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Foreword

Since no fusion theory neither fusion rule
fully satisfy all needed applications, the author has
proposed since 2004 a Unification of Fusion
Theories and a Unification / Combination of
Fusion Rules in solving problems/applications. For
each particular application, one selects the most
appropriate fusion space and fusion model, then the
rules, and algorithms of implementation.

We are working in the Unification of the
Fusion Theories and Rules (UFTR), which looks
like a cooking recipe, better we would say like a
logical chart for a computer programmer, but we do
not see another method to comprise/unify all things.

The unification scenario presented herein,
which is now in an incipient form, should
periodically be wupdated incorporating new
discoveries from the fusion and engineering
research.

The author has pledged in various papers,
conference presentations, and scientific grant
applications (between 2004-2015) for the
unification of fusion theories, rules, image
segmentation procedures, filter algorithms, and
target tracking methods for more accurate
applications to our real world problems (see
References below).
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Jean Dezert from ONERA in Paris, Dr. Albena
Tchamova from the Bulgarian Academy of Sciences,
the Russian physicist Dmitri Rabounski, and
Indonesian scientist Victor Christianto.
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1. Unification of Fusion Theories (UFT)

1.1. Introduction.

Each theory works well for some applications, but not
for all. We extended the power set (from Dempster-Shafer
Theory) and hyper-power set (from Dezert-Smarandache
Theory) to a Boolean algebra called super-power set
obtained by the closure of the frame of discernment under
union, intersection, and complement of sets (for non-
exclusive elements one considers as complement the fuzzy
or neutrosophic complement). All bba’s (basic belief
assignments) and rules are redefined on this Boolean algebra.

A similar generalization has been previously used by
Guan-Bell (1993) for the Dempster-Shafer rule using
propositions in sequential logic, herein we reconsider the
Boolean algebra for all fusion rules and theories but using
sets instead of propositions, because generally it is harder to
work in sequential logic with summations and inclusions
than in the set theory.

1.2. Fusion Space.

For n = 2 let ® = {64,6,,...,0,} be the frame of
discernment of the fusion problem/application under
consideration. Then (0, U, N, C),0 closed under these
three operations: union, intersection, and complementation
of sets respectively, forms a Boolean algebra. With respect to
the partial ordering relation, the inclusion &, the minimum
element is the empty set ¢, and the maximal element is the
total ignorance [ = UL, 0i.

11




Florentin Smarandache

Similarly one can define: (0, U, N, \), for sets, ©
closed with respect to each of these operations: union,
intersection, and difference of sets respectively. (0, U, N,
€)and (0, U, n, \) generate the same super-power set S©
closed under U, N, C and \ because for any 4, B € S one
has CA =1\ A and reciprocally A\ B = AN CB.

If one considers propositions, then forms a Linden-
baum algebra in sequential logic, which is isomorphic with
the above (0, V, A, =) Boolean algebra.

By choosing the frame of discernment © closed under
U only, one gets DST, Yager’s, TBM, DP theories. Then
making © closed under both U, N, one gets DSm theory.
While, extending 0 for closure under U, N and C, one also
includes the complement of set (or negation of proposition if
working in sequential logic); in the case of non-exclusive
elements in the frame of discernment one considers a fuzzy
or neutrosophic complement. Therefore the super-power set
(0, U, n, C) includes all the previous fusion theories.

The power set 2, used in DST, Yager’s, TBM, DP,
which is the set of all subsets of 0, is also a Boolean algebra,
closed under U, N and C, but does not contain intersections
of elements from 0.

The Dedekind distributive lattice D® used in DSmT,
is closed under U, N and if negations/complements arise
they are directly introduced in the frame of discernment, say
©’, which is then closed under U, N.

Unlike others, DSmT allows intersections, general-
izing the previous theories.

The Unifying Theory contains intersections and
complements as well.

12
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In a particular case, for a frame of discernment with
two elements @ = {4, B}, we remark that:

a) in classical probability (Bayesian) theory:

P(A) + P(B) =1, (D
where P(X) means probability of X;

b) in Dempster-Shafer Theory, which is a

generalization of Bayesian theory:
mpsr(4) + mpsr(B) + mpsr(AUB) =1, (2)

¢) in Dezert-Smarandache Theory, which is a

generalization of Dempster-Shafer Theory:
Mpsmr(A) + Mpsmr(B) + Mpsmr (AU B) +
+ Mpsmr(ANB) = 1; 3)

d) while in the Unification of Fusion Theory, which is

a generalization of all of the above:

mypr(4) + mypr(B) + mypr(A U B) +

+ mypr(4 N B) + mypr(24) + mypr(=B) +

+ mypr(mAU =B) + mypr(mAN=B) =1, (4)
as V. Christianto observed, where =X means the negation
(or complement) of X.

The number of terms in the left side of this relationship
is equal to: 27(2™ — 1) and represents the number of all
possible combinations of distinct parts in the Venn diagram,
where n is the cardinal of 0.

Let’'s consider a frame of discernment @ with
exclusive or non-exclusive hypotheses, exhaustive or non-
exhaustive, closed or open world (all possible cases).

We need to make the remark that in case when these
n = 2 elementary hypotheses 64,6,, ...,6, are exhaustive
and exclusive one gets the Dempster-Shafer Theory, Yager’s,
Dubois-Prade Theory, Dezert-Smarandache Theory, while

13
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for the case when the hypotheses are non-exclusive one gets
Dezert-Smarandache Theory, but for non-exhaustivity one
gets TBM.

An exhaustive frame of discernment is called closed
world, and a non-exhaustive frame of discernment is called
open world (meaning that new hypotheses might exist in the
frame of discernment that we are not aware of). ® may be
finite or infinite.

Letmj:S@—>[0,1],1 <j<s, 5)
be s = 2 basic belief assignments, (when bba’s are working
with crisp numbers), or with subunitary subsets,

mj:SG - p[0.1], (6)
where p[0.1] is the set of all subsets of the interval
[0, 1] (when dealing with very imprecise information).

Normally, the sum of crisp masses of a bba, m(.), is 1,

ie Yxesrrm(X) = 1. (7

1.3. Incomplete and Paraconsistent Information.

For incomplete information the sum of a bba
components can be less than 1 (not enough information
known), while in paraconsistent information the sum can
exceed 1 (overlapping contradictory information).

The masses can be normalized (i.e. getting the sum of
their components = 1), or not (sum of components < 1 in
incomplete information; or > 1 in paraconsistent infor-
mation).

For a bba valued on subunitary subsets, one can
consider, as normalization of m(.), either:

Yxesrr sup {m(X)} =1, ¢)]
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or that there exist crisp numbers x € X for each X € S such
that Y xesrrm(x) — 1. )

XEX
Similarly, for a bba m(.) valued on subunitary subsets

dealing with paraconsistent and incomplete information

respectively:
a) for incomplete information, one has
Yxessr Sup {m(X)} < 1, (10)
b) while for paraconsistent information, one has
Yxessr sup {m(X)} > 1, (11)

and there do not exist crisp numbers x € X for each X € S©
such that

Yxesrrm(x) = 1. (12)

x€X

1.4. Specificity Chains.

We use the min principle and the precocious/prudent
way of computing and transferring the conflicting mass.

Normally by transferring the conflicting mass and by
normalization we diminish the specificity.

If AN B is empty, then the mass is moved to a less
specific element A (also to B), but if we have a pessimistic
view on A and B we move the mass m(ANB) to AUB
(entropy increases, imprecision increases), and even more if
we are very pessimistic about A and B: we move the
conflicting mass to the total ignorance in a closed world, or
to the empty set in an open world.

Specificity Chains:

a) From specific to less and less specific (in a closed

world):
(AnB)cAc(AuB)cl,

15
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or (AnB)cBc (AUB)cl. (13)
Also from specific to unknown (in an open world):
ANB - ¢. (14)
b) And similarly for intersections of more elements:
ANBnNC,etc.
ANBNCcANBcAc (AUB)
c(AvuBuUC)cl (15)
or
(AnBnC)c(BNnC)cBc (AUB)
c(AuBuUC)clI (16)
etc. in a closed world.
OrAn BN C — ¢ in an open world. a7

¢) Also, in a closed world:
ANn(BuC)cBuCcBulC)c(AUuBUC(C)
cl (18)
or
An(BuC)cAc(AuB)c (AUuBUC)
cl (19)
OrAn (BUC) — ¢ in an open world. (20)

1.5. Static and Dynamic Fusion.
According to Wu Li from NASA we have the
following classification and definitions:

= Static fusion means to combine all belief functions
simultaneously.

* Dynamic fusion means that the belief functions
become available one after another sequentially, and
the current belief function is updated by combining
itself with a newly available belief function.

16
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1.6. An Algorithm (or Scenario) for the
Unification of Fusion Theories.

Since everything depends on the application/problem
to solve, this scenario looks like a logical chart designed by
the programmer in order to write and implement a computer
program, or like a cooking recipe. Here it is the scenario
attempting for a unification and reconciliation of the fusion
theories and rules:

1) If all sources of information are reliable, then apply
the conjunctive rule, which means consensus between them
(or their common part).

2) If some sources are reliable and others are not, but
we don’t know which ones are unreliable, apply the
disjunctive rule as a cautious method (and no transfer or
normalization is needed).

3) If only one source of information is reliable, but we
don’t know which one, then use the exclusive disjunctive
rule based on the fact that X; V X, V ...V X,, means either X;
is reliable, or X,, or and so on, or X,,, but not two or more in
the same time.

4) If a mixture of the previous three cases, in any
possible way, use the mixed conjunctive-disjunctive rule.

Suppose we have four sources of information and we
know that: either the first two are telling the truth, or the
third, or the fourth. The mixed formula becomes:

Mmnu(P) = 0, and VA € S© \ ¢, one has (21)

may(4)

=Z X1, X2,X3,X,€S"0 my (X1)ma (X2)ms(X3)my (X,).
((X1nX2)UX3)eUX,=A

17
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5) If we know the sources which are unreliable, we
discount them. But if all sources are fully unreliable (100%),
then the fusion result becomes vacuum bba (i.e. m(0) =1,
and the problem is indeterminate. We need to get new
sources which are reliable or at least they are not fully
unreliable.

6) If all sources are reliable, or the unreliable sources
have been discounted (in the default case), then use the DSm
classic rule (which is commutative, associative, Markovian)
on Boolean algebra (0, U, N, C), no matter what contra-
dictions (or model) the problem has. I emphasize that the
super-power set S generated by this Boolean algebra
contains singletons, unions, intersections, and complements
of sets.

7) If the sources are considered from a statistical point
of view, use Murphy’s average rule (and no transfer or
normalization is needed).

8) In the case the model is not known (the default case),
it is prudent/cautious to use the free model (i.e. all
intersections between the elements of the frame of dis-
cernment are nonempty) and DSm classic rule on S, and
later if the model is found out (i.e. the constraints of empty
intersections become known), one can adjust the conflicting
mass at any time/moment using the DSm hybrid rule.

9) Now suppose the model becomes known [i.e. we
find out about the contradictions (=empty intersections) or
consensus (=non-empty intersections) of the problem/
application]. Then:

9.1) If an intersection (A N B) is not empty, we keep
the mass m(A N B) on (AN B), which means consensus

18
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(common part) between the two hypotheses A and B (i.e.
both hypotheses A and B are right) [here one gets DSmT].

9.2) If the intersection (A N B) = ¢ is empty, meaning
contradiction, we do the following:

9.2.1) if one knows that between these two hypotheses
A and B one is right and the other is false, but we don’t know
which one, then one transfers the mass m(A N B) to (A U B),
since A U B means at least one is right [here one gets Yager’s
if n = 2, or Dubois-Prade, or DSmT];

9.2.2) if one knows that between these two hypotheses
A and B one is right and the other is false, and we know
which one is right, say hypothesis A is right and B is false,
then one transfers the whole mass m(A N B) to hypothesis
A (nothing is transferred to B);

9.2.3) if we don’t know much about them, but one has
an optimistic view on hypotheses A and B, then one
transfers the conflicting mass m(A N B) to A and B (the
nearest specific sets in the Specificity Chains) [using
Dempster’s, PCR2-5];

9.2.4) if we don’t know much about them, but one has
a pessimistic view on hypotheses A and B, then one transfers
the conflicting mass m(ANB) to (AUB) (the more
pessimistic the further one gets in the Specificity Chains:
(AnB)c Ac (AUB) cI; this is also the default case
[using DP’s, DSm hybrid rule, Yager’s]; if one has a very
pessimistic view on hypotheses A and B, then one transfers
the conflicting mass m(A4 N B) to the total ignorance in a
closed world [ Yager’s, DSmT], or to the empty set in an open
world [TBM];

19
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9.2.5.1) if one considers that no hypothesis between A
and B is right, then one transfers the mass m(A N B) to other
non-empty sets (in the case more hypotheses do exist in the
frame of discernment) - different from A, B, A U B - for the
reason that: if A and B are not right then there is a bigger
chance that other hypotheses in the frame of discernment
have a higher subjective probability to occur; we do this
transfer in a closed world [DSm hybrid rule]; but, if it is an
open world, we can transfer the mass m(A N B) to the
empty set leaving room for new possible hypotheses [here
one gets TBM];

9.2.5.2) if one considers that none of the hypotheses A,
B is right and no other hypothesis exists in the frame of
discernment (i.e. n =2 is the size of the frame of
discernment), then one considers the open world and one
transfers the mass to the empty set [here DSmT and TBM
converge to each other].

Of course, this procedure is extended for any
intersections of two or more sets: AN B N C, etc. and even
for mixed sets: AN (B U C), etc.

If it is a dynamic fusion in a real time and associativity
and/or Markovian process are needed, use an algorithm
which transforms a rule (which is based on the conjunctive
rule the previous result of the conjunctive rule and,
depending of the rule, other data. Such rules are called quasi-
associative and quasi-Markovian.

Some applications require the necessity of decaying
the old sources because their information is considered to be
worn out.
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If some bba is not normalized (i.e. the sum of its
components is < 1 as in incomplete information, or > 1 as
in paraconsistent information) we can easily divide each
component by the sum of the components and normalize it.
But also it is possible to fusion incomplete and para-
consistent masses, and then normalize them after fusion. Or
leave them unnormalized since they are incomplete or para-
consistent.

PCR5 does the most mathematically exact (in the
fusion literature) redistribution of the conflicting mass to the
elements involved in the conflict, redistribution that exactly
follows the tracks of the conjunctive rule.

1.7. Examples.

1.7.1. Bayesian Example.
Let © = {4, B,C, D, E} be the frame of discernment.

Al B [C oD E | ArB | AC_|AD|[ACE] BC | BD
- - - - ™ ot ke -
e 4
] ] ] ] ]
Cormran | Conemstamn O An DOon'x Unicraran
e brean A e A lwrw e oy
Apred B and O, g L Em X relmTn
gemacn | wong | weng o e
ey eefeharr x 8 a1
o}
lemwrw
whrh
e
my 02 | 0 | 03 | 04 | ol
s 05 | 02 | 01 | o | a2
miz 000 | 0 |05 | 0 | 002 | 004 | 007 | 020 [ 008 | 006 | 008
] U] i
ArB | AC [AuB| A | BC | BuD
W lomp
thet .
[Tor
B e
wi fndoen
iy
T
on e
rsdal
m, 4 1.10°7, 0.2 | 002 16 008
0063
myyr 0324 [ogn | oane | o |ooe7| 0.4 0 [T T T 0
Mhyrper .10 il iR il 2
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Lol weryl)

Thiorsar 010 Q 003 L1 LT 2
(open worich

Menade 010 Q 003 L1 LT 2
it

Thprar (LA00 | (LO84 | 0178 [ 0227 | 0L111

Table 1. Part 1. Bayesian Example using the Unified Fusion
Theories rule regarding a mixed redistribution of partial conflicting

masses.
Bri CrD CrE DrE | AuB | AuC [ AuD [ ALE | BuC
¢ ¢
The minection & | Pessimisic | Verypesimidic in | Hath D and
notempty, but nbathC both Cand E Eaare wing
neither BrE nor and D
BuE miered ws
my
iz
T2 0.02 0.04 007 (.08
l l l }
B.E CuD | AvBuCuDu | ABC
E
iy 0.013, 0.04 0.07 0,027,
0,007 0,027,
0.027
MuET 0 0 0 0 0 0 0.20 ] 0
e
felomal workl)
T e
{open werkl)
Myidde 0.04 1 0,17 | 0.20 | 0.09 | 0.06
(clefault)
My e

Table 1. Part 2. Bayesian Example using the Unified Fusion

Theories rule regarding a mixed redistribution of partial conflicting

masses.
BuD | BUE | CuD | CuE | DuE | AuBUCUDUE | ¢
Iy
Iz
my2
0y
iy 0.0% ] .04 ] 0 0.07 0
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Mo er 0.85

{ckeed workl)
TN cwer 0.85

J{open world)
Mhsidelle 008 [ 0.02 | 0.04 | 007 | 008
el ety
Mymer

Table 1. Part 3. Bayesian Example using the Unified Fusion
Theories rule regarding a mixed redistribution of partial conflicting
masses.

We keep the mass m,(BNC)=0.06 on BNC
(eleventh column in Table 1. Part 1) although we do not know
if the intersection B N C is empty or not (this is considered
the default model), since in the case when it is empty one
considers an open world because m;,(¢) = 0.06, meaning
that there might be new possible hypotheses in the frame of
discernment, but if B N C # ¢ one considers a consensus
between B and C. Later, when finding out more information
about the relation between B and C, one can transfer the
mass 0.06 to BU C, or to the total ignorance I, or split it
between the elements B, C, or even keep iton B N C.

my,(A N C) = 0.17 is redistributed to A and C using
the PCR5:

a1/0.2 = ¢1/0.1 = 0.02(0.2 + 0.1),

whence al =0.2(0.02/0.3) = 0.013,
¢1 = 0.1(0.02/0.3) = 0.007.
a2/0.5 = ¢2/0.3 = 0.15(0.5 + 0.3),

whence a2 = 0.5(0.15/0.8) = 0.094,
¢2 = 0.3(0.15/0.8) = 0.056.
Thus A gains:
al +a2 =0.013 + 0.0.094 = 0.107
and C gains:
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cl+c2 = 0.007 4+ 0.056 = 0.063

my,(B N E) =0.02 is redistributed to B and E using
the PCRS5:

b/0.2 = e/0.1 = 0.02/(0.2 + 0.1),
whence b =0.2(0.02/0.3) = 0.013,
e = 0.1(0.02/0.3) = 0.007.

Thus B gains 0.013 and E gains 0.007.

Then one sums the masses of the conjunctive rule
my, and the redistribution of conflicting masses m,
(according to the information we have on each intersection,
model, and relationship between conflicting hypotheses) in
order to get the mass of the Unification of Fusion Theories
rule mypr.

mypr, the Unification of Fusion Theories rule, is a
combination of many rules and gives the optimal
redistribution of the conflicting mass for each particular
problem, following the given model and relationships
between hypotheses; this extra-information allows the
choice of the combination rule to be used for each
intersection. The algorithm is presented above.

Myower, the lower bound believe assignment, the most
pessimistic/prudent belief, is obtained by transferring the
whole conflicting mass to the total ignorance (Yager’s rule)
in a closed world, or to the empty set (Smets’ TBM) in an
open world herein meaning that other hypotheses might
belong to the frame of discernment.

Mmiqale , the middle believe assignment, half opti-
mistic and half pessimistic, is obtained by transferring the
partial conflicting masses m;,(XNY) to the partial
ignorance X U Y (as in Dubois-Prade theory or more general

24




Unification of Fusion Theories, Rules, Filters, Image
Fusion and Target Tracking Methods (UFT)

as in Dezert-Smarandache theory). Another way to compute
a middle believe assignment would be to average the m,,,yer
and Mypper-

Mypper, the upper bound believe assignment, the most
optimistic (less prudent) belief, is obtained by transferring
the masses of intersections (empty or non-empty) to the
elements in the frame of discernment using the PCRS5 rule of
combination, ie. my,(X NY) is split to the elements
X,Y (see Table 2). We use PCR5 because it is more exact
mathematically (following backwards the tracks of the
conjunctive rule) than Dempster’s rule, minC, and PCR1-4.

X myu(X) A B C D E

ANB 0.040 0.020 0.020

ANC 0.170 0.107 0.063

AND 0.200 0111 0.089

ArE 0.090 0.020 0.020
0.042 0.008

BAC 0.060 0.024 0.036

BD 0.080 0.027 0.053

BAE 0.020 0.013 0.007

CrD 0.040 0.008 0.032

CrE 0.070 0.036 0.024

0.003 0.003
DrE 0.080 0.053 0.027
Totl 0.850 0.300 0.08 0.148 0227 0.001

Table 2. Redistribution of the intersection masses to the singletons
A, B, C, D, E using the PCRS5 rule only, needed to compute the upper
bound belief assignment mypper--

1.7.2. Negation/Complement Example.

Let ©={A,B,C,D} be the frame of discernment.
Since (0,U,n,C) is Boolean algebra, the super-power set
S% includes complements/negations, intersections and
unions. Let’s note by C(B) the complement of B.
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A B D B ANC BuC= ArB ANEBFA
{Laster m the B
dymemic
priusatre
fnd out that
AnC
is emyply | _
Uninown Optimistic m
relstionship bath A and B.
between A
and C
my 0.2 0.3 ] 0.1 0.1 0.3
Ty 0.4 0.1 ] 0.2 0.2 0.1
my; 0.08 0.09 0 0.02 0.17 0.03 0.14 0.08
1 !
AuvC B AB A
m, 0.17 0.03 0.082, 0.08
0.058
murr | 0.277 | 0318 0.035 0020 0 0 0 0
Miyyer | 0.16 0.26 0 0.02 0 0
fekmed
workl)
Miyyer | 0.16 0.26 0 0.02 0 0
fopen
workl)
Mgt | 0.16 0.26 0 0.02 0 0
idefalt)
Mygper | 0.296 | 0.230 ] 0.126 0.219 0.129

Table 3. Part 1. Negation/Complement Example using the
Unified Fusion Theories rule regarding a mixed redistribution of partial
conflicting masses.

AN (BuC) | BnéB) Br(ANC) | ABINANC) | EBN(BUC) = | BuANC)

EB)ynC =B
b
Al least ame & Hisright, No mlatonship Very pesimistic | Meither AB) nor BuC
right bhetween A - kmown between B on B} md are righ
ad BuC AB)s d AnC ARG e
wmng {detmilt case)
Ty
my
iz 0.14 0.07 0.07 0.04 0.07
1 } 1 1 1
Au(BuC) B BuAAC)=B | AuBuCUD AD B
m, 0.14 0.07 0.07 0.04 0,035, 0.035
muFr 0 0 ] 0 0 0
M wer
{ekosed waorld)
M
fopen workly
Miiddle
idefaliy
Mg per

Table 3. Part 2. Negation/Complement Example using the
Unified Fusion Theories rule regarding a mixed redistribution of partial
conflicting masses.
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AuB AcC | AuD | BuC BuD | CuD | AuBuC | AuBUCuD 1
L]
i
my2
m,
[ 0 0.170 0 ] 0 0 0.140 0.040 0
Myer (.56
(chosed world)
Myer 0.56
{open workl)
M le 0.14 0.17 0.03 0.14 0.11
{ddebult)
TMupper

Table 3. Part 3. Negation/Complement Example using the
Unified Fusion Theories rule regarding a mixed redistribution of partial
conflicting masses.

Model of Negation/Complement Example.
ANB=¢,C cB,AcC(B).

(7

Figure 1.

my, (AN B) = 0.14.
x1/0.2 = y1/0.1 = 0.02/0.3,
whence x1 = 0.2(0.02/0.3) = 0.013,
y1 = 0.1(0.02/0.3) = 0.007;
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x2/0.4 = y2/0.3 = 0.12/0.7,
whence x2 = 0.4(0.12/0.7) = 0.069,
y2 = 0.3(0.12/0.7) = 0.051.
Thus, A gains:
0.013+0.069=0.082
and B gains
0.007 4+ 0.051 = 0.058.

For the wupper belief assignment myy,., one
considered all resulted intersections from results of the
conjunctive rule as empty and one transferred the partial
conflicting masses to the elements involved in the conflict
using PCRS5.

All elements in the frame of discernment were
considered non-empty.

1.7.3. Example with Intersection.
Look at this:
Suppose
A={x<04}, B={03<x<0.6}, C={x>0.8} .
The frame of discernment T = {4, B,C} represents the
possible cross section of a target, and there are two sensors
giving the following bbas:
m4(4) = 0.5, my(B) = 0.2, my(C) =0.3;
my(4) = 0.4, m,(B) = 0.4, m,(C) = 0.2.

A B C ArB= AuC B C
{3<x=4}
my 5 2
ma 4 .4 2
1y &rma 20 08 06 28 22 16
DSmT
Table 4.

28




Unification of Fusion Theories, Rules, Filters, Image
Fusion and Target Tracking Methods (UFT)

We have a DSm hybrid model (one intersection
A&B=nonempty). This example proves the necessity of
allowing intersections of elements in the frame of
discernment. [Shafer’s model does not apply here.] Dezert-
Smarandache Theory of Uncertain and Paradoxist
Reasoning (DSmT) is the only theory that accepts
intersections of elements.

1.7.4. Another Multi-Example of UFT.
Cases:
1. Both sources reliable: use conjunctive rule [default
case]:
1.1.AN B = ¢:

1.1.1. Consensus between A and B; mass —
ANB;

1.1.2. Neither AN B nor AU B interest us;
mass = A, B;

1.2.ANB =¢:

1.2.1. Contradiction between A and B, but
optimistic in both of them; mass —
A, B;

1.2.2. One right, one wrong, but don’t know
which one; mass —» A U B;

1.2.3. Unknown any relation between A and
B [default case]; mass = A U B;

1.2.4. Pessimistic in both A and B; mass —
AU B;

1.2.5. Very pessimistic in both A and B;

1.2.5.1. Total ignorance D AU B mass —
AU B U C U D (total ignorance);
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1.2.5.2. Total ignorance = AU B; mass ¢
(open world);
1.2.6. A is right, B is wrong; mass — A4;
1.2.7. Both A and B are wrong; mass — C, D;
1.3. Don’tknow if AN B = or # ¢ (don’t know the

exact model); mass - A N B (keep the mass
on intersection till we find out more info)
[default case];

2. One source reliable, other not, but not known which
one: use disjunctive rule; no normalization
needed.

3. S; reliable, S, not reliable 20%: discount S, for 20%
and use conjunctive rule.

A | B [ABJAB[p(open| AcBLCD [ € [ D
world)
51 2 5 3
52 4 4 2

S1&82 24 42 06 | 28

SlorS2 08 20 1 .72 0
UFT 1.1.1 24 42 | 06| 28

UFT 1.1.2(PCR5)| .356 584|060 0

UFT1.2.1 356 | 584 060 O
UFT1.22 24 A2 34 0
UFT1.23 24 42 34 0
UFT1.24 24 42 | 34 0
UFT1.25.1 24 42 | 06 0 0 28
UFT1.252 24 A2 | 06 0 28

B(Pa 82 32 32| .16 20
UFT1.26 52 42 | 06
UFT1.2.7 24 42 | 06 0 14 ] .14

UFT1.3 24 42 06 | 28

UFT2 08 20 1 .72 0

UFT3 232 | 436 | 108 ] 224 0

Table 5.
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2. Unification of Fusion Rules (UFR)

We now give a formula for the unification of a class of
fusion rules based on the conjunctive and/or disjunctive rule
at the first step, and afterwards the redistribution of the
conflicting and/or non-conflicting mass to the non-empty
sets at the second step.

Fusion of masses m(.) and m,(.) is done directly
proportional with some parameters and inversely
proportional with other parameters (parameters that the
hypotheses depend upon). We denote the resulting mass by
myggr(.)-

a) Ifvariable y is directly proportional with variable

p, theny = k; - p, where k; # 0 is a constant.

b) Ifvariable y is inversely proportional with variable
q,theny =k, - (1/q), where k, # 0 is a constant;
we can also say herein that y is directly
proportional with variable 1/gq.

In a general way, we say that if y is directly

proportional with variables pq,p,,...,p,, and inversely
proportionally with variables q4, g5, ..., 5, then:

_ 1. 1rp2pm) _ g
Y =R it ran  P/Q 22)

where
P=]]p. 0=]1e,
i=1 J=1

and k # 0 is a constant.
With such notations, we have a general formula for a
UFR rule:
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mypr(@) = 0, and V A € S\ one has:

mypr(4) = D d(X* X)T (X1, X2)

X1LX2e50
X1*¥1=4 (23)
L P S d(x* ) T(4,X) _ i
O(4) xS7ou P(A)/O(4) + P(X)/ O(X)

X*4eTr

* can be an intersection or a union of sets;

d(X *Y) is the degree of intersection or union;
T(X,Y) is a T-norm/conorm in fuzzy set/logic (or
N-norm/conorm in a more general case, in
neutrosophic set/logic) class of fusion combination
rules respectively (extension of conjunctive or
disjunctive rules respectively to fuzzy or
neutrosophic operators) or any other fusion rule; the
T-norm and N-norm correspond to the intersection
of sets, while the T-conorm and N-conorm to the
disjunction of sets;

Tr is the ensemble of sets (in majority cases they are
empty sets) whose masses must be transferred (in
majority cases to non-empty sets, but there are
exceptions for the open world);"

P(A) is the product of all parameters directly
proportional with A, while

Q(A) the product of all parameters inversely
proportional with A4,

S70 is the fusion space (i.e. the frame of discernment
closed under union, intersection, and complement of
the sets).

At the end, we normalize the result.
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3. Unification of Filter Algorithms (UFA)

The idea is to extend the NIS [Normalized Innovation
Squared] procedure and take into consideration not only the
Kalman Filter (KF), Extended Kalman Filter (EKF),
Unscented Kalman Filter (UKF), and Particle Filter (PF),
but all filtering methods and algorithms - and use, depending
on the military application and its computing complexity,
the one that fits the best.

At each step, UFA should check what filter works
better and use that filter.

Include linear and non-linear filters:

» Kalman Filter (KF);

» Extended Kalman Filter (EKF);
»  Unscented Kalman Filter (UKF);
» Particle Filter (PF);

» Daum Filter;

* Alpha-Beta Filter;

» Alpha-Beta-Gamma Filter;

=  Weiner Filter; etc.

This section is still under experimentation and
research. More study and concluding examples are needed.
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4. Unification / Combination of Image
Fusion Methods (UIFM)

Firstly, we recall the definitions of T-norm and T-
conorm from fuzzy logic and set, and then we present their
generalizations to N-norm and N-conorm from
neutrosophic logic and set.

4.1. T-norm and T-conorm

Defining the T-norm conjunctive consensus:

The t-norm conjunctive consensus is based on the
particular t-norm function. In general, it is a function defined
in fuzzy set/logic theory in order to represent the
intersection between two particular fuzzy sets. If one extends
T-norm to the data fusion theory, it will be a substitute for
the conjunctive rule.

The T-norm has to satisfy the following conditions:

»  Associativity:

Tnoi'm (Tnorm (.Y, .r)* :) - Tnoi'm ( X, ‘Tnorm (‘1", :)) (24)
»  Commutativity:
I;rorm (.1‘, }') = I;:orm (J:-' x) (25)

* Monotonicity:
if (x<a)&(y<b)thenT (x,3)=<T  (a.b) (26)

* Boundary Conditions:
T _ (x.0)=0. T __(x1)=x

norm norm

27)
There are many functions which satisfy these T-norm
conditions:
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» Zadeh’s (default) min operator:
m(X) = min{m1 (X,).m, (Xf)} (28)

= Algebraic product operator:
(X)) = (X)) -m, (X)) (29)
* Bounded product operator:
m(X) =max {0,m, (X)) +m,(X,) -1} (30)

Defining the T-conorm disjunctive consensus:

The t-conorm disjunctive consensus is based on the
particular t-conorm function. In general it is a function
defined in fuzzy set/logic theory in order to represent the
union between two particular fuzzy sets. If one extends T-
conorm to the data fusion theory, it will be a substitute for
the disjunctive rule.

The T-conorm has to satisfy the following conditions:

»  Associativity:
o (T (5-0:2) = Lo (3 T (25)) (37

* Commutativity:
Eono:m (5\'-)") = T ()’,x)

conomm

(32)
* Monotonicity:
if (xsa)&(y=b)thenT, (x.v)<T__  (a.b) (33)

* Boundary Conditions:
T (x.0)=x: T._(x.])=1

conorm CONO

(34)
There are many functions which satisfy these T-norm
conditions:
» Zadeh’s (default) max operator:

m(X)=max {m1 (X).my (X )} (35)

»  Algebraic product operator:
m(X)=my (X)) +my (X)) —my (X,)-my (X)) (36)
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* Bounded product operator:
m(X)=min{m (X,)+m,(X,),1} (37)

The way of association between the focal elements of
the given two sources of information, m,(.) and m,(.), is
defined as X = 6; N 6; and the degree of association is as it
follows:

gy (X) = T,,,,, {my (0 +my(0,)} (38)

where 11, (X) represents the basic belief assignments (bba)
after the fusion, associated with the given proposition X by
using particular t-norm based conjunctive rule.

Step 2: Distribution of the mass,
assigned to the conflict.

In some degree it follows the distribution of conflicting
mass in the most sophisticated DSmT based Proportional
Conlflict Redistribution rule number 5, but the procedure
here relies on fuzzy operators.

The total conflicting mass is distributed to all non-
empty sets proportionally with respect to the Maximum (Sum)
between the elements of corresponding mass matrix’s
columns, associated with the given element X of the power
set. It means the bigger mass is redistributed towards the
element, involved in the conflict and contributing to the
conflict with the maximum specified probability mass.

The general procedure for fuzzy based conflict
redistribution is as it follows:

Calculate all partial conflict masses separately;

If 6; n6; =@, then 6; and 6; are involved in the

conflict; redistribute the corresponding masses le(Bi n
9]-) > 0, involved in the particular partial conflicts to the
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non-empty sets 6; and 6; with respect to
max{m, (6;),m(6;)} and with respect to
max{m1(9j); mz(Qi)};

Finally, for the given above two sources, the Ty, rm
conjunctive consensus yields:

iy (6) =T,y (116,10, (6)))+ L, (iul(ﬂi).mz(@ U0+ T, (m (6,06 ).m,(6)) (39)
my(0)=T,n, (1}11(9 ),1}12(9))+Tm [ml((-?])‘m2 Gu HJ))+TM (ml(ﬁ U 91),7111(6?])) (40)
my,(8,0)=T, (”’1(9; w8).m,(0,0)) (41)
Step 3: The basic belief assignment, obtained
as a result of the applied TCN rule becomes:
_rew T,y (,(6)).m,(6,)
g 6,)x
mPC’RS( )=m,(8)+m(6,)x Tm, (ml(a)-?ﬂg(gj))+
(o PO @)
i ]-mnorm{ I(H))’mg(gf)) (42)
~ TN (’”1(9) m, (8, ))
tiipen (6, ) = m,,(6,))+m,(8)) % —12 @)@ ))+
(0% T (7:(6,).1,(6)))
N CACHRIACY) (43)

Step 4: Normalization of the result.
The final step of the TCN fusion rule concerns the
normalization procedure:

Mpcrs (0) = %
TCN

=0

82 (44)
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This MbéRs(.) is good, but it is a deviation from PCR5
principle of distribution of the conflicting information,
because it divides by max{m,(A4), m,(X)} and respectively
by max{m,(A), m,(X)}. It also substitutes the conjunctive
rule with the min operator.

Let’s suppose A N B = @, and we have:

A B 4UB ANB
m 03 0 0.7
m, 0 06 04

We use the min operator for the conjunctive rule and
we get:
min 0.3 06 04 03
We need to transfer m,,;, (AN B) = 0.3 to A and B
proportionally to their masses 0.3 and respectively 0.6.
RN min{0.3,0.6; 03 1

03 06 03+06 09 3

S0,
1 1
x=03|-|=01, y=06| - |=02
3 3
But at this step it uses the max operator and divides by
max{... }.
One gets:
= (03) min {‘0.3.0.().} _03.03 03 01s
max {0.3,0.6} 0.6
-":(06)nnu{010(} 0% 030
max {0.3,0.6} 0.6

So, actually the conflict min{0.3,0.6} = 0.3 =
Muyin (A N B) is not distributed proportionally to A and B.

A Dbetter formula (doing a better redistribution of the
conflict, exactly as PCRY) is:
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m;‘;RS‘Q(A) = Z min { my (X)), m, ())} +
2Fin

min {m, (4). m, (X))} . min {m, (4). m (X))}

+x§ () my(A)+m,(X) +my(4) m, (A)+n, (X)
Xrd-0 (4 5)
And then we normalize:
I~
~ TV Mpcgsia (4)
Mpegsys (A) = = .
rer ) S )
xeG® (46)

We use the notation TN (=T-norm) only, since T-
conorm is not used.

In a more general way, we can define a class of fuzzy
fusion rules based on PCR5, combining two masses m4 (.)
and m,(.), and corresponding to the conjunctive rule:

Msa ()= Y TN (m,(X).my (1)) +

X.¥eG®

XAT=d (47)
Ly ml(‘4)-w+ mz(A)-M
P my (A) +m,(X) m, (A)+m (X)

where TN (:,-) is a fuzzy T-norm. Then we normalize.
If TN(-,) is the product, we get just PCRS.
If TN(,) is the min, we get the previous M hsns,z (- ).
We can replace TN(:,-) by other fuzzy T-norms and
obtain different fuzzy fusion rules.

The TN conjunctive rule is used. So,
mfN(A) = Z TN (m (X)), mz(Y)) .

xreG®

Xr¥=4 (48)
and then we normalize:
me ()

> mP (X))
xe6® (49)

my () =
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which is the TN Dempster’s rule.
If TN(-,) is the product, we get just Dempster’s rule.
Similarly, we can define the fuzzy disjunctive rule:
m o (A)= > TCN(my(X).my())

X ¥=G®

XUF=4A (50)
and then we normalize.
Thus, the TCN Dubois-Prade rule is:

mg?’ (A= Z IN (m(X).my (1)) + Z TCN (m(X),my(Y))
X.reG® X.7<G®
£ i 51)

and then we normalize.
Similarly, for DSmH, Yager’s rule, Smets’ rule, etc.
Let’s take the same example:

F H (4] 0 (6]
0, 0, 0, 0,U0; 0,U0,U0;, 0,N0, 0,n0; 0, (0, U0;)
m, 0.2 02 03 0 0.3
4y, 0 04 0 0.6 0
m, 02 05 03 03 0 0.2 0.3 0.2

conj_min

For TN Dempster’s rule we simply normalize the
masses of non-empty sets:
N 25 2 2

Dy r'
ponser's 1313 1 1

7%}
(9%}

Oy, 0,04 0,00,

TCN 02 05 03 0.3 0 0.2 0.3 0.2
Dubois—
Prade and
TCN DSmH
non—nermalized

0,0, 0003

TCN DP 0.10 025 0.15 0.15 0.10 0.10 0.15
and TCN DSmH
normaiized

Miegss 0267 0.854 0429 0430 0 0 0 0

non—normalized
different formTN

For non-norm mh&R. , we need to transfer:
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Mg min (O M 0y) =min {0.2,0.4} = 0.2

to 0; and O, proportionally with 0.2 and 0.4 respectively
(asin PCRS5):

2
Aok 02 02 1 xlzo.z(lJ:o_om, ),-1:0_4(%:0_133_
02 04 02+04 06 3 3 3

Slrmlarly,
(0, ~0,)=min{0.4,03} =03

rom min
should be transferred to 0, and O5:

E 3 3 3 3 3
Y _z 03 _03 3 }»2:0_4[1):0_171, B :0_3(—’):0.129_
04 03 04+03 07 7 7 : 7,

Same for
m (0, (0, 0;))=min{0.2.0.6}=0.2,

conj.min

which should be transferred to 0, and 0, U O5:
Yy w0202 1

02 06 02406 08 4

SO ¥, = 0.2[&} =0.05,

W, = o.s[ﬂ =0.15

moe., 0.1335 04270 0.2145 0.2250 0 0 0 0
normalized
different form
Hebena's
IN 02 05 0.3 0.3 0.7
Yager's rule
not normalized
N 0.10 0.25 0.15 0.15 0.35
Yager's rule
normalized
and:
4]
N 02 05 0.3 0.3 0 0.7
Smet's rule
not normalized
4}
IN 010 025 015 0.15 0 0.35
Smet's rule
normalized
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We’d define the mhéN. , rule (with respect to PCR5)
in the following condensed way:

Mpems (A) = " min {m, (X),m, (V) +
e a
Tore

£y m) min {7, (4), mz(X?} . (4)- min {2, (4),m (X)—}
oot max {ml(A) +my (X))} ° max {m, (4)+m (X))}

Xrd=0

and then we normalize.

The first sum is the conjunctive rule using the min
operator.

We can extend these min/max operators to many
other fusion rules: DSmH, Dempster’s rule, disjunctive rule,
Dubois-Prade’s, Yager’s, etc.

4.2. Definition of the Neutrosophic Logic/Set
Let T, I, F be real standard or non-standard subsets of
]-0,1+],
with supT = t_sup,infT = t_inf,
sup I =i_sup,infl =i_inf,
sup F = f_sup,inf F = f_inf,
and n_sup = t_sup +i_sup + f_sup,
n_inf = t_inf + i_inf + f_inf.
Let U be a universe of discourse, and M a set included
in U. An element x from U is noted with respect to the set M
as x(T, 1, F) and belongs to M in the following way: it is t%
true in the set, i% indeterminate (unknown if it is or not) in
the set, and f% false, where t varies in T, i varies in I, f
varies in F.
Statically T,1,F are subsets, but dynamically T,I, F
are functions/operators depending on many known or
unknown parameters.
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4.3. Neutrosophic Logic
In a similar way, we define the Neutrosophic Logic:
A logic in which each proposition x is T% true, [%
indeterminate, and F% false, and we write it x(T,I, F),
where T, I, F are defined above.

4.4. N-norms and N-conorms for
the Neutrosophic Logic and Set

As a generalization of T-norm and T-conorm from the
Fuzzy Logic and Set, we now introduce the N-norms and N-
conorms for the Neutrosophic Logic and Set.

We define a partial relation order on the neutrosophic
set/logic in the following way:

X(T1. Ii. Fr) £ y(To, I, F»)
if (if and only if)
T,=T.,) 1 zL.F =T
for crisp components.
And, in general, for subunitary set components:
X(Ty, I, Fy) < y(Ta, I, Fa)
if
mf Ty <inf Ts, sup Ty < sup T,
mfT; =infl, sup Ty = sup I,
mf F; > int F,. sup Fy = sup F,.

If we have mixed - crisp and subunitary - components,
or only crisp components, we can transform any crisp
component, say ‘a “witha € [0,1] ora €] — 0,1+ [, into a
subunitary set [a, a].

So, the definitions for subunitary set components
should work in any case.
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4.5. N-norms

Ny (TOU = TOIT = JOU ) — TO.U T = TO.U T = J0.1°]

Ny (X(Tr.Ii.Fy). y(T2.1.F2)) = (NG T(x.¥). Naul(x.y). NoF(x.9)).
where N,T(.,.),N,I(.,.), N,F(.,.) are the truth/ member-
ship, indeterminacy, and respectively falsehood/ non-
membership components. (52)

N, have to satisfy, for any x,y, z in the neutrosophic
logic/set M of the universe of discourse U, the following
axioms:

a) Boundary Conditions:

Np(x,0) =0, Ny(x, 1) =x. (53)
b) Commutativity:

Nu(X. ¥) = Ny(y. x). (54)
¢) Monotonicity:

If x =y. then Np(X. z) = Nu(y. 2). (55)
d) Associativity:

Nu(Na (X. ¥). 2) = Ny(x. Nu(y. 2))- (56)

There are cases when not all these axioms are satisfied,
for example the associativity when dealing with the
neutrosophic normalization after each neutrosophic
operation. But, since we work with approximations, we can
call these N-pseudo-norms, which still give good results in
practice.

N, represent the and operator in neutrosophic logic,
and respectively the intersection operator in neutrosophic
set theory.

LetJ € {T,I, F} be a component.

Most known N-norms, as in fuzzy logic and set the T-
norms, are:
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= The Algebraic Product N-norm:

Ni-algebraic](X. ¥) =X ¥ (57)
= The Bounded N-Norm:

Nn_bomdedl(x__y) =max{0.x+y—1} (58)
= The Default (min) N-norm:

Np-minJ(X. ¥) = min{x. y}. (59)

A general example of N-norm would be this.

Let x(Ty,I;,F;) and y(T,I,,F,) be in the
neutrosophic set/logic M. Then:

Nu(x, ¥) = (TiAT2, VI, F1VF,) (60)

where the “ A” operator, acting on two (standard or
non-standard) subunitary sets, is a N-norm (verifying the
above N-norms axioms); while the “ vV ” operator, also acting
on two (standard or non-standard) subunitary sets, is a N-
conorm (verifying the below N-conorms axioms).

For example, A can be the Algebraic Product T-
norm/N-norm, so Ty AT, =T; T, herein we have a
product of two subunitary sets — using simplified notation);
and V can be the Algebraic Product T-conorm/N-conorm,
soTy VT, =T, + T, — T; - T, (herein we have a sum, then a
product, and afterwards a subtraction of two subunitary sets).

Or A can be any T-norm/N-norm, and V any T-
conorm/N-conorm from the above and below; for example
the easiest way would be to consider the min for crisp
components (or inf for subset components) and respectively
max for crisp components (or sup for subset components).

If we have crisp numbers, we can at the end
neutrosophically normalize.
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4.6. N-conorms
N (JO1 [ % J0.0 = JO.1I T ) = JO.I' * JO.I' = JO.1°T
Ne (x(T1.Ii.Fy). ¥(T2.1.F7)) = (NT(x.y). NI(x.y). NF(x.¥)).
where N.T(.,.),N.I(.,.),N.F(.,.) are the truth/ member-
ship, indeterminacy, and respectively falsehood/ non-
membership components. (61)
N, have to satisfy, for any x, y, z in the neutrosophic
logic/set M of universe of discourse U, the following axioms:
a) Boundary Conditions:

Ne(x. 1) = 1. Ne(x. 0) = x. 62)
b) Commutativity:

Ne (x. y) = Ne(y. x). (63)
¢) Monotonicity:

if x <y, then Ny (X, z) < N(v. z). (64)
d) Associativity:

Ne (Ne(x. ¥). 2) = Ne(x. Ne(v. 2)). (65)

There are cases when not all these axioms are satisfied,
for example the associativity when dealing with the
neutrosophic normalization after each neutrosophic
operation. But, since we work with approximations, we can
call these N-pseudo-conorms, which still give good results
in practice.

N, represent the or operator in neutrosophic logic, and
respectively the union operator in neutrosophic set theory.

LetJ € {T, 1, F} be a component.

Most known N-conorms, as in fuzzy logic and set the
T-conorms, are:

= The Algebraic Product N-conorm:

Ne-algebraic] (X. Y) =X +y — Xy (66)
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= The Bounded N-conorm:

Ne—boundedd (X, ¥) =min{l. x + vy} (67)
= The Default (max) N-conorm;

Ne—max (X, ¥) = max{x, v}. (68)

A general example of N-conorm would be this.

Let x(Ty,1;,F;) and y(T, I, F,) be in the
neutrosophic set/logic M. Then:

Ni(x, ¥) = (T1VT2, Ii/AL, F1AF,) (69)

Where — as above - the “A” operator, acting on two
(standard or non-standard) subunitary sets, is a N-norm
(verifying the above N-norms axioms); while the “Vv”
operator, also acting on two (standard or nonstandard)
subunitary sets, is a N-conorm (verifying the above N-
conorms axioms).

For example, A can be the Algebraic Product T-
norm/N-norm, so Ty AT, =T, T, (herein we have a
product of two subunitary sets); and V can be the Algebraic
Product T-conorm/N-conorm, so Ty VT, =T, +T, — Ty -
T, (herein we have a sum, then a product, and afterwards a
subtraction of two subunitary sets).

Or A can be any T-norm/N-norm, and V any T-
conorm/N-conorm from the above; for example the easiest
way would be to consider the min for crisp components (or
inf for subset components) and respectively max for crisp
components (or sup for subset components).

If we have crisp numbers, we can at the end
neutrosophically normalize.

Since the min/max (or inf/sup) operators work the
best for subunitary set components, let’s present their
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definitions below. They are extensions from subunitary
intervals to any subunitary sets. Analogously we can do for
all neutrosophic operators.
Let x(Ty,I;,F;) and y(T,I,,F,) be in the
neutrosophic set/logic M.
Neutrosophic Conjunction/ Intersection:
X \y=(Tn.In.Fn), (70)
where
inf Ty = min{inf Ty, inf T}
sup Ty =min{sup Ty. sup T}
inf I, =max{infI;, inf I}
sup In =max{sup L,. sup I}
inf Fp=max{inf Fy, inf F»}
sup Fr = max {sup F;. sup F,}
Neutrosophic Disjunction/ Union:
va:( Tv.I\,{.Pv) . (7 1 )

where
inf Ty =max {inf T;. inf T,}
sup Ty = max {sup Ty. sup T}
inf Iy =min{inf Iy, inf I,}
sup Iy = min {sup I;. sup L}
inf Fy=min{inf F,, inf F,}
sup Fy = min{sup F, sup F>}

Neutrosophic Negation/Complement:
C(X) = (TC.I(-.Fc). (72)
where
TC = ].:1
inflc=l-sup I
sup Ic = 1-inf I,
Fe=T,
Upon the above Neutrosophic Conjunction/
Intersection, we can define the

48




Unification of Fusion Theories, Rules, Filters, Image
Fusion and Target Tracking Methods (UFT)

Neutrosophic Containment:
We say that the neutrosophic set A is included in the
neutrosophic set B of the universe of discourse U, if for any

x(Ty, 14, F4) € A with x(Tg, I, Fg) € B we have:
inf Ty <inf Ty ; sup T < sup Tg;
infIs > inflg : sup I = supIg;
infFa> infFg ; sup Fa> sup F. (73)

4.7. Remarks

a). The non-standard unit interval | —0,1+ ] is
merely used for philosophical applications, especially when
we want to make a distinction between relative truth (truth
in at least one world) and absolute truth (truth in all possible
worlds), and similarly for distinction between relative or
absolute falsehood, and between relative or absolute
indeterminacy.

But, for technical applications of neutrosophic logic
and set, the domain of definition and range of the N-norm
and N-conorm can be restrained to the normal standard real
unit interval [0, 1], which is easier to use, therefore:

N, ([0.1] % [0.1] = [0.1])> — [0.1] = [0.1] = [0.1]
and
Ne: ([0.1] < [0.1] = [0.1] ¥* — [0.1] = [0,1] = [0.1].

b). Since in NL and NS the sum of the components (in
the case when T,I,F are crisp numbers, not sets) is not
necessary equal to 1 (so the normalization is not required),
we can keep the final result un-normalized.

But, if the normalization is needed for special
applications, we can normalize at the end by dividing each
component by the sum all components.
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If we work with intuitionistic logic/set (when the
information is incomplete, i.e. the sum of the crisp
components is less than 1, i.e. sub-normalized), or with
paraconsistent logic/set (when the information overlaps and
it is contradictory, i.e. the sum of crisp components is greater
than 1, i.e. over-normalized), we need to define the
neutrosophic measure of a proposition/set.

Ifx(T,1,F)is a NL/NS, and T, I, F are crisp numbers
in [0,1], then the neutrosophic vector norm of variable/set x
is the sum of its components:

Niector norm(X) = T+HIHF.

Now, if we apply the N, and N. to two
propositions/sets ~ which  maybe intuitionistic = or
paraconsistent or normalized (i.e. the sum of components
less than 1, bigger than 1, or equal to 1), x and y, what
should be the neutrosophic measure of the results
Ny (x,y) and N¢(x,y)?

Herein again we have more possibilities:

= either the product of neutrosophic measures of
x and y:

Niectornorm(Na(X.¥)) = Neector-nom(X) Nvector-nom(Y)- (74)

= or their average:

Niector-aonNa(X.¥)) = Neectornona(%) + Nuectornonu(3))/2. (75)

= or other function of the initial neutrosophic
measures:

Noectoraom(Na(%.¥)) = fNsector-nom(X): Neecworsom(Y))- (76)

where f(.,.) is a function to be determined according to
each application.
Similarly for

N\'ECI’OI—I]OI]J.I(NC( X -Y)) -
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Depending on the adopted neutrosophic vector norm,
after applying each neutrosophic operator the result is
neutrosophically normalized. We’d like to mention that
“neutrosophically normalizing” doesn’t mean that the sum
of the resulting crisp components should be 1 as in fuzzy
logic/set or intuitionistic fuzzy logic/set, but the sum of the
components should be as above:

= either equal to the product of neutrosophic
vector norms of the initial propositions/sets,

= or equal to the neutrosophic average of the
initial propositions/sets vector norms, etc.

In conclusion, we neutrosophically normalize the
resulting crisp components T',I',F' by multiplying each
neutrosophic component T',I',F" with S/(T'+1'+ F'),
where

S= N\'ecror—nom.l(Nn(X Y))
for a N-norm or
S= Nyector-norm(Ne(X.¥))
for a N-conorm - as defined above.

c) If T,I,F are subsets of [0,1] the problem of
neutrosophic normalization is more difficult.

= If sup(T)+sup(D+sup(F) < 1, we have an
intuitionistic proposition/set.

= If inf(T)+inf(D)+inf(F) > 1, we have a
paraconsistent proposition/set.

= [fthere exist the crisp numberst €T, 1 €1, and f
€F such that t+i+f =1, then we can say that we
have a plausible normalized proposition/set.
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But in many such cases, besides the normalized
particular case showed herein, we also have crisp numbers,
say t; €T, i; €1, and f; €F such that t; +i; +f; <i
(incomplete information) and t, € T, i, € I, and f, € F such
that t, + i, + f, > i (paraconsistent information).

4.8. Examples of Neutrosophic Operators
We define a binary neutrosophic conjunction
(intersection) operator, which is a particular case of a N-
norm (neutrosophic norm, a generalization of the fuzzy T-
norm):
T ([04]<[0.1] < [0.1]) - [0.1] <[0.1] < [0.1] 77
T (x.v) = (LT, LI, + LT, + 1, F,F, + Kl + KT, + F;T, + F,1,).
The neutrosophic conjunction (intersection) operator
x Ay y component truth, indeterminacy, and falsehood
values result from the multiplication
(L+L+F)(T,+1,+F) (78)

since we consider in a prudent way T < [ < F, where “ <"
is a neutrosophic relationship and means “weaker”, i.e. the
products T;I; will go to I, T;F; will go to F, and I;F; will go to
F for all i,j € {1,2}, i # j, while of course the product T; T,
will go to T, I;1, will go to I, and F;F, will go to F (or
reciprocally we can say that F prevails in front of I which
prevails in front of T, and this neutrosophic relationship is

transitive):
(TII I Fy) (T, L F1) (T1>I%< IFl)

(T2 L F2) (T2 I F)) (T2 L Fa)
Table 5.
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So, the truth value is T; T,, the indeterminacy value is
LI, + LT, + Til, , and the false value is FiF, + F,I, +
FTy + E,T, + Fyl; .

The norm of x Ay yis (Ty + I + Fy) - (Ty, + I + F,).
Thus, if x and y are normalized, then x Ay y is also
normalized. Of course, the reader can redefine the
neutrosophic  conjunction operator, depending on
application, in a different way, for example in a more
optimistic way, i.e. I < T < F or T prevails with respectto I,
then we get:

() =(0T, + LI, + LI LI, . B F, + I, + KT, + F,T, + F,1,). (79)

N \

Or, the reader can consider the order T < F < I, etc.
Let’s also define the unary neutrosophic negation

operator:
iy 2[0.1]0.1]x[0.1] — [0.1]x[0,1] [0.1]
ny(T.I,F)=(F.L.T) (80)

by interchanging the truth T and falsehood F vector
components.

Similarly, we now define a binary neutrosophic
disjunction (or union) operator, where we consider the
neutrosophic relationship F < I < T

d™ :([0.1]x[0.1)< 0, 1)) —[0.1)x[0.1)x[0.1]

47 () = (LL+TL+ Th+ LR+ LRLF + LR +ILER)  (8])

We consider as neutrosophic norm of the
neutrosophic variable x, where NL(x) =T; + I, + F;, the
sum of its components: T; + I; + F;, which in many cases is
1, but can also be positive < 1 or > 1.

Or, the reader can consider the order F < T <1, in a
pessimistic way, i.e. focusing on indeterminacy I which
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prevails in front of the truth T, or other neutrosophic order
of the neutrosophic components T,I,F depending on the
application.

Therefore,
d.‘:ﬁ(-"-."): (LT, + LF, + LE.LF, + LE + 11, + 11, Jrzw2171~Fl]:z) (82)

4.9. Neutrosophic Composition k-Law

Now, we define a more general neutrosophic
composition law, named k-law, in order to be able to define
neutrosophic k-conjunction/intersection and neutrosophic
k -disjunction/union for k variables, where k = 2 is an
integer.

Let's consider k > 2 neutrosophic variables, x;(T; +
I; + F;, foralli € {1,2,...,k}. Let’s denote

I~ (f...T,)
I1=(...;)
F=(FeF,)

We now define a neutrosophic composition law oy in
the following way:
oy {T.1.F} —0.1]

E
If:-e {T.I,F} then z, - = H:f .
(83)
If -,we {T,I,F} and = # w, then
£-1
LWw=w, 2 = Z DI W
r=1
{h ke frt i J=12. K}
(8 ety JECT(L2....K)
(Jreron 2 JECT (12,..8) (84)

where C"(1,2,...,k) means the set of combinations of the
elements {1, 2,..., k} taken by r.
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[Similarly for C¥7(1,2,...,k).]

In other words, zy, w is the sum of all possible
products of the components of vectors z and w, such that
each product has at least a z; factor and at least a wj factor,
and each product has exactly k factors where each factor is
a different vector component of z or of w. Similarly if we
multiply three vectors:

B

=)

T, 1, F= T,,1_ . F_.F
N on it R T A k
RIS S S Y R
()6 C (L2 K). - —»{u+\ e
£C (1.2, k) (lyet o 5 ) 2O (L2 K) (85)
Let’s see an example for k = 3.
X (1; AL F)
(0, 1,. 1)

X3 (T313F3)

ILT=ILL. I, I=1LIL, F, F=FFF,

T, I=TLL+ILL+ LT+ LI+ T LT + 1T,

I, F=TEF+FLE+FRL+TLE+TEL+FLT

I, F=1EF +ELF +FEL +1LE +1EL+FLI

Ta;,fo\,F =LLE +TEL+LLE +LEL + RELL +EKLL

For the case when indeterminacy I is not decomposed

in subcomponents {as for example [ = PUU where P
=paradox (true and false simultaneously) and U
=uncertainty (true or false, not sure which one)}, the
previous formulas can be easily written using only three
components as:

LI F= w;ﬁ_m LF, (36)
where P (1,2,3) means the set of permutations of (1,2,3) i.e.
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{(1.2.3),(1.3.2).(2.1.3).(2.3.1).(3.1.2).(3.2.)}

I w= E ZWw wz z
o_vu W, xj'_ + V,Z,Z,

i=1
(i.jr=(1.23)

()ePi(1,2.3) (87)
This neurotrophic law is associative and commutative.

4.10. Neutrosophic Logic and Set k-Operators
Let’s consider the neutrosophic logic crispy values of
variables x, y, z (so, for k = 3):

NL(x)=(1.I.F,) with 0<T.I . F <1 (88)
NL(y)=(T,.1,.F,) with 0<T,.I,.F, <1 (89)
NL(z)=(T,.1,.F,) with 0< T, I, . F, <1 (90)

In neutrosophic logic it is not necessary to have the
sum of components equals to 1, as in intuitionist fuzzy logic,
1.e. Ty + I + F, isnot necessary 1, for 1 <k < 3.

As a particular case, we define the tri-nary conjunction
neutrosophic operator:

v ([0.1]x[0.1]x[0.1])" — [0,1]x[0.1] x[0,1]
T (x.y.2) = (T .1, I1+1, I.F, F+F, I+F, T_) ©1)

If all x,y,z are normalized, then c1if (x,y,z)is also
normalized.

If x, y, or y are non-normalized, then

TIF o
o (x.y.2)

— -1 o)
where |w| means norm of w.

cHF is a 3-N-norm (neutrosophic norm, i.e.
generalization of the fuzzy T-norm).

Again, as a particular case, we define the unary

negation neutrosophic operator:
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1y 1[0.1]x[0,1]x[0.1] — [0,1]x[0,1]x<[0,1]
ny(x)=mn, (T1]1F1) = (Fl] T).

i, 93)
Let’s consider the vectors:
I 1 F
T=|7,| . =|L|and F= |F,|.
L 5 5 (94)
We note
A T | 1 £
T.= |L|. T,= |E|. L= |T, |. T,= |A|. etc.
T T K T, (95)
and similarly
L A 7
E=1F]. FJ,_= 1. Fo= | F |, ete
5 5 L (96)

For shorter and easier notations let’s denote z,, w =
zw and respectively zg,wp, =zwv for the vector
neutrosophic law defined previously.

Then the neutrosophic tri-nary conjunction/
intersection of neutrosophic variables x, y, and z is:

™ (x,y,2)=(IT.II +IT ,FF + FI + FT + FIT ) =
=(L, L, LI, + LLT, + LTI, + T, 1, + IT,T, + TL,T, + T.T,1,,
FF,F,+ FF,I,+ F1,F, + LF,F,+ F,L,I, + LF,I, + IL,F, +
+EEL+RELE +LEE + ELL+ TEL +TLF +

+LLE+TRL+ I EL+ LLE +FLL +FL L) (97)

Similarly, the neutrosophic tri-nary disjunction/union
of neutrosophic variables x, y, and z is:
d* (x,v.2) = (IT + T + TF + TIF.Il + IF.FF)=
(T1T,T5 + T1Tols + T1 LT + [} ToT5 + T1 LI + [ To0s + L1 Ts + T T,F; + T F,Ts + FiT.T5 +

TiF>Fs + FiToFs + FiFoTs + TiLbFs + ThiFols + LLIEoTa + L ToFs + FiLT: + FiTols, LIz + LILF: +
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IIFZIB + Fllgh + 11F2F3 + Flljl:j + F1F213~ F1F2F3) (98)

Surely, other neutrosophic orders can be used for tri-
nary conjunctions/intersections and respectively for tri-nary
disjunctions/unions among the components T, I, F.

4.11. Neutrosophic Topologies

A). General Definition of NT.

Let M be a non-empty set.

Let x(Ty, 14, F4) € A with x(Tg, Ig, Fg) € B be in the
neutrosophic set/logic M, where A and B are subsets of M.
Then (see above about N-norms/N-conorms and examples):

AUB= {X EM. \(TAVTB IA/\IB. PA/\FB)} (99)
ANB={xeM. x(Ta\Tg, 1aVIg, FaVFp)}. (100)
C(A) = {x&M. x(Fa. Is. Ta)}. (101)

A General Neutrosophic Topology on the non-empty
set M is a family 1 of Neutrosophic Sets in M satisfying the
following axioms:

0(0.0.1) and 1(1.0.0) € : (102)

IfA.Becn.thenAnB €. (103)

If the family {A,. k €K} C 17, then U Aren.
[=3

(104)

B). An Alternative Version of NT.

We cal also construct a Neutrosophic Topology on
NT =]0, I'[ considering the associated family of standard or
non-standard subsets included in NT, and the empty set @,
called open sets, which is closed under set union and finite
intersection.

Let A, B be two such subsets. The union is defined as:
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AUB =A+ B — A B, and the intersection as: ANB =A4-
B. The complement of A, C(A) = {1*} — A, which is a
closed set. {When a non-standard number occurs at an
extremity of an internal, one can write “]” instead of “(“ and
“I” instead of “)”.} The interval N7, endowed with this
topology, forms a neutrosophic topological space.

In this example, we have used the Algebraic Product
N-norm/N-conorm. But other Neutrosophic Topologies can
be defined by using various N-norm/N-conorm operators.

In the above defined topologies, if all x 's are
paraconsistent or respectively intuitionistic, then one has a
Neutrosophic  Paraconsistent Topology, respectively
Neutrosophic Intuitionistic Topology.

Much research on neutrosophic topologies has been
done by Francisco Gallego Lupiafiez [22].

4.12. Neutrosophic Logic and Set used in Image
Processing

Neutrosophic logic and set have the advantage of
using a third component called “indeterminacy (neutral
part)”’, which means neither true nor false for a logical
proposition, respectively neither membership nor non-
membership (but unknown, unsure) of an element with
respect with a set.

They are generalizations of fuzzy logic and fuzzy set,
especially of intuitionistic fuzzy logic and set.

Neutrosophic logic and set have been applied in image
processing thanks to their “indeterminacy” neutral
component.
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4.12.1. Removing Image Noise

H. D. Cheng and Y. Guo proposed a thresholding
algorithm based on neutrosophics that will automatically
select the thresholds. The thresholds are needed in order to
separate the domains T and F in a neutrosophic value image.

Yanhui Guo, H. D. Cheng, and Yingtao Zhang
introduced a Neutrosophic Set filter in order to denoise
images. Besides pattern recognition and image vision,
denoising an image is highly investigated today.

The image is converted into a neutrosophic set and
then one applies a filtering method (y-median-filtering) in
order to reduce the degree of indeterminacy degree of an
image; the degree of indeterminacy is found by computing
the entropy of the indeterminacy subset. Afterwards the
image noise is removed.

A neutrosophic image is composed of pixels, and each
pixel P is characterized by three components, Pys(T, 1, F),
where T=degree/percentage of truth, I=degree/percentage
of indeterminacy, F=degree/percentage of falsehood.

Then a pixel Py situated at the Cartesian coordinates
(i,)) is denoted by Pys(i, j).

So, we have Pys(T(i,)), 1(i,)), F(i,))), where T(i,]) is
the probability that pixel Pys belongs to the white pixel set,
I(i,j) is the probability that pixel Pys belongs to the
indeterminate pixel set, and F(i,j) is the probability that
pixel Pygsbelongs to the non-white pixel set. These are
defined as it follows:

T(.j) =500 S
g i (105)

g

S max.
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g = —— i | i ‘g(m. 1)
B (106)
1G. )= r.igi_ ‘]')7—;5;@
ma Cin (107)
5(i. j)=abs(g(i, /) —g(. 7)) (108)
F(i-j)zlff(f-]) (109)

where g(i,j) is the local mean value of the pixels of the
window, while §(i, j) is the absolute value of the difference
between intensity g(i,j) and its local mean value g(i, j).

Neutrosophic image entropy is used — for a gray
image - to evaluate the distribution of the gray levels. If the
intensity distribution is non-uniform, the entropy is small;
but, if the intensities have equal probabilities, the entropy is
high.

Neutrosophic image entropy is defined as the sum of
the entropies of the three subsets T, I and F:

Eny, =En, +En, + En,

(110)
max{T}

Enp=— Z pr(dnp; (i)
S (111)
max{I}

En, =— Z (O np, (@)
i—min{I} (1 12)
max{ F}

En, =~ Z pr()np.(7)
i-sminF} (113)

where Eny, En; and Eny are the entropies of the sets T, I
and F respectively, while pr(i), p;(i), and pg(i) are the
probabilities of elements in T, I and F, respectively
corresponding to i.
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In general, the median filter is known for removing the
image noise in the gray level domain (Im). The changes in T
and F influence and vary the entropy in I, which measures
the indeterminacy degree of element Py (i, j).

The result after median filtering, Im, is defined as:

illl(f, = rﬂedian {]_111(171, n)}
(m.n)es,

(114)
with §;; as the neighborhood of the pixel (i, j):

Y. Guo et al. proposed the y -median-filtering
operation. A y-median-filtering operation for Py, Pys (Y),
is defined as:

B () =P(T().10). F (7))

(115)
; JI-T I<y
T(y)=1 =
L 1zy (116)
Z:/(i. ) = 1 T(m.n)
LG 7”55{55?”{ } 117)
- FI<y
E(y) —{]:_ 7>
227 (118)
}i(i. )= dr. F(m,n)
N=med lsfm{ ] (119)

i) = O
Omax ~ Ofmin (120)

()‘f(f._j) = nbs(f(i,j)—f(faf))

LG.j)=

—C

(121)

W
2

Z Z f(m,n)
S (122)

i+ +
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m
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where 8.,(i, j) is the absolute value of the difference between

intensity T(i,j) and its local mean value T (i, j) at (i, j) after
y -median-filtering operation.

The new neutrosophic approach to image denoising is
described as below:

Step 1: Transform the image into NS domain;

Step 2: Use y-median-filtering operation on the true
subset T to obtain Ty;

Step 3: Compute the entropy of the indeterminate
subset I, E ng, (0);

Step 4: If the following situation, go to Step 5:

Eni__‘ (i+1)- EHL (7)

Eni (i)

<0

Else, = T, , go to Step 2.

Step 5: Transform subset Ty from the neutrosophic
domain into gray level domain.

The proposed method performs better for removing
image noises for those noises whose types are known but
also for those noises whose types are unknown.

4.12.2. Unification/Combination of Image Fusion
Methods

Ming Zhang, Ling Zhang, H. D. Cheng used a novel
approach, i.e. neutrosophic logic which is a generalization
of fuzzy logic and especially of intuitionistic fuzzy logic, to
image segmentation - following one of the authors (H. D.
Cheng) together with his co-author Y. Guo previous
published paper on neutrosophic approach to image
thresholding.

63




Florentin Smarandache

The authors improved the watershed algorithms using
a neutrosophic approach (i.e. they consider the objects as the
T set, the background as the F set, and the edges as the I set);
their method is less sensitive to noise and performs better on
non-uniform images since it uses the indeterminacy (I) from
neutrosophic logic and set, while this indeterminacy is not
featured in fuzzy logic.

Using neutrosophic logic/set/probability/statistics is
a new trend in image processing and the authors prove that
the neutrosophic approach is better than other methods
(such as: histogrambased, edge-based, region-based, model-
based, watershed/topographic in MatLab or using
Toboggan-Based).

Next step for these authors would be to use the
neutrosophic approach to image registration and similarly
compare the result with those obtained from other methods.

Interesting also is to use the neutrosophic approach to
the control theory.

4.12.3. Image Segmentation

The image description, classification, and recognition
depend on the image segmentation — which is used for image
analysis/processing, computer vision, and pattern
recognition.

Image segmentation means to find objects and
boundaries such as curves, lines, etc. and partition a digital
image into many regions. By image analysis, one locate
objects, one measures features, one makes interpretations of
scenes.

Image segmentation is done through several methods
such as: histogram-based methods, region-based methods,
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edge-based methods, model-based methods, and watershed

methods.

The watershed uses the gradients of an image to split
the image into topological areas. It best applies for uniform
background and blurred edge objects, whose blurred
boundaries are defined in the indeterminacy I.

After removing the noise, the image becomes more

uniform.

The image is converted to a neutrosophic set in the
following way.

Let Pys(i, j) be a pixel in the position (i, J).

T(ij) =

0,if 0 < gij = &

2

(ﬂij—“)
b-a)c—-a)

(95— 6)2

CEIDICET

ifasgy;=b;

1 ibeijSC;

Lif gi = c;

and F(i,j) = q — T(i,j), where g;;is the intensity value of
pixel P(i,j). Then:

Calculate the histogram of the image.

Find the local maxima of the histogram.

Then calculate the mean of local maxima.

Find the peaks greater than the mean of local
maxima.

Define the low and high limits of the histogram.
Calculate the parameters a,b,c by using the
maximum entropy principle: the greater the
entropy is the more information the system
includes.
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= Find two thresholds to separate the domains T and
F.

= Define homogeneity in intensity domain by using
the standard deviation and the discontinuity of the
intensity function. Discontinuity measures the
changes in gray levels.

= Convert the image to binary image based on T, I,

F.

T(i,j) represents the degree of pixel P(i,j) to be
an object pixel;

1(i, j) represents the degree of pixel P(i, j) tobe an
edge pixel;

F(i,)) represents the degree of pixel P(i,j) tobe a
background pixel.

One determines the sets of object pixels, edge
pixels, and background pixels.

= Apply the watershed for converting the binary

image in the following way:

a) Get the regions Ry, R,, ..., R, whose pixels are
either object pixels, or edge pixels, or background pixels;

b) Dilate these regions by using the 3x3 structure
element;

c) At the place where two regions merge, build a
dam, until all regions merge together.

Watershed segmentation is good for uniform or nearly
uniform images and the edges are connected very well. Yet,
watershed method is sensitive to noise and makes over-
segmentations.
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5. Non-Linear Sequences for Target
Tracking

Investigate the possibility of generalizing the result of
using Fibonacci sequence (whose terms are linearly
recurrent) in linear target tracking to a non-linear recurrent
sequence for non-linear tracking (let us say for EKF, UKF,
etc.).

Then, mathematically studying that non-linear
recurrent sequence, we could get improvement of non-linear
tracking.

Other non-sequences for target tracking should also be
investigated and checked through concrete examples and
applications.

This study has to be developed and deepened in the
future.
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The author has pledged in various papers,
conference or seminar presentations, and scientific
grant applications (between 2004-2015) for the
unification of fusion theories, combinations of fusion
rules, image fusion procedures, filter algorithms, and
target tracking methods for more accurate applications
to our real world problems - since neither fusion theory
nor fusion rule fully satisfy all needed applications. For
each particular application, one selects the most
appropriate fusion space and fusion model, then the

fusion rules, and the algorithms of implementation.
He has worked in the Unification of the Fusion

Theories (UFT), which looks like a cooking recipe,
better one could say like a logical chart for a computer
programmer, but one does not see another method to

comprise/unify all things.
The unification scenario presented herein, which

is now in an incipient form, should periodically be
updated incorporating new discoveries from the fusion
and engineering research.
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