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This book is dedicated to
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Smarandache, who listed
many new and unsolved
problems in number theory.



Preface

Arithmetic is where numbers run across your mind looking for the answer.
Arithmetic is like numbers spinning in your head faster and faster until you blow up
with the answer.
KABOOM!!
Then you sit back down and begin the next problem.
Alexander Nathanson

Mathematics is often referred to as a servant of science and number theory as a
queen of mathematics, by which we are to understand that number theory should
contribute to the development of science by continuously supplying challenging
problems and illustrative examples of its own discipline in anticipation of later
practical use in the real world.

The research on Smarandache Problems plays a key role in the development of
number theory. Therefore, many mathematicians show their interest in the
Smarandache problems and they conduct much research on them. Under such
circumstances, we published the book <RESEARCH ON SMARANDACHE
PROBLEMS IN NUMBER THEORY>, Vol. I, in September, 2004. That book
stimulated more Chinese mathematicians to pay attention to Smarandache conjectures,
open and solved problems in number theory.

The First Northwest Number Theory Conference was held in Shangluo Teacher's
College, China, in March 2005. One of the sessions was dedicated to the
Smarandache problems. In that session, several professors gave a talk on
Smarandache problems and many participants lectured on Smarandache problems
both extensively and intensively.

This book includes 34 papers, most of which were written by participants of the
above mentioned conference. All these papers are original and have been refereed.
The themes of these papers range from the mean value or hybrid mean value of
Smarandache type functions, the mean value of some famous number theoretic
functions acting on the Smarandache sequences, to the convergence property of some
infinite series involving the Smarandache type sequences.

We sincerely thank all the authors and the referees for their important
contributions. Thanks are also due to Dr. Xu Zhefeng for his effort of making files of
LaTeX style. The last, but not the least, thanks are due to the teachers and students of
Shangluo Teacher's College in China for their great help in our successful conference.

August 10, 2005
Zhang Wenpeng, Li Junzhuang, Liu Duansen






ON THE SMARANDACHE M -TH POWER RESIDUES*

Zhang Wenpeng
Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China

wpzhang@nwu.edu.cn

Abstract For any positive integer n, let ¢(n) be the Euler function, and a,,(n) denotes
the Smarandache m-th power residues function of n. The main purpose of this
paper is using the elementary method to study the number of the solutions of the
equation ¢(n) = am(n), and give all solutions for this equation.

Keywords:  Arithmetical function; Equation; Solutions.

§1. Introduction

For any positive integer n, let n = p{?p5? - - pi* denotes the factoriza-
tion of n into prime powers. The Smarandache m-th power residues function
am(n) are defined as

am(n) :p?lpg2 . pgk’ ﬁl = mln{m — 17()4i}7i = 1’2 .7]{:.

In problem 65 of [1], Professor F.Smarandache asked us to study the properties
of this function. Let ¢(n) denotes the Euler function. That is, ¢(n) denotes
the number of all positive integers not exceeding n which are relatively prime
to n. It is clear that ¢(n) and a,,(n) both are multiplicative functions. In
this paper, we shall use the elementary method to study the solutions of the
equation involving these two functions, and give all solutions for it. That is,
we shall prove the following:

Theorem. Let m be a fixed integer with m > 2. Then the equation
d(n) = am(n) have m + 1 solutions, namely

n=1,2"2%" =12, m-]1.

§2. Proof of the theorem

In this section, we shall complete the proof of the theorem. Let n =
pip5? -+ py* denotes the factorization of n into prime powers, then from
the definitions of ¢(n) and a,,(n) we have

am(n) = p’flpgz . -pf’“, Bi =min{m — 1,a;},i =1,2.--- k(1)

*This work is supported by N.S.F. of PR.China (10271093, 60472068)



2 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORY 11

and
o(n) =pP" " (o1 = )p3* (p2 = 1) -0 (e — ). e)
It is clear that n = 1 is a solution of the equation ¢(n) = a;,(n). If n > 1,

then we will discuss the problem in four cases:
(i) If 3 a; > m, then we have a; —1 > m, 1rga<xk{ﬂj} < m— 1. Combining
yi

(1) and (2), we know that ¢(n) # am,(n). That is, there is no any solution
satisfied ¢(n) = a,,(n) in this case;

@) If a1 = ag = - -+ = a = m, then we have
am(n) =p"py

and
¢(n) =" (p1 = Dp5 (o2 = 1) - (o1 — 1)
It is clear that only n = 2" is a solution of the equation in this case;
(i) If 1rila<xk{ai} < m, then from (1) and (2), and noting that 3, = oy >
<i<

aj — 1, we know that ¢(n) # a,,(n) for all n in this case;

(iv) If 3 ¢, 7 such that o; = m and o; < m, then from (1), (2) and equation
d(n) = am(n), we get p1 = 2. If not, then ¢(n) is an even number, but a,, (n)
is an odd number. Noting that if o, < m, then ¢(n) # amy(n), so we have
oy, = m and

$(n) = 27'p3> N pa— 1) P Mok — 1)
am(2al)am(pg2) T am(p?) = am(n).

If a1 = m, then n = 2™ is the case of (ii). Hence, a; < m. Now from the
equation, we have

ao—1

P52 e — 1) p ok — 1) = 2am(p5?) - - am (PP). 3)

Noting that 2|(p; — 1) if ¢ > 1, from (3) we can deduce that only one term with
the form p; — 1 in the left side of (3). That is,

n = 2%,

From
P(2°p™) = am(2°p™) = p"(p— 1) = 2",

we getn = 293", 1 < a < m. Thatis,n = 2%3™, (1 < a < m) are all the
solutions of ¢(n) = a,,(n) in this case.

Now combining the above four cases we may immediately get all m + 1
solutions of equation ¢(n) = a,,(n), namely

n=12"2*3" a=1,2.---.m—1.

This completes the proof of Theorem.
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AN EQUATION INVOLVING EULER’S FUNCTION*

Yi Yuan

Research Center for Basic Science , Xi’an Jiaotong University, Xi’an, Shaanxi, P.R.China
yuanyi@mail.xjtu.edu.cn

Abstract In this paper, we use the elementary methods to study the number of the solu-
tions of an equation involving the Euler’s function ¢(n), and give an interesting
identity.

Keywords:  Multiplicative function; Arithmetical property; Identity.

§1. Introduction

For any positive integer n > 1, the Euler function ¢(n) is defined to be the
number of all positive integers not exceeding n which are relatively prime to
n. We also define J(n) as the number of all primitive Dirichlet’s characters
mod n. Let A denotes the set of all positive integers n satisfying the equation
#?(n) = nJ(n). In this paper, we using the elementary methods to study the
convergent properties of a new Dirichlet’s series involing the solutions of the
equation ¢*(n) = n.J(n), and give an interesting identity for it. That is, we
shall prove the following conclusion:

Theorem. For any real number s > % we have the identity

= 1 ((25)C(35)
nzz:l ns  ((6s)
neA

where ((s) is the Riemann zeta-function.

Taking s = 1 and 2, and note that ((2) = 72/6, ((4) = 7*/90, ((6) =
70/945, ((12) = 691712/638512875, we may immidiately deduce the fol-
lowing identities:

> 1 315 01 15015 1

—= 3 d —_— =,
nz::l n = gmtB) 2 n? ~ 1382 12
neA neA

*This work is supported by N.S.F. of PR.China (10271093)



6 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORY 11

§2. Proof of the theorem

In this section, we will complete the proof of the theorem. First note that
both ¢(n) and J(n) are multiplicative functions, and if n = p®, then J(p) =
p—2,¢(p) =p—1,J(p*) =p**(p—1)* and $(p*) = p*~'(p — 1) for
all positive integer @ > 1 and prime p. So we will discuss the solutions of the
equation ¢?(n) = n.J(n) into three cases.

(a) It is clear that n = 1 is a solution of the equation ¢?(n) = n.J(n).

) Ifn > 1, letn = pi*p5? - - - p¢ denotes the prime powers decomposi-
tionof nwithalley; > 20 =1,2,------ , k), then we have

J(n) = p 2 (p1 — 1) pi P (py, — 1)

and
2 a1 —1 as—1 an—1 2
$*(n) = (P (o1 = P> (o = 1)t e — 1))

For this case, n is also a solution of the equation ¢?(n) = nJ(n).

©Ifn=mpipspeppii' - ppf withpy < po < -+ < p, and oj > 1,
j=r+1,r+2, ---, k, then from (b) and the definition of ¢(n) and J(n)

we have ¢?(n) = nJ(n) if and only if

X (p1p2 -+ pr) = pip2 - prd (P1p2 - Pr)

or

(p1 =122 — 1% (pr — D)2 =pip2 - pr(p1 — 2)(p2 — 2) -+ (pr — 2).

Itis clear that p, can not divide (py —1)*(p2—1)*- - - (p, —1)*. So the equation
#?(n) = nJ(n) has no solution in this case.

Combining the above three cases we may immediately obtain the set of all
solutions of the equation ¢?(n) = nJ(n)isn = p{'p5? - - - p% withall a;; > 1
and 1. That is, A is the set of all square-full numbers and 1.

Now we define the arithmetical function a(n) as follows:

a(n):{ 1, if neA,

0, if otherwise.

For any real number s > 0, it is clear that

=1 =1
2w < L
n=1 n=1

neA

[e.e]

and Z — 1is convergent if s > 1. So for s > 2, from the Euler product
n=1 n®

formula (see [2]),we have
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> 1 a(p? a(p?
- (1)

n=1 p

B 11
= ]I 1+ﬁ+ﬁ+'”

where ((s) is the Riemann zeta-function, and H denotes the product over all

) P
primes.

This completes the proof of the theorem.
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ON THE FUNCTION ¢(N) AND & (N) *

Xu Zhefeng

Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China
zfxu@nwu.edu.cn

Abstract The main purpose of this paper is using the elementary method to study the
divisibility of dx(n) by ¢(n), and find all the n such that o(n) | 0x(n).

Keywords:  Euler function; Arithmetical function; Divisibility.

1. Introduction and main results

For a fixed positive integer k£ and any positive integer n, we define a new
arithmetic function as following:

0k(n) =max{d | d|n,(d k) =1}

If n > 1 the Euler function ¢(n) is defined to be the number of positive
integers not exceeding n which are relatively prime to n; thus,

n

pn) =31

k=1
n

/ . . . . .
where Z indicates that the sum is extended over those k relatively prime to

k=1
n

In this paper, we shall study the divisibility of d;(n) by ¢(n), and find all
the n such that p(n) | dx(n). In fact, we shall prove the following result:

Theorem. ¢ (n) | 6x(n) if and only if n = 2°3P, where o > 0,3 >
0,a,8 € N.

§2. Proof of the theorem

In this section, we will complete the proof of the theorem. First we need the
following Lemma.

*This work is supported by N.S.F. of PR.China (60472068)
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Lemma Forn > 1, we have
1
o(n) = nH 1- o)

Proof. See Theorem 2.4 in reference [2].

Now we use the above lemma to complete the proof of Theorem. We will
discuss it in two cases.

L (n,k) = 1, then dx(n) = n. Let n = p{*ps? - - - pS is the factorization
of n into prime powers. From the Lemma, we can write

a1—1

e(n) =pt* Hpr — Dps> Hpo — 1)+ pH(ps — 1),
If o(n) | 0x(n), then

P = DpsHp2 — 1) -2 (ps — 1) [
that is
(p1—1)(p2—1)---(ps — 1) | p1p2- - ps,

from the above formula, we are sure of

i)p1 = 2,if not, (p1 —1)(p2 — 1) --- (ps — 1) is even but p1ps - - - ps odd
and

i) s < 2, since 2|(p; — 1) (i = 2,3,---,s) but paps - - - ps can not be
divided by 2.

Ifs=1,thenn =2%a > 1.

Ifs=2thenn=2%3% a>1,6>1.

Thus, we can obtain that n = 2%35 o > 1,8 > 0 such that p(n) | 5x(n)
when (n, k) = 1.

IL. (n, k) # 1, we can write n = ny - ng, where (n1,k) = 1 and (n1,ng) =
1, then

5k(n) =N,

and
p(n) = p(n1)e(n2),

If o(n) | 0x(n), that means

p(n1)p(nz) | na,
that is
o(n1) | m (1)
o(n2) | n1 2

from (1), we can get
ny = 20135, 3)
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where oy > 1,61 > 0,1, 81 € N.
combining (3)and(4), we can easily get

p(ng) | 2037,

this means
p(n2) = 1.
Otherwise (n1,n2) # 1.
So
Nno = 1

Altogether, whether (n, k) = 1 or not, we can obtainn = 2%3%, a > 1,3 >
0 such that p(n) | dx(n).
This completes the proof of the theorem.
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ON THE MEAN VALUE OF THE DIRICHLET’S DIVISOR
FUNCTION IN SOME SPECIAL SETS*

Xue Xifeng
Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China

Abstract The main purpose of this paper is using the analytic methods to study the mean
value properties of the Dirichlet’s divisor function in some special sets, and give
several interesting asymptotic formulae for them.

Keywords:  Divisor function; Mean value; Asymptotic formula.

§1. Introduction

For any positive integer n and £ > 2, the k-th power complement function
br(n) of n is the smallest positive integer such that nby(n) is a perfect k-th
power. In problem 29 of reference [1], Professor F.Smarandache asked us to
study the properties of this function. About this problem, some people had
studied it before, and obtained some interesting conclusions, see references [4]
and [5]. In this paper, we define two new sets B = {n € N,bx(n) | n} and
C ={n € N,n | bg(n)}. Then we use the analytic methods to study the mean
value properties of the Dirichlet’s divisor function d(n) acting on these two
special sets, and obtain two interesting asymptotic formulae for them. That is,
we shall prove the following :

Theorem 1 . For any real number x > 1, we have the asymptotic formula

1

neB

) - el

p+ 1) (pm — 1)
( L 1 Zerl (m+l>pm+1—i
( + l)m—l-l( 1)2

where

*This work is supported by N.S.F. of PR.China (60472068).



14 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORY 11
f(y) is a polynomial of y with degree m = [%] and ¢ is any fixed positive
number.

Theorem 2 . For any real number x > 1, we have the asymptotic formula

rlogzx [+1)(p—1 1
Z d(n) = i fl) 1;[ (1 — (;lJr)2(pp)> + Az + +0(22719),

n<z
neC

where [ = {%} , A is a constant, and ¢ is any fixed positive number.

§2. Proof of the theorems

In this section, we shall complete the proof of the theorems. In fact, let
n = p; Py ---ps° denotes the factorization of n into prime powers. Then it
is clear that b(n) = b (py'ps? -+ p¥*) = br(p7*)br(p5?) - - - bp(p%s). That

is, bi(n) is a multiplicative function. So we first study the problem in the case
(03

n = p°.
(1) If & > k, then from the definition of bx(n) we know that bg(n) | n.
Therefore n € B.
() If a < k, then by(n) = p*~®. So combining (1), (2) and the definition
of B and C, we deduce that n € B if o > [*1], and n € C'if o < [£]. Now
we prove the theorem 1 and theorem 2 respectively. First let

neB

Then from the definition of by (n) and B, the properties of the Dirichlet’s
divisor function and the Euler product formula [2], we have

m m—+1
o) = 11 <1+ ") | C;((ZH)S) +>

ms
) p

B H(1+m+1+m+2+ )
= :
. pms p(er)s

m+1 m+1 p° )
= 1
1;[ ( T T 1) e — 1)

(™ (ms) P ((p° = 1)(m + 1) +p°)
- g (1

(D

+1
(ps o 1)2mz: (m—l—l) pm(m+1—i)s
=2
<pms + 1)m+1(ps _ 1)2 ’
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where ((s) is the Riemann zeta-function and m = [££1].

Obviously, we have

1

o—1—

i d(n) <

n=1

|d(n)] < n,

9

1
m
where 0 > 1 — % is the real part of s. Therefore by Perron formula [3], with

3
sozo,b:%,T:x%,wehave

Z 44T Cm+1(m8) o L
S NPT i 3m T€
> d(n) 27”/2 . Cm+1(2mS)R(s)Sds+O(x2 ),

n<x
neB
where
m+1
D (p* = 1)(m+1)+p*) — (p° — 1) 2 Z (m+1> (m+1—i)s
= 1 =2

To estimate the main term

1 [t ¢l (ms) x®
- S ) py
2mi J2_p (MTL(2ms) () s O

we move the integral line from s = % +iTtos = ﬁ 44T, then the function

Cerl (ms) s

¢™(2ms) k() s

have one m + 1 order pole point at s = % with residue

s)x® (m)
lim 1 <(ms — l)mHCmH(ms)iR( ) ) >

s—1m)! Cm+1(2m5
= lim — () ((ms — 1) (ms)) W+
L it D) [ R(s)a Y
+ll—%m(l)((ms_l) +e +1(m8)) (Cm+1(2m3)3> +

s)z® (m)
+ lim L m (™) (ms — 1)™ ™ (ms) (R( ) ] )

s—1m! ¢mt1(2ms)s
maxm 1 1
T _ 5 T€
§m+1(2)R(m> f(loga:)—i—O(x? ),
where f(y) is a polynomial of y with degree k, and ¢ is any fixed positive
number.
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So that we can get

1 /;+1T+ Qin+iT+/21n—iT+/jL—z‘T Cm+1(m8)st(s)ds
211 2 7 %-I—iT LT ﬁ—iT Cm+1(2m5)5

m 2m

mam 1 1,
= WR (m) f(ogz) + O(zzm ™).

It is easy to estimate

1 5T <m+1(m8)x5 .
94 -——————R(s)d 5 1€
2me /ri‘HT Cm+1(2ms)s (s)ds| < x2 ,
1w T ¢ (ms)a® )
i ——R(s)d 5, TE
271 /ﬁ,l—iT Cm+1(2ms)s (s)ds| < x2 ,
and 1 1
L (2= (M (ms)a® )
Dy ———R(s)d smte
21 /Q}nHT Cm+1(2m8)s (s)ds| < x2
Therefore, we have
i
maxm 1 N
> d(n) = WR (pm) - f(logx) + +O (x2m+€> 7
n<lz
neB
where
m - 1 1 o mH1 1 i
P (7 = D)(m+1) +pm) = (pm —1)" 3 (™) p
1 2
R( m) 1|1+ | 2
P (p+ 1)mH(pm —1)2

This completes the proof of Theorem 1.
For any integer k£ > 2 and any real number s > 1, let

neC

Then from the Euler product formula [3] we have

g(s) = ng)
neC
_ dip)  d@*) , d@Y
- 1;[<1+ ps+p23+ +pms>
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2 3 l+1>
= H<1+++-~+
2 l
» p* p¥ p”
B 1 . 1 1 I+1
- 1;[ 71% +ps+p28+p3s+ +pls_ (I+1)s

l— s 41
_ C(S)l;[( 1_p(%) _p(lJ-rH)s)
() (I+1)(p° 1)
= g (- G-

where [ = [g] So by Perron formula [3] and the methods of proving Theorem
1 we can easily get Theorem 2.
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Ren Ganglian
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Abstract Let p and ¢ be two distinct primes, epq(n) denote the largest exponent of power
pq which divides n. In this paper, we study the properties of the sequence

epq(n), and give an interesting asymptotic formula for the mean value E epq(n).

n<z
Keywords:  Largest exponent; Asymptotic formula; Mean value.

¢1. Introduction

Let p and ¢ be two distinct primes, ep,(n) denote the largest exponent of
power pq which divides n. In problem 68 of [1], Professor F. Smarandache
asked us to study the properties of the sequence e,(n). About this problem,
some people had studied it, and obtained a series of interesting results (See
references [4] ). In this paper, we use the analytic method to study the proper-
ties of the sequence ep,(n), and give a sharp asymptotic formula for its mean
value Z epq(n). That is, we shall prove the following:

n<x
Theorem. Let p and ¢ be two distinct primes, then for any real number

x > 1, we have the asymptotic formula

> epyln) = ———+0 (/%) |

ot pq—1

where € is any fixed positive number.

§2. Proof of the theorem

In this section, we shall complete the proof of Theorem. For any complex
s, we define the function

floy =y ),
n=1

*This work is supported by N.S.F. of PR.China (60472068).
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Note that the definition of e,,(n), and applying the Euler product formula (See
Theorem 11.6 of [2]), we may get

[c.oluNe eRNNe o]

- XSS s

a=0t=1n1= 1
(n1,pg)=1
o0 oo o0

FYY Y e Y Y

a0t1n11pq aomlpqnl
(n1,pq)=1 (n1,pg)=1

a=0 Pl e O
(n1,pq)=1
o o <1 o 1 s o o 1
+ = — Y —
LG 2w A
(n1,pq)=1 (n1,pq)=1
((s)
(pg)* — 1’

where ((s) is the Riemann zeta-function.
Obviously, we have

o
epg(n) <log,,n <Inn Z ep;gn)

n=1

~o—1

where o is the real part of s. Therefore by Parron’s formula ( See reference
[3]) we can get

s eml) L /””T Lsts0) 20 (w*’B(bﬂo)>

= 270 Jo—ir (pq)sts0 —1 s T
1
+0 <x1_”0H(2x) min {1, 0;3130 }) +0 (x_UOH(N) min {1, Hx|}>
x
where N is the nearest integer to z, ||z|| = |z — N|. Taking sp = 0,b =

3,H(z) =Inz, B(c) = -1, we have
1 34T ¢(s) raTe
7—d +0 .
n§<:x€pq( 2mi /,_,T (pg)s—1 s ( T )

To estimate the main term

)

1 /3+iT C(s) af
S 2y

27 J3 it (pg)*—1 s
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we move the integral line from s = % +il'tos = % + ¢T'. This time, the

function ¢(s) .
s) =z
g(s) = —"——=—
(pg)° =1 s
has a simple pole point at s = 1, and the residue is pqx_ 7+ So we have

1 /§+iT+/;+iT+/;—iT+/g—iT ¢(s) m—sds: r
2mi \J2—ir 34T Lir iar ) (pg)*—1s pq—1

Taking T' = z, and note that

i /§+z‘T+/g—iT C(s) isdg
2mi \Jéyir  Jizir ) (pg)*—1 s

< /g (o +iT) o d
| C(o+1 b7 17T o
2
3,
< sz — pate
and
1 1T s T 1 1 1
—./2 &x—ds <</ \C(7+z‘t)fgydt<<x2+f
2mi Jivir (pg)*—1 s 0 2 (pg)z —1 1

we may immediately get the asymptotic formula

Z epg(n) = Y L0 (x1/2+€) ‘

ot pq—1

This completes the proof of Theorem.
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Abstract The main purpose of this paper is using the elementary and analytic methods to
study the mean value properties of the additive k-th power complements, and
give some interesting asymptotic formulae for it.

Keywords:  Additive k-th power complements; Mean value; Asymptotic formula.

§1. Introduction

For any positive integer n, the Smarandache k-th power complements by ()
is the smallest positive integer such that nbg(n) is a complete k-th power,
see problem 29 of [1]. Similar to the Smarandache k-th power complements,
the additive k-th power complements ax(n) is defined as follows: ag(n) is
the smallest nonnegative integer such that ai(n) + n is a perfect k-th power.
For example, if & = 2, we have the additive square complements sequence
{az(n)} (n =1,2,---) as follows: az(1) = 0,a2(2) = 2,a2(3) = 1,a2(4) =
0,a2(5) = 4,a2(6) = 3,a2(7) = 2,a2(8) = 1,a2(9) = 0,---. About this
problem, many authors have studied it before, and obtained some interesting
results. For example, Z.F. Xu [4] studied the mean value properties of the
additive k-th power complements, and gave the following:

Proposition . For any real number x > 3 and fixed positive integer k > 2,
we have the asymptotic formula:

2 1 2
> ar(n) = 4kk_ 527+ 0 (227).

n<x

For any fixed positive integer m, the definition of the arithmetical function
Im(n) is

(Sm(n) = { max{d eEN | d’n’ (dvm) = ]-}, Zf n 75 0,

0, if n=0.

In this paper, we shall use the elementary and analytic methods to study the
mean value properties of the new arithmetical function d,,(ar(n)), and give

*This work is supported by N.S.F. of PR.China (60472068).
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an interesting asymptotic formula for it. That is, we shall prove the following
conclusion:

Theorem. For any real number x > 3 and positive integer m, we have the
asymptotic formula:

k2 1
Z om(ar(n)) = m$277

n<x

Eal

p 22 .
— 40 k), k>3,
p+1 + (x ) if
plm
where []| denotes the product over all prime divisors p of m, and € is any fixed
plm
positive number.
Taking k = 2, 3 in our Theorem, we may immediately deduce the following:

Corollary. For any real number x > 1, we have the asymptotic formulae

3

> blas(n) = 20 [[ 2 4.0 (a3+)

n<x p|mp+ 1
and 9
_ 2.3 p S+e
§5m<a3(n))_1oxsﬂp+l+o(m ).

§2. Some lemmas

To complete the proof of the theorem, we need following Lemmas:
Lemma 1. For any real number x > 1 and positive integer m, we have the
asymptotic formula

z? p 34

n<x

where € is any fixed positive number.

o0
Proof. Let s = o+t be a complex number and f(s) = > 6”;(5"). Note that
n=1

dm(n) < n, so it is clear that f(s) is a Dirichlet series absolutely convergent
for Re(s)> 2, by the Euler product formula [2] and the definition of §,,(n) we
get

F(s) = i 5”;(:1) _ H<1+ Om(p)  dmP?) . m(™) +)
n=1

. ps p25 pns
Om Om, S (p?"
Qi s )
oim p p p
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< I1 <1+5m(p)+5m(p2)+--~+5m(p2n)+"'>

pim ps p2$ pns
= H<1+1+1+ T )
o ps p23 pns
2 2n
p p p
pim

= ((s—1) H(pz_p>, (1)

where ((s) is the Riemann zeta-function, and [] denotes the product over all
P

primes.
From (1) and Perron’s formula [3], we have

1 §-‘riT ps_p s x%—i—e
> dnln) = 5 [ c<s—1>H(s )-d8+O<T>,(z)

’I’L<I 7_’LT p|m p - 1 §

where ¢ is any fixed positive number.
Now we move the integral line in (2) from s = % +iT tos = % + ¢T'. This

time, the function ((s — 1) [] (Z 2:11” ) . %S has a simple pole point at s = 2
plm

with residue )

T p
2 155 3

Hence, we have

1 5T ST 34T 2T S
*-/2 A A A e e
2mi \Je—ir  Jir  Jiwr  Jigam pim NPT L) s

— 4
H b 2 1 @
We can easﬂy get the estimate
1 5T 44T s _ e pate
2(/ +/ ><(s—1)H(ps f) —ds| < (5)
™ 5—iT 5+iT plm b” = S
and
1 34T S s
—,/2 s—DJ] (p p) L ds| < a3 (6)
211 it olm ps—1 s
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Taking T" = x, combining (2), (4), (5) and (6) we deduce that

2 Om(n) *Hﬁw ). )

n<z plm
This completes the proof of Lemma 1.

Lemma 2. For any real number x > 3 and any nonnegative arithmetical
function f(n) with f(0) = 0, we have the asymptotic formula:

[xﬂ_l
Y flaxn)= > > f(m)+0 > )|,

n<o =1 n<g(t) nso([4])

k—1 .
where [x] denotes the greatest integer not exceeding x and g(t) = < 2 ) t'.
1

.
Il

Proof. See reference [4].

3. Proof of the theorem

In this section, we will complete the proof of the theorem. From the defini-
tion of 9, (ax(n)), Lemma 1 and Lemma 2, we have

Z O (ax(n))

n<x

s i)
{m%]fl j:242k—2 P .
> ( ;| o ))+o( flnz) if k>3
_ k? p [x%]*l 2k—2 22
- ?p\mm t=1 t HoEy
2

p 91 9_2
fr O .
2(2k—1)pI|mIp+ o O

For the cases of k = 2,3, we can also prove the results by Lemma 2. For
example,

3" blas(n))

n<x
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t=1 p\mp+
3
2x2 p
= —— +O(z1te
3 p+1 ( )
plm

This completes the proof of the theorem.
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Abstract The main purpose of this paper is using the elementary method to study the
properties of the Smarandache-Riemann zeta sequence, and solve a conjecture
posed by Murthy.

Keywords:  Smarandache-Riemann zeta sequence; Murthy’s conjecture; Elementary method.

§1. Introduction

For any positive integer n, we let a(2n,2) denotes the sum of the base 2
digits of 2n. That is, if 2n = @12 + a22%? 4 ... + as2% with as > a1 >

S

o> 20,Whereai:00r1,i:1,2,...,s,thena(2n,2):Zai.
i=1

For any complex number s with Re(s) > 1, we define Riemann-zeta function

as
=1

¢(s) = v
n=1
For any positive integer n, let T}, be a number such that

71'2”

where 7 is ratio of the circumference of a circle to its diameter. Then the
sequence T' = {T),} 2, is called the Smarandache-Riemann zeta sequence.
In [1], Murthy believed that 7}, is a sequence of integers. Simultaneous, he
proposed the following:

Conjecture. No two terms of T,, are relatively prime.

In this paper, we shall prove the following conclusion:

Theorem. There exists infinite positive integers n such that T}, is not an
integer.

From this Theorem we know that the Murthy’s conjecture is not correct,
because there exists infinite positive integers n such that 7;, is not an integer.
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§2. Some simple lemmas

Before the proof of the theorem, some simple lemmas will be useful.

Lemma 1. If ord(2,(2n)!) < 2n — 2, then T,, is not an integer, where
ord(2, (2n)!) denotes the order of prime 2 in (2n)!.

Proof. See reference [2].

Lemma 2. For any positive integer n > 1, we have the identity:

=X 12n
as(2n) = Z 21} =2n —a(2n,2),
i=1

where [x] denotes the greatest integer not exceeding .
Proof. From the properties of [z] we know that

2n a12% + a92? 4+ ... + a42%
=] - |
i .
Z a; 247" it oy <1 <o
ij=k
0, if 7> as.

So from this formula we have

=X rop 20 ra1291 4+ 9292 4. 4 g 29
a2(2n) - Z 21]_2[1 + as 2:‘ + as
i—1 i—1
s Oy s
= Y > a2 F=>"a;(1+24+2>+--+2%71)
G=1k=1 j=1

s 905 _ 1 s .
= z%‘ o1 T z(aﬂa’ — aj)
7j=1 7j=1

= 2n—a(2n,2)

This completes the proof of Lemma 2.

§3. Proof of the theorem

In this section, we shall complete the proof of the theorem. From Lemma 2
and the Theorem 3.14 of [3] we know that

+o0 n
ord(2,(2n)!) = as(2n) = g 221} =2n —a(2n,2).
i=1

Now it is clear that ord(2, (2n)!) < 2n — 2 if and only if

2n —a(2n,2) < 2n — 2.
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That is
a(2n,2) > 3.

In fact, there exists infinite positive integers n such that a(2n,2) > 3. For
example, taking n = 291 + 292 4 293 + 2% with ay > a3 > ag > a1 > 0,
then a(2n,2) > 3. For these n, from Lemma 1 we know that 7}, is not an
integer. Since there are infinite positive integers o, g, a3 and oy, it means
that there exists infinite positive integers n such that a(2n,2) > 3. Therefore,
there exists infinite positive integers n such that 7T}, is not an integer.

This completes the proof of Theorem.
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Abstract In this paper, we shall use the elementary method to study the properties of
the hexagon-numbers, and give an interesting identity involving the hexagon-
numbers.
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1. Introduction

For any positive integer m, if n = m(2m—1), then we call such an integer n
as hexagon-number (see reference [1]). The hexagon-numbers 1, 6, 15,28, - - -
are closely related to the hexagons. Moreover, the hexagon-numbers are the
partial sums of the terms in the arithmetic progression

1,5,9,13, -, dn+1,---.

For any positive integer n, let m be the largest positive integer that satisfy the
inequality
m(2m —1) <n < (m+1)2m+1).

Now we define a(n) = m(2m — 1), and call a(n) as the hexagon-number part

of n. In this paper, we shall use the elementary method to study the convergent
o

1
properties of the Dirichlet’s series f(s) = E o)

a*(n
n=1

identity for the case s = 2. That is, we shall Erove the following:

, and give an interesting

Theorem. For any real number s > 1, the infinity series f(s) is conver-

gent, and
F@=3

n=1

1 5,
= —7m1° —4In2.
a?(n) 37r .

§2. Proof of Theorem

In this section, we shall complete the proof of Theorem. First from the
definition of a(n) we know that there exists

(m+1)2m+1)—m2m—1)=4m+1
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solutions for the equation a(n) = m(2m — 1). So we can easy deduce that

fls) = > - > X @n) ms(szr_l)s

n=1 S(n) m=1 n=

1

Thus we may conclude that f(s) is convergent if 2s — 1 > 1. That is, s > 1.
Now we shall use the elementary method to calculate the exact value of
f(2). Applying the above identity we have

o0

£2) = Z dm +1

m2(2m — 1)?

o
- mi::l % +mi::1 (2m13 12~ gl m(2rr81 —1)

- S (B Swe) Sy
= 12 - @) - 3 ooty

= 10“2)_2177@(22—1)

= 10@“(2)—4(1—;+;—3l %—é+ )

where ((s) is the Riemann zeta-function.
From the Taylor’s expansion (see reference [2]) for In(1 + x) we know that

$2 $3 $4 n

X
In(1 —p— Ty T Ly g
n(lto)=o— "+ 5 =+t 4

Using this identity with x = 1 we may immediately get
1 1 1 1

S 4,

1
m2=1--
. 5737175 %

Combing all the above, and note that ((2) = %2 we may obtain

f(2) =10¢(2) —4In2 = gﬁ —4In2.

This completes the proof of Theorem.
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Abstract Similar to the Smarandache k-th power complements, we define the k-th power
part residue function fx(n) is the smallest nonnegative integer such that n —
fx(n) is a perfect k-th power. The main purpose of this paper is using the
elementary methods to study the mean value properties of and give an
interesting asymptotic formula for it.

1
fr(n)+1°

Keywords:  k-th power part residue function; Mean value; Asymptotic formula.

§1. Introduction and results

For any positive integer n, the Smarandache k-th power complements by ()
is the smallest positive integer such that nby(n) is a perfect k-th power (see
problem 29 of [1]). Similar to the Smarandache k-th power complements, Xu
Zhefeng in [2] defined the additive k-th power complements ay(n) as follows:
ar(n) is the smallest nonnegative integer such that n + ay(n) is a perfect k-th
power.

As a generalization of [2], we will define the k-th power part residue func-
tion fi(n) as the smallest nonnegative integer such that n — f(n) is a perfect
k-th power. For example, if k = 2, we have the square part residue sequence
{fa(n)} (n =1,2,...)asfollowing: 0,1,2,0,1,2,3,4,0,1,2,3,4,5,6,0,1,2, ...
. Meanwhile, let p be a prime, e,(n) denotes the largest exponent of power p
which divides n. About the relations between e,(n) and fi(n), it seems that
none had studied them before, at least we couldn’t find any reference about it.

In this pa[ier, we use the elementary methods to study the mean value prop-

erties of - y77 and ep(fr(n)), and obtain two sharper asymptotic formulae

for them. That is, we will prove the following conclusions:
Theorem 1. For any real number x > 3, we have the asymptotic formula

1 k—1
Z 1 = xilnx+(lnx+7—k+1)aj%+O(lnx),
k

n<x

where + is the Euler constant.
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Theorem 2. For any real number x > 3, we have the asymptotic formula

Z ep(fr(n)) = pi 196-1-0 (pﬁﬁ:lﬂi) .

n<x

62. Some Lemmas

To complete the proof of the above theorems, we need following several
Lemmas.
Lemma 1. For any real number x > 1, we have

Z ep(n) = ; ! 7% + O(In® ).

n<x o

Proof. See reference [3].
Lemma 2. Leth(n)be anonnegative arithmetical function with ~2(0) = 0.
Then, for any real number z > 1 we have the asymptotic formula:

M-1
D b)) = > > h(n)+0( > h(n)),

n<z t=1 n<g(t) n<g(M)

k—1
k\ .
where g(t) = Z ( ,>t’ and M [:v%] [z] denotes the greatest integer not
, 1
=1

exceeding x.

Proof. For any real number z > 1, let M be a fixed positive integer such
that

MF <z < (M+ 1)k

Noting that if n pass through the integers in the interval [t*, (¢t + 1)¥), then
fx(n) pass through all integers in the interval [0, (t + 1)¥ — ¢¥), so we can
deduce that

T

Y h(fe(n) =

n<x

g

Yo h(fen)+ D> h(fr(n))

th<n<(t+1)k MFkE<n<g

<

= h(n)+ > h(n)

t=1 n<g(t) 0<n<a— Mk

= h(n) + O ( Z h(n))
Yk — Mk

0<n<(M+1

= h(n) + O ( > h(n)) .
)

n<g(M
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This proves the Lemma 2.
Lemma 3. For any real number z > 1, we have the asymptotic formula

1 1
Zzlnx+’y+0<)7
ngxn x

where - is the Euler constant.
Proof. See reference [4].
Lemma 4 For any real number = > 3, we have the asymptotic formula

2

Z fr(n k’l)in +0 (mQ*%) .

n<x

Proof. Let h(n) = nand M = [x%] then from Lemma 2 and Euler sum-
mation formula (see reference [4]) we obtain

Shm = Y Y n+0( > n)

n<n =1 n<g(t) n<g(M)
1
foF]-1
1
= = K222 L 0 (22 1)
2
t=1
k2 91 22
= @k-pt oY

This proves Lemma 4.

3. Proof of the theorems

In this section, we shall complete the proof of Theorems. First we prove
Theorem 1. Let h(n) = nand M = [m%], then from Lemma 2 and Lemma 3
we obtain

L hmTl

D S (z nil)
t=1 n<g(t) n<g(M)
M-1
— tz::l <1n ktF1) +ln<1+0<1>>+'y+0<g(1t)>)+0(lnw)

k—1
= x%lnaz—}-(lnx—i-’y—k-f—l)x%-i—O(lnx).
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This completes the proof of Theorem 1.
The proof of Theorem 2. Note that the definition of e,(n), from Lemma 1
and Lemma 4 we have

> ep(fu(n))
n]\}m
= > > )+ D elfuln)
t=1 (t—1)k<n<tk Mk<n<azx
M (t+1)kF—tF
= ep(j) + O ( > ep(fk(n)))
t=1  j=0 MkE<n<(M4+1)k
a 1 k Lk 2 k ik
_ ;(;9—1 (E+1)F =)+ 0 (2t + 1)k ¢ )))
+0 ( Z ep(n))
0<n<(M+1)k—MFk
1 9(M)
= ((M + 1)k — 1) +O(n?(kM* — 1)) + O (p_l)
1 k

= —M+O Mk_1> .
p—1 + ( —1
Taking M = [a:%], we easily get

3 enlfulm) = Lavo(tah).

This completes the proof of Theorem 2.
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Abstract The main purpose of this paper is using the elementary methods to study the
mean value properties of a special arithmetical function involving the integer
part of the m-th root of an integer and the k-th power free numbers, and give an
interesting asymptotic formula for it.

Keywords:  Integer part of the m-th root; k-th power free numbers; Asymptotic formula.

1. Introduction and results

Let m and k are two fixed positive integers with £ > 2. For any positive
integer n, we define arithmetical function b,,(n) as the integer part of the m-

th root of n. That is, b,,(n) = [n%], where [z]| denotes the greatest integer
< z. For example, ba(1) = 1, b2(2) = 1, b2(3) = 1, b2(4) = 2, ba(5) =
2, b2(6) = 2, ba(7) = 2, b2(8) = 2, b2(9) = 3, ------ . In reference [1],

Professor F.Smarandache asked us to study the properties of the sequences
{bk(n)}. About this problem, I do not know whether there exists any progress.
But none study the mean value properties of {bx(n)} over the k-th power free
numbers, here we call a positive integer n as k-th power free number, if p*  n
for any prime p. For convenience, we let .A; denotes the set of all k-th power
free numbers. In this paper, we shall use the elementary methods to study
the mean value properties of b,,,(n) over the set Ay, and give an interesting
formula for it. That is, we shall prove the following result:

Theorem. Let m and k are two fixed positive integers with k > 2. Then
for any real number x > 1, we have the asymptotic formula

1 m m+41
Z bn(n) = —= zm +0(x),
= C(kym+1
neAg

where ((k) is the Riemann zeta-function.

From this theorem we may immediately deduce the following Corollaries:
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Corollary 1. For any real number x > 1, we have the asymptotic formula

Zbg 71-2-}-0() and Zbg 7$5+O()
n<x n<x
neAs nc€As

Corollary 2. For any real number x > 1, we have the asymptotic Sformula

64 s 6
by(n) = —z1+0O(x) and bs(n 7$5 + 0 (x).
neAy nE.A4

§2. Some Lemmas

Before completing the proof of the theorem, we need the following lemmas.
Lemma 1. Let m and k are two fixed positive integers with k > 2. Then
for any real number x > 1, we have the asymptotic formula

e _m p(n L —k+1
n _m+1 +O(z) and nz:x )+O( );

n<z

where p(n) is the Mobius function, and ((k) is the Riemann zeta-function.
Proof. Using the Euler’s summation formula (see Theorem 3.1 of [2]) we
can easily deduce these conclusions.
Lemma 2. Let a(n) denotes the character function of the k-th power free
numbers (That is, if n is a k-th power free number, then a(n) = 1; if n is not
a k-th power free number, then a(n) = 0). Then for any positive integer n, we

have the identity
= > u(d)

dk|n
where p(d) is the M obius function.
Proof. From the properties of M obius function we know that for any posi-

tive integer n,
2= 5}

dln

Let u* denotes the greatest k-th power divisor of n. That is, n = u*v, where
v is a k-th power free number. It is clear that n is a k-th power free number if
and only if v = 1. In this case,

dould) =Y p(d) = pu(d) =p(l) =1=a(n).
dk|n dk|uk dlu
If u > 1, then from the above formula we have

dowld)= > wd) = p(d) { } 0= a(n).

dk|n dk|uk dlu
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This proves Lemma 2.

§3. Proof of the theorem

In this section, we shall complete the proof of the theorem. For any real
number z > 1 and positive integer k£ > 2, from Lemma 1 and Lemma 2 and
the definition of b,,,(n) we have

Z b (1)

n<x
neA
= > a(n)bu(n)
n<x
= >3 w(d) [nin]
n<zdk‘n
1
= > u(d) [(dre)7]
dkt<z
= Y u@dw Y tfn+0(z S 1)
dk<z t<z/dk dk<z t<z/dk
k m +1 1 T o 1
= p(d)dm ( rm —— + 0 <<> )) +0 |z —
dkzgjx m—+1 dik( el dk dkzg:x dk
mmil o~ p(d) 1
= k+0(m > 1) +ow)
dk<zx dk<zx
1 m m+1
= myit " TOW

This completes the proof of Theorem.
Now the Corollaries follows from ¢(2) = 72 /6 and ((4) = 74/90.
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Abstract In this paper, a reduction formula for Smarandache LCM ratio sequences SLR(5)
is given.

Keywords:  Smarandache LCM ratio sequences; Reduction formula.

1. Introduction

Let (x1, 22, ...,x¢) and |21, z9, ..., 2¢] denote the greatest common divisor
and the least common multiple of any postive integers x1, x2, ..., Tt respec-
tively. Let r be a positive integer with » > 1. For any positive integer n,
let

n,n+1,..,n+r—1]
1,2,..r] ’

T(r,n) =

then the sequences SLR(r) = {T(r,n)} is called Smarandache LC M ra-
tio sequences of degree r. In reference [1], Maohua Le studied the properties
of SLR(r), and gave two reduction formulas for SLR(3) and SLR(4). In this
paper, we study the calculating problem of SLR(5), and prove the following
conclusion.

Theorem. For any postive integer n, we have the calculating formula :

1%%mn(wr1)(n+2)(n+3) n+4), ifn=0,8 mod 12;
1%—0n(n+1)(n+2)(n+3)(n+4), ifn=1,7mod 12;
T'(5,n) = @n(n+1)(n+2)(n+3)(n+4), if n = 2,6 mod 12;
’ 3(Ton(n—k1)(714—2)(714—3)(114—4), ifn=3,5,9,11 mod 12;
@n(n+1)(n+2)(n+3)(n+4), if n =4 mod 12;
sign(n+1)(n+2)(n+3)(n+4), ifn=10mod12.

§2. Proof of the theorem

To complete the proof of Theorem, we need following several simple Lem-
mas.
Lemma 1. For any postive integer a and b, we have (a, b)[a, b] = ab.
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Lemma 2. For any postive integer s with s < ¢, we have

(21,22, .y @) = ((T1, ey Ts)y (Tsp1y ey T4))

and
(X1, 22, o, ] = [[X1, ooy Ts,y [Tst1ys oey Te]]-

Lemma 3. For any postive integer n, we have

T(4,n) = 21%ln(rw—1)(114—2)(714—3), %fn51,2m0d3;
=n(n+1)(n+2)(n+3), ifn=0mod3.

The proof of Lemma 1 and Lemma 2 can be found in [3], Lemma 3 is proved
in reference [1].

Now we use these Lemmas to complete the proof of our Theorem. In fact,
for any positive integer n, from the properties of the least common multiple of
any positive integers we know that

nyn+1l,n+2n+3,n+4 = [[n,n+1,n+2,n+3],n+4]
[n,n+1,n+2,n+3|(n+4)
(lny,n+1,n+2,n+3,n+4)

Note that [1,2,3,4,5] = 60, [1,2,3,4] = 12 and

if n = 0,4 mod 12;
ifn=1,3,5,7,9mod 12;
if n =2mod 12;

, ifn =6,10mod 12;

2, ifn=8mod 12;

, 1fn=11mod 12,

([nyn+1,n+2,n+3,n+4) =

co»al\buquk

Combining Lemma 3, we and easily get the theorem.
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Abstract The main purpose of this paper is using the elementary and analytic methods to
study the asymptotic properties of the m-th power complements sequence, and
give several interesting asymptotic formulae for it.

Keywords: M -th power complements; Riemann zeta-function; Asymptotic formula.

1. Introduction and results

For any positive integer n > 2, let b,,(n) denote the m-th power comple-
ments sequence. That is, b,,(n) denotes the smallest positive integer such that
nby,(n) is a complete m-th power. In problem 29 of the reference [1], Pro-
fessor F.Smarandache asked us to study the properties of this sequence. About
this problem, some authors had studied it before, and obtained some interesting
results, see reference [4] and [5]. The main purpose of this paper is using the
elementary and analytic methods to study the asymptotic properties of the m-
th power complements sequence, and give an interesting asymptotic formula
for it. That is, we shall prove the following:

Theorem . For any real number x > 1 and any fixed positive integers m
and k, we have the asymptotic formula

1
%;; Ok (bm(n))
AR = 7 et Y, prtl Lt
B 2C(m)mHk p*m —1) g((p—l—l)(pm—l)>+0< )

*This work is supported by N.S.F. of PR.China (10271093)
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where §i,(n) defined as following:
dk(n) =maz{de N | dn, (d,k)=1},

11 denotes the product over all prime numbers.
P
From this theorem, we may immediately get the following:

Corollary 1. Let a(n) be the square complements sequence, then for any
real number x > 1 and any fixed positive integer k, we have the asymptotic
formula

3

1 p—p +p 31
Z(Sk(a( a H H<p+1 p—1)>+0(x2+)‘

n<x ptk

Corollary 2. Let b(n) be the cubic complements sequence, then for any
real number x > 1 and any fixed positive integer k, we have the asymptotic
formula

4

1 2 g+ p Ste
%:z 0k(b(n)) — 2((3) 11 (r° —1) 1l ((p+1)(p3—1)>+0 (+#7)-

pik plk

§2. Proof of the theorem

In this section, we will complete the proof of Theorem.

o 1
Let s = o + it be a complex number and f(s) = > W Note that

n=

Wll(n)) < 1,soitis clear that f(s) is a Dirichlet series absolutely convergent

for Re(s)> 1. By the Euler product formula [2] and the multiplicative property
of 0 (bm(n)) we get

J(s) = 3 wlmttd (M
n=1
1
_ H 14 Sk (bm(®) | Ok (bm(p?)) + (bm (P™))
. ps p2$ pms
L 1 L 1
= H (14_5’“(7’5)_'_...4_ 6’“75;) 4 5’f((:;+1)3 e 5’;21 _|_>
P p p b p
m(s—1)—1 1
D
- L+ s—1 ms ) H ( 1 )
_ C(S . 1) H (ps—l _ 1)p(m—1)(5—1) N p(m—l)(s—l)
G-y L e 1)
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s m(s 1) _ p(m—l)(s—l))
X H ( C (D 1) ) ; 2)

plk

where ((s) is the Riemann zeta-function and [] denotes the product over all
P
prime numbers.

From (1) and Perron’s formula [3], we have

> S 3)

n<x

_ 1 / +’L'T C(S _ 1) H (psfl _ 1)p(m71)(571) N p(mfl)(sfl)
27i R C(m(s—1)) ok (pm=1 — 1) (pms — 1)
s m(s 1) _ (m=1)(s—1) s S4e
b ) z° T2
xﬂ( DD 1) ) Sds—i—O( 7 > 4)

where € is any fixed positive number.
Now we move the integral line in (2) from s = % + il tos = % =+ ¢T'. This
time, the function

C(S _ 1) (ps—l _ 1)p(m—1)(s—1) p(m—l)(s—1)>
GomG =yl ( -1 oD

s m(s 1) _ p(mfl)(sfl)) s
XH p_l(m(s—l)_l) ?

plk

has a simple pole point at s = 2 with residue

562 pm(pm _ pm—l 4 1) pm+1
sy L -y L <<p TG 1>> -

ptk plk

Hence, we have

i e )iy

(ps—l _ 1)p(m 1)(s—1) p(m—l)(s—l)
6
X H ( (pm(s—l) _ 1) + (pms _ 1) ©)

y H ps(pm(s—l) _ p(m—l)(s—l)) . ‘/Zjds
(p* = D= —1) s

plk
B x2 pm(pm _ pm—l + 1) pm-‘rl
= w1l <<p - 1)) v
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We can easily get the estimate

1 %—iT s x%—i—e

- —d —_ 8
i o g T 0 < ®)
1 34T e pate

—ds| <« ——, 9
- /gw fls) - s < ©)

and

< z2 e, (10)

1 3T 5
T )3T s

Taking T" = x, combining (2), (4), (5), (6) and (7) we may deduce that

1

2 5ol
B 2 pm(pm _ pm—l + 1) pm+1 x%‘“
- 2§(m)pTHk (p¥™ —1) H((p+1)(pm—1)>+o< )

This completes the proof of Theorem.
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Abstract The main purpose of this paper is using the elementary methods to study the
mean value properties of the composite function involving Dirichlet divisor func-
tion and Smarandache ceil function, and give an interesting asymptotic formula
for it.
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§1. Introduction

For a fixed positive integer k£ and any positive integer n, the Smarandache
ceil function Sk (n) is defined as following:

Si(n) = min{m € N : n|m*}.

This function was introduced by Professor Smarandeche (see reference [1]).
About this function, many scholars studied its properties (see reference [2] and
[3]). In reference [2], Ibstedt presented the following property:

(Va,b € N)(a,b) =1 = Si(ab) = Sk(a)Sk(b).

That is, Sk(n) is a multiplicative function.

In this paper, we use elementary methods to study the mean value properties
of the composite function involving d(n) and Si(n), and give an interesting
asymptotic formula for it. That is, we shall prove the following:

Theorem. Let k be a given positive integer with £ > 2. Then for any real
number x > 1, we have the asymptotic formula:

6¢(k)rInx 1 1

Z d(Sk(n)) = ——5— H (1 — kH) + Cz + O(z27).
n<w ™ ) p¥+p

where C' is a computable constant, and ¢ is any fixed positive number.

Taking £ = 2 and k = 4 in Theorem 1, noting that:
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we may immediately deduce the following:
Corollary. For any real number = > 1, we have the asymptotic formula:

1 1
d(S2(n)) =xzlnzx <1— )+C’x+0m2+g,
%;; (S2(n)) 1;[ 2 1 (z27°)
n<x e 15 p p4+p3 * ’ ’

where C1, Co are computable constants.

If &k = 1, then function S (n) turns into the identical transformation and the
composite function d(Sk(n)) turns into d(n). We have the following asymp-
totic formula:

S d(Si(n) = S d(n) = zlnz + (2y — Da + O(a?),

where + is the Euler’s Constant.

§2. Proof of the theorem

In this section, we shall complete the proof of the theorem. Let

i d(Sk(n))

nS

fls) =

n=1

From the Euler product formula (see reference [5]) and the multiplicative prop-
erty of Sk(n), we have

. ps p25
_ d(p) d(p) = d(p*) d(p?)
= 1;[<1+ps+'“+pks +p(k+1)s+“'+p2ks+“'
B L2 2 3
— 1;[ +z¥+ +ka+ s+
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where ((s) is the Riemann zeta-function. It is obvious that

i d(Sk(n))

nO’

|d(Sk(n))] < n,

o—1’

n=1
where o0 > 1 is the real part of s. By Perron formula (see reference [4]), let
so=0,b= %,T = z, then we have

LT Cs)clhs) :
d(Sk( / 2 R(s) —ds + O(x2 1),
n§<:x k(n " 2mi s ((298) () s ( )
1 . ..
where R(s) = [ | (1 - W) and ¢ is any fixed positive number.

P
Now we calculate the term

LT C(s)((ks) o, @t

2i s_r o ((2s) R(S)?ds'

We move the integral line from 3 5+l to % =4 ¢T'. Then the function

2(s s x®
Cs)C(ks) e 2°

¢(2s) a

has a second order pole at s = 1 with residue

lim ((s - 1)242(3)4(’“)3(5)”35)/

ot ¢(2s)
= oy (10 )
) 6C(k):2hl(x)n<1_plc_|_1plfl> + Cz,

P
where C is a computable constant. So we can obtain

1 34T +iT LT 8 i CQ(S)C(k,S) .
2mi (‘/g—iT /+zT +/+1T /é—iT > WR(S)?CZS
6¢(k)z1 1

- Wg(l_w) + Cz.

Taking T' = z, we have the estimate

1 HT 3TN (2(5)((ks) ., ot
(i ) S

3
.CL'§+€
T

1
§+€

=X
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and
1
ds| << x2te,

1 27T (2(s)¢(ks) x®
27”'/§+1T ¢(2s) R(S)S

So we may immediately get the asymptotic formula

6((k)x In(x 1 1.,
> d(Sk(n)) = C()WQ()H (1 - W) + Cx + O(xz 7).

n<x V4

This completes the proof of Theorem.
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Abstract Let n and k are any two positive integers, Sx(n) denotes the largest positive
integer x satisfying z"|n. The main purpose of this paper is using the elemen-
tary methods to study the mean value properties of the arithmetical function
d(Sx(n)), where d(n) is the Dirichlet divisor function, and give an interesting
asymptotic formula for it.
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§1. Introduction and results

Let k be a fixed positive integer. For any positive integer n, the Smarandache
ceil function of order k is denoted by Sy, (n) and has the following definition:

Si(n) = min{x € N : n|z*}.

This arithmetical function is a multiplicative function, and has many interesting
properties, so it had be studied by many people, see reference [2]. Now we
introduce a dual function of Si(n) as follows:

Sk(n) = max{z € N : z¥|n}.

It is clear that Si(n) is also a multiplicative function, but about its arithmetical
properties, we know very little at present. In this paper, we use the elementary
methods to study the mean value properties of d(Sk(n)), where d(n) is the
Dirichlet divisor function, and obtain a sharper asymptotic formula for it. That
is, we will prove the following:

Theorem. Let £ > 2 be a fixed integer. Then for any real number z > 1, we
have the asymptotic formula

Z d(Si(n)) =zlnz+ (2y— 1)z + O (z%)

and

> d(Sim) = cwyo -+ ¢ () ot + 0 (7)),

n<x
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where + is the Euler constant, and ((n) is the Riemann zeta-function.
From this Theorem we may immediately deduce the following
Corollary 1. For any real number > 1, we have the asymptotic formula
— w2 1\ 1 1
Z d(Se(n)) = —x+((=)z2+0 (x3) .
6 2
n<x
Corollary 2. For any real number = > 1, we have the asymptotic formula

}:d@unnzzzx+c<i)xi+ogﬁ).

n<x

§2. Proof of the theorem

In this section, we will give the proof of the theorem. The following Lemma
is necessary.

Lemma. If xt > 1 and s > 0, s # 1, we have

1 xl—s

= +(s) +O(™),

ns 1—s

where

o S
((s) =1+ — =3 [ Smpt

Proof. This Lemma can be easily proved by using the Euler summation for-
mula, see Theorem 3.2(b) of [3].

Now we come to the proof of the theorem. It is obvious that S;(n) = n, and
this deduces the first part of the theorem immediately by the classical result on
Dirichlet divisor problem, see reference [4]. Now assume k& > 2, we have

D dSkn) =2 > 1,

nse n<T 4[5y (n)

from the definition of Sy (n) we know that d|Sy(n) < d*|n, hence

D d(Skn)=> > 1= > 1L

n<w n<z dk|n dki<z

Letd = xk%rl, applying the above formula and Theorem 3.17 of [3] we have

> dSk(n) = > 1

n<z dki<z
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= > > k) > 1= ) 1)1

1<dk <6k 1<i<z/dF 1<I<8 1<dk <z /1 1<dk <k 1<I<6
= > > 1+ > > 1=
1<d<é 1<i<z/dF 1<I<8 1<dk <z /1
1/k
-y [Eex [(l) ]—(52—25{5%{5}2»
1<d<é 1<I<6

Using the above Lemma we get

> d(Sk(n))
n<x
1
=z Y —+a/F > o7 +0(0) (32 4+ 0(9))
1<d<s§ 1<I<6
1-k 1—1
_ —k 1/k _1
= x(l—k + (k) +O(6 )) +x (1}: +C(k> +0(0 )>
—5% + 0(9).
Notice that = 6*t1, we have
> d(Sk(n))
n<zx
_ 52 52 1 1 9
- = +C(kz)x+1_}€+C<k>x _ 5%+ 0()

1
— (W +¢ (4 ) +00)
1 1 1
— C(k)r+C (k) ot + O(FT).
This completes the proof of Theorem.
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Abstract In this paper, some elementary methods are used to study the properties of the
largest m-th power not exceeding n, and give an identity about it.

Keywords:  The largest m-th power not exceding n ; Dirichlet series; Identity.

1. Introduction and results

Let n is a positive integer. It is clear that there exists an integer k such that
Em<n<(kE+1)™

Now we define b,,(n) = k™. That is, b,,(n) is the largest m-th power not ex-
ceeding n. In problems 40 and 41 of reference [1], Professor F.Smarandache
asked us to study the properties of the sequences {b2(n)} and {b3(n)}. About
these problems, some people had studied them, and obtained some interest-
ing results, see references [2] and [3]. In this paper, we using the elemen-

tary methods to study the convergent properties of the Dirichlet series f(s) =
o0

> 5
n=t bm®(n)
lowing:

, and give an interesting identity. That is, we shall prove the fol-

Theorem. Let m be a fixed positive integer. Then for any real number
s > 1, the Dirichlet series f(s) is convergent and

f(s) = Ckc(ms—m~+1)+C2 ¢(ms—m~+2)+- - -+Cm ¢ (ms—1)+C(ms),
where C) = n,(len), and ((s) is the Riemann zeta-function.

From this theorem we may immediately deduce the following:

*This work is supported by N.S.F. of PR.China(10271093) and the Education Department Foundation of
Shannxi Province(04JK132)
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Corollary 1.  Taking m = 2 and s = 3/2 or m = s = 2 in the above
Theorem, then we have the identities

[eS)
n=1

1 72 0 1 o
bgg(n) - ? +C(3) and nzl W = 2((3) + %

Corollary 2. Taking m = 3 and s = 2 or m = 2 and s = 3 in the above
theorem, we have the identities

S L T s T wd S o)+
= — — an —a = —.
= bs*(n) 30 945 = b’ (n) 945

§2. Proof of the theorem

In this section, we shall complete the proof of the theorem. For any positive
integer n, let b,,,(n) = k™. It is clear that there are exactly (k + 1)™ — k™
integer n such that b,,(n) = k™. So we may get

> < (k+1)™ — k™
f(s) - Z S = Z ms
a1 ()5 &
Cpk™ '+ Cok™ 2+ -+ Ok + 1

[
NE

k.ms

b
Il
—

From the integral criterion, we know that f(s) is convergent if ms —(m—1) >
o

1
1. Thatis, s > 1. If s > 1, note that {(s) = Z —, we have
n

n=1
fls) = C}nC(ms —m+1) —%—C’gng(ms —m+2) +---—|—C$_1C(ms —1) 4+ {(ms).

This completes the proof of Theorem.
It’s easy to compute that

f(2) = CLE(mA41)+C2¢(m+2) +---+C™ 1 (2m — 1) + ¢(2m),
f3) = Cpc2m+1)+Chc(2m+2) + -+ Cl1¢(3m — 1) + ¢(3m).
Now the corollaries follows from ((2) = 72/6, ((4) = 7%/90, ((6) =
70 /945 (see reference [4]) and the above theorem.
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Abstract The main purpose of this paper is to study the arithmetical properties of the
Smarandache back concatenated odd sequences, and give several simple proper-
ties involving the recursion formula and exact expressions for the general term.

Keywords:  The Smarandache back concatenated odd sequence; Arithmetical properties; Re-
cursion formula.

1. Introduction and main results

The famous Smarandache back concatenated odd sequence {b,, } is defined
as following 1, 31, 531,7531,97531,1197531,131197531,15131197531,
1715131197531, - - - . In problem 3 of reference [1], Professor Mihaly Bencze
and Lucian Tutescu asked us to study the arithmetical properties about this se-
quence. It is interesting for us to study this problem. But it’s a pity that none
had studied it before. At least we haven’t seen such a paper yet. In this paper,
we shall use the elementary methods to study the arithmetical properties of the
Smarandache back concatenated odd sequences, and give several simple prop-
erties involving the recursion formula, exact expressions for the general term,
and so on. That is, we shall prove the following:

Theorem 1. Let n > 2 be any positive integer with (2n — 3) has k digits.
Then for the Smarandache back concatenated odd sequences {b,}, we have
the following recursion formula

_10k
bp =bp—1+ (2n — 1) X 10101§O +k><(n—1),

where by = 1.

*This work is supported by N.S.F. of PR.China (10271093)and the Education Department Foundation of
Shannxi Province(04JK132)
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Theorem 2. Let (2n — 3) has k digits. Then the b,_1-th term in the
Smarandache back concatenated odd sequences {by, } has % +Ekx(n—1)
digits.

n

Theorem 3. Let Sy, ) = 2(22 —1) x 10k(i71), then we have the

=m
following exact expression for the general term. That is,

—(k—1)
—_—

b = 1451 (2,6)+107° X So(7 51y +107°° X S350 501)+ - 410777 O Sk(m,n)-

Theorem 4. Let Ssq denotes the summation for the first 50 terms in the
Smarandache back concatenated odd sequences {by,}, then we have

11><45><106—201><50+—81><106+97O

S50 =

9 92
—4x1054+4x100 99 x 10% — 13 x 44 x 107
93 + 99
95 x 10" 4+ 73 x 10°  —4 x 10% + 4 x 10!
+ 992 + 993 '

62. Some lemmas

Lemma 1. Let k, m,n are positive integers with m < n, then we have

(2m — 1) x 10+m=1) 1051 — 10F(=m)] (2n — 1) x 10"
Skmn) = 1— 10 L G 113 P WS/

Proof. From the definition of Sy, ,,), we have

n

Skimm) = (20 —1) x 10M7

(2m — 1) x 1001 4 (2m + 1) x 10*™
4+ 4 (20— 1) x 10F(—1)

and
108 Sy () = (2m—1) x 108 4 (2m+1) x 1050 4. 4 (2n.— 1) x 107",
Thus we can get

(1 =10 Skmmy = (2m—1)x 10Mm7Y 425 [107™ + 10507+
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44 10FD] = (20 — 1) x 105"
10Fm[1 — 10k(n—m)]
1—10%

= (2m—1) x 10Fm=1) 1 2 x
—(2n — 1) x 10",
So we have

(2m — 1) x 10+m=1) 10F™[1 — 10¥(=m)] (2 — 1) x 10k"

S p—
K(mn) 1— 10 T o T 110k

This proves Lemma 1.

n
Z i2 x 107%. Then for any positive integers

i=m

Lemma 2. Let Sy

n’m) =

k, m,n, we have

, m? x 107 (2m + 1) x 107 Fx(m+1)
S = +
k(m.n) 1— 10k (1—10-F)2
10—k(m+2)[1 _ 10—k(n—m—1)]
(1—10%)3
(27’L _ 1) % 107k><(n+1) 7’L2 % 10fk(n+1)
(1 —10F)2 - 1-10k

+2 X

Proof. From the definition of .S ,/C(m ny> W€ have

Sllc(m,n)
— m2 % 10—k:><m + (m+ 1)2 X 10—](:><(W+1) + (m+ 2)2 % 10—k:><(m+2)
+oo - m A+ (n— m)]2 w 10~ klm+(n—m)]

and
1075 Sy = m? x 107RXMHD (4 1)2 x 107 R (m+2)
4+t [m A+ (n—m))? x 107 FmFn=m)+l]
Thus we can get
—k\ Q/
(1 —10 )Sk(m,n)
=m? x 107" 4 (2m + 1) x 107F<(m+D (2 4 3) x 107F*07+2)

+ 4 {2[m + (n —m)] — 1} x 107 Fm+m=m)]
_[m + (TL . m)]2 % 10—k[m+(n—m)]+1.
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So we have
n .
(2i — 1) x 107+
o _ m2 x 10—km N il N n2 x 10—k(n+1)
k(m.n) 1—10-"k 1—10-F 1—10-F
_ om2x 107km N (2m + 1) x 10~ kx(m+1)
- 1-10* (1 —10-F)2
o 10—k(m+2)[1 _ 10—k(n—m—1)]
(1 —10-%)3
(27’L _ 1) % 10—k><(n+1) Tl2 % 10—k(n+1)
(1—10-*)2 1—10-F

This proves Lemma 2.

n
)y = Z i x 107%". Then for any positive integers

=m

Lemma 3. Ler S

n,m

k, m,n, we have

. B m2 x 10—km N 10—k(m+1)[1 _ 10—k(n—m)] B n X 10—k(n+1)
kmn) = 1 10~k (1—10-F)2 (1—10-F)

Proof. From the definition of S}Z(m n) We have

Mmn) = MX 107%™ 4 (m + 1) x 10~+m+1)
+oo o [m o+ (n—m)] x 107k nmm)]
and
10758y = mx 107F D 4 (1) x 107 R0 H2)

4t [m + (n _ m)] « 107k[m+(nfm)+1}.
Thus we can get
0=k _ —km —k(m+1) | . —k[m+(n—m)]
(1-10 )k( m x 10 + 10 + - +10

m,n)
—[m + (n —m)] x 107 Fm+=m)+1],

So we have

1" m x 107*m 107k(m+1)[1 — 107k(n7m)] n x 10~km+1)
T T T A (T )

This proves Lemma 3.
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§3. Proof of the theorems

In this section, we shall use the above lemmas to complete the proof of the
theorems. First we use mathematical induction to prove Theorem 1.

(1) If n = 2, 3, it is obvious that Theorem 1 is true.

(i) Assuming that Theorem 1 is true for n = m. That is, the following
recursion formula

by = b1 + (2m — 1) x 107 k< (1)

is true for the Smarandache back concatenated odd sequence {b,, }.
Comparing the difference between b,,, and b,,_1, we know that b,,_1 has

10 10 + k x (m — 1) digits. If n = m + 1, we can divide it into two cases:
(1) If 2m — 1 still has k digits, then we know that b, has [10 10* + k x

(m — 1) + k] digits. Comparing the difference between b,,, ;1 and bm, we may
immediately deduce that

bm+1 — bm _ 10710;810k +Ekx(m—1)+k
2m +1 ]

That is,

b1 = b + (2m 4+ 1) x 10 o,

(ii) If 2m — 1 has k£ 4+ 1 digits, then we know that b,,, has [10 0% 4k x
(m — 1) + k + 1] digits. Recall that (2m — 3) has & digits and (2m — 1) has
k + 1 digits, which exist only in the case that

o2m —3=10F—1,2m — 1= 10" + 1.

That is, m = % + 1. Therefore, we have

10 — 10* 10 — 10* 10*
- -1 1) = ——— — 1
18 +hkx(m—-1)+(k+1) 15 +kx 5 +(k+1)
10—1 k+1
_ 10107 180 +(k+1)xm

Comparing the difference between b,,41 and b,,, we can deduce that

Bt = b _ 10210 gm0 2000 (1) xm
2m+1

That is,

b1 = b + (2m +1) x 10° k) om,

Combining (i) and (ii), Theorem 1 is true for any positive integer n. This
completes the proof of Theorem 1.

By using the result of Theorem 1, and note that the difference between b,
and b,,_1, we can immediately get the result of Theorem 2.
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By Theorem 1, when (2n — 3) has k digits, let (2m — 3) be the least positive

integer which has k£ odd digits (here m = 2 when &k = 1, and m = 10];_1 +2).
Then we have

0l
by = 14+(2x2—1)x 107w +1x@-D
(2 x 3 1) x 10" TS +1x(3-D)
+(2x4-1)x1 O ix(@-1) (2x5-1)x 10 01X ()
(2% 6 — 1) x 10T HX6) 4 (95 7 — 1) x 10T #2571
(2 x 8 — 1) x 10" R +2x(8-D)

b (2% 51— 1) x 10T +2x(651-1)

(2 x 52 — 1) x 10"RE +3x(2-1)
0% 435 (53-1)

F(2x53-1)x 10"

b (2 % m— 1) x 10" Hhx(m-1)
_10k _ 10l
ok @xn=1)x 1075 HX D 11 11075 X Sy
10 1 10— 103
X SQ(751)‘|—10
K

—i—---—i—l()lio xSk(mn)

+10 X S3(52,501)

10— 103

+1+ 10 X 51(2 6) T 10 O X 52(7 51) T 10
_ k
+- 4 10 T X Sk(m,n)
= 1+ Sya,6)+107° X Sy751) + 107°% X Sy52.501)

—(k—1)
——

41072000

X 53(52,501)

X Sk(m,n) .

Applying the result of Lemma 1, we can deduce Theorem 3.
Now we come to prove Theorem 4. By using the result of Theorem 1, we
have

S50 = bl+bz+b3+"'+b49+b5o
= 50+49><(2><2—1)><10

+1><(2 1)

+48 x (2x3—1 =100 11 (3-1)

10 10 +1><(4 1)

+47x (2x4—1) x1

10 10 +1><(6 1)

2x6-1

) X
( )
46 x (2x5—1) x 10" T —101 41 (5-1)
+45 x ( ) X
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144 x (2% T — 1) x 10285 +2x(7-1)

143 % (2 x 8 — 1) x 100 +2x(8-1)

+ --+3><(2><48—1)><10 T2 (48-1)

02 {ox(49-1)

+2><(2><49—1)><1()

102
1% (2% 50— 1) x 10718 +2x(50-1)

= 50X [2x (51 —50)—1] x 10" = —100 41 (50—50)

+1x(50—49)

+49 x [2 x (51 — 49) — 1] x 10““0

)
148 x [2 % (51 — 48) — 1] x 10" T +1x(50-49)
)

+47 x [2 x (50 — 47) — 1] x 10™° 1004 1% (50—47)

+ '-—1—45><[2><(51—45)— ]Xl() +1x(51 45)

+44 x [2 x (50 — 44) — 1] x 10 0% 9% (50—44)

+o42x[2% (51 —2) — ]><10 729 12 (50-2)

+1x[2x (51— 1) 1] x 10™° 02 9% (50—1)

+1><50 1x49

+1><50 1x50 +49 x 10

+1><50 1x45

= 101 x [50 x 10"

-+ 45 X 10
+44 x 10 +2><50 2x44
-+ 2 X 10

+1 x 10 +2><50 2><1]

+2><50 2X2

—92 % [502 « 10 0% 11x50—1x50

+1><50 1x49

14492 x 107

4. +452 % 10 10— 10 +1x50—1x45

4442 x 1071 —102 4 9% 50244

) R 102 02 {2x50-2x2
_|_1 X 10101810 +2><50—2><1]
50
= 101 x Z i x 107 L H1x50—1xi
=45
44

+101 x > i x 10 10-10 4 9 50—2xi
=1

69
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50 10—10% .
_2 % Z ,L'2 % 10 18 +1x50—1x7
=45
44 10—102
_2 % ZZQ % 10 1] +2x50—-2%1

=1

50 44
= 101 x10°°x > ix 107" +101 x 10% x Y i x 107>

=45 =1

50 ] 44 )
—2x 107 x Y i? x 107 =2 x 10% x > i* x 10727

1=45 i=1

Applying the results of Lemma 2 and Lemma 3, we can get

11><45><106—201><5()+—81><106+970

S50 = 9 02
—4x10%4+4x100 99 x 109 — 13 x 44 x 107
+ 93 + 99
95 x 10 + 73 x 10°  —4 x 10% + 4 x 10!
+ 992 + 993 '

This completes the proof of Theorem 4.
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Abstract In this paper, similar to the Smarandache k-th power complements, we defined
the hexagon numbers complements. Using the elementary method, we studied
the mean value properties of the additive hexagon numbers complements, and
obtained some interesting asymptotic formulae for it.

Keywords:  Additive hexagon numbers complements; Mean value; Asymptotic formula.

1. Introduction and results

Let n be a positive integer. If there exists a positive integer m such that
n = m(2m — 1), then we call n as a hexagon number. For any positive integer
n, the Smarandache k-th power complements by (n) is the smallest positive in-
teger such that nby(n) is complete k-th power, see problem 29 of [1]. Similar
to the Smarandache k-th power complements, we define the additive hexagon
numbers complements a(n) as follows: a(n) is the smallest nonnegative inte-
ger such that a(n) + n is a hexagon number. For example, if n = 1,2, --- 15,
we have the additive hexagon number sequences {a(n)} (n = 1,2,---15) as
follows: 0,4,3,2,1,0,8,7,6,5,4,3,2,1,0. In this paper, we study the mean
value properties of the composite arithmetic function d(a(n)) (where d(n) is
the Dirichlet divisor function), and give some interesting asymptotic formulae
for it. That is, we shall prove the following conclusions:

Theorem 1. For any real number x > 3, we have the asymptotic formula:

n<x

Theorem 2. For any real number x > 3, we have the asymptotic formula:

wln

Z d(a(n)) = %:z:logx + (glogZ +(2y—-1) - ;) z+ O(x3),

n<x

*This work is supported by N.S.F. of PR.China(10271093) and the Education Department Foundation of
Shannxi Province(04JK132)
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where vy is the Euler constant.

§2. Some Lemmas

Before the proof of the theorems, some Lemmas will be useful.

Lemma 1. For any real number x > 3, we have the asymptotic formula:
Z dz) =xlnz+ (2y-1)z+ O (x%) ,
n<x

where 7y is the Euler constant.

Proof. See reference [2].

Lemma 2. For any real number x > 3 and any nonnegative arithmetical
function f(n) with f(0) = 0, we have the asymptotic formula:

ng:zf(a(n)) = {XQ:} K%;nf(i) +O | >

m=1 1
i<4] 55

where [x] denotes the greatest integer less than or equal to .

@1,

Proof. For any real number x > 1, let M be a fixed positive integer such
that

M2M -1) <z < (M+1)(2M +1).
Noting that if n pass through the integers in the interval

[m(2m —1),(m+1)(2m + 1)),
then a(n) pass through the integers in the interval [0,4m] and f(0) = 0, we
can write

> fla(n) = >, flam)+

n<M(2M—1)

M
-3 Zf(i)+0< 3 f(i)),
m=1i<4m i<z—M(2M-1)

Sincex — M(2M —1) < (M +1)2M +1) — M(2M — 1) =4M + 1 and
1
M = {“;},we have

>, flam)

M(@2M-1)<n<z
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This proves Lemma 2.
Note: This Lemma is very useful. Because if we have the mean value
formula of f(n), then from this Lemma, we can easily get the mean value

formula of Z f(a(n)).

n<x

§3. Proof of the theorems

In this section, we will complete the proof of the theorems. First, we prove
Theorem 1. From the definition of a(n), and the Euler summation formula (see
[3]), we have

Z a(n) = Z a(n) + Z a(n)

n<x n<M(2M-1) M@2M-1)<n<z

:Z'ZH > i

This proves Theorem 1.
Now we prove Theorem 2. From Lemma 2, Lemma 1 and the Abel’s identity
(see [3]), we have

Y d(a(n))

1\74$
- ¥ ¥ d(i)+0(z d(i))
m=1i<4m i<4M
M
- Z (4m10g4m +(2y-1)4m+ 0O ((4m)%>)
m=1

+0 (4M log 4M + (2 = 1)4M + O ((4M)7))

= (8log2+4(2y—1)) Y  m+4 > mlogm
m<M m<M
+0 ( 3 mé) +0 (4M log 4M)

m<M

— (8log2+ 4(2y — 1)) (;MZ 4 O(M))
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+4 (;MQ log M — i(MQ —1)+ O(MlogM)) +O(M3)
— 2M%log M + (4log 2+ 2(2y — 1) — 1)M? + O(M3)

1 3 1
= 5xlog:n+ <2log2—|— (2y—1)— 2> x+0(3:%).

This completes the proof of the theorems.
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Abstract The main purpose of this paper is using the elementary methods to study the
mean value properties of a new arithmetical function o (S(n)), and give an in-
teresting mean value formula for it.

Keywords:  Smarandache function; Mean value; Asymptotic formula.

1. Introduction and results

For any positive integer n, the Smarandache function S(n) is defined as
follows:

S(n) = min{m € N : n|ml!}.

This function was introduced by American-Romanian number theorist Profes-
sor F.Smarandache, see reference [1]. About its arithmetical properties, many
scholars had studied it, and obtained some interesting conclusions, see refer-
ence [2] and [3].

In this paper, we shall use the elementary methods to study the mean value
properties of a new arithmetical function o(S(n)), where o(n) = Z d, and

dln

give an interesting mean value formula for it. That is, we shall prove‘: the fol-
lowing:

Theorem. For any real number x > 3, we have the asymptotic formula

72 z? x?
ZU(S(n))ZIQInx+O< )

In?x

*This work is supported by N.S.F. of PR.China(10271093) and the Education Department Foundation of
Shannxi Province(04JK132)
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§2. Some simple lemmas

To complete the proof of Theorem, we need some simple Lemmas. For
convenience, we denotes the greatest prime divisor of n by p(n). Then we
have

Lemma 1. Ifn is a square free number or p(n) > /n, then S(n) = p(n).
Proof. If n be a square-free number, let n = pipy - - - pp(n), then p; <
p(n) fori =1,2,---,r. Thus

pilp(n)!,  i=1,2---r

So n|p(n)!, but p(n)f(p(n) — 1)! and nf(p(n) — 1)!. In this case, we have
S5(n) = p(n);
If p(n) > v/n, then p?(n)fn. Let n = p{1p3? - - - p&p(n), so we have

piipe? Pt < v/n < p(n).
It is clear that
pitp(n)!, 1=1,2,---,7.

So n|(p(n))!, but p(n)f(p(n) — 1)!, in this case, we can also deduce that
S(n) = p(n).
This proves Lemma 1.

Lemma 2. Let p be a prime, then we have the asymptotic formula
2 2

S =" +0<x>-

Jrcr<a 2Inx In?z

Proof. Let 7(z) denotes the number of the primes up to . Noting that (see

[4D)
T T

from the Abel’s summation formula [5], we have

> p o= we—n(Vava- [ wa
Vz<p<z ve
x2 x2 x2
" Inz 2z +0 <ln2x>

22 x2
g O .
2lnx + <1n2x>

This proves Lemma 2.
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3. Proof of the theorem

In this section, we shall complete the proof of Theorem. First we define the
sets A and B as following:

A={n|n <x,p(n) </n} and B={n|n <z,p(n) > /n}.

Note that S(n) < p(n)Inn and o(n) < nlnlnn, we have the estimate

Z o(S(n)) < Z S(n)Inln (S(n))

neA neA
< Z\/ﬁlnnlnlnn < 2% Inznlnz. (1)
n<x

Then using the above Lemmas we may immediately get

Y oSn) = Y o)=Y > ol

neb n<w n<VE /R<p<E

p(n)>v/n

- £ T wio(T T
n<yx /z<p<Z n<Vr /n<p<\x

x? x? 3

- Z 2n21n £ + Z 2n21ln £ +0(z2 Inz)
n<ln? z n In? 2<n<x n
2 .2 2
™ x T

= ——+0|—]. 2
12Inz + <ln2x> @

Combining (1) and (2) we obtain

Y o(Sm) = > a(Sn)+ ) a(Sn)

n<z neA neB

= ﬂjﬁ_i_o Lj .
12Inx In“x

This completes the proof of Theorem.
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Abstract The main purpose of this paper is using the elementary methods to study the con-
vergent properties of a new Dirichlet’s series involving the triangular numbers,
and give an interesting identity for it.

Keywords:  Dirichlet’s series; Convergence; Identity.

1. Introduction and results

For any positive integer m, it is clear that m(m + 1)/2 is a positive inte-
ger, and we call it as the triangular number, because there are close relations
between these numbers and the geometry. Now for any positive integer n, we
define arithmetical function c(n) as follows:

c¢(n) =max{m(m+1)/2 : m(m+1)/2<n, me N}.

That is, ¢(n) is the greatest triangular number < n. From the definition of
c(n) we can easily deduce that ¢(1) = 1, ¢(2) = 1, ¢(3) = 3, ¢(4) = 3,
c(5) =3,¢(6) =6, c(7) =6, c(8) =6,c(9) =6, c(10) =10, ------ . About
this function, it seems that none had studied it before, even we do not know
its arithmetical properties. In this paper, we introduce a new Dirichlet’s series
f(s) involving the sequences {c(n)}, i.e.,

=1
f(S) - nz::l cs(n)'

Then we using the elementary methods to study the convergent properties of
f(s), and obtain an interesting identity. That is, we shall prove the following
result:

Theorem Let s be any positive real number. Then the Dirichlet’s series

f(s) is convergent if and only if s > 1. Especially for s = 2, 3 and 4, we have

*This work is supported by N.S.F. of PR.China(10271093) and the Education Department Foundation of
Shannxi Province(04JK132)
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the identities:

“— c*(n) 3

i L _ 8¢(3) — 4m? + 32;

n=1 C3<TL> 7

<1 md 160
=——4 — 7% — 384;

;&(n) 5 8¢(3) + 5 384

488
6£(3) + f(4) = % + 5o — 102

where ((k) is the Riemann zeta-function.

§2. Proof of the theorem

In this section, we will complete the proof of the theorem. It is easy to see

that if % <n< (mﬂéw then ¢(n) = ™) 5o the same num-

2
% (m+1)2(m+2) — m(";rl) = m + 1 times in the sequences

bers repeated
{¢(n)}. Hence, we can write

e 1
f(s) = 7;1 %
= m+1
- mzz:l (W)s
[ee) 98

= X

m=1

It is clear that f(s) is convergent if s > 1, divergent if s < 1. Specially if
s = 2, we can write

e 1
@ = 12 o
s 1 1 1
= 4mzzl<mz‘m+m+1>
— 4C(2) -4

Using the same method, we can also obtain
f(3) = 8C(3) — 24¢(2) + 32;
f(4) =16¢(4) —48¢(3) + 320¢(2) — 384.

Now the theorem follows from the identities (see reference [2]) ((2) = 72/6
and ((4) = 7*/90. This complete the proof of the theorem.
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Note: In fact, for any positive integer s > 2, using our methods we can
express f(s) as the Riemann zeta-function.
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Abstract The main purpose of this paper is to study the mean value properties of the
second class pseudo-multiples of 5 sequences, and give an interesting asymptotic
formula for it.

Keywords:  Second class pseudo-multiples of 5 sequences; Mean value; Asymptotic for-
mula.

1. Introduction and results

A positive integer is called pseudo-multiple of 5 if some permutation of
its digits is a multiple of 5, including the identity permutation. In reference
[1], Professor F.Smarandache asked us to study the properties of the pseudo-
multiple of 5 sequences. About this problem, Wang Xiaoying [2] had studied
it, and obtained some interesting results. Now, we define the second class
pseudo-multiples of 5 numbers as following:

A positive integer is called the second class pseudo-multiple of 5 if it is not
a multiple of 5, but its some permutation of its digits is a multiple of 5.

For convenience, let A denotes the set of all pseudo-multiple of 5 sequences,
and B denotes the set of all second class pseudo-multiple of 5 sequences.

In this paper, we shall use the elementary methods to study the mean value
properties of the second class pseudo-multiple of 5 sequences, and obtain an
interesting asymptotic formula for it. That is, we shall prove the following:

Theorem. For any real number = > 1, we have the asymptotic formula

16 1115 In8
S d(n) = —a (Inw+2y— 14— o te
2 (n) 25x(nx—|— v + 5 >+O(x1 10 ),
n<lx

where d(n) is the Dirichlet’s divisor function, -y is the Euler constant, and ¢
denotes any fixed positive number.
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62. Some Lemmas

To complete the proof of the above Theorem, we need the following two
Lemmas:

Lemma 1. Let ¢ be a fixed prime or ¢ = 1. Then for any real number
x > 1, we have the asymptotic formula

_ 1 lnq l+€
Zd(qn)— (2—q)x<lnx+27—1—|—2q_1>—I—O(:m ),

n<x

where + is the Euler constant, and € denotes any fixed positive number.
Proof. If ¢ = 1, then from Theorem 3.3 of [3] we know that Lemma 1 is

o0
d
correct. Now for any prime ¢ and real number s > 1, let f(s) = E (Lsn)
n
n=1

Note that d(n) is a multiplicative function, so by the Euler product formula [3]
we have

f(s) = id(qn)zz Z

n=1 n’ a=0 n;=1 qsani
(n1,9)=1
_ i 2+« Z d(n1)
a=0 qsa ni=1 nﬁ
(n1,9)=1
1 1

2 k
» pS S pS
(pa)=1
1 1 ) 1\2
N Tt 1\? C(S)<1_qs>
P

Then from this identity and the Perron’s formula [4] we may immediately
deduce the asymptotic formula

_ 1 lnq l-{—e
Zd(qn)— (2—q):z:(ln:v+27—1+2p_1>+0<1:2 )

n<x

This completes the proof of Lemma 1.
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Lemma 2. For any real number x > 1, we have the asymptotic formula

Y d(n)=zlhz+ 2y -1z +0 (a:llnn%%) :

neA

n<zx

Proof. For any real number > 1, it is clear that there exists a nonnegative

integer k such that 10F < 2 < 10%*L, Thatis, k < logx < k 4+ 1. According
to the definition of .4 we know that the largest number of digits (< x) not in
Ais 8*F1 In fact, there are 8 one digit, they are 1,2,3,4,6,7,8,9; There are
82 two digits ; - -+ - - - ; The number of k digits are 8*. Since

In8
]k < glogz xlr?w’

we have
k+2
d1<8+8 48+, 488 < 87 Odge (64 s
ngA 7 7
n<x

Note that d(n) < n® and 11?7180 > %, applying Lemma 1 with ¢ = 1 we have

Z d(n) = Z d(n) — Z d(n)

neA n<z ngA

n<lz n<z

= Zd(n)—i—O st

n<z ngA
n<z
In8
= Z d(n) + O (xln 10+8)
n<x

= zlnz+ (2y—-1)z+0 (ac%‘*"E) :
This proves Lemma 2.

§3. Proof of the theorem

In this section, we complete the proof of Theorem. From the definition of
set A and set B, we know the relationship between them: A — B={multiples
of 5}. Combining the above Lemmas we may immediately get

Z d(n) = Z d(n) — Z d(5n)

neB neA <z
n<z n<z -

= zlnz+(2y—-1)z+0 (xllr%ﬁ‘a)

9 In5
—57 (lnx—ln5+2’y—1+rg>

16 Inb n
= 25:c<lnac—|—2fy—1+112)+0(wlln53+5).
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This completes the proof of Theorem.

Notes: In fact, we may use the similar method to study other arithmetical
functions on the pseudo-multiples of 5 sequences and the second class pseudo-
multiples of 5 sequences.
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Abstract In this paper, we using the elementary methods to study the convergent prop-
erties of one class Dirichlet series involving a special sequences, and give an
interesting identity for it.

Keywords:  Convergent property; Dirichlet series; Identity.

1. Introduction and results

For any positive integer n and m > 2, we define the m-th power comple-
ment b,,(n) is the smallest positive integer such that nb,,(n) is a complete
m-th power, see problem 29 of [1]. Now for any positive integer k, we also
define an arithmetic function d(n) as follows:

Se(n) = { max{d € N | d|n,(d,k)=1}, if n#0,
0, if n=0.

Let A denotes the set of all positive integers n such that the equation dx(n) =
by (n). Thatis, A = {n:n € N,dx(n) = by, (n)}. In this paper, we using the
elementary methods to study the convergent properties of the Dirichlet series
involving the set .4, and give an interesting identity for it. That is, we shall
prove the following conclusion:

Theorem. Let m be a positive even number. Then for any real number
s > 1 and positive integer k, we have the identity:

0 i _ C(%S) p%ms
% ns C(ms) pl]‘_£ (pms _ 1) <p%ms N 1) ’

where ((s) is the Riemann zeta-function, and || denotes the product over all
P
primes.

From this Theorem we may immediately deduce the following corollaries:
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Corollary 1. Let B={n:n € N,d,(n) = ba(n)}, then we have

1 pb
i H TS )

Corollary 2. LetC = {n:n € N,;(n) = bs(n)}, then we have
i 1 i 1 105 H p'?
n=1 n? n=1 n 1)(]34 o 1)

p\k

nec neB
Corollary 3. LetC = {n:n € N,6;(n) = ba(n)}, then we have

1 675675 1 pt®

nz:: nd 691 b H pl2 —1)(ps —1)°
neC

§2. Proof of the theorem

In this section, we will complete the proof of the theorem. For any real
number s > 0, it is clear that

Z Znsa

neA
=1 1
and Z pove is convergent if s > 1, thus Z pove is also convergent if s > 1.
n=1 n=1
neA

Now we find the set A. Let n = p]"p5? - - - p¢ denotes the factorization of n
into prime powers. First from the definitions of dx(n) and b,,,(n) we konw that
dx(n) and by, (n) both are multiplicative functions. So in order to find A, we
only discuss the problem in case n = p®. If n = p® and (p, k) = 1, then we
have 6;,(p®) = p%; by (p®) = P, if 1 < o < m; by (p°) = p™ il = if
a > mand a # m; by, (p®) = 1, if &« = rm, where 7 is any positive integer,
and [z] denotes the greatest integer < x. So in this case dx(p*) = by, (p®) if
and only if o = .

If n = p® and (p, k) # 1, then Jx(p®) = 1, so in this case the equation
0k (p®) = by (p®) has solution if and only if n = p"™, r = 0,1,2,---. Now
from the Euler product formula (see [2]) and the definition of .4, we have

x 1 1 1 1 1
> = H(“F%)H( TR pzms+p3ms+“'>

=1 ptk P2/ plk
A |

3 3
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- H(HpiS)Hl L H<1+ i)l

P 27 Bkt T P plk p?
_ ¢ (gs) H p%ms
C(ms) p\k (pms _ 1) (p%ms + 1)7

where ((s) is the Riemann zeta-function, and [] denotes the product over all
P
primes.

This completes the proof of Theorem.
The Corollaries follows from ¢ (2) = 72/6, (4) = 7*/90, ((6) = 7°/945,
71_8
¢(8) = /9450 and ((12) = 2242
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Abstract For any primes p and g with (p, ¢) = 1, the arithmetical function epq(n) defined
as the largest exponent of power pg which divides n. In this paper, we use
the elementary methods to study the mean value properties of epq(n) acting on
the perfect k-th power number sequences, and give an interesting asymptotic
formula for it.

Keywords: the perfect k-th power number; Asymptotic formula; Mean value.

§1. Introduction

For any prime p, let e,(n) denotes the largest exponent of power p which
divides n. In problem 68 of reference [1], Professor F.Smarandache asked us
to study the properties of this arithmetical function. About this problem, many
scholars showed great interest in it, and obtained some interesting results, see
references [2] and [3].

Similarly, we will define arithmetical function ep,(n) as follows: for any
two primes p and ¢ with (p, ¢) = 1, let e,y (n) denotes the largest exponent of
power pq which divides n. That is,

epg(n) = max{a : (pg)* | n,a € NT}.

According to [1], a number n is called a perfect k-th power number if it
satisfied k|a for all p*||n, where p®||n denotes p®|n, but p®*!  n. Let A
denotes the set of all the perfect k-th power numbers. It seems that no one
knows the relations between these two arithmetical functions before. The main
purpose of this paper is using the elementary methods to study the mean value
properties of ey, (n) acting on the set .A, and give an interesting asymptotic
formula for it. That is, we shall prove the following:

Theorem. Let p and ¢ are two primes with (p,¢q) = 1, then for any real
number x > 1, we have the asymptotic formula

> epgln) = Cp,qu% + (miﬂ) g

n<x

neA
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where
(P—Dg—1) < n
C =
P pq nz::l (pg)™

is a computable positive constant, and e denotes any fixed positive number.

§2. Proof of the theorem

In this section, we shall complete the proof of the theorem. First we define
arithmetical function a(n) as follows:

(n) = 1, if n is a perfect k-th power number;
an) = 0, otherwise .

In order to complete the proof of Theorem, we need the following:
Lemma. For any real number x > 1, we have the asymptotic formula

-1 -1
S alm) = ot BT o (i),
n<z pbq
(n,pg)=1
Proof. Let -~
aln
o=y
n=1
(n7PQ):1

where Re(s) > 1. From the Euler product formula [4] and the multiplicative
properties of a(n), we have

a(P*)  a(P%*
fls) = 1]:[ <1+ (Pks)+ §32ks)+"'>

(P,pg)=1
1 1 1 1
_ 1+++~)X(L_>XQ_)
];[ ( Pks Pka pks qks
1 1
= < (1= ) < (1- %)

where ((s) is the Riemann zeta-function, and H denotes the product over all
P

primes.
Now by Perron formula [5] with sg = 0,b = %4— @, T = xﬁ, H(z)==x

and B(o) = ﬁ, we have
k

1 [bhT

S a(n) = Clks)

27 Jyir

P 1) (¢ 1)
(pq)*s

L ds+ O(xi"’s).
s
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to

To estimate the main term, we move the integral line from b = % + Togz

Qk + 10 ~ Therefore,

b+iT a+iT a—iT —iT 5 1
_ d =R —, .
27i /7 +/+zT a+iT +/ s {f( ) s ’k]

Note that lirri ((s)(s — 1) = 1, we may immediately get
s—

w10 4] o4 (1 2) (1)

Now from the estimate

1 a+iT a—1iT b—iT s
— / + + / f(s)—ds
2me \ Jpar a+iT a—iT s

we can easily get

1
7+€
<K x2k ,

n<x
(n,pg)=1

This proves the lemma.
Now we prove the theorem. From the properties of geometrical series and
the definition of e,4(n), combining the lemma we have

Z epq(n)

n<x
neA
= Z a Z a(n)
a<log,, = ngﬁ
klo (n,pg)=1
z \F(-Dg-1) r e
_ ka ( ) L0 ( )
%g: . ( (pq)ke pq (pq)ke
e
tp—D(g—1) [ 7 o 1
= kpr— 2% 7 — + O (z2ETe
pq nZ::l (pg)" ;gpqx (pg)” ()
a>—p
log,,, =
Lp-Dg-1) (& n 1 & [
= hpr——2t -
pq nz::l(pq)” {k’gng} az::l (pq)
(pq)

+0 (22e7+)
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—1)(g—1
= wat CEDIE (o 0 o)) + 0 (450)
= (p_ll))éq_l)anqu}c_i_(x;kJre),

where

= n
a =
P n; (pg)"
is a computable positive constant.
This completes the proof of Theorem.
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Abstract In this paper, we use the elementary methods to study the mean value properties
of an arithmetical function, and give an interesting asymptotic formula for it.

Keywords:  Arithmetical function; Mean value; Asymptotic formula.

¢1. Introduction

Let k be a fixed positive integer. For any positive integer n, we define the
arithmetical function by (n) as follows:

br(n) :max{m\Zik <n,ne N}.

i=1

m
That is, bi(n) is the greatest positive integer m such that Z i* < n. For
i=1
example, b2(1) = 1, b2(2) = 1, b2(3) = 1, ba(4) = 1, ba(5) = 2, -+ -~ -- .
In fact, from the definition of by,(n) we know that if 1 < n < (1 4 2%), then

m
b(n) = 1;if 1 +2F <n <1+ 2%+ 3% thenb(n) = 2; ------ JfY i <
=1
m+1 '
n < Z i*, then b(n) = m. So the same positive integer m repeated (m +1)*
i=1

times in the sequence {by(n)} (n = 1,2,3,4,---). About this arithmetical
function, it seems that none had studied it, at least we have not see any related
references. In this paper, we shall use the elementary methods to study the
mean value properties of by (n), and give an interesting asymptotic formula for
it. That is, we shall prove the following:
Theorem. For any real number z > 1, we have the asymptotic formula
(k+ 1)w
1 k+2
b =-—"——xr1 4+ 0(x).
Z k(1) rr2 + O(x)

n<x

From the Theorem, we may immediately deduce the following two Corollaries
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Corollary 1. For any real number = > 1, we have the asymptotic formula

3

Zbl *ffE?—i-O()

n<x

Corollary 2. For any real number z > 1, we have the asymptotic formula

4

> ba(n) zxwou

n<x

§2. Proof of the theorem

In this section, we shall complete the proof of the theorem. First we define

n
fr(n) = Z i*. For any real number = > 1, it is clear that there exists one and
i=1
only one positive integer N such that fi.(N) < x < fi(N + 1). For any fixed
positive integer k, from the Euler’s summation formula (see Theorem 3.1 of
[2]) we have

Zz k:ﬂ)(zv’f) = WJFO(N’“) = f(N+1).

So that from the inequality fx(N) < z < fr(N + 1) we have

NkJrl
k+1

1 1

+O(N*) or (k+1)FTaFT = N +0(1).

Tr =

Then from the Euler’s summation formula and the definition of by (n), we have

N-1
Y bin) = Y > () + D bk(n)
n<z n=1 fi(n)<j<fr(n+1) fe(N)<n<z
N—-1 N
= > (n+1)fn+ON*1) =>"nF(n—1)+ 0N
n=1 n=2
N2 NkE+1 Nk+2
k+2 k+1+0( ) k‘—l—2+0( )
= 7 ykt
k o © + O(x)

This completes the proof of the theorem.
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Abstract For any positive integer n, let b(n) denote the square complements function of
n. That is, b(n) denotes the smallest positive integer such that n - b(n) is a
perfect square number. In this paper, we use the elementary method to study the
asymptotic properties of b(n!), and give an interesting asymptotic formula for
In(b(n!)).

Keywords:  Square complements function; Standard factorization; Asymptotic formula.

§1. Introduction

For any positive integer n, let b(n) denote the square complements function
of n. That is, b(n) denotes the smallest positive integer k& such that nk is
a perfect square. For example, b(1) = 1, b(2) = 2, b(3) = 3, b(4) = 1,
b(5) = 5,b(6) =6, b(7) =7,b(8) = 2, ---. In problem 27 of [1], Professor
F. Smarandache ask us to study the properties of b(n). About this problem,
some authors had studied it before, and obtained some interesting results, see
references [5] and [6]. In this paper, we use the elementary method to study
the asymptotic properties of the square complements function b(n!) of n, and
give an interesting asymptotic formula for In(b(n!)). That is, we shall prove
the following:

Theorem . For any positive integer n, we have the asymptotic formula

Aln?
— ns
Inb(n!) =nln2+ O (nexp (n)) ,

where A > 0 is a constant.
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§2. Two simple lemmas

To complete the proof of the theorem, we need the following two simple

lemmas:
Lemma 1. Let n! = pi"p5? - pi* denotes the factorization of n into
prime powers. Then we have the calculate formula

b(n!) = b(pi")-b(p3®) - b(p")
p(l)rd(pl) _p;’rd(pQ) . pgTd(Pk)’
where the ord function is defined as:
N1 if «; is odd,
ord(p:) _{ 0, if «; is even.

Proof. See reference [2].
Lemma 2. For any real number x > 2, we have the asymptotic formula

O(x) = Z Inp

p<z

3
_ 210 (mexp (—Al”» |
(Inlnx)s

Proof. See references [3] or [4].

§3. Proof of the theorem

In this section, we shall complete the proof of Theorem. First from Lemma
1 we have

Inb(n!) = In(b(pS)-bps?)----- b(p"*))

= Z Inp

p<n
2tord(p)

= Z Inp+ Z Inp + Z Inp+---+0(1).
5<p<n I<p<% F<p<%

Let n be a positive integer large enough, if a prime factor p of n! in the
interval (%, n], then the power of p is 1 in the standard factorization of n!.
Similarly, if a prime factor p of n! in the interval (%, 5], then the power of p
is 2 in the standard factorization of n!; If a prime factor p of n! in the interval
(4> 3] then the power of p is 3 in the standard factorization of n!, - - - .

On the other hand, note that the identity
1 1 1

o -4 - 4..=In2
R n 4



On the square complements function of n! 101

then from Lemma 2 we have

3
(Inlnn)s

This completes the proof of Theorem.
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Abstract For any positive integer n, let S(n) denotes the Smarandache function. In this
paper, we study the mean value properties of %

ymptotic formula for it.

, and give an interesting as-

Keywords:  Smarandache function; Mean value; Asymptotic formula.

§1. Introduction

For any positive integer n, let S(n) denotes the Smarandache function. That
is, S(n) is the smallest positive integer m such that n|m!. From the definition
of S(n), we can easily deduce that if n = p{?p§? - - - pi* is the prime powers
factorization of n, then

— o
S(n) = max {f(pi")}

About the arithmetical properties of S(n), many scholars had studied it be-
fore (see reference [1]). The main purpose of this paper is to study the mean
value properties of @, and obtain an interesting asymptotic formula for it.
That is, we shall prove the following:

Theorem. For any real number = > 2, we have the asymptotic formula

2o a0 ()

2
e In“z

§2. Some lemmas

To complete the proof of Theorem, we need the following several Lemmas:
Lemma 1. For any positive integer n, if n has the prime powers factoriza-
tion n = p{'ps? - - - p P(n) such that P(n) > /n, then we have the identity

S(n) = P(n).

where P(n) denotes the greatest prime divisor of n.
Proof. From the prime powers factorization of n, we may immediately
get
PP Pl < V.
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Then we have
pit|P(n)! i=1,2,---r.

Thus we can easily obtain n|P(n)!. But P(n)  (P(n) — 1)!, so we have
S(n) = P(n).

This completes the proof of Lemma 1.
Lemma 2. For any real number xz > 2, we have the asymptotic formula

7T2 $2 $2
S(n) = Of—1.
Z T 12Inz + In?z
n<x

Proof. First we define two sets .4 and B as following:

A= {nln < x,P(n) < /n}
and
B={n|n <z, P(n) > n}.
Using the Euler’s summation formula (see reference [2]), we may get

Y S(n) < > vnhn

neA n<x
- / \flntdt—&-/ (t — ) (Vilnt)dt + vz na(z — [2])
< :1:2lnx.

Similarly, from the Abel’s summation forumula we also have

Y. 8(m) = > P

neB n<w
P(n)>v/n

= > >0

n<Vaxn<p<y

- Z Z p+0(z Z \/5)
nEVEVESpsy n<yEn<p<E

x

= > (Zw (i) —Varn(vT) — /}W(S)db’) +0 (:p% lnx) ,

n<\T r

where 7(x) denotes all the numbers of primes which is not exceeding x.

Note that
xT
"(@) = g+ O (m) '
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Using the above asymptotic formula, we have

Z P = L (:;) — V() —/\;ﬁ(s)ds

n
VE<p<E

_ 1 z? 1oz n x?
 2n2lnz/n 2Inyz n21n?z/n

T x? T
O—— O - .
* <1n2 ﬁ) * <n21n2x/n In? ﬁ)

Considering the following

> =2 +00).
n<Vx

Hence we have

z2 x2 z2
Z n?ln - Z nzlnz—'_o( Z nQIHm)

n<\/x

and

Combining all the above, we may immediately deduce that

Y Sm) = > S+ > Sn)

n<x neA neB
2,.2 2
=X xr
= @) .
12Inx + (ln2 l’)

This completes the proof of Lemma 2.

§3. Proof of the theorem

In this section, we shall complete the proof of Theorem. First applying the
Abel’s summation, and note that the results of Lemma 1 and Lemma 2, we
may have

> ;25<n>+/f;(zsu>) @

n<x
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1 202 22 z 1 w22 12

= — O — / | —4+0 [ — dt
T (121na:jL <ln2x + 1 t2 1211115Jr In?t

2 T 2 x

T T x s 1

= ——4+0(—— / dt+ O / dt)
2z <ln2x>+ 1 12Int * < 1 In%t

7T2 T T
= 6m+0<1n2$>'

This completes the proof of Theorem.
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Abstract For any prime p > 3 and any fixed integer k£ > 2, let e,(n) denote the largest
exponent of power p which divides n, a(n, k) denotes the k-power complement
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§1. Introduction

Let p > 3 be a prime, e,(n) denote the largest exponent of power p which
divides n. For any fixed integer & > 2, let a(n, k) denote k-power comple-
ment sequence of n. That is, a(n, k) is the smallest positive integer such that
na(n, k) is a perfect k-power. In problem 29 of reference [1], professor F.
Smarandach asked us to study the properties of this sequences. About this
problem, some people had studied it before, and made some progress, see ref-
erence [2]. The main purpose of this paper is using the analytic method to study
the properties of the sequence e, (a(n, k)), and give an interesting asymptotic
formula for its mean value. That is, we shall prove the following:

Theorem. Let p > 3 be a prime and k£ > 2 a fixed positive integer. Then
for any real number x > 1, we have the asymptotic formula

k—1)pF — kpf—1 41
3 eplaln, k) = ( (pk)zi 1)<pp_ 1)+ o0 (a12),

n<x

where € denotes any fixed positive number.

From this Theorem we may immediately deduce the following two corol-
laries:

Corollary 1. Let p > 3 be a prime. Then for any real number = > 1, we
have the asymptotic formula

L 1:U—I—O ($1/2+5) .

> epla(n,2)) =

n<x
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Corollary 2. Let p > 3 be a prime. Then for any real number x > 1, we

have o+ 1
_ p 1/2+4e
> eplaln.3)) = o+ 0 (a1/2%).

n<x

§2. Proof of the theorem

In this section, we shall complete the proof of Theorem. In fact, for any
complex number s with Re(s) > 1, we define the Dirichlet series

f(s) — i ep(a(nv k))

s
n=1 n

From the definitions of e,(n) and a(n, k), and applying the Euler product
formula (See reference [4]) we have

f(S)
a=0 =1 p ak+ﬁ)8 ni=1 (nl)s
(n1,p)=1
oo k—1 [e's) [e'e) k—1 [e'e)
1 1 I5] 1
= k _
az(]ﬁz:l P ock-f—ﬁ nlzl (nl)s CXZ:O paks = pﬁs nlz_l (nl)
(n1,p)=1 (n1,p)=1
1 1 1 1
k F - pks 1 1 E - pks k — 1
= C S <1 - ) - - C S
@( —;) Y A e N A
(p=s = 1) [(k = 1)p° — K] UL o
= S S
(pFs —1) (p* — 1) phs —1

(k‘ _ 1)pks _ kp(kfl)s +1

B ey

where ((s) is the Riemann zeta-function. Obviously, we have

ep(a(n, k)) < klog,n < klnn

D

o
n=1 n

>, e,(a(n, k))‘ - k

where o is the real part of s. Therefore by Parron’s formula (See reference [3])
we can get

epla(n, k
5 ealalnsh) _

S0 ) .
ot n 27 Jo—iT

+0 (acl_""H(Qa:) min {1 1;}) +0 ( =90 [ (N') min {1, waH})

1 b+iT

s b
f(s+ so)%ds +0 (W)
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where N is the nearest integer to z, ||z|| = |z — N|.

Taking so = 0,b = 3, H(2) = kInz, B(o) = -£, we have

> epla(n, k) = ! /QHTC(S)R(S)ﬁdstO(M

= 27 J3 it S T ),

where
(k — 1)pks — kpt—Ds 41

(P =D(p* = 1)

R(s) =

To estimate the main term

i oy R s

21 J3 T S

we move the integral line from s = % +iT'tos= % + 7.
This time, the function

has a simple pole point at s = 1, and the residue is

(k—1)pF —kpF~t +1
Pk -1)(p—1)

So we have

1 ST 1+iT 1T ST e
S T T o e
¥ 5—iT +4iT +4iT 5—iT S

((kz — D)pk — kph—1 + 1) x
" =1Dp-1)

Note that the estimate

1 LT 3T T E— 1)pks — kpk=1s 1 1 o5
T [ [T ot
2w \ JE T 1T Lyt (pFs —1)(p* = 1) s

zate
T

<

Taking T' = z, from the above formula we may immediately get the asymp-
totic formula

(k—1)p" —kp*1+1)2
5 eyfatmiy) = & T ) o (224).

n<x

This completes the proof of Theorem.
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Abstract In this paper, we using the elementary methods to study the arithmetical proper-
ties of the m-th power free number sequences, and give some interesting identi-
ties for it.
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1. Introduction

For any positive integer n and m with m > 2, we define the m-th power
free number function a,, (n) of n as follows: If n = p{"' p§? - - - p%+ is the prime
powers decomposition of n, then the m-th power free number function of n is
the function: a,,(n) = p’fpoQ ---pP, where 3; = o, if ; < m — 1, and
ﬂi = 0, ifai > m.

For any positive integer k, we also define the arithmetical function d(n) as
follows:

5k(’l’L> = { max{d eN ‘ d|7’L, (d7 k) - 1}, lf n 7& O,

0, if n=0.

Let A denotes the set of all the positive integers n such that the equation
am(n) = og(n). Thatis, A = {n € N,ay(n) = 0x(n)}. In this paper,
we using the elementary methods to study the convergent properties of the
Dirichlet series involving the set 4, and give an interesting identity. That is,
we shall prove the following conclusion:

Theorem. Let m > 2 be a positive integer. Then for any real number
s > 1, we have the identity:

i L L) e —pmDs 41
— ns C(ms) olk pms -1 )
neA

where ((s) is the Riemann zeta-function.

From this theorem we may immediately deduce the following:
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Corollary . Let B={n € N,az(n) = 0x(n)} and C = {n € N,as(n) =
0k (n)}, then we have the identities:

DESRED ) LA
2 _
—n ol pt—1
neB
and
i 1 3051 yp0—pt+1
o2 4 6 _ :
n 2 7 ol P 1
neC

§2. Proof of the theorem

In this section, we will complete the proof of the theorem. First, we define
the arithmetical function a(n) as follows:

[ 1, if neA,
a(n)—{ 0, if otherwise.

For any real number s > 0, it is clear that

=01
s
n=1
nE.A
d 1 if 1, th S 1 if
an Z — 1is convergent if s > 1, thus Z o is also convergent if s > 1.
n= 1 n=1
neA
Now let n = pi*p5? - --pS denotes the factorization n into prime powers.

Then from the definition of a,,(n) and é;(n), we know that if o;; > m for
some j, then am(p?j) = 1. So only when a; < m —1 and (p;, k) = 1 for all 4,
the equation am( ) = 5k( ) has solution. If (p;, k) # 1 for some j, then the
equation a,, (p] ) = Ok (p] ') has solution if and only if a; > m. So from the
Euler product formula (see [1]), we have

00 2 m—1
Zi — H<1+CL(§?)+CL(€Q+...+M+...>
nln p p p p
neA
a(p) , a(p?) a(p™!)
= {1+ + s+ + e
Pk p p

Xl—[<1+a(p)Jr ap’) . alp’) +>

ol pms p(m+1)s p(m+2)s

— H 1+ l + i + + ;
o ik ps p25 p(mfl)s
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1 1 1
<]1 (1 toms T ommins s T )

plk pms
¢(s) 1 e e |
B C(ms) p‘k pms -1 ’

where ((s) is the Riemann zeta-function and [] denotes the product over all
P
primes.

This completes the proof of Theorem.
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Abstract Let p and g are two distinct primes, epq () denotes the largest exponent of power
pq which divides n, and let bpq(n) = Z €pq (?) epq(t). In this paper, we

tln
using the analytic methods to study the mean vlaue properties of the bpq(n), and
give an interesting asymptotic formula for it.

Keywords:  Largest exponent; Mean value; Asymptotic formula.

§1. Introduction

Let p and ¢ are two distinct primes, e,,(n) denotes the largest exponent of
power pg which divides n. In problem 68 of [3], professor F.Smarandache
asked us to study the properties of the sequence e,(n). About this prob-
lem, some people had studied it, and obtained a series interesting results,
see references [2]. In this paper, we define arithmetical function b,,(n) =

n
> epg (t) epq(t), then we using the analytic methods to study the mean
tin
value properties of by,(n), and give give a sharp asymptotic formula for it.
That is, we shall prove the following:
Theorem. Let p and g are two distinct primes, then for any real number
x > 1, we have the asymptotic formula

_ zlng 1 — 27 — pq + 2pqy — 2pqIn(pq) 1ie
?;xbpq(n) ek e 17 v+0 (23%9),

where ¢ is any fixed positive number, and ~y is the Euler constant.

§2. Proof of the theorem

In this section, we shall complete the proof of Theorem. For any complex
s, we define the Dirichlet’s series

f(S) — i ePQ(n) and g(s) — i pr(sn)‘
n=1

S
=1 n n
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It is clear that
g(s) = f3(s).

Ren Ganglian has given (in a paper to appear ) f(s) = (pg)(j)_p where
((s) is the Riemann zeta-function. So we can obtain that g(s) = ((15%5_)1)2.

Obviously, we have

ibpq(n) < 1

bpg(n) <log,,n <nlnn | S5

n=1

where o (> 2) is the real part of s. Therefore, by Parron’s formula ( See refer-
ence [4]) we can get

bpg(n) 1 /bHT 9 x® 2’ B(b+ o)
nzgm el vl A C“(s+ so)R(s + s0) . ds+ O T
log

+0 (xl_UOH(Zm) min {1, T}) +0 (:c_"OH(N) min {1, H:CH}) ,
A
z|| = |x — N|. Let

where IV be the nearest integer to x,

1
R(s) =
)= oy 17
Taking so = 0,b = 3, H(z) = xInz, B(0) = -5, we have
$%+e

g 1T s
> bpaln) = o [ )R s + 0T

n<e —iT
To estimate the main term
5 .
1 2T, x®
— s)R(s)—ds
am/;_ﬁf” ()" ds,
we move the integral line from s = % +iTtos = % 4 ¢T'. This time, the

function s

x
Cls)R(s)=
has a second order pole point at s = 1, and the residue is

zlnz  1—2vy—pg+2pgy — 2pqIn(pg)
(pg — 1) (pg — 1)
where ~y is Euler constant.
So we have

1 3T iyr T ST s
— /2 +/2 +/2 +/2 C2(s)R(s) —ds
2me \J3 it ST 1T 1T S

zlnzx 1 —2v —pg+ 2pqy — 2pq ln(pq)x
(pq —1)2 (pg —1)3

xz,
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Taking T' = 22, we can easily obtain

1 ivir S—ir ) 25
— R(s)—d
- (/W ) ) () R(s) - ds

1 %—iT 9 s
— “d
— / " Clo)R(E)ds

<< x%“ﬁ?

and

< z3te,

So from the above formula, we may immediately get the asymptotic formula

rlnx  1—2vy—pg+2pgy — 2pqln(pq) 1/2+
S bpg(n) = )
P pq(n) (pg — 1) + (pq — 1) z+0 (w )

This completes the proof of Theorem.
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Abstract Similar to the Smarandache k-th power complements, we define the additive k-
th power part residue f5(n) of n is the smallest nonnegative integer such that
n — fr(n) is a perfect k-th power. The main purpose of this paper is using the
elementary methods to study the mean value properties of fx(n) and d(fx(n)),
and give two interesting asymptotic formulae for them.

Keywords:  Additive k-th power part residue function; Mean value; Asymptotic formula.

1. Introduction and results

For any positive integer n, the Smarandache k-th power complements by ()
is the smallest positive integer by (n) such that nby(n) is a complete k-th power
(see problem 29 of [1]). Similar to the Smarandache k-th power complements,
Xu Zhefeng in [2] defined the additive k-th power complements ay(n) as fol-
lows: ag(n) is the smallest nonnegative integer such that n + ay(n) is a com-
plete k-th power.

Similarly, we will define the additive k-th power part residue fi(n) as fol-
lowing: for any positive integer n,

fe(n) = min{r|0 <r=n—mF me N}.

For example, if & = 2, we have the additive square part residue sequences
{fa(n)} (n=1,2,...) as following:

0,1,2,0,1,2,3,4,0,1,2,3,4,5,6,0,1,2,....
In this paper, we use the elementary methods to study the mean value proper-
ties of fi(n) and d(fi(n)) (where d(n) is the Dirichlet divisor function), and

obtain some interesting asymptotic formulae for them. That is, we will prove
the following conclusions:

Theorem 1.  For any real number > 3 and integer £ > 2, we have the
asymptotic formula

=

k2 _ _
gfk(n) = me k+0O (xQ

kSIS
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Theorem 2. For any real number x > 3 and integer & > 2, we also have
the asymptotic formula

ngd(fk(n)) = (1— 11>a;1na;+ (2’y+lnk:—2+ 11€> x—i—O(xl*%ln:c),

where v is the Euler constant.

62. Some Lemmas

To complete the proof of the theorems, we need following two Lemmas.
First we have
Lemma 1. For any real number x > 3, we have the asymptotic formula

> d(n) =xnz+ (2y - 1)x+0(x%),

where -« is the Euler constant.

Proof. See reference [3].

Lemma 2. For any real number x > 3 and any nonnegative arithmetical
function h(n) with A(0) = 0, we have the asymptotic formula

M-1
Y_hfan) =0 > h(n)+0( > h(n)),

n<z t=1 n<g(t) z<g(M)

where g(t) = Z (,)t’ and M
(3

=1

[a:%], [z] denotes the greatest integer not

exceeding x.
Proof. For any real number x > 1, let M be a fixed positive integer such
that
MF <z < (M+ 1)

Noting that if n pass through the integers in the interval [t¥, (¢ + 1)¥), then
fx(n) pass through the integers in the interval [0, (t4-1)¥ —t¥—1] and h(0) = 0,
we can deduce that

Y h(fe(n) =

n<x

T

g

Yo h(fen)+ D h(fr(n))

th<n<(t+1)k MFkE<n<g

<

= h(n)+ > h(n)

t=1 n<g(t) 0<n<a— Mk

= h(n) + O ( Z h(n))
Yk — Mk

0<n<(M+1

= h(n)+ O ( > h(n)) ,
)

n<g(M
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k—1
k\ 1
where g(t) = ( ,)t’ and M = [z%].
2\

This completes the proof of Lemma 2.

§3. Proof of the theorems

In this section, we shall use the elementary method to complete the proof of
the theorems. First we prove Theorem 1. Let h(n) = nand M = [w%], note
that 2% — M = O (1), then from Lemma 2 and the Euler summation formula
(see [4]) we obtain

ka(”) = n+0( Z n)
n<g(t) n )

n<x t=1

This completes the proof of Theorem 1.
Now we prove Theorem 2. From Lemma 1 and Lemma 2 we have

> d(fr(n))
M1
- Y % d(n)+0< > d(n))
t=1 n<g(t) n<g(M)
M-1

= [kt n (ktE1) 4 2y = DR 40 (ktF1)7) |
+0 (2" Inz)

= (k(k = D"V Int + 2y + Ik — DRt 4 0(47))
+0 (2" Inz)

M—-1 M-1

= k(k—1) ) *F'Int+ 2y +Ink—1k > 5!
=1 t=1
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Then from the Euler summation formula, we can easily get

S d(fr(n) = (1— ;):Ulnx—k (2'y+lnk:—2+]1> x+0(x1*%1nx).

n<x

This completes the proof of the theorems.
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Abstract The main purpose of this paper is using the analytic methods to study the as-
ymptotic properties of an arithmetical function acting on the k-th power com-
plements, and give an interesting asymptotic formula for it.

Keywords:  Arithmetical function; Asymptotic formula; k-th power complements.

§1. Introduction and results

For any positive integer n, let D(n) denotes the number of the solutions of
the equation n = ning with (ny, ng) = 1. That is,

D(n) = Z L.
din
(d,)=1

It is clear that D(n) is a multiplicative function, and has many interesting arith-
metical properties. Now we define another arithmetical function Ax(n). For
any fixed positive integer k, let Ax(n) denotes the k-th power complements.
That is, Ax(n) denotes the smallest positive integer such that nAg(n) is a per-
fect k-th power. For example, A2(1) = 1, A2(2) = 2, A2(3) = 3, A2(4) =1,
Az(5) = 5, A3(6) = 6, Ao(7) = 7, Az(8) = 2, -+ . In reference [1],
professor F.Smarandache asked us to study the properties of the sequences
{Ax(n)}. About this problem, some people had studied it before, and ob-
tained some interesting results, see references [4] and [5]. In this paper, we
use the analytic methods to study the mean value properties of the arithmeti-
cal function D(n) acting on the set { Ax(n)}, and obtain a sharper asymptotic
formula. That is, we shall prove the following:
Theorem . For any real number z > 1, we have the asymptotic formula

6¢(k)rInx 2 1

Y D(Ag(n) = 0 (1 - ——— k e
2 (Ag(n)) = . ( pk+pk1> + C(k)x + O(x2™°),
where C'(k) is a computable constant, ((k) is the Riemann zeta-function, ¢

denotes any fixed positive number, and H denotes the product over all primes.
p
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From this theorem we may immediately deduce the following:
Corollary. For any real number = > 1, we have the asymptotic formula

2 1
%D(Ak(n)) = ﬁ$lnml;[ (1 - p4—2F])3> + C(4)x + O(z27°).

62. A Lemma

Before the proof of the theorem, a Lemma will be useful.
Lemma . For any positive integer number n > 1, we have the identity

D(n) = 20,
where v(n) denotes the number of all distinct prime divisors of n, i.e.
0, ifn=1;
vin) = { k, ifn=pipy®ps® - pipt.
Proof. Let n = p{'py?ps® - - pp* denotes the factorization of n into prime

powers. Note that D(n) is a multiplicative function and D(p®) = 2, so from
the definition of v(n), we have

Dn)= Y 1=Cl+Ct+--+CF=2"",
din
(d,3)=1

This proves the lemma.

3. Proof of the theorem

In this section, we shall complete the proof of the theorem.
Let Dirichlet’s series

For any real number s > 1, it is clear that f(s) is absolutely convergent. So
from the lemma and the Euler’s product formula [2] we have

2s

P p
D k—1 D k—2 D(1
_ H(1+ W) D@ 25)+___>
g P p P
ou(P*~1)  gu(p*T) 9u(1)
— H 14+ — + se— o
. p p p
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—H<1+2+2+ +1+72 +)
- os T 2s T T ks k+1
. ps o p* pks ~ plhtl)s

= ¢ [T (14 o~ o)

" p°op
_ C(s)¢(ks) 2
= oy T (- e

where ((s) is the Riemann zeta-function.
Therefore by Perron’s formula [3] with sg =0, b=2, T = % we have

24T 2 k s 1
Z D(Ax(n 27111 / iT WR(S)idS +0(@=),

n<x

where 5
R(S) = H (1 - pks _|_p(k—1)s) ’
To estimate the main term

1 2HT (2(s)¢(ks) z*
i Jyir 7{(25) R(s)?ds,

we move the integral line from s = 2 + T to s = % =4 ¢T', then the function

2(s s x®
Ce)Clhs) g

c2s) s

have a second order pole point at s = 1 with residue
xlan(l— )—l—C(k)a:,
where C' (k:) is a computable constant. So we have
241T +zT 24+1T s
/ / / / C(ks)R(s)—ds
2mri 2+iT —iT —iT $

_ WH<1_ 1>—|—C(l<:)x.

ki—
T . pF 4 pF

P+P

We can easily get the estimate

+zT 2+4+4T s 1
/ / / C(ks)R(s)—ds < z27°.
27T’L 24T —iT S

Now note that ((2) = 72/6, we may immediately obtain the asymptotic for-
mula

> D(Ag(n) g( xlan(l—kf“>+C(k)x+O(x2+s)

n<x



126 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORY 11

where C'(k) is a computable constant.
This completes the proof of the theorem.
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Abstract For any positive integer n, let a(n) denotes the triangle number part residue of

k(k+1)
2

n. Thatis, a(n) = n— , where £k is the greatest positive integer such that

@ < n. In this paper, we using the elementary methods to study the mean
value properties of the sequences {a(n)}, and give two interesting asymptotic
formulae for it.
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§1. Introduction and results

For any positive integer n, let a(n) denotes the triangle number part residue

of n. Thatis, a(n) =n — %, where k is the greatest positive integer such
that k(kTH) < n. For example, a(1l) = 0, a(2) = 1, a(3) = 0, a(4) = 1,
a(5) = 2,a(6) =0, - . In reference [1], American-Romanian number

theorist Professor F. Smarandache asked us to study the arithmetical properties
of this sequences. About this problem, it seems that none had studied it, at
least we have not seen any related papers before. In this paper, we using the
elementary methods to study the mean value properties of this sequences, and
give two interesting asymptotic formulae for it. That is, we shall prove the
following:

Theorem 1. For any real number x > 3, we have the asymptotic formula

Z a(n) = ?wg + O(z).

n<x

Theorem 2. For any real number x > 3, we also have the asymptotic
formula

win

Z d(a(n)) = %xlnx + <2’y + ln22—3> z+ O(x3),

n<x

where d(n) is the Dirichlet divisor function (provide d(0) = 0), and = is the
Euler constant.
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Note: It is clear that if there exists a mean value formula for any arithmeti-
cal function f(n), then using our methods we can also obtain an asymptotic

formula for 3, . f(a(n)).

§2. Proof of the theorems

In this section, we shall complete the proof of the theorems. First we prove
Theorem 1. For any real number x > 3, let M be a fixed positive integer such
that

MM +1) _ - (M+1)(M+2)
2 - 2 '

Then from the definition of a(n), we have

M
Y oaln) = > >, a(n) — 3 a(n)
ngx k;:l k(k;l) Sn< (k+1)2(k+2) r<n< (1VI+1)2(1M+2)

= i/[: Z i+ 0 Z s

k=1 (Ic+1)(k+2) k(k+1) (M+1)(M+2) M(M+1)
S( -1 ) 53( 2 T2 )
Sivo (i)

]Zw: k(k+1) +O(M2)

I
ﬁMs

>—‘ l\DM—l

- < +0(M2) (1)

On the other hand, note that the estimates

M M2 3
R s Y 2
g ST <M 2)

Combing (1) and (2), we have

> a(n) = ?wg + O(x).

n<x

This completes the proof of Theorem 1.
Now we prove Theorem 2. Using the similar method of proving Theorem
1, we have

M k
Z d(a(n)) = Z Z d(i) + Z d(a(n)).

n<x k=11i=0 M(J\;f+1)<n§x
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Note that the asymptotic formula (see reference [2])

Zd(n) =zlnz+ (2y — l)x—&-O(:L'%),

n<x

where ~ is the Euler constant.
We have

> d(a(n))

n<x

- f:(klnk+(2fy—1)k+o(ké))+0 Yoo d)

b=t i<a— MU
= §M lnM—Z(M —1)+§(27—1)M +O(Ms53). 3)
Now combining (2) and (3) we may immediately get
1 In2-3
3" da(n)) = Solna + (27 + ) z+0(z3).

n<x

This completes the proof of Theorem 2.
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Abstract The main purpose of this paper is using the elementary methods to study the
mean value properties of an arithmetical function acting on the k-full number
sequences, and give an interesting asymptotic formula for it.
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¢1. Introduction

For any prime p, let e,,(n) denotes the largest exponent ( of power p ) which
divides n. In problem 68 of reference [1], Professor F.Smarandache asked us
to study the properties of this arithmetical function. About this problem, many
scholars showed great interest in it and obtained some interesting results. For
example, Lv Chuan [2] used the elementary methods to studied the asymptotic
properties of the mean value 3, ., e;”(n), and gave the following asymptotic
formula:

-1
Y epin) = = Ar+ Oflog™! ),

n<lz

where A is a computable constant.
Professor Zhang [3] studied the mean value of e, (S,(n)), where S,(n) de-
notes the smallest integer m such that p™|m!, and obtained

3 6,(S,(n) = (;fll)z.x + O’ ).

n<zx

In this paper, we shall use the elementary methods to study the mean value
properties of e,(n) acting on the k-full number sequences, and give an in-
teresting asymptotic formula for it. For convenience, first we give the defi-
nition of the k-full number. In fact, a number n is called a k-full number if
p|n <= p¥|n for any prime divisor p of n. Let A denotes the set of all the
k-full numbers. It seems that no one had studied the relations between the
arithmetical function ey (n) and the k-full numbers. In this paper, we shall
prove the following:
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Theorem. Let p be a prime, then for any real number x > 1, we have the
asymptotic formula

> ep(n) = Cp, k)ap (ks + (v2+9),

neA

where

6k 1 1
C = — - = -1
(P k) = — (1 p_pk;lJrl)l;[(H(qul)(qi—l))’

ap(k) is a computable positive constant, € > 0 is any fixed real number, and

H denotes the product over all prime q.
q

§2. Proof of the theorem

In this section, we shall complete the proof of Theorem. Let a(n) denotes
the character function of k-full number. That is,

(n) = 1, if nis a k-full number;
un) = 0, otherwise .

It is clear that

Z 1= Z a(n).

n<lz n<lz
neA (n,p)=1
(n,p)=1

Let Dirichlet series

=y

n=1

(n,p)=1

It is clear that this series is convergent if Re s > 1. From the Euler product
formula [4] and the definition of a(n), we have

= 11 (1 + G(Zk) + alg”"") + - )

q(k+1)s

T ((2ks) ( - phs —p(i—l)s T 1> 1;[ (1 + @ + 1;((18 — 1)) (D)

where ((s) is the Riemann zeta-function.
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Obviously, we have

i<, (S L,
n=1 k

where o is the real part of s. Therefore, by the Perron’s formula [4] we have

1 b+iT C(ks) s 4
= — R(s)=—ds + O(x2 1),
3 ol =5 [y P T Ol
(n,p)=1

where R6) = (1= e ) (14 =)

Now moving the integral line from b to a = i, we have
b+iT a—i—zT a—1iT —iT 5 1
/ / / ds—Res {f( ),]
2mi biT a+iT sk
(2)
Note that lim ¢ (ks) (s - %) = 1, we may immediately get
S—*E
R x% 1 ka® R 1 3
o [r05 5] -5t (7): ©

Combining (1), (2), (3) and the following estimates

L, /ain(s)xsds

271 JqtiT S

1 /a-l—iT / ’LT SL‘S d
2 Sy

> a(n) = Clp,k)at + O (w7 t),
n<
(nvp)il

1
& p2ETE

and

< x2k+6

we can easily get

where

6k 1 1
Clpk)=— (1 - ————— 1 . .
#:F) U ( p—p +1>H< +(q+1)(q'€—1)>

Based on the definition of e,(n) and the above estimate, we have

Z ep(n) = Z o Z
n<x k<a<log, = ngp%
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k<a<10g x ( >

= Clp,k)ar Y OL+O(WE+€ 3

k<a<log,z p

kgaglogpz

w1+0(G)))

= C(p,k)f’?’l“( 5 Z g_z a)—l—O(:mlk“'E)

n=1P a>log, = p a<k P
L (s 1 >, a+log
= C(p,k)x* — = —op
(p7 )l’k (nz:l N p%[logpx] (){2::1 pk
= C(p, k)l”% (ap(k?) O(xié log x)) +0 (;ci“

is a computable positive constant.
This completes the proof of Theorem.
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Abstract The main purpose of this paper is to define a new arithmetic function by the
m-th power complement numbers and the k-th power free numbers, and use the
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1. Introduction and main results

Let m be a fixed positive integer with m > 2. For any positive integer n,
we define the m-th power complement numbers a,,(n) of n as the smallest
positive integer such that na,,(n) is a perfect m-th power. We also call a
positive integer n as k-th power free number if it can not be divided by any
p™, where p be a prime. We denotes the k-th power free number by cx(n). It
is clear that cx(n) = n Z wu(d), where pi(d) is the Mobius function.

dk|n

In reference [1], profe|ssor F.Smarandache asked us to study the properties
of the m-th power complement numbers and the k-th power free number se-
quences. About these sequences, some people had studied them, and obtained
many interesting results, see references [2], [3], [4] and [5].

In this paper, we introduce a new sequences f(n) = a,,(n)cg(n), then we
use the analytic method to study the mean value properties of this sequences,
and obtain some sharp asymptotic formulae. That is, we shall prove the fol-
lowing:

Theorem 1. For any real numberz > 1, we have the asymptotic formula

6.%'m+1

1
(g D2 1)+ 0@™T3),

> am(n)ck(n) =

n<x

*This work is supported by the P.N.S.F(00JK301)
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where ¢ denotes any fixed positive number, and

p(k—2)(m+1) 1
R(m+1) = H L+ (p+ 1)(p(k—1)(m+1) _p(k—2)(m+1)) ’

p

ifm > k;

( m2—1 1) + ( m(m+1) _ 1) § pjm+m+l
p p L (jmF1)(m+1)

(p + 1)(pmim+1) — pm?-1)

Rm+1) = [[|1+

k—1 pim+m+1

j=im+1 p )

p+1

ifm < k.
Theorem 2. For any real numberx > 1, we have the asymptotic formula

> dlam(n)er(n)) o R'(m +1) + O™ 37
am(n)cg(n)) = ——=R"(m xMT2TE),
= AT (m + 1)7?

where ¢(n) is the Euler function, £ denotes any fixed positive number, and

. B p(p(k72)(m+1) —1) - (p(kfl)(mﬂ) —1)
R (m+1) = H <1 + p(p + 1) (pk—D(m+1) _ p(k=2)(m+1)) ]~

p
Ifm>k;
v (p+ 1) (prlm+D) — pm-1) p+1 )’
if m < k;
1—1 m+m—+2 im+m-+1
p] +m—+ p] 1
H(m+1) ]Z:l ( pUmAD(m+1) T
and -
- im—+m—+1 im—+m
. b - D
G(m+1) = pRICTESY

Jj=tm+1
Taking £ = 2 in Theorem 1 and Theorem 2, we may immediately deduce
the following two Corollaries:
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Corollary 1. For any real number z > 1 and integer m > 2, we have the
asymptotic formula

Z am(n)ca(n) = ﬁwmﬂ + O(xm+%+8).

Corollary 2. For any real numberz > 1 and integer m > 2, we have the
asymptotic formula

M !
3 dlan(n)ea(n)) = I R (m o+ 1) + O,

n<x

where R*(m + 1) = H <1 - (1> .

. p(p+1)

§2. Proof of the theorem

In this section, we shall complete the proof of the theorems. First we prove
Theorem 1. Let

It is clear that a,,, (n) and ¢ (n) are multiplicative functions of 2, s0 a,, (n)cg(n)
is also a multiplicative function of n. If the real part of s is large enough, then
the Dirichlet’s series f(s) is absolutely convergent. So for m > k, from the
Eurler’s product formula [6] we have

b

1 1 1 1
1+ e +---+ o] (1+ o +--+ pi(kfg)s)

(k=2)s _

_ (s=m) p ,
~C2(s—m)) 1}( (pls=m) + 1)(ptk= )S—p(’“z)s))’
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ifm <k(im<k<(i+1)m,i>1),then

f(s)
a m c m
L1 ) )
P p° P
2m 2m
("™ Ve (P ) am (p™" )k (p™™)
+a L p(m+l)5p + R oms
. am(pim-i-l)ck(pim—i—l) - am(plc—l)ck(pk:—l)
p(ierl)s p(kfl)s
1 1 1 1
= I (1+psm o )
P
1 1 1
+ e At 5 Tt o)
(i+1)m
+ e e T e D)
(p(mfl)s _ 1) + (pms . 1) S p]m+s
((s—m) = pUmts
= —-— @@ 1 -
C(2(s —m)) 1;[ + (p5=™ + 1)(pms — p(m=1)s)
k—1 pim—i-s
A pIs
j=tm+1

Obviously, we have the inequality

|am(n)ex(n)] < n®,

i am(n)cg(n)

na

co—m-—1’
n=1

where o > m + 1 is the real part of s. So by Perron formula [7] we have:

Z ) = i /bHT f(s+ so)%sds +0 <be(b + UO))

nSo 274 Jo—iT T

n<x
1
+0 (a:l_aoH(Qa:)min (1, O;;’::C)>

+0 (x_UOH(N)min (1, T’EH)) :
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1
when N is the nearest integer to z, N = 5 = |x — N|. Taking so = 0,
1
b=m+2T =z2, H(z) = 2°%, B(0c) = —————, we have:
c—m-—1
1 /m+2+iT C(S _ m) 5 1
am(n)eg(n) = — — 7 _R(s)=ds+ O(z™"27"¢),
nz<:x m( ) k( ) 2”1_ A2 iT C(2(S—m)) ( ) s ( )
where
(k—2)s __ 1
p
1+ ; m > k;
1;[ < (psfm + 1)(p(k71)s _ p(k2)3)>
(m—1) i—1 pjm-i-s
m—1)s ms
(p —1)+(p —1)2W
II{r+ "
s—m  1)(pms — p(m—1)s
Rs)= ] 7 (p )™ —p )
k—1 pim+s
£ pIs
j=tm+1
+ ps—m+1 ) m < k
To estimate the main term
1 m+2+44iT C(s _ m) xS 1
— " _R(s)=—ds+ O(z™t2te
2im /mgn (205 —m)) )5 ds + 0T,

1
we move the integral line froms =m+2+iT'tos = 3 4 ¢T". This time, the

function % )
s —m)x’
f(s) = =———R(s
®) = e —mys )
xm—l—l
have a simple pole point at s = m + 1 with residue ———R(m + 1).
RS R
So we have
1 m+2+4T m4% 44T m+1 T m+2—iT
—/ +/ ’ +/ ’ +/ (s =m)a” R(s)ds
2im \Jmt2—iT  Jmt24iT mtitir  Jmyioir ) ((2(s —m))s
xm—i—l ( )
=—  “"R(m+1).
(m +1)¢(2)

Taking T' = 23/2, we can easy get the estimate

1 m 3 +iT m+2=iT\ (s —m)z®
2mi </m+2+z‘T - /m+—z'T ) C(2(s — m))SR(S)dS
m + iT) 22 22
/m a—m—l—zT))R(s)T‘da<<

1
+3
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and

1 / e (s —m)xs —————R(s)ds

216 JmgLyir ((2(s —m))s
C( /2+Zt) m+2 m+ a
< /0 TR dt < 2™tat

2
Note that ((2) = %, from the above estimates we have

$m—&—l )
> am(n)ex(n) = (mGJFWR(m 1) 4+ O(zm e,

n<x

This completes the proof of Theorem 1.
Now we prove Theorem 2. Let

:;m%gww’

Then from Euler product formula [6] and the definition of ¢(n), we also
have
if m > k, then

pm _ pmfl pm _ pmfl pm _ pmfl
(1 e T T T T
1 1 1 1

= [](1+ + I+ =+ + =)
_ T 92s—m k—3
. ps—m - pZs—m ps p( )s

_psfm+1(1+i+ C+ (k e ))
_ ((s—m) p(p*2% = 1) — (pik=Ds — 1) > _
~C(2(s —m)) 11 (1 T 1) (p s — plo) )
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ifm <k (im<k<(i+1)m,i>1),then

—1 m m—1
- p™" —p" p"—p
fl(S) = | I <1+ps+“'+pms
p
2m 2m—1
-1 p =P
+ p(m+1) + + 2ms
(i+1)m _(i+1)m—1 (i+1)m _(i+1)m—1
+ee b (imlil)s + e b p(kgl)s )

B 1 1 1 1
_1;[ 1+W+W 1+E+-~+W
1 1 1
—W(1+E+"'+W>
1
= g (L4 3+ - 4 o)
1 1 1
LS (e <1+ps+"'+p(m1>s)

1 1 1
- pl=Dm+1)s—im+1 (1 + s Tt p(m—l)s>

k—1 p(i+1)m7p(1',+1)m—1
+ 2 jmimt E

_ Gs—m) (=D — 1) 4+ (p™ —1)H(s) = G(s)
- )) H (1 + (ps—m 4 1)(pms _ p(m—l)s) + ps—m 41

where A
i—1 pjm+s+1 _pjm—i-s 1

p(jm+l)s o D

and

j=im+1
By Perron formula [7] and the method of proving Theorem 1, we also have

1 AT ((s—m) a2 m+Lte
3 dlanmentn) =5 | a5 A O ET),
where

H p(k—Q)s _ 1) ( (k—1)s __ I
pS— m+1)(p(k 1)s k: 2)8) =

“(s) = g ml)s* )+(m8*1)H(8)
R() ];[( 5m+1)(ms_pm 1)8)

LGy,

psfm + 1

m < k.

This completes the proof of Theorem 2.
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ON THE MEAN VALUE OF A NEW ARITHMETICAL
FUNCTION

Ma Junqging
Department of Mathematics, Xianyang Teacher’s College
Xianyang, Shaanxi, P.R.China

Abstract The main purpose of this paper is using the analytic method to study the mean
value properties of 0., (f(n)), and obtain an interesting asymptotic formula for
it.

Keywords:  Arithmetic function; k-power free numbers; Mean value.

¢1. Introduction and main results

For any fixed positive integer ¢ and any positive integer n, we define the
arithmetical function
f(n) = f(Qvn) = (Qa n)a
where (¢,n) denote the greatest common divisor of ¢ and n. Obviously it is
a multiplicative arithmetical function. Another famous multiplicative function

is defined as
d¢(n) =max{d: d|n,(d,t) =1},

where ¢ is any fixed positive integer. In reference [1], Professor J.Herzog and
T.Maxsein studied the mean value of the error term

ta?
Ei(n) = 3 i) — 5 o5

n<x

where o (t) = Z d, and proved that
djt

b 55 -ofou)

n<x

where w(t) denotes the number of all different prime divisors of n.

In this paper, we want to study the mean value properties of d,,,(f(n)), and
obtain an interesting asymptotic formula for it. First we need to introduce a
special number: k-power free number. A positive integer n is called a k-power
free number if it can not be divided by any p*, where p is a prime number.
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In reference [2], Professor F. Smarandache asked us to study the properties of
the k-power free number sequence. About this problem, many scholars had
studied it before (see reference [3] and [4]).

Furthermore, there exists an interesting identity d;(n) = 44 (n), where
a(t) is a square free number. In this paper, we shall use the analytic method to
prove the following conclusion.

Theorem. Let A denotes the set of all k-power free numbers (K > 1).
Then for any fixed positive integer m and any real number > 1, we have the
asymptotic formula

3 du(fn) = T+ 0 (1)

n<x
neA

where ((k) is the Riemann-zeta function, £ denotes any fixed positive number,
and

R(s)
= H <1_pis) H <1+1 + + ! +pﬁ_pﬁ_(k_ﬁ_1)s>
- _ 1 s—1 T B(s—1) (B+1)s _ p)Bs
plg 1 P* /) pPllq p p p p
ptm ptm
B<k
2 k—1
p p p
X H <1+S+[)23++]9(k—1)3>7
PPllq
ptm
B>k

where p®||q denotes p®|q and pP+11q.
From this theorem we may immediately deduce the following three Corol-

laries:
Corollary 1 Let ¢ be a square free number, then for any fixed positive inte-

ger m and any real number x > 1, we have

x pk—l 1—p2_k 1.,
§5m<f<n>>:mg<pk_pk_l><z+p_l >+o(m+).
neA ptm

Corollary 2 Let m be any fixed positive integer with (¢,m) = 1. If g be a
k-power free number, then we have

> bm(f(n))
ne
k1 1 — pBt+1-Fk 1,
- C(xk) I1 <pkp_pk1> I1 <5+1+L> +O<x2+ )
plg °llq
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Corollary 3 For any fixed positive integer ¢ and any real number x > 1, we

have
%ﬁmm»=£%+0@*ﬂ.
neA

§2. Proof of the theorem

In this section, we shall complete the proof of Theorem. For convenience,
we define a new arithmetical function a(n) as follows:

a(n) = n, ifn=1,ornisak— freenumber,
| 0, otherwise.

It is clear that

Zn: Za(n).

n<x n<x

neA

Let
F(s) = 5 ImlSaln)))

- s
n=1 n

From the Euler product formula [5] and the definition of ,,,(f(a(n))) we have

B Sm(f(P) | om(f(P?)) S (f(P"1)
F(s) = ];[ (1 e T T T
5m ) 6m ) 2 5’!’71 ) k_l
_ IIG*' (ar) | Snllar’)) |, «iﬁw)g
. p p p
1 1 1
= H<1++ + ) 11 <1++ + )
S (k—1)s S (k—1)s
ptq p p pl(m,q) p
Om((m, S ((m, p™~1
XH<H_«TM+ ) «$&>»
plg p p
pim
1
((s) H (1 B p’“) ( 2 prt
- ) I {1+ 5+ o+ (F—1)s
C(ks) plg 1 P* /) pPllq p p
ptm ptm
B>k
&) &) &)
p p D D
< I <1+p8+ -+pﬂs+p(5+1)s+- +p(k_1)s>
°llq
ptm
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1
¢(s) - p p? pFt
H 1 H 1+E+Z§+"'+p(1f71)s

C(ks) i 7 | il
ptm pim
B>k
1 1 pP — pP-(k=B-1)s
X 1+ +o 4+ + .
plﬁ_{q ( psfl pﬂ(s_l) p(ﬁ""l)s — pIBS
ptm
B<k

Obviously, we have inequality

> O (fla(n
> (f(a(n)))

nO’

[0m (f(a(n)))] < n,

oc—1’

n=1

where o > 1 is the real part of s. So by Perron formula ? we have

g x8 zb o
Z a(n) = ! /bb+ Tf(s + so)?ds +0 <B(l}+ 0)>

S0 ) .
e 2T Jo—iT

L0 <x1—00H(2x) min(1, 107%95))
0 (xaoH(N) min(1, ém :

where N is the nearest integer to x, ||x|| = |z — N|. Taking s = 0, b = 2,

T =23, H(z) = 22, B(o) = —L_, we have

S onlf) =g [ i) s+ 0wk,

e 2T Joir C(ks)
neA
where
1— -t 2 k-1
_ phs p p p
R(s) = H( 1)1—[(1""5""])23"' +p(k1)s>
plg P* ) pPllq
ptm ptm
B>k

X H (1 + psfl +oet pﬂ(s—l) + p(ﬂ—l-l)s _ pﬁs )

P°llq
ptm
B<k

To estimate the main term

1 2+iT C(S) T
%/Q_iT C(kS)R(S)?dS,
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we move the integral line from s = 2 + 7' to s = % 4 ¢T'. This time, the
function
¢(s)a*

C(ks)s
R(1)

has a simple pole point at s = 1 with residue ROIZ So we have

g (o o+ o ) =

We can easily get the estimate

i, /§+z‘T N /Q—iT C(s)z® n

271 2-+iT %—z’T {(ks)s

< /12 (o —1+4T) 22 2
2

X 1
Y la o3
(ko—1vanT | ST ="

f(s) =

R(s)

and

1

C(1/2+it) a2
C(k/2 + kit)t+ 1

dt < :L'%+€.

1 17 s T
—,/12 g(z):c ds <</
21 3T C( S)S 0

Combining the above estimates we have

3 ol = Har0(st).
neA

This completes the proof of Theorem.
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