super
row vector we call it as the simultaneous transmission here

1 1 1
X] Xl .o X]
1 1 1
X X Y X
2 2 2
X(S)— - :
X | Xn X
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When we send only array super row transmission, every
received code word in the i row (say) [y! | y! | ... |y} | must

be the same. This is true fori =1, 2, ..., m. If they are different
for any row just by observation we can conclude the received
message has an error and choose the row which has least
number of differences.

Now when array of column transmission takes place we see
if y(S) is the received message then

[y ys e [yh T
NEREAA RN
FIE RN

We take that column which has least number of errors or which
has no error as the received message. The main advantage of
simultaneous transmission is we can compare each cell of the
received array of super row vectors and array of super column
vectors.

6. This type of code can be used when the ARQ process is
impossible so that the same message can be filled in each cell of
the super special code C(S) i.e.,

X
X | X

X(S): :
X | x X

where x is the code word in C, which is in every cell of C(S) so
that the approximate correct message is always retrieved
without any difficulty. That is if we have say for example a code
C of length 8 with 16 code words only then we can choose C(S)
to be a super special code with 16 rows and 17 columns.
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c|C]|---|C
cl---|lcC
16 rowsq |~ — |
clcl|---|cC
17 columns
thus if x is sent message then
X | x X
X
X (S) = ;
X | X X
so when
Yo | Yo || Yy
Yo | Yo || Yy
y(S) = : :
Yie | Yie | "7 | Yis

is the received super special code then we see if every cell
element in y(S) is the same or that element in y(S) which
repeats itself is taken as the approximate correct message and
ARQ protocols can be avoided thus saving both time and
money. Also when the number of cells in C(S) is increased and
is greater than that of the number of elements in the space V"
where C is the code then we can easily be guaranteed that the
same message is sent mn times (where m > n) we are sure to
retrieve the correct message. When these super special codes
C(S) are used the user is certain to get marvellous results be it in
any discipline.

7. The class of super special super codes C(S) will be very
beneficial in the cryptography for two main reasons.

a. Itis easy to be operated or transmitted and

b. The intruder can be very easily misled and his guess can
never give him/her the true transmitted message. We just show
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how the super special code C(S) functions so that the intruder
can never guess the same or break the message.

Suppose
SHECHRES C, |
C; C; C; C’
C(S) = C C, C, c
C1n+l Cr2n+1 Cr3n+l C:H]
C C) C, C!

The real message carrying code is say in 1* row, (m + 1)" row
and so on and the last row. Very different codes which do not
carry the message will also be repeated so that even by the
frequency of the repetition intruder even cannot guess. Only the
concerned who are the reliable part and parcel of the
communication work knows the exact super rows which carry
the messages so they would only look into that super row to
guarantee the error freeness during transmission. Several super
rows carry the same message. In our opinion this method with
larger number of rows and columns in C(S) would make it
impossible for the intruder to break it.

We give yet another super special code C(S), which is
impossible for any intruder to break and which guarantees the
maximum security.

8. Let
C|C|C || C|C|-|Cl
cl|c|Cl--|C|C |-
C(S)= : : : : :
Ol cTa e~ o |a
GG C |G |G| | Ca
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that C(S) has some number of codes repeated a few times (say
p1) then another code repeating (say some p;) times and some
other code repeating p; times and so on finally yet another code
repeating some p, times. This is done for each and every row.
Only the concerned persons who are part and parcel of the
group know at what stages and which codes carry the message
and such keys are present only with the group who exchange the
information so it is impossible for any intruder to break it and
high percentage of confidentiality and security is maintained.

We give yet another type of super special code C(S).

9. Let C(S) be a super special super code. Suppose there are n
codes arranged in the column and m codes along the rows of the
super matrix of the code C(S). Now the m X n codes are
arranged in special super blocks where by a block we mean a p
x q array of same code i.e., say if C is the code then the special
super block has

clcl|---|cC
clcl|.--|cC
p-rows - -
clcl|.--|cC
q columns
Thus the code C(S) has
1 1 .2 1 q q
I X S,L X S, ..., x s,
1 1 2 2 qQ2 2
L, X S,,I, X Sy,...,L* X 83,
s
1 1 2 2 CH ds
LoX S LI X I L8 XSy

block such that 1 +1, +...+1, =m, s, +s/ +...+s! =n and so

1 2 qQs 1 2 qds
onr, +r +..+r°=m and S, TS, T...+s) =n.
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Now each of these blocks contain the same code i.e., codes can
vary only with the varying blocks.

The cryptographer can choose some blocks in C(S) to carry
the messages and rest of the blocks may be used to mislead the
intruder. When this type of super special codes are used it is
impossible for any one to break and get into the structure.

Now even in this block the cryptographer can use only
certain rows and columns to carry true message and the rest
only to mislead the intruder.

We will illustrate these by some simple examples.
Example 4.1: Let C(S) be a super special code given by

C

Ol
Ol
Ol
Ol
Ol
0

0
0
0
Ie)
0
Ie)

QlQ
QlQ
QlQ
elNe!
elN®
elNe

0
Ie)
Ie)
Ie)
0
Ie)

Here C is say a (n, k) code. C is also only a (n, k) code but C #
C;. The codes C is assumed to carry the true messages. C; also
carries messages but only to mislead the intruder so C,’s can be
called as misleading codes.

Now this key will be known to every one in the group who
is sending or receiving the messages. Thus any one in the group
only will be interested in the rows 1, 4 and 5 and ignore the
messages in the rows 2, 3 and 6.

Thus when the number of rows and columns used are
arbitrarily large it will be impossible for the intruder to guess at
the codes and their by brake the key.

Similarly one can use a
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¢ lclc g |c|c
¢ lclc|clclc
¢ lclc|clclc
c(s)=|¢ [clc e |c]c
¢ lclclc|clc
¢ lclc|clclc
¢ lclc|clclc

where C(S) is a 7 x 6 super special super code. Now both C and
C, are only (n, k;) codes or (n, k;) codes k; # k,. The group
which uses this super special codes can agree upon to use the
code C to carry the messages and C,; are misleading codes. So
anyone in this group will analyse only the codes in columns 2, 5
and 6 ignore columns 1, 3 and 4.

We give now the example of a block and misleading block code
for the cryptographist.

Example 4.2: Let the super special super code

@)
@)

Qlo|o|oloI0l0l0lo

alolololololololo

alalalalalalalalala
e

8]
w
w
w
w

N
N
w
w
w
w

)

~
~
w
N
o

alololo|ole
alo|ololo|e

©

Qoo
0| alol oo

~
N

alo|olololelo
alalolololele

5 10 10 8 8 8 9

C(S) - 5 CIO CIO 8 8 8 9
4 4 5 Cll Cll 11 11 C12 C12

4 4 5 Cll C11 Cll Cll C12 C12

6 6 5 Cll Cll Cll Cll CIZ CIZ

6 6 7 C7 C7 C7 C7 C12 C12

The related super matrix which is the parity check matrix H(S)
of C(S) would be of the form
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H |H |H |H, |H, | Hy | Hy | Hy | H;
H | H |H | H, | H | Hy | Hy | Hy | Hj
H |H |H |H, | H, | Hi | Hy | Hy | H,
H, |H, |H; | H, | H, | H | Hy | Hy | H,
H(S) _ H, |H, |H |H, |H, | Hy | Hy | Hy | H,
H, |H, |H; |H, |H, | Hy | Hy | Hy | H,
H, |H, |H; | H, | H, | H, |H, H, H,
H, |H, |H, |H, |H, |H, | H, H, | H,
H¢ |H¢ | H, | H, |H, |H, |H, | H, | H,
_H6 H¢ |H; | H, | H, | H, | H;, | H, | H, ]

where each H; is the parity check matrix of a code C;,1 =1, 2,
ceey 12. Further all the code Cl, C4, C5, Cé, C7, C11, Cg, C]o, Cz,
C;, Cy,, Cy have the same length.

Further all codes given by H;, H,, Hg, Hs, Ho, Hs, Hs, Hyy,
Hs, Hip, H; and Hyy have the same number of check symbols.
Now any super code word x(S) in C(S) would be of the form

x| %] €]
O I B R R ey Ry
X | Xg | X | X3 | X | X | X3 | x5 | X
xtxs [ x)[x2 x| x| x$|x|x]
()| SR R
Xs | Xo | X3 | X5 | Xq | Xpo | X1 | X2 | Xy
X;‘ Xg Xi X}] Xlzl XISI XLI X152 X}z
[ [ o [ [ [ [
A EA AT EACA S

6 7 7
Xy | X, | X | X | Xy | Xy | X | Xg | X,

where x; e C;i=1,2,..., 12 and j varies according to the

number of code words used. If y(S) is the received message
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H, (y; )I = (0) will make the receiver accept it otherwise correct

it or find the error using some techniques discussed earlier.

Now only few blocks are real blocks for which we have to
work and other blocks are misleading blocks. Since all the codes
have the same number of check symbols and the length of all
the 12 codes are the same the intruder will not be in a position
to make any form of guess and break the message. In fact he
will not even be in a position to find out which of the blocks are
misleading block of C(S) and which of them really carries the
message.

Thus this provides a very high percentage of confidentiality
and it is very difficult to know or break the message. This code
when properly used will be a boon to the cryptography.

We give yet another example of a super special code C(S)
which would be of use to the cryptographist.

Example 4.3: Let C(S) be a super special super code;

C |C|C|Clc|c|c|c|c|c,]c,
clclclclclqglc e e clc,
¢ lclclclclcle|clglc|c
¢ lclclclclc lclalclc]c,
C(S):CS c.lc,lc, e e, le,lclclclc
clclclc e lc e, [clclcec,
c,|clc,[clclcle e clc,]c,
clc.lcle e e lclcle lc]c

Now we have 7 sets of codes given by C, C,, C,, C;, Cy4, Cs and
Cs. All the seven codes are of same length and same number of
check symbols and message symbols. Here only C is true, all
the other 6 codes C,, C,, ..., Cq are only misleading codes. The
super special parity check matrix H(S) is given by
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H, |H, |H, [H, |H, |H, |H, |H, |H |H |H,
H|H|H|H|H|H|H|[H |0 | H|H,
H |80 [0 [H (5 [ H || ° 8| H ||
H, [ H, || (1[5 (1, | ° |8, [, [ [
HO= g T, (o, (o, [0, (o, |6 || |8 | 88
H|H|H|H|H,|H,|H | H|H ||,
H,|H |H,|H|H|H|[H, [H|H]|H,]|H,
H|H,|H|H, |H,|H, | H|H|H|H|H

Here only the parity check matrix H gives the needed message,
all other parity check matrices H;, H,, Hs, Hy, Hs and Hg need
not be even known to the owner of this system of cryptography.
Now everyone in group will be given a true/false chart as
follows:

I T R R T T T
I I R I T
I R R T T >
I IR R T T
= | | | m| =
3| | | | 8] |
IR L T T s
| |3 1| 3| |
I I e R T T
S| =8| | m 8|
Sl =8l a8l =l

or equivalently they can be supplied with a true chart or key.

d | k| k| k| sk ES
% * *
* k| ok
* % *
% | k| %
* * * | %k k| sk
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The receiver would only decode the *’s of the table and will
ignore the blanks. This will be known as the true chart of C(S).

These types of super special super codes C(S) can be
thought of as special steganography. Unlike in a stegnanography
where a secret message would be hidden with other messages
here only the secret message is the essential message and all
other messages are sent as misleading messages so that the
intruder is never in a position to break the key or get to know
the message.

We give some super special codes which are stegnanographic
super special codes.

Example 4.4: Let C(S) be a super special super code. We call
this to be a steganographic super special code.

For instance we have a group which works with some name
which starts in T and the messages sent to one another is highly
confidential for it involves huge amount of money transactions
or military secrets.

So if any intruder breaks open the message the company
may run a very big loss or the nation’s security would be in
danger.

Now the super special code C(S) is given by

Ke c|C

aajaalaja|a
alajaalaja|a
aajalalaja|a
aajalala|a

alajaalaja|a
aajaalaja|a
alalalalalala

alajlalalala
aa|alala|a

where C is the code used. The hidden message is that the
receiver is advised to use the truth table or a steganographic
image of T in C(S) i.e.,
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i.e., the group is advised to read only the messages present in
the first row and the 5™ column of C(S) all other messages do
not carry any sense to them for they are only misleading
messages or the messages can take place as the first alphabet of
every member of the group.

For instance K is the first alphabet of some member of the
group then we need to decode the message from

X X

X X

X X

i.e., first column and one of the opposite diagonals of the two 5
x 5 matrices so that letter K is formed.

This will be the key he has to use to decode the received
message
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Yi | Yo | Y5 | Ya | Ys | Yo
Yo | ¥Ys | Yo | Yo | Yu | Y2
Yis | Yia | Yis | Yie | Yi7 | Yis
Yio | Yoo | Yor | Yoo | Yo3 | You
y(S) =1 Yos | Yo | Y27 | Y23 | Y20 | ¥30
Ya1 | Ya2 | ¥Ya3 | ¥Y3a | Y35 | Y36
Y7 | Yas | Y30 | Yao | Yur | Va2
Yas | Yas | Yas | Yas | Yar | Yas
Yag | ¥Yso | Y51 | Ys2 | Y53 | ¥sa

He needs to decode only the messages yi, y7, Y13, Y19, Y25, Y31

Y37, Y43, Y49, Y26, Y21, Yi6s Y11> Y6» Y33, Yao, Y47 and ysq which is
easily seen to form the letter K.

It can also be at times symbols like ‘cross’ or asterisk or
star.

For instance if y(S) is the received message given by

Yi | Y2 | Y35 | Ya | Ys | Ys | Yy
Ys | Yo | Yo | Yu | Yo | Yi5 | Yua
Yis | Yie | Yi7 | Yis | Yo | Yoo | Y
y (S) =| Y | Y3 | Yoa | Yos | Yoo | Yo7 | Yas
Yoo | Ys0 | Y31 | Y32 | Y33 | Y34 | ¥ss
Ys6 | Y37 | Yas | Y30 | Yao | Yar | Yo
Yas | Yaa | Yas | Yas | Yar | Yas | Yao

each y; is a code word from the code C, 1 <1 <49. The receiver
should and need to decode only y4 yi1 Vis Y25 Y32 Y38 Y46 Yis Yi6
Y17 Y19 V15 Y20 and y»1. This forms the cross. Thus these can also
be given as finite series or a finite arithmetic progression for
instance arithmetic progression with first term 4 and difference
7 last term 46 and arithmetic progression with first term 15
common difference 1 and last term 21. Any nice mathematical
technique can be used to denote the codes which is essential for
the member to be decoded to get the message.
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DEFINITION 4.1: Let C(S) be a super special super code if each
of the codes C; in C(S) is cyclic then we call C(S) to be super
special super cyclic code.

We illustrate this by the following example.

Example 4.5: Let C(S) be a super cyclic code. Let

C | C!
0[]

where each C; isacycliccode 1 <i<2and1<j<2,

H, | H!
-

where
0010111
H=0 10111 0|=H
1011100
and
001001
H,={0 1 0 0 1 0|=H;
1 00100
1e.,
001 011 1/001 00 1]
01 01110/0100T10
101 1100[10O0T1O00
H(S)=
001011 1{00T100°1
01 01110/0100T10
101 1100100710 0]

is a super matrix given.
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Given a super special cyclic code

X | X
e [if

where each x; is a cyclic code 1 <1, j £2. Any super code word

x(S) in C(S) is of the form
X | X}
X | X

F 0 00 110p1 0110

R R U FR } S)[x(s)]

H | H x|«
REHEH GRS

s0 x(S) € C(S).

Thus we see in general if C(S) is a super special super code then
any super code x(S) € C(S) will be of the form
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1 2 n
X | X X
1 2 n
X, | X2 X,
: : C
1 2 n
Xm X Xm

where each x! is a row vector I <i<nand 1 <j<m. This type

of super matrix from now on wards will be known as super row
cell matrix i.e., each cell in x(S) is a row vector.
Now we say two super row cell matrices x(S) and y(S) are

equal if and only if each x! =y’. We see two super row cell

matrices are of same order if and only if number of row cells in
x(S) is equal to number of row cells in y(S) and number of
columns cells in x(S) is equal to number of column cells in y(S)

and further the number of elements in the row cell x; is the
same as the number of elements in the row cell y; ;1 <i<n

and 1 <j <m where

|y v
Y, | Ya Y5
y(S) = :2 :2 2
Yo | Vim v

We will illustrate this situation by examples.

Example 4.6: Let

11001(0111(11100011
=11010|1111]11001111
11110{0101({01010111
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be a super cell matrix.

y(S)=| v}

Vi | v

Y

s | Y3

be a super cell row matrix i.e., let

01100

1111

001111060

01001

y(S)

1010

01010111

11110

we say y(S) and x(S) are of same order of same type. However

y(S) = x(S). Suppose

11111

0101

0001

10101011

11001100]

00011

1000

10000001

10001
and
11111

1111

0001

00000111

11001100]

00011

1000

10000001

10001

1111

00000111

x(S) = y(S) if each row cell in them are identical. Thus x(S) =
y(S). Now x(S), y(S) can also be called as super row cell
vectors. Now we define the dot product of two super cell
vectors if and only if they are of same order i.e., each row
vector in the corresponding cells of x(S) and y(S) are of same
length. Let

1 2 m

X | X X

X12 X; e szn

X(S): : : :
X, | X, Xy

and
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Yi |y Y

1 2 m

y(S) _ Y, y:z y:2
Yo | Va '

Then we define the dot product of x(S) with y(S) as

_(X}’Y:) (XIZ’YIz) (Xin,}’fn)
(X12’y12) (Xia}é) (X;n,yrzn)

(x(S),y(s) =

(x0ova) | (<2 ) |- | (xmym)

where (x;,yij) is the usual inner (dot) product of two vectors 1

<1< m, | £j<n. Basically all these row vectors are from the
subspaces of the vector spaces.

Now we illustrate this situation by the following example.

Example 4.7: Let
(110 | 111101 ]

. 111 | 011101
x(S)=| 501 100010
010 | 011001

and
(010 | 110001 |

. 101 | 100011
y(8)=| o1 T101010
110 | 010101

be any two super cell row vectors of same order. Now how does
the dot or inner product of x(S) with y(S) look like
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I

(110),(010))] (111101),(110001) ]
(111),(101)) [((011101),(100011))
((001),(011))|((100010),(101010))
((010,(110)) (011001),(010101))

olol =T~

is just a super matrix which can be called as a super cell matrix
as usual 4 x 2 matrix is divided as cells.

Now having defined the notion of inner product of super
row cell vectors or matrices, we proceed to define super

orthogonal super code.

DEFINITION 4.2: Let C(S) be a super special super binary code
i.e., the code words are from the field of characteristics two i.e.,

from Z, = {0, 1}. Let

1 2 m
X1 X% X
7 2
X | X x;
X (S ) =T :
7 2
x, | x, X

be a super code word in C(S). Suppose there exists a super code

word y(S) in C(S) where

i |y o)
S I T
2 2 2
y(S)= : : :
yo | vi v
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is such that

01(0]|- 0
(+(5). ()= | T o2 |
010 0

then we say the super code words are orthogonal to each other.
Now suppose C(S) is a super special super code then the set of
all super codes {w(S) / (W(S), (x(S)) = (0)(S) for all x(S) € C(S)}
is defined to be the super special orthogonal code of the super
special code C(S).

Here w(S) < {The collection of all n x m super cell row
vectors of same order as x(S) with entries from {0, 1}} =V(S). In
fact this collection can be realised as super special vector space
over Z,= {0, 1}.We denote this super special orthogonal super
code by (C(S))*. We see 0(S) is the only code word in C(S), then
the whole space V(S) is orthogonal to 0(S).

We will illustrate this situation by the following example.

Example 4.8: Let

0000[0000|[0000/0000][0000]0000
0000|0000{°(0000|1011([1011[0000]’

[1011]0000][0000]|1011]
0000[0000|’fO0000|000O0

[0000]0101][0000[0000]
0000[00000000 0101/

0000[0000][0000/0000][1110[0101
0000\1110 ’1110\0000 ’1011\0000
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Thus
clc
CS)= {c c}

where C is the linear binary (4, 2) code given by {(0000), (1 0
11,0101),(1110)}.C"={0000),(1101),(0111),(1
01 0)} is the orthogonal code of C.

The super special orthogonal code of C(S) given by C(S)" is
given by

Lo fer e
€= | arter |

(C(S)), (C()") = 0(S).

We give a general method of finding (C(S)") given C(S).
Let

Clearly

C} C12 CT

C2 C2 . Cm
(C(S)) = | ——2 =

CL CIZ1 Cr

C; are linear codes 1 <i<mand 1 <j<n.

o L)
(@) (@) ||y

(C(S)), (C()") = 0(S).

Now having defined cyclic orthogonal super special super codes
C(S) we just indicate how error is detected and corrected.

152



We just illustrate this by the following example.

Example 4.9: Let

C |G cy
C? | C? cr
(C(S)): :1 :2 :2
C, | C Cy

be a super special super code.

Let the super parity check matrix H(S) be associated with it,

that is
H; | H, HY
H? | H? H™
H(S)=| —— =
H | H H"

Any super special code word x(S) € C(S) is of the form

1 2 m
XX X,
T 2
Xy | X5 Xy
x(8)= : :
1 2
Xn Xn X:'ln

If H(S)(x(S))' = 0(S) then we assume x(S) € C(S).

If H(S)(x(S))" # 0(S) for a received code word x(S) then we

assume the received message has an error.

Thus we have

H(S)[(x(s))]
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() () [ e ()]
) R0 | [T o)
(x| () [ ()

x(S) € C(S) otherwise we use the usual error correcting

techniques to each cell i.e., to each H' (x;)t to obtain the

corrected code word; 1 <i<n; 1 <j<m.

Thus we have indicated how these super special codes can
be used when ARQ is impossible. Also these codes will be very
useful in cryptology. Further use of these codes can spare both
time and economy. The applications of super special row codes
and super special column codes can be obtained from super
special codes with appropriate modifications.
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