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Preface

This book contains 21 papers of plane geometry.
It deals with various topics, such as: quasi-isogonal cevians, nedians, polar of a point with
respect to a circle, anti-bisector, aalsonti-symmedian, anti-height and their isogonal.
A nedian is a line segment that has its origin in a triangle’s vertex and divides the opposite side
in n equal segments.

The papers also study distances between remarkable points in the 2D-geometry, the
circumscribed octagon and the inscribable octagon, the circles adjointly ex-inscribed associated
to a triangle, and several classical results such as: Carnot circles, Euler’s line, Desargues
theorem, Sondat’s theorem, Dergiades theorem, Stevanovic’s theorem, Pantazi’s theorem, and
Newton’s theorem.

Special attention is given in this book to orthological triangles, bi-orthological triangles,
ortho-homological triangles, and tri-homological triangles.

The notion of “ortho-homological triangles” was introduced by the Belgium mathematician
Joseph Neuberg in 1922 in the journal Mathesis and it characterizes the triangles that are
simultaneously orthogonal (i.e. the sides of one triangle are perpendicular to the sides of the
other triangle) and homological. We call this “ortho-homological of first type” in order to
distinguish it from our next notation.

In our articles, we gave the same denomination “ortho-homological triangles” to triangles
that are simultaneously orthological and homological. We call it “ortho-homological of second
type.”

Each paper is independent of the others. Yet, papers on the same or similar topics are listed
together one after the other.

This book is a continuation of the previous book The Geometry of Homological Triangles, by
Florentin Smarandache and lon Patrascu, Educ. Publ., Ohio, USA, 244 p., 2012.

The book is intended for College and University students and instructors that prepare for
mathematical competitions such as National and International Mathematical Olympiads, or the
AMATYC (American Mathematical Association for Two Year Colleges) student competition, or
Putnam competition, Gheorghe Titeica Romanian student competition, and so on.

The book is also useful for geometrical researchers.

The authors



Quasi-Isogonal Cevians

Professor Ion Patrascu — National College Fratii Buzesti, Craiova, Romania
Professor Florentin Smarandache —University of New-Mexico, U.S.A.

In this article we will introduce the quasi-isogonal Cevians and we’ll emphasize on
triangles in which the height and the median are quasi-isogonal Cevians.

For beginning we’ll recall:

Definition 1
In a triangle 4ABC the Cevians AD, AE are called isogonal if these are symmetric in
rapport to the angle A bisector.

Observation
In figure 1, are represented the isogonal Cevians AD, AE

Fig. 1. Isogonal Cevians

Proposition 1.
In a triangle ABC, the height AD and the radius AO of the circumscribed circle are
isogonal Cevians.

Definition 2.

We call the Cevians 4D , AE in the triangle ABC quasi-isogonal if the point B is
between the points D and E, the point E is between the points B and C, and
LDAB = «FAC.

Observation
In figure 2 we represented the quasi-isogonal Cevians AD, AE .



B E
Fig. 2 quasi-isogonal Cevians

Proposition 2
There are triangles in which the height and the median are quasi-isogonal Cevians.

Proof

It is clear that if we look for triangles ABC for which the height and the median from the
point A are quasi isogonal, then these must be obtuse-angled triangle. We’ll consider such a
case in which m (<4)>90° (see figure 3).

Fig.3

Let O the center of the circumscribed triangle, we note with N the diametric point of 4
and with P the intersection of the line 40 with BC.

We consider known the radius R of the circle and BC =2a, a <R and we try to
construct the triangle 4BC in which the height 4D and the median AE are quasi isogonal
Cevians; therefore «<DAB = < EAC . This triangle can be constructed if we find the lengths PC
and PN in function of ¢ and R. Wenote PC=x, PN=y.



We consider the power of the point P in function of the circle £(O,R). It results that

x-(x+2a)=y-(y+2R) (1)
From the Property 1 we have that <DAB = <OAC . On the other side <x0OAC = «0CA
and AD, AE are quasi isogonal, we obtain that OC || AE .

The Thales’ theorem implies that:
X _ y+R

— (2)
a R

Substituting x from (2) in (1) we obtain the equation:
(a’-R*)y’ -2R(R*-2a’ ) y+3a’R* =0 3)

The discriminant of this equation is:
A=4R*(R'-d’R’ +d")
Evidently A > 0, therefore the equation has two real solutions.

2p2

——— and it is negative we obtain that one of
a*—

solutions is strictly positive. For this positive value of y we find the value of x, consequently

Because the product of the solutions is

we can construct the point P, then the point N and at the intersection of the line PN we find 4
and therefore the triangle 4BC is constructed.

For example, if we consider R = V2 and a=1 , we obtain the triangle 4BC in which
AB=~2,BC=2 and AC=1++3.

We leave to our readers to verify that the height and the median from the point 4 are
quasi isogonal.



Nedians and Triangles with the Same Coefficient of Deformation

Ion Patrascu — National College Fratii Buzesti, Craiova, Romania
Florentin Smarandache — University of New Mexico, Gallup, NM, USA

In [1] Dr. Florentin Smarandache generalized several properties of the nedians. Here, we
will continue the series of these results and will establish certain connections with the triangles
which have the same coefficient of deformation.

Definition 1
The line segments that have their origin in the triangle’s vertex and divide the opposite
side in n equal segments are called nedians.

We call the nedian A4, being of order i (i€ N'), in the triangle ABC, if 4 divides the

side (BC) in the rapport L (BA=L-BCorC4-=
n

l
n
Observation 1

The medians of a triangle are nedians of order 1, in the case when n =3, these are called
tertian.

We’ll recall from [1] the following:

Proposition 1
Using the nedians of the same of a triangle, we can construct a triangle.

Proposition 2
The sum of the squares of the lengths of the nedians of order i of a triangle ABC is given
by the following relation:

2. 2
AL BB +CC? =" (0 112 1 ) (1)
n
We’ll prove
Proposition3.

The sum of the squares of the lengths of the sides of the triangle 4,B,C,, determined by
the intersection of the nedians of order i of the triangle ABC is given by the following relation:

2 2

A\ 2
AB2+B,C2+C, 4} =("_,—2’)(a2 +b*+c?) )
I"—n+n



Fig. 1

We noted
{4}=CC,N 44, {B}= 44 NBB, {C,}-BBNCC,
Proof

We’ll apply the Menelaus ’theorem in the triangle A4,C for the transversals B — B, — B,,

see Fig. 1.
BA, .BI.C. B,A 1

= 3)
BC BA B4
Because B4, = —, BC = é, B A= (n-i)b , from (3) it results that:
n n n
B =00 44 )
i“—in+n
The Menelaus "theorem applied in the triangle A4 B for the transversal C—C, —C, gives
- CB A4
C4 GB 4 =1 (5)
CB CA A4
(n—i)a (n—i)c ic . . . .
But C4;, =——, C.B=———, C,A=—, which substituted in (5), gives
n n n
in
A4, =——— AA, 6
B i’ —in+n® (©)
It is observed that A B, = AB, — AA, and using the relation (4) and (6) we find:
n(n-2i
ap, -2 ™
i“—in+n
Similarly, we obtain:
n (n -2i )
B,C,=————5 BB, 8
0 P —inen ®)
n(n-2i
Cody = HCQ )
i“—in+n

Using the relations (7), (8) and (9), after a couple of computations we obtain the relation (2).

Observation 2.
The triangle formed by the nedians of order i as sides is similar with the triangle formed
by the intersections of the nedians of order 7.

10



Indeed, the relations (7), (8) and (9) show that the sides 4,5, B,C,, C 4, are
proportional with 44, BB,, CC,

The Russian mathematician V. V. Lebedev introduces in [2] the notion of coefficient of
deformation of a triangle. To define this notion we need a couple of definitions and observations.

Definition 2
If ABC is a triangle and in its exterior on its sides are constructed the equilateral

triangles BCA,,CAB,, ABC, , then the equilateral triangle O,0,0, formed by the centers of the

circumscribed circles to the equilateral triangles, described above, is called the exterior triangle
of Napoleon.

If the equilateral triangles BCA,,CAB,, ABC, intersect in the interior of the triangle ABC
then the equilateral triangle O,’0,'O,’ formed by the centers of the circumscribed circles to

these triangles is called the interior triangle of Napoleon.
Bi

11



Fig. 3

Observation 3

In figure 2 is represented the external triangle of Napoleon and in figure 3 is represented

the interior triangle of Napoleon.

Definition 3

A coefficient of deformation of a triangle is the rapport between the side of the interior
triangle of Napoleon and the side of the exterior triangle of Napoleon corresponding to the same

triangle.

Observation 4

The coefficient of deformation of the triangle ABC 1is
k _ 01 702 ’
0102
Proposition 4
The coefficient of deformation % of triangle ABC ha the following formula:

1
k_(a2+b2+cz—4s\/§]2

10
A +b+ct +4s543 (10)

where s is the aria of the triangle ABC'.

Proof
We’ll apply the cosine theorem in the triangle CO,’O," (see Fig. 3), in which

a3 N

COI,:T/ C02'=T ,and m(<x0,CO,")=C—-60°.
We have

12



3a*  3b? ab

0'0,"=—"—+"—"—-2""cos(C—-60°
10,723 130 2D cos(c-a)
Because
cos(C—60°)=cosC~cos60°+sin60°-sinC:%cosC+g5inC and
2 22
cosCzb—i_za—bc,and
a
absinC =2s,
we obtain
2,22, .2
01,02,2:a +b +6c 453 (11)
Similarly
2 2 2
01022:a +b +g +4s\/§ (12)

By dividing the relations (11) and (12) and resolving the square root we proved the
proposition.

Observation 5
In an equilateral triangle the deformation coefficient is £ =0. In general, for a triangle
ABC, 0<k<1.

Observation 6
From (11) it results that in a triangle is true the following inequality:

> +b+c 2453 (13)
which is the inequality Weitzebock.

Observation 7
In a triangle there following inequality — stronger than (13) — takes also place:

a2+b2+02Z4S\/§+((1—b)2+(b—c)2+(c—a)2 (14)
which is the inequality of Finsher - Hadwiger.

Observation 8
It can be proved that in a triangle the coefficient of deformation can be defined by the

AA’
k= A{; (15)
1
Definition 4

We define the Brocard point in triangle ABC the point Q from the triangle plane, with
the property:
XQAB = <QBC = <xQCA (16)
The common measure of the angles from relation (16) is called the Brocard angle and is noted

13



<QAB =w

Observation 9
A triangle ABC has, in general, two points Brocard € and €' which are isogonal
conjugated (see Fig. 4)

Proposition 5
In a triangle ABC takes place the following relation:

2 2 2
c[gw:q& (17)

B Fig. 4
Proof
We’ll show, firstly, that in a non-rectangle triangle ABC is true the following relation:
ctgw = ctgA + ctgB + ctgC (18)
Applying the sin theorem in triangle AQB and AQC , we obtain

BQ ¢ and AQ b
sinw  sin BQA sinw  sin AQC
Because m(<IBQA)=180°—m(<IB)and m(<):AQC)=180°—m(<):A) from the precedent

relations we retain that

AQ B b sin B (19)
BQ csinA
On the other side also from the sin theorem in triangle ACQB, we obtain
AQ sin(B-ow
_sin(B-a) (20)
BQ sinw
Working outsin (B - a)) , taking into account that b = Smg and thatsin B = sin (A +C ) , We
c sin
obtain (18).
a’+b*+c’
In a triangle ABC is true the relation ctgA = B — (19) and the analogues.
s

14



A C
B’
Fig. 5
Indeed, if m(<4)<90° and B'is the orthogonal projection of B on AC (see Fig. 5),
then
AB' c-cos A
CtgA = =
BB’ BB’
Because BB'= % it results that ctgA = %C:—OSA
S

From the cosine theorem we get
2bccos A=b"+c’*—a’
Replacing in (18) the ctgd, ctgB, ctgC , we obtain (17)

Observation 10

The coefficient of deformation & of triangle ABC is given by
1

k:(ctgw—\/g]2 Q1)

ctgw + \/§

B’ A C
Fig. 6

Indeed, from (10) and (17), it results, without difficulties (21)

Proposition 6 (V.V. Lebedev)
The necessary and sufficient condition for two triangles to have the same coefficient of

deformation is to have the same Brocard angle.

Proof
If the triangles ABC and A4 B,C, have equal coefficients of deformation k =k, then

from relation 21 it results



ctgw — \/g _clgow, — \/5
ctgmw + \/g cigw, + \/§
Which leads to cigw = ctgw, with the consequence thatw = o, .

Reciprocal, if @ =, , immediately results, using (21), that takes place k =k, .

Proposition 7
Two triangles ABC and 4, B,C, have the same coefficient of deformation if and only if
s, _a’+bh’+¢’
s d+b+C
(s, being the aria of triangle A4 B,C,, with the sides a,b,,c,)
Proof
If o, w, are the Brocard angles of triangles ABC and 4,B,C, then, taking into

(22)

consideration (17) and Proposition 6, we’ll obtain (22). Also from (22) taking into consideration
of (17) and Proposition 6, we’ll get k =k, .

Proposition 8
Triangle A4 B.C; formed by the legs of the nediands of order i of triangle ABC and

triangle ABC have the same coefficient of deformation.
Proof

We’ll use Proposition 7, applying the cosine theorem in triangle 4.B,C;, we’ll obtain
BC?=AC’ + AB’ -2 AC.AB, cos A
Because

AC. :i_c’ AB, :M
n

n
it results

, i’ (11—1')2192 2i(n—i)bccos A

BC = e + 02 - )
Ci
Bi
B Aq C
Fig. 7

The cosin theorem in the triangle ABC gives

16



2bccos A=b*+c*-a’
which substituted above gives
2l v (n=i)V b +i(n-i)(a*-p> =
P U W U Uit

10 2
n

a’ (in —1'2)+b2 (n2 —3in +2i2)+c2 (21’2 —in)

2
n

BC? =

Similarly we’ll compute C, 4 and 4B/

It results
AB?+BC>+CA> n®-2in+3i° 23)
a’+b*+c’ n’
If we note

s, = Aria, A B,C,
We obtain

s, =s—(Aria, ABC, + Aria, BAC, + Aria, CAB,) (24)
But

Aria ABC, = %ACI. - AB, sin A

(n—i)b- Y
Aria, ABC, = lMsin A= M
2 n n

Similarly, we find that

Aria BAC, = Aria CAB, = w

n
Revisiting (23) we get that
sn’ = 3in+3i’
S =
n

therefore,

s, n’=3in+3i°

5 _m o33 25)

s n
The relations (23), (25) and Proposition 7 will imply the conclusion.

Proposition 9

The triangle formed by the medians of a given triangle, as sides, and the given triangle
have the same coefficient of deformation.

Proof

The medians are nedians of order I. Using (1), it results

AA’ + BB} +CC; = %(a2 +b*+c?) (26)
The proposition will be proved if we’ll show that the rapport between the aria of the

formed triangle with the medians of the given triangle and the aria of the given triangle is % .

17



D
Fig. 9

If in triangle ABC we prolong the median A4, such that 4D =GA, (G being the center
of gravity of the triangle ABC), then the quadrilateral BGCD is a parallelogram (see Fig. 9).

Therefore CD =BG . It is known that BG = %BBI, CG = %CC1 and from construction we have

that GD = %AA1 . Triangle GDC has the sides equal to % from the length of the medians of the

triangle ABC . Because the median of a triangle divides the triangle in two equivalent triangles
and the gravity center of the triangle forms with the vertexes of the triangle three equivalent

triangle, it results that Aria GDC = %s . On the other side the rapport of the arias of two similar

triangles is equal with the squared of their similarity rapport, therefore, if we note s, the aria of
Aria GDC _ ( 2 jz

the triangle formed by the medians, we have 3

Sy

We find that L = %, which proves the proposition.
s

Proposition 10
The triangle formed by the intersections of the tertianes of a given triangle and the given
triangle have the same coefficient of deformation.

Proof
If 4,B,C, is the triangle formed by the intersections of the tertianes, from relation (2)
we’ll find
A,B+B,Co+Cody 1
a’+b*+c’ 7

18



Al

Fig 10

We note s, the aria of triangle 4,8,C,, we’ll prove that o - l

N
From the formulae (6) and (7), it is observed that 4, = 4B, and CC,=C 4, .

Using the median’s theorem in a triangle to determine that in that triangle two triangle are
equivalent, we have that:

Aria AA,C, = Aria, AC,C = Aria A,B,C, =
= Aria CB,C, = Aria CBB, = Aria, BB A, = Aria _ABA,

) ) ) ) 1 )
Because the sum of the aria of these triangles is s, it results that s, = —s, which shows what we

had to prove.

Proposition 11

We made the observation that the triangle A B,C, and the triangle formed by the
tertianes AA,BB,,CC, as sides are similar. Two similar triangles have the same Brocard angle,

therefore the same coefficient of deformation. Taking into account Proposition 10, we obtain the
proof of the statement

Observation 11

From the precedent observations it results that being given a triangle, the triangles formed
by the tertianes intersections with the triangle as sides, the intersections of the tertianes of the
triangle have the same coefficient of deformation.
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From a problem of geometrical construction to the Carnot circles

Prof. lon Patrascu — The Fratii Buzesti College, Craiova - Romania
Prof. Dr. Florentin Smarandache — University of New Mexico — U.S.A.

In this article we’ll give solution to a problem of geometrical construction and we’ll show
the connection between this problem and the theorem relative to Carnot’s circles.

Let ABC a given random triangle. Using only a compass and a measuring line, construct a point
M in the interior of this triangle such that the circumscribed circles to the triangles MAB and
MAC are congruent.

Construction
We’ll start by assuming, as in many situations when we have geometrical constructions,
that the construction problem is resolved.
A
OsB

Oc

Fig. 1

Let M a point in the interior of the triangle ABC such that the circumscribed circles to
the triangles MAB and MAC are congruent.
We’ll note O, and O, the centers of these triangles, these are the intersections between

the mediator of the segments [AB] and [AC]. The quadrilateral 40.MO, is a rhomb
(therefore M is the symmetrical of the point 4 in rapport to O,0. (see Fig. 1).

A. Step by step construction
We’ll construct the mediators of the segments [A4B]and[AC], let R,S be their

intersection points with [A4B]respectively[AC]. (We suppose thatAB < AC, therefore
AR < AS.) With the compass in 4 and with the radius larger than 4S we construct a circle
which intersects ORin O, and O, respectively OS in O, and O, - O being the
circumscribed circle to the triangle 4ABC .

Now we construct the symmetric of the point A in rapport to O.O,; this will be the
point M , and if we construct the symmetric of the point 4 in rapport to O.O, we obtain the
point M’

Lazare Carnot (1753 — 1823), French mathematician, mechanical engineer and political
personality (Paris).

20



B. Proof of the construction
Because 40, = A0, and M is the symmetric of the point 4 in rapport of O.0,, it

results that the quadrilateral 40.MO, will be a rhombus, therefore O.4=0.M and
0,4A=0,M . On the other hand, O. and O, being perpendicular points of AB respectively
AC ,we have O.4=0.B and O,4=0,C, consequently

O, A=0M =0,A=0,M =0,C,
which shows that the circumscribed circles to the triangles MAB and MAC are congruent.

Similarly, it results that the circumscribed circles to the triangles ABM ' and ACM ' are
congruent, more so, all the circumscribed circles to the triangles MAB, MAC,M ' AB,M ' AC are

congruent.
As it can be in the Fig. 2, the point M ' is in the exterior of the triangle 4BC .

Discussion
We can obtain, using the method of construction shown above, an infinity of pairs
of points M and M', such that the circumscribed circles to the triangles
MAB,MAC,M" AB,M " AC will be congruent. It seems that the point M ' is in the exterior of the

triangle ABC

21



Observation
The points M from the exterior of the triangle ABC with the property described

in the hypothesis are those that belong to the arch BC , which does not contain the vertex 4
from the circumscribed circle of the triangle ABC .
Now, we’ll try to answer to the following:

Questions

1. Can the circumscribed circles to the triangles MAB, MAC with M in the interior of

the triangle ABC be congruent with the circumscribed circle of the triangle ABC
2. Ifyes, then, what can we say about the point M ?

Answers

1. The answer is positive. In this hypothesis we have O4= 40, = A0, and it results
also that O, and O, are the symmetrical of O in rapport to AB respectively AC The point M
will be, as we showed, the symmetric of the point 4 in rapportto O.O, .

The point M will be also the orthocenter of the triangle ABC . Indeed, we prove that the
symmetric of the point 4 in rapport to O.O, is H which is the orthocenter of the triangle ABC

Let RS the middle line of the triangle ABC . We observe that RS is also middle line in the
triangle OO,0,. , therefore O,0,. is parallel and congruent with BC, therefore it results that M

belongs to the height constructed from A in the triangle 4ABC . We’ll note 7' the middle of
[BC] ,and let R the radius of the circumscribed circle to the triangle ABC ; we have

2

oT = Rz—%,where a=BC.
If P is the middle of thesegment [AM ] , we have
2
AP=\[R* PO, = |R® —%.

From the relation AM =2-OT itresults that M is the orthocenter of the triangle 4BC ,
(AH =20T).

The answers to the questions 1 and 2 can be grouped in the following form:

Proposition

There is onlyone point in the interior of the triangle 4BC such that the circumscribed
circles to the triangles MAB, MAC and ABC are congruent. This point is the orthocenter of the

triangle 4BC .

Remark

22



From this proposition it practically results that the unique point M from the interior of
the right triangle ABC with the property that the circumscribed circles to the triangles
MAB,MAC,MBC are congruent with the circumscribed circle to the triangle is the point H , the
triangle’s orthocenter.

Definition
If in the triangle ABC, H is the orthocenter, then the circumscribed circles to the
triangles HAB,HAC,HBC are called Carnot circles.

We can prove, without difficulty the following:
Theorem

The Carnot circles of a triangle are congruent with the circumscribed circle to the
triangle.
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THE POLAR OF A POINT With Respect TO A CIRCLE

Ion Patrascu, Fratii Buzesti National College, Craiova, Romania
Florentin Smarandache, University of New Mexico, Gallup, NM 87301, USA

In this article we establish a connection between the notion of the symmedian of a
triangle and the notion of polar of a point in rapport to a circle

We’ll prove for beginning two properties of the symmedians.

Lemma 1

If in triangle ABC inscribed in a circle, the tangents to this circle in the points B and C
intersect in a point S, then AS is symmedian in the triangle ABC.

Proof
We’ll note L the intersection point of the line AS with BC (see fig. 1).
A
L
B C
5
Fig. 1
We have
AriaAABL BL Aria ABSL
Aria AACL  LC  Aria ACSL
It result
Aria AABS  BL 0
Aria AACS  LC
We observe that
m(£ABS) = m(é) + m(,&J and m(£LACS) = m(é) + m(AJ
We obtain that
siZABS)=sinC and si Z/ACS)=sinB
We have also
AriaAABS AB -SB-sinC _ BL @)

Aria AACS AC-SC-sinB  LC

From the sinus’ theorem it results

24



sinC _ AB
sinB AC
The relations (2) and lead us to the relation
BL (AB)?
to~lac)
which shows that AS is symmedian in the triangle ABC.

€)

Observations

1. The proof'is similar if the triangle ABC is obtuse.

2. If ABC is right triangle in A, the tangents in B and C are parallel, and the
symmedian from A is the height from A, and, therefore, it is also parallel with the
tangents constructed in B and C to the circumscribed circle.

Definition 1
The points A, B, C, D placed, in this order, on a line d form a harmonic division if and
only if
AB CB
AD CD
Lemma 2
If in the triangle ABC, AL is the interior symmedian LeBC, and AP is the external
median PeBC, then the points P, B, L, C form a harmonic division.
Proof
It is known that the external symmedian AP in the triangle ABC is tangent in A to the
circumscribed circle (see fig. 2), also, it can be proved that:

P ()] o
PC \AC
but

E_(Ef )

LC \AC

A
F
B C
Fig. 2

From the relations (1) and (2) it results

PB_LB

PC LC’

Which shows that the points P, B, L, C form a harmonic division.
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Definition 2
If P is a point exterior to circle C (O,r) and B, C are the intersection points of the
circle with a secant constructed through the point P, we will say about the point Qe(BC) with

the property E—(B: = % that it is the harmonic conjugate of the point P in rapport to the circle

C (0,r).

Observation
In the same conjunction, the point P is also the conjugate of the point Q in rapport to
the circle (see fig. 3).

Fig. 3

Definition 3
The set of the harmonic conjugates of a point in rapport with a given circle is called
the polar of that point in rapport to the circle.

Theorem
The polar of an exterior point to the circle is the circle’s cord determined by the points
of tangency with the circle of the tangents constructed from that point to the circle.

Proof

Let P an exterior point of the circle C (O,r) and M, N the intersections of the line PO
with the circle (see fig. 4).

We note T and V the tangent points with the circle of the tangents constructed from
the point P and let Q be the intersection between MN and TV.

Obviously, the triangle MTN is a right triangle in T, TQ is its height (therefore the
interior symmedian, and TP is the exterior symmedian, and therefore the points P, M, Q, N
form a harmonic division, (Lemma 2)). Consequently, Q is the harmonic conjugate of P in
rapport to the circle and it belongs to the polar of P in rapport to the circle.

We’ll prove that (TV) is the polar of P in rapport with the circle. Let M'N’ be the
intersections of a random secant constructed through the point P with the circle, and X the
intersection of the tangents constructed in M’ and N’ to the circle.

In conformity to Lemma 1, the line XT is for the triangle M'TN’ the interior
symmedian, also TP is for the same triangle the exterior symmedian.

If we note Q' the intersection point between XT and M'N’ it results that the point Q' is
the harmonic conjugate of the point P in rapport with the circle, and consequently, the point
Q' belongs to the polar P in rapport to the circle.
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Fig. 4

For the triangle VM'N’, according to Lemma 1, the line VX is the interior symmedian
and VP is for the same triangle the external symmedian. It will result, according to Lemma 2,
that if {Q"}=VX nM'N', the point Q" is the harmonic conjugate of the point P in rapport to
the circle. Because the harmonic conjugate of a point in rapport with a circle is a unique point,

it results that Q'=Q". Therefore the points V, T, X are collinear and the point Q' belongs to the
segment (TV).

Reciprocal

If Qie(TV) and PQ; intersect the circle in M; and N, we much prove that the point
Q1 is the harmonic conjugate of the point P in rapport to the circle.

Let X, the intersection point of the tangents constructed from M; and N to the circle.
In the triangle M|TN; the line XiT is interior symmedian, and the line TP is exterior

symmedian. If {Q1 }= X,T~M;N, then P, M, Q;, N; form a harmonic division.
Similarly, in the triangle M1VN; the line VX is interior symmedian, and VP exterior
symmedian. If we note {Q;}=VX1 NM4Ny, it results that the point Q'1' is the harmonic

conjugate of the point P in rapport to M and N;. Therefore, we obtain Q'1 =Q'1' . On the other
side, X1, T, Q'1 and V, X, Q'1' are collinear, but Q'1=Q‘1‘, it result that X;, T, Q'1, V are

collinear, and then Q'1 =Q1, therefore Q; is the conjugate of P in rapport with the circle.
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Several Metrical Relations Regarding the Anti-Bisector,
the Anti-Symmedian, the Anti-Height and their Isogonal

Professor lon Patragcu — Fratii Buzesti National College, Craiova
Professor Florentin Smarandache —University of New Mexico, U.S.A.

We suppose known the definitions of the isogonal cevian and isometric cevian; we
remind that the anti-bisector, the anti-symmedian, and the anti-height are the isometrics of the
bisector, of the symmedian and of the height in a triangle.

It is also known the following Steiner (1828) relation for the isogonal cevians A4, and
AA, .

1 -

BA B4, (AB jz
C4 c4 \4AC
We’ll prove now that there is a similar relation for the isometric cevians

Proposition
In the triangle ABC let consider 44, and A4, two isometric cevians, then there exists
the following relation:

sin(B14,) sin(Bdd,) _[sinsz *)

Sln(m) Sln(CTAZ)_ sinC
Proof
A
C
Ay
B Aq

Fig. 1

The sinus theorem applied in the triangles 4BA,, ACA, implies (see above figure)

Sin(m) _sinB

(1)

BA, A4,
sin(CA4)  ginc o
A A4,
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From the relations (1) and (2) we retain
sin (BAAI) _sinB_B4,
Sin(m) sinC CA4,

(3)

The sinus theorem applied in the triangles ACA,, AB4, leads to

sin (64;1) sinC 4)
AC A4
sin (m) sin B (5)
—r=— 5
BA AA

From the relations (4) and (5) we obtain:
sin (@1) _sinB BA
sin(C/A\A{) T sinC CA4,

Because B4, = C4, and A4C = B4, ) the cevians being isometric), from the relations (3)

and (6) we obtain relation (*) from the proposition’s enouncement.

(6)

Applications
1. If A4, is the bisector in the triangle 4BC and A4, is its isometric, that is an

anti-bisector, then from (*) we obtain

sin (BAAI) ) (sin B jz )
sin (CAA; ) sinC
Taking into account of the sinus theorem in the triangle 4BC we obtain
sin (BAA; ) ACY
= (8)
AB

sin (C/'AE1 )
2. If AA, is symmedian and A4, is an anti-symmedian, from (*) we obtain

sin (C;lzl ) 4B
Indeed, A4, being symmedian it is the isogonal of the median AM and
sin (AZ‘I\B ) sin B and
sin ( ) sinC
sm(BAAl) sm MAC _sinC_ AB
Sln(CAA ) sm MAB “sinB AC

1
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3. If A4, is a height in the triangle ABC, 4, € (BC) and A4, is its isometric (anti-
height), the relation (*) becomes.

sin (B ) ( j cosC

sin (C ’) cos B
Indeed

sin (Z?A\AI) B—AI sm(CAA ) ]

AB AC

therefore

sin (BAAI) AC B4,

sin (CAAI) 4B C4,

From (*) it results

Sln( ) AC . CAI

szn( ) AB B4,
or

CA = AC-cosC and BA, = AB-cos B
therefore

Sm<BA%)_(ACT.awC
sin (CAA;) AB ) cosB

4. If AA, is the isogonal of the anti-bisector A4, then
BA (A4BY
= (—j (Maurice D’Ocagne, 1883)
AC \ AC

Proof

The Steiner’s relation for 44, and A4, is
BA, B{_(ABT
AC AC \AC

. . . . BA, AB :
But A4, is the bisector and according to the bisector theorem _Al =C but B4, = CA, and

1

AC = BA, therefore
CA 4B
B4, AC
and we obtain the D’Ocagne relation
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5. Ifin the triangle 4BC the cevian A4, is isogonal to the symmedian A4 then
(41
AC \AC

Proof

Because A4, is a symmedian, from the Steiner’s relation we deduct that
B4 _ (ﬁj
C4, \ AC

The Steiner’s relation for A4,, A4, gives us
34.34_(ABT
A4C c4 \4c

Taking into account the precedent relation, we obtain

vl
4c \ac
6.
If A4, is the isogonal of the anti-height A4, in the triangle 4BC in which the height

AA, has 4 e (BC) then
34’_(A3)3<ms3

A4C \4C) cosC

Proof

If A4, is height in triangle ABC 4, € (BC) then
B4, AB cosB
AC  AC cosC

Because A4, is anti-median, we have BA, = C4, and 4,C = BA, then
BA" AC cosC
A"C AB cosB

Observation
The precedent results can be generalized for the anti-cevians of rang k and for their
isogonal.
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An Important Application of the Computation of the Distances between
Remarkable Points in the Triangle Geometry

Prof. Ion Patrascu, The Fratii Buzesti College, Craiova, Romania
Prof. Florentin Smarandache, University of New Mexico, U.S.A.

In this article we’ll prove through computation the Feuerbach’s theorem relative to the
tangent to the nine points circle, the inscribed circle, and the ex-inscribed circles of a given
triangle.

Let ABC a given random triangle in which we denote with O the center of the
circumscribed circle, with / the center of the inscribed circle, with H the orthocenter, with 7,
the center of the 4 ex-inscribed circle, with O, the center of the nine points circle, with

a+b+c . . . . . . .
p= 5 the semi-perimeter, with R the radius of the circumscribed circle, with » the

radius of the inscribed circle, and with r, the radius of the A ex-inscribed circle.

Proposition

In a triangle ABC are true the following relations:
(1) OI’ =R* -2Rr Euler’s relation
(i)  OI’ =R*+2Rr, Feuerbach’s relation
(i) OH?=2r"-2p>+9R*>+8Rr
(iv) IH?>=3r-p’+4R*+4Rr
(v) IH> =7’ —p* +2r +4R* +4Rr

Proof

(1) The positional vector of the center / of the inscribed circle of the given triangle ABC is
Pi =——(aPA+bPB+cPC)
2p
For any point P in the plane of the triangle 4ABC .
We have
Ol = (a0 +b0B +cOC)
2p
We compute OI xOI , and we obtain:
or-! (a°04° +b*0B> +¢*0C” +2abOAx OB +2bcOB x OC +2caOC x OA )

p
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From the cosin’s theorem applied in the triangle OBC we get
2

OBxOC=R*- %
and the similar relations, which substituted in the relation for OI*> we find

1
oI’ = R*-4p®> —abc-2
4p2 ( p p)
Because abc =4Rs and s = pr it results (1)

(i)  The position vector of the center /, of the A ex-inscribed circle is give by:

1 .
Pl,=————(-aPA+bPB+cPC
‘ 2(p—a)( )
We have:
OI, =—————(-a0A+bOB +cOC
2(p—a)( )
Computing 51;51; we obtain
2 2 2
or’ —p. XA 4 5i0B+— " _0B0C-—% __0ix0C
2(p-a)” 2(p-a) 2(p-a) 2(p-a)

2
Because OBxOC = R’ _a? and s=r,(p-a), executing a simple computation we obtain the

Feuerbach’s relation.

(iii)  In atriangle it is true the following relation
OH = 0A+0B+0C
This is the Sylvester’s relation.
We evaluate OH x OH and we obtain:
OH’ = 9R? — (a*+b°+J7).
We’ll prove that in a triangle we have:
ab+bc+ca=p’>+r’ +4Rr

and
a’+b’ +c* =2p° -2r° —8Rr
We obtain
2
S_Z(P—a)(p—b)(p—c)z—p3 +p(ab+bc+ca)—abc
p
Therefore
2
S—2: -p’ +ab+bc+ca——4RS
p
We find that
ab+bc+ca=p>+r’ +4Rr
Because
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a’+b’+c’ =(a+b+c)2 —2(ab+bc+ca)

it results that
a’+b*+c*=2p*-2r* —8Rr

which leads to (iii).

(iv)  Inthe triangle ABC we have
IH = OH - OI

We compute /H”, and we obtain:
IH? =OH* +OI* —-20H - Ol

OFf 01 = (0408 +0C)- (a0 +40B +¢0C

O—Hx&=%[Rz(a+b+c)+(a+b)xax@+(b+c)x0—3x%+(c+a)xafx@:|:
p

a+b+ a’ +bt+

=3R* - -
2(a+b+c) 2
[ = 4R - oRy L0
a+b+c

To express a’ +b’ + ¢’ in function of p,r,R we’ll use the identity:
a+b’+c’ —3abc=(a+b+c)(a2 +bh*+c’ —ab—bc—ca).
and we obtain
a+b+c’ = 2p(p2 -3 —6Rr)

Substituting in the expression of /H”, we’ll obtain the relation (iv)

(v) We have

AL =—

2(p-a)

We’ll compute HI x HI,

(—am +bHB + CH—C)

Hla2 = —z(azHA2 +b*HB? + AHC? —2abHAx HB - 2acHAx HC +2bc HB x H—C)
4(p-a)
If 4, is the middle point of (BC ) it is known that AH = 254»1 , therefore
AH? =4R* - a°
also,
HAxHB = (@ + WE)(WE + @)
We obtain:
HAxHB = 4R* —l(a2 +b’ +c2)
2
Therefore
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a’+b’+c =2(p2—r2—4Rr)

It results
HAx HB = r* —p° +4R* +4Rr
Similarly,
HBxHC = HCx HA = r* —p> +4R* +4Rr
Hi? = ﬁ[%’?z (a2 +b’ +cz)— (a4 +b* +c4) +(r2 - p> +4R* + 4Rr)(2bc —2ab - 2ac)}
4(p-a

Because b+c—a=2(p-a), it results

2bc—2ab—2ac=4(p—a)2—(a2+b2+cz)

HI® =;2[(a2 +b’ +cz)(p2 —r? —4Rr)+4(p—a)2 (r2 ~p*+4R® +4Rr)—(a4 +b* +c4)}
4(p-a)
It is known that

16s*> =2a°b* +2b*c* +2c¢’a’ —a* - b* - ¢*
From which we find
a’b* +b*c*+c’a’ = (ab +bc+ ca)2 - 2abc(a +b+ c) = (r2 +p’ +4Rr)2 —4pabc

Substituting, and after several computations we obtain (V).
Theorem (K. Feuerbach)

In a given triangle the circle of the nine points is tangent to the inscribed circle and to the
ex-inscribed circles of the triangle.

Proof

We apply the median’s theorem in the triangle O/H and we obtain
410; =2(0I" + IH” ) - OH’

We substitute OI°,IH*,OH” with the obtained formulae in function of »,R,p and after several

simple computations we’ll obtain
R

10, =—~r
2
This relation shows that the circle of the nine points (which has the radius g) is tangent to

inscribed circle.
We apply the median’s theorem for the triangle O/ H , and we obtain

41,0; =2(01, +1,H*)-OH’
We substitute Of ,1 H,OH and we’ll obtain
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[aO‘) :£+ra
2

This relation shows that the circle of the nine points and the A- ex-inscribed circle are
tangent in exterior.

Note

In an article published in the Gazeta Matematica, no. 4, from 1982, the late Romanian
Professor Laurentiu Panaitopol asked for the finding of the strongest inequality of the type
kR*> + hr* > a” +b* +c” and proves that this inequality is

SR*+4r’ >a’ +b’ +¢”

Taking into consideration that

a’+b*+c’
2
and that /H* >0 we re-find this inequality and its geometrical interpretation.

IH? =4R* + 21" -
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The Duality and the Euler’s Line

Prof. Ion Patrascu — The Fratii Buzesti National College, Craiova - Romania
Prof. Florentin Smarandache — University of New Mexico — U.S.A.

In this article we’ll discuss about a theorem which results from a duality transformation
of a theorem and the configuration in relation to the Euler’s line.

Theorem
Let ABC a given random triangle, / the center of its inscribed circle, and 4'B'C"’ its
triangle of contact. The perpendiculars constructed in / on Al, BI, CI intersect BC, CA, AB

respectively in the points A4, B,, C,. The medians of the triangle of contact intersect the second
time the inscribed circle in the points 4 ', B, C,', and the tangents in these points to the
inscribed circle intersect the lines BC, CA, AB in the points 4,, B,, C, respectively.

Then:
1) The points 4, B, C, are collinear;
1) The points 4,, B,, C, are collinear;
iii))  The lines 4 B,, 4,B, are parallel.

Proof

We’ll consider a triangle 4’ B'C’ circumscribed to the circle of center O . Let
A'"A", B'B", C'C" its heights concurrent in a point H and 4'M, B'N, C'P its medians
concurrent in the weight center G . It is known that the points O, H, G are collinear; these are
situated on the Euler’s line of the triangle 4'B'C".

We’ll transform this configuration (see the figure) through a duality in rapport to the
circumscribed circle to the triangle 4'B'C’.

To the points A’, B', C" correspond the tangents in A', B', C' to the given circle, we’ll

note 4, B, C the points of intersection of these tangents. For triangle 4BC the circle 4'B'C’
becomes inscribed circle, and 4’ B'C’ is the triangle of contact of ABC .
To the mediators A'M, B'N, C'P will correspond through the considered duality, their

pols, that is the points 4,, B,, C, obtained as the intersections of the lines BC, CA, AB with the
tangents in the points A4, B, C,'" respectively to the circle 4’'B'C' (4, B,', C," are the
intersection points with the circle 4’ B'C' of the lines (A'M, (B'N, (C'P). To the height

A'M corresponds its pole noted 4, situated on BC such that m(@l) =90° (indeed the pole
of B'C' is the point A and because 4'M | B'C’ we have m(A/OZ) =90°), similarly to the
height B’ N we’ll correspond the point B, on AC such that m (B/OEI) =90°, and to the height

C'N will correspond the point C, on AB such that m (C/O\Q) =90°.
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Because the heights are concurrent in A it means that their poles, that is the points
A4, B,, C, are collinear.

Because the medians are concurrent in the point G it means that their poles, that is the
points 4,, B,, C, are collinear.

The lines 4 B,C, and 4,B,C, are respectively the poles of the points // and G , because
H, G are collinear with the point O ; this means that these poles are perpendicular lines on OG

respectively on OH ; consequently these are parallel lines.
By re-denoting the point O with 7/ we will be in the conditions of the propose theorem
and therefore the proof is completed.

Note

This theorem can be proven also using an elementary method. We’ll leave this task for
the readers.
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Two Applications of Desargues’ Theorem

Prof. Florentin Smarandache, University of New Mexico, U.S.A.
Prof. Ton Patragcu, The National College “Fratii Buzesti”, Craiova, Romania

In this article we will use the Desargues’ theorem and its reciprocal to solve two
problems.

For beginning we will enunciate and prove Desargues’ theorem:
Theorem 1 (G.Desargues, 1636, the famous “perspective theorem”: When two triangles

are in perspective, the points where the corresponding sides meet are collinear.)
Let two triangle ABC and 4,B,C, be in a plane such that A4 N BB, NCC, ={0},

ABNAB ={N}
BCNBC ={M}
CANC 4 ={P}

then the points N, M, P are collinear.

Ay

Fig. 1
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Proof
Let {O}=A44 NBB NCC,, see Fig.l.. We’ll apply the Menelaus’ theorem in the

triangles OAC; OBC; OAB for the transversals N, 4,,C; M,B,,C,; P,B,, 4,, and we obtain
NA.CIC.AIO:1 0
NC CO A4A
MC.BIB_CIO_1
MB BO CC
2.2 —1 (3)
PA BB AO

By multiplying the relations (1), (2), and (3) side by side we obtain

2)

NC MB PA
This relation, shows that N, M, Pare collinear (in accordance to the Menealaus’

theorem in the triangle 4BC).

Remark 1

The triangles 4BC and A B,C, with the property that A4,,BB,,CC, are concurrent are
called homological triangles. The point of concurrency point is called the homological point of
the triangles. The line constructed through the intersection points of the homological sides in the
homological triangles is called the triangles’ axes of homology.

Theorem 2 (The reciprocal of the Desargues’ theorem)
If two triangles 4BC and A4 B,C, are such that

ABNAB ={N}
BCNBC, ={M}
CANC 4 ={P}
And the points N, M, P are collinear, then the triangles 4BC and 4 B,C, are homological.
Proof
We’ll use the reduction ad absurdum method .
Let
A4 N BB, ={0}
A4 Ncc ={o0}
BB,NCC, ={0,}

We suppose that O = O, = O, = Os.

The Menelaus’ theorem applied in the triangles OAB, O,AC, O,BC for the transversals
N,A4,B; P,A.,C; M,B,,C,, gives us the relations

i el —1 4)
NA BB A0
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PA A0, CC _,

= (%)
PC 40 CO,
MC BB CO, _, ©
MB BO CC

Multiplying the relations (4), (5), and (6) side by side, and taking into account that the points
N, M, P are collinear, therefore

PA MC NB _

il gy | (7)
PC MB NA

We obtain that
40, BO C0, _ (®)
40 BO, CO,
The relation (8) relative to the triangle 4 B,C, shows, in conformity with Menelaus’ theorem,
that the points O,0,,0, are collinear. On the other hand the points O, O, belong to the line A4, ,
it results that O, belongs to the line AA4,. Because BB NCC ={0,}, it results that
{02} = AA4, N BB, N CC,, and therefore O, = O, = O, which contradicts the initial supposition.

Remark 2
The Desargues’ theorem is also known as the theorem of the homological triangles.

Problem 1

If ABCD is a parallelogram, 4, € (4B),B, € (BC),C €(CD),D, € (DA) such that the
lines 4.D,,BD,B,C, are concurrent, then:

a) The lines AC, 4,C, and B,D, are concurrent

b) The lines 4,B,,C,D, and AC are concurrent.
Solution

Fig. 2
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Let {P} = 4D NBC,NBD see Fig. 2. We observe that the sides 4D, and BC,; CC,
and AD,; A A and CB, of triangles A4 D, and CB,C, intersect in the collinear points P,B,D .

Applying the reciprocal theorem of Desargues it results that these triangles are homological, that
is, the lines: AC, 4, C, and B,D, are collinear.

Because {P}= 4D, NBC,NBD it results that the triangles DC D, and BB/A, are

homological. From the theorem of the of homological triangles we obtain that the homological
lines

DC, and BB,; DD, and BA; D,C, and 4B, intersect in three collinear points, these are
C,4,0, where {0} = D,C\N4,B,. Because Q is situated on AC it results that 4,B,,C,D, and
AC are collinear.

Problem 2
Let ABCD a convex quadrilateral such that
ABNCB={E}
BCNAD ={F}
BDNEF ={P}
ACNEF ={R}
ACNBD ={0}

We note with G, H, I, J, K, L, M, N, Q, U, V, Trespectively the middle points of
the segments: (AB),(BF),(AF),(AD),(AE),(DE),(CE),(BE),(BC),(CF),(DF),(DC). Prove
that

1) The triangle POR is homological with each of the triangles:
GHI, JKL, MNQ, UVT .

i1) The triangles GHI and JKL are homological.

111) The triangles MNQ and UVT are homological.

1v) The homology centers of the triangles GHI, JKL, POR are collinear.
V) The homology centers of the triangles MNQ, UVT, POR are collinear.

Solution

1) when proving this problem we must observe that the 4BCDEF is a complete
quadrilateral and if O,,0,,0; are the middle of the diagonals (AC),(BD) respective EF , these
point are collinear. The line on which the points O,,0,,0, are located is called the Newton-

Gauss line [* for complete quadrilateral see [1]].
The considering the triangles POR and GHI we observe that GINOR ={0,} because

GI is the middle line in the triangle ABF and then it contains the also the middle of the
segment (AC), which is O,. Then HI PR ={0,} because HI is middle line in the triangle

AFB and O, is evidently on the line PR also. GH 1 PO ={0,} because GH is middle line in
the triangle BAF and then it contains also O, the middle of the segment (BD).
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The triangles GIH and ORP have as intersections of the homological lines the collinear
points O,,0,,0;,, according to the reciprocal theorem of Desargues these are homological.

Fig. 3

Similarly, we can show that the triangle ORP is homological with the triangles JKL,
MNQ , and UVT (the homology axes will be O,,0,,0;).
i) We observe that

GINJK ={0,}
GHNJL={0,}
HINKL ={0,}

then O,,0,,0, are collinear and we obtain that the triangles GIH and JKL are homological

111) Analog with ii)

v) Apply the Desargues’ theorem. If three triangles are homological two by two, and
have the same homological axes then their homological centers are collinear.

V) Similarly with iv).

Remark 3
The precedent problem could be formulates as follows:
The four medial triangles of the four triangles determined by the three sides of a given

complete quadrilateral are, each of them, homological with the diagonal triangle of the complete
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quadrilateral and have as a common homological axes the Newton-Gauss line of the complete
quadrilateral.

We mention that:

- The medial triangle of a given triangle is the triangle determined by the middle points

of the sides of the given triangle (it is also known as the complementary triangle).

- The diagonal triangle of a complete quadrilateral is the triangle determined by the

diagonals of the complete quadrilateral.

We could add the following comment:

Considering the four medial triangles of the four triangles determined by the three sides
of a complete quadrilateral, and the diagonal triangle of the complete quadrilateral, we could
select only two triplets of triangles homological two by two. Each triplet contains the diagonal
triangle of the quadrilateral, and the triplets have the same homological axes, namely the
Newton-Gauss line of the complete quadrilateral.

Open problems

1. What is the relation between the lines that contain the homology centers of the
homological triangles’ triplets defined above?

2. Desargues theorem was generalized in [2] in the following way: Let’s consider the
points As,...,Ansituated on the same plane, and Bh,...,Bn situated on another plane,
such that the lines AiBiare concurrent. Then if the lines AiAjand BiB;jare concurrent,
then their intersecting points are collinear.

Is it possible to generalize Desargues Theorem for two polygons both in the same
plane?

3. What about Desargues Theorem for polyhedrons?
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An Application of Sondat’s Theorem

Regarding the Ortho-homological Triangles

Ion Patrascu, “Fratii Buzesti” National College, Craiova, Romania;
Florentin Smarandache, ENSIETA, Brest, France.

In this article we prove the Sodat’s theorem regarding the ortho-homogolgical triangle
and then we use this theorem along with Smarandache-Patrascu theorem to obtain another
theorem regarding the ortho-homological triangles.

Theorem (P. Sondat)
Consider the ortho-homological triangles ABC, ABC,. We note Q, (@, their

orthological centers, P the homology center and d their homological axes. The points P, O,
O, belong to a line that is perpendicular on d
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Proof.

Let Q the orthologic center of the ABC the 4 B,C, (the intersection of the perpendiculars
constructed from 4, B,, C, respectively on BC, CA, AB), and Q, the other orthologic center of
the given triangle.

We note {B'}=CANC A4, {4'1=BCNBC,, {C'}=ABNAB,.

We will prove that PQ 1 d which is equivalent to

B'P’-B'Q°=C'P*-C'Q’ (1)

We have that

E‘l: :aA—lA: FB—; =pBB, PC,=yCC

From Menelaus’ theorem applied in the triangle PAC relative to the transversals

B', C|, A, we obtain that

B'C o

B4y (2)
The Stewart’s theorem applied in the triangle PAB' implies that
PA>-CB'+PB"”-AC—PC*-AB'= AC-CB" AB' 3)
Taking into account (2), we obtain:
yPC* —aPA> =(y—a)PB"—aB'A> + yB'C’ 4)

Similarly, we obtain:

yOC* —QA* =(y—a) OB+ yB'C* —aB' 4 (5)
Subtracting the relations (4) and (5) and using the notations:

PA*—0A* =u, PB*—Q0B* =v, PC* -QC* =t

we obtain:
pRP—pp” == (6)
y-o
The Menelaus’ theorem applied in the triangle PAB for the transversal C', B, 4, gives
C'B «
=2 (7
C'd4 p
From the Stewart’s theorem applied in the triangle PC'A and the relation (7) we obtain:
aPA* - BPB’ =(a-B)C'P* +aC' 4’ - fC'B’ (8)
Similarly, we obtain:
aQA’ - OB’ =(a-B)C'O* +aC' A’ — BC' B’ 9)
From (8) and (9) it results
Cvpz_Cszzw (10)
a-f

The relation (1) is equivalent to:
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ofp(u—v)+By(v—t)+yx(t—u)=0 (11)
To prove relation (11) we will apply first the Stewart theorem in the triangle CAP, and
we obtain:

CA® - PA + PC* - A A—CA} - PA=PA, - A A- PA (12)
Taking into account the previous notations, we obtain:
oCA* + PC* —CA (1+ o) = PA} + a4 A (13)
Similarly, we find:
oBA* + PB* —BA’ (1+ o) = PA’ + a4 A (14)
From the relations (13) and (14) we obtain:
aBA* —aCA* + PB* — PC* —(1+a) (B4} —C4} ) =0 (15)

Because 4,0 L BC, we have that B4’ —CA = QB> —QC?, which substituted in relation (15)
gives:

BA—CA +0C*—0B* ==Y (16)
Similarly, we obtain the relations: ¢
CB* - AB* + QA% —QC? =¥ ~! (17)
B
AC?—BC>+0B> - 04> =Y"1 (18)
By adding the relations (16), (17) and (18) side by side, we obtain
t—v+u—t+v—u:0 (19)

a By
The relations (19) and (11) are equivalent, and therefore, PO 1 d, which proves the
Sondat’s theorem.

Theorem (Smarandache — Patrascu)
Consider triangle ABC and the inscribed triangle 4 B,C, ortho-homological, O, O, their

centers of orthology, P the homology center and d their homology axes. If 4,B,C, is the podar
triangle of Q,, F, is the homology center of triangles ABC and 4,B,C,, and d, their homology

axes, then the points P, O, Q,, F, are collinear and the lines d and d, are parallel

Proof.
Applying the Sondat’s theorem to the ortho-homological triangle ABC and 4,B,C,, it

results that the points P, O, O, are collinear and their line is perpendicular on d. The same
theorem applied to triangles 4ABC and A4,B,C, shows the collinearity of the points B, O, O,
and the conclusion that their line is perpendicular on d, .

From these conclusions we obtain that the points P, O, O,, F are collinear and the

parallelism of the lines d and d, .
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Another proof of a theorem relative to the orthological triangles

Ion Patragcu — National College “Fratii Buzesti, Craiova, Romania
Florentin Smarandache — New Mexico University, U.S.A.

In [1] we proved, using barycentric coordinates, the following theorem:

Theorem: (generalization of the C. Cosnita theorem)
If P is a point in the triangle’s ABC plane, which is not on the circumscribed triangle,
A'B'C" 1s its pedal triangle and 4, B,,C, three points such that

PAPA = PB"PB =PC"PC, =k, keR,
then the lines 44,, BB,, CC, are concurrent.
Bellow, will prove, using this theorem, the following:

Theorem
If the triangles ABC and 4,B,C, are orthological and their orthological centers coincide,
then the lines 44, BB,, CC, are concurrent (the triangles ABC and 4,B,C, are homological).

Proof:
Let O be the unique orthological center of the triangles ABC and 4 B,C, and

{X,}=40NBC,
{X,}=BONAC,
{X,}=CON4B,

We denote
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(X} -04,n5C
{Y,} =0B,NAC
{Y3} =0C, NAB
We observe that [J O4Y, = OC, X, (angles with perpendicular sides).
Therefore:
sinOAY, = or,
04
sinOC\ X, = ox,
ocC,
then
OX,-04=0Y,-0C,
Also
0 oC X, =00BY,
therefore
sinOC, X, = ox,
ocC,
sin0BY, = 25
OB

and consequently:
0X,-OB=0Y,-0C,
Following the same path:

sinO4, X, = % =sin OBY, = %
ocC, OB
from which
OX,-OB=04,-0Y,
Finally
sinO4 X, = 0X, =sinOCY, = %
04, oC
from which:

OX,-0C=04,-0Y,
The relations (1), (2), (3), (4) lead to
0X,-04=0X,-0OB=0X,-0C

(1

)

3)

(4)

)

From (5) using the Cosnita’s generalized theorem, it results that 4 4, BB, C,C are

concurrent.

Observation:

If we denote P the homology center of the triangles ABC and 4 B,C, and d is the
intersection of their homology axes, them in conformity with the Sondat’s theorem, it results

that OP L d
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Two Triangles with the Same Orthocenter and a Vectorial Proof of
Stevanovic’s Theorem

Prof. Ion Patrascu — The National College “Fratii Buzesti”, Craiova, Romania
Prof. Florentin Smarandache — University of New Mexico, U.S.A.

Abstract. In this article we’ll emphasize on two triangles and provide a vectorial proof of
the fact that these triangles have the same orthocenter. This proof will, further allow us to
develop a vectorial proof of the Stevanovic’s theorem relative to the orthocenter of the
Fuhrmann’s triangle.

Lemma 1

Let ABC an acute angle triangle, H its orthocenter, and A',B',C' the symmetrical
points of H in rapport to the sides BC,CA, AB.

We denote by X,Y,Z the symmetrical points of 4,B,C in rapport to B'C',C'A4',A'B'
The orthocenter of the triangle XYZ is H .

Fig. 1

Proof

We will prove that XH | YZ, by showing that XH-YZ =0.
We have (see Fig.1)

VH = AH — AX
BC=BY +YZ+ZC,
from here
YZ = BC—BY — ZC
Because Y is the symmetric of B in rapport to A'C' and Z is the symmetric of C in
rapport to A'B', the parallelogram’s rule gives us that:
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BY = BC'+ BA'
CZ=CB'+CA'.
Therefore

—_— —

YZ=BC~(BC'+BA')+B'C+4'C
But

BC'= BH + HC'

BA'=BH + HA'

CB'=CH + HB'

CA'=CH + HA'
By substituting these relations in the YZ , we find:

YZ=BC+C'B'

We compute

ﬁ-ﬁ:(E—E)-(B_C’Jrﬁ):AX-BC+AH-C'B'—AX-BC—AX-C'B'

Because

AH 1 BC
we have

AH-BC =0,
also

AX 1L B'C'
and therefore

AX-B'C'=0.

We need to prove also that
XH-YZ = AH-C'B'— AX - BC
We note:
{U}=4XNBC and {V} = 4HNB'C’
AX -BC = AX - BC-cox<((AX,BC) = AX - BC - cox(<4UC)
AH-C'B'= AH-C'B"cox<t(AH,C'B") = AH -C' A"-cox(<AVC")
We observe that
qAUC = <4VC" (angles with the sides respectively perpendicular).
The point B' is the symmetric of H in rapport to 4C , consequently
<HAC = <CAB',
also the point C' is the symmetric of the point H in rapport to 4B, and therefore
<HAB = <BAC".
From these last two relations we find that
<IB'AC'=2<4.
The sinus theorem applied in the triangles AB'C"' and ABC gives:
B'C'=2R-sin24
BC =2Rsin 4
We’ll show that
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AX -BC = AH-C'B',
and from here

AX -2Rsin A= AH -2R-sin2 A4
which is equivalent to

AX =2AH cos A

We noticed that

<B'AC'=24,
Because

AX L B'C",
it results that

<TAB = <A,

we noted {T}=AXNB'C".
On the other side

AC'= AH, AT:%AY,

and
AT = AC'cos A= AH cos A4,
therefore
XH -YZ =0.
Similarly, we prove that
YH | X7,

and therefore H is the orthocenter of triangle XYZ .
Lemma 2
Let ABC a triangle inscribed in a circle, / the intersection of its bisector lines, and

A',B',C" the intersections of the circumscribed circle with the bisectors A/, BI,CI respectively.
The orthocenter of the triangle A'B'C"' is [ .

SRS
K

B C




Proof
We’ll prove that 4'7 | B'C".

Let
0= n{TC) =73,
6= m(ﬁ') = m(ﬂ)
= (€)= m(EB)
Then
1
m<I(A'IC'):E(a+ﬁ+’y)
Because
2(a+ B+7)=360°
1t results
m<(A'IC")=90°,
therefore
A'l L B'C'.
Similarly, we prove that
B'I1 A'C',

and consequently the orthocenter of the triangle A'B'C' is I, the center of the circumscribed
circle of the triangle ABC .

Definition
Let ABC a triangle inscribed in a circle with the center in O and A',B',C"' the middle of

the arcs B/—E, 64, 4B respectively. The triangle XYZ formed by the symmetric of the points
A',B',C" respectively in rapport to BC,CA, AB is called the Fuhrmann triangle of the triangle
ABC.

Note

In 2002 the mathematician Milorad Stevanovic proved the following theorem:

Theorem (M. Stevanovic)

In an acute angle triangle the orthocenter of the Fuhrmann’s triangle coincides with the
center of the circle inscribed in the given triangle.

Proof

We note A'B'C' the given triangle and let 4,B,C respectively the middle of the arcs

E'—E', 671\4', A'B (see Fig. 1). The lines 44',BB',CC" being bisectors in the triangle 4'B'C"'
are concurrent in the center of the circle inscribed in this triangle, which will note A, and which,
in conformity with Lemma 2 is the orthocenter of the triangle 4BC . Let XYZ the Fuhrmann
triangle of the triangle 4'B'C"', in conformity with Lemma 1, the orthocenter of XYZ coincides
with H the orthocenter of 4BC, therefore with the center of the inscribed circle in the given
triangle 4'B'C".
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Two Remarkable Ortho-Homological Triangles

Prof. Ton Patragcu - The National College “Fratii Buzesti”, Craiova, Romania
Prof. Florentin Smarandache — University of New Mexico, U.S.A.

In a previous paper [5] we have introduced the ortho-homological triangles, which are
triangles that are orthological and homological simultaneously.

In this article we call attention to two remarkable ortho-homological triangles (the given
triangle ABC and its first Brocard’s triangle), and using the Sondat’s theorem relative to
orthological triangles, we emphasize on four important collinear points in the geometry of the
triangle. Orthological / homological / orthohomological triangles in the 2D-space are generalized
to orthological / homological / orthohomological polygons in 2D-space, and even more to
orthological / homological / orthohomological triangles, polygons, and polyhedrons in 3D-space.

Definition 1
The first Brocard triangle of a given triangle ABC is the triangle formed by the
projections of the symmedian center of the triangle ABC on its perpendicular bisectors.

Observation
In figure 1 we note with K the symmedian center, OA', OB', OC" the perpendicular

bisectors of the triangle ABC and A4 B,C, the first Brocard’s triangle.

A
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Theorem 1
If ABC is a given triangle and 4 B,C, is its first triangle Brocard, then the triangles

ABC and A4 B,C, are ortho-homological.

We’ll perform the proof of this theorem in two stages.
L. We prove that the triangles 4, B,C, and ABC are orthological.

The perpendiculars from 4,, B,, C, on BC, CA respective AB are perpendicular

bisectors in the triangle ABC, therefore are concurrent in O, the center of the
circumscribed circle of triangle ABC which is the orthological center for
triangles 4,B,C, and ABC.

II. We prove that the triangles 4,B8,C, and ABC are homological, that is the lines
AA,, BB,, CC, are concurrent.

To continue with these proves we need to refresh some knowledge and some helpful
results.

Definition 2
In any triangle ABC there exist the points 2 and Q' and the angle @ such that:

m(<QAB)=<QBC =<QCA=w
m(<Q'BA)=<Q'CA=<Q' 4B =

A

\(I)

Fig. 2

The points Q and Q' are called the first, respectively the second point of Brocard and @
is called the Brocard’s angle.

Lemma 1
In the triangle ABC let Q the first point of Brocard and {4"} {4"} = AQN BC, then:

59



BA" &

CA" a’
Proof
AriaAABA”:%AB-AA"sina) (1)
AriaAACA":%AC-AA"sin(A—a)) (2)
From (1) and (2) we find:
ArianABA" AB-sinw

- 3
ArianACA"  AC-sin(A4- o) 3)

On the other side, the mentioned triangles have the same height built from 4, therefore:
ArianABA"  BA"

. n - n (4)
ArianACA" CA
From (3) and (4) we have:
BA" AB-sinw
= )

CA"  AC-sin(4-w)
Applying the sinus theorem in the triangle ACQC and in the triangle BQC, it results:
CcQ AC

= 6
sin(A-w) sin AQC ©
CcQ BC
— = (7)
sinw sin BQC
Because
m(<xAQC)=180" -4
m(«<BQC)=180"-C
From the relations (6) and (7) we find:
sin @ AC sinC
. =— = (8)
sin(A-w) BC sin4
Applying the sinus theorem in the triangle ABC leads to:
sinC 4B
—=— )
sind BC
The relations (5), (8), (9) provide us the relation:
BA" 3 i
CcA" o’

Remark 1
By making the notations: {B"} = BQCN AC and {C"} =CQA4 AB we obtain also the

relations:
CB" _a’ AC" _ b’
" _2 an " - _2
AB b BC c
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Lemma 2
In a triangle ABC, the Brocard’s Cevian BQ, symmedian from C and the median from

A are concurrent.

Proof
It is known that the symmedian CK of triangle ABC intersects 4B in the point C, such
A 2 . X . " 2
that G, :b—z. We had that the Cevian BQ intersects AC in B" such that BC =a—2.
BC, ¢ B"A b
The median from 4 intersects BC in A' and BA'=CA".
A'B B" A )
Because B G =1, the reciprocal of Ceva’s theorem ensures the concurrency
A'C B"A C,B

of the lines BQ, CK and AA'.

Lemma 3
Give a triangle ABC and @ the Brocard’s angle, then
ctgw = ctgA+ ctgB +ctgC 9)
Proof
From the relation (8) we find:
sin(A—a))zﬁ-S?nA-sina) (10)
b sinC
From the sinus’ theorem in the triangle 4BC we have that
a _sind
b sinB
.2 .
Substituting it in (10) it results: sin(4 - )= smA—sma)
sin B-sinC

Furthermore we have:
sin(A4— ) =sin 4-cos w—sin @-cos A4
.2 .
. . A-
smA-cosa)—sma)-cosAzw (11)
sin B-sinC
Dividing relation (11) by sin 4-sin @ and taking into account that sin 4 =sin(B+C), and

sin(B+ C) =sin B-cos C +sin C-cos B we obtain relation (5)
Lemma 4

If in the triangle ABC, K is the symmedian center and K|, K,, K, are its projections on
the sides BC, CA, AB, then:
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K>

B A;

Fig. 3
KK, KK, KK, 1
a b c 2

Proof:
Let A4, the symmedian in the triangle ABC, we have:

BA, AriaaBAA,
CA, ArianCAA,”
where £ and F are the projection of 4, on AC respectively 4B .

It results that AF_¢
AE b
From the fact that AAKK, ~aAA,F and aAKK, ~aAA,E we find that KK, _AF
KK, AFE
KK -

Also: KK, KK , and similarly: KK, _ KR, , consequently:

c a

KK
KK, _ KK, _ KK, (12)
a b c

The relation (12) is equivalent to:

aKK, bKK, cKK, aKK,+bKK,+cKK,

a’ b’ c’ a’+b*+c

Because

aKK, +bKK, +cKK, =2ArianABC =285,
we have:

KK, KK, KK, 28

a b c a’+b*+c

If we note H |, H,,H, the projections of 4, B, C on BC, CA, AB, we have

ctgd = H,A _bccos 4

BH, 28
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H,

Fig. 4

. . b +c*-a’
From the cosine’s theorem it results that : b-¢c-cos 4= f’ and therefore
b*+c* -a’
4S8
Taking into account the relation (9), we find:
a’+b*+¢?
g =——m——oo,
48

ctgd =

then
P, .
& a’+b*+¢’
and then
KK, 28 —lt o
a a+b*+ct 2 S

Lemma 5

The Cevians AA4,, BB,, CC, are the isotomics of the symmedians 44,, BB,, CC, in the
triangle ABC .

Proof:
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Fig. 5
In figure 5 we note J the intersection point of the Cevians from the Lemma 2.

Because K4, || BC, we have that 4,4'=KK, = %atga). On the other side from the right triangle

'

A'AB we have: tg<4 BA'= % =tgw, consequently the point 4, the vertex of the first

triangle of Brocard belongs to the Cevians BQ.

Wenote {J'} = 4K AA4', and evidently from 4K || BC it results that JJ ' is the
median in the triangle J4 K , therefore 4J'=J'K .

We note with A4', the intersection of the Cevians 44, with BC, because 4K || 4", 4,
and AJ' is a median in the triangle A4 K it results that 44" is a median in triangle 44", 4,
therefore the points 4', and 4, are isometric.

Similarly it can be shown that BB, ' and CC,' are the isometrics of the symmedians
BB, and CC,.

The second part of this proof: Indeed it is known that the isometric Cevians of certain
concurrent Cevians are concurrent and from Lemma 5 along with the fact that the symmedians of
a triangle are concurrent, it results the concurrency of the Cevians A44,, BB,, CC, and therefore

the triangle ABC and the first triangle of Brocard are homological. The homology’s center (the
concurrency point) of these Cevians is marked in some works with Q" with and it is called the
third point of Brocard.

From the previous proof, it results that " is the isotomic conjugate of the symmedian
center K

Remark 2

The triangles ABC and AB,C; (first Brocard triangle) are triple-homological, since first
time the Cevians AB;, BC;, CA, are concurrent (in a Brocard point), second time the Cevians
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AC, BA,, CB; are also concurrent (in the second Brocard point), and third time the Cevians
AA,, BB, CC; are concurrent as well (in the third point of Brocard).

Definition 3
It is called the Tarry point of a triangle ABC, the concurrency point of the perpendiculars
from A, B, C onthesides B,C,, C\4,, 4B, of the Brocard’s first triangle.

Remark 3

The fact that the perpendiculars from the above definition are concurrent results from the
theorem 1 and from the theorem that states that the relation of triangles’ orthology is symmetric.

We continue to prove the concurrency using another approach that will introduce
supplementary information about the Tarry’s point.

We’ll use the following:

Lemma 6:
The first triangle Brocard of a triangle and the triangle itself are similar.

Proof
From K4, || BC and O4' L BC it results that
m(<KA4,0)=90°
(see Fig. 1), similarly
m(<KB,0)=m(<«<KC,0)=90°
and therefore the first triangle of Brocard is inscribed in the circle with OK as diameter (this

circle is called the Brocard circle).
Because

m(<x4,0C,)=180°-B
and 4,,B,,C,,0 are concyclic, it results that <t4,B,C, = <«B, similarly
m(«<B'OC')=180°—4,
it results that
m(<B,OC,)=m(A)
but
«B,OC, =<«xB/AC,,
therefore
<B AC =<4
and the triangle 4,B,C, is similar wit the triangle ABC.

Theorem 2

The orthology center of the triangle ABC and of the first triangle of Brocard is the
Tarry’s point 7 of the triangle ABC , and 7' belongs to the circumscribed circle of the triangle
ABC.

Proof
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We mark with 7' the intersection of the perpendicular raised from B on 4,C, with the
perpendicular raised from C on 4,5, and let
{B,'}=BTNAC,, 4{C,'}=4BNCT.
We have

m(aB,'TC,") =180°—m(aC,4,B,)

But because of Lemma 6 «<C 4B, =<A4.

It results that m(<B,'TC,")=180°— 4, therefore
m(«<BTC")+m(«<BAC)=180°

Therefore 7' belongs to the circumscribed circle of triangle ABC

If {4 '} =B,C,N AT and if we note with T"' the intersection of the perpendicular raised from 4

on B,C, with the perpendicular raised from B on A4,C,, we observe that
m({Bl 'T'4, ') = m(qAIClBl)

therefore
m(<BT'A)+m(<BCA)

and it results that 7' belongs to the circumscribed triangle ABC .

Therefore 7 =T"' and the theorem is proved.

Theorem 3

66



If through the vertexes 4, B,C of a triangle are constructed the parallels to the sides
B,C,,C A4, respectively A4 B, of the first triangle of Brocard of this triangle, then these lines are
concurrent in a point S (the Steiner point of the triangle)

Proof
We note with S the polar intersection constructed through 4 to B,C, with the polar
constructed through B to A4 C, (see Fig. 6).
We have
m(«XASB)=180°—m(<4,C,B,) (angles with parallel sides)
because
m(<A4,C,B)=m«C,
we have
m(<ASB)=180°—m<«C,
therefore A4,SB,C are concyclic.
Similarly, if we note with S the intersection of the polar constructed through 4 to B,C,
with the parallel constructed through C to 4 B, we find that the points 4,S,'B,C are concyclic.
Because the parallels from 4 to B,C, contain the points 4,S,S" and the points §,S", 4

are on the circumscribed circle of the triangle, it results that S =S"' and the theorem is proved.

Remark 4
Because S4|| B,C, and B,C, L AT , it results that

m(<SAT)=90°,
but S and T belong to the circumscribed circle to the triangle ABC, consequently the Steiner’s
point and the Tarry point are diametric opposed.

Theorem 4
In a triangle ABC the Tarry point 7', the center of the circumscribed circle O, the third

point of Brocard Q" and Steiner’s point S are collinear points

Proof
The P. Sondat’s theorem relative to the orthological triangles (see [4]) says that the points
T, O, Q" are collinear, therefore the points: 7, O, Q", S are collinear.

Open Questions

1) Is it possible to have two triangles which are four times, five times, or even six times
orthological? But triangles which are four times, five times, or even six times
homological? What about orthohomological? What is the largest such rank?
For two triangles A;B;C; and A,B,C,, we can have (in the case of orthology, and
similarity in the cases of homology and orthohomology) the following 6 possibilities:

1) the perpendicular from A; onto B,C,, the perpendicular from B; onto C,A,, and
the perpendicular from C; onto A,B; concurrent;
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2)

3)

4)

5)

2) the perpendicular from A; onto B,C,, the perpendicular from B; onto A;B,, and
the perpendicular from C; onto C,A; concurrent;

3) the perpendicular from B; onto B,C,, the perpendicular from A; onto C,A,, and
the perpendicular from C; onto A;B; concurrent;

4) the perpendicular from B, onto B,C,, the perpendicular from A; onto A,B,, and
the perpendicular from C; onto C,A; concurrent;

5) the perpendicular from C; onto B,C,, the perpendicular from B; onto C,A,, and
the perpendicular from A; onto A;B; concurrent;

6) the perpendicular from C; onto B,C,, the perpendicular from B, onto A;B,, and
the perpendicular from A; onto C,A; concurrent.

We generalize the orthological, homological, and orthohomological triangles to
respectively orthological, homological, and orthohomological polygons and polyhedrons.
Can we have double, triple, etc. orthological, homological, or orthohomological polygons
and polyhedrons? What would be the largest rank for each case?

Let’s have two triangles in a plane. Is it possible by changing their positions in the plane
and to have these triangles be orthological, homological, orthohomological? What is the
largest rank they may have in each case?

Study the orthology, homology, orthohomology of triangles and poligons in a 3D space.

Let’s have two triangles, respectively two polygons, in a 3D space. Is it possible by
changing their positions in the 3D space to have these triangles, respectively polygons, be
orthological, homological, or orthohological?

Similar question for two polyhedrons?
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A Generalization of Certain Remarkable Points of the Triangle Geometry

Prof. Claudiu Coanda — National College “Carol I, Craiova, Romania
Prof. Florentin Smarandache — University of New Mexico, Gallup, U.S.A.
Prof. Ion Pétrascu — National College “Fratii Buzesti”, Craiova, Romania

In this article we prove a theorem that will generalize the concurrence theorems that are
leading to the Franke’s point, Kariya’s point, and to other remarkable points from the triangle
geometry.

Theorem 1:

Let P(a, £, }/) and 4',B',C" its projections on the sides BC, CA respectively AB of the
triangle ABC'.

We consider the points 4", B", C" such that PA"=kPA', PB"=kPB', PC"=kPC',
where keR". Also we suppose that A4' BB' CC' are concurrent. Then the lines

AA", BB", CC" are concurrent if and only if are satisfied simultaneously the following
conditions:

aﬁc(écosA——cosBJ+ﬁya( cos B — ﬂcostJr}/ab( cosC——cosAj 0
b c b a c
2 2 2
a—zcosA(ZcosB—écosC}r’B—zcosB(ECOSC—ZCOSAJ+y—zcosC(£cosA—gcosBJ:0
a c b b a c c b a
Proof:
We find that
A'( , @ (a2+b2—cz)+,8, i(az—b2+cz)+}/j
a’ 24°
" ' (24 2 (24 2 2 2\~
PA"=kPA' k{ ar +2a (a +b" —c ) +g(a -b"+c )Vc:l
P D AN (0{ (Z)}’A (ﬁ"_ﬂ)g"'(ﬂ/"_ﬂ/);(;
We have:
a"-o=—ka
" _ ka 2 2 2
B ﬂ—zaz(a +b*=c?),
" _ ka 2 2 2
4 —7—2a2(a -b"+c )
Therefore:
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a"=(1-k)a

w ka 2
A= (@’ +b* =)+
y'= 5: (a -b*+c? )+7/

Hence:

A”((l—k)a, 5—:2(612 +b’ —c2)+ﬁ, ;c%(a2 -b* +cz)+7/j

Similarly:
B'(—Z—i(—az—b2+cz)+a, 0, — 2§2 (a -b*-c’ )+7/j
B"(—;{—lg(—az—b2+cz)+a, (l-k)ﬂ, kg (a -b* - )+7/)

C'(—z—iz(—az +b° —cz)+a, —2—};2(a2 -b’ —cz)+ﬂ, Oj

C"(—k—yz(—a2 +b° —02)+a, _2k_72(az -b’ —cz)+,8, (l-k);/j
c

2c
Because 44', BB', CC'are concurrent, we have:

_20;2(—a2—b2+c2)+ﬂ'—Ziz(—az—bz—cz)Jr}/.—;; (- a2+b2—c2)+a=1
—2“7(—a2+b2—c2)+y —;Iiz(—az—b2+c2)+a %(a ~b =)+
We note

M = 22‘2 (a* +57 ~c*)=Z-beosC

N=2a7(a2—b2+cz)=%-ccosB

P:%(—a2+b2+c2):; ¢cos A

szLl;(a2+b —c2)=§-acosc

R:%(az—b%cz):%-acosz;

=L2(—a2 +b° +c2)=1-acosA
2c c

The precedent relation becomes
M+p P+y R+a _
N+y O+a S+p -
The coefficients M, N,P,Q,R,S verify the following relations:
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P+QO=p

R+S=y
@
M_ab g
O pa B
b2
B
P_B < _p
S y b 7
02
, L
R_ya_c2
N ac «a
a2

Therefore Mﬁﬂ =1

S N

(M +B)(P+y)(R+a)=afy+apP+ ByR+yaM + aMP+ PR+ yRM + MPR

(N+7)(0+a)(S+B)=apy+aBfN +ByQ+yasS+aNS + SNO+y0S + NOS .

We deduct that:

afP+ ByR+yaM +aMP+ BPR+yRM = aBN + ByQ+yaS+aNS+ BNQO+y0S +NQOS (1)

We apply the theorem:

Given the points Q.(a;,b,c,), i=1,3 in the plane of the triangle ABC, the lines

AQ,,BQ,,CQ, are concurrent if and only if ﬁc—z% =1.
G a by

For the lines 44",BB",CC" we obtain
kM +f kP+a kR+a _
KN+y kS+pB kS+pB
It result that
k*(afpP+ PyR+yaM )+k(aMP+ SPR+yRM )=

=k’ (affN + BrQ+yaS)+k(aNS + SNO+yOS)
For relation (1) to imply relation (2) it is necessary that
affP+ pyR+yaM =affN + ByQ + yaS

and

aNS+ [NQ+yQOS=aMP+ PR+ yRM
or
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aﬂc(%cosA——cosBjJrﬂ}/a( cosB—gcosCJJr)/ab( cosC—ZcosAj 0
c

a c

2 2 2
a—zcosA{ZcosB—ﬁcost+ﬂ—200$B(ZcosB—ECOSC]+7—2cosC(ﬁcosA—gcosBj =0
a c b b c b c b a

As an open problem, we need to determine the set of the points from the plane of the
triangle ABC that verify the precedent relations.

We will show that the points / and O verify these relations, proving two theorems that
lead to Kariya’s point and Franke’s point.

Theorem 2 (Kariya -1904)
Let / be the center of the circumscribe circle to triangle ABC and A' B' C'its

projections on the sides BC, CA, AB. We consider the points 4", B",C" such that:

IA"=kIA", IB"=kIB', IC"=kIC", keR".
Then 44", BB", CC" are concurrent (the Kariya’s point)

Proof:
a b c
The barycentric coordinates of the point / are /| —,—,—
2p’2p 2p)
Evidently:

abc (cos A—cos B)+abc(cos B—cos C)+abc(cos C—cos A) =0

and
cos A(cos B—cos C)+cos B(cos C—cos A)+cos C(cos A—cos B) =0.

In conclusion 44", BB", CC" are concurrent.

Theorem 3 (de Boutin - 1890)
Let O be the center of the circumscribed circle to the triangle ABC and A4' B',C' its

projections on the sides BC, CA, AB. Consider the points 4", B", C" such that

04 - OB = oc =k, keR" . Then the lines 44", BB", CC" are concurrent (The point of
OA " OB n OC"
Franke — 1904).

Proof:

2 2 2 . .
0 R—sin 2A,R—sin ZB,R—sin 2C |, P=N, because st 2,BCOSA _sm 24cos B =0.
28 28 28

sin B sin 4

Similarly we find that R=Q and M =§.

Also aMP =aNS, SPR=[NQ, yRM =yQS . It is also verified the second relation from the
theorem hypothesis. Therefore the lines 44", BB", CC"are concurrent in a point called the
Franke’s point.

Remark 1:
It is possible to prove that the Franke’s points belong to Euler’s line of the triangle ABC .

Theorem 4:
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Let I, be the center of the circumscribed circle to the triangle ABC (tangent to the side
BC) and A4' B' C' its projections on the sites BC, CA, AB. We consider the points
A", B", C"such that [IA"=kIA", IB"=kIB", IC"=kIC", keR'. Then the lines
AA", BB", CC"are concurrent.

Proof

]( —a b c ]
"(2(p=a) 2(p=a) 2(p-a))
The first condition becomes:

—abc(cos A+cos B) +abc(cos B—cos C)—abc(—cosC—cos A)=0, and  the

second condition:
cos A(cos B—cos C)+cos B(—cos C—cos A)+cos C(cos A+cos B) =0

Is also verified.
From this theorem it results that the lines 44", BB", CC"are concurrent.

Observation 1:
Similarly, this theorem is proven for the case of /,and I, as centers of the ex-inscribed

circles.
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Generalization of a Remarkable Theorem

Professor lon Pétragcu — National College Fratii Buzesti, Craiova
Florentin Smarandache, Ph. D. —University of New Mexico, U.S.A.

In [1] Professor Claudiu Coanda proved, using the barycentric coordinates, the following
remarkable theorem:

Theorem (C. Coandd)
Let ABCbe a triangle, where m(<4)==90° and Q,,0,,Q, are three points on the

circumscribed circle of the triangle ABC. We’ll note BO, 1 AC ={B,}, i=13. Then the lines

B,C,, B,C,, B,C, are concurrent.

We will generalize this theorem using some results from projective geometry relative to
the pole and polar notions.

Theorem (Generalization of C. Coanda theorem)
Let ABC be a triangle where m(<4)>=90° and Q,.0,,...0, points on its
circumscribed circle (ne N, n>3), i =1,n. Then the lines B,C,, B,C,,...,B,C, are concurrent

in fixed point.
To prove this theorem we’ll utilize the following lemmas:

Lemma 1
If ABCD 1is an inscribed quadrilateral in a circle and {P} = AB(\1CD, then the polar of

the pointP in rapport with the circle is the line EF, where {E}=ACNBD and
{F}=BCNAD

Lemma 2

The pole of a line is the intersection of the corresponding polar to any two points of the
line.

The pols of concurrent lines in rapport to a given circle are collinear points and the
reciprocal is also true: the polar of collinear points, in rappoer with a given circle, are concurrent
lines.

Lemma 3
If ABCD is an inscribed quadrilateral in a circle and {P}=A4BNCD, {E}=ACBD

and {F } = BC (1 AD, then the polar of point £ in rapport to the circle is the line PF .

The proof for the Lemmas 1 - 3 and other information regarding the notions of pole and
polar in rapport to a circle can be found in [2] or [3].

Proof of the generalized theorem of C. Coanda
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Let O,,0,,....0, points on the circumscribed circle to the triangle 4BC (see the figure)
We’ll  consider the inscribed quadrilaterals ABCQ,, i= Ln and we’ll note
{77} - 40, N BC.

In accordance to Lemma 1 and Lemma 3, the lines B,C, are the respectively polar

Cn

(in rapport with the circumscribed circle to the triangle ABC ) to the points 7, .
Because the points 7, are collinear (belonging to the line BC), from Lemma 2 we’ll

obtain that their polar, that is the lines B,C,, are concurrent in a point 7" .

Remark
The concurrency point 7' is the harmonic conjugate in rapport with the circle of the
symmedian center K of the given triangle.
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Pantazi’s Theorem Regarding the Bi-orthological Triangles

Prof. Ion Patrascu, The National College “Fratii Buzesti”, Craiova, Romania
Prof. Florentin Smarandache, University of New Mexico, U.S.A.

In this article we’ll present an elementary proof of a theorem of Alexandru Pantazi (1896-
1948), Romanian mathematician, regarding the bi-orthological triangles.

1. Orthological triangles

Definition
The triangle ABC 1is orthologic in rapport to the triangle 4 B,C, if the perpendiculars

constructed from A4,B,C respectively on B,C,,C\ 4, and 4B, are concurrent. The concurrency
point is called the orthology center of the triangle 4BC in rapport to triangle 4,B,C,.

)

Fig. 1

In figure 1 the triangle ABC is orthologic in rapport with 4 B,C,, and the orthology
center is P.

2. Examples
a) The triangle ABC and its complementary triangle 4 B,C, (formed by the sides’

middle) are orthological, the orthology center being the orthocenter H of the
triangle ABC .

Indeed, because B,C, is a middle line in the triangle ABC, the perpendicular
from A on B,C, will be the height from A4. Similarly the perpendicular from B
on C 4, and the perpendicular from C on A4 B, are heights in ABC, therefore
concurrent in H (see Fig. 2)
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b)

C

Fig. 2
Definition
Let D a point in the plane of triangle ABC . We call the circum-pedal triangle (or
meta-harmonic) of the point D in rapport to the triangle ABC, the triangle
A B,C, of whose vertexes are intersection points of the Cevianes AD,BD,CD

with the circumscribed circle of the triangle 4ABC .

A

1

Fig. 3
The triangle circum-pedal 4,B,C, of the center of the inscribed circle in the
triangle ABC and the triangle 4BC are orthological (Fig. 3).

The points 4,, B,,C, are the midpoints of the arcs f/BE, CA respectively 4B. We

have 1/4173 = 21—5 , it results that 4, B = 4,C, therefore 4, is on the perpendicular
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bisector of BC, and therefore the perpendicular raised from 4, on BC passes

through O ,the center of the circumscribed circle to triangle ABC . Similarly the
perpendiculars raised from B,,C, on AC respectively AB pass through O. The

orthology center of triangle 4, B,C, in rapport to ABC is O

3. The characteristics of the orthology property
The following Lemma gives us a necessary and sufficient condition for the triangle ABC
to be orthologic in rapport to the triangle A4,5,C,.

Lemma
The triangle ABC 1is orthologic in rapport with the triangle 4 B,C, if and only if:
MA-BC, +MB-CA +MC-AB =0 (1)
for any point M from plane.

Proof
In a first stage we prove that the relation from the left side, which we’ll note E(M) is

independent of the point M .
Let N = M and E(N)= NA-B,C,+ NB-C,4,+ NC- 4B,

Compute E(M)— E(N)= MN -(B_c‘ +CA+ Ez’) .

Because BC + CA+ AB =0 we have that EM)—E(N)= MN-0=0.

If the triangle ABC is orthologic in rapport to 41B1C1, we consider M their orthologic
center, it is obvious that (1) is verified. If (1) is verified for a one point, we proved that it is
verified for any other point from plane.

Reciprocally, if (1) is verified for any point M , we consider the point M as being the
intersection of the perpendicular constructed from 4 on B,C, with the perpendicular constructed

from B on C 4, . Then (1) is reduced to MC- TB; = 0, which shows that the perpendicular

constructed from C on E passes through M . Consequently, the triangle 4BC is orthologic
in rapport to the triangle 4 B,C,.

4. The symmetry of the orthology relation of triangles
It is natural to question ourselves that given the triangles 4BC and A4,B,C, such that

ABC is orthologic in rapport to 4,B,C,, what are the conditions in which the triangle 4 B,C, is

orthologic in rapport to the triangle ABC .
The answer is given by the following

Theorem (The relation of orthology of triangles is symmetric)
If the triangle ABC is othologic in rapport with the triangle 4,B,C, then the triangle

A B,C, is also orthologic in rapport with the triangle ABC .

Proof
We’ll use the lemma. If the triangle ABC is orthologic in rapport with 4 B,C, then
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MA-BC,+MB-CA +MC-4B =0
for any point M . We consider M = A4, then we have
AA-B,C,+ AB-C, 4, + AC- 4B, =0.
This expression is equivalent with
AA-BC+ AB,-CA+ AC,-AB=0
That is with (1) in which M = A4, which shows that the triangle 4,B,C, is orthologic in rapport
to triangle ABC .

Remarks

I. We say that the triangles ABC and A4,B,C, are orthological if one of the triangle is
orthologic in rapport to the other.

2. The orthology centers of two triangles are, in general, distinct points.

3. The second orthology center of the triangles from a) is the center of the
circumscribed circle of triangle 4BC .

4. The orthology relation of triangles is reflexive. Indeed, if we consider a triangle,

we can say that it is orthologic in rapport with itself because the perpendiculars constructed from
A, B,C respectively on BC,CA, AB are its heights and these are concurrent in the orthocenter
H.

5. Bi-orthologic triangles

Definition
If the triangle 4BC is simultaneously orthologic to triangle 4, B,C, and to triangle

B,C\4,, we say that the triangles ABC and 4, B,C, are bi-orthologic.

Pantazi’s Theorem
If a triangle ABC is simultaneously orthologic to triangle 4 ,B,C, and B,C, 4,, then the
triangle ABC is orthologic also with the triangle C,4,B, .

Proof
Let triangle ABC simultaneously orthologic to 4,8,C, and to B,C, 4, , using lemma, it

results that

MA-B.C, +MB-C. A +MC- 4B, =0 )
MA-C, A +MB-AB, + MC-B,C, =0 3)

For any M from plane.
Adding the relations (2) and (3) side by side, we have:

MA-(B,C, +Ci4 )+ MB-(C,4 + 4B, )+ MC (4B, + B,C,) =0

Because

BC +C4 =B 4, CA4 + 4B =CB, 4B +BC = AC
(Chasles relation), we have:
MA-B A +MB-CB +MC-AC, =0
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for any M from plane, which shows that the triangle 4BC is orthologic with the triangle C, 4 B,
and the Pantazi’s theorem is proved.

Remark
The Pantazi’s theorem can be formulated also as follows: If two triangles are bi-
orthologic then these are tri-orthologic.

Open Questions

1) Is it possible to extend Pantazi’s Theorem (in 2D-space) in the sense that if two
triangles 4;8,;C; and A,B,C> are bi-orthological, then they are also k-orthological,
where k=4, 5, or 67

2) Is it true a similar theorem as Pantazi’s for two bi-homological triangles and bi-
orthohomological triangles (in 2D-space)? We mean, if two triangles 4;8;C; and
A,>B,C; are bi-homological (respectively bi-orthohomological), then they are also -
homological (respectively k-orthohomological), where k = 4, 5, or 6?

3) How the Pantazi Theorem behaves if the two bi-orthological non-coplanar triangles
A;B;C; and A4,B,C, (if any) are in the 3D-space?

4) Is it true a similar theorem as Pantazi’s for two bi-homological (respectively bi-
orthohomological) non-coplanar triangles 4;B;C; and A,B,C; (if any) in the 3D-
space?

5) Similar questions as above for bi-orthological / bi-homological / bi-orthohomological
polygons (if any) in 2D-space, and respectively in 3D-space.

6) Similar questions for bi-orthological / bi-homological / bi-orthohomological
polyhedrons (if any) in 3D-space.
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A New Proof and an Application of Dergiades’ Theorem

Ion Patrascu, Professor, The Fratii Buzesti College, Craiova, Romania
Florentin Smarandache, Professor, The University of New Mexico, U.S.A.

In this article we’ll present a new proof of Dergiades’ Theorem, and we’ll use this theorem
to prove that the orthological triangles with the same orthological center are homological triangles.

Theorem 1 (Dergiades)

Let C (01’R1), G, (0,.R,), C, (03,R3) three circles which pass through the vertexes B
and C, C and A4, 4 and B respectively of a given triangle ABC . We’ll note D,E,F' respectively
the second point of intersection between the circles (Cl) and (C,), (C,) and (C2), (C) and

(Cz) . The perpendiculars constructed in the points D,E,F' on AD, BE respectively CF' intersect
the sides BC, CA, AB in the points X, Y, Z . Then the points X, Y, Z are collinear

Proof
To prove the collinearity of the points X, Y, Z, we will use the reciprocal of the Menelaus

Theorem (see Fig. I).
We have

XB _ AriaAXDB _ DB-sin XDB _ DB-cos ADB

XC ~ AriaAXDC  DC-sin XDC  DC-cos ADC
Similarly we find

Yce EC-cos BEC

YA  EA-cos BEA

ZA  FA-cosCFA

7B FB-cosCFB
From the inscribed quadrilaterals ADEB; BEFC; ADFC , we can observe that
LADB = «BEA; <BEC = «XCFB; «<CFA=<ADC

Consequently,

[P — —_—— 1
XC YA ZB DC EA FB o

On the other side DB=2R,sin @; EA=2R,sin ABE ; DC=2R,sin CAD ;

FA=2R, sin ACF; FB = 2R, sin BCF ; EC = 2R, sinCBE .
Using these relations in (1), we obtain
ﬁ.g_ﬁ:sin@_sin@.sin@ @)
XC YA ZB sinCAD sin ABE sin BCF

According to one of Carnot’s theorem, the common strings of the circles
(Cl), (Cz), (C3) are concurrent, that is AD(\BE(\1CF :{P} (the point P is the radical center

of the circles (Cl), (CZ), (C3)).
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Fig 1.
In triangle ABC, the cevians AD,BE,CF being concurrent, we can use for them the
trigonometrically form of the Ceva’s theorem as follows

sin@)_sin@.sinﬁ B

—— — —=1 3
sinCAD sin ABE sin BCF ©)
The relations (2) and (3) lead to
XB YC 24 _
XC YA ZB

Relation, which in conformity with Menelaus theorem proves the collinearity of the points
X, Y, Z.
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Definition 1

Two triangles ABC and 4A’B’C’ are called orthological if the perpendiculars constructed
from 4 on B’C’, from B on C’A’ and from C on 4’B’ are concurrent. The concurrency point of
these perpendiculars is called the orthological center of the triangle ABC in rapport to triangle
A'B’C".

Theorem 2 (The theorem of orthological triangle of J. Steiner)

If the triangle ABC is orthological with the triangle 4°B’C”, then the triangle A’B’C’ is
also orthological in rapport to triangle ABC .

For the proof of this theorem we recommend [1].

Observation

A given ftriangle and its contact triangle are orthological triangles with the same
orthological center. Their common orthological center is the center of the inscribed circle of the
given triangle.

Definition 3

Two triangles ABC and A’B’C’ are called homological if and only if the lines
AA', BB', CC" are concurrent. The congruency point is called the homological center of the given
triangles.

Theorem 3 (Desargues — 1636)

If ABC and A’'B’C’ are two homological triangles, then the Ilines
(BC, B'C'); (CA, C'A’); (AB, A'B’) are concurrent respectively in the points X, Y, Z, and
these points are collinear. The line that contains the points X, Y, Z is called the homological axis

of the triangles ABC and A'B'C".
For the proof of Desargues theorem see [3].

Theorem 4
Two orthological triangles that have a common orthological center are homological
triangles.

Lemma 1
Let ABC and A'B'C' two orthological triangles. The orthogonal projections of the
vertexes B and C on the sides 4'C’ respectively A'B' are concyclic.

Proof

We note with E, F' the orthogonal projections f'the vertexes B and C on 4'C' respectively
A'B' (see Fig. 2). Also, we’ll note O the common orthological center of the orthological triangles
ABC and A'B'C’' and {B"}=EONAC, {C"}=FONAB. In the triangle A'B"C", O being the
intersection of the heights constructed from B", C"”, is the orthocenter of this triangle,
consequently, it results that 4'O L B”"C". On the other side 4’0 L BC ; we obtain, therefore that
B"C"|| BC . Taking into consideration that EF and B"C" are antiparallel in rapport to 4'B"and

A'C", we obtain that EF is antiparallel with BC, fact that shows that the quadrilateral BCFE is
inscribable.
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A,

Fig. 2

Observation
If we denote with D the projection of 4 on B'C’, similarly, it will result that the points
A,D,F,C respectively 4,D,E,B are concyclic.

Proof of Theorem 4
The quadrilaterals BCFE, CFDA, ADEB being inscribable, it result that their

circumscribed circles satisty the Dergiades theorem (Fig. 2). Applying this theorem it results that
the pairs of lines (BC, B'C '),' (CA, C 'A’),‘ (AB, A’B') intersect in the collinear points X, Y, Z,

respectively. Using the reciprocal theorem of Desargues, it result that the lines AA4', BB', CC' are
concurrent and consequently the triangles ABC and A'B'C' are homological.

Observations

1 Triangle O0,0,0, formed by the centers of the circumscribed circles to
quadrilaterals BCFE, CFDA, ADEB and the triangle ABC are orthological
triangles.

The orthological centers are the points P - the radical center of the circles
(0,).(0,).(0;) and O - the center of the circumscribed circle of the triangle
ABC.

2 The triangles 0,0,0, and DEF (formed by the projections of the vertexes 4, B, C

on the sides of the triangle 4'B'C") are orthological. The orthological centers are
the center of the circumscribed circle to triangle DEF and P the radical center of

the circles (01),(02),(03).
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Indeed, the perpendiculars constructed from O,,0,,0, on EF,FD,DA respectively
are the mediators of these segments and, therefore, are concurrent in the center of
the circumscribed circle to triangle DEF , and the perpendiculars constructed from
D,E,F on the sides of the triangle 0,0,0, are the common strings 4D,BE,CF ,
which, we observed above, are concurrent in the radical center P of the circles with
the centers in O,,0,,0,.
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Mixt-Linear Circles Adjointly Ex-Inscribed Associated to a Triangle

Ion Patrascu, Professor, The Fratii Buzesti College, Craiova, Romania
Florentin Smarandache, Professor, The University of New Mexico, U.S.A.

Abstract

In [1] we introduced the mixt-linear circles adjointly inscribed associated to a triangle,
with emphasizes on some of their properties. Also, we’ve mentioned about mixt-linear circles
adjointly ex-inscribed associated to a triangle.

In this article we’ll show several basic properties of the mixt-linear circles adjointly ex-
inscribed associate to a triangle.

Definition 1

We define a mixt-linear circle adjointly ex-inscribed associated to a triangle, the circle
tangent exterior to the circle circumscribed to a triangle in one of the vertexes of the triangle, and
tangent to the opposite side of the vertex of that triangle.

Observation
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In Fig.1 we constructed the mixt-linear circle adjointly ex-inscribed to triangle ABC,
which is tangent in Ato the circumscribed circle of triangle 4BC, and tangent to the side BC.
Will call this the A4-mixt-linear circle adjointly ex-inscribed to triangle 4BC. We note L, the

center of this circle.

Remark

In general, for a triangle exists three mixt-linear circles adjointly ex-inscribed. If the
triangle ABC 1is isosceles with the base BC, then we cannot talk about mixt-linear circles
adjointly ex-inscribed associated to the isosceles triangle.

Proposition 1

The tangency point with the side BC of the A-mixt-linear circle adjointly ex-inscribed
associated to the triangle is the leg of the of the external bisectrix of the angle BAC

Proof

Let D’ the contact point with the side BC of the A-mixt-linear circle adjointly ex-
inscribed and let 4’ the intersection of the tangent in the point A to the circumscribed circle to
the triangle ABC with BC (see Fig. 1)

We have

! 1 D ~
m(<cAA'B) = E[m(B)—m(C)},
(we supposed that m(lA?) >m (6’) ). The tangents AA4', A’ D' to the A-mixt-linear circle adjointly
ex-inscribed are equal, therefore
! [ 1 B ~
m (<D’ A4 )—Zm(B—C).
Because
! — 1 =
m(<A' AB) —Em(C)
we obtain that
AR = (B e m(C
m(<):D AB) = E[m(B)Hn(C)]
This relation shows that D' is the leg of the external bisectrix of the angle BAC .

Proposition 2

The A-mixt-linear circle adjointly ex-inscribed to triangle ABC intersects the sides
AB, AC , respectively, in two points of a cord which is parallel to BC .

Proof

We’ll note with M, N the intersection points with AB respectively 4C of the A-mixt-
linear circle adjointly ex-inscribed. We have «<BCA = <«BAA' and <A'AB=<xA"AM (see
Fig.1).

Because «A" AM = <ANM , we obtain <xANM = «<xACB which implies that MN is
parallel to BC.

Proposition 3
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The radius R, of the A-mixt-linear circle adjointly ex-inscribed to triangle ABC is given
by the following formula
R = 4(p_b>(p _C>R

A (b—(,’)z

Proof
The sinus theorem in the triangle AMN implies
M.
R, - MN_
2sin A
We observe that the triangles AMN and ABC are similar; it results that
MN  AM
a c

Considering the power of the point B in rapport to the 4 -mixt-linear circle adjointly ex-
inscribed of triangle ABC , we obtain

BA-BM =BD".
From the theorem of the external bisectrix we have gg = % from which we retain
2
D'B= ac . We obtain then BM = a—cz’ therefore
-c (b-c)
UM = c(a—b+c)(a+b—c) . 4c(p—b)(p—c)
(b-c) (b-c)
and
MN < 4a(p—b)(§9—c)
(b-c)
From the sinus theorem applied in the triangle 4ABC results that 2 sin A =R and we
sin
obtain that
R - 4(p—b)(p—c)R
A~ 2 *
(b-c)
Remark

If wenote Pe L,A'NAD' and AD'=1," (the length of the exterior bisectrix constructed

from A) in triangle L,PA’, we find

 J—

2 sin
We’ll remind here several results needed for the remaining of this presentation.
Definition 2

We define an adjointly circle of triangle ABC a circle which contains two vertexes of the
triangle and in one of these vertexes is tangent to the respective side.
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Theorem 1
The adjointly circles AB,BC,C A have a common point €2 ; similarly, the circles

BA,CB, AC have a common point €2'.
The points € and Q' are called the points of Brocard: € is the direct point of Brocard
and €' is called the retrograde point.
The points € and €' are conjugate isogonal
LOQAB =< QBC =<xQCA=w
AQ'AC=<xQ'CB=<xQ'BA=w
(see Fig. 2).
The angle w is called the Brocard angle. More information can be found in [3].

/B C

Fig. 2

Proposition 4

In triangle 4BC in which D’ is the leg of the external bisectrix of the angle BAC , the
A -mixt-linear circle adjointly ex-inscribed to triangle ABC is an adjointly circle of triangles
AD'B,AD'C.

Proposition 5
In a triangle ABC in which D’ is the leg of the external bisectrix of the angle BAC , the
direct points of Brocard corresponding to triangles AD'B, AD'C, A, D’ are concyclic.
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The following theorems show remarkable properties of the mixt-linear circles adjointly
ex-inscribed associated to a triangle 4BC .

Theorem 2

The triangle L,L L. determined by the centers of the mixt-linear circles adjointly ex-
inscribed to triangle 4ABC and the tangential triangle 7 7,7, corresponding to ABC are
orthological. Their orthological centers are O the center of the circumscribed circle to triangle
ABC and the radical center of the mixt-linear circles adjointly ex-inscribed associated to triangle
ABC.

Proof

The perpendiculars constructed from L, L, L. on the corresponding sides of the
tangential triangle contain the radiuses O4, OB, OC respectively of the circumscribed circle.

Consequently, O is the orthological center of triangles L,L,L. and T,T,T, .

In accordance to the theorem of orthological triangles and the perpendiculars constructed
from T,,7,,T, respectively on the sides of the triangle L, L L. are concurrent.

The point 7, belongs to the radical axis of the circumscribed circles to triangle 4BC and
the C -mixt-linear circle adjointly ex-inscribed to triangle ABC (belongs to the common tangent
constructed in C to these circles).

On the other side 7, belongs to the radical axis of the Band C -mixt-linear circle
adjointly ex-inscribed, which means that the perpendicular constructed from 7, on the L,L.

centers line passes through the radical center of the mixt-linear circle adjointly ex-inscribed
associated to the triangle; which is the second orthological center of the considered triangles.

Proposition 6
The triangle L L,L  (determined by the centers of the mixt-linear circles adjointly

inscribed associated to the triangle 4BC ) and the triangle L, L L. (determined by the centers of

the mixt-linear circles adjointly ex-inscribed associated to the triangle ABC ) are homological.
The homological center is the point O, which is the center of the circumscribed circle of triangle
ABC.

The proof results from the fact that the points L,,4,L ,O are collinear. Also, L,,B,L,,0

and L.,C,L,,O are collinear.

Definition 3
Given three circles of different centers, we define their Apollonius circle as each of the
circles simultaneous tangent to three given circles.

Observation

The circumscribed circle to the triangle ABC is the Apollonius circle for the mixt-linear
circles adjointly ex-inscribed associated to 4BC .
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Theorem 3
The Apollonius circle which has in its interior the mixt-linear circles adjointly ex-
inscribed to triangle ABC is tangent with them in the points 7},7,,7, respectively. The lines

AT,,BT,,CT; are concurrent.

Proof
We’ll use the D’ Alembert theorem: Three circles non-congruent whose centers are not
collinear have their six homothetic centers placed on four lines, three on each line.

The vertex A is the homothety inverse center of the circumscribed circle (0) and of the
A -mixt-linear circle adjointly ex-inscribed (L A) ; T, 1s the direct homothety center of the
Apollonius circle which is tangent to the mixt-linear circles adjointly ex-inscribed and of circle
(L A) ,and J is the center of the direct homothety of the Apollonius circle and of the
circumscribed circle (0) .

According to D’Alembert theorem, it results that the points 4,/,7, are collinear.
Similarly is shown that the points B,J,T, and C,J,T; are collinear.

Consequently, J is the concurrency point of the lines A7,,BT,,CT,.
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A PROPERTY OF THE CIRCUMSCRIBED OCTAGON

Prof. Ton Patrascu — “Fratii Buzesti” College, Craiova, Romania
Prof. Florentin Smarandache — University of New Mexico, USA

Abstract
In this article we’ll obtain through the duality method a property in relation to the contact
cords of the opposite sides of a circumscribable octagon.

In an inscribed hexagon the following theorem proved by Blaise Pascal in 1640 is true.

Theorem 1 (Blaise Pascal)

The opposite sides of a hexagon inscribed in a circle intersect in collinear points.

To prove the Pascal theorem one may use [1].

In [2] there is a discussion that the Pascal’s theorem will be also true if two or more pairs
of vertexes of the hexagon coincide. In this case, for example the side 4B for B — A must be
substituted with the tangent in 4. For example we suppose that two pairs of vertexes coincide.
The hexagon AA'BCC'D for A’= A, C’— C becomes the inscribed quadrilateral ABCD . This
quadrilateral viewed as a degenerated hexagon of sides AB, BC,CC' — the tangent in C,C'D —
CD,D'A —» DA,AA" — the tangent in A and the Pascal theorem leads to:

Theorem 2
In an inscribed quadrilateral the opposite sides and the tangents in the opposite vertexes

intersect in four collinear points.

Remark 1
In figure 1 is presented the corresponding configuration of theorem 2.

Fig. 1
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For the tangents constructed in B and D the property is also true if we consider the
ABCD as a degenerated hexagon 4BB'CDD"'A.

Theorem 3
In an inscribed octagon the four cords determined by the contact points with the circle of
the opposite sides are concurrent.

Proof

We’ll transform through reciprocal polar the configuration from figure 1. To point E will
correspond, through this transformation the line determined by the tangent points with the circle
of the tangents constructed from E (its polar). To point K corresponds the side BD .

Fig.2

To point F corresponds the line determined by the contact points of the tangents
constructed from F to the circle. To point L corresponds its polar AC. To point A4
corresponds, by duality, the tangent AL, also to points B, C, D correspond the tangents
BK, CL, DK . These four tangents together with the tangents constructed from £ and F (also
four) will contain the sides of an octagon circumscribed to the given circle.

In this octagon (4C) and (BD) will connect the contact points of two pairs of opposite
sides with the circle; the other two lines determined by the contact points of the opposite sides of
the octagon with the circle will be the polar of the points £ and F . Because the polar
transformation through reciprocal polar leads to the fact that to collinear points correspond
concurrent lines; the points’ polar E, K, F, L are concurrent; these lines are the cords to which the
theorem refers to.

Remark 2
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In figure 2 we represented an octagon circumscribed ABCDEFGH . As it can be seen the
cords MR, NS, PT, QU are concurrent in the point V.
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From Newton’s Theorem to a Theorem of the Inscribable Octagon

Prof. Ion Patrascu, The Fratii Buzesti National College, Craiova, Romania
Prof. Florentin Smarandache, The University of New Mexico, U.S.A.

In this article we’ll prove the Newton’s theorem relative to the circumscribed
quadrilateral, we’ll transform it through duality, and we obtain another theorem which is true for
an inscribable quadrilateral, which transformed through duality, we’ll obtain a theorem which is
true for a circumscribable octagon.

Theorem 1 (I. Newton)
In a circumscribable quadrilateral its diagonals and the cords determined by the contact points of
the opposite sides of the quadrilateral with the circumscribed circle are four concurrent lines.

Proof

Fig. 1



We constructed the circles O,, O,, O,, O, tangent to the extensions of the quadrilateral 4BCD
such that

AM =AN=BP=BQ=CR=CS=DU =DV
See Fig. 1.

From AM = AN =CR=C,S it results that the points 4, and C, have equal powers in
relation to the circles O, and O,, therefore A C, is the radical axis of these circles. Similarly
B\D, is the radical axis of the circles O, and O,.

Let I € AC,(NB,D,. The point [ has equal powers in rapport to circles O,, O,, O,, O,.
Because B4, =BBi1 from B,P= AN it results that BP= BN, similarly, from DD, = DC, and
DV =C,S itresults that DV = DS, therefore B and D have equal powers in rapport with the
circles O, and O,, which shows that BD is the radical axis of these circles. Consequently,
I € BD, similarly it results that 7 € AC, and the proof is complete.

Theorem 2.

In an inscribed quadrilateral in which the opposite sides intersect, the intersection points
of the tangents constructed to the circumscribed circle with the opposite vertexes and the points
of intersection of the opposite sides are collinear.

Proof

We’ll prove this theorem applying the configuration from the Newton theorem, o
transformation through duality in rapport with the circle inscribed in the quadrilateral. Through
this transformation to the lines AB, BC, CD, DA will correspond, respectively, the points

A, B,, C,, D, their pols. Also to the lines 4 B,, B,C, ,C,D, ,D,4, correspond, respectively, the
points B, C, D, A. We note X € AB(1CD and Y € AD()BC, these points correspond, through
the considered duality, to the lines 4,C, respectively B,D,.If I € AC,()B,D, then to the point /

corresponds line XY , its polar.
To line BD corresponds the point Z € 4D, (1C,B,.

To line AC corresponds the point '€ 4D, (1C\B,.
To point {I } =BD () AC corresponds its polar ZT .

We noticed that to the point [/ corresponds the line XY, consequently the points
X,Y,Z,T are collinear.

We obtained that the quadrilateral 4 B,C D, inscribed in a circle has the property that if
AD/NCB ={Z}, AD,NCB ={T}, the tangent in 4 and the tangent in C, intersect in the
point X ; the tangent in B, and the tangent in D, intersect in ¥ , then X, Y, Z, T are collinear
(see Fig. 2).

Theorem 3.

In a circumscribed octagon, the four cords, determined by the octagon’s contact points
with the circle of the octagon opposite sides, are concurrent.
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Proof

We’ll transform through reciprocal polar the configuration in figure 3.

To point Z corresponds through this transformation the line determined by the tangency
points with the circle of the tangents constructed from
Z - its polar; to the point Y it corresponds the line determined by the contact points of the
tangents constructed from 7 at the circle; to the point X corresponds its polar 4,C,.

To point 4, corresponds through duality the tangent 4 X, also to the points B,, C|, D,
correspond the tangents BY, C\T, D,Z .

Fig. 2
These four tangents together with the tangents constructed from X and Y (also four)
will contain the sides of an octagon circumscribed to the given circle.
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Fig .3

In this octagon A,C, and B.D, will connect the contact points of two pairs of sides
opposed to the circle, the other two cords determined by the contact points of the opposite sides
of the octagon with the circle will be the polar of the points Z and T .

Because the transformation through reciprocal polar will make that to collinear points
will correspond concurrent lines, these lines are the cords from our initial statement.

Observation
In figure 3 we represented an octagon ABCDEFGH circumscribed to a circle.
As it can be observed the cords MR, NS, PT, QU are concurrent in a point notated W
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TRIPLETS OF TRI-HOMOLOGICAL TRIANGLES

Prof. Ion Patrascu, The “Fratii Buzesti” National College, Craiova, Romania
Prof. Florentin Smarandache, The University of New Mexico, USA

In this article will prove some theorems in relation to the triplets of homological triangles
two by two. These theorems will be used later to build triplets of triangles two by two tri-

homological.
I Theorems on the triplets of homological triangles
Theorem 1

Two triangles are homological two by two and have a common homological center (their
homological centers coincide) then their homological axes are concurrent.

Proof
Let’s consider the homological triangles 4,B,C,, 4,B,C,, 4,8,C,;whose common

homological center is O (see figure 1.)

Fig. 1

We consider the triangle formed by the intersections of the lines: 4,B,, 4,B,, A,B; and
we note it POR and the triangle formed by the intersection of the lines B,C,, B,C,, B,C, and
we’ll note it KLM .
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We observe that PR N KM = {B;},RQ N ML = {B,}, PQNn KL={B3} and because
B,, B,, B, are collinear it results, according to the Desargues reciprocal theorem that the

triangles POR and KLM are homological, therefore PK, RM, QL are concurrent lines.
The line PK is the homological axes of triangles 4,B,C, and 4,B,C, , the line RM is the
homological axis for triangles 4,B,C, and 4,B,C;, and the line QL is the homological axis for

triangles A4,B,C, and 4,B.,C,, which proves the theorem.

Remark 1
Another proof of this theorem can be done using the spatial vision; if we imagine figure 1

as being the correspondent of a spatial figure, we notice that the planes (4,8,C,) and (4,B,C,)
have in common the linePK, similarly the planes (4,B,C,) and (4,B,C;) have in common the
line QL.If{0'} = PK NLQ then O' will be in the plane (4,B,C,)and in the plane (4,B,C;),

but these planes intersect by the line RM , therefore O' belongs to this line as well. The lines
PK, RM, QL are the homological axes of the given triangles and therefore these are concurrent

in 0'.
Theorem 2
If three triangles are homological two by two and have the same homological axis (their

homological axes coincide) then their homological axes are collinear.

Proof

O,
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Let’s consider the homological triangles two by two 4,B,C,, 4,B,C,, 4,B,C,. We note
M ,N,P their common homological axis (see figure 2). We note O, the homological center of
the triangles 4,B,C, and 4,B,C,, with O, the homological center of the triangles 4,5,C, and
A,B,C, and with O, the homological center of the triangles 4,8,C, and 4 B,C,.

We consider the triangles 4, 4,4, and B B,B;, and we observe that these are homological
because 4,B,, 4,B,, 4,8, intersect in the point P which is their homological center. The

homological axis of these triangles is determined by the points
,{01}=A14; N B, B, {03} = A2A3 N By B3, {03} = A1A3 N By B3
therefore the points O,,0,,0,are collinear and this concludes the proof of this theorem.

Theorem 3 (The reciprocal of theorem 2)
If three triangles are homological two by two and have their homological centers
collinear, then these have the same homological axis.

Proof
We will use the triangles from figure 2. Let therefore O,,0,,0, the three homological

collinear points. We consider the triangles B,B,B; and C,C,C,, we observe that these admit as
homological axis the line O,0,0, .

Because
{01 } - Ble n C1C2, {02 } - BzB3 n Cng,{Og } = BlB3 n Clcg,

It results that these have as homological center the point {M} = B;C; N B,C, N B3Cs.
Similarly for the triangles 4 4,4, and C,C,C; have as homological axis O,0,0, and the

homological center M . We also observe that the triangles 4 4,4, and B,B,B, are homological
and 0,0,0; is their homological axis, and their homological center is the point P . Applying the

theorem 2, it results that the points M, N, P are collinear, and the reciprocal theorem is then
proved.

Theorem 4 (The Veronese theorem)
If the triangles 4,B,C,, 4,B,C, are homological and

{A3}=B1C, N ByCy, { B3 } = A,C, N A,C {3} = A1B, N AyBy
then the triangle 4,B,C, is homological with each of the triangles 4, B,C, and A4,B,C,, and their
homological centers are collinear.

Proof
Let O, be the homological center of triangles 4 B,C, and 4,B,C, (see figure 3) and

A',B',C" their homological axis.

We observe that O, is a homological center also for the triangles 4,B,C, and 4,B,C,. The
homological axis of these triangles is C', 4;, B;. Also O, is the homological center for the
triangles
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B,C;Ajand B,C,A4,, it results that their homological axis is 4, B;,C,

Fig. 3

Similarly, we obtain that the points B', 4,,C, are collinear, these being on a homological
axis of triangle C,4,B, andC,A,B; . The triplets of the collinear points (C', 4;,B,), (B', 4,,C;)
and(A',B;,C,) show that the triangle 4,B,C; is homological with triangle 4 B,C, and with the
triangle 4,B,C, .

The triangles 4,B,C,, 4,B,C,, 4,B,C; are homological two by two and have the same

homological axis 4',B',C"'. Using theorem 3, it results that their homological centers are
collinear points.

I1. Double-homological triangles
Definition 1
We say that the triangles 4,B,C, and 4,B,C, are double-homological or bi- homological

if these are homological in two modes.
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Theorem 5
Let’s consider the triangles 4,B,C, and 4,B,C, such that

B,C; N B,C; = {P1},B1C; N AyC, = {Q1},B1C; NAyB, = {Ry}
A1C; NA,C, = {P,},A,C, N AyB; = {Q2},A1C; N B,C, = {Ry}

A1B; N A;B, = {P3},A1B; N B,C, = {Q3},A1B; N C,A; = {R3}

Then:
P1B1 'chl 'P3Al . QlBl 'chl 'Q3A1 . RlBl 'R2C1 'R3A1 —1
P1C1 'PzAl 'P3.Bl QICI 'QzAl 'Q3B1 R1C1 'RzAl 'R3Bl

(1

Proof

Fig. 4

We’ll apply the Menelaus’ theorem in the triangle 4 B,C, for the transversals
RO:R,, POR;, PO,R,, (see figure 4).
We obtain
BB -R,C - 04 _

Rcl 'RzAl ’ Q3Bl
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hC OB -R4 —1
PzAl 'Q1C1 'R3Bl
B4 R B -0,C —
P331 'R1C1 'QzAl
Multiplying these relations side by side and re-arranging the factors, we obtain relation (1).

Theorem 6

The triangles 4,B,C, and A4,B,C, are homological (the lines 4, 4,, B,B,, C\C, are
concurrent) if and only if:

08,-0,C 04 — RC R, 4 - RB,

OC-0,4,-OB, RB-RC, R4,

)

Proof
Indeed, if 4, 4,, BB,, C,C, are concurrent then the points F, P,, P, are collinear and the

Menelaus’ theorem for the transversal F,P,P, in the triangle 4 B,C, gives:
BB, -BC -B4 —1
RC,-P4-PB,

This relation substituted in (1) leads to (2)

)

Reciprocal
If the relation (2) takes place then substituting it in the relation (1) we obtain (3) which
shows that P, P, P, is the homology axis of the triangles 4 B,C, and 4,B,C, .

Remark 2
If in relation (1) two fractions are equal to 1, then the third fraction will be equal to 1, and
this leads to the following:

Theorem 7
If the triangles 4, B,C, and 4,B,C, are homological in two modes (are double-

homological) then these are homological in three modes (are tri-homological).

Remark 3

The precedent theorem can be formulated in a different mod that will allow us to
construct tri-homological triangles with a given triangle and of some tri-homological triangles.

Here is the theorem that will do this:

Theorem 8
(i) Let ABC a given triangle and P,Q two points in its plane such that BP intersects

CQ in 4, CP intersects AQ in B, and AP intersects BQ in C,.
Then AA,, BB,,CC, intersect in a point R .
(i) If N CP = {4,},CQ n AP = {B,}, BPN AQ = {C,}then the triangles
ABC, A B ,C,, 4,B,C, are two by two homological and their homological centers are collinear.
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Proof
(1). From the way how we constructed the triangle 4,B,C,, we observe that ABC and

A B, C, are double homological, their homology centers being two given points P,Q (see figure
5). Using theorem 7 it results that the triangles 4ABC, 4,B,C, are tri-homological, therefore
AA,,BB,,CC, are concurrent in point noted R.

Fig. 5

(i1) The conclusion results by applying the Veronese theorem for the homological
triangles ABC, A4,B,C, that have as homological center the point R .

Remark 4
We observe that the triangles 4BC and 4,B,C, are bi-homological, their homological

centers being the given points P,Q . It results that these are tri-homological and therefore
AA,,BB,,CC, are concurrent in the third homological center of these triangle, which we’ll note
R

1°
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Similarly we observe that the triangles 4,B,C,, 4,B,C, are double homological with the
homological centers P,Q ; it results that these are tri-homological, therefore 4,4,,B,B,,C,C,
are concurrent, their concurrence point being notated with R, . In accordance to the Veronese’s
theorem, applied to any pair of triangles from the triplet (4BC, 4B ,C,, 4,B,C,) we find that

the points R, R, R, are collinear.

Remark S
Considering the points P, R and making the same constructions as in theorem 8 we

obtain the triangle 4,B,C, which along with the triangles ABC, A4 B,C, will form another triplet
of triangles tri-homological two by two.

Remark 6

The theorem 8 provides us a process of getting a triplet of tri-homological triangles two
by two beginning with a given triangle and from two given points in its plane. Therefore if we
consider the triangle ABC and as given points the two points of Brocard Q) and Q’, the
triangle 4, B,C, constructed as in theorem 8 will be the first Brocard’s triangle and we’ll find
that this is a theorem of J. Neuberg: the triangle 4BC and the first Brocard triangle are tri-
homological. The third homological center of these triangles is noted €2""and it is called the
Borcard’s third point and )’ is the isometric conjugate of the simedian center of the triangle
ABC

Open problems
1) If T,,T,,T, are triangles in a plane, such that (7;,7,) are tri-homological, (7,,T;)

are tri-homological, then are the (7;,7}) tri-homological?

2) If T,,T,,T, are triangles in a plane such that (7;,7,) are tri-homological, (7,,T;)
are tri-homological, (7;,7;) are tri-homological and these pairs of triangles have in common two

homological centers, then are the three remaining non-common homological centers collinear?
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Abstract.
In this article we propose to determine the triangles’ class 4,8,C; orthohomological with

a given triangle ABC, inscribed in the triangle ABC (A4 € BC, B,€ AC, C,€ 4AB).

We’ll remind, here, the fact that if the triangle 4,B,C, inscribed in ABC is
orthohomologic with it, then the perpendiculars in 4, B,, respectively in C, on BC, CA,
respectively 4B are concurrent in a point P, (the orthological center of the given triangles), and
the lines A4;, BB,, CC, are concurrent in point (the homological center of the given triangles).

To find the triangles 4. B.C., it will be sufficient to solve the following problem.

e At

Problem.
Let’s consider a point P in the plane of the triangle ABC and A4 B,C, its pedal triangle.

Determine the locus of point P such that the triangles ABC and A4 B,C; to be homological.

Solution.
Let’s consider the triangle ABC, A(1,0,0), B(0,1,0), C(0,0,1), and the point

B(a,B.y), a+B+y=0.
The perpendicular vectors on the sides are:
Usje (Zaz, —a’=-b*+c*, —a’+b’ —cz)
U;, (—a2 -b*+c’, 2b°, a’ = b —cz)
Ui, (—az +b*—c*, a’ -b* -7, 202)
The coordinates of the vector BC are (0,-1,1), and the line BC has the equation x=0.
The equation of the perpendicular raised from point P on BC is:
X v z
o B 4 =0
2¢° —a*-b'+c* —a’+b* -
We note A4.(x,y,z), because 4, € BC we have:
x=0and y+z=1.

The coordinates y and z of 4, can be found by solving the system of equations
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X v z
o p y =0
2 —a*=b*+c* —at+b*=¢f

y+z=0

22 4
y 2 2 2 2
2a° —a” +b" —c

y[a (—a2+b2—cz)—27/a2}=z[0( (—az—b2+cz)—2ﬂa2},
a (—a2+b2—c2)—27a2
yry o (—az—b2+cz)—2ﬁa2 B
o (—az—b2+cz)—2ﬂa2+0{ (—a2+b2—cz)—2}/a2
g a (—az—b2+02)—2ﬂa2 b
2da* (a+fB+y)
4 (Z(—az—b2+cz)—2ﬂa2 -

We have:

b

_%a p

2a° —a*-b*+c*

b

9

it results

y=%(a2+b2—cz)+ﬂ

Zzl—yzl—ﬂ—z;“z(a2+b2—cz):a+7/— Zaz (a2+b2—cz).
a a

Therefore,

4 (o, 2%’2(012 b —*)+ B, 22‘2 (a> -7 +c2)+;/J.

Similarly we find:
B |- (a2+b2—c2)+0{, 0, — (—a2+b2+cz)+7 ,
' 2b°

C[(l(aZ—b2+cz)+a, 2—};2(—a2+b2+cz)+ﬁ, Oj.

We have:
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. K Y I

4B 24 (a bo+e )+7/ __occosB+ya

AC 052 (a2+b2—c2)+ﬂ obcos C+ fa
2a

. B > 2

BC __ 77)2(61 thi-c )+(x __PacosC+ab

B.A %(—a2+b2+c2)+y Pccos A+ yb
a

0 L(-a )+ p

CA 2 __ybcos A+ fe

ag lz(a2—b2+cz)+0{ yacos B+aoc
2c

(We took into consideration the cosine’s theorem: a* =b* +c* —2bccos A).
In conformity with Ceva’s theorem, we have:

ot =1,

AC BA CB
(ay+accos B)(ba+ facosC)(cf+ ybeos A) =
=(apf+abcosC)(by+ fccos A)(ca+yacos B)
aO((bZJ/Z—Czﬂz)(COSA—COSBCOSC)+bﬂ(020{2

+c7/(a2ﬂ2 —bzaz)(cosC—cosAcosB) =0.

—azyz)(cosB—cosAcosC)+

Dividing it by a’h°c’, we obtain that the equation in barycentric coordinates of the locus
£ of the point P, is:

a(ﬁ P

2
—Z—F](cosA—cosBcosC)+§(a—2—K2j(cosB—cosAcosC)+

a C

2 2
+Z(ﬁ_2—a—2J(cosC—cosAcosB) =0.
c\b” a

We note d,, d,, d. the distances oriented from the point P to the sides BC, CA
respectively AB , and we have:

a_d, B_dy y_de
a 2s b 25 ¢ 2s
The locus’ £ equation can be written as follows:

d,(d:—d;)(cos A—cos BeosC)+d,, (d; —d/)(cos B—cos AcosC)+
+d,(d; —Jj)(cosC—cosAcosB):O

Remarks.
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1. It is obvious that the triangle’s ABC orthocenter belongs to locus £ The orthic
triangle and the triangle ABC are orthohomologic; a orthological center is the
orthocenter H , which is the center of homology.

2. The center of the inscribed circle in the triangle ABC belongs to the locus £ because

d ,=d,=d. =r and thus locus’ equation is quickly verified.

Theorem (Smarandache-Patrascu).
If a point P belongs to locus £, then also its isogonal P belongs to locus £

Proof.
Let P (a, B, 7/) a point that verifies the locus’ £ equation, and P’ (0/, B,y ) its isogonal

ﬁbl? :KZ. We’ll prove that P e £ i.e.
¢

.
Zi(y——g—](cosA cos BeosC)=0

in the triangle ABC'. It is known that g =

2
a\c

! 272 2 .2
ZK(MJ(COSA—COSBCOS C)=0

2 2
a bc

Z bogz(7"252—ﬁvzcz)(cosA—cosBcosC):0<:>
ab’c
! , ' 2 2. '
<:>Z 0; 2(7/ﬁﬁc C wh j(cosA—cosBcosC):()(:;
ab c y B

2
@Zab’f;:(ﬂc yz j(cosA—cosBcosC)=O(:»

@Zaﬂy[ﬁc _szj(cosA—cosBcosC):Oﬁ

ab*c? By
@Zz aBy %ybzﬁ ﬂz 7/2 (cos A—cosBcosC)=0.
a\ aofy )bc b* ¢

We obtain that:
afy Vg
Z (cosA—cosBcosC)=0,
affy “alc’

this is true because Pe £

Remark.

We saw that the triangle ‘s ABC orthocenter H belongs to the locus, from the precedent
theorem it results that also O, the center of the circumscribed circle to the triangle ABC
(isogonable to H ), belongs to the locus.

Open problem:
What does it represent from the geometry’s point of view the equation of locus £?
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In the particular case of an equilateral triangle we can formulate the following:

Proposition:

The locus of the point P from the plane of the equilateral triangle ABC with the property
that the pedal triangle of P and the triangle 4ABC are homological, is the union of the triangle’s
heights.

Proof:
Let P(e, 3,7) apoint that belongs to locus £. The equation of the locus becomes:

a(yz—ﬂ2)+ﬁ(a2—7z)+y(ﬁ2—a2)=0

Because:

(v =)+ (@ -1)+ (B -o*) =y ~af + foi - By + 1 - yor =

= afy+ay —off + fo’ - fy’ + 1’ -y ~ oy =

=af(y=p)+ay(y-p)-a (y=B)-Br(y-p)=

=(r-B)la(p-a)-y(B-a)]=(B-a)(a-7)(r-B).

We obtain that = or f=y or y=«, that shows that P belongs to the medians
(heights) of the triangle ABC'.
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